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CHAPTER 1

INTRODUCTION

Nickel-cadmium storage tatterlez have been use for

more than fifty years; since World War ii, new Jesign princi-

ples have been introduced which have greatly extended their

usefulness. Many theories and investigations have been put

forward concerning the reaction mechanisms of both cadmium and

nickel electrodes. Because the activity of the nickel electrode

has been more fully characterized than that of the cadmium

electrode, we will focus our attention on the behavior of the

cadmium electrode.

There are a number of methods used for the fabrication

of cadmium electrodes. These methods are usually classified
(l,2,3)into three categories: (a) pressed powder or pasted type(

(b) impregnated nickel sinter type and (c) electro-

chemical impregnation(9I 0 'I1 2). The last method, howe,,er, is

simple in operation and can, in theory, achieve high loading of

active material in a single impregnation cycle at the lowest cost.

In the electrochemical impregnation process, electro-

chemically active material is introduced into the porous nickel
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plaqe by electrochemical precipitation. The plaque, which serves

as a cathode, is submerged into an electrolysis cell containing

an aqueous solution of cadmium nitrate at a temperature near

the boiling point of the solution. The initial pH value of the

impregnation solution is adjusted to around 3 by titration with

nitric acid. (As the pH value of the bath increases, i.e.,

becomes more basic, cadmium hydroxide begins to precipitate in

regions other than within the pores of the plaque, and active

material is lost in the bath, which is not what we want.)

The electrochemical reaction at the cathode during impre-

gnation could either be the liberation of hydrogen,

2H 20 + 2e - 2  + 20H- , (1)

or the reduction of nitrate ion,

H0 + NO + 2e--- - +20H2 3 2

2H2 0 + NO3  + 2e - - N2 +30H (2)

6H2 0 + NO3 + 8e - NH 3  +90H

Both reactions produce hydroxy ions which then either diffuse

away from the electrode porous surface or react with the cadmium

ions present in the pores to form cadmium hydroxide. The cadmium
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hydroxide then deposits within the pores of the porous plaque.

The precipitation reaction is:

Cd+ 2  + 20H- * Cd(0H)2. (3)

There is the possibility of forming cadmium according to the

reduction reaction:

Cd(0H)2  + 2e- - Cd + 20H-. (4)

This reaction is presumably prevented from taking place by

hydroxy ion generated on the electrode surface by reaction (1)

or (2), so that there is no chance for cadmium ions to diffuse

through the solution onto the surface and be reduced to cadmium

metal.

Following impregnation, the electrode is cathodically

polarized in a 25 % potassium hydroxide solution with the impre-

gnated plate connected as the cathode and subjected to low direct

anodic current (0.25 to 0.75 amp/in 2). The solution is maintained

at about 1000C for a period of from 15 to 45 minutes to convert

cadmium hydroxide to cadmium in the pores of the plaque by

reaction (4) or to remove any nitrate ion or other undesirable

reduction products. The active material of the electrode is pre-

sumed to be both cadmium hydroxide and cadmium.



In this work, the electrochemical impregnation process

for the fabrication of the cadmium electrode was examined both

- experimentally and theoretically.

Experimentally, a set of current-density-vs.-time transients

at constant applied potential were obtained for a nickel micro-

electrode. The current density was due to the occurrence of the

electrode reaction (2) and precipitation reaction (3) presented

earlier. For the purpose of identifying the electrochemical

reactions, another set of current-density-vs.-time transients were

obtained using an electrolyte which contained no cadmium ion.

In this case, the precipitation reaction (3) no longer took

place. The reactions at the electrode were the only reactions

taking place.

The transient current responsed in an electrolyte which

contained cadmium ions differed significantly from that in an

electrolyte which did not contain the cadmium ions. This diff-

erence is presumed to be due to the precipitation reaction.

The current obtained in the presence of cadmium ions in the

electrolyte at any time was higher than that obtained at the

same applied potential in the absence of cadmium ions. This

result is explainable by the fact that the cadmium ions in the

solution consumed the hydroxy ions which were produced by the

heterogeneous reaction (2) and, as a result, promoted the hetero-

geneous electrode reactions.
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The experimental current-density-vs.-time curves obtained

in the potential-step experiment were used to identify both

the heterogeneous electrochemical and the homogeneous preci-

pitation reaction rate expressions. The heterogeneous rate was

identified first from the experimental results in which there

was no cadmium ion in the electrolyte. The precipitation rate

was then identified from the e:xperimental results in which the

cadmium ions were present in the electrolyte.

A set of differential equations which described the trans-

port process in the cadmium-ion-free solution was solved in terms

of two unknown constants. The unknown constants, related to the

heterogeneous electrode reactions, were identified by matching

the theoretical results with the results of the experiment. The

precipitation reaction rate constant was then obtained by a

similar procedure.

A



CHAPTEF 2

LITERATURE REVIEW

Impregnation of nickel sinters with cadmium hydroxide,

followed by electrochemical reduction to cadmium, is the most

economical method by which to fabricate cadmium electrodes.

Almost all of the research works concerning this subject may

be divided into three types: (a) manufacturing techniques de-

velopment, (b) impregnation process study and (c) charge-discharge

study.

During recent years, manufacturing techniques, especially

those involving electrochemical impregnation, have employed

widely varying operating conditions(13 '14h15 '16 ). There are

several parameters that affect the electrochemical impregnation

process such as:

1) Temperature: Beaucha-,np (14) emphasized the fact that high

impregnation bath temperature keeps the size of cadmium

hydroxide crystals small, and thereby obtaining a more active

electrode.

2) pH value: In Beauchamp's process (14), the pH value was
closely controlled by buffering the cadmium nitrate solution

with sodium nitrite. Picket'.to in a similar process,

maintained the pH value of the cadmium nitrate bath between

3-5 by titrating the solution with proper amount of nitric

acid.
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3) Current density: The current density, based on apparent

electrode surface, is another important variable. Beauchamp(
1 4 )

used D. C. current of 4-8 amps/in 2 while Bulan (15) used

alternating current of 1.2-1.6 amps/in2 and claims that the

electrode impregnated by alterning current technique retained

more of its capacity after cycling as compared to electrodes

fabricated by other methods. Pickett presents another

technique similar to the above and claims that his technique

yields higher loading cadmium electrodes and achieves about

85% utilization of the active material.

The electrochemistry of the Cd/Cd(OH)2 electrode in con-

centrated alkaline solution, typically KOH as in the Ni-Cd

battery, has been studied extensively both theoretically and

experimentally(17 18u19 '20). Bennion, et al. in their

theoretical development, present two models, the solution-

diffusion model and film model, in considering the failure

mechanism in the performance of secondary batteries using metal/

metal salt couples. They conclude that one mode of failure of

the metal/metal oxide porous electrode is the blocking of the

pore or the complete covering of surface by product crystallities.

Falk (18) obtained X-ray diffraction patterns from electrodes

submerged in electrolyte during charge and discharge by means

of a special test cell. He claims that, during charge, Cd(CH)2

is successfully transformed into Cd metal in the cadmium electrode,

but even after a strong overcharge, this transformation is not
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complete, as indicated by the X-ray pattern at this stage.

Furthermore, Cd(OH), is the end product during discharge and

there is no evidence of the presence of a CdO film which is

believed to be responsible for the passivation of the electrode.

Gross and Glocking(19) summarized the results of recent research

by characterizing the negative cadmium electrode in a nickel-

cadmium cell and evaluating some of the published results about

which researchers still disagree among themselves, such as the

mechanism for passivation, which is an important phenomena that

affects the capacity of the nickel-cadmium cell.

In comparison to the extensive studies on the electro-

chemistry of the Cd/CdOH)2 electrode in KOH solution, there

is little information available concerning the electrochemical

reactions taking place during the electrochemical impregnation

process which uses cadmium nitrate solution as electrolyte.

The only research works known to the author are the electro-

chemical impregnation studies using cycling voltammezry(2 1 '22) .

2 2
They used a 0.013 cm nickel microelectrode and a 0.064 cm

cadmium microelectrode. Some important conclusions of their

studies are summarized below:

(1) There was a large reduction wave at -0.63V vs SCE(Saturated

Calomel Electrode) which appeared only during the initial

negative scan. This is believed to be the reduction of a

solution species to liberate OH- ion in the presence of

Cd+ 2 to precipitate cadmium hydroxide on the electrode

surface.
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(2) A second reduction process was observed at -0.62V vs SCE

during the reverse positive scan. This is due to the reductive

formation of metallic cadmium from cadmium oxide or hydroxide

that was deposited on the electrode surface during the pre-

vious forward scan.

(3) Some processes (or one of the processes) during the first

cycle effectively passivated the electrode to further electro-

activity. The formation of the gray material at -0.63V vs

SCE, discussed in (1), was the most probable reason for the

passivation of the electrode.
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CHAPTER. 3

THEORETICAL APPROACH

3.1 General

In voltammetry at constant voltage, the current through

the electrolytic cell is measured as a function of time while

the potential of the polarized electrode is held at a constant

value. The current is affected by both the transfer process and

the electrochemical and/or chemical reactions.

A plane electrode is immersed in a solution which contains

a substance 0. At the imposed potential, 0 is reduced to another

substance R at the electrode surface, according to the following

electrochemical reaction:

0 + ne - (5)

The current-density-vs.-time curve obtained at a constant

voltage depends on both the kinetics of the electrochemical

reaction and the rate of mass transfer.

Under our experimental conditions, diffusion is the only

mode of mass transfer. The other two modes of mass transfer,

namely, migration and convection, are insignificant. Migration



11

is eliminated by the presence of a large excess of supporting

electrolyte which reduces the potential field. Convection is

avoided due to the conditions that (1) the solution is not

stirred and (2) the duration of electrolysis is short, so that

the density change has not yet become a significant factor and

natural convection has not taken place.

The dimension of the cell, as compared to the microelectrode

used, is so large that the solution may be regarded as extending

to infinity; i.e., the diffusion process is semi-infinite.

