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COMPUTATION METHODS
BASIC FUNCTIONS

INTRODUCTION

The computation methods described in this section are for use in fatigue
analyses. The functions to be computed are the Gamma Function, the two
Incomplete Gamma Functions, an Error Function and its Inverse, a

N Probability of Failure Function, and a transcendental accelerated test

level function.

These methods are intended to be user oriented. The user is given a ]

choice of methods. Tables and interpolation methods are included for

those who prefer to use tables. Techniques are also included for use
with calculators, with the modern TI-59, HP-67, HP-34C and HP-41C
Programmable Calculators and with large computers (i.e. Basic Language).
Both numerical integration and closed form equation methods are given.
Examples using each method are worked out. Computer program listings

are also shown.

It should be noted that the same programs can be used for both the

.-

3
s
g HP-67 and HP-41C programmable calculators. Only the HP-67 is referred
g
o to in the listings for simplicity.
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A. GAMMA FUNCTION COMPUTATION

Definition:
The Gamma Function is defined as follows:
oo

a~1 -X
I (@) = X e dx

o

I'(a) is undefined for a= 0 and for negative integer values of a.
For fatigue analyses o > 1. Figure 1 shows TI'(a) versus a for

0 < a < 4, The curve increases monotonically for o > 4.

I'a)

Figure 1 Plot of Gamma Function Versus a




TABULAR METHOD

Table I (Table 6.1 pages 267-270 of Abramowitz {li: )} gives values to ten
places of T (a) versus a for 1 < a < 2. Table II (Table 6.3 pages 272,
273 of Abramowitz [1} ) gives values to eleven places of T (a) for

integer and half-integer values of o for 1 < a < 101,

EXAMPLE
FIND: I (1.225)
SOLUTION: In Table I (Table 6.1 page 267 _17 )

r (1.225) = 0.9119156071

EXAMPLE:

FIND: T (8.5)

-

SOLUTION: 1In Table II (Table 6.3 page 272 |

r (8.5) = 1.4034407){104

1)

The following expression can be used recursively:
I (@) = (a=1) T (a~-1)
EXAMPLE:
FIND: T (5.64)
SOLUTION: T (5.64) = 4.64 x 3.64 x 2.64 x 1.64 x T(1.64)
In Table 6.1 page 269 517

r(1.64) = 0.8986420302

1]

65.71338911

.a T(5.64)




Table I GAMMA FUNCTION (1 < a < 2)

GAMMA FUNCTION AND RELATED FUNCTIONS 267

GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS Table 6.1

2 r(r) In r(s) v(r) ¥ ()
1000  1.00000 00000  0.00000 00000  -0.57721 56649  1.64493 40668  0.000
1.005 0.99713 85354 -0.00286 55666 -0.56902 09113 1.63299 41567 0.005
1.010 0.99432 58512 -0,00569 03079 -0.56088 54579 1.62121 35283 0.010
1.015 0.99156 12888 -0.00847 45187 -0.55280 85156 1.60958 91824 0.015
1.020 0.98884 42033 -0.01121 84893 -0.54478 93105 1.59811 81919 0.020

1.025 0.98617 39633 -0.01392 25067 -0.53682 70828 1.58679 76993 0.025
1.030 0.98354 99506 -0.01658 68539 -0.52892 10873 1.57562 49154 0.030
1.035 0.98097 15606 -0.01921 18101 -0.52107 05921 1.56459 71163 0.035
1.040 0.97843 82009 -0,02179 76511 -0.51327 48789 1.55371 16426 0.040
1,045 2.97594 92919 -0,02434 46490 -0.50553 32428 1.54296 58968 0.045

1,050 0.97350 42656 -0,02685 30725 -0.49784 49913 1.53235 73421 0.050
1.055 0,97110 25663 -0,02932 31868 -0.49020 94448 1.52188 35001 0,055
1.060 0.96874 36495 -0.03175 52537 -0.48262 59358 1.51154 19500 0.060
1.065 0,96642 69823 -0.03414 95318 -0.47509 38088 1.50133 03259 0.065
1.070 0,96415 20425 -0.03650 62763 -0.46761 24199 1.49124 63164 0.070

1.075 0.96191 83189 -0.03882 57395 -0.46018 11367 1.48128 76622 0.075
1.080 0.95972 53107 -0.04110 81702 -0.45279 93380 1.47145 21556 0.080
1.085 0.95757 25273 -0.04335 38143 -0.44546 64135 1.46173 76377 0,085
1,090 0.95545 94882 ~-0.04556 29148 ~0.43818 17635 1.45214 19988 0.09¢
1.095 0,95338 57227 -0.04773 57114 ~0.43094 47988 1.44266 31755 0.095

1.100 0,95135 07699 -0,04987 24413 ~0.42375 49404 1.43329 91508 0.100
1105 0.94935 41778 -0,05197 33384 ~0.41€61 16193 1.42404 79514 0.105
1.110 0.94739 55040 -0.05403 86341 ~0.40951 42761 1.41490 76482 0.110
1.115 0,94547 43149 -0.05606 85568 ~0.40246 23611 1.40587 63535 0.115
1.120 0.94359 01856 -0,05806 33325 ~0.39545 53339 1.39695 22213 0.120

1125 0.94174 26997 -0.06002 31841 ~0.38849 26633 1.38813 34449 0.125
1130 0.93993 14497 -0.06194 83322 ~0.38157 38268 1.37941 82573 0.130
1.135 0.93615 60356 -0.06383 89946 -0.37469 83110 1.37080 49288 0.135
1.140 0.93641 60657 -0,06569 53867 -0.36786 56106 1.36229 17670 0.140
1.145 0.93471 11562 ~-0.06751 77212 -0.36107 52291 1.35387 71152 0.145

1.150  0,93304 09311 -0.06930 62087 -0.35432 66780 1.34555 93520  0.150
1155  0,93140 50217 -0.07106 10569 -0.34761 94768 1.33733 68900 0.155
1.160  (.92980 30666 -0.07278 24716 -0,34095 31528 1.32920 81752 0.160
1.165 0.92823 47120 ~0.07447 06558 -0.33432 72413 1,32117 16859 0.165
1.170 0.92669 96106 -0.07612 58106 -0.32774 12847 1.31322 59322 0.170

1.175 0.92519 74225 ~0.07774 81345 -0.32119 48332 1.30536 94548 0.175
1.180 0.92372 78143 ~0.07933 78240 -0.31468 74438 1.29760 08248 0.180
1.185 0.92229 04591 ~0.08089 50733 -0.30821 86809 1,28991 86421 0.185
1190 0.92088 50371 ~0.08242 00745 -0.30178 81156 1.28232 15358 0,190
1195 0.91951 12341 ~0.08391 30174 -0.29539 53259 1.27480 81622 0.195

1,200  0.91816 87424 ~0.08537 40900 -0.28903 98966 1.26737 72054 0.200
L205 091685 72606  -0.08680 34780  -0.28272 14187  1.26002 73755  0.205
1210 0.91557 64930  -0.08820 13651 -0.27643 94897 1.25275 74090 0,210
L215 091432 61500  -0.08956 79331 -0.27019 37135 1.24556 60671 0.215
1,220 0,91310 59475 -0.09090 33619 -0.26398 37000 1.23845 21360 0,220

1.225  0.91191 56071 -0.09220 78291 -0.25780 90652 1.23141 44258 0.225
1230 091075 48564  -0.09346 15108  -0.25166 94307 1,22445 17702 0.230
1235 090962 34274  -0.09472 45811 -0,24556 44243  1.21756 30254  0.235
1.240  0,90852 10583 -0.09593 72122 -0.23949 36791 1.21074 70707 0.240
L245  0,90744 74922  -0.09711 95744 -0.23345 68341 1.20400 28063  0.245

1.250 0.90640 24771 -0.09827 18364 ~0.22745 35334 1.19732 91545 0.250
' ' d ' o2 '

y! In y! dy In y! iyt In ! [
(~8)6 (-6)5 (-6)7 (-5)2
[79°] ("] (5] [“3”]

For +>2 epe Examples 1-1, logyo «=0.43429 44819

Compiled from H. T. Davis, Tables of the higher mathematical functions, 2 vols. (Principia
33, Bloomington, Ind., 1933, 1935) (with permission). Known error has been corrected.
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GAMMA FUNCTION AND RILLATED FUNCTIONS

GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS

268
Table 6.1
r r(r)
1.250 0.90640 24771
1.255 0.90538 57663
1,260 0.90439 71178
1.265 0.90343 62946
1.270 0.90250 30645
1.275 0.90159 71994
1,280 0.90071 84765
1.285 0.89986 66769
1.290 0.89904 15863
1.295 0.89824 29947
1.300 0.89747 06963
1.305 0.89672 44895
1.310 0.89600 41767
1.315 0.89530 95644
1.320 0.89464 04630
1.325 0.89399 66866
1.330 0.89337 80535
1.335 0.89278 43850
1.340 0.89221 55072
1,345 0.89167 12485
1.350 0.89115 14420
1.355 0.89065 59235
1.360 0.89018 45324
1.365 0.88973 71116
1,370 0.88931 35074
1.375 0.88891 35692
1.380 0.88853 71494
1.385 0.88818 41041
1,390 0.88785 42918
1.395 0.88754 75748
1,400 0.88726 38175
1.405 0.88700 28884
1.410 0.88676 46576
1.415 0.88654 89993
1.420 0.88635 57896
1.425 0.88618 49081
1.430 0.88603 62361
1.435% 0.88590 96587
1,440 0.88580 50635
1.445 0.88572 23397
1.450 0.88566 13803
1.455 0.88562 20800
1.460 0,88560 43364
1.465 0.88560 80495
1.470 0.88563 31217
1.475 0.88567 94575
1.480 0.88574 69646
1,485 0.88583 55520
1.490 0.88594 51316
1.495 0.88607 56174
1.500 0.88622 69255
y!
(3]
5

JRSERES—————

*See page I1.

In r(z)

-0.09827
-0.09939
-0.10048
-0,10154
-0.10258

-0.10358
-0,10456
-0,10550
-0.10642
-0.10731

-0.10817
-0,10900
-0.,10981
-0.11058
-0.11133

-0.11205
-0.11274
~0.11341
~0.11404
~0.11465

-0.11524
-0.11579
-0.11632
-0.11682
~-0.11730

~0,11775
-0.11817
-0,11857
-0,11894
-0.11929

-0.11961
-0.11990
-0,12017
-0.12041
-0.12063

-0.12082
-0.12099
-0.12114
-0.12125
-0.12135

-0.12142
-0.12146
-0.12148
-0.12148
-0.12145

-0.12140
-0.12132
-0,12122
-0.12110
-0,12095

-0.12078

18364
41651
67254
96809
31932

74224
25269
86634
59872
46519

48095
66107
02045
57384
33587

32100
54356
01772
75756
77697

08974
70951
64980
92401
54539

52707
88209
62331
76353
31538

29142
70405
56559
88823
68406

96505
74307
02987
83713
17638

05907
49657
50010
08083
24980

01797
39621
39528
02585
29852

22376

In y!

{(~f)4]

log,, ¢=0.43429 44819

vlir)

-0.22745
-0.22148
-0.21554
-0.20964
-0,20376

-0.19792
-0.19211
-0,18634
-0.18059
-0.17487

-0.16919
-0.16353
-0.15790
-0.15231
-0.14674

-0.14120
-0.13569
-0.13020
-0,12475
-0.11932

-0.11392
~0.10855
-0.10321
~0,09789
-0,09259

-0.08733
-0.08209
-0.07687
~0.07168
~-0.06652

-0.06138
~0.05627
-0.05118
-0.04611
-0.04107

~0.03605
-0.03106
-0.02609
-0,02114
-0.01621

-0,01131
-0.00643
-0,00158
+0,00325

0.00806

0.01285
0.01762
0.02237
0.02710
0.03180

0.03648
*

35334
34266
61686
14193
88437

81118
88983
08828
37494
71870

08889
45526
78803
05782
23568

29305
20180
93416
46279
16069

80127
55827
00582
11840
87082

23825
19619
72046
78723
37297

45446
00879
01337
44589
28433

50697
09237
01935
26703
81479

64226
72934
05620
39677
64890

71930
62684
39013
02758
55736

99740

4
& Iny!

(2

v'(r)

1.19732
1.19072
1.18418
1,17772
117131

1.16498
1.15871
1.15250
1.14635
1.14027

1.13425
1.12829
1.12238
1.11654
1.11075

1.10502
1.09934
1.09372
1,08816
1.08265

1.077119
1.07178
1.06643
1.06112
1.05587

1,05066
1.04550
1.04040
1.03533
1.03032

1.02535
1,02043
1.01555
1.01072
1.00593

1.00118
0.99648
0.99181
0.98719
0.98261

0.97807
0.97357
0.96911
0,96469
0.96031

0.95597
0.95166
0.94729
0.94316
0.93896

0.93480
d!
dr

91545
50579
94799
14030
98301

37821
22990
44385
92764
59053

34350
09915
75
27106
53246

45678
97037
99497
45379
27136

37361
68773
14226
66696
19286

65216
97829
10578
97036
50881

65905
36002
55173
17518
17241

48640
06113
84147
77326
80318

87886
94874
96215
86921
62091

16896
46592
46509
12052
38700

22005

Iny!

gy

0.250
0.255
0.260
0.265
0.270

0.275
0.280
0.285
0.290
0.295

0.300
0.305
0.310
0.315
0.320

0.325
0.330
0.335
0.340
0.345

0.350
0.355
0.360
0.365
0.370

0.375
0.380

0.395

0.445

0.450
0.455
0.460
0.465
0.470

0.475
0.480
0.485
0.490
0.495

0.500
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620

625
.630
635
1.640
1.645

— s >

1.650
1,655
1,660
1.665
1,670

1.675
1.680
1.685
1.690
1.69%

1.700
1.705
1.710
1.715
1.720

1.72%
1.730
1.735
1.740

1.745°

1.750

Table I (Cont'd)

GAMMA FUNCTION AND RELATED FUNCTIONS 269
GAMMA. DIGAMMA AND TRIGAMMA FUNCTIONS C Table 6.1

rr) Inr() ¥(r) v(r)
0.88622 69255  -0.12078 22376  0.03648 99740  0.93480 22005  0.500
0.88639 89744  -0.12058 81200  0.04115 36543  0.93067 57588 0.505
0.88659 16850  -0.12037 07353  0,04579 67896  0.92658 41142 0.510
0.88680 49797  -0.12013 01860  0.05041 95527  0.92252 68425  0.515
0.88703 87833  -0.11986 65735  0.05502 21146  0.91850 35265 0.520
0.88729 30231  -0.11957 99983  0.05960 46439  0.91451 37552 0.525
0.88756 76278  -0.11927 05601  0.06416 73074  0.91055 71245  0.530
0.88786 25287  -0.11893 83580  0.06871 02697  0.90663 32361  0.53%
0.88817 76586  -0.11858 34900  0.07323 36936  0.90274 16984  0.540
0.88851 29527  -0.11820 60534  0.07773 77400  0.89888 21253  0.545
0.88886 83478  -0,11780 61446  0.08222 25675  0.89505 41371 0.550
0.88924 37830  -0.11738 38595  0.08668 83334  0.89125 73596  0.555
0.88963 91990  -0.11693 92928  0.09113 51925  0.88749 14249 0.560
0.89005 45387  -0.11647 25388  0.09556 32984  0.88375 59699  0.565
0.89048 97463  -0.11598 36908  0.09997 28024  0.88005 06378  0.570
0.89094 47686  -0.11547 28415  0.10436 38544  0.87637 50766  0.575
0'89141 95537  -0.11494 00828  0.10873 66023  0.87272 89402 0.580
0.89191 40515  -0.11438 55058  0.11309 11923  0.86911 18871  0.585
0'89247 82141  -0.11380 92009  0.11742 77690  0.86552 35815  0.590
0.89296 19949  -0.11321 12579  0.12174 64754  0.86196 36921 0.595
0.89351 53493  -0.11259 17657  0.12604 74528  0.85843 18931  0.600
0.89208 82342  -0.11195 08127  0.13033 08407  0.85492 78630  0.605
0.89468 06085  -0.11128 84864  0.13459 67772  0.85145 12856  0.610
0.89529 24327  -0.11060 48737  0.13884 53988  0.84800 18488  0.613
0.89592 36685  -0.10990 00610  0.14307 68404  0.84457 92455  0.620
0.89657 42800  -0,10917 41338  0,14729 12354  0.84118 31730  0.625
0.89724 42326  -0.10B42 71769  0,15148 87158  0.83781 33330  0.630
0.89793 34930  -0.10765 92746  0.15566 94120  0.83446 94315  0.635
0.89864 20302 _0.10687 05105  0.15983 34529  0.83115 11790  0.640
0.89936 98138  -0.10606 09676  0.16398 09660  0.82785 82897  0.645
0.90011 68163  -0.10523 07282  0.16811 20776  0.82459 04826  0.650
0.90088 30104  -0.10437 98739  0.17222 69122  0.82134 74802  0.655
090166 83712  -0.10350 84860  0.17632 55933  0.81812 90092 0,660
0.90247 28748  -0.10261 66447  0.18040 82427  0.81493 48001  0.665
0.90329 64995  -0,10170 4430)  0.18447 49813  0,81176 45875  0.670
0.90413 92243  -0,10077 19212  0.18852 59282  0.80861 81094 0.675
0.90500 10302  -0.09981 91969  0.19256 12015  0.80549 51079 0,680
0.90588 18996  -0.09884 63351  0.19658 09180  0.80239 53282 0,685
0.90678 18160  -0.09785 34135  0.20058 51931  0.79931 85198  0.690
0.90770 07650  -0.09684 05088  0.20457 41410  0.79626 44350  0.695
0.90867 87329  -0.09580 76974  0.20854 78749  0.79323 28302 0.700
0.90957 57079  -0.09475 50552  0.21250 65064  0.79022 34635  0.705
0.91057 16796  -0.09368 26573  0.21645 01462  0.78723 61012 0.710
0.91196 66390  -0.09259 05785  0.22037 83037  0.78427 05060  0.715
0.91258 05779  -0.09147 88929  0.22429 28871  0.78132 64486  0.720
0.91301 34904  -0.09034 76741  0.22819 22037  0.77840 3701! 0.725
0.91466 53712  -0.08919 69951  0.23207 69593  0.77550 20396  0.730
0.91573 62171  -0.08802 69286  0.23594 72589  0.77262 12424  0.735
091682 60252  -0.08683 75466  0.23980 32061  0.76976 10915  0.740
0.91793 47950  -0.08562 89203  0.24364 49038  0.76692 13714  0.745
0.91906 25268  -0.08440 11210  0.24747 24535  0.76410 18699  0.750

y! In #! € In ! & In 4! y

o : dy dy?2 ’

[1 613 ( 6)3] ( 6)3] t 6)4]
4 4 4 5
log,, + 0.43129 11819
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; 270 CAMMA FUNCTION AND ELLATED 1UNCTIONS
Table 6.1 CAMMAL, DIGAMMA AND TRICAMM A FUNCTHONS
3 P inrs) Vi) ¢ (r)
1,750 0.91906 25268 -0,08440 11210 0.24747 24535 0.76410 18699 0.750
1.75% 0.92020 92224 -0.08315 42192 0.25128 59559 0.76130 23773 0.755
1.760 0.92137 48846 -0,08188 82847 0.25508 55103 0.75852 26870 0.760
1.765 0.9225% 95178 -0,08060 33871 0.25887 12154 0.75576 25950 0.765 1
1.770 0.92376 31277 -0,07929 95955 0.26264 31686 0.75302 19003 0.770 s
1.775 0.92498 57211 -0.07797 69782 0.26640 14664 0.75030 04040 0.775
1.780 0.92622 73062 -0,07663 56034 0.27014 62043 0.74759 79107 0.780
1.785 0.92748 78926 -0.07527 55386 0.27387 74769 0.74491 42208 0.785
1.790 0.92876 74904 -0.07389 68509 0.27759 53776 0.74224 91617 0.790 I's
1.795 0.93006 61123 -0,07249 96070 0.28129 99992 0.73960 25271 0.795
1.800 0.93138 37710 -0.07108 38729 0,28499 14333 0.73697 41375 0.800
‘ 1.805 0.93272 04811 -0.06964 97145 0.28866 97707 0.73436 38093 0.805
1.810 0.93407 62585 -0.06819 71969 0.29233 51012 0.73177 13620 0.810
1.815 0.93545 11198 -0.06672 63850 0.29598 75138 0.72919 66166 0.815
1.820 0.93684 50832 -0.06523 73431 0.29962 70966 0.72663 93972 0.820
* 1.825 0.93825 81682 -0.06373 01353 0.30325 39367 0.72409 95297 0.825
d 1,830 0.93969 03951 -0.06220 48248 0.30686 81205 0.72157 68426 0.830
1.835 0.94114 17859 -0.06066 14750 0.31046 97335 0.71907 11662 0.835
1.840 0.94261 23634 -0.05910 01483 0.31405 88602 0.71658 23333 0.840
1.845 0.94410 21519 -0.05752 09071 0.31763 55846 0.71411 01788 0.845
1.850 0.94561 11764 -0.05592 38130 0.32119 99895 0.71165 45396 0.850
1.855 0.94713 94637 -0.05430 89276 0.32475 21572 0.70921 52546 0.855
1.860 0.94868 70417 -0.05267 63117 0.32829 21691 0.70679 21650 0.860
- 1.865 0.95025 39389 -0.05102 60260 0.33182 01056 0.70438 51138 0.865
1.870 0.95184 01855 -0,04935 81307 0.33533 60467 0.70199 39461 0.870
1.875 0.95344 58127 -0,04767 26854 0.33884 00713 0.69961 85089 0.875
1.880 0.95507 08530 -0,045%96 97497 0.34233 22577 0.69725 B6512 0.880
1,885 0.95671 53398 ~0.04424 93824 0.34581 26835 0.69491 42236 0.885
1.890 0.95837 93077 -0.04251 16423 0.34928 14255 0.69258 50790 0.890
1,895 0.96006 27927 -0.04075 65875 0.35273 85596 0.69027 10717 0.895
1.900 0.96176 58319 -0.03898 42759 0.35618 41612 0.68797 20582 0.900
1.905 0.96348 84632 -0.03719 47650 0.35961 83049 0.68568 78965 0.905
A 1.910 0.96523 07261 -0.03538 81118 0.36304 10646 0.68341 84465 0.910
1 1.915 0.96699 26608 ~-0.033%6 43732 0.36645 25136 0.68116 35696 0.915
1.920 0.96877 43090 -0.03172 36054 0.36985 27244 0.67892 31293 0.920
: 1,925 0.97057 57134 -0.02986 58646 0.37324 17688 0.67669 69903 0.925
- 7 1.930 0.97239 69178 -0.02799 12062 0.37661 97179 0.67448 50194 0.930
D 1.935 0.97423 79672 -0.02609 96858 0.37998 66424 0.67228 70846 0.935
Ty 1.940 0.97609 89075 -0.02419 13581 0.38334 26119 0.67010 30559 0.940
:.,_ 1.945 0.97797 97861 -0.02226 62778 0.38668 76959 0.66793 28044 0.945
F 1.950 0.97988 06513 -0.02032 44991 0.39002 19627 0.66577 62034 0.950
1,955 0.98180 15524 ~-0.01836 60761 0.39334 54805 0.66363 31270 0.955
1.960 0.98374 25404 -0.01639 10621 0.39665 83163 0.66150 34514 0.960
, 1.965 0.98570 36664 -0.01439 95106 0.39996 05371 0.65938 70538 0.965
. 1.970 0.98768 49838 -0.01239 14744 0.40325 22088 0.65728 38134 0.970