According to Fick's first law, the flux of the substance 0 at

a distance x from the electrode and in the direction perpen-

dicular to the electrode is:

P _(x, t)
0 (x,t) = - DOC( t (6)

Conservation of the species 0 leads to the following differential

equation:

2
SCn ( X, t) = Co(x,t)

-t x 2 (7)

where C0 is the concentration of substance 0, which is a function

of x and t. D is the diffusion coefficient of substance 0,

and is assumed to be a constant.
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When the substance 0 is reduced at a very high rate, by

imposing a sufficiently large potential step, such that the

concentration of this substance at the electrode surface is

reduced to zero soon after the start of electrolysis, the

boundary condition at the electrode/electrolyte interface for

equation (7) is Co(O,t)=O for t >0. Initielly before the electro-

lysis, the solution is homogeneous, and the concentration Co

at t=O is uniform with the bulk value. The other boundary

condition is that C0 approaches its bulk value when x is

sufficiently large.

The electrolysis current is equal to the product of the

charge involved in the reduction of one mole of substance 0 by

the flux of this substance at the electrode surface. Thus the

current density (current per unit electrode surface area) is:

I= nFN0 (0,t), (8)

where n is the number of electrons involved in the reduction

reaction .of substance 0, F is the Faraday constant, and NO(0,t)

is the flux of substance 0 for x=O.

The solution of the above problem is(23):

I= nFDo C 7 (9)
0 0 7, 2

where is the bulk value of substance 0.0hreC
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The current density represented by equation (9) is called

the limiting current density of electrochemical reaction (5),

This is the maximum current density which can be achieved by

this reaction. It was found that if nitrate ion is the only

reducible substance, the current density predicted by equation

(9) is considerably lower than the experimental value. This

contradition is resolved if one realizes that under the experi-

mental conditions water is also reduced.

At any other less-negative potential the current will

depend on the electrode kinetics. Now the condition that the

reducible substance concentration becomes zero after the appli-

cation of the potential step has to be replaced by a kinetics

equation, which is a function of potential and the concentrations

of surface reactant and product. No general solution is available

except for the case when the reaction rate is linearly dependent

on the concentrations of the surface reactant and product23)

3.2 Description of the Model

The real porous electrode is formed by sintering nickel

powder on a nickel grid to form a plaque. The plaque serves as

the cathode, which is positioned in a cadmium nitrate solution

with a pH value between 3 to 5. The passage of the current

produces hydroxy ions which cause the cadmium to be deposited
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into the porous pores. The transport phenomena associated

with electrochemical reactions in a porous medium is very

complicated. The approach here is to study the intrinsic

reactions which take place inside the pores in a simple

flat electrode. The plate electrode is submerged in a

semi-infinite pool of electrolyte so that the mass transfer

problem can be treated as a one-dimensional problem in

the x-direction (perpendicular to the electrode surface).

In the solution side, there is a thin double-charge layer

near the electrode. The thickness of the double layer is
d

on the order of 10 to 100 A. It is too thin to be probed

adequately, and the theory of the diffuse layer is a

microscopic, rather than a macroscopic, phenomena. The

mass transfer region to be considered here is thus located

outside of this double layer.

The electrodeposition process operates on the principle
that the hydroxy ion, which is generated by the reduction

process, coprecipitates with the cadmium ion in the solution

to form cadmium hydroxide crystalloid. The approach taken

here to unravel the complicated sequence of reactions is

to form a model which describes the transport processes

and reactions. The model will first be used to analyze

the experimental results obtained under the condition of

no pricipitation reaction, by using an electrolytic solution

which is free of cadmium ions. The heterogeneous reduction

reaction will be determined. The transport and reaction
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problems will then be examined in the case when the solution

contains cadmium ions. The rate of the precipitation

reaction will then be determined by matching the model's

prediction and the experimental results.

3.3 Formulation of Transport Process Equations

Three ionic species to be considered in the electro-

chemical system are NO-, O- and Cd4 2 ions. In the absence

of migration and convection, the flux of each species is
(24):

expressed as

D= - i C i=1,2,3 , (10)
2 x

where N. is the flux of species i (moles/cm 2-sec),

Di is the diffusion coefficient of species i (cm 2/sec),

C. is the concentration of species i (moles/cm3),

which is a function of both x and t, and i=1,2,3

corresponding to NO3, 0H and Cd4 2 ions.

The equation of continuity of each species is (24)

C i  d N i

i = - i Ri ' i=1,2,3 ,(11)t d t

where R i is the rate of production of species i

(moles/cm3-sec) by precipitation reaction, which occurs
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only in the presence of cadmium ions.

Substitution of equation (10) into (11) gives

29Ci  '3 C

D = i Ri i=1,2,3 (12)

It is assumed that the precipitation reaction (3)

can be treated as a homogeneous reaction and is linearly

proportional to the degree of supersaturation. Therefore,

the consumption rate of cadmium ion due to this reaction

is

Ksp
R3  k 3 - (2)213)

where k is the homogeneous reaction rate constant (sec-),

Ksp is the solubility constant of Cd(0H) 2

and has the value of 2x1O-2 3 (moles3/cm9 )(25) .

By the stoichiometric relation of equation (3), the con-

sumption rate of hydroxy ion due to the same reaction is

R 2 R 2 k C- ()2 (14)

Substitution of equations (13) and (14) into 'quation (12)

leads to the following two differential equations

c2 C
= D2  2 k 3 ]Ci)O'"t- 2x - 2 )
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Ksp-cRD r - (16)
t 3 x2 3 (2)

For NO3 ion,

SR1 =0.

Equation (12) for NO- ion may be reduced to

3

t O 2 (17)

Only two of the three differential equations need

to be solved for the concentration profiles, due to the

electroneutrality condition (2
4 ):

2C-C -C2=0 .c(18)

Substitution of equation (18) into equation (15)

gives:

- X2  2k (C+ C2) 2J • (19)

Equations (17) and (19) are solved simultaneously

to obtain the concentration profiles of C1 and C2, i.e.,

+2:O and OH ions. The Cd profile can then be obtained by
3 d1

equation (18) from the knovm profile, of I ancl C-.

A set of differential equations, vinich are simpler
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than equations (17) and (19), ars obtained when the elec-

trolyte contains no cadmium ion. In the absence of cad-

mium ion, the precipitation reaction (3) can not occur;

thus, Ri terms are all equal to zero. Equation (12) is

then reduced to;

bci =D.'C i=1,2 , (20)
Zt i Dx 2 9

in which i=1,2 corresponds to NO- and OH- ions.3

Equation (20) is written for C1 and C2:

CI =1 
(21)

Dx 2

2 = D 2 C2 (22)
a t x 2

The other condition, the concentrations of various

ions at the electrode/electrolyte interface after the

start of the current flow, has to be described by the

electrode kinetics of the reduction reaction of NO- ions.
.3

3.4 Electrode Kinetics

The possible reduction reactions are numerous, as

shown in equation (2). Since in e,.ch reaction, OH- ion

is generated, we will represent the production of OH-
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ions as the following electrochemical reac:ion:

2H20 + NO 2e ---- :02 + 30H-. (23)

Because there are two electrons involved in the reaction,

it is likely not an elementary step. Let's assume the

reaction comprises two elementary steps, each step involving

the transfer of one electron, and a dissociation reaction:

NO 3 + e H2 _e__ 01 2 2 (CH)2 (slow), (24 a)
Kal

(OH)2 + e- - 20H- (fast), (2LIb)Ka2

Kd  ( :-

N0 2 + h20 HN0 2 + OH (fast), (25)

where KcI and K2 are cathodic reaction constants, and Kal

and Ka2 are anodic reaction constants, respectively. Kd is

.he dissociation reaction constant. (OH)2 ion is an unstable

intermediate ion which im4m ediately enters the next reaction (24b).

The rates of these elementary steps should always be propor-

tional to each other. For the elementary steps listed above,

reaction (24b) should occur once every time reaction (24'a) ccurs.

Let I and I" denote the cathodic current -dnsities

of reactions (24a) and (24b), and ra nd r2 denote the

reaction rates of reactions (24a) and (1-4b), respectively.
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Then, -rne r:ea-ionsniL e-wee. -r and surface Lon

concentraticns of N - (?" 2  " h- Dear .. e.emen-ay

step (24a), may be writen as(26)

-1 nF F
- = -="

Similarly, for reaction (24.b), one has:

0 0

a!,~ ~.-} x ex-.)

where #,ard @ are symewy f'actors represenzing zhe fractions

cf' applied potential V1 which promotes the cathodic reactio.

S -are the surface ior. -oHcenratios zf

N ,() a.d O- or the electrode s(r-ace.

Since reactions (24a) and (2asb) occur -t e same rate,

we have s

K I 12 -- 1- 3 -



2.

where I is overall current ersiny. o A further assumed

that reaction (24b) is fast, and is essentially in eqilibrium.

From equation (27),

[no~H_ • exp = ", ')

a22 
-

282a

and -7- "r overall reaction rate. (29)

Substituting equation (28) into equation (26) and

combining equation (29) gives:

I = =Ka a2 O exp (2-P,)F

2F Kc2 L RT

- c 0 2 oexp [ T ] (30)

Frcm reaction (25) one may write

0 0°

Substitution of the above expression in-o equmaion 3C; leads

tot
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I r = al K M 2c exp )

C~ L 3 1L2)L.

K00 [C F2 V]R

cl1CN3 H2)eD 2()

This is an overall expression of the relationshp

among the current density, surface concenvrations of ions

involved in the reaction (23) and anlied potential, When the

applied potential is kept constant and the surface concentrations

of H 20 and r-4O 2 are almost constant, equation (31) is simplified

to:

I
rK 0 3%i -~ C0 (31a)2F =r = K 2  cc -1[OOI

where K2= al a2 'i10' e [ 2-to, Y
Kc2Kd H2 RT

K= Kc c i 0 expr- ,F V] .

One can see from equation (31a) that the reaction is

third order with respect to OH- ion and first order with

respect to NO 3 ion. Equation (31a) will be used as one of
3

our boundary conditions to be discussed in 7he next sec-,ion.

3.5 ...... and Boundarv Jo-diions

7or both cases, i.e., electrolyte containing cadmium



23

ions and electrolyte containing no cadmim ions, two initial

and four boundary conditions are needed to solve the differential

equations (17) and (19) or (21) and (22).

At t=O, the concentration of each ion is equal to its

bulk value at each point along the x-direction. The initial

conditions are as follows:

1. at t=O, CI= C1  for all x,

2. at t=O, C2 = C for all x,

where the superscript "b' denotes the bulk condition,

The first boundary condition is the consequence of

the fact that the flux at the interface has to be equal to

the rate of heterogeneous electrode reaction, i.e.:

-D 2 -C,=KCC 3-K ,(2
Di3 J x=O 2 2 (

where superscript "o' denotes the surface condition, 2o

satisfy the stoichiometric relation of equation (23), one

has, at x=O:

3 JA= 2~ =

:his is the second boundary condition, :he t:.er :.c

boundar-y conditions are:
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b
3. at x=o , CI= CI,

4. at x= , C2= C.b

That is, the concentrations far away from the electrode/

electrolyte interface do not change.

The flux in equation (32) is proportional to the current

density as a function of time:

I= -2FD 1 [:] x=0 (34)
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CHAFTER 4

EXPERINMENTAL WORKS

A potential-step was generated from a function

generator and was applied to the working electrode/elec-

trolyte interface in the electrochemical cell. The ca-

thodic current was thus sampled .d stored in memory at
a constant time interval by a microcomputer. The resulting

current/time transient was then plotted by a x-y recor-

der or printed out by a line printer by recalling these

current data from the memory of the microcomputer.

4.1 The Electrochemical Cell

The current transient under a potential step con-

dition was obtained in a three-electrode cell. The cell

and electrodes configuration is shown in Figure 1. The

working electrode was a nickel microelectrode. it was made

of a nickel wire which was pressure-fitted into a teflon

2cylinder. The flat, exposed surface was 0.013 cm . A

saturated calomel electrode (SCE) and a cadmium bar were

used as the reference and the counter electrodes, res-

pectiveiy.

The cell was filled with electrolyte of either
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4 2
(a)

Cover
Working
Electrode Reerence

CounterElec-trode
Couner -- --~(SCE)

Electrode

200 ml 
--- Bubbler

Beaker

Solutioni ----- _ - Sti-;rrer

(b)

Electrode Ri-- eference

Electrode

(SCE)

Electrode

!u-ber

Figure 1. The Electrochemical Cell: (a) Si-de View, U-) Top View.
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cadmium nitrate solution or potassium nitrate solution.

The pH value of the solution was controlled. Potassium

chloride was used as the supporting electrolyte, The electro-

lytic solution was not stirred during the experiment, so that

the conditions of semi-infinite linear diffusion were maintained.

Two experimental parameters were varied:

1) the ion concentration of the soluzions and

2) the magnitude of the potential-step applied to the

interface.

4.2 The Instruments and Electrical Setuo

The-block diagram for the experiment setup is shown in

Figure 2. The instruments shown in Figure 2 contain the

following equipment:

a) A Princeton ADplied Research (PA) :,odel 1'3 ?otentiostat/

*xalvanostat: In the experiment, the operating mode vas set

at CONTROL E., which means that the instrument functioned

as a potentiostat. The current was measured ,jhile keeping

the potential of the working electrode cons-ant. h.is was

accomplished by setting the counter electrode to -he

required level so that the working electrode pctential was

at a prcgrammed potential %ith respect -o -ne reference

electrode. :he instrument is :r.iied aith a . .cdel

Current-to-7oltage Converter vhich is -he ' c asi: '' plug-in
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module. The M 176 provides a dc voltage -u'sut .,h~hi

proportional to the current, 7he cell current ca ze eitner

displayed on the panel, by a x-y recorder, or monitored by

the microcomputer. Connection -o t.he cell was made through

the external cable. The counter electrode was cor-nected to

the red clip, the working electrode -o the -ree. clp and

the reference electrode to the Elec-romeer zrobe which has

a very high impedance, thereby insuring us that the current

was flowing to the reference electrode.

b) A PAR 'Model 175 Function .enerator: ... s a prograrmable

waveform generator which has two operatingr modes, SWIEE? and

PULSE. The former generates a sequence of triarEzlar waves,

while the latter generates a sequence of step function. For

the potential step experiment, the operating mode .-.as set- at

PULSE mode and the pulse width selector at STEP posl-ion,

The magnitude of the stepfunction was set by the setting of

the B potential (upper limit) in the POTETIAL section on

the front panel of this instrument.

c) An Intel CPU 8080A Bases MYicrocomouter (L:K RA.): The micro-

computer was the central part of the exoerimental setup.

The functions of the microcomouter in the ex-oerment were:

(1) to trigger the F uncto ; .oe-3 en eraor whic h ac Iia-,ed tne

potential step presented earier.

(2) -to sample the current outputs fromthe -or v'er-.er

and store-.-them in- the-,memory.

(3) to convert these digital data ba:--_k into analog sigr..als
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and then plot them on the x-y recorder.

(4) to print the digital data on the line printer.

(5) to store these digital data in the tapes.

The peripheral equipment of the microcomputer include a

CRT (TV screen), the keyboard, a cassette recorder and a

line printer.

d) A Houston Model RE 0074 x-y Recorder: The Recorder receives

the analog outputs from the DAC (Digital-Analog Converter)

and plots them on the graph paper.

4.3 The Comuter Program

A computer program written in BASIC language was used -o

carry out the experiment. The program consiLts of a main program

and a machine-language subroutine called "'YG".. This subroutine

includes an execution statement which generates a trigger signal

to activate the Function Generator. A potential step was then

immediately applied to the working electrode, and thereafter

the computer started to sample and store the current output at

a fixed time interval. The analog signal was converted into a

digital datum by a 12 bits ADC (Analog-Digital Converter) and

then stored in the memory. When the number of samples reached

a preset value, the sampling-routine was terminated, The digital

signals stored in the memory were binary numbers. These dat;

were converted into decimal numbers and then converted into

analog signals,. a-d finally plotted on the x-y recorder and
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printed on the line printer. This was executed by the main

program. The main program and the "4UG su.rou-ine are

presented fully in Appendix Al and A2.

4.4 Experimental Conditions and Procedures

1n the experiment, the initial pH value of the electro-

lyte was maintained at 3.0, which was the condition used In the

actual electrochemical impregnation process. This was

accomplished by titrating the electrolytic solution with a

concentrated HCI solution. The concentrations of nitrate

ion used were 0.0051, 0.0025MI and 0,00125 prepared from either

the iC or Cd(D0O) solution. The cadmium ion concentrations

were 0.0025M, 0,00125M and 0.000625M. All the electrolytic

solutions contained 0,74 KC1 as the supporting electrolyt es

It was found la-er that the electr.olySiS of water made

sir:ificant contri'cuion to the total current, because -the

current obtained was significantly higher than the limiting

current. in order to obtain the current due only to the reduction

of nitrate ions, several .rans with solutions which contained no

nitrate ion were conducted. The solutions used for this turtose

were either water or -.d0291 l d2 2 solution. 3cth solutions

contained 0.1M K'l as the supporting electrolyte. 7nhis :urrent

was subtracted from -he current obtained in -ne presence of
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nitrate ions in the solution. The resulting current is -he

faradic current of the reduction of nitrate ions.

The magnitudes of the potential-step used in this

study were , -.-0V, -0.60V'and'-0.80V versus the equilibrium

potential which was at approximately -0.354V vs SCE.

The experimental procedures are listed blow:

(1) The electrical circuit was set up as shown in Figure 2,

except that the cell was disconnected from the Poten:iostat/

Galvanostat by setting the cell selector on the instrument

to the OFF position. A proper current range was then

chosen from the Current Range Switch to make sure that

the current output would not be overloaded. The Function

Generator was initialized by depressing the INITIAL

control pushbuttom. The initial potential was set at

zero volts.

(2) A known volume of electrolytic solution and an equal

volume of supporting electrolyte, KC1, were added to the

cell and titrated with HCI solution to a pH value of 3.0.

The solution was then deaerated by bubbling purified

nitrogen through the stirred solution for about ten

minutes. The gas continued to pass above the solution

during tne experiment.

(3) After the working electrode surface was polisned by a

3/0 alumina paper, it was rinsed -noroughly with istilled
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and deionized water, and then was positioned in the cell1,

The electrodes (the working electrode, counter electrode

and reference electrode) were then connected to the

Potentiostat/Galvanostat as described in section 4.3.

After the electrodes were correctly connected, the cell

selectot was switched to the EXTERNAL CELL position. The

rest potential of the solution could be determined by

turning the knob in the APPLIED POTENTIAL/CURRZNT section

of the front-panel of the Potentioszat/Galvanostat so

that the current reading displyed on the front panel

meter was zero. The applied potential was then the rest

potential.

(4) The upper limit (B potential) on the Function Generator

was set. The value of the B potential plus the rest

potential was the total potential applied to the electro=

chemical cell* .

(5) The experiment was initiated by running the computer

program. The current/time data were stored in The computer's

memory and -then the results were convzerted to line

printer output.

4,5 Experimental Results

.wo sets, a total of twenty-two runs, were made. -he

first set of-runs was conducted in solutions which contained

no cadmium ion. The second set of runs was made in solutions
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wh-ich contained cadmium ions, For each Set of runs, blank runs

were made in the solutions without the presence of nitra-e

Jon for the purpose of determining the background current

due-to the water decomposition reaction. The solution for

blank runs for-the first set was-water, while the solution

for blank runs for the second set was made by usin.g he

0.00253- CdCl 2 solution.

The current-density-vs.-time data printed by -he H 14

Line Printer are shown in Table 3.1 through Table B.22 in

appendix B. The measured current was converted to the current

density which appears in those tables, This is calculated

by dividing the current by the electrode surface area

0.013cm2.

Tables B.1 through 3.9 are the first data set whih used

potassium nitrate as the electrolytic solution, while Tables

B.10 through 3.12 are the background currents of wa-er used

to subtract from the first data set.

:ables 3.13 through 3.21 are the seccnd data set wnhch

used cadmium nitrate as the electrolytic soution, while

:able 3.22 is the background current of water In tne presence

of cadmium ions.

A series of current-density-vs. -ti.me .rves ',in :rious
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electrolytic solution concentrations and applied overpotentials

are shown in Figures 3 through 6. In these figures, the

current due to the electrolysis of water has been eliminited

by using the routine tabulated in Table 1.