1,975 0.98968 65462 -0.01036 70060 0.40653 33970 0.65519 36104 0.975

1.980 0.99170 84087 -0.00832 61578 0.40980 41664 0.65311 63266 0,980

) 1.985 0,99375 06274 -0.00626 89816 0.41306 45816 0.65105 18450 0.985
2! 1.990 0.99581 32598 -0.00419 55291 0.41631 47060 0.64900 00505 0.990
i ‘ 1,995 0.99789 63643 -0.00210 58516 0.41955 46030 0.64696 08286 0.995

?a
L 4
H
q: 2.000 1.00000 00000 0.00000 00000 0.42278 43351 0.64493 40668 1.000
?
¥ y! Iny! di/ In ! 12—2 Iny! v
' [(—6)2 (-6)2 (—6)2] [( 6)2]
4 4 4 4
logq o~ 0.43429 44819 ')




Table IT GAMMA FUNCTION (a: INTEGER)

272 GAMAIA FONCHION AND KELATED FUNCTIONS
Tabbe 6.3 GAMMA AND DBGAMM Y PENCLINS TOR INTEGER AND BN INTROT I VAL b

[N ]/I‘r-‘ [IERTIRS S ' TETE]

1 ( 0)1.00000 00000 ( 0)1.00000 000 (-1)8.86226 92 -0,57721 S6649  1.08443 755 0.57721 S¢¢

2 0)1.00000 00000 { 0)1.00000 090 0)1.32934 04 .0.42278 4335} 1.04220 712 0,27036 28¢

3 0%2.00000 00000 §- 1;5.00000 000 0)3.32335 10  0,92278 43351  1.02806 452 0,17982 795

4 0) 6.00000 00000 - 1)1,66666 667 1)1.16317 28 1.25611 76684  1.02100 830 0.13017 ¢e9

* 5 ( 1)2.40000 00000 (- 2)4.16666 667 ( 1)5.23427 78 1.50611 76684  1.01678 399 0.10332 D24

6 2)1.20000 00000 (- 3)8.33333 333 ( 2)2.87885 28 1.70611 76684 1.01397 285 0.08564 18p

A 7 2)7.20000 00000 (- 3)1.38888 889 3)1.87125 43 1.87278 43351 1.01196 776 0.07312 sg)
) . 8 3)5,04000 00000 §- 4)1.98412 698 4)1.40344 07  2.01564 14780 1.01046 565 0.06380 00
‘ 9 4)4.03200 00000 - 5)2.48015 873 5)1.19292 46  2.14064 14780  1.00429 843 0,05658 3¢
10 ( 5)3.62880 00000 (- 6)2.75573 192 6)1.13327 84 2,25175 25891 1.00836 536 0.05083 259

3 11 6)3,62880 00000 (- 7)2,75573 192 ( 7)1.18994 23  2,35175 25891 1.00760 243 0.04614 268
' 12 7)3.99168 00000 - 8)2.50521 084 8)1.36843 37  2.44266 16800 1.00696 700 0.04224 497

13 8)4.79001 60000 - 9;2.08767 570 9)1.71054 21  2.52599 50133  1.00642 758 0.03895 434

14 9)6.22702 08000 -10)1.60590 438 10)2.30923 18  2.60291 80902  1.00596 911 0.03613 924

15  (10)8.71782 91200  (-11)1.14707 456  (11)3.34838 61  2.67434 66617  1.00557 019 0.U3370 354

. 16 212)1.30767 43680 é-lB; 7.64716 373 (12)5.18999 85 2,74101 23283 1.00522 124 0.03157 S39
17 13)2.09227 89888 -14)4.77947 733 (13)8.56349 74  2,80351 33283 1.00491 343 0.02970 002

18 }14 3.55687 42810 -15)2.81145 725 (15)1.49861 21  2.86233 68577 1.00463 988 0.02803 499

19 15)6.40237 37057 —16;1.56192 070 (16;2.77243 23 2,91789 24133  1.00439 519 0.02654 657

20 (17)1.21645 10041 -18)8.22063 525 (17)5.40624 30  2.97052 39922 1.00417 501 0.02520 828

21 (18)2.43290 20082 (-19)4.11031 762 (19)1.10827 98  3.02052 39922 1.00397 584 0.02399 845

22 (19)5.10909 42172 5-20;1.95729 411 §20)2.38280 16  3.06814 30399 1.00379 480 0.02289 94)

23 221 1.12400 07278 -22)8.8967% 139 21)5.36130 27, 3,11359 75853  1,00362 953 0.02189 663

- 24 22)2.58520 16739 (-?3; 3.86817 017  (23)1.25990 63  3,15707 58462 1.00347 BO6 0.02097 798
25  (23)6.20448 40173  (-24)1.61173 757  (24)3,08677 05  3.19874 25129 1.00332 872 0.02013 33

26 (25)1.,55112 10043  (-26)6.44695 029  (25)7.87126 49  3.23874 25129 1.00321 011 0.01935 403

27 (2634.03291 46113  (-27)2.4795% 626 }27;2.08588 52  3.27720 40513  1.00309 105 0.01863 28]

28 528 1.08888 69450 (-29)9.18368 986 28)5.73618 43 3.31424 10884  1.00298 050 0.01796 342

29 29§ 3.04888 34461 1-30)3.27988 924 (30§1.63481 25 3,34995 53741  1.00287 758 0.01734 046

. 30 (30)8.84176 19937 ‘1 -31)1.13099 629 (31)4.82269 69  3.38443 81327 1.00278 154 0.01675 925

31 32)2.65252 85981 -33)3,76998 763  (33)1.47092 26  3.,41777 14660 1.00269 170 0.0162]1 574

32 33)8.22283 8€542 -34)1.21612 504 34)4,63340 61  3,45002 95305 1.00260 748 0.01570 637

33 35%2.63130 82693 5-36 3.80039 076 36% 1.50585 70  3.48127 95305 1.00252 837 0.01522 803

34 36)8.68331 7¢€188 -37)1.15163 356 37)5.04462 09  3,51158 25608 1.00245 392 0.01477 796

35 (38)2,95232 79904 (-39)3.,38715 754  (39)1.74039 42  3.54099 43255 1.00238 372 0.01435 374

- 36 (40)1.03331 47966 . -41)9.67759 296 40)6.17839 94  3.56956 57541  1,00231 744 0.01395 318

: 17 (41%3.71993 32679 (-42)2.68822 027 ?42)2.25511 58  3.59734 35319  1.00225 474 0.01357 438

- 38 (43)1.37637 53091 t-44 7.26546 018  (43)8.45668 42  3.62437 05589  1.00219 534 0.01321 Se0
S 39 (44)5.23022 61747 (-45)1.91196 320  (45)3.25582 34  3.65068 63484 1.00213 899 0.01287 530
o 40 (45)2.03978 B2081  (-47)4.90246 976  (47)1.28605 02  3.67632 73740  1.00208 546 0.01255 208
T 41 (47)8.15915 28325  (-48)1.22561 744 48)5,20850 35  3,70132 73740 1,00203 455 0.01224 469
F 2 (49)3.34525 26613 (—50;2.98931 083 50)2.16152 90  3.72571 76179 1.00198 606 0.01195 200
' 43 (51)1.40500 61178 (-52)7.11740 673 51)9.18649 81  3.74952 71417 1,00193 983 0.01167 297

(4 . 34 (52)6,04152 63063 (-53)1.65521 087 53)3.99612 67  3.77278 29557 1,00189 570 0.01140 668
oy 45  (54)2,65827 15748  (-55)3.76184 288 55)1.77827 64  3,79551 02284 1,00185 354 0.01115 226
3 ) 46 56)1.19622 22087 (-57)8.35965 084 (56)B.09115 74  3,81773 24506 1.00181 321 0.01090 895
- 47 57)5.50262 21598 -58)1.81731 540 58)3,76238 82  3.83947 15811 1.00177 460 0.01067 602
v 48 59)2,58623 24151 -60)3,86662 851 60)1,78713 44  3,86074 81768 1.00173 759 0.01045 283
- 49 61)1.24139 15593 -62)8,05547 607 61)8.66760 18  3,88158 15102 1,00170 210 0.01023 879
50 (62)6.08281 86403 -63)1.64397 471  (63)4.29046 29  3.90198 96734 1.00166 803 0.01003 333

51 (64)3.04140 93202 (-65)3.28794 942 (65)2.16668 38 3,92198 96734 1.00163 530 0.00983 596
(n ! 1/("-—1)! (n=%)! %l"(”‘])! *
nl- (2-)511" “hem e fyin r(n) (2:)411"” L v fi{n) v()=Inn fi(») (2-)L 2.50662 82746 31001

. ¢(n) compiled from H. T. Davis, Tables of the higher mathematical functions, 2 vols. (Principia Press,
Bloomington, Ind., 1933, 1935) (with permission).

*See page 0
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89)1.26886 93219 90)7.88103 221 90)1.02102 98 4.16667 52388 1.00128 285 0.00771 203

90)8.23765 05921 91)1.21246 639 ( 91)6.68774 50 4,18205 98542 1.00126 341 0.00759 489
93)1.83707 044 % 93)4,44735 04 4,19721 13693 1,00124 455 0.00748 125
(

92)5.44334 93908 (-
- 95)2.74189 619

(
(

68 ( 94)3.64711 10918 a5)3.00196 15 4,21213 67425 1.00122 623 0.00737 096
f 97)2.05634 36 4.,22684 26248 1,00121 845 0.00726 388

99)1.42915 88 4.24133 53785 1,00119 118 0.00715 986

96)2.48003 55424
98)1.71122 45243

97)4.03220 028
99)5.84376 852

77777 i -—-ﬂ:
|
TABLE 1I (Cont'd)
GAMMA FUNCTION AND RELATED FUNCTIONS 273
GCAMMA AND DIGAMMA FUNCTIONS FOR INTEGER AND I \l.f(:l\ FEGER VALLES  Talile 6.3
u () l/l'("’ Pt + %) (n) Fite) [y
SI ( 64)3.04140 93202 (- 65)3.28794 932 ( 65)2.16668 38 3.92198 96734 1.00163 530 0.00983 596
52 ( 66)1.55111 87533 (- 67)6.44695 964 ( 67)1,11584 21 3,94159 75166 1.00160 383 0.00964 620
53 ( 67)8.06581 75171 (- 68)1.23979 993 ( 68)5.85817 12 3.96082 82858 1.00157 355 0.00946 363
54 ( 69)4.27488 32841 (- 70)2.33924 515 70)3,13412 ]6 3.97969 62103 1.00154 438 0.00928 784
55 ( 71)2.30843 63734 (- 72)4.33193 547 72)1.70809 63 3.,99821 47288 1.00151 628 0.00911 846 .
56 ( 73)1.26964 03353 (- 74{7.87626 631 73)9.47993 44 4.01639 65470 1.00148 919 0.00895 514
57 ( 74)7.10998 58780 (- 75)1.40647 255 75)5.35616 29 4.03425 36899 1.00146 304 0.00879 758
58 ( 76)4.05269 19505 (- 77)2.46749 S711 71)3.07979 37 4.05179 75495 1.00143 780 0.00864 546
59 5 78)2.35056 13313 (- 79)4.25430 295 79)1.86167 93 4.06903 89288 1,00141 341 0.00849 852 v
60 ( B0)1.38683 11855 (- 81)7.21068 296 ( B81)1.07199 92 4.08598 80814 1.00138 984 0.00835 648
61 ( 81)8.32098 71127 . (- 82)1.20178 049 ( 82)6.48559 51 4.10265 47481 1.00136 704 0,00821 912
62 ( 83;5.07580 21388 §- 84)1.97013 196 ( 84)3.98864 10 4.11904 81907 1,00134 498 0.00808 619
63 5 85)3.14699 73260 (- 86)3.17763 219 } 86)2.49290 06 4.13517 72229 1.60132 262 0.00795 750
64 ( 87)1.98260 83154 f- 88)5.04386 062 { 88)1.58299 19 4.15105 02388 1.0013C 292 0,00783 284
( -
(
%
(

71 (102)1.,19785 71670 (-101)8.34824 074 (101)1.00755 70 4.25562 10927 1.00117 439 0.00705 878
72 (101)8.50478 58857 (-102)1.17580 856 (102)7.20403 24 4.,26970 55998 1,00115 807 0.00696 052
73 (1C0%)6.12344 58377 (-lOd{l.b)SOb 744 (104)5,22292 35 4.28359 44887 1,00114 220 0,00686 495
74 (105)4.47011 54615 (-106)2.23707 868 (106)3.83884 87 4.29729 31188 1.00112 675 0.00677 197
7% (107)3.30783 54415 (-108)3.02307 930 (108)2.85994 23 4.31080 66323 1.00111 172 0.00668 148
76 (109)2.48031 40811 5—110;4.03077 240 (110)2.15925 64 4.32413 99657 1.00109 709 0.00659 337
77 (111)1.88549 47017 (-112)5.30364 789 (112)1.65183 12 4.33729 78604 1,00108 283 0.00650 756
78 (113)1.45183% 09203 —114;6.88785 441 (114)1.28016 92 4.35028 48734 1.00106 894 0.00642 395
79 (115)1.13242 81178 (-116)8.83058 257 (116)1,00493 28 4.,36310 53862 1.00105 540 0.00634 247
80 (116)8.94518 21308 (-117)1.11779 526 (117)7.98921 57 4,37576 36140 1.00104 220 0.00626 302
81 5118§7.]5594 57046 (-119)1.39724 408 119{6.43131 87 4.38826 36140 1,00102 933 0.00618 554
82 (120)5.79712 60207 (-121)1,72499 269 121)5.24152 47 4.40060 92931 1,00101 677 0.00610 995
83 (122)4.75364 33370 (-123)2.10364 962 123)4.32425 79 4.41280 44150 1,00100 452 0.00603 619
84 (124)3,94552 39537 (-125)2.53451 761 125)3.61075 53 4.42485 26078 1,00099 255 0.00596 419
85 (126)3.31424 01346 (-127)3.01728 287 127)3.05108 83 4,43675 73697 1,00098 087 0.00589 389
86 (128)2.81710 41144 -129)3,54974 456 (129)2,60868 05 4,44852 20756 1.00096 946 0,00582 522
37 (130)2.42270 95384 -131})4,12760 995 131)2,25650 86 4.46014 99825 1.00095 831 0.00575 814
88 (132)2.10775 72984 (-133)4.74437 926 (133)1.97444 50 4.47164 42354 1.00094 741 0.00569 258
89 (134;1.85482 64226 ({-135)5.39134 006 135{1.74738 38 4.48300 78718 1,00093 676 0,00562 850
90 (136)1.65079 55161 -137)6.05768 546 (137)1.56390 85 4,49424 38268 1.00092 635 0.00556 584

32 (140)1.35200 15277 (-141)7.39644 134 (141)1,29503 36 4.51634 39489 1,00090 620 0.00544 463
93 (142)1.24384 14055 (-143)8,03961 016 143;1.19790 60 4,52721 35142 1,00089 646 0.00538 598
94 (144)1,15677 25071 §-14s 8.64474 211 (145)1,12004 22 4.,53796 62023 1.00088 691 0,00532 858
95 (146)1.08736 61567 (-147)9.19653 415 (147)1,05843 98 4,54850 45002 1.00087 757 0.00527 239
96 (148)1,03299 78488 (-149)9.68056 227
97 (149;9.91677 93487 (-150)1.00839 190
98 (151)9.61927 59682 (-152)1.03957 928
99 (153)9,42689 04489 (-154)1.06079 519
100 ,(155%

101 (157)9,33262 15444 (-158)1.07151 029 158)9.36756 79 4.61016 18527 1.00082 542 0,00495 866
d 712
(v 1Y 1o 1Y w-vt e o [0

dn [( ;;)l]

! (2»)!::"‘5: "'!',(u; () (2.)§“u !« () iy Inw _Viz(“) (2')§ 2.50662 82746 31001

149)1.01081 00 4.55913 08160 1.00086 843 0,00521 738
150)9.75431 69 4,56954 74827 1.00085 947 0.00516 350
152)9.51045 90 4,57985 67610 1.00085 070 0.00511 072
154)9.36780 21 4.59006 08426 1,00084 210 0.00505 901

156)9.32096 31 4,60016 18527 1.00083 368 0,00500 833

91 (138)1.48571 59645 (-139)6.73076 163 3139)1.41533 72 4.,50535 49379 1.00091 617 0.00550 457
9.33262 15444 (-156)1.07151 029 %
(

‘See page n1.




CALCULATOR METHOD

The expression ' (a + 1) = a I' (a) is applied repeatedly to increase the

value of the argument until is it greater than 9, when Stirling's

formula can be applied. If the argument is initially greater than 9,

Stirling's formula is used at once.
. . ' . . . . =
Stirling's formula is given in Abramowitz [1J

For o > 9

: =- -’ -
! !Y' ' ! 7T
-— : ¢ — [E +
- NPT - 2 4
« & he s 3 O \l( ‘ O 5 Y i
T—W (CX\ _ 52
4 ] - /




EXAMPLE
FIND: T (10.4)
SOLUTION: Y = 11.4 = (11.4) (10.4)

S = 0.9189385332 - 11.4 + (11.9) 2n 11.4

| | |
+(:z)(u.4)‘ [l - 30(11.4)° " |os(u.4)4]
= 18. 48624553
%= 1.067761911 *10°
X = 118.56
5
T"(i0.4) = —C;-(— = 900608.9

For < 9 ¢
DEFINE Y =9 + fractional part of o

X= X (4 X +2) % eae Y

o =0.9189385332 =Y +(Y+0.5)4m Y

I l |
= o
" (12 Y) [ 30 Y? 150 Y‘J

S

(%)= —%’




‘:':"

v <~q.: Y

R PR .-

'
*,
¥
)

EXAMPLE

FIND: T (2.4)

SOLUTION:
Y = 9.4
X=9.4x8.4x7.4x6.4x5.4x4.4x3.4x2.4
X = 725029.0842

= 0.9189385332 - 9.4 + 9.9 %n 9.4

| ! N N
- ) - -
RTTYS l' 36(9.4)° '50(9-4)4]

S= 13.71082637

T (2.4) = & = f

X

5
89021 *10
290847 « 10>

2060
R,
__j Fs

~

’l
“~

[T(2.4)= 1.24216934¢

A s A CHECK

IN(r.a)= 1.4 T'(1.4)=1.4x0.8872638175
L See TagLe T

IV (2.4)=1.242169345

11




!
BASIC LANGUAGE PROGRAM
The previous calculator method is shown as a program listing in
Basic Language, PL-1.
PL-1
P N /N v
) ROGRAM LISTING FOR \b(, IN BASIC LANGUAGE

REM 0= ALTHA

CEOROMOGe GAMMOY UUNCTION WITH ARGUM NT ALFHA
OA=h A8

@ Y=@Q

@ X=A4

G Y=Y+l

I X=X*Y

29 D=Y-9

i ?m IF Lr=@ THEN 116

GOTO A
S L PIRTROSRIRE
SES (Y SY RUDG(Y)Y Y
. 1 VeEl- (L (R YA2) ) (L / (1SR Y44 ) )
4@ M= {1/ (17%Y) ) %Y
190 =gy
YA G=UXP oYy /Y
173 FRINT A:G
123 END
-
Al
o5
N
0‘. 1
N |
Am
X 4

K e

12

-
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. TI-59 Methods
A. USER ENTERED PROGRAM
The following program PL~2 is for use with the TI-59 Programmable Calculator
and is part of Texas Instrument's Math 39 program exchange. It calculates
the Gamma Function T'(x) for integer and non-integer values of the

agrument X.

. An internal accuracy check using a fractional argument can be made by
calculating I'(0.5), then squaring the answer. The result should be 7.
Subtracting the stored value of m from the previously calculated value
gives Axlo—lo. Thus, the error is 4 in the 1llth digit. Other non-integer
values have been compared with the National Bureau of Standards Tables :lj

and almost all agree within +/- one unit in the 10th digit. PL-2 accuracy

is considered accurate for all practical purposes.

To use enter the value of x; then press lD . The computed value of T'(x)

will ultimately be displayed.

x < 69.5
e Calculation time is 5 to 15 seconds, depending on x.
X
g EXAMPLE: Compute T(6.5)
i Ty Enter 6.5. PRESS [:] .
; ' The displayed output is 287,.8852778
21 Thus, T(6.5) = 287.8852778
k.1
-

ot

iz ﬁ.
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TI-59 Methods (Cont'd)

B. MATH UTILITY MODULE PROGRAM MU-11

The new math utility module can be used for computing I'(x) directly.

EXAMPLE: Compute T'(6.3)

ENTER PRESS
[2nd] [Pgm] 11

6.3 (A)

Thus, I'(6.3) = 201.8132752

DISPLAY

201.8132752

L.

b SARS Y




LY
t
N

GAMMA FUNCTION;

4o

CRCR R CR L LR O

Ean )

LISTING FOR TI-59 PROGRAMMABLE CALCULATOR
Loc
047
od s
43
00 LH:
(=N -
0=z ECL
; e il
153

D]

T
LI

()

I L N
a Lo i
a Qed =
o - el #
oez :
a Qe :
- 1 -
i g GES
0 ?
i = o
ot N 0
-

T T
1
1

VT T T

,‘
.
(O O

R AN
L

s T

1 e _F) 0

I

d

19

Al
T 00 8

Tt

B}
i}
=

DRI B e e I n S

s =

' (2R g , t ]
v =7 - 1) 1o} S

Iy 1 - M o t

) 0= 0% 5 =3 ]
; = 54 3

‘ oIS =S : Eh

b, D 3 ii

B 041
- o4z
l 0473

5 44
k. 045
..
5
>
L4
1

RN O

%

:é::
o oo
S
1

LY %,
I S 4 IR R I )

N

QdE

o,
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HP-67 Method ~ I

A program listing is shown (PL-3)for computing I'(a) on an HP-67 Programmable
Calculator using the previously described Stirling's approximation

formula.