Figures 3 through 5 are the current-density-vs.-time

curves obtained in the solutions which did not contain cadmium

ion. Figure 3 shows the current-density-vs.-timne curves

obtained in a solution containing 0.005M nitrate ion and at

potentials -0.40V, -0.60V and -0.80V from the equilibrium

potential. Figure 4 shows the current-density-vs,-time curves

obtained in a solution containing 0.00251 nitrate ion, and at

potentials -0.40V, -0.60V and -0.807 from the equilibrium

potential. Figure 5 shows the current-density-vs.-time curves

obtained in a solution containing 0.001294 nitrate ion at -0.40V,

-0.60V and -0.80V from the equilibrium potential. Due to the

lack of blank runs with 0.00125M and 0.0006251 cadmium ion con-
centrations and -0.60V and -0.80V from the equilibrium potential,

only one current-density-vs.-time curve was obtained with 0.005"1

nitrate ion and 0.0025M cadmium ion concentration at the poten-

tial of -0.40V from the equilibrium potentlal. This is shown

in Figure 6.

".6 Discussion of Ex:.erimenal Resuls

Some characteristics car be seen from the curves sno,,.rn

in Figures 3 through 6.
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Table 1: Evaluation of Curren t-Densi-,y-vs.-Time Data
Plotted in Figures 3 Through 6.

by subtracting the

Figure is corresponding current from that

plotted density at each ime of i.

Doint in _

(1) Table B.1 Table B.10

Figure 3 (2) Table B.2 Table B.11

(3) Table 3.3 able B.12

(1) Table 3.4 Table B.10

Figure 4 (2) Table B.5 Table 3.11

(3) Table B.6 Table B.12

(1) Table B.7 Table 3.10

Figure 5 (2) Table B.8 Table 3.11

(3) Table 3.9 :able 3.12

S:-ure Table 3.13 :able 3.22



Firstly, the current density decays ,ith time in a

hyperbolic fashion. This is the result of depletion of the

NO3 ions near the electrode surface. Theoretically, there

is an initial sharp rise of current associated with double-layer
Charging (27 ) due to the application of a potential-step. This waS

not observed in the experiment, however, because the time for

charging is usually very short as compared to -he electrolysis

time.

.1

Secondly, the sharp current drops in the beginning indicate

that very sharp concentration gradients are established for the

nitrate ions and the hydroxy ions as soon as the surface

reaction (23) takes place. The concentration gradients are

gradually decreased due to the diffusion layer extending in

the direction of decreasing concentration gradients. The

result is that the decay of the current density is not as fast

as in the beginning.

The curves for the case of potential at -0,80V from the

equilibrium potential and solutions containing 0.00257 and

0.00125M nitrate ion, as shown in t oe upper-most curves in Figures

and 5, respectively, are somewr.at ifen f.o. tne other.

These two curves do not follo, the same trenc- as tno _ lover

potential counterparts. It is suggested that the reactant,

nitrate ion, near the electrode surface, is used u in a very

short time and another reaction must be taking olace. -
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behavior is the most Droncunced as sho'wm in the upper-most

curve in Figure 5. A maximum current is observed at time

equal to about 0.5 msec. This curve thus strongly supports

our explanation that some other reaction is taking place at

that time. On the other hand, the absence of this behavior

in the curve for the case of 0.005:4 nitrate ion shown in the

upper-most curve in Figure 3 suggests that the nitrate ion

concentration near the electrode surface is not zero.

Two parameters were varied in the experiment, i.e,

tne concentration of the electrolyte solutions and the value

of the potential from the equilibrium potential (rest potential).

The changing of either the bulk concentration of the electrolyte

solutions or the overpotential that is applied to the working

electrode will change the value of the current density. For

a given bulk concentration, the increase in the applied over-

potential increases the electrochemical reaction rate on the

electrode surface. The effect of the applied overpotential on

the current density can also be observed in Figures 3 through 5,

In each of these figures, a plot of the limiting current-

density-vs.-time curve is also shown. The. .lmitIng c r ren

density is calculated by equation ( with -he corresponding

sulk concentration of the nitrane ion. Recall that the __.,,_4 :--n.-

current is defined as maximum curren- one can octain as 7ne

applied overpotential is increased. --he surface concentratz'n

of the reactant for the case of limiting current is, in fact,
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zero at any time. After examining -iz-.res 3 "hrough 5,ie find

that, for the case of -O.80V, some of the values of current

density exceed the limiting current density. This phenomenon

becomes more si-nificanz when the bulk concentration of pota-

ssium nitrate is decreased. The reasorn for this phenomenon

probably is that at the high applied overpotential, many

reactions can subsequently be expected to take place. The

maximum current appearing in the curve for the case of -O.%V

is a result of this behavior.

When the applied overpotential is fixed, the hetero-

geneous reaction rate constants in both the cathodic and anodic

directions, K, and K2 , are fitted. The supply of the ni;zate

ions on the electrode surface comes only in the way -f diffusion

of the nitrate ions from the bulk solution. increasing the

bulk oncentration will increase the rate of nitrate ion supply

to the electrode surface, thusly increasing the current density.

Figures 7 through 9 show the effect of the bulk concentrat7ion

of the electrolytic solution on the current density with fixed

applied overpotential. From the three figures, we can see that

the current density is approximately proportional to the bulk

concentration of potassium nitrate, except for the case of -C.3CV.

-hen electrolytic solution ccntains idmium ions,

different set of resuits was obtained. The exper1mental

current-density-vs.-time curve obtained in a ).CC2_4



44

01) 0

a 0 0I

- 4- +3I -

S4 S4J W'

0

0~~ 0 0
.-H *.c*io

1- 4-3
+ -04 4 ' +' 4-'

4- "-4~~~~ 4-C0 0

~, 4' 0 -~ .-4-

a~ a~ dz a s i a



S0 0
Ix")~

4  
00

00

0~ .0 .0

0) +) -P 0 ~
II I4 $. 4

+j - +3 30H 11z

jI 0 z

//1 C
~ 0  0 07

4 I-4

No 0 C*

0 00 00 0

- ca.

00 -~ %



46

0

0

0, 0 0 0

C 0 0 31
o o o ;o

II II II I U -4

a soO 10 -

S,- * 
.O.\_

l + -w . -a • : ,- .

C) I2
C) 42 0 --. .-

o r~* 'o

! ©C II. -

-1 0 0 0 i i 0

• e • •• •

-!- 42:2 :I

iH .-

1\ 4

.4 . -- -



47

Cd(N0 3 )2 solution and at -O.40V applied o-erpotential is shogn

in Figure 6. In addition to the electrochemical reduction of

the nitrate ions on the electrode surface, a precipitation

reaction also takes place in the solution because the cadmium

ions in the electrolytic solution car. coprecipitate with the

hydroxy ions produced by the electrochemical reaction on the

electrode surface. The current density is expected to be

greater than that when the cadmium ion is absent from the

electrolytic solution. Figure 10 shows the current-density-

vs.-time curves obtained in a O.005M igi03 solution and in a

0.0025M Cd(N0 3 )2 solution. The applied overpotensial is -O.-O*

for both cases. From the curves, one car see that the current

density obtained in the 0.0025M Cd(N03 )2 solution is larger

than that obtained in a 0.005M KNO 3 solution. The reason for

this is that the consumption of the hydroxy ions due to the

precipitation reaction establishes a driving force to produce

more hydroxy ions and Thus promote the electrochemical reaction.

Some interesting facts may be seen from the figure. Firstly,

the difference between two current densities increases as time

increases, finally reaching a constant difference; secondly,

the rate of decrease of the current density wit, time is slower

for the case of using Cd(N0 3 )2 as the electrolytic solution.

One may thus obtain a larger steady state curren, densi ty usn-

Od(N0 3 ), as the electrolytic solution.
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CHA?; ER

NULVMICAL SOLUTIONS

OF THE THEORETICAL MODEL

5.1 Orthogonal Collocation .,:e hod

There are many numerical techniques which can be used

to solve the differential equations of the theoretical model

presented earlier in Chapter 3.

Orthogonal collocation method was selected as the method

of solution. The orthogonal collocation method requires very

little implicit mathematics and results in a large savings in

computer time over the common finite difference scheme such as

the Crank-Nicholson method. A brief description of the ortho-

gonal coilocation method is presented in Appendix C.

5.2 Working Ecuations

5.2.1 Dimensionless Form of the Differenia, 7cuations

The orthogonai collozation method requires the region of

solution to be restricted to t.he interval CJ,I ). This is

accomplished by normalizing the spatial variable '-.v the
parameter, J, the diffusion thicc.ess, :i
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The concentration variables are also reduced to t e

dimensionless forms:

1 2C C

the dimensionless time is defined as:

D 2  .

Sub stiuting the above dimensionless vriables into e-ua cns

(17) and (19) and rearranging leads to the following dimension-

less equations:

C

* 2

S - - 2.K (C C

2S ___2_ 
2

where K= - and DKsp= Kz p

o2 (c )T

are the dimensionless homogeneous reaction rate constantz. and

solubility product, respectively. Similarly, equations (21

and (22) become:

* 2 C *

p - --
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The initial conditions are:

1. atT=O, C1 =i, for all 0 _ 1,

2. at'b, C C b for all 0 < < 1.2. t := , 2  = 2/C 1  ,_

The first two boundary conditions come from the dimensionless

form of equations (32) and (33):

1 D1 c? I_ (C 2o)3 KC- * C
1. ) ~i] IL= [2 1C) 2~ 3 M ) 01 ,

-C 2

D 2  =00

The other two boundary conditions are:

3. at =, C1 =1 , for 0,
*bb

4. at 1, C2 =C2/Ci, for > 0.

5.2.2 Discretized Eouations

The solution is approximated by a (:'*2)th-order Legendre

polynomial which satisfies -he differential equations and

boundary conditions exactly at N+2 points. :hose roints are

chosen to be zeros of tne Leeendre polynomial of degree over

he interval (0,1) and with the bound-mrv -o-nts 3 arz I.