- o bw w e NS Lk

HP-67 Usc. oo

T
,

uj@ T
:ﬁ_D: mjij1WUJJJjﬁ_:Jﬁinjim mlJljjl

|
;||I1I.I1FL.|I, [[[[[[[ [,I...LI:L

ra)

OuTPUT
DATA/UNITS
A

KEYS

[[[[r SR S,

0> S,

1 »
1 8| -
. 23
g - B [T%
AMM_U. °
13 4. |
M“GF | |
w_ | =
z g“ ﬁ
&N o
w [7)] = ~
X FHERBERE

TR =

mﬂ mW :
“ mm = (v .,m
f_ ] Bm | __
j | s _ _

=S i ! |
GRS ,WMW |
B | * _,
| | |
| |
Z Ll

LT S R L [ Janli
S s ’ . ; r

. A PR . ¥ e 1 AN
e Al A g » ' . . -, . , - ¢




PL-3 (conT’D

[T

u sz ElLIRY KEY COUE [ A SieP KLY ENTRY KEY CODE COMMENTS
1Ll [ 31 25 1. STOS 33 N5
—_IsT01 135300 — RCL 2 3% 00
B STO2 33 02 1 01
STO3 33 03 060 2 02
LBLB 31 25 12 X 71
1 01 h 1/x 35 62
STO+2 33 61 02 RCL5 34 05
RCL2 34 02 x .71
RCL3 4 03 RCL4 34 04
010 % 71 + 61
STO3 33 03 g eX 32 52
RCL2 34 02 RCL3 34 03 |
9 09 + 81 N
- 51 070 R°/S 84
x <0 31 71 RCL1 34 01
GTO B 22 12 RTN 35 22
. 83
9 09
1 0l
020 8 08
9 09
3 03
8 08
5 05 080
3 03
i 3 03
2 02
RCL2 34 02
~ 51
3o cL2 4 02
| £ 1N 31 52
CL2 4 02
. 83
5 05 090
+ 61
X 71
+ 61
STO & 33 04
CL2 4 Q2
040 g X 2 54
3 03
Q 0
X 71
h 1/x 35 62 100
CHS 42
1 01
+ _61
CL2 4 02
4 04
050 h y% 63
1 01
0 00
b) 05
X 71 10
h 1/x 35 62
+ 61
REGISTERS
o N 2 n x I S 5 6 7 js
Jso Js‘ S2 Is4 fs S6 7 159
A

m




HP-34C METHOD

The key x! can be used directly to calculate TI(x) wusing the

following relationship:

r'x) = (x-11!

EXAMPLE: Calculate T(6.3)

KEYSTROKES DISPLAY COMMENT
6.3 6.3 x
y ENTER + 1[-] 5.3 x-1
(h] [x%] 201.8132 r¢6.3)

AR L ¥ ¥ U TRy Do 2n




B. INCOMPLETE GAMMA FUNCTIONS COMPUTATION

Definition:
The two Incomplete Gamma Functions y(a,t) and Q (u,1) are defined

as follows:

a-1 -X
; y(a,1) = X e dx
] 0
o .
a-1 -x
Q(OL’T) = X e dx
' [ o4

The Incomplete Gamma Functions are related to the Complete Gamma

Function T (a) as follows:

T(a) = v (a,1) + Q (a,71)

- That is
00 r o0
yy dx = f vy dx + v dx
° o 2
where v = xOL“1 e ¥

s
‘5 F
i#
".,
o
: Fl
Sl

4
o
X .
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]
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TABULAR METHOD
-
On page 941 of Abramowitz Lll

y(a,t) = I'(a) P (XZIV)

where x2 =21 ; v = 2a

: Q €o,1) = I'(a) - v(a,1)
| 2
Also Q (a,7) = T(a) Q (x | V)
. NOTE: Q (a,T) # Q ( x2|v)

2 2
P(x|v)=1-q v

2 -
Values of Q (x |v) are tabulated in Table III, on pages 978-983 Ll]
a~1 -X

where y = x e

A pictorial representation is shown in figure 2., Note that Ymax OCCurs

at x = a-1.




! ICHE2
v :
Q(cx)t)
NN ///
| /é/// Z /
0 RS X
X ~\
- FIGURE 2 PICTORIAL . REPRESERNTATION

OF THE INCOMPLETE
GAMMA  FUNCTIONS
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k EXAMPLE

? FIND: v(1.5,0.9), Q (1.5,0.9)

SOLUTION: a= 1.5; 1 = 0.9

r{1.s5) = 0.8862269255 from Tahle 1 (Table 6.1 page

268 13 )

. x2 =21 =1.8; v=2a=3

In Table 26.7 page 978 [l]

. Qx2|v) = 0.61493

i 2 2
P(x |v) =1-0Q (x|v) = 0.38507
v(1.5,0.9) = T'(1.5) P(x%|v ) = n.34126
Q(1.5,0.9) = I'(1.5) Q(x2|v ) = 0.54497

As a check

v(1.5,0.9) + Q(1.5,0.9) = 0.88623 to five places =

23

r(1.5)




e

S

s S I g

-

Interpolation formulas are shown on the bottom of p. 981 El” (Table III).
2
One formula is for interpolation on x alone. The Double Entrv Enter-

2
polation formula is for interpolation on both x and v.

]
‘e
”~~
>

|
>
S

where ¢

For interpolation on v alone, the Double Entrv formula can be modified

2
by letting ¢ = 0 (i.e. x = X 2) as follows:
0

2 2 .- -
Q O V) = x|y -1 LLNZ _L;.J
[e] (0]

2 -
+ Q (x IV ) 1 - vrz
o o -

' 2 w -
s wo o+ T
2

2
+Q (Xo |\)o +1)

EXAMPLE:
FIND: vY(5.64, 8) , Q (5.64, 8)
SOLUTION:

a = 5.64 ; 1 =28

r(5.64) = 4.64 x 3.64 x 2,64 x 1.64 x T(1.64)
P(1.64) = 0.8986420302 from Table I (Table 6.1 page 269 [1] )
r(5.64) = 65.71338911
2 2
X =X =21t =16 ; v = 2a = 11.28

In this example

v=11,; v -1=103; v +1 =12
0 0 o

W=V - vo = 11.28 - 11 = 0,28

24

~ ot
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Thus
S |
Q%|v) = (0.09963)  .28" - .28 |
L2 2 |
£ 0.14113) |1 - 282
+(0.19124) | .282 + 28]
2 2!
= - 0.01004 + 0.13006 + 0.03427
2 {
Q(x |v) = 0.15429
. 2 2
P(x“[v) =1 -0q (x|v) = 0.84571
¥(5.64, 8) = I'(5.64) P(x2|v) = 55.574
2
Q(5.64, 8) = (5.64) Q(x |v) = 10.139

As a check

v(5.64, 8) + Q(5.64, 8) = 65.713 to five places = T(5.64)

EXAMPLE

FIND: v(4.3, 3.77) , Q (4.3, 3.77)
SOLUTION:

a= 4.3 3 T =377

I (4.3) = 3.3 x 2.3 x 1.3 x I'(1.3)
I (4.3) = 8.855343359
2

X =21 = 7.5 3 v=2a= 8.6

For this example

2 2
x = 7.54 ; X, = 7.4

6 =% (7.54 - 7.4) = 0.07

vV=28.6 ;v =8 3y 41 =09
0 o] i

1

v -4 =4 i
O ‘
v, =2 =6
v =1=7 i

25




g

EXAMPLE (Cont'd)

The Double Entrv Interpolation expression on page 981 [l] (Table I1I)

will be used.

2 1
Qx51v) = QG Jv =4 [2 i

2

o
I
{
|

2
~
>
(2]
<
~
1]

1
(0.11620)} ;‘ (.07)

(0.28543) ;.07 - .072 - (.6)(.07)j

+

+

0.38845) | 2 (.67 = % (.6) + (.6)(.07)
i 8

+

(0.49415) [1 = .67 = .07 + = (.OD% + (.6)(.07)

P

+

1 2 1 -
(0.59555) E’(.ﬁ) +75 (.6) - (.6)(.07) .

0.00028469 + 0.006593433

?
Q(x“ |v)
-0.0302991 + 0.30363046 + 0.2608509

= 0.5410603905

#

2
Q(4.3, 3.77) = T(4.3) QX |v)

]

4.7913 to five places 4,791276 to seven places

Y (4.3, 3.77) = T(4.3) |1 - Q(lev)}

4,0641 to five places 4.064068 to seven places

8.85534 to six places

R ary Rty




TABLE 111 TABULATION OF Q(x?]v)

TN PLOBARILITY FUNCTIONS

Fable 2607 PROBABILLEY INTEGRAL OF C-DISTRIBUTION, INCOMPLETE GAMMA FUNCTTON
COMELATIVE SUNMS OF THE POISSON DISTRIBUTION

vo0.000 o002 0.003 0.004 0.005  0.006 0.007 0.008 0.009  0.010
we 00005 0.0010 0.0015  0.0020  0.0025  0.0030  0.0035  0.0040  0.0045  0.0050
0.97477 0.96433 0.95632 0.94957 0.94363 0,93826 0.93332 0,92873 0.92442 0,92034
0.99950 0.99900 0.99850 0,99800 0,99750 0.99700 0.99651 0,99601 0.99551 0.99501
0.99999 0.99998 0.99996 0.99993 0.99991 0.99988 0.99984 0.99981 0.99977 0,99973
0.99999 0.99999 0.99999 0.99999
W 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10
. n 0.005  0.010 0.015 0.020 0.025  0.030 0.035  0.040  0.045  0.050

W N -

1 0.92034 0.88754 0.86249 0.84148 0,82306 0,.80650 0.79134 0,77730 0.76418 0,75183
2 0.99501 0.99005 0.98511 0.98020 0,97531 0.97045 0.96561 0.96079 0.95600 0,95123
k. 3 0.99973 0.99925 0.99863 0.99790 0.99707 0.99616 0.99518 0.99412 0.99301 0.99184
4 0.99999 0.99995 0.99989 0.99980 :0.99969 0.99956 0.99940 0,99922 0.99902 0.99879
5 0.99999 0.99998 0.99997 0.99995 0.99993 0.99991 0.99987 0.99984
[ 0.99999 0,99999 0.99999 0, 99998
' 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
v m 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
1 0.75183 0.65472 0.58388 0.52709 0.47950 0.43858 0,40278 0.37109 0.34278 0.31731
2 0.95123 0.90484 0.86071 0.81873 0,77880 0.74082 0,70469 0.67032 0.63763 0,60653
° 3 0.99184 0,97759 0.96003 0.94024 0,91889 0.89643 0,87320 0.84947 0.82543 0,80125
4 0.99879 0.99532 0.98981 0,98248 0.97350 0.96306 0,95133 0.93845 0.92456 0.90980
5 0.99984 0.99911 0.99764 0,99533 0.99212 0,98800 0,.98297 0.97703 0.97022 0.96257
= 6 0.99998 0.99985 0,99950 0.99885 0.,99784 0.99640 0,.99449 0.99207 0.98912 0,98561
7 0.99997 0.99990 0.99974 0,99945 0.99899 0.99834 0,99744 0.99628 0,99433
8 0.99998 0,99994 0,.99987 0.99973 0,99953 0.99922 0.99880 0,9982%
9 0, 99999 0.99997 0.99993 0,99987 0.99978 0.99964 0, 99944
10 0.99999 0.99998 0.99997 0.99994 0.99989 0,99983
. 11 0.99999 0.99998 0.99997 0,99995
12 0.99999 0,99999
21 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

come 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.60

1 0.29427 0.27332 0.25421 0,23672 0.22067 0.20590 0.19229 0.17971 0.16808 0.15730
2 0.57695 0.54881 0.52205 0.49659 0,47237 0.44933 0.42741 0.40657 0.38674 0.36788
3 0.77707 0.75300 0.72913 0,70553 0,68227 0.65939 0.63693 0.61493 0.59342 0,57241
4 0.89427 0.87810 0.86138 0,84420 0.82664 0.80879 0,79072 0.77248 0.75814 0.7357%
5 0.95410 0,94488 0.93493 0.92431 0,91307 0.90125 0.88890 0.87607 0.86280 0.84915

6 0.98154 0.97689 0,97166 0.96586 0.95949 0.95258 0.94512 0,93714 0.92866 0.91970
T 7 0.99305 0.99093 0.98844 0,98557 0,98231 0.97864 0.97457 0.97008 0.96517 0,95984
ve 8 0.99753 0.99664 0.99555 0.99425 0.99271 0.99092 0,98887 0,98654 0.98393 0,98101
9 0,99917 0.99882 0.99838 0.99782 0.99715 0.99633 0.99537 0.99425 0.99295 0.99147
0 0.99973 0.99961 0.99944 0,99921 0.99894 0.99859 0,99817 0.99766 0.99705 0.99634

{:j 1} 0.99992 0.99987 0.99981 0,99973 0,.99962 0.99948 0,99930 0.99908 0.99882 0.99850
e~ 1z 0.99998 0.99996 0.99994 0,99991 0.99987 0,99982 0,99975 0.99966 0.99954 0,99941
a ! 13 0.99999 0.99999 0.99998 0,99997 0,99996 0.99994 0,99991 0,.99988 0.99383 0,99977
t 14 0.99999 0.99999 0.99999 0.99998 0.99997 0.99996 0.99994 0,99992
- 1¢ 0.99999 0,99999 0,99999 0.99998 0.99997
re

c.; ls 0.99999 0.99999
y » tr »

g N ‘ " S P lrw -t -1, e=1 . "
. Q2 -1- P(2) [2 r(é)] L?e 242 r{l=-[r (é)] fme 7? dr=JV:,‘Oo—mnu /J1(v even, c=r, m= %)
¥ Compiled from E. S. Pearson and H. O. Hartley (editors), Biometrika tables for statisticians, vol. 1.
! Cambridge Univ. Press, Cambridge, England, 1954 (with permission).
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TABLE III (Cont'd)

PROBABILITY FUNCTIONS 979

PROBABILITY INTEGRAL OF DISTRIBUTION, INCOMPLETE GAMMA FUNCTION Table 26.7
CUMELATIVE SUMS OF THE POISSON DISTRIBUTION

22 2.4 2.6 28 3.0 3.2 34 3.6 3.8 1.0
v m 1.1 1.2 13 1.4 1.5 1.6 1.7 1.8 1.9 2.0
1 0.13801 0.12134 0,10686 0.09426 0.08327 0.07364 0.06520 0.05778 0.05125 0. 04550
2 0.33287 0,30119 0.27253 0,24660 0,22313 0,20190 0.18268 0.16530 0,.14957 0,13534
3 0.53195 0.49363 0,45749 0.42350 0,39163 0.36181 0.33397 0.30802 0.28389 0.26146
4 0.69903 0.66263 0.62682 0,59183 0,55783 0.52493 0.49325 0.46284 0,.43375 0.40601
5 0.82084 0.79147 0.76137 0.73079 0.69999 0.66918 0.63857 0,60831 0,57856 0,54942
6 0.90042 0.87949 0.85711 0.83350 0,80885 0.78336 0.75722 0.73062 0.70372 0.67668
7 0.94795 0.93444 0,91938 0,90287 0,88500 0.86590 0.84570 0.82452 0,80250 0,77978
8 0.97426 0,96623 0,95691 0.94628 0,93436 0.92119 0.90681 0.89129 0,87470 0.85712 ’
9 0.98790 0.98345 0,97807 0.97170 0.96430 0.95583 0.94631 0.93572 0,92408 0.91141
10 0.99457 0.99225 0,98934 0,9857S 0.98142 0.97632 0.97039 0.96359 0,95592 0.94735
11 0.99766 0.99652 0.99503 0,99311 0,99073 0,98781 0.98431 0.98019 0,97541 0,96992
12 0.99903 0.99850 0.99777 0,99680 0,99554 0,99396 0.99200 0.98962 0,98678 0.98344
13 0.99961 0,99938 0,99903 0.99856 0.99793 0,99711 0,99606 0.99475 0.99314 0,99119
14 0.99985 0.99975 0.99960 0.99938 0.99907 0.99866 0.99813 0.99743 0.99655 0.99547
8 15 0.99994 0.99990 0.99984 0.99974 0.99960 0.99940 0.99913 0.99878 0.99832 0.99774
p 16 0.99998 0.99996 0.99994 0,99989 0,99983 0.99974 0.99961 0.99944 0,99921 0. 99890
17 0.99999 0,99999 0,.99998 0.99996¢ 0.99993 0.99989 0.99983 0.99975 0,99964 0.99948
18 0.99999 0.99998 0.99997 0.99995 0.99993 0.99989 0.99984 0.99976
19 0.99999 0.99999 0.99998 0.99997 0.99995 0,99993 0.99989
. 20 0.99999 0,99999 0.99998 0.99997 0.9999%
21 0.99999 0.99999 0. 99998
22 0.99999
= ¢ 42 1.4 16 4.8 5.0 52 5.4 5.6 58 6.0
m 2.1 22 23 24 2.5 2.6 21 28 29 3.0

1 0.04042 0,03594 0,03197 0,02846 0,02535 0.02259 0,02014 0,0179¢ 0,01603 0.01431 ;
2 0.12246 0.11080 0.10026 0,09072 0,08209 0.07427 0.06721 €,06081 Q,05502 0.04979 - .
3 0.24066 ©0,22139 0.20354 0,18704 0,17180 0.15772 0.14474 0,13278 0.12176 0.11161
4 0.37962 0.35457 0.33085 0.30844 0,28730 0.26739 0.24B66 0.23108 0.21459 0.19915
. 5 0.52099 0.49337 0.46662 0,44077 0.41588 0.39196 0.36904 0,34711 0.32617 0.30622
6
7
8
9

0,64963 0.62271 0.59604 0.56971 0.54381 0.51843 0.49363 0.46945 0.445%96 0.42319
0.75647 0.73272 0.70864 0.68435 0.65996 0.63557 0.61127 0,58715 0.56329 0.53975
0,83864 0,81935 0.79935 0.77872 0.75758 0.73600 0.71409 0.69194 0.66962 0,64723
0.89776¢ 0,88317 0.86769 0.85138 0,83431 0.81654 0.79814 0.77919 0.75976 0.73992
10 0.93787 0,92750 0.91625 0,90413 0,89118 0.87742 0.86291 0.84768 0.83178 0.81526

11 0.96370 0.95672 0.94898 0.94046 0.93117 0.92109 0.91026 0.89868 0.88637 0.87337

~ 12 0,97955 0,97509 0,97002 0.96433 0,95798 0.95096 0,94327 0,93489 0.92583 0.91608

: 13 0.98887 0.98614 0,98298 0.97934 0,97519 0.97052 0.96530 0.95951 0.95313 0.94615

© T 14 0.99414 0.99254 0.99064 0.9884) 0.98581 0.98283 0.97943 0.97559 0.97128 0.96649
- 15 0.99701 0,99610 0.99501 0.99369 0.99213 0.99029 0.98816 0.98571 0.982%% 0.97975

W 16 0.99851 0.99802 0.99741 0.99666 0.99575 0.99467 0.99338 0.99187 0.99012 0.98810
T 17 0.99928 0.99902 0,99869 0.99828 0.99777 0.99715 0.99639 0,99550 0,99443 0.99319
(T 18 0.99966 0.99953 0.99936 0.99914 0,99886 0.99851 0.99809 0.99757 0.99694 0.99620
! 19 0.99985 0.99978 0.99969 0.99958 0,99943 0.99924 0,99901 0.99872 0.99836 0.99793

20 0.99993 0.99990 0.99986 0.99980 0,99972 0.99962 0,99950 0,99934 0.99914 0.99890

e~ 21 0.99997 0.99995 0.99993 0.99991 0.99987 0.99982 0.99975 0.99967 0,99956 0,99943
: i 22 0.99999 0,99998 0.99997 0.99996 0.99994 0.99991 0.99988 0.99984 0.99978 0,99971
H 23 0.99999 0,99999 0.99999 0.99998 0.99997 0.99996 0,99994 0.99992 0.99989 0.99986
- 24 0.99999 0.99999 0.99999 0.99998 0.99997 0.99996¢ 0.99995 0.99993

25 . 0.99999 0.99999 0.99999 0.99998 0.99998 0.99997

2 I G B A 0.99999 0.99999 0.99998
Interpolation on «* 0.99999 0.99999

Q) () 4)[.'~,o-']+'.’(x'f,‘m~2)[o~ ¢z]+(}(x3"o)[l—o+;o2]
) Double Entry Interpolation
! D) 0 D] () [o-et-wo ] (5 - D)3 Jurbore]
E.: ITCEN | G T T2 (T O ne Y[ ey we-wo)
{g
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TABLE III (Cont'd)