Discretizing the spatial derivatives a- those moints leads -o
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the following set of first-order ordinary differential equations:

dC 1 D= (L2 Bd D j=l i,j 1

1 21 ..... N-1, (39)

* 2
dC B c 2 ( . ) - 2 X (c

d+ 2 j,' ) -2 -

"2 2"'

i=  2 .. .N 1 , (4 0 )

where i=2,... N+1 are the N interior collocation points

while ! and1 N+2 are exterior collocation points which

correspond to the boundary points a-, =0 and =1,

respectively, and 0= 1< ' i < ' N+2 =, i=2,... N+1. Bi,

is a (N+2) by (N+2) coefficient matrix which comes from the

discretization of the second derivative ( 2Cor

2C2 */ 2 ) at each collocation point. A detaied explanation

of matrix B is shown in Appendix C. C,( , -) and C 2 ( ,)j 2
are the concentrations of species I and 2, respectively, a-

time ^C and position j.
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The discretized equations from equations (37) and (38)

are:

D**

S() B C1  (,z i= 2, .N+, (41)

d" D2  l '

an d

dC 2  N+2 (2

E Bi  C2 ( ,-C), i2 ... N+1. 42)dt" I j=1 ,JJ ' "'

The other four equations are obtained by requiring that the

approximation polynomial satisfies the boundary conditions:

C N+2 . .j,=1 1j11C*

for aii >0, (4-)

K c 1 )c q,1)0, for all ̂ C>, 43)

S* N2 ( N; 2+2) +2/c f
2-! 'for all Z>C, -

N+2tT)= 1

bq
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where A , j is an element of another (,'J+2) by (N 2) coefficient

matrix which comes from the discretization of the first-order

derivative ( or 'C */a) at each collocation points.dervaive( 1 /) or C2  )a

Since only boundary conditiors 1 and 2 (equations (43) and (44))

require the evaluation of the first-order derivative at 1=0,

only the first row of the matrix A, i.e., A1, is used here.

The initial conditions for both cases are the same:

I.C.'s

1. at -c=0, Cl 1 ' ) , j=1,....N+2,

2. at '"=O, C2 (',i',")= C/C ,'2.

5.2.3 Calculation of Current Density

The current density is related to the flux of the nitrate

ion at the electrode surface by equation (34). The discretized

and dimensionless form of equation (34) is:

AF1C 1, 1Ao
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5.3 The Introduction of a Soline Poi- -, -o 7.-? Dic.zcret.zed

Equations

The diffusion thickness introduced in the derivation

of the dimensionless form in the previous section can be

justified by selecting the total electrolysis time such

that diffusion effects are negligible at x=S during that

period. At the beginning of the electrolysis, the diffusion

thickness selected according to the total electrolysis time is

too large. This leads to a concentration profile which is

flat in most of the interval with a sharp drop in a very small

region near =0. This would require a large number of

collocation points leading to a very stiff set of ordinary

differential equations.

This difficulty car, be overcome by the use of a method

called spline collocation(28) based on the diffusion boundary

concept. This method maintains a fixed low number of collo-

cation points in the interval which is very small initially

and will be increased as time increases to account for the

thickening of the diffusion layer. In the regions outside

this interval, the concentration is flat. As a matter of

fact, the s.ne point can be located as close -o the inter-

face as to achieve any desired accuracy(2 ) ,

In order to be sure that the concentration gradient
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at the spline point is zero, the concen'r at ion tne ai-,

collocation point, i.e., the last one before the spline

point, is tested to assure that it is within a very small

range of the bulk condition. At the time when such a test

fails, the spline point is moved further into -he soktnG.o

Introducing a spline point, s, O< :s , a new variatle,

z= / s, is introduced. The discretized equations w.-e obtained

for the case of solution contain ng cadmium ions are;

dT zi 2 Jjl

i=2, -, .N I, (48)
and

- ~( 2) j B i,jC2 (zj,')" -2KI (C 1 (zi, T )

i - 2
+C ~ ~ c 2z i (z,-C: )-

'=2 , ... o(

For the case of solu-tion cor.tainlng r.o cadmium in,

A



dCi

dZ z i s D 2 j=1 ;

i=2 ,'I+N !,( )

i=2,....ii+!. ( 1

Equa-tions ('13) through (46), which come -"- se four "c ', , J

conditions, become:

*1*

. Nb * )

-qain (43. ) i thro,,n (4o) whco ei f>o,~~ e(5orbc2)~
AC -C~ + 3

Vs (z C

;=1 1 1 C2 (Z

for all Z>0, (33)

3. c 1 ( .)= c1 ( 2 .), for all T>, ,3'

3- C2(i ,) C 1 11,+2 r a','
-'D * 2 a -' : "( C z'::

The ini-ial conditions become:

pq
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i.C. 's:

1. at z=O, C! (zi,'U)= 1, i=1,...N+2,

2. at =0, C2 (zi,,)>: c2/C , 1 i ,.N+2.

7he current density should 'e changed to:

= _ ( . 2FD C *

b N+ 2
- 7- A, C.*(z.,T). (56)

s j=1

5.4 Solution Procedures

For the case of a solution containing cadmium ions,

ecuations (48), (49) and (52) through (55), with the initial

conditions, are the working equations used to solve for the

concentration profiles of NO 3 - and OH ions. :he Cd ion

concentration is calculated by -,he electroneutrality condition

in the solution:

£C C3* i, )=
! ( i, ) ( ,- )' 7'
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For the case of a solution containing no cadmium ion,

equations (50), (51) and (52) through (55) with the initial

conditions, are the working equations.

Equation (56) is used to calculate the current density

at each time -for both cases.

5.5 Computer Program Structure

The computer program for solving the discretized

equations consists of a main program and 5 main subroutines.

The first main subroutine evaluates the collocation points

(roots) of the Jacobi polynomial of order N, as well as the

fire and second deri-'atives ,f tne polynomial at -he roots.

:hese derivatives are then used in a :econd z..ain subroutine

to calculate the discretization coefficient matrices A and 3.

The third main subroutine is used to perform a semi-implicit
integration using Gear's routine (2 9 ) . This subroutine calls

4 external subroutines. The first of these contains the

explicit expressions (48) and (49) (or (50) and (51) in

another case) for the discretized counled firs- order diferential

equations containing the 3i - terms; the second contains

uacobian matrix for the same equation; the -ird performs -he

£first stage of Gaussian elimination'- 0  of t.e Jacobian matrix;

tne -ast performs the back subsitutn : :2ussiar. 9.imi..tzon
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of the Jacobian, matrix. The first external sutrou.ine called

by the integration subroutine also calls ano-her subroutine

coming from the IMSL package. This subroutine solves equations

(52) and (53) simultaneously to give the surface concentrations

of C. and C2 . The IMSL subroutine calls ano.her functior.

which feeds the equations to be solved, Before writing he

function, C2*(:1, ) (surface concentration of C2 *) is solved

in terms of C(zi,) i,..N2, and C2 (ziT)

using equation (53), and then substitute into equation (32)

'o eliminate C2 (z,1 9 ). Thus, only one equation wich

contains only one unknown, C2 ( is needed. Cnce n e

obtain C1 (z1,-), C2(zi,") can be calculated easil,

The Jacobian matrices for both cases can also be evalu-

ated after substituting the expression of C2 (zlI ) into

equations (48) and (49) (or (50) and (51) in another case).

For the case of solution containing no cadmium ion, the Jacobian

matrix is:

AI

()A.. s . < ..

(7-21

3J
* -I- ~ ~ ,.~S

I ~ ,A.
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which is a 2N by 2N matrix. For the case of solution containing

cadmium ions, the Jacobian matrix is the same except that

the terms in the diagonal line of the third quadrant are all

subtracted by K and the terms in the diagonal line of the

fourth quadrant are all subracted by 2K( P(2DKsp/C(zi_. ,' )3 ))., C 2

The values obtained from the integration subroutine are

then used in a fourth main subroutine to calculate the current

density by equation (56), The last main subroutine is used to

evaluate the concentration at any desired point between a and 1

-y interpolation using the values at the collocation points

The structure of the whole program is shown In Figure II.

Programs from both cases are listed in Appendix D. Programs

herein were executed on an AMDAHL 470/V6 computer.
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FITTING OF THE THEORETICAL

MODEL WITH EXPE--qlM ZTAL DATA

6.1 The Determination of the Electrocemical eaction

Kinetics Parameters

The unknown heterogeneous reaction rate cons-

tants which appear in equation (52) were determined

from the current-density-vs.-time data obtained in a

solution which did not contain cadmium ion. The di-

fferential equations (50) and (51) which describe the

transport process were solved by computer to determine

the rate constants. Comparing equatior (31) with equa-

tion (31a), one can see that both K 1 and K2 depend on

the applied potential with exponential dependence.

Thus, K 1ad K2 should be constant when the applied

potential is maintained at a constant value during te

electrolysis. K, and K2 were obtained by comparing the

experimental data in the absence of cadmium ion in the

electrolyte with the computer-calculated current density

data.

The experimental curren--density-vs.-time caca



with the electrolyte conaining 0.005Y nitrate ions

and the applied overpotential of -0,40V was first

fitted to the computer-simulated data to obtain the

K1 and K2 values. Due to the lack of information

abou7 the values of K, and K2, rough estimates of K.
2i

and K2 were evaluated by substituting the applied

potential V, which is equal to the value of the applied

overpotential plus the rest potential, to equations

(31) and (31a). The estimated values of K. an d K *;',ere

increased or decreased until the comouter-calculated

current-density-vs.-time curve had the same shape as

the same curve obtained experimentally. (:7ote, tne

background water decomposition current has been suc-

tracted.)

After we obtained the right shape, the anodic

reaction rate constant, K2 , was then fixed. Ey changin;

K,, one can make the entire curve shift upward. --on-

versely, decreasing the K1 value will decrease the

current density at each time point and thus shift the

entire curve downward. A set of current-density-vs.-

-ime .zurves with fixed K, values and different values

of K. are plotted in Figure 12. :he values of K, a-nd

K2 when the concetration of nitrate ions is O.O0OM

and the applied overpotential Is -0.,GV was obtained
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by interpolating "the exreri.er.a. curve tceween those

curves in Figure 12. The values of K! and K2 which

achieved the best approximation of the experimental

data are K1= 0.12 10 - 5 and K2 = 0.6i0 - 5 , respectively.

These values were then used to predict the zu-

rrent-density-vs.-time curves at the other ion con-

centrations. Figure 13 shows the computer-simulated

current density curves and experimental curves at va-

rious nitrate ion concentrations.

The values of K1 and K2 at the applied overpo-

tential of -0.60V were different from those at -0.40V.

The same procedure was used in evaluating the values of

K1 and K2 at the condition of -0.60V. Figure 14 shows a

set of calculated current-density-vs.-time curves with

fixed K2 valued and different values of K,. The value of

H. at the condition of -0.60V was then obtained in the

same way as before. The values of K1 and K2 were deter-
mined to be 0.10 X10 - 5 nd 0.30, C - , respectively.

These values were then used to predict t.e current-den-

sity-vs.-time curves at the other ion concentra:ions.

.ig.Ire 13 shows the comparison of the credicted and ex-

perimental curren--density-vs -time curves.

The reaction rate constan.s a te a:zplied overto-
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tential of -0.80V were not pursued. The reason,whicn

was discussed previously, is that at this high applied

overpotential more complicate sequences of reactions

take place. This simple reaction expression can no-

describe the phenomena.

The heterogeneous rate expression so deermine

is believed to be a correct one. This claim is supported

by the fact that the rate constants, K1 and K2 , are

independent of the bulk concentraticn at a given poten-

tial. This is indeed the case as was shown in Figures

13 and 15.

6.2 The Determination of the nomogeneous Pr::o-

Reaction Rate Constant

:gher current dersity was observed when cadmium

nitrate was used instead of potassium nitrate as tne

electrolyte in the electrochemical cell. The hydroxy

ion produced by the reduction of nitrate io. cocrecl-

pitated with the cadmium ion in tne solution. :ns

increased the reduction reac ]on rate and led -o higher

current. T'is homogeneous reaction ,aas assumed to Ce

... A-elY dependent on the degree of su ersa ua-in o

:admium hydroxide (see Ecuation. Since t_'e P7a-



rogerneous raeact-lon rate consctan-tz H. andz K_. w,-ere- c-*eter-

m.ined, tuhe homogeneous rat.e consts anc-lb evalu-

at;ed '-y ftigthne second set of experlmental. data

wihthe theoretical model t o determine tzne value of k.

Fizure 16 shows the current--densitL-y-vis.--X--7,

curves with various k values while heoth.er zaa:i-.r

were held at a constant value. :he cur-ren7-densit-y-v-,-

.-i.e data o--a-rned in a O.OO25 ' cadmium n- -rate solui'on

a-1t the anD I ie d o ve rno t ent Ia I o f - 0. 4 V is also I l0ote

F igure 10'. Te reactI on raz e const ant,-, was ten ev;a-

luated approximately from Figure 16. *:he most Dbable

nomogeneous reaction rate constant was determined 7o ec

50 sec
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C HAPTE 7

DISCUSSIONS A24D CONCLUSIONS

7.1 Surface Concentrations of Various ions as Functions

of Time

The knowledge of the surface ion concentrations ca, pro-

vide information concerning the electrochemical deposition

process. Although the surface ion concenrations were not

available from the experiment, that information could be

generated by computer simulations.

Figure 17 shows the surface concentrations of NO3 and

CH ions as functions of time in the absence of cadmium ion

in the solution at two potentials, -O.4OV and -0.60V from

equilibrium potential and at a NO3 bulk concentration of

.C05M. In general,the surface concentration of :':03 ions

decreases as time increases, while the surface concentration

of OH- ions increases as time increases. This is due to the
electrochemical reaction (23), in one nira

(23),~ which -w - e' -on..

reacts wth -.wo e ctrons and which produces three y aroxy

ions.

For tne case of -O.4C' overpotenti al, the O- one-

tration increases sharply from the bul'k va7ue of nearly zero
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to about 0.; dimensionless concentration uni-s in less than 1

msec before the hydroxy ions generated are removed effectIvely

by diffusion. Thereafter, the OH- concentration increases at

a slower rate. For NO 3- ions, the surface concentration drops

to about 0.72 dimensionless concentration units from the bulk

value of 1.0 in less than 1 msec and then decreases at a

slower rate when the diffusion car. effectl;vey supply the

reactant for the electrode reaction. The sharp changes of the

surface concentrations of NO 3- and OHr icns cause the shar

decrease of the current density in a short time period in

the beginning of the electrolysis.

At a more negative overpotential of -G.60V, the increase

in surface OH_ concentration and the decrease of NO3 - concen-

tration are even more sinificant and last over a longer time

period. The surface concentration of NO3 drops to about

0.5 dimensionless concentration units and CH conce.raon

increases to about 0.87 dimensionless concensration units In

2.0 msecs. The behavior is the consequence of the higner

overall reaction rate at -0.60V. The nitrate ions were con-

sumed at a higher rate which produced more hydroxy ions.

!onger induction time is needed for di.ffusion. to effect -"

supply the reactant from ,he bulk solutou and remove tr=

product from tne elec7rode surface.

Similar profiles of N0 3- and :H surface zonen.rat.z_.

• , ,.3
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at lower bulk NO3- concentrations were also obtained. ::-ese

are shown in Figures 18 and 19.

When the electrolyte contains cadmium ions, the homo-

geneous precipitation reaction of cadmium ions and hydroxy

ions near the electrode surface promotes the electrochemical

reaction on the electrode surface in the cathodic direction.

This causes the nitrate ions to be consumed at a higher rate

than the case when no cadmium is present. This is shown in

Figure 20 where the homogeneous reaction rate constant is 50

sec . It is interesting to note that the cadmium icn surface

concentration increases initially and then starts to decrease,

This phenomenon is explained as follows. Immediately after

the electrolysis began, NO 3- ions were consumed by the elec-

trochemical reaction which produced an NO3 - concentration

gradient made the NO 3 - ions in the bulk solution diffused

toward the electrode surface. The Cd 2 ions, on the other

hand, moved with the NO3- ions in the same direction in order

to maintain the elecroneutrality condition. In the meantime,

the OH concentration was, however, not so high as to consume

all the Cd+2 ions brought in by the transport process. The

cadmium ions was thus accumulated and resul-ed in a higher

value tha. its bulk condition. As soon as the surface concen-

tration of CH ion raised to some value, Tne surface concen-

tration of the Cd 2 icns starts to decrease because of 4-e

abundant supply of OH- ions consuming the cadmium ions at
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this time.

For the nitrate ions, the surface concentration also

decreases as time increases at a rate somewhat larger than

that for the case of solution containing no cadmium ion. This

is shown in Figure 21. Figure 21 also shows the difference in

the surface concentration of the hydroxy ion between those two

cases, i.e., in the presence and in the absence of cadmium

ions. The initial behaviors of two cases are very similar.

After this induction period, the ion concentration for the

case of a solution which contains cadmium ions decreases at

a more gradual rate as a result of the homogeneous precipi-

tation reaction between cadmium and hydroxy ions.

7.2 Concentration Profiles of Various Ions a: Various ':me

For the case of solution containing no cadmium ion, the

nitrate ions were consumed and the hydroxy ions were produced

on the electrode, the concentration gradients were established

which made the nitrate ions diffused from the bulk solution

toward the electrode surface and the hydroxy ions diffused

away from the electrode surface toward -he bulk solution.

Figures 22 through 27 show the concentration profiles of O

and OH ions with different applied overpotentials a: some

selected times. From these figures, one car, see that -,he

diffusion thickr.ess, $ , increases with time. The diffusion

p t
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thicknesses at various time are listed in Tables 2 and 3.

The concentration profiles of NO 3 , -IOH and Cd+ 2 ions

at various time for the case of solution containing cadmium

ions are shown in Figures 28 and 29. The shape of NO3-

concentration profiles is the same as that for the case of

containing no cadmium ion but the NO - concentration on the

surface is somewhat lower than that for the case of contain-

ing no cadmium ion. The diffusion thickness increases as time

increases.

In the previous discussion of the surface concentration,

the surface concentration of OH- ions increases in the beginn-

ing. During that time, OH- ions diffuse from the electrode

surface to the bulk solution. Figure 28 shows 'hat the

surface concentration increases and the diffusion layer thick-

ness also increases as time increases. Then the surface

concentration starts to drop and -he diffusion layer thickness

stays at about the same value. This is shown in Figure 30.

Table 4 shows the diffusion layer thickness for the diffusion

of OH- ions as a function of time. in Table 4, one can

see that the diffusion layer thickness stops increasing as a

result of the decreasing surface concentration of 0H- ion.

The C4+ 2 concentration profiles 3re sho. in Figure 29,

As the profiles indicate, for each specific time, when the
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Table 2: Diffusion Thickness as a Function of Time
for the Case of Solution Containing No
Cadmium Ion. The Applied Cverpotenzial is
-0.40V. The Nitrate-Ion Bulk Concentration
is 0.005M.

Time (sec) Diffusion Thickness(cm)

0.1235 X10 5  0.25)10
0.6121*XI - 5  0.45 X10 - 4

0. 1758 X 10 - 4  0.80 ' 104

0.3572 Io4 o.15 X10 3

O.1O33 X10-3  0.25 X10 -3

0.4737 X10-3  0.50 )10 - 3

0.1258)(10 -2 0.O8 xI0- 3

0.7417 10-2  0.20 Y1O - 2

0.3946 10-  0 .45 102

0.7032) IO-1 0.;0X13- 2
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Table 3: Diffusion Thickness as a Function of Time
for the Case of Solution Containing No
Cadmium Ion. The Applied Overpotenzial Is
-0.6OV. The Nitrate-Ion Bulk Concentration
Is 0.005M.

Time (sec) Diffusion Thickness (cm)

0.1313 910 - 5  O.25)10 - 4

0.4982 X 10- 5  0.40 ,A10- 4

0.1642)(1o -4  0.70 X 10-

0.3318 XIO - 4  0. 10 x 0- 3

0.1298 Y10"3  0.25 x10-3

0.4407 x10 - 3  o.45)(1O- 3

0.12 5 8-910 -2  0.75 X10 - 3

0.8718 X10 2  0.25 X 10- 2

0.3229 X1O -1  0.45 X10 - 2

0.7004)<10- 1 0.65 X10 -2
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Table 4: Diffusion Thickness of OH- ion as a Function
of Time for the Case of Solution Containing
Cadmium Ions. The Applied Overpotential is
-0.40V. The Nitrate-Ion Bulk Concentration Is
0.005M. The Cadmium-Ion Bulk Concentration Is
0.0025M.

Time (sec) Diffusion Thickness(cm)

0.1236 X1O- 5  0.25

o.6128 X1O- 5  o.45XIo - 4

0.1798 % 10 - 4  0.80 X10 4

o.3513 X10-4  0.15 AlO- 3

0.1017 X1O- 3  0.25 ,10 - 3

0.4856 x io - 3  30.O X10 3

0.1148 XIo - 2  0.70 x1O 3

0.8811 -2 0.85 X - 3

-1  o.85 Y,1O -3
7.4050 X10

0.7031 XI!0- 0.85 X 10 - 3
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concentration near the electrode is grea-.er than the bulk

concentration of Cd+2  its value versus distance from the

electrode decreases slowly in the beginning, then faster, and

more slowly again before finally reaching its bulk value. At

the time when the concentration values near the electrode

surface are stil iger than the bulk concentration, the

concentration decreases to some minimum value at some distance

from the electrode surface and then increases until it reaches

the bulk value. The location of the minimum concentration

point moves toward the electrode surface as time increases.