. 980 PRUBABILLIY § 0 TIONS

Sable 2607 PROBARILIEY INTEGRAL OF A2 DISTRIED HON, INCOMPLETE GAMMA - FUNCHION
CAUMELAHIVE SEMS OF JHE POISSON DISTREBUTION

x- 6.2 6.4 6.6 6.8 7.0 7.2 7.4 7.6 78 8.0

V.o om 31 3.2 3.3 34 35 3.6 3.7 38 39 4.0
1 0.01278 0,01141 0.01020 0.00912 0.00815 0.00729 0,00652 0,00584 0,00522 0.00468
2 0.04505 0.04076 0.03688 0.03337 0.03020 0.02732 0,02472 0,02237 0.02024 0.01832
3 0.10228 0.09369 0.08580 0.07855 0.07190 0.06579 0.06018 0.05504 0.05033 0.04601
4 0.18470 0.17120 0.15860 0.14684 0,13589 0.12569 0,11620 0.10738 0,09919 0,09158
5 0.28724 0,26922 0.25213 0,23595 0.22064 0.20619 0,19255 0.17970 0,16761 0.15624
[} 0.40116 0,37990 0.35943 0.33974 0.32085 0,30275 0,28543 0.26890 0.25313 0.23810
7 0.51660 0,39390 0.47168 0.45000 0.42888 0.40836 0,38845 0,36918 0,3505¢ 0.33259
8 0.62484 0,60252 0.58034 0.55836 0.53663 0.51522 0,49415 0,47349 0,45325 0,43347
9 0.71975 0,69931 0.67869 0.65793 0.63712 0.61631 0,59555 0.57490 0.55442 0.53415
- 10 0.79819 0,7806) 0.76259 0.74418 0,72544 0.70644 0,68722 0.66784 0.64837 0.62884
11 0.85969 0.84539 0.83049 0.81504 0.79908 0.78266 0.76583 0,74862 0.73110 0.71330
12 0.90567 0.89459 0.88288 0.87054 0.85761 0,84412 0.83009 0,81856 0.80056 0.78513
13 0.93857 0.93038 ©0.92157 0.91216 0.90215 0.89155 0.88038 0.86865 0.85638 0.84360
14 0.96120 ©0.95538 0.94903 0.94215 0.93471 0.92673 0.91819 0.90911 0.89948 0.88933
15 0.97619 ©.97222 0.96782 0.96296 0.95765 0.9518b 0.94559 0,93882 0.93155 0.92378
16 0.98579 0.98317 0.98022 0,97693 0.97326 0.96921 0.96476 0,95989 0.95460 0.94887
17 0.99174 0,99007 0.98816 0,98599 0.98355 0.98081 0,97775 ©,97437 0.97064 0.96655
18 0.99532 0.99429 0.99309 0.99171 0.99013 0.98833 0,98630 0,98402 0.98147 0.97864
19 0.95741 0.99679 0.99606 0,99521 0.99421 0.99307 0.99176 0.99026 0.98857 0.98667
20 0.99860 0.99824 0.99781 0.99729 0,99669 0.99598 0.99515 0.99420 0.99311 0.99187
21 0.99926 0,99505 0.99880 0.99850 0.99814 0.99771 0,99721 0.99662 0,99594 ¢.99514
22 0.99962 ©.599950 0.99936 0.99919 0,99898 0.99873 0.99843 0,99807 0,99765 0.99716
23 0.99981 0,99974 0,99967 0.99957 0.99945 0.99931 0,99913 0.99892 0.99867 0.99837
24 0,99990 099987 0.99983 0.99978 0.99971 0,99963 0, 99953 0.99941 0.99926 0.99908
25 0.99995 0.99994 0,99991 0.99989 0,99985 0.99981 0.99975 0.99968 0.99960 0.99949
26 0.99998 0,99997 0.99996 0.99994 0,99992 0.99990 0.99987 0.99983 0.99978 0.99973
27 0.39999 0,99999 0,99998 0.99997 0.99996 0.99995 0.99993 0,99991 0.99989 0.99985
28 0.99999 0.99999 0.99999 0.99998 0,99998 0.99997 0.9999%6 0.99994 0.99992
29 0.99999 0,99999 0,99999 0.99998 ©.99998 0.99997 0.9999%
30 0.99999 0.9999% 0.99999 0.99999 0.99998

x? 82 8.4 8.6 8.8 9.0 9.2 9.4 9.5 9.8 10.0
m o 41 4.2 43 4.4 45 46 4.1 48 49 50

14
1 0.00419 00375 0.00336 0.00301 0.00270 0,00242 0.00217 0,00195 0.00175 O.00157
2 0. 01657 01500 0.01357 0,01228 0,01111 0,01005 0.00910 0,00823 0.00745 0,.00674
3 0. 04205 03843 0.03511 0,03207 0.02929 0.02675 0.02442 0,02229 0.02034 O0.01857
4 0. 08452 67798 0.07191 0,06630 0.06110 0,05629 0.05184 0,04773 0.04394 0, 04043
5 0.14555 13553 0.12612 0,11731 0.10906 0.10135 0.09413 0.08740 0,08110 0.07524
6 0. 22381 21024 0,19736 0,18514 0.17358 0,16264 0,15230 0,14254 0,13333 0.12465
7 0. 31529 29865 0.28266 0.26734 0.25266 0,2386) 0,22520 0.21240 0.20019 O0.18857
8 0.41418 39540 0,37715 0.35945 0,34230 0,32571 0,30968 0,.29423 0,27935 0.26503
9 0.51412 49439 0.47499 0,45594 0,.43727 0,41902 0,40120 0.38383 0,36692 0,35049
10 0. 60931 58983 0.57044 0.55118 0.53210 0.51323 0,4946) 0,47626 0.45821 0.44049

11 0.695%28
12 0. 76931
13 0. 83033
14 0.87865
15 0. 91551

67709 0.65876 0.64035 0.62189 0.60344 0,58502 0.56669 0, 54846 0.53039
75314 0.73666 0.2399) 0, 70293 0.68576 0,66844 0,65101 0.63350 0.615%
81660 0.80244 0.78788 0.77294 0,75768 0.74211 0,72627 0,71020 0.69393
86746 0,B5579 0.84365 0.83105 0,.81803 0.8046) 0,79081 O, 77666 0.76218
90675 0,89749 0,88774 0.87752 0.86683 0,85569 0.84412 0.83213 0.81974

93606 0,92897 0.92142 0.91341 0.90495 0.89603 0.BB667 0.87686 0,86663
17 0. 96208 95723 0,95198 0,94633 0.94026 0.93378 0.92687 0.91954 0.91179 0,9036]
18 0.97551 97207 0.96830 0, 96420 0,95974 0,95493 0,94974 0,94418 0.93824 0.93191
19 0.98454 0,98217 0.97955 0.97666 0.97348 0,.97001 0,96623 0,96213 0.95771 €, 95295
20 0.99046 0.98887 0,98709 0.98511 0,98291 0,.98047 0.97779 0,974B6 0.97166 0.96817

21 0,99424 0.99320 0,99203 0.99070 0,98921 0, 98755 0,98570 0,98365 0.98139 0.97891
22 0.99659 0.99593 0,99518 0.99431 0.99333 0,99:22 0.99098 0, 98958 0.98803 0.98630
23 0.99802 0,99761 0,99714 0.99659 0,99596 0,99524 0.99442 0,99349 0.99245 0.99128
24 0.,99888 0.99863 0, 99833 0,99799 0,99760 0,99714 0.99661 0,99601 0.99532 0. 99455
25 0.99937 0.99922 0,99905 ©,99884 0,99860 0,99831 0.99798 0,99760 0.99716 O.99665

26 0.99966 0.99957 0.99947 0.99934 0.99919 0,99902 0,99882 0.99858 0.99830 0.99798
21 0.99981 0.99977 0.99971 0.99963 0,99955 0,99944 0,99932 0,99917 0.99900 0. 99880
28 0.99990 0.99987 0,99984 0.99980 0.99975 0,.99969 0.999%962 0.99953 0.99942 0.99930
29 0.99995 0.99993 0.99991 0.99989 0.99986 0,99983 0.99979 0.99973 0,99967 0. 99960
30 0.99997 0.99997 0.99996 0,99994 0.99993 0,9999)1 0.99988 0.99985 0.99982 0.99977

4 . tr N Y o~
QO -1 p(.:'*,).[zfr(;)] ‘f.';. 32 ',n»[.-(;)} ! ;;r "2 “/",E“" mua/ji(veven, =y, m={2)
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TABLE III (Cont'd)

PROBABILITY FUNCTIONS 981

| Table 26.7
; PROBABILITY INTEGRAL OF G-DISTRIBUTION, INCOMPLETE GAMMA FL’\CTI‘:).\'
3 R CUMULATIVE SUMS OF THE POISSON DISTRIBUTION

1 =105 11.0 115 120 125 130 135 140 145 150

m= 525 55 575 6.0 6.25 6.5 6.75 7.0 725 1.5

1 4
14 0.00119 0.00091 0.0007¢ J.0005) 0.00041 0.0003F 0.00024 0.00018 0,00014 0.00011
2 0.00525 0.00409 0.00318 J.30248 0.00193 0.00150 0.00117 0.00091 0.00071 O0,00055
X 3 0.01476 0,01173 0.00931 J,00738 0.00585 0.00464 0.00367 0.00291 0.00230 0.00182
3 4 0,03280 0.02656 0.02t48 0.01735 0.01400 0.01128 0,00907 0.00730 0.00586 0.00470
b S 0,06225 0.05138 0.04232 0,03479 0,02854 0.02338 0.01912 0.01561 0.01273 0.0103%
[} 0.10511 0,0883%8 0.07410 0.06197 02.05170 0.04304 0,03575 0.02964 0.02452 0.02026
h 7 0.16195 0.13862 0.1182% 0,10056 0.08527 0.07211 0.06082 0.05118 0.04297 0.03600
8 0,23167 0,20170 0.1739% 0.15120 0.13025 0.11185 0.09577 0.08177 0.06963 0.05915
M 0, 31154 0.2757) 0,234299 0.21331 0.18657 0.16261 0,14126 0.12233 0.10562 0.09094 v
10 0.39777 0.357%52 0.31991 0.28%06 0.25299 0.22367 0.19704 0,17299 0.15138 0.13206
11 0.4B605 0.44320 0.40237 0.36304 0.32726 0.29333 0.26190 0.23299 0,20655 0.18250
12 0.57218 0.52892 0.498662 0.44568 0.40630 0.36904 0,.33377 0.30071 0.26992 0.24144
13 0.65263 0,61082 0.50901 0.52763 0.48713 0.44781 0,40997 0.37384 0.33960 0.30735
‘ 14 0.72479 0.6860% 0.64039 0.60630 0.56622 0.52652 0,48759 0,44971 0.41316 0.37815
15 C.78717 0.75253 0,71641 0.67903 0.63080 0.60230 0.56374 0.5255) 0.48800 0. 45142
1o 0.83925 0,80949 0.77762 0,74398 0.70890 0.67276 0,63591 0.59871 0.56152 0.52464
17 0.88135 0.8%c%0 2.827°42 0.80014 0.7¢8%> 0.73619 0,70212 0.66710 0,63145 0.59548
18 0.913%6 0.894%% ©0,8719% 0,84724 0.829'8 0.79157 0.76106 0.72909 0.69596 0.66197
. 19 0.93952 0,92383 0,.490%397 0.88%2 0,8031c 0.83857 0.81202 0,.78369 0,75380 0,72260
¢ 29 2.3%817 0,94672 C.93221 0.91608 0.89779 0.87738 0.85492 0,83050 0.80427 0.77641
21 0.37166  0.96279 0.95213 0,93962 0.92513 0.90862 0.89010 0.86960 0.84718 0.82295
22 0.798118 0.97475 0.96b86 0.95738 0,94018 0.93316 0.91827 0.90148 0,88279 0,86224
23 0.98773 0.98%9 0.97735 0.97047 0,9%0201 0.95199 0.94030 0.92687 0,91165 0.89463
24 0,99215 0,98901 0.98498 0.97991 0.97367 0.96612 0.95715 0.94665 0,93454 0.92076
- 25 5.39507 0,3929%  0.99015 0.98657 0.98206 0.97650 0.96976 0,96173 0.95230 0,94138
26 0.396%¢  0.99%55 0.99%6 0.99117 0,98798 0.98397 0.97902 0.97300 0.96581 0.95733
27 0.3981¢  0,99724 9.99598 0.99429 0,99208 0.98925 0.98567 0.98125 0.97588 0,96943
28 0.99890  0.99831 0.39739  0.99637 0,99487 0.99290 0.99037 0.98719 0.98324 0.97844
29 0,99915  0,99833 0,99830 0.99773 0.99672 0.99538 0.99363 0.99138 0.98854 0.98502
= a3 R 0.399953  0,99940 0.99307 0.99860 0,99794 0,99704 0,99585 0.99428 0.99227 0,98974

“-155 160 165 170 175 180 185 190 195 20.0

v.m- 795 8.0 825 835 875 9.0 9.25 9.5 9.75 10.0
1 0.00008 0.00000 0.00005 0.00004 0,00003 0.00002 0,00002 @.00001 0.00001 0.00001
2 0.00043 0,00033 0.00326 0.00020 0,00016 0.00012 0,00010 0,00008 0,00006 0.00005
b 0,00144 0.00113 0.00030 0,00071 0,00056 0.00044 0.00035 0,00027 0,00022 0.00017
4 0,00377 0.00302 90.00742 0,00193 0,00154 0.00123 0,00099 0.00079 0,00063 0.00050
. 5 0.00843 0,00084 0,005%% 0,00450 0,00364 0.00295 0.00238 0.00192 0.00155 0,00125 [ |
6 0.01670 0.01375 0.01131 0,00928 0,00761 0.00623 0.00510 0.00416 0.00340 O0,00277
7 0.03016 0.02512 9.02792 0.01740 0,01443 0.01197 0,0099! 0.00819 0,.00676 0.00557
8 0,05012 0.04238 0,070 0.03011 0,02530 0.02123 0.01777 0.01486 0,01240 0.01034 |
3 0.07809 0.06688 0.0571S 0.04872 0,04144 0,03517 0,02980 0,02519 0,02126 0.01791
A 19 0.11487 0.09963 0.08619 0.07436 0,06401 0.05496 0,04709 0,04026 0.03435 0.02925
11 0,16073 0.14113 0.12356 0.10788 0,09393 0.08158 0.07068 0.06109 0.05269 0.04534
12 0.21522 0,19124 0.15939 0,14%0 0.13174 0,11569 0,10133 0,08853 0,07716 0,06709
- 13 0,27719 0,2491% 0,22318 0.19930 0.17744 0,15752 0.13944 0.12310 0.10840 0,09521
14 0,34385 0.31337 0,28380 0.2%18 0,23051 0.20678 0.18495 0.16495 0,14671 0.13014
. 15 0.41604 0.3820% 0.349¢2 0.31886 0,28986 0.26267 0.23729 0.21373 0.19196 0.17193
- 16 0.48837 0.492% 0.41863 0.38560 0,35398 0,32390 0.29544 0.26866 0.24359 0.22022
. 17 0.55951 0.5238) 0,48471 0.45437 0,42102 0.38884 0.35797 0.32853 0.30060 0,27423
' 18 0.62747  0,592%% 0.55770 0,5231 0,48902 0.45565 0.42320 0.39182 0.36166 0.33282
o 13 0,69033 0,65728 0.62370 0,58987 0.55603 0.52244 0,48931 0,45684 0.42521 0. 39458
D 20 0,74712 0.71662 0.68%16 0.63297 0,6203)1 0,58741 0.55451 0.52183 0.48957 0,45793
\ 21 0.79705 0.7695 0.73393 0,71111 0.68039 0.64900 0.61718 0.58514 0,55310 0.52126
¢ 22 0.83390 0.815839 0.79032 0,76336 0,73519 0,70599 0,67597 0.64533 0,61428 0.58304
&, 23 0.87582 0,85527 0.83304 0.80925 0,78402 0.75749 0,72983 0.70122 0.67185 0.64191
3 24 0.90527 0,88808 0.80919 0.84866 0,82657 0.80301 0,77810 0.75199 0.72483 0.69678
3_ y 25 0,92891 0.91483 0.89912 0.88179 0,86287 0.84239 0.82044 0,79712 0.77254 0. 74683
'
-4 26 0.34749 0,9%20 0.92341 0,90908 0Q,.89320 0,87577 0,.85683 0.83643 0,81464 0, 79156

27 0.96182 0.3%295 0.94274 0.93112 0,91806 0.90352 0.88750 0.87000 0.85107 0.83076
28 0.97266 0.96582 0.95782 0.94859 0,93805 0.92615 0,91285 0.89814 0.88200 0.8644%
29 0,98071 0,97554 0.96339 0.96218 0,95383 0.94427 0.93344 0,92129 0,90779 0. 89293
0.98659 0,98274 0.97810 0.97258 0,96608 0.95853 0,94986 0.94001 0,92891 0.91654
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i TARLE II1 (Cont'd)
I
1
l N
! . 980 PROKABILITY 10U TIONS
{ Lable 20,5 PROBABILILY INJEGRAL OF X2 DISTRIGU F1ION. INCOMPLETE GAMMA  FUNCHON
’ CUMULATIVE SEMS OF JITE TPOISSON DISTREBE TION
| x> 62 6.4 6.6 6.8 70 7.2 74 76 18 8.0
i
! V. m 31 32 33 34 35 3.6 3.7 38 39 4.0
1 0.01278 0.01141 0,01020 0.00%912 0.00815 0.00729 0.00652 0,00584 0.00522 0,00468
f 2 0.04505 0.04076 0,03688 0,03337 0,03020 0,02732 0.02472 0,02237 0,02024 0,01832
: 3 0.10228 0.09369 0,08580 0.07855 0,07190 0,06579 0.06018 0,05504 0.05033 0, 04601
; 4 0.18470 0.17120 0.15860 0.14684 0.13589 0.1259 0.11620 0.10738 0.09919 0,09158
5 0,28724 0,26922 0,25%213 0.23595 0,22064 0.20619 0.19255 0.17970 0.16761 0.15%624
[ 0,40116 0.37990 0,35943 0,.33974 0.32085 0.30275 0,28543 0.26890 0.25313 0.23810
7 0,.51660 0,49390 0,47168 0.45000 0.42888 0.40836 0.38845 0,36918 0,35056 0.33259
8 0.62484 0.60252 0.58034 0,55836 0.5%663 0.51522 0.49415 0.47349 0,45325 0,43347
\ 9 0,71975 0.69931 0.67869 0.65793 0.63712 0.61631 0.59555 0,57490 0,55442 0.53415
10 0. 79819 0.78061 0.76259 0,74418 0.72% 4 0.70044 0.68722 0.66784 0,64837 0.62884
11 0.85969 0,84539 0.83049 0.81504 0,79908 0.78266 0,76583 0,74862 0.73110 0,71330
. 12 0,90567 0,89%459 0.88288 0.87054 0.85761 0.84412 0.B3009 0, 81656 0,800% 0,78513
13 0.93857 0.93038 0.92157 0.9121% 0.90215 0.89155 0,88038 0,86865 0.85638 0.84360
14 0.96120 0,95538 0,94903 0.94215 0.93471 0.92673 0,91819 0.9091) 0,89948 0, 88933
15 0.97619 0.97222 0.96782 0.96296 0.95765 0.95186 0.94559 0.93882 0,93155 0.92378
. 16 0.98579 0,98317 0.98022 0.97693 0.97326 0.96921 0.96476 0,95989 0.95460 0, 94887
< 17 0.99174 0,99007 0.988l1¢ 0.98599 0.98355 0.98081 0.97775 0.97437 0.97064 0, 96655
3 18 0.99532 0,99429 0.99309 0.99171 0.99013 0.98833 0.98630 0.98402 0.98147 0.97864
19 0.99741 0.99679 0,99606 0.99%21 0.99421 0,99307 0.99176 0.99026 0,98857 0.98667
20 0,99860 0,99824 0.99781 0.99729 0.99669 0.99598 0,99515 0.99420 0.99311 0.99187
§ . 21 0,99926 0,99905 0,99880 0.99850 0,99814 0,9977) 0,99721 0.99662 0.99594 0,99514
22 0.99962 0,99950 0,99936 0.99919 0.99898 0.99873 0.99843 0.99807 0.99765 0,99716
23 0.99981 0.99974 0,99967 0.99957 0,99945 0.9993) 0,99913 0.99892 0.99867 0,99837
24 0, 99990 0.99987 0.99983 0.99978 0.99971 0.99963 0.99953 0.99941 0.99926 0.97908
25 0.99995 0,99994 0,99991 0.99989 0.99985 0.59981 0.99975 0.99968 0.99960 0.99949
gl 26 0.99998 0,99997 0.9999¢6 0,99994 0,99992 0.99990 0,99987 0.99983 0.99978 0,99973
27 0.99999 0.99999 0.99998 0,99997 0.9999% 0.99995 0,99993 0.99991 0.99989 0.99985
28 0.95999 0,99999 0,99999 0,99998 0.99998 0.99997 0.99996 0.99994 0, 99992
29 0,99999 0,99999 0.99999 0,99998 0.99998 0,99997 0, 9999%
30 0.99999 0.99999 0. 99999 0.99999 0,99998
x? 82 8.4 8.6 8.8 9.0 9.2 9.4 9.5 9.8 10.0
. vV om-41 42 4.3 44 45 46 4.7 48 49 5.0
1 0.00419 0.00375 0.0033 0.00301 0,00270 0,00242 0.00217 0. 00195 0.00175 0.00157
2 0.01657 0.01500 0,01357 0.01228 0,01111 0,01005 0.00910 0.00823 0.00745 0. 00674
3 0.04205 0.03843 0.03511 0.03207 0.02929 0.02675 0.02442 0. 02229 0, 02034 0,01857
4 0. 08452 0.07798 0.07191 0.06630 0,06110 0,05629 0.05184 0.04773 0.04394 0. 04043
5 0.14555 0.13553 0,12612 0.11731 0,10906 0,10135 0.09413 0.08740 0,08110 0,07524
6 0.22381 0.21024 0.19736 0.18514 0,17358 0,16264 0.15230 0.14254 0.13333 0. 12465
7 0.31529 0.29865 0,28266 0.26734 0,25266 0,2386) 0,22520 0.21240 0.20019 0. {28857
- 8 0.414)18 0.39530 0.37715 0.35945 0,34230 0,32571 0.30968 0.29423 0.27935 0. 26503
9 0.51412 0.49439 0,47499 0.45594 0,43727 0,41902 0,40120 0.38383 0. 36692 0. 35049
- 10 0.60931 0.58983 0.57044 0.55118 0.53210 0.51323 0,49461 0.47626 0, 45821 0. 44049
'i;- + 1) D, 69528 0.67709 0, 65876 0.64035 0,62189 0. 60384 0,58502 0.56669 0. 54846 0, 53039
ot 12 0.76931 0.75314 0.73666 0.71991 0,70293 0.68576 0,66844 0,65101 0.63350 0.61596
:-._& 13 0.83033 0,81660 0,80244 0.78788 0.77294 0,75768 0,74211 0,72627 0.71020 0,693
o 14 0.87865 0.86746 0.85579 0,84365 0.83105 0,81803 0.80461 0,79081 O0,77666 O0.76.18

15 0.91551 0.90675 0.89749 0,88774 0.87752 0.86683 0,85569 0.84412 0.83213 0.81974

-

" 16 0.94269 0.93606 0.92897 0.92142 0.91341 0,90495 0, 89603 0.88667 0.87686 0, 86663
= 17 0.96208 0.95723 0.95198 0.94633 0.94026 0.93378 0,92687 0.91954 0.91179 0.90361

524 18 0.97551 0.97207 0.96830 0.96420 0,95974 0.95493 0.94974 0,94418 0.93824 0.93191