At sufficiently long time, the minimum point finally reaches

the electrode surface.

7.3 Conclusions

The transport model for the electrode kinetics and -he

homogeneous reaction presented previously has already explained

very successfully the characterestics of the current density as

a function of time for both the case of solution containing

cadmium ion and that without cadmium ion. This model was then

used to simulate the concentration profiles for various ions

involved in the reactions. 'he behavior of the various ions on

the electrode surface and in the solution was obtained. -he dif-

fusion processes were also novwn after examining these concen-

tration profiles carefully. :hese can be summarized as follows:
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1. The current density decays with time after a double-layer

charging. The time for this charging is so short that we

can not observe it by the experiment. The decay for the

current density is a result of the depletion of the nitra.e

ions on the electrode surface.

2. The current density for the case of a solution containing

cadmium ions is greater than that for the case of solution

containing no cadmium ion. This is because the Precipitaticr

of Cd(OH) 2 promotes the electrochemical reaction on te ....

rode surface by consuming OH- generated in this reac-Ion.

3. The current density depends on the bulk concentration ofr nitrate ions and the applied overpotential. Increasing

the NO3 bulk concentration or the applied overpotencial

will increase the current density.

4. The applied overpotential is one of the factors which

changes the reaction rate of the electrochemical reaction

on the electrode surface. increasing the applied over-

potential will increase the overall reaction rate.

3. For the case of solution containg no :admium ion, the

surface concentration of NO - decreases as time increases
3

while the surface concentration of OH increases as time

increases. This is because .110 ions are consumed to oroduce
.3

the OH" ions during the electrochemical reaction on the

electrode surface.

b. For the case of solution containing amum on, -

surface concentration of NO ion also decreases. The

,ecreasing rate is, however, faster than t.hat for the
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of solution containing no dadmium ion Te surface

concentration of OH ion increases in the teginning and

reaches a maximum. When the production rate of CH due to

the electrochemical reaction is less than the consumption

rate of OH due to the precipitation reaction, the surface

concentration of CH- starts to decrease. :o maintain elec-

troneutrality, the surface concentration of Cd- 2 ions aill

exceed its bulk value and then decrease to the value lower

than its bulk value.

7. The diffusion processes for the case of solution containing

no cadmium ion is that tne nitraze ions diffuse from tne

bulk solution toward the electrode surface while -he

hydroxy ions diffuse in the opposite direction.

8. For the case of solution containing cadmium ions, the

diffusion directions for both the nitrate ions and hydroxy

ions are The same as that for the case of solution containing

no cadmium ion. However, the cadmium ions diffuse toward

the bulk solution in the beginning and then finally ch-ar.e

direction toward the electrode surface.

7.4 z:ecomendation for Future .'Iorks

Although the model has successfully explained t e

of -O.4OV and -0. 07, it is not likely valii fcr the :ase of

,%C due to the unexpected _-acafereftics :" e

density-vs.-time curves and t-he :=mpariscn of tne current
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densitj with the limiting case. When the applied overpotentiaL

is as high as -0.8OV, the reaction mechanisms and electrode

behavior should be identified by doing some further experimen.z.

Furthermore, the current-density-vs.-time data at -C.60V applle_

overpotential for the case of solution containing cadmium ions

is not available yet. :t can be obtained by repeating the

experimental work we decribed before. Once the data is obtained,

the model can be used for comparison with the experimental

data.

impregnation process is not as simple as we have used in deriving

the model. It is, in fact, a porous electrode in the real

case. If a micro-porous electrode is possible to obtain,

the experiment can be repeated -o obtain the current-density-

vs.-time data. Once the data are available, the trinsport

processes can be examined for the condition of porous electrode.
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Table B. Curren-.-Densi-v.-Y-STie Za-a for he Case of
Solution Containing '1o Cadmium ion. NTitrate-
Ion Bulk Concentrai on = 0,0054, iniia! pH=3.0,
Applied Overpotential = -0.40V, Rest ?otential
- -0.354v.
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• - . P41 . , I

1 _-:. 4 L ,

* O L JI 4 .1 t := 4

. . . .• I-, ,*.- --.

-IL.. -:, -
..... 43... 447c
000-'7 4O. '.1404

*~~7 
L1~Hr

7 4 .5 5
.CiC0 i1 72 .a 1

* L112 2-. .1

Vl 'l ' 3 ?".T 44

* OlCI14 46 • '47

CIO 1 -
00 ---. .4i.:-

00 i 3J1. -.

* LE, 17 .0 -:

00 11

C' 7-; S,

* -):4 -- --2,

* ,Z0 - :?. 2

.37.

D = 2 7. T-- 1•CO1 ;:':'"-
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Table 3.2 Curren-Zernsiny-vs.-Time E£a- a for -e azm: :
Solu-ion Cor .aing 4o Cadmi,-2 ln.
Ion 3ulc Corncer ra-;c.r~ .oc;: 1ni7,. . ~IH= 3.:,
Applied 0verpo~enrial', -0.607, Res-, Poe.~ia
= -0.354'v.

TI ME C:URRENTl DEEfl7'

.0001 MA

. 0002~

0004

.0005

.0011

0014

*00 1557 7

0016 51.4577

.0017 49 51:
00 1:3 4S.4524'

.001? 4'-.5

0 0: Z.0784

.01 * . 7S

15.5
A* 15. 0%,

.02z, 3.-72%

.024i 14,72

04.: , ? ,
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Table B.3 0Ze.-e~i~-s-~ a~a for e's o:'
SolIuti-on Co- -,a i4nirnl No ra dmium :on. Xra e-
Ion 3ulk Corncentra-.ior.= O.0C45E, 7n- Z=3.0
Applied Overpoten-,ial= -0.8011, --e-st.

-O.354~v.

TI 1 E C:UF:PET r'E' I T'.'

C Ci :C1. 14 "D2,

*i 1C~ ±1 . :1Dr

00 L14 1 4

*7 Cl)i 1

*CIO I.

* 14 31

-. 4

LiI.10l. -.



12-1

-able 3.-' Curer.--es '- --Me :a-a fr e :7 a-s of
Solutior. Co - -r, ..aini. :o :a .'u% Ior., r-,e-
-or, Bul-k Co0nr---e.ri- .a o----------------------

Applied Overpo=e.ial -0, "7, Res z.ozen,:a
= -o.354V.
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Table 3. Current-Gensiy--s.-.ie Za-a for 7he :ase of
Solusion Containing }-o !odniu .o, i-
ion 3ulk Concentra-ion = 0.0025N4, :nia. -: =3.O,
Applied Overpotentia.=-0.60', Rest Potential
- -0.3547.

TIME CiP:: NF' T "N .....
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Tabile B.6 Cnrr; L-Densizy-;s.-::Lze , a'a fr -,e Case of
Solutior. Cortaining :,,o - m '.- .1cr-
ion Bulk Concen.raticn= i.C23., niia 3.0,
Applied Overpotenial= -0.80V, Rest Potencial
= -0.354V.
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Table -'-.7Cr-r-s~r; L ..a-a for -.'- :aze
Solutior~ Corntain-z-g U a-~ lor1. .~a

Ion 3uJ2k Corcenr.ion= 0.301.25D, ----- a':l-=-,O
Applied Overpo-en-,--al= -O.~-'OV, Has- er.i

-0 -.354v.
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Solution Cor. alirn-. :o Cadi,ii~ lr.. Nl-rae-
Ion~ 3ulk Corncentra-!,on= 0.00125,M, Ti-7ial -H=3-0,
Applied Overpo-,en-cial= -0.607, R.es-, Foter.ial
= -0-354V.
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cqLjLI±

cl 1 1 4~-

_4.

-..7* 7
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Table 3. Oren;e"s~-sz :!-=-a f:z: -.n- ase :
3oiuTion Con airi In>7 "o Zad:.iumi '-on. ;~a
Ion 3ulic Corncentra-.Ior= O.05. h~al~30
Applied Overpo- er.ia1= -0O.80V, Fes- o,~:a
=-0.354~v.

T' E~ CU.PI'2

*Lc1Li 1.

01 Ci'14 7: 1'?
*ic 151~

00 1 "s

*Ci~i

* C1141 -

*cii 1 4I4

02i1:~-

C~4 !2.770
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Taze B.10ouc Curren.: ensiny of ;ater, Ti- "
P?= 3.0, Aplied Cverpo:-enia= -0,, es-
Pozsential= -0-3-547

T I j1E C:UP:E .T CE' ITT

* yC, c,- 7. .:

* C'l&IC,:4 1". P 5----

* 0005 14. 6,7-

• ',* i. 74LI

CI 15 7641
0*:,E -. :5

71 C- I ?.-':. .-
0 14 4". F.-',64l

• @@ I d, 7. D6 _,i.
j E 12 -Q.3Q:;

0 14
• LI E::: - -,- ~

*C01 _-O a :

0, , 2 .-, 57:
•0 4 -. -,C.-.

Q 4-
J- '. i.75-

. ". " -. :

70" 2."--,

L'r,,. j.. ",--



'be3,. 3ack round Curren- -es7 of' ' ~ :ia~er. 7

zH= 3.0, Applied vrp-e-_a"=-- 7 e-

?oterntia.= -0. .3 v'p4eV.a -.1T Rs

Arr L RiMF CIN

0007 7.

C ClJi 41 7

00 15 1 4. cl_-

*l 0~~ 1 PS-4

Oc L~1: 1 71i 2

0 LC 4 14.227

* 01tE 7E7m :I

.;11:

'Q 2 4

L7. T-

14 1
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Table B.12 3ackground Current Density of Water. Titia
pH= 3-0, Applied Overpotential= -OSOV, Rest
Potential= -0.354V.