H 19 0.98454 0,98217 0.97955 0.97666 0.97348 0,.97001 0.96623 0.96213 0.95771 0.95295

4 20 0.99046 0.98887 0.98709 0.98511 0.98291 0.98047 0,97779 0.97486 0.97166 O.96817

21 0.99424 0,99320 0,99203 0.99070 0.98921 0.98755 0.98570 0.98365 0.98139 0,97891

25 0.99937 0.99922 0.99905 0.99884 0,99860 0,99831 0,99798 0,99760 0.99716 0. 99665

.{ 22 0.99659 0,99593 0,99518 0.99431 0,99333 0,99222 0.99098 0.98958 0,98803 0, 98630
v 23 0.99802 0.99761 0.99714 0.99659 0,99596 0,99524 0,99442 0,99349 0, 99245 0. 99128
4 24 0,99888 0.99863 0.99833 0.99799 0.99760 0.99714 0.99661 0,99601 0,99532 0. 99455

I 26 0.99966 0.99957 0.99947 0.99934 0.99919 0.99902 0,99882 0.99858 0.99830 0.99798
jors 217 0.99981 0.99977 0.99971 0.99963 0.99955 0.99944 0,99932 0.99917 0.99900 0, 99880
28 0.99990 0.99987 0.99984 0,99980 0.99975 0.99969 0,99962 0.99953 0.99942 0.99930
29 0.99995 0,99993 0.99991 0.99989 0.99986 0.99983 0.99979 0.99973 0.99967 0.99960
x. 30 0.99997 0.99997 0,99996 0.99994 0.99993 0.99991 0.99988 0,99985 0.99982 ©.99977
s » ” Y AT "‘li;" A} ro —l;-l e~1 . ' '
L QU =1- P2y =12r(y L:" 2 - r(z) f;ﬂw ¢ dl:}gn:»- ™/ jl(veven, o=y, m=g1)
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TABLE 1II (Cont'd)

PROBABILITY FUNCTIONS 981

Table 26.7

PROBABILITY INTEGR AL OF C-DISTRIBUTION, INCOMPLETE GAMMAFUNCTION
R CUMEEATIVE SUMS OF THE POISSON DISTRIBUTION
=105 110 115 12.0 125 130 135 140 145 15.0

m- 3256 55 575 60 6.25 6.5 675 170 725 1.5
0.00119 0.00091 00070 J,00053 0,00041 0,00031 0.00024 0.00018 0.00014 O, 00011
0.00%25 0.00409 00318 0Q.30248 0.0019) 0.00150 0.00117 0.00091 0,00071 0.00055%
0.01476 0.01173 00931 J,90738 0.00585 0,00464 0.00367 0.00291 0.00230 0.00182 B
0.03280 0.02656 02148 0,01735 0.01400 0.01128 0.00907 0.00730 0.00586 ©0.00470
0.06225 0.05138 04232 0,03479 ©C.0285% 0.02338 0.01912 0.01561 0.01273 0.01036

07410 0,06197 0,05170 0.04304 0,03575 0.02964 0.02452 0.02026
11825 0.10056 0.08527 0.07211 0.06082 0.05118 0.04297 0.03600
17495 0,15120 0.1302% 0.11185 0.09577 0.08177 0.06963 0.0591%
24299 0.21331 0.18657 0.16261 0,.14126 0.12233 0.1052 0.09094
31991 0.28%06 0.25299 0.22367 0.19704 0.17299 0.15138 0.13206

Pawt—
oo

3 0.1051t 0.088%8
7 0.16196 0.13862
8 0.23167 0.20170
I 0.311%4 0.27571
10 0.39777 0,35752

40237 0.36304
48662 0, 44568
56901 0, 52764
64639 0. 60630
71641 0,67903

. 32726 0.29333  0.26190 0.23299 0.20655 0.18250
. 40640 0.36904 0.33377 0.30071 0.26992 0.28144
L4871 0.44781 0.40997 0.37384 0.33960 0.30735
. 56622 0.52652 0.48759 0.44971 0.41316 0,37815
. 64080 0.60230 0.56374 0.52553 0,.48800 0.45142

0.
. 11 0.48605 0.44320 g
0
0
0
77762 0.74338 0.70890 0.67276 0.63591 0.59871 0.56152 0,52464
0
0
0
[
0
0

12 0.57218 0.52892
13 0.65263 0,61082
1a 0.72479 0. 68604
15 0.78717 0,7525?

COOOO 00000 PLOUD SO00O 0O0DSo ©O0

. lo 0. 83925 0. 80949
* 17 0.88135 0.8%¢%0 82342 0.80014 0.7eB89 0.73619 0.70212 0.66710 0,63145 0.59548
18 0.91436 0.894% 87195 0.84724 0.822'8 0.79157 0,76106 0.72909 0.69596 0.66137
19 0.93952 0,923 20537 0.8856> 0.80)lo 0.83857 0.81202 0.7839 0.75380 0.72260
2 0.95817  0,.94002 93221 0.91008 0.89773 0.87738 0.85492 0.83050 0.80427 0.77641
21 0.97166  0.96277 QS 0.93962 0,92513 0.90862 0,89010 D.86960 (.84718 0.82295
. 22 0.38118 0.97375 96680 0.95738 0.34018 0.93316 0.91827 0.90148 0.88279 0.86224
23 0.98773 Q.98M1? 37738 0.97047 0,90201 0.95199 0.94030 0.92687 0.91165 0.89463
24 0.39216 0, 9890} 98496 0.9799F 0,97367 0.96612 0.95715 0.94665 0, 93454 0.92076
25 0.99507 0.9929¢ 99015 0.98657 0.98206 0.97650 0.96976 0.96173 0.95230 0.94138
26 0.399636  0.99%5% 996 0.99117 0,98798 0.98397 0.97902 0.97300 0.96581 0.95733
-~ 27 0,9981% 0.99704 0.39598 0.99429 0,99208 0.98925 0.98567 0.98125 0,97588 0.96943
28 0.99890 0.99831 0.939733 0,99637 0,99487 0.99290 0.99037 0,98719 0,98324 0.97844
29 0.99935  0.99332 99840 0.9977) 0,99672 0.99538 0.99363 0.99138 0.98854 0.98502
10 , 0. 39963 0.9994) 33397 0,99860 0.99794 0.99704 0,99585 0.99428 0,99227 0.98974

=155 160 165 170 175 180 185 190 195 20.0

vm- 795 8.0 8.25 . 875 9.0 925 95 9.75 10.0
1 0.00008 0.0000¢ 0,00209 0,00004 0,00003 0.00002 0,00002 0.00001 0.03001 0, 00001
. 2 0.00043 0.00034 0.03026 0.00020 0,000l6 0.00012 0.00010 0,00008 0.00006 0,00005
3 0.00144 0.00313 0,00090 0,00071 0,00056 0,00044 0,00035 0.00027 0.00022 0.00017
4 0,00377 0,00302 0.00242 0,00193 Q,00154 0,00123 0.0009% 0,00079 0,00063 0.00050
s 0.00843 0.00083 0.0055% 0.00450 0,0034 0,00295 0,00238 0,00192 0,00155 0.00125
6 0.01670 0,0137¢ 0,01131 0.00928 0,00761 0.00623 0.00510 0.00415 0.00340 0,00277
7 0.03010 0.02512 0,02092 0,01740 Q,01444 0.01197 0,00991 0.00819 0.00676 0,00557
8 0.05012 0,04238 0.03%70 0.03011 0,02530 0.02123 0.01777 0.01486 0.01240 0,01034
9 0.07809 0.06688 0,05715 0.04872 0.04144 0.03517 0.02980 0.02519 0.02126 0.01791
19 0.11487 0.09963 0.08619 0.07436 0,06401 0.05496 0,04709 0.04026 0,03435 0,02925
- 11 0.16073 0.14113 0,12356 0.10788 0,09393 0.08158 0,07068 0.06109 0©,0%269 0.04534
: 12 0.21522 0.19124 0,16939 0,14960 0.13174 0.11569 0,10133 0.08853 0,07716 0.06709
. 13 0,27719 10,2491 0,22318 0,19930 0,17744 0,15752 0.13944 0.12310 0.10840 0, 09521
' 14 0.34485 0.31337 0.28380 0,25618 0,23051 0,20678 0,18495 0.16495 0.14671 0.13014
AR 1% 0,41004 0,38205 0.349c2 0.31886 0,28986 0,26267 0.23729 0.21373 0.19196 0.17193
- Al
:_. 16 0.48837 0.4%29c 0.418e3 0,38%0 0.35398 0.32390 0.29544 0,26866 0,24359 0.22022
o 17 0.55951 0.5238) 0.483871 0.45437 0,42102 0.38884 0.35797 0,32853 0.30060 0.27423
i 18 0,62740  0.5325% 0.9%770 0.52%11 0,48902 0,45565 0.42320 0.39182 0.36166 0, 33282
' 13 0,69033 0.65728 0.62370 0,58987 0,55603 0,52244 0,48931 0.456R4 0,42521 0, 39458
. 20 0.74712 0, 71682 0.68%le 0.65297 0,62031 0,58741 0,55451 0.52183 0.48957 0,45793
"
ll 21~ 0.79705 0.76965 0.7409) 0,71111 0.68039 0,64900 0.61718 0.58514 0.553i0 0,%52126
P 22 0.63990 0,81%89 0.73032 0.76336 0.73519 0.70599 0.67597 0.64533 0.61428 0,58304
: i 2% 0.87582 0,85527 0.83304 0,80925 0,78402 0,75749 0.72983 0.70122 0.67185 0.64191
. 24 0,90527 0,88808 0.80919 0,84866 0.82657 0.80301 0,77810 0.75199 0.72483 0.69678
. 25 0.92891 0.91483 0,89912 0,88179 0,86287 0,084239 0,82044 0.79712 0.77254 0, 74683
"
s 2n 0,94749 0,93620 0,92341 0.90908 0,89320 0,87577 0,85683 0.B83643 0.81464 0.79156
- 27 0.96182 0,9%29% 0,94274 0,93112 0.91806 0,90352 0.88750 0.87000 0.85107 0.83076

28 0.97266 0.96582 0.95742 0.94859 0.93805 0.92615 0.91285 0.89814 0.88200 0.B86446
24 0.98071 0.97554 0.96933 0,96218 0,95383 0,94427 0.93)44 0.92129 0.90779 0.89293
30 0.98659 0,98274 0.97810 0.97258 0,96608 0,9585) 0,94986 0.94001 0.92891 0.91654

@ ;(!2 xﬁ) w oy vy -0

Qe » Qg% H[1€]- 00, 2)[e ] 02 7)1 ¢ 1¢]

Double Entry Interpolation
Vol s Q@G s, 4)[,1,6"] Q@ w, 2)[¢ o u'o]-()(xﬁ Y ])L‘!w2 _;uuu'é] -
QU '..)[l w? o-;ozuw].()(xf, v','l)[:, wz-;w u'o]
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TABLE II1 (Cont'd)

a82 PHRORABILITY FUNCTIONS

Pable 26.7 PROEABIIIEY INTEGRAL OF G-DISTRIBUTTON, INCOMPLETE GAMMA FUNCTION
CUMULATIVE SUMS OF THE PPOISSON DISTRIBUTION

o2 22 23 24 25 26 27 28 29 30
vowm 105 110 15 120 125 130 135 140 145 150
1 0. 00001
2 0,00003 0.00002 0,00001 0.00001
3 0.00011 0,00007 0.00004 0,00003 0,00002 0.00001 0,00001
4 0.00032 0.00020 0,00013 0,00008 0©.00005 0,00003 0,00002 0,00001 0.00001 ¢.00001
5 0.00081 0.00052 0,00034 0,00022 0,00014 0.00009 O0,00006 O0,00004 0.00002 0.00002
6 0.00184 0.00121 0.00080 0,00052 0.00034 0,00022 0,00015 0,00009 0.00006 0.00004
7 0.00377 0,00254 0,00171 0.00114 0,0007¢ 0,00050 0,00033 0,00022 0.00015 0.00010
8 0.00715 0.00492 0,00336 0.00229 0.00155 0.00105 ©.00071 0,00047 0,000%2 0.00021
9 0.01265 0.00888 0.00620 0.00430 0,.00297 0.00204 0.00140 0,.00095 0.00065 0.00044
10 0.02109 0,01511 0.01075 0.00760 0.00535 0.00374 0,00260 ©,00181 0,00125 0.00086
11 0.03337 0.02437 0.01768 0.01273 0,00912 0.00649 0,C2460 0,00324 0,00227 0.00159
12 0.05038 0.03752 0,02773 0.02034 0.01482 0,01073 0,00773 0,00553 0.00394 0.00279
13 0.07293 0.05536 0,04168 0,03113 0,02308 0.01700 u,01244 0,00905 0,00655 0.00471
s 14 0.10163 0.07861 0.06027 0.04582 0.03457 0.02589 0,01925 0.01423 0,01045 0.20763
p 15 0.13683 0.10780 0.08414 0,.06509 0,04994 0,03802 0.02874 0.02157 0.01609 0.01192
16 0.17851 0.14319 0.11374 0,08950 0.06982 0.05403 0,04148 0,03162 0.02394 0.01800
17 0.22629 0.18472 0.14925 0.11944 0.09471 0.07446 0,05807 0,04494 0,03453 0,02635

18 0.27941 0.23199 0.19059 0.15503 0.12492 0,09976 0.07900 0,06206 0,04838 0.03745
19 0.33680 0,28426 0.23734 0.19615 0.16054 0.13019 0.10465 0,08343 0,06599 0,05180
20 0.39713 0,34051 0.28880 0,24239 0,20143 0,16581 0.13526 0.10940 0.08776 0.06985

21 0.45894 0.39951 0.34398 0.29306 0.24716 0,20645 0.17085 0.14015 0.11400 O0.09199
22 0,52074 0.45989 0.40173 0.34723 0.29707 0.25168 0.21123 0.17568 0.14486 0.11846
23 0.58109 0,52025 0.46077 0.40381 0,35029 0,.30087 0,25597 0.21578 0,18031 0.14940
24 0.63873 0.57927 0.51980 0.46160 0.40576 0.35317 0,30445 0,26004 0,22013 0.18475
25 0.69261 0.63574 0.57756 0.51937 0,46237 0.40760 0.35588 0,30785 0.263%2 0.22429

26 0.74196 0,68870 0.63295 0.57597 0,51898 0.46311 0,40933 0.35846 0,31108 0.26761

27 0.78629 0.73738 0,68501 0.63032 0.57446 0.51860 0.46379 0,41097 0, 36090 0,31415

28 0.82535 0.78129 0,73304 0,68154 0,62784 0.57305 0.51825 0.46445 0.41253 0,36322

29 0.85915 0.82019 0.77654 0,72893 0.67825 0.62549 0.57171 0.51791 0.46507 0.41400

30 0.88789 0.85404 0.81526 0.77203 0.72503 0.67513 0.62327 0.57044 0.51760 0, 46565
¥ 31 32 33 34 35 36 37 38 39 40

v m 155 16.0 16.5 17.0 17.5 18.0 18.5 19.0 19.5 20.0
5 0.00001 0.00001

6 0. 00003 0.00002 0.00001 0.00001

7 0. 00006 0.00004 0.00003 0,00002 0,00001 0,00001

8 0. 00014 0.00009 0,00006 O0.00004 0,00003 0,00002 0,00001 0,00001

9 0.00030 0,00020 0.00013 0.00009 0,00006 0,00004 O0,00003 0,00002 0,00001 0,00001

c 10 0.00059 0.00040 0.00027 0.00019 ©,00012 0.00008 0,00006 0.00004 0.00003 O.00002
t 11 0.00110 0.00076 0.00053 0.00036 0,00025 0.00017 0.00012 0,00008 0,00005 O0.00004
. 12 0.00197 0.00138 0.00097 0.00068 0,00047 0,00032 0.00022 0,00015 O,00011 0.00007
gl 13 0.00337 0.00240 0,00170 0,00120 0.00085 0.00059 0.00041 0.00029 0,00020 0,00014

14 0.00554 0.00401 ©,00288 0,00206 0.00147 0,00104 0.00074 0,00052 0, 00036 0, 00026

: 15 0.00878 0.00644 0.00469 0.00341 0,00246 0.00177 0.00127 0.00090 0,00064 0.00045
oy 16 0.01346 0.01000 0.00739 0.00543 0,00397 0.00289 0.00210 0.00151 ©,00109 0.00078
T2y 17 0.01997 0.01505 0.01127 0.00840 0,00622 0,.00459 0.00337 0,00246 0.00179 0©.00129

g . 18 0,02879 0,02199 0.01669 0,01260 0.00945 0,00706 0,00524 0.00387 0.00285 0.00209

- 19 0,04037 0,03125 0.02404 0,01838 0,01397 0.01056 0,00793 0,00593 0.00442 0,00327

20 0.05519 0,04330 0.03374 0,02613 0,02010 0.01538 0.01170 0,00886 0,00667 0,00500
" 21 0.07366 0,05855 0.04622 0,03624 0, 02824 0.02187 0.01683 0.01289 0.00981 0.00744

L~ 22 0,09612 0.07740 0.06187 0,04912 0,03875 0.03037 0,02366 0.01832 0.01411 0.01081

b : 23 0.12279 0.10014 0.08107 0.06516 0.05202 0,04125 0,03251 0.02547 0.01984 0,01537

iy 24 0.15378 0.12699 0.10407 0.08467 0,06840 0,.05489 0.04376 0,.03467 ©.02731 0, 02139

25 0,18902 0,15801 0.13107 0.10791 0.08820 0.07160 0.05774 O0,04626 0,03684 0,02916

26 0,22827 0.19312 0.16210 0.13502 0,11165 0.09167 0,07475 0.06056 0.04875 0,03901
27 0.27114 0,23208 0.19707 0.16605 0,13887 0.11530 0,09507 0.07786 0.06336 0,05124
28 0.31708 0.27451 0.23574 0.20087 0.16987 0,.14260 0.11886 009840 0.08092 0.06613
29 0.36542 0,31987 0.27774 0,23926 0,20454 0.17356 0.14622 0,12234 0.10166 0,08394

0.41541 0,36753 0,32254 0.28083 0,24264 0,20808 0,17714 0.14975 0.12573 0.10486
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PROBABILITY INTEGRAL OF x2-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION

TABLE II1 (Cont'd)

PROBABILITY FUNCTIONS

983

Table 26.7

x2=42 44 46 48 50 52 54 56 58 60
4 m-21 22 23 24 25 26 27 28 29 30
10 0. 00001
11 0.00002 0,00001
12 0.00063 0.00002 0.00001
13 0. 00006 0.00003 0.00001 0,00001
14 0.00012 0.00006 0.00003 @0.00001 0.00001
15 0.00023 0.00011 0.00005 ¢0.00003 @G.00301 0,00001
16 0.00040 0.00020 0.00010 O0.00005 0,00002 0,00001 0.00001
17 0.00067 0.00034 0,00017 0,00009 0,00004 0.00002 0.00001 0.00001
18 0.00111 0.00058 0.00030 0.00215 0,00008 0,00004 0.00002 0.00001
19 0,00177 0.00094 0,00050 0.00026 0.00013 0.00007 0.00003 0.00002 0.00001
20 0.00277 0.00151 0.00081 0.00043 0,00022 0.00011 0,00006 0.00003 0,00001 O,00001
21 0.00421 0.00234 0,00128 0.00069 0,00036 0,00019 O0,00010 0.00005 0,00003 0,00001
22 0.00625 0,00355 0,00198 0.00109 0.00059 0.00031 0.00016 0.0000% 0.00004 0,00002
23 0,00908 0.00526 0.00299 0.00167 0,00092 0.00050 0.00027 0.00014 0.00007 ©.00004
24 0.01291 0,00763 0.00443 0,00252 0,00142 0.00078 0,00043 0.00023 0,00012 O0.00006
25 0.01797 0.01085 0,00642 0.00373 0,00213 0.00120 0.00066 0.00036 0,00020 0, 00011
26 0.02455 0.01512 0.00912 0,0054) 0,00314 0.00180 0.00102 0.00056 0.00031 0,00017
27 0.03292 0.02068 0.01272 0,00768 0,00455 0.00265 0,00152 0,00086 0.00048 0.00026
28 0.04336 0,02779 0.01743 0.01072 0.00647 0.00384 0,00224 0.00129 0.00073 0,00041
29 0.05616 0,03670 0.02346 0,01470 0,00903 0.00545 0.00324 0.00189 0.00109 0.00062
30 0.07157 0.04769 0.03107 0.01983 0.01240 0.00762 0.00460 0.00273 0,00160 0.00092
¢ =62 64 66 68 70 72 74 76
v m- 31 32 33 34 35 36 37 38
21 0, 00001
22 0.00001 0. 00001
23 0, 00002 0.00001 0.00001
24 0, 00003 0,.00002 0.00001
25 0.00006 0.00003 0,00002 0.00001
26 0.00009 0,00005 0.00003 0.00001 O0,00001
217 0.00014 0.00008 0.00004 0.00002 0,00001 0.00001
28 0.00023 0.00012 0,00007 (.00004 Q,00002 0.00001 0.00001
29 0.00035 0.00019 0,00011 0,00006 0.00003 €.00002 0.00001
30 0.00052 0,00029 0,00016 0,00009 0,00005 0.00003 0,00001 @,00001

() =1- P(x2},) [2; r (D] ‘f:g" :

t oy

v

aos ¥ v lepo -t 1 c-1 L. 5
=t~ dt il [ S0 17 dt- 33 e mmd (v even, =ty m o 13)
2, Jhe j=n

Vi
o ()

v vy ~()

Interpolation on »*
ot 0(in O] (Do 0 (1 001
Double Entry Interpolation
@ (‘?!’)"(‘) ("'42)5")"4)[": °2] FO (N - 2)[o o2 ”"’J“J (,('(-’)‘| . 1)[12 w2 b rw]
+Q (xf,fu‘,)[lﬂ,.?w - °"'+~~°]W (*;':‘wl)[l, W) "._W]




TI-59 METHOD (ML-09)

The TI-59 Programmable Calculator has a numerical integration program
it its Master Library, ML-09. Included in PL-4 are pages 29-31 of the
TI-59 User's Manual. The method uses Simpson's Rule. y{a,t) and
Q(a,T1) can be computed using ML-09. The integration limits will be

different for the two Incomplete Gamma Functions.

y(a,1) Q(a, 1)
Lower Limit XO 0 T
Upper Limit X, T ok

*A suitably large real number must be found to represent <.
This would be a value such that a large value would result in
a negligible increase in the value of the integral. A value

of Xn > 227 will cause underflow.

A sufficiently large value for n must be established. The
larger the value of n used, the better the accuracy of the

integral. The computation time also increases.

A listing for f(x) is also included.




PL -4 ML-09

SIMPSON'S APPROXIMATION
(CONTINUOUS)

This program may be used to approximate the integral, |, of a function defined by the user, over an
interval x, to x,, using Simpson’s Rule. :

Xn

=/f(x)dx

X0
The function f{x) must be expressed as a sequence of keystrokes in the user program memory.

Bl ol e s ot 5
FiF 5 T A T A

(11 L ;f'(a: 123 "P.!’ o\)';

STEP ‘ PROCEDURE ENTER PRESS DISPLAY
1 , Initi atizw s} 0.
21 sen rhanmade {trN] 0Gn 00
. 3 Use A" a5 ot (2nd] E77Y 001 00
} {and) L4 002 00
K] T Fot- f(x) as 3 senies of kaystrobos. Do not use [= ]
, o R 00 nor use registess 09
S . End fix) with (I (Se [inv! (see! xxx 00
% Leave learn inede ARN;] 0.
Select program (¢} Exd oo
8 Enter lower fimit Xo (A Xo
Enter upper limnt Xn (81 X,
oo b Entecntn 2,4,8, ¢+ -, disptoy flashes if not n [c] h
. legal entry)
11 Conprate intiyra! (o] (
12 Foraneving:y o aranesn, reprot Steps 711,
NOTE: 1. Evaluate expressions using parcsrtheses only .
2. Running time is d2pendent on input data.




e g y NI
Bl T S Pgp e
e - LA 4 N

o Sawe F0 0 4 g

Fonple:

Evaluate/
0

REF. ENTER
! 0
2 2
3 2
4

1

~ -~ - —dx using two subintervals.

cosx + 2

PRESS

[rsT]

RN

[2nd kT
{2nd] IR
[an_} m

[ ¢ ]f{zrd) BGR
(+1(2]1]
[x] ;inv] {SeR]
LRN]

{2nd] £33 09
[A]

fond) [£3 (]
[=]18]
fc]

1 0]

DISPLAY

0.

600 00
00100

002 00

0603 00

005 00

008 00

010 00

0.

0.

0.
3.141592654
1.570796327
7853981634
0 604988903

COMMENTS

Key in f{x)

Select program
Xo

X;(ﬂ/z)
h
|

* Thi e otout shown is obtained using the print routine of Program Q1.

Reyister Contents

ROO

Ro) Xo
Ro: Xn
Ros h

Roas |

ROG
Ros
Ros
Ros

Rio
R
Rz
Ris
Ria

35

PL-4

OPTIONAL
PRINTOUT®
REF. PRINT

1 0.
0.
2 1.570/96327
15707496 427
3 2
7555331434
4 7855031 14

Ris
Rie
Ria

Ris

0 GCdeT DOl

Ein L SN 1t 2

Wy LY AR Y




PL-4

Method Used

Calculations are based on Simpson’s rule:
Xn

h
f Flxddx = 2 (fo + 4f, + 26 441, £ 20 oo 4 20 5 ¥4l +1,)

Xo

where:

Xn — Xy
h=-"-- - ,x, >X,
n

n = number of subintervals = 2,4,6,8, * - -

f(x)

ML-09

L wan g Xl?»:‘" ,.m--g It? ‘A‘Aﬁ.".‘

e,




LISTING FOR ML-09 f(x)

LRN
LOC
N
a0
]
1
. I:V i
g Enter Press
RST
| g a R/s
T OLEL
' is 2nd Pgm 09
42 570
- T Xy* lower limit A
X, upper limit B
. n(n = 2, 4, 6 . . ) c
Compute Integral D
.-3- . D ‘
';;1 K] N
o g oEe 08
: X Q4 4o -
N 22 1HY
X O30 23 LHAY
0=1 &

. 1
Y

ot .

LN
[ KR e KRR

37
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EXAMPLE

FIND: y(1.5, 0.9) and Q (1.5, 0.9)

n v(1.5, 0.9)

16 0.3401
32 0.34087
64 0.3411193

128 0.341207
512 0.341249

y(1.5, 0.9) = n,341249

Accuracyv could be improved bv increasing n still further or by
breaking the integral into two integrals with limits from 0 - 0.5

and 0.5 - 0,9 respectively.

n = 512
Youo.5 = 0-1761333892
= 0.1651191608
¥0.5-0.9
¥ y(1.5, 0.9) = 0.34125255

n = 128 for each of the following integrals:

4
. 9-4 =f y dx = 0.504195085
0.9
Q, g = 0.0397718
Qg_p= 0-001005
Qyp_yg = 0-0000000094

s Q(l.5, 0.9) = 0.54497189

*,

S

v(1.5, 0.9) + Q (1.5, 0.9) = 0.88622444

38
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EXAMPLE
FIND: v(5.64, 8)
X, = 0; xp = 8; n = 128

55.57279 (55.5728 to six places)

v(5.64, 8)

FIND: Q (5.64, 8)
Xx = 8; X, = (say, Xg = 64)
n = 128
Q (5.64, 8) = 10.14056 (10.1406 to six places)

v(5.64, 8) + Q (5.64, 8) = 65.7134

FIND: T(5.64)

- T(5.64) ~ 65.7134

_

>, 40
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TI-59 METHOD (MU-17)

The new Math Utility module can also be used for computing the Gamma
Functions. The numerical integration program, MU-17, is much faster in
execution time than ML-09 (i.e. PL-4) and simpler to use. This method
uses the systematic procedure called Romberg Integration. The subroutine
for £(x) must be entered (see PL-5) along with the integration limits

and expected accuracy of the result. The program then quickly computes

the integral.

o e g L t . [ C'.B.k""“ .




»,
S A

PL-5
MU-17 LISTING FOR f(x)
RST
LRN
ENTER f(x):
ENTER PRESS DISPLAY
LOC CODE KEY
_ " a " R/s Ha_lﬂ
2nd Pgm 17
a, lower limit A
b, upper limit B
€ C
D Integral
NOTE: b < 227 ; otherwise underflow will
occur in computing f(x)
I
i
=
0z
i
é
it
: LRN
RST
43
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’ e
.va
|
EXAMPLES:
k’ FIND: y (5.64, 8)
APPROXIMATE
EXECUTION
€ y (5.64, 8) TIME
.01 55.57467363 45 sec
1E~-3%* 55.574674 1 min
1E-4 55.572748 1 min 20 sec
) 1E-5 55.5727¢9 2 min 30 sec
1E-6 55.57279 4 min
'
FIND: Q (5.64, 8)
: b = upper limit
APPROPRIATE
EXECUTION
€ b Q (5.64, 8) TIME
1E-5 25 10.140547 2 min 30 sec
1E-6 50 10.140599 S min
1E~6 200 10.140599 30 min
3
N * _ -3 -4
A 1E-3 = 10 ; 1E-4 = 10 ; etc.
&1
. {
g4
-
! NOTE: T(5.64) = 65.71338 = 55.57279 + 10.140599
&;: -« .
. L
%
o
»
)
s
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PL-6

BASIC LANGUAGE PROGRAM LISTING FOR COMPUTING THE
INCOMPLETE GAMMA FUNCTIONS USING
SIMPSON'S NUMERICAL INTEGRATION TECHNIQUE

REM A = ALPHA

REM T = TAU

REM I = INCOMPLETE GAMMA FUNCTION WITH ARGUMENT ALPHA | TAD
REM X& = LOWER INTEGRAL LIMIT

REM X1 = UPPER INTEGRAL LIMIT

REM N = NUMEER OF INTEGRATION SUEBINTERVALS (MUST BE EVEN NUMBER)
REM INTEGRATION CALCULATIONS ARE BASED ON SIMPSON'S RULE
A=5.44

T=3.0

XB=0 g
X1=8 WCN,’C') . Q(q,t‘)
N=3Z J
H={X1-X8) /N

Si=@

SZ=@

DIM Y (548)

X=X

Y(@)=(X+(A-1))* (EXF(-X))
NZ=N-1
YIN)=(X1+(A-1))#(EXP(-X1))
FOR J=1 TD NZ

X=X+H
Y(JY=(X+(A-1) ) ® (EXP(-X))}
NEXT J

FOR J=2 TO (N-Z) STEP Z
S1=514Y (J)

NEXT J

S1=Y (@) +Y(N)+(2%S 1)

FOR J=1 T N2 STER 2
SE=5Z+Y ()

NEXT J

SZ=4#82

I=(H/Z2)%(S1+52)

PRINT "ALPHA = "}A

FRINT ''TAU = Yy

PRINT “X(LOWER) = "3 X@
FRINT "X (UFFER) = "3Xi1
PRINT “N = "N

FRINT

FRINT

FRINT "“INTEGRAL = “jI

END

45
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HP-34C METHOD

The program for computing the Incomplete Gamma Functions on the HP-34C

is listed in PL-15 which also computes other functions. The following

This

listing for y(a,1) and Q(a,T) are included for information only.

computer has a very fast and accurate numerical integration scheme

built into it.




HP34C
_ INCOMPLETE GAMMA FUNCTIONS
3 y(a,t) , Qa,1)

y(a,1)
Put value of o in X-register

Press ENTER ¢

Put value of T in X-regiscer *

Press GTO 4

‘ ’ Press R/S

Display will be y(a,T)

Q(a, 1)
Put value of a in X-register
Press ENTER ¢+
. Put value of 1 in X-register *
Press GTO 3

1 Press R/S

- Display will be Q(a,T)

i;ﬁ NOTE: The upper integration limit that represents « is stored in R 1

i Ly ¢

P L}

?\ For example: wupper limit = 50. Put 50 in the X-register. Press

-

;1 STO .1 . The upper limit should be less than 227; otherwise under-

flow will occur in computing f(x). An upper limit of 50 has proven

to give accurate results. See page 44.

47
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‘g * Press f SCI 7 (for accuracy of 7 significant figures)
A
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EXAMPLES

FIND: Y(5.64, 8)

APPROXIMATE
EXECUTION
ACCURACY v(5.64, 8) TIME
f SCIL 5 55.5728 4 min
f SCI 7 55.57279 7 min
FIND: Q(5.64, 8)
Upper limit (i.e. ®) = 50
APPROXIMATE
EXECUTION
ACCURACY Q(5.64, 8) TIME
f SCI 5 10.1406 5 min
f SCI 6 10.14060 6 min
f SCI 7 10.14059 7 min

P W REYRE -




HP34C
INCOMPLETE GAMMA FUNCTIONS

LBL &4 f
STO 8

R+
STC 9 y(a,1)
0
ENTER +
RCL 8

r2

v“ RTN ;
s ¥
STO 8
R+
STO 9
RCL 8 Q(a,T)
ENTER +
RCL .1
- f2
RTN

LBL 2
STO .0

CHS
x

e
RCL .0

- RCL 9 Common

¥ 1

X

) > y
‘¥ X
RTN




HP-67 Method

Simpson's Numerical Integration Technique is most conveniently found as

program 19-01 of Hewlett-Packard's Math Pac 1 package.

Included also in PL-7 is a program listing for computing the Incomplete

Gamma Functions on the HP-67. .

.'f'

.

-1
.-‘.
-
s




INCOMPLETE GAMMA FUNCTIONS

y(a, 1)

INPUT
DATA/UNITS

OUTPUT

STEP INSTRUCTIONS DATA/UNITS

KEYS

1 Enter a into X Register a
Enter t+

a

-

Qa

2
3| Enter t into X Register T
PRESS A

T
y(a,1)

[

‘ ‘
e e —— e e e — e et — — . —— — —— —— —— — — —— e e —— e e e —

OR

Enter o into X Register a

. Enter #

Enter 1 into_X Register T,
4y _ PRESS E___

T
Q(Q:T)

.y I L
B S O
_ — _—- —— _— —_—— - ——
o S U

S ,

L

R —— — S

we

IS

,

TPy

s Y cew
f
|
|
l
i

, - S — —_—
.v
¥ _ B P

ragd

e e o e —— — — — ——— — —— —— — — — ——— e e e

e e e KIS g
!
|
|
(
|
\
i
i
\
|
i

T e g:&h@, wm-ﬁ ;‘?“Lk.'“



PNt ar
\R!a:." ,."

N

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
001 LBL A 31 25 11 eX 32 52
CL REG 31 43 X 71
STO 1 33 01 RIN. 35 22
RV 35 53 060 LBL E 31 25 15
STO 6 33 06 CL REG 31 43
RCL 1 34 01 STO 1 33 01
7 07 v 35 53
0 00 STO_6 33 06
STO 9 33 09 5 05
010 . 81 0 00
STO 3 33 03 RCL 1 34 01
RCL 2 34 02 - 51
GSB C 3] 22 13 9 09
STO +4 33 61 04 070 8 08
LBL B 31 25 12 STO 9 33 09
RCL 3 3403 3 81
STO 42 3 61 02 STO 3 33 03
RCL 2 34 02 RCL 1 34 01
GSB C 31 22 13 STO 2 33 02
020 4 Q4 GSB C 31 22 13
X 71 STO +4 3 61
STO +4 33 61 Q4 GIO B 22 12
2 02
STQ +5 3 61 05 080 -
RCL § 34 Q5
RCI. 9 34 09
X =y 32 51
GTO D 22 14
RCL_3 34 03
930 STO +2 33 61 02
RCL 2 34 02
GSB ¢ 31 22 13
I 02 ‘
X 1 090
STQ +4 |33 61 04
GIO B _ 22 12
LBL D 31 25 14
RCL 3 14 03
STO +2 3 61 02
040 RCL 2 34 Q2
GSB C 31 22 13
STQ +4 33 61 04
RCL & 34 04
3 03 100
: 81
RCL 3 34 Q3
X 71
RTN 35 22
LBL C 31 25 13
050 STQ 7 33 o7
RCL 6 34 Q6
1 01
- 51
_ yX 35 63 110
RCL 7 34 07
CHS 42
REGISTERS
o} 1 2 3 4 5 6 7 8 9
USED USED USED USED USED USED USED USED
SO S S2 S3 S4 S5 S6 S7 S8 S9
A 8 C D 1
52

IR h};v v

=

-y Qmﬂ‘ e




Program Deseription

e Program Title Incomplete Gamma Functions By HP-67
Name Date
Address
City State New York Zip Code
4 Program Description, Equations, Variables, etc.
Program to evaluate the following two functions:
T
Y(a,1) =5 Tl ™ i
0
y Q(a,T) =} 7 e ax
T -
Comments : Running time for vy < 3 min, Q < 4 min
-
.1 )
A
A
e
Q_ »
]
A, Operating Limits and Warnings  Generally accurate to at least three significant figures.
-" To increase accuracy for vy increase number in program lines 7 and 8 to a
;_ ! greater even number. To increase accuracy for calculating Q increase number on
- lines 65 and 66 (upper limit) and increase number on lines 69 and 70 to a greater
a8 even number.
1
bl
§ /
[
iy

" DO'NOT USE THIS SPACE®

S A
P Y0 ARG

- ..":_\ .’

R AN IV



C. GAMMA FUNCTIONS COMPUTATION PROGRAM (BASIC LANGUAGE)

Included in PL-8 is a computer program written in Basic Language
which quickly, conveniently and accurately computes the three Gamma

Functions: TI(a), v{(a,t), Q(a,1).

The method for computing T(2) is as previously described. The .
method for computing the two Incomplete Gamma Functions has not

been previously described. This method uses an approximation formula

‘ as described in Abramowitz 1 to calculate a "Normalized Incomplete

Gamma Function: Qo (a,1). QO (a,1) is extremely accurate for

o = integer. T may be either an integer or non-integer.
f' Q. (a,1) = Qo,1)

o
(a-1)!

- (a-1)! =] (a) for a = integer
The approximation formula is as follows:

o j

LT i rrvi (ar-1)

N\ A - = l ; N
\‘;) \D(u NP , N = ,’4 -1 -
o \\'>< -~ ,7 ! - | e K= !
- i re=2 !
=" ‘L_ H
L
4
X 1 <o < 350
¢
% NOTE: For most fatigue analysis applications 5 < o < 15.
- 4




GAMMA FUNCTIONS COMPUTATION PROGRAM (Cont'd)

For o = non-integer the interpolation method in Abramowitz 717 is
used.

Define:

[*1
(]

o integer part of o

lwz
2

?]

Q, (a,1) =Q

—

r
+QO (aO 5T) ;1 -w

H —

(o

11 2 1 °
+Qo ot 1, 1) l >V 5w

-

Then

Q(a, 1) = I'(a) Q, (a,71)

re) [1-0 (a,r{}

y(a, 1)

Several computation runs are included. It can be seen that the

Refer to Tables IV and V.

accuracy is sufficient for practical applications.

a In PL-S

- N= a

.E".

s;"). Z = T

" Gf = Q (a,7)

o

é'* : Gl = y(a,1)
y G2 = Q (a,T)
‘f G5 = T'(a)




PL~8

R

GAMMA FUNCTIONS COMPUTATION PROGRAM
(BASIC LANGUAGE)

18 REM 28 IS THE NORMALIZED INCOMPLETE GAMMA FUNCTION

28 REM WITH INTEGRATION LIMITS TAU TO INFINITY AND .

30 REM WITH ARGUMENT CHI-SQUAREDNU

40 REM

S8 REM ALPHA MUST BE »= UNITY. )

48 REM ALPHA= N ’ ¢
. 78 REM TAuU= Z

86 REM

98 DEF FNG(N»2Z)
188 IF N>1 THEN 130
118 AB=EXP(-2)
126 GO T 450
136 H=Z/6
148 A=
158 M=N
168 L=INT((N-4)/4&)
178 FOR I=2 TO M
- 128 Y=6=1
198 FOR K=1 TO I-1
208 Y=(K-N)/Z#Y 3
218 V1=ABS(Y) -
228 IF V1<1E-38 THEN 248
238 NEXT K
248 A=A+Y#(-1)+(I+1)
258 NEXT I
260 G=A+1
278 IF N1 THEN 428
288 J=@
298 FOR B=1 TO N-1
380 IF G<1E34 THEN 338
1 318 J=Jd+i
Y 328 6=G/18
: 336 G=2/B*G
¥ 346 IF B=L THEN 488
Wy 356 IF B=2%L THEN 464
, 368 IF B=3+L THEN 468
! 378 IF B=4%L THEN 488
- 380 IF B=5S»L THEN 480
2] 394 GO TO 418
ki 483 G=GREXF (-H)
413 NEXT B
428 GO TO 4790
438 FOR B=1 TD N-1
489 G=Z/B*G
AS€ NEXT B

56
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GAMMA FUNCTIONS COMPUTATION PROGRAM
(BASIC LANGUAGE)
CONTINUED

G=GHEXF (-Hx3)

BE=CHA* 1B (J/ZI%EXF(-R)#1@3r I/ 2}
FNG=GE

FNEND

N=1z.5

Z=12.3

WaN-INT (N}

IF W:PB THEN S48

GEB=FNG{(N»Z)

GD T 444

L&=.9# (WrZ-W)

L7=1-W*rZ

L=, S# (WrZ+id)

NE=INT(N}-1

NS=INT (N}

NA=INT (M) +1
GE=FNGNEG»Z) #LA+FNG (NS Z)#L.7+FNGINL»Z) #LE
GO TO &4

PRINT MALFPMHA="IN

PRINT “'TAll="32

FRINT

FRINT “NORM'D GAMMA FNLC="3G#B
FRINT

Ga=1-0Gs

R=N

X=H

R=R+1

XK=X*R

D=R-%

IF D>= THEN 778

GO T 7L

S=.9189385332

S=5+ (R+.5)*LOG(R)~R
Vel-(1/7(28%R+21 14+ {1/ (1B5*R+4))
Vs (1/7(1Z#R) I #V

S=5+y

Go=EXF(S)7/X

PRINT “GAMMA (ALFHA)="31GS

FRINT

C1=2G5%G4

FRINT “FIRST GAMMA FNZ="3G1
GCZz=G5#Gi

PRINT “SECOND GAMMA FNC="31G2Z
END

57
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TABLE IV
COMPUTATION EXAMPLES

(¢ = non-integer)

ALPHA= 14.5
TAl= is

NORM’D GAMMA FNC=  .1735187 (ACTUAL .17356)

CAMMA (ALFHAY = 2.36923e 16

FIRST GAMMA FNI= 1,98354e 1@
SECOND GAMIMA FNC= 4.83495e 89

ready

#5089 N=T.44
#51@ I=2
*RUN

ALPHA= S5.44

Tal= B

NORM’D GAMMA FNi= .1543615 (ACTUAL _+15429)
GAMMA (ALFPHA) = £5.7133%8

FIRST GAMMA FNL= 55.57371

SECOND GAMMA FNC= 13.13947

NORM’D GAMMA FNC=  .5413411 (ACTUAL .54924)
GAMMA (ALFHA) = 1.32934

FIRST GAMMA FNC= AB9T7138
SECOND GAMMA FNC= 719462464
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]

TABLE V.
COMPUTATION EXAMPLES
(a = integer)

ALPHAT— T
TAUs 1

NORM’D GAMMA FNC= .3678794 (ACTUAL_;36788)

GAMMA (ALPHA) =

. 9999999

FIRST GAMMA FNi = 43212065
“SECOND GCaMMA FNCT 3578798

AL PHA= z

Tall= 1.5

NDRM’D GAMMA FNiC= .55728254 (ACTUAL .55783)
GAMMA (ALPHA} = LIRTII99

FIRST GAMMA FNi= 4421744

SECOND CAMMA FNC= 5578254

ALPHAT 8~ - -
Tau= 7

NORM'D GAMMA FNC= .59787138 (ACTUAL .59871)
GAMMA (ALPHA) = 5049

FIRST GAMMA FNC=  2022.482
—SECOND—CAMMA—FENC=-—— 3017 St7 - — G

ALFHA= 13

TAU= 17.5

NORM’D GAMMA FNC= .11146485 (ACTUAL .11165)
" GAMMA (ALFHA) = 4.7903@81e 88

FIRST GAMMA FNC= 4.25521e @2
SECOND GAMMA FNC= S5.34B88e 67

59




D. ERROR FUNCTION COMPUTATION

Definition

The Error Function used is that of Papoulis [2] :

-

e z
- - 7
- s : i s
T (e} = o ! ~ vy :
(\ N sy ) — //(
L
erfp (0) =0 ; erf (=) = 0.5
erfp (~a ) = - erfp (a)

Hereafter the above subscript p will be dropped for convenience.

It will be understood that erf (a) = erfp (o).

Figure 5 shows a graph of erf (a) versus a.
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FIGURE 5
ERROR FUNCTION VERSUS X
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T1-59 METHOD

The TI-59 Programmable Calculator can be used as the program listing PL-9
to calculate erf(a).

EXAMPLE:

FIND: erf (1.5)

SOLUTION: Use PL-9 Display
Enter 1.5 1.5
Press Al 0.4331927713

erf(l.5) = 0.4331927713

EXAMPLE:

Find: erf(-0.125)

Display
Enter .125 .125
Press +/-I -.125
Press iA -.0497382658

erf(-0.125) = -0.0497382658
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PL-9 (Cont'

ERROR FUNCTION COMPUTATION PROGRAM
(TI-59)
LOC CODE KEY LOC CODE KEY
054 85 = 126 0O a1 .
OES O i 12¥ & K
1 =T S 128 4z =T
057 07 7 129 0 e
Eéé éa < 130 &Y IFF :
oS3 gy 1 iz 0 a1 |
. o9 4 4 132 O (B}
o917 7 S 41
a9z 07 7 34 5 i
B = 25 T
3 1594 = ETOR +
195 7 EE
aE : 2E00O
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25 54
9z 0z 40 51 ReS
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a1 03z 4z 0 g ]
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HP-34C METHOD

The program listing for erf (a) is given in PL-15 and will not be

; shown here. The program is used as follows to calculate erf (a):




HP-34C
ERF (a)

GIVEN: Positive or negative value of a

FIND: ERF(a)

Put the value of o into X-register (i.e. Display register)
Key in desired accuracy *

Press B

Final display will be the value of erf(a)

*Accuracy: In scientific notation set the display for the value of
a to the desired number of significant digits desired for

the final value of erf(a).

EXAMPLE:
GIVEN: a = 1.

FIND: ERF(a)

Put "1" in X-register
Press f SCI 7 (for accuracy of 7 significant figures)

Press B

ERF(a) = 0.3413447 will be displayed
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HP-67 METHOD

A. MATH PAC 1

An Error Function Program is most conveniently obtained as program 18-02
of Hewlett-Packard's Math Pac 1 package. The Error Function of program
18-02 is defined slightly different than Papoulis' Error Function.
Program 18-02 can still be used to calculate erfp (a) as follows:

a) Use o divided by Y2 instead of o as the argument value.

b) Divide the final answer by 2.

B. PL-10

Program listing PL-10 computes both erf (a) and its inverse.
TABULAR METHODS
Table VI tabulates values of erf (a) versus « for values of a from zero

to 4.0. These values were computed using the BASIC LANGUAGE Program as

listed in PL-11.
EXAMPLE:
FIND erf (2.05)

erf(2.05) = 0.4798178

FIND erf (-1.72)
erf(1.72) = 0.4572838

erf(-1.72) = -0.4572838

FIND erf (2.044)

erf(2.045) 0.4795726

i

erf(2.040) = 0.4793249
Using linear interpolation:
erf(2.044) = 0.4795230

erf(2.044) = 0.4795232
actual
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TABULAR METHOD (Cont'd)

FIND: erf (0.068)

0.0259131

erf(0.065)

erf (0.070) 0.0279032

Using linear interpolation
erf(0.068) = 0.0271071

erf(0,068) = 0.0271072
actual
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User Instructions PL-10

PAPOULIS ERROR FUNCTION AND INVERSE HP-67

1 Pp

a,A -+ erf(a) erf(a) ¢4, €, D + a

INPUT
DATA/UNITS

OUTPUT

STEP INSTRUCTIONS DATA/UNITS

KEYS

}__ To calculate erf(a) a

. PRESS A _ ___

1 a
2 .

3| To calculate o given erf(a)

4

5

erf (a) |
erf ga) -

€

_ ) erf(a)

: B -

P
[y

e o e e e e e . e s e — — — —— — — ——— e e e e

| __Input maximum allowable error

_ .. PRESS D _(Runs about 10 minutes)

[

e e e e e e . — — s i . — — —— — —— — — i et e e — — — ) e e — e ——

N o S R

e ]

-1 e —————— — —]

] ]
]
O S

- - [ ) SN
R R

¥ wa -
|
\
|
|
|
|
T

e

|
|
|
|
|
|
|
L
|
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T; O, o
|
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
001 LBL A 31 25 11 5 __05
2 02 STO x 9 33 71 09
v/ 31 54 CI0 0 22 00
: 81 060 LBL 3 31 25 03
STO 1 33 01 RCL 7 34 07
ENTER 41 RCL 9 34 09
X 71 + 61
2 02 GSB C 31 22 13
X 71 STO 5 33 05
010 STO 2 33 02 RCL 7 34 07
1 01 GSB C 31 22 13
STO 3 33 03 RCL 5 34 05
_lrecr1 34 01 X . 71
LBL 1 31 25 0 070 x < 0 31 74
. RCL 2 34 02 GTO 4 22 04
RCL 3 34 03 RCL 7 34 07
2 02 RCL 9 34 09
+ 61 + 61
STO 3 33 03 GTO 2 22 02
020 : 8l LBL 4 31 25 04
RCL 1 34 01 . 83
X 71 5 05
STO 1 33 01 STO x 9 33 71 09
+ 61 080 RCL 9 34 09
x £ v 32 61 RCL 7 34 07
GTO 1 22 01 + 61
o 2 02 GSB C 31 33 13
X 71 STO 5 33 05
e 35 73 RCL 7 34 07
030 v 31 S4 GSB C 31 22 13
RCL 2 34 02 RCL 5 34 05
. 2 02 X 71
N 81 x < 0 31 71
_eX 32 52 0% GTO 5 22 05
X 71 RCL 9 4 09
i 81 STO + 7 33 61 07
2 02 LBL 5 31 25 Q5
. : 81 RCL 6 34 06
o RTN 35 22 RCL 9 34 09
.- 040 LBL B 31 25 12 X >y 32 81
Y RCL 5 34 05 GTO 4 22 Q4
RCL 4 3404 RCL 7 34 07
Fot - 51 RTN 35 22
, STO 9 33 09 100 LRL 6 31 25 Q6
x LBL O 31 25 00 RCL & 14 04
Ll RCL 6 34 06 RTN 15 29
24 RCL 9 34_09 LBL D 31 25 14
v X<y 32 71 CL REG 31 43
- GIO 6 22 06 STO0 6 33 06
050 RCL 4 34 04 v 35 53
- STQ 7 33 07 STO 8 33 08
e LBL 2 31 25 02 % 35 73
' RCL 5 34 05 02
i x>y 32 81 110 + 61
v GIo 3 22 03 STO 5 33 05
. 83 CHS 42
l’ REGISTERS
K 0 1 2 3 4 5 6 7 9
k USED USED USED USED USED USED USED USED USED
N SO S S2 S3 S4 S5 S6 S7 S8 159
:‘? A 8 D 1
e 70
w»
¥
{
£
. T
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Program Listing

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
. 83
1 [} 170
- 51
STO 4 33 04
GIO B 22 12
LBL C 31 25 13
GSB A 31 22 11
20 RCL 8 34 08
- 51
RN 25 22
180 7
130
—]
190
140
200
50
210
60
220
LABELS FLAGS SET STATUS
““usep PP usep [° usep PP usep FLAGS TRIG DISP
] b c d ON OFF
0o 0D DEG O Fix &
3 : 2 100 GrRaDO | sa O
S USED i USED USED . USED USED s DBl e R | e o
_USED _USED_ 0 3 00 n_7




Program Deseription

Papoulis Error Function and Its Inverse ~ HP-67

Program Tiiie

Name Date

Address

City State Zip Code
2

Program Description, Equations, Variables, etc. a “X_

Evaluates erf(a) =

2
e dx
vY2n 50

; As well as the inverse function.

3

i Operating Limits and Warnings The computing time for the inverse error function is long.
; . It is a function of the maximum error ¢ desired.

il

' | For an error <.0005 the running time is about 10 minutes.

o Range of a for inverse error function =5 - +5 .

DO NOT USE THIS SPACE

Cugrer . e Ry ¥ CART T



ERROR FUNCTION PROGRAM LISTING
(BASIC LANGUAGE)

14 DEF FNE(X)

9 F

= Z314419

a@ T=1/7(1+F*X)

it H=.

194
140
17@
VEE
17
v}
Sl

ZfQ*EXP(—.S*xfz)
CaRLIATHEIXTEZ+EIRT 13
S=S+E4*T14+ES#TAS

FNEND

F'F\'INT " A“’“ERF((—\)“
FOR X=.@dS To 1 ZTEP
F=FNFE (X}

FRINT XF

NEXT X

END
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TABLE VI ERROR FUNCTION VERSUS a

ERFgut a ERF (a

ABQZBI54
LH74234
.ﬁ?$7717

."31774

LBLEAGE
LIS 535

t117/4/4 .

L1l@ds2418
LA1EEsLE
.11L17?
IR X0 R
LI LAFES
1179113
A
LAE171974
D Wt TS K
LJlenniss
L1274d74
12?*"°
'1974

il

.
X
sy

LA
=
RN I IO I

i

Hl'”“ﬁ4
LBART TS

.Lﬁufﬂql
14357464
1424442
14435357
NS I YR A
LAR@IT7E

.149-911
L1917 1*
- 1?-..'.-- / '.' '.'
L1954217
L1ST7E481E
159697
CEEIET
AEETDTE
.164n~1&
684001
JdAe2ztee
.17@m;14
L1712401
L1736447
1754454
1772419

74 H

N
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N R :.:

poos N

s;57"‘- 1454
3772035

L8115

.®331661
LBESLIAT
LBETHL44
LAZ9@163
3 LH7@37541




TABLE VI ERROR FUNCTION VERSUS o

> R

.?35 - 15
L4775 5773
Ao .7
.AQE 701
LA .71
.85 713
-3 SE

- 7‘L

1% -74 LET7B3E501
EREEBSA - 743 2718642

’ LEB17441 i
! EaaA751 '7;2 ;
LEESAGLS ;g; -3
b JEAT71ZE33 -/ -L77-L4J
] »E@BLQ@B -]7 -L7/ cﬁl
LS55 LE1B5527 775 - ZBHE
- -l CELEZAET - 78 .
g LSAS LE1ETAE - 755 2237733
57 E156412 -7 .:“ﬁsz‘
-575 LF173544 - 773
L5 .:17m4” -5 -<
gy ‘_‘,5 7T . 2139 LEB9578E
50 - Eh .‘_“7164.:'
595 L2EAGTE .315 LEP28437
o .3247409 LEE LEPEEIE
LI3S LB25 295142
. L1 .23 2967307
- 15 L835 LE981812
- AT L4 .2795459
N BTG L8245 .3A@7444
> .43 .85 LIBZ3R3TS
' CH35 . 2585 .3B37245
. A4 . s b . 3A51055
' A5 “4wJJU L84S LIBLA306
> .55 LZ42154 27 .3@73498
' L A55 LEATTALE .875 L3E92131
3 b 2853731 =t .2195704
: EAS LEAKTT748 L8835 .3119217
‘ L7 LEABST1Z .39 .3137671
LTS LES@BLZE .295 .3146065
.63 L2517478 .9 .3159299
-1 2533251 .95 .3172673
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TABLE VI ERROR FUNCTION VERSUS «

o ERF (a)

i
) .141_44~
3425514
] LBAZTSED
3487471
; }..] Ij

1.185 .:'54_w1
1.11 L ALESEHA
3675747
1.12 LOABA43
L 36TT78H54
LATB761E

e

-
-~
—

.
[
—
[}

76

TR e R

22

1@

1,135
1.14
1.14%

15

fory
o

—
h
!
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—— . pa s
s T —~
B R e
WX UORS IR NG IR Bw S

[
« pens
- -

R RN

-:4“971Z:
. 39EA513
F915844

.4Wﬂuﬂ 7

4314744
4@L32'5
LAB3I1974
ABABHES
LAGR9BE
LABSTAAT
LABLSBEZA
LAB74143
LABSZAGE
LA9@617
LAB9BT7T7E

LALBLERT S

4114917

LA4122911

.A41308849
.4138734
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TABLE VI ERROR FUNCTION VERSUS o

a ERF (a) a ERF (a)

4184544 L. - 4452007
L1154248¢ 1,400 .445??31
AL RERLA 1.4 LAdLZEHLL
CALLTTT 1.415 LAMEZLAL
,Ij,ﬂc 1.0 LARTIEEY
% LARTTLERT
1454473
REELY LA
LA49477 4%
LASEALS!E
.4;4mw=7
,45447u

5
s LASSLTVE
L E@s ASIBT7ES
1.t LAB9S@T7L
PR ASPT439
) 1a LALAIT7AE
) 1.5.°5 ALB7I6]
o | P LAL12181
g 1,575 CALLETAS
. 1.94 ALZHS1L
g 1.545 LALEIEE
. 1.59 LALER6TS
% 559 LAL3ET 3L
v 1.54 ALIETIE
ok 45 LALABLTT
v 1.57 ALRALZT
: 1.575 LA4643521
2 1.5 LBATVALE 4452381

{535 LA43514%
{.57 2428824 ;
1.575 48486439 i

ALSLZOD
LALS59995
LALL3T751
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TABLE VI ERROR FUNCTION VERSUS «

o ERF (a) a M

LAB1B865
LAB1Z23732
LAS14454
LA3LE9LE
LAB1714¢4
LABZ1354
LABT 3544
4' L. I7‘.”/

ALETATE
LAETILED
_.4/ /4?:1:
4/_"“4_-

.
Fey
S
o O
=
o

s I N B i x|

et
N i
N

’1/441.

O e ol

) n J
DO N SRR T S IO B S

H
5
R -
>~ nndan
0BG W

O I U R SN B I BN L B R R xS A I

L

0
w
0
»

—
CRTINEL
P

y LATETRAL
= 8769754
LATTEATY

Z. BP9 CATTEIED
b 17 7 245
P B ] g
c.2
L BES
g 2 ' :
Z.B3E9 4//W74'
Z.184 .47!2?4/
Z.845 .4’f97:
.89 792178
Z./55 .4umm436
P v 1 LASEIEA8
7L BaS LASAS326
z.87 LARBTTE9

1.9%

LN AN DD B G L)
NG e e 5 030 N N O 0N

SRR N N N R SN VY |

.
J

o Lo
™

~4
-

L PPp DD D
S L) P DN N P 0 NI D 0N

BORR I IRV I s

ux]

) o~
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o~ T
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M0 S0 00 030000 005500 S 00 DO

.439132395
LA3892759
4394147
. 4595559
4396933

78

S e ngewe o, ey W PARE T



.
- =
e ]
-

- e
: Lo a v
- 2.7
-« 4 -~ o
3 490
s I
B .5

P AT
i ] G

Red L+
i " . L. -..'1
- R
¥ - -d
ot
Y ! s
1. - L
- o
53
. e
R ‘ [ B |
: 1 .54

[

Lo .’45

- =
.55
2.555
T

TABLE VI ERROR FUNCTION VERSUS «

.4B°

A%
L A1
LA
LAGER
L ATEL

ERF_(a) x

32946

"A940454
.474 2EE
.4'?4';2‘{51 775
AR AT
49432774

4744574 Z.79
LA745361 7,795
A844L132 .8
ALY BA 2 .35

LA747 464

79

" e Q’A’k"”

ey

ERF (a)

L494341Z2
.494715
.494922

CATS0A
CATS12

JA9SEEL D

LATS7764

L49553503

LATE7154
LATSYT754
LATEBIAS
ATERTET
LATLLDES
ATLEBT 4
ANRELDS
LA7LILES
LAFETT.
LAPEALTE
.49/ :ﬂ=

A
LA7692R
47469744
LAITBEBE
47@4653
AF71EIY
LA771538
.A4971971
AFTEDTY
497222
ATTIZZA
4973645
LA97435
4774442
4974241

g™ "




,!."‘ S
AN LAV O

e

{ v

T e

- - v‘.t—::‘v—i,. F,M ,. . v,n‘.«

z2.31
2.815

2. 8L'5

3 ¢4
3.045
3.05

ERF (a)

4975229
.4375411
.4975988
.4976359
4976725
4977086
.4977443
.4977794
.497814
.4978481
.4978817
.4979149
4979474
.4979798
4980114
4750429
.4980737
.49810641
4981341
.4981637
.4981928
.4982215
4982493
.4982774
4983051
.4983322
.49835839
.4983852
4984111
4984366
4984617
.4984865
.4985189
.498535
.4985587
.498582
.498605
.4986277
.49865

.498672
. 4984937

.498715
49873461
. 4987568
4987772
.4987972

.498817
. 4988365
.49883537
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TABLE VI ERROR FUNCTION VERSUS a

IR

3.055
3.86
3.645
3.47
3.675
3.03
3.685
3.09
3.095
3.1
3.105
3.11

3 12
3.125
3 13
. 135
3.14

3.15

3 16
3.165
3.17
3.175
3.18
3.1835
3.19

3. 205
3.21
3.215
3.22
3.225
3.23
3.235
3.24
3.245
3.25
3.255
3.26
3.2465
3.27
3.275
3.28
3.285
3.29
3.295

ERF (a)

.4988746
.4988932
.4987116
.4989296
.4989474
.4989649
.4989822
.4989991
-49906159
4998323
. 4990485
4990645
.49908062
. 4990957
4991189
.4991259
.4991407
.4991552
49914695
«49918346
.4991974
.4992111
.4992245
.4992377
. 4992508
. 4992636
4992762
.49928864
4993008
4993128
. 49932446
«4993362
4993477
.499359
.4993701
.499381
«4993917
.4994023
.4994127
. 4994229
.499433
.4994429
.499452¢6
4994622
4994716
.4994809
.49949
.399499
4995078
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TABLE VI ERROR FUNCTION VERSUS

2

a ERF () o ERF (o)

* D545 LA7BE37
I 11/9(37’
4975417 :
LATISATY
LA79557% ;

PR . . ...
R S N N O A - IR kI
PR BRI i BN S Ty T St Ry T BN PR

29074

o ..7_’3 :4‘?'?/*?(2?213 1
£ 3,73 LAY9IBAT

i i L3S ‘_-'. . 4(7 7/ 75"5." Kl 3.759 CA9TIB6 1
X M LA 3,745 4797093
4 =T - e 2079 LA999114
- 3. 505 4797717 3755 L A999133
351 4797759 376 499915
b 3.515 4997801 3.7643 49991467
3,52 4997342 2.77 4999183

N Z.525 APITEEE 2.775 L4999E
.57 AI9T7IE 7a L47992146

AT ) AP

7

AT 4999244

O '\
Do P
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~
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TABLE VI ERROR FUNCTION VERSUS o
o ERF (o)

CATTIIG5

4999317

i 55 LA
- 7 A
3.3875 o i
.7 A
- .95 .4
s 1 . '1_ "
LA 5458
CATTISST
i CATTTSAE
LAITI575
LA977554
LAFTIEIE
ATTTEBY
ATV
2 497
Ve 3 LAY
L 2 49
s 17 AT
ok 3975 4997445
¢ LATTI45S
e LAGTTELE
- ATTTLAET
' ATTIRT A
- CATTTLESR

’.'-.“
(
-
S‘ <«
k,
°
5
"
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.! . E. INVERSE ERROR FUNCTION COMPUTATION
! Definition
; The Inverse Error Function is that value of o that yields a specified
j value of erf (a). That is, given the value of erf (a), find a.
i TI-59 METHOD:
; The following computation method applies to positive values of a.
i
' For negative values of o use the relationship
i erf (-a) = - erf ()
!
That is, calculate erf (a) and change the sign of erf (a)
- for negative a values.
Define
K=-erf (¢) 3 0<K<0.5
T
z = Aj-2 2n(2K)
2 10
™~ =g0+g1z +g2z + oot gz
Where:
_ -4 -2
go = 6.55864x10 B¢ = -1.17213x10
. g1 = ~-0.02069 g, = 2.10941x103
. g, = 0.737563 gg = -2.18541x107%
£ , ; 05
- g3 = -0.207071 gg = 1.23163x1
A g, = ~2.06851x1077 g1 = ,~2.93138x1077
e g5 = 0.03444
'.
s 4 ‘<
¥
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TI-59 METHOD (Cont'd)

The following listing PL-12 is for the TI-59 Programmable Calculator.
It utilizes the equations previously described. To use: enter the

value of erf (a); then press A . The computed value of a will

ultimately be displayed. Table VI can be used as a check on the

reasonableness of the answer. Computation time is approximately 10 seconds.

0 < erf (o) < 0.5
For negative values of erf (a), calculate a for the positive value of erf
(a). Then change the sign of «a.
Example:
Find o for erf (a) = 0.4995
Enter 0,4995; Press [ﬁj
Display: 3.29049

Thus a = 3.29049

Example:

Find a for erf (o) = - 0.4975
Enter 0.4975 ; Press [E:
Display: 2.8066

Thus a = - 2.8066
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INVERSE ERROR FUNCTION;

LOC CODE
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INVERSE ERROR FUNCTION;
LISTING FOR TI-59 PROGRAMMABLE CALCULATOR
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INVERSE ERROR FUNCTION;

LISTING FOR TI-59 PROGRAMMABLE CALCULATOR

LOC CODE KEY
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INVERSE ERROR FUNCTION (HP-67 METHOD)

Refer to PL-10.

INVERSE ERROR FUNCTION (HP-34C METHOD)

The proaram listing for the Inverse Error Function and other functions

for the HP-34C is given in PL-15., Included here is a brief listing for

erf (a) and its inverse as well as an example in its use.
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HP34C
ERF (a) AND INVERSE (a)

erf(a) » R6

LBL 1
GSB B

2 RCL 6

STO 7
RTN

LBL B
STO 7

ENTER ¢t
RCL 7
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HP-34C
INVERSE ERROR FUNCTION

GIVEN: ERF(a) ; positive or negative value

FIND: a

Put the value of erf(a) into the X-register
Key in desired accuracy *

Store the value of erf(a) into register 6

Put initial estimate on bounds of a . Upper and lower bounds must
bracket true value of o . Lower bound is put into X-register. Then
press ENTER ¢+ . Then put upper bound in X-register. Press f

SOLVE 1.

Execution time is approximately as follows:

Accuracy Time

f SCT 3 7 minutes
- f SCI 5 14 minutes

f SCI 7 24 minutes

EXAMPLE:
GIVEN: ERF(a) = -.4331927

FIND: a

Put -.4331927 in X-register

* Press £ SCI 7 (for accuracy of 7 significant figures)

1
:.) Press STO 6
:'w Press 2 CHS (i.e. -2)
|
:.; Press ENTER 4 bounds on answer
. Press .l CHS (i.e. -.1)
] Press f SOLVE 1
\,.'“
! Final Display = -1.500 ¢
K, <
“
R4 90
»t
>
+
!
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PROBABILITY OF FAILURE COMPUTATION

TI-59 METHOD

Many probability of failure F(a) expressions are of the form

F(*) = 0,5 + erf(a)

This expression can be conveniently computed using PL-13. To use
enter the value of o and press :A ' . The value for F(a) will
ultimately be displayed.

EXAMPLE:

FIND: F(a) for a = -2.305, -1.365, -0.68, -0.365, -0.125, 0.125,

0.365, 0.68, 1.365, 2.305

a F(a)
-2.305 0.0105832588
-1.365 0.0861265831
-0.68 0.24825221581
-0.365 0.3575557601
-0.125 0.4502617342
0.125 0.5497382658
0.365 0.6424442399
0.68 0.7517478419
1.365 0.9138734169
2.305 0.9894167412
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PROBABILITY OF FAILURE COMPUTATION
(TI-59)
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PROBABILITY OF FAILURE COMPUTATION
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PL-13 (Cont'd)
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BASIC LANGUAGE METHOD

Pl~14 is a modification of PL-1lto calculate F(a).

F(a) = 0.5 + erf(a)

TABULAR METHOD
Table VII tabulates F(a) versus a.

EXAMPLE:

FIND: F(-2.305) using Table VII

F(-2.3) = 0.0107241

F(-2.31) = 0.010444

Using linear interpolation

F(-2.305) = 0.010584

F(-2.
(=2.305) , ~ryaL

EXAMPLE:

= 0.010583

FIND: F(.368) using Table VII

F(.36) = 0.6405764 ; F(.37) = 0.6443087

Using linear interpolation:

F(.368) = (0.6435633
ACTUAL

F(.368) = 0.6435622
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PL~14

FAILURE PROBABILITY PROGRAM LISTING
(BASIC LANGUAGE)

13 REM A=ALFHA
29 DEF FNE (X}
4 30 P=.2314419
L 43 T=1/(1+Px%)X)
5@ Bl=.31933153
68 Bi=-.3545437582
o 7% B3=1.7514773937
59 B4=-1.82125597%
98 ES=1.336827447%
1466 H=,398742:2z8
119 Z=H#*EXF(-.5%X*2)
120 S=B1#T+Bc*T+2+E3%#7+3 ﬁ
138 S=S+BA*T+4+ES*T+5
149 G=Z+5%
153 FNE=.5-13
143 FNEND
- 174 FOR A=-Z2 T0O -1 STEF .41
12@¢ IF AX=@3 GO TO 224
- 178 X=AE5(A)
e 208 F=,S~-FNE(X)
¢! <19 GO T3 239
3 220 F=.5+FNE (A)
<33 FRINT A»F

i 240 NEXT A
¥ 250 END
-2

95

i N s X tmp

.

» . , S R A e # Y e T ;A

N N - .

i AT IR




Wy
.

AT N

=
P
-
)
]
=
=
-

-2 2
D Y d
DT
Sl
- 4
= +

-
-’j. 7
-

-3.45
-
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TABLE VII FAILURE PROBABILITY VERSUS a

E(a)
2.143873e-85
2.E28545e -85
2.4473535e-85
3.59528e-45
2.747132-85
Z.9@930e-@5
4.875542-95
4.24948-15
4.429372~@35
461575 -@5
4.21158e-85
S.1424e-15
SVEES@?R -3
5.44414e-45
S5.4671752-@5
S5.982321e-@5
L1341 8e-@5
L.AB9T72e-@5
L. ETRIZ-@5
A.PS10Ee-B5
7 E374%e-@5
7.535140-0@3
7.843972-85
2.145@%2 -85
2.498530e -4
2.24458e-085
287 e -5
757478 -05
7.764412-083
1837
LHAEL1BT7E
LBPE1122
SHBALLAET
LapE1EL:
LBPA1ZL]
SBAF131E
LHEG13464
.Ha31417
LBBE1473
3331531
JIPB1591
3001454
LApB1T1s
LBBB1733
.BPEB1855
LABE1LP27

. PP02001

96

&
-3.53
-3.52
-3.51

-3.5
-3.49
-3.453

F(a)

LBBBZA7E
LBBBE152
BAGZZ41
HBBLIZT
BBBZA1EA
SAGBIZS8E
APBZLHS
LARAZ73L
PBBBZEE3
AR89
BEBESH1E
LB@EzL3e
LHBB3E49

L@GF337
LBBBEATS
JBBBILZS
LHBE33757
LBB33298
LBBE4E41
B3E4137
.BEGAZ43
LHB334501
LBBBRALLS
BPB4AR3S

-BBB561
LBEE5191
<BRES37E
LBEES571
BEB5771
.BBB3377

BBBL1Y

BABLA]
BBBLLIT
LOBBLETE
9307114
BOB7344
BBBTLES
LA@B758Y9
LBB08144
.B3@38448
.BP838741
.BBBI643
.B889353
BBBIET77
28108069
.B9016351

.M3016704
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TABLE VII FAILURE PROBABILITY VERSUS a

a F(a) a F(n) 4
-3.86 311068 T -2.59 .BBA7IEE
-3.4% 3 -Z2.08 424
-3.184 -Z.57 .BB5E39

-3.03 -2.56 IBSZEIE
=388 IH1Z -Z.5% LBE53842Z
-3.91 LHBL3EAS -Z.'54 L BES54Z4L

-3 LBP135 -Z.53 BBS7831
-2.79 LBB1E95 -Z.52 LHASELTE
-£.78 L1481 -2.51 LBBEB34G
-Z2.97 LHE14E91 —e D BBLZEE9T
-Z.96 LABLSEE3 -Z.49 LBPLEBTZ
-2.99 LBB1SREY -2.43 LBELS5ETL

-2.74 L@E16a1l -2.47 BBL7557

-2.73 LPB1LT47 -2.46 BHETEED
-z.92 3317502 . -2.45 L GB71478

-7 .71 LAE1ERT7E -z.44 BT 3436
-Z. LBBL1BLTY -7.43 LB3754%4
-z .39 L1923 -Z.42 LBBT TG

(s

A1 LBB17934 -Z.41 LBBTITES
-2.37 JBBZBSE4 -Z.4 LABS1975
-Z2.36 LBPE1183 -2.3% JIASAZAE
-7.3259 PBBELBL -2.38 LBOSALS63
-2 HFEZTET -Z.37 .B@3594
-Z2.23 ABEILZTS -2.36 LBBI1375
-Z.e JHBEABLIE -Z2.35 LBP93867
-Z2.21 BB Ea771 -Z.3 389464153
-Z.8 LBB29952 ~-Z.33 @993t
-2.7% SBEAEEES ~Z .32 131704
-Z2.78 BB -ZJ3l .0108444
-2.77 HABIRBZY -Z.3 .B187241
~-Z2.76 LBEERYEL ~Z.E9 L1131046
-2.79 JBBERTIR ~Z.22 .3113838

-Z2.74 BBIBT7L C~E. 2116833
-2.73 LBB31ALE ~E.26 LB119184
.72 .BE32641 Y4 . JBLZZZA4
-2.71 LBB3364E -~2.2 3125454
-Z2.7 LB@34467 ~Z.E3 LB1E8737
259 BE357E6 , ~2.22 .B1320893

-2.48 LBB3481Z -Z.2 .B1355E25
-Z.47 BB3TIZE -Z2.2 139034

246 3339671 L.m2.19 3 142621
2.5 .PBABZAL ~2.18 B146287
-2.448 .BB41453 -2.17 .B1586834
-Z2.63 ABAZELETS -Z2.16 3153843
~T.h2 .. 9BA396S -2.13 LBL1S7775
-2.61 .B1345271 ' -Z2.14 B161773
~2.6 .BBaLL12Z ~Z2.13 . 8145857
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TABLE VII FAILURE PROBABILITY VERSUS o

a F(a) a F(a)

~2.12 LB170029 -1.45 .B3494714
-2.11 .3174291 -1.44 . 3505025
-2.1 LB175443 -1.43 .#5155087
-7.89 .B182p58 -1.62 9526161
-2.98 LB137427 -1.461 B536989
-Z.@7 31922461 ~1.4 .8547992
-Z.04 LBLTL992 -1.59 .#5597174
-z.05 .BZB1821 -1.55 .#570534
-2.84 LBEBLTSI -1.57 .B532075
~2.133 B211788 -1.54 B593799
-2.82 BZ1691L -1.55 .B6B5787
2.1 JBEZZ1DS -1.54 B617501
-z 2275 -1.53 .#630033
, -1.97 LAZ3Z754 -1.32 8642554
-1.93 BE3ITS17 -1.51 0655217
-1.97 .BZ244191 -1.5 -9665072
-1.96 Br49978 -1.49 BEE1121
-1.95% .B2558% -1.45 BLIAZLL
-1.94 BZH1BIE -1.47 B787389
-. -1.93 LB2L20633 -1.44 .B721451
y -1.%2 WIZTAZEY -1.45 3735293
-1.71 LBTEBALLS -1.44 .37439237

1.9 AIET14S -1.43 .B743585 |
-1.39 BZ93757 -1.42 -8778039
-1.38 .B20054 -1.41 B79E4699
_1.:37 .(?’307418 “1-4 -98@7367
-1.56 3318427 -1.3 .BSZZLAS
-1.35 LBRZ15467 -1.323 .BE37934
-1.34 L3325541 -1.3 .3553435
) -1.33 LH334249 -1.36 034915
' -1.22 3343794 -1.35 633503
. -1.31 .B35147%3 -1.34 B901227
3 -1.3 9359302 ~1.33 8917592
e -1.79 BILTTET -1.32 3934174
e -1.75 3375379 -1.31 .B395093
g -1.77 LB3B3IL3S -1.3 8968065
e -1.76 .B392033 -1.29 .#985254
& -1.75 .B40B591 -1.28 1682724
¢ -1.74 . 3439294 -1.27 .10ZPAZ3
" -1.72 .3413151 ~1.26 . 1633247
3 -1.72 BAZ7142 -1.25 . 18546498
" -1.71 .B436329 -1.24 .1674877
i -1.7 .B445454 -1.23 . 1893484
-1.49 .(3455129 -1.22 1112325
-1.43 BAKATEL -1.21 .1121395
-1.47 .B4745%4 -1.2 .1156497
-1.64 .P484572 -1.19 11708232
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TABLE VII FAILURE PROBABILITY VERSUS o

F(a)

1193061
1210005
.1z2z2Az244
12560719
1271421
LA2923581
1313549
.1774975
L1354646L
1372545
.148871
143894
L1445722
1846557
14914699
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LASEZAT A
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L14635431
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17/1835
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. 1943745
LN97L625
.2AdEas4a
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TABLE VII FAILURE PROBABILITY VERSUS a

F(a)

LAB51492
LAFTH4A57
41273554
LALEE32D
LAZBT7463
LAZAESSA
LAZERTEE
225@5
LAZLEELBS
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49/LW4/
SALFLTEN
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3517148
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5467495
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TABLE VII FAILURE PROBABILITY VERSUS a

F(a)
7494974
L79E5235
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G. HP-34C PROGRAMS

The following program listing PL-15 is to be used to compute the
Incomplete Gamma Functions, erf (a) and its inverse, and to solve the
accelerated test rranscendental function (which is discussed in a later

section).
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PL-15
HP-34C
001 25 13 11 LBL A
23 5 STO 5
24 3 RCL 3
25 3 yX
005 24 0 RCL 0
61 x
32 CHS Transcendental
1 1 Function
51 + f(x)
010 24 4 RCL 4
25 3 y¥
) 24 2 RCL 2
61 X
32 CHS
015 24 5 RCL 5
51 +
25 12 RTN
25 13 O LBL O
15 3 x2 1
020 2 2
71 s erf(a) +
= 32 CHS
15 1 X erf ()
25 12 RTN -
025 25 13 1 LBL 1
13 12 GSB B
. 24 6 RCL 6
41 -
25 12 RTN
030 25 13 12 LBL B
23 7 STO 7
0 0
N 31 ENTER 4
- 26 7 RCL 7
3 035 14 72 0 S0
N 2 2
s 25 73 m erf(a) +
' 61 X _1
« v 14 3 " erf ~(a)
o 040 25 2 1/x
r 61 X l 1
- 25 12 RTN
] 25 13 4 LBL 4 Incomplete Gamma Functions
¥ 23 8 sto 8 v(a,T)
¢ 045 15 22 R4
. 23 9 STO 9
- 0 0 i
; 31 ENTER +#
! 24 8 RCL 8
“j‘ 050 14 72 2 J2 q
A 25 12 RTN
3
r"\' 106
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052

055

060

065

070
071
072

25

14

25

13
23
15
23
24

24 .

72
25
13
23

15

24 .

24

25

25

N

W

w . b
WhHHRHOOHFRNONINNKEM®WN®W

LBL 3
STO 8

R¢

STO 9

RCL 8
ENTER ¢+

RCL .1
f2

RTN

Q(a,T)

LBL 2
STO .0
CHS

eX
RCL .0
RCL 9

1
A

Common
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H. ACCELERATED RANDOM TEST LEVEL COMPUTATION

The computation methods in this section calculate the accelerated random
input vibration level X, that will cumulate the same fatigue damage to

a structural element being stressed for T2 hours as a random input

relationship between parameters to be a transcendental function as follows:

1/n8

|
1
vibration level §l for Tl hours. Fracture Mechanics effects causes the ]
half-interval technique. 4

iz is computed by solving the above function. These programs use the ]
INPUT PARAMETERS:

ay = initial crack half-length (inches); NOTE: a; must be ‘
>0.004 inches :
;l = input acceleration rms level at the service environment (g rms) ]
§2 = input acceleration rms level at the accelerated test |
environment (g rms)
; C4 = rms stress per g rms constant (ksi/g rms)
%: Tl = gervice environment duration {(time units)
'i% T2 = accelerated test duration (same time units as Tl)'
! n = damping linearity constant
‘ ] = material crack growth rate constant
é:j Y = geometrical parameter
;‘ A = material sinusoidal fatigue curve constant (ksi)
C = material random fatigue curve constant (ksi)
8K, = material fracture toughness (ksi /in) [.}

R Y CAR



AL I

4 The constant C4 is the ratio of the rms stress in the structural element

that is cumulating fatigue damage to the 'black box" rms vibration input

acceleration level. These programs assume that the puwer spectral density

of the input acceleration retains the same shape at both §1 and ﬁz levels,

expecially in the vicinity of structural resonant frequencies. Otherwise

Q C4 will take on a different value at each input acceleration level. This
is because the rms stress level in the structural element (hence, fatigue)
is related to the square root of the power spectral density of the

acceleration input in the regions of the resonant frequencies.

The constant n denotes the linearity of the structural assembly in relating
3 the rms stress level o of the structural element to the input acceleration

level as follows:

- . - - n
9 Cé4 x 9, C4 X

n = 1 represents the damping linearity system. n = 0.833 represents a
system whose damping is controlled by internal stress-strain hysteresis
damping. n = 1.5 represents a system controlled by Coulomb friction

i damping.

-
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Define

CONSTANTS:

o0
—~
nllNl

o
N
1]
P
wha
=
~—
[\

_n(6 - 2)
by = 1 -b, %
d 1/n8 1/n6
T
b = X 1 1
4 1\ T, b,
L
2
Xy b, M
max

A

A

"’; For convenience let iz be also referred to as x. The value of x

f ! (i.e. Ez) to be solved for is that value that sets the following function
&

! equal to zero:

" fx) = x~b, [ 1-b,x"® "2

X ]

2
“

. -
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X is the largest value of x that will not cause computational

max
problems (e.g. %n of a negative number). It represents the largest

value of x that has practical use. 1If *2 > ;2 , fatigue failure
max

will occur during the application of the first vibration cycle. A
similar practical limit is imposed on the selection of the value for
a;. If a; is chosen larger than aC2 (see below), *2 will be less
than il , which is meaningless for an "accelerated" test.

a. = critical crack size at X
2 2
2
_ AKC
a. = PR inches
2 5 xz
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!
1. BASIC LANGUAGE (PL-16)
PL-16 solves for ;2 .
INPUT DATA:
Al, C4, N, 0, K, Y, C, A, T2, T1, X1
represents .
' ags Cb, m, 6, 8K, Y, Gy A, Ty, Ty, X1
OUTPUT DATA:
X2 = %, 1
] EXAMPLES:
RN
B WHAT ARE A1 T3 yNeTees Yo Do Ay TZoT1r X1
& L@@ Ty Ly I AT @ L7 T 7@ 100 1 1 3G L
' Xi= 7.8
?» 4
i
iyt
‘s read-w
A *RUN
il

WHAT ARE A1 a4 sNsTOyKsY»CrArTZ»T14X1
bl JETSTI AN 2B LT T ED 1B 1y 10361
Xc= 2.837453

LL"' F‘ 'W b .-

.

wd

-

K
]

-




PL-16

10 PRINT " WHAT ARE A1,C4,N,0,K,Y,CsA,TZ,T1,X1"
20 INPUT A1,C4,N,0K,Y,CiA:T2,T1, X1
20 E=1E~-9
40 CS=2#A%C4/C
S50 Bl=(K/(CS#Y))##2/A1
_ 60 B2=(1/B1)##((0-2)/2)
§ 70 B3=X1##(N#(0-2))#(~F2)+1

80 B4= (1/B3)##(1/(N#0))
90 BA=BA#X1#(T1/TZ)##(1/(N#0))
100 M=Bl##(1/(2#N))
110 DEF FNX(X)=X-B4t (1-B2%X## (N#(0=2) ) ) #%(1/ (N#O))
120 H=M

- 130 X4=FNX (X)#FNX(H)
140 IF X4>0 THEN 230
150 H=H/2
160 XI=FNX (X) #FNX (X+H)
170 IF X3< 0 THEN 190
180 X=X+H
190 IF H<E THEN 210
200 GO TO 150
210 PRINT "X2="3X
220 GO TO 240 .

- 230 FRINT"PRYSICALLY IMFOSSIBLE DATA INPUT SET®

i 240 END ’

RS- -
e
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2. TI-59 (PL-17)

Enter PL-17 into the computer; then execute the program as shown in

the following example :

INPUT
PARAMETER ENTER
a 7 x 1073
x) 1
c, 1
T,/T, 103
n .833
8 4
A 180
c 80
Y 1.77
8K, 20
PRESS
R/S 552

For a; = 0.6 inches ;2 = 3.8934211 g rms

Execution time = 2 minutes

114

PRESS
R/S
R/S
R/S
R/S
R/S
R/S
R/S
R/S
R/S

R/S

DISPLAY

= 7.8722755

AT A RN A T R TS b




TI-59 PL-17 LISTINC

LRN

LOC CODE LOC CODE KEY

B
3 ]
3

.

e A." A
-Fgs .
12}

Y RS L

§ @

-

DIt
= I K
e

L
O o W 3 o B o
ril

D
NaN)
L (T 0
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PL-17

: LOC CODE KEY LOC CODE KEY
——- 1 =& 5 T T
=

Lo Ll I

ot
[}

1

O

O F 0 T e

[}

Ja N b

Lot Leb 0

A

AR
I

v

=y
R
[

e s s

“
1 EF) e
1

-4 1T

Ve 0B e 00

U IO N SN

1
e T W]
3

1 I PO PN |
(]

LU

*
P
O T o o e e e e

DN S s S (RS (RN RN n
)
A W A X

Tl 0 a7
sl
D
—

2 ';
e tndif

- o0
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PL-17

‘ LOC CODE  KEY

B

.
2]
=
5 -
- ;‘
i
2 ]
'- .

L

L

N

v OF P e 0 OO0 Tl e e £

4
4
4

(B BOLKEOM ) S SO

D1 N EX I )

)
)
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ACCELERATED 5&2 (HP-34C)

The following program listing solves for the accelerated random input
vibration level 5&2 to accomplish the same goal as PL-16. PL-16 is
written in BASIC language. PL-15 is written for the HP-34C programmable
Calculator. The constants Cg , 522 » by thru b, must be calculated

max
separately as shown below. Then their values are entered into PL-15.

. INPUT PARAMETERS:

ay (inches) 9
551 (g rms) Y
) €, (ksi/g rms) A (ksi)
/T, C (ksi)
- n 8K, (ksi Vin )
CONSTANTS:
AK, 2
bl = —1_ .__c
7
§ Cs = —'_—) Cy
° Cc
3 ¢
£ -
i oo (L
e | 2 bl
¥ |
g . on(e - 2)
™ b3 = 1l b2 Xl
v 1/n8 1/ne
“ T
[ = ._l.. _1..
¥ b, *1\ T, b,
&.« ” l/2n {\‘ :
2 *2 1
i.’ max
b

2
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f(x) = x -

EXAMPLE:

o
1]

HP-34C

nee - 2] 1/
b4 1l -~ b2 X

1.1102214 x 1070 *
9.9888978 x 1071
7.952523
2) = 1.666

3.0012005 x 10 -

It

= 59.35586

R R
I 3 I 4
f(x) = R5 - R2 1 - RO X R5

Two initial guesses: ;1

Program uses 17 lines. Refer to the following page for execution

; §2 (i.e. 1; 59.35)
max

instructions. The solution iz for the above example is:

iz = 7.8691

¢

a; = .007 inches for all of the above parametér values.

a; > .004 inches for these equations to apply.
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HP-34C (PL-15)
Turn On

Enter values of desired f(x)

coefficients intn R0 -+ RQ

Enter two initial guesses for x:
X1
ENTER ¢

max

f SOLVE A

*The value for iz entered should be slightly less than the actual
ma

X
value of iz . Otherwise the program will take the &n of a negative
max
number (which is illegal) and "ERROR 0" will appear. EXAMPLE: §2 =
max
3.0199. For iz enter the value of 3.01.
max

Fy o

o

ol

+d

L]

]

&,

Al

, N
“y
"
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I. SYMBOLS

I'(a) Gamma Function with argument a
a variable
b4 dummy variable, variable
S variable
Y variable
y(a, 1) Incomplete Gamma Function with argument parameters o and T.
Q(a, 1) Incomplete Gamma Function with argument parameters o and T.
y variable
T variable
x2 variable
AR variable

2 -
Qlx”[v)

2 » Incomplete Gamma Function Parameters
P(x“|v) _
Qp(ay ) Normalized Incomplete Gamma Function with

argument parameters o and T.
&

% interpolation variable
W interpolation variable
erf (a)

ol - -

~» error function defined by Papoulis 2 _

erf (a) inverse error function

=
"i F(N) probability of failure in N stress cycles
. z variable
8y <++81, constants

K variable