T I ME C:URRENT DENS I T'./
( .EC) (771 r. 1P/'CM'2

* 00 247. 145
* 0002 135. 216
• 000Z 9 .. 5246
L 0014 ".1153,

* 0005 60. 0961
* 0006 52.5:4
*0007 47. .13
S000-3 4. 9453
0009 41. .16
C O 1 6:3

00 12 -5 i:-
.001 34. 1796
00 14 - 42S4

* 0015 2. 3016
* 0J016 31. 5504

0 0017 -0.7992
* 0013 SO. 04:.
0 O019 Z:. 6724

* 002 . 212
.004 5--.6
0 06 13. 9063
S00*- 13. 02,3:

I 01 16. 5213
• 012 15. Z996
.014 14.64:3
. 016 13. :3972
.0181 13.5216
* 02 12. 77E13

.02: 12. 3947
* 024 11.
* 026s Ii. 64'.
* 02:=: 10. :3,92 .-
* 15I0. :-:92.
032 10. 5167

.074 10. 5 16
* 046 .76561
.04 393?
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Table 3.13 Cure--Densi:7y-vs.-i-e 3aa fcr 7e Case cf
Solu-cicn Containing Caiiumn Cr.s. ,;rane-
Ion Bulk Concent r -Ma =r. 0.0057, Ca'..- ro
Bulk Concentration = 0,0025Mi, rLhial I:-- 3D,
Applied 0verpozen.ial= -0,407, .es- Po.er.L-l
= -0.354V.

TIM!E .... E. T E SI... .

15.1 . 6 7
.0001 1.767

. 0006 6057• 9¢0 4-, . 7 4_

.00'07 00.0%7i
0001, 55 21--"

00%l7' 51. 4577
.0i W.07%.

.0011 45.072

.00i12 4.7.0 4

. 014 W.478

.001I5 .--:=. 711.-

. 00 1 76. : -: "

.0017 -. 682
00 !:q,,-; 74.,555...2

7,OZ 77. : -"

3 :0, 24. ,7:%'-

02 . 1? r

.01 Q. 'O,.4
012 1. 5,,-1

i. • --..- . i .=,0 ,

1 .1-: -. W.:
A : .- , -.-.
. 02 Vd 1.102

DW O -16t=.. 707
.00 it :. 75.--.

0-: l -1 . S:_: 7-
-. - 1 . 1.

--Q :: - '"7 .' "
G ME !Z.754
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Solu2ior. Ccn.wn-n".-.. - -
:On Bulk: Ooncensra-.:.- = C,,,Oj:,, ]l-i:Zr

3ulk Concen-cration 0.C025:4, -niial -- 3.C,
Applied Overpo-,entia-'= -0.6G7, Fes- o-na

= -. 354v.

T IME CURR;PE.NT K.NOH iT',.
,"SEC, ,wlm.! CMO,

.0001 -43.5-

.0004 15. 7*

.0005 1- -45

. 0006 125 SW :-2

,00 116.I ~ 4Mr-. TO0 1 es. 5W-:

.000 z'.7 1 OZ. 57:-::

.00 1 57 2?- "-

.-- 4 .. . '--

- 0 . , . 1.9,'._

.00H. 1 7:8.S'76 .

00 O1 T"77.997:

c00: 72. 09:
OW 5 SKi .-

001.0 47. 76.-?

.017.4=4

0 Q.: 12.70,-&Z.;

.O Z3.171

0 4 :4. -

.0:2 --. 57

.0-OZ 20.-_-..

S.07 1-. 15%

.37Z 1,-S.& W -i,;

.3,7_4 1 E. 3zKE::
5W 1Z 7. W7-2

WS.

• OT,': =.-.* ".

I- It
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at ~ ~ ~ .... 1 '1 ) ,y --: s.- .-e :a-= a r a.h za-e o f

Solution Cnc nainIn- Ca4: 1u'- o-, "z ...
!on aulk C -'cent.-'a-i:,-0- Cad ' '- or.
Bulk Concer-cra-ionr.= 000291, .... 3
Applied Overpotential= -0,80V, Rest ?oen-ia
- -o. 35 .

L 0 L' 2 .-,3. 5_-'-

• ¢; ,'. 272.6,-'6

• ii. i04 _-- 7

017. -

:17

CI 1 17 ;:'
.00 1410.
• 0115!4 .9:'
• 0uI1 1 9. 347

00 17

1 ~- 717.;06

• 004 :--.5

Ll l14. ."

07.31

% ;= -.

• 114=

9 : l.:: ,. C.9T0i

• ,.--. . ,-,-,

• .'j-z"_; 4.-4,

024 -,

-_ ::1,;
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MTab 1e 3.1 Curren---ens4t-s- . -a~a for 7,z Case C-
Solu-.io' Corvta -nr'.g Cadm-iumn lon-s. ra-

or. 3ulk Concenr'.a-,*or 0.0025oi, Cad,,U:-ior
SZulk Concen-=a-ior- 0.0012414, In~itial -F= 3.0,
Applied Overpotenei-al= -0O.4,01, Rest m,-orn ' -

- = -0.354v.

71I ME C;UPPFENT CE N-:17;

C, QILCI1 7 5 1 Li:: 1 -

*~7 555Ci 'i

CI L~1~

Ci QL 1 -2's.*?1

C10 14 17'. 657

V1 1'. 15V7

C4 CC1:3 15 .
15. ,?M,:

0 1A ~--

IL ',-F .

LITO,



Talcle .1 7 Curre-ens--yvs.-:-*me Za-a focr tea
Soli~uicn- cari~Cd..~~a~.~iae
!on~ -Bulk 0orcer.Ira~ior= Ca0025V1, Ca.nLrm-7zr.
Bulk Corncanra.-;or= 0.00125M, 1nri7iaI~ zH= 3.0,
Avv-lied Overzo-.erv al= 0.O, st ?o~er.tial

-= -0 O.354V.-

* ciL>~2 174. ;:

7i~tfl 1~753

C, 4 -

*~~ 0ci5. T-7,4

CIO 17 48;. 5744

1 C11J4 45 . 44,~

*ic c1 5 4: . 4 !1:7,

CIO 1.

CI 1c' 4 4

-1.4 39

1 !- 0

17~

7::.L

7, M-
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Bai .18 r:r.-rsiv.ie a-a fr- ,he -ase of

!anr' 3u Corncentrawion= 0 .O02:-Y', Cadmn - r-.o
3u±k Cocentration= 0.025:, lni.al 7..= .D
Applied Overpo-,en-tial= -0.307, Res-. Potenral.
--0,354v.

TIME CUPP:EN4T GEN!7.-

* ~~~~M CII~ mZ.C1.

.0001 751 .06

.0 0 -rc: i. 9.l ?

.0007U 1847

.- 000S 41.s

.0011 10 . ON.

.04 9.2 ,O=I
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3.1a-- for Ch ase Of

able 3.19 urr er-Densiy-S .....e -~-~ W e .I
Solutior Containing Cadmium ions. iz-z

or. Bulk Concenration= O.00125741, -ad:-4, Tc.

Bulk Concentration= 0,C00625d, nira pM= 3.0,
Applied Overpotential= -0.40V, Rest Potential

= -0.354v.

T I rE .LF EHT DENS I T'Y

E L )I1 riL:':. 17_

.flH2 .1. '.41
* 0C1,3 45. 4 4 7-6

,0004:, O I - ,_

L Xi II .. 5237

CO 127 , 15.. -.7 5

0 .1 14. r'-4

.00 14 4 . 7. 22*.. . . ... . , I '

.O~ii 14. £.

.00 1 14. 5.421 1

C1 O 1 -. 12.-1 C.1770
C10 17 1 . 1 7 .3-7

. 001:6 12.09

C IO ' 1. 1-.
* 002 11

* 00,4 . -: T 1

.0,1 4. .....
.01.

.0 14 4.:::2=

.1 " 7 1-
0• 0:Z2 1 i. 7-.4

.012 4 '-
0~ 1~ -',

024.?.-

. *--.- -'. 0
7.~

.-7 - .-.

A1 4
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So2.Lcn' a-i~ 2anzainin .:rn.-
Ion Bulk Concentazicr= CaO~ mi, O'- ;-z
Bu.lk Concenvra,.io. O.006257,, :n!7al pH= 3.C,
Applied Overpo-centia>= -0O';, Res-.: -o-,en-.al

TIME CUFFEN7 NO

* :c~MOM

Q :-: 
4 S.45--

.001, 4:. 104
.001 1 40.?40T4
.0012 79. 43-:

.00i147j721

' . 70 1

QOZ 7079

Q i 4 15. %

W.M

GZ- 1 -. A

.M 77.

A-_______



Tabl.e 3.21. Cur:es~-s-~e a-a for: :eaze of

!on Bulk~ Concenr-ra.cr .C223,Ca u-
3ulk Concen-.ral--or. 0.00627-14, Inr-4-,al -E= 3.0,
Applied Overpotenr.tal= -0.807, Rest ro-ten-.al

7 1ME C.UPIPEH7 CDENSIT'.

*L~c~cI :47 1E'E

000 140. 47-4
* l 120

O07 1 52.41:

Q Li I bQ. 1-:'

.0011Z..

.00 15 . 7

cici 17:

7i* --i 1- .

.0014 51Z:3

-15 E. 52'4

CI'C.

.02:1
Z~ ::::

07 -4 .I-
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Ta~ 3. 22 3 ack,;:rcund Cur-ren-, Dens i-y o i- ari
11resernce of Cadium Pzr.. Cdizc.z
Corncen.tatior= 0,0025*v, :~~a ~~3.0,
Applied Overco-cen.-al= -. ORes-.o~r:i2

-0 -354v.

TI 1 E DENP~4 'TI T'r

* LCIO,2

5 4 CI:1 3

7 CiCU I 3"
00C 11 1 ;7 i-:

004 1-,1 .14
CICI 1 , . 7

OI

I 4 4. 17,6
01 , 4. 17 1

T . - 5 -;

*~~ 7~ L4;::l

kl .r:

_______;
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A BRIEF REVIEW OF CRTHOGCi'AL COLLOCATICN .73THOD
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The method of weighted residuals, "AR, is a general

method for obtaining solutions to equations of change, in

our case, Fick's second law. In the MWR, one assumes a trial

function, usually a set of weighted polynomials,substitutes

this trial function into the differential equation and then

selects the coefficients of the polynomial terms by specify-

ing that the residual be zero, on the average, at cerain

points. If one evaluates the differential equation at the

zeros of an orthogonal polyomial, the residual will of

necessity be exactly zero at these collocation points. By

increasing the number of collocation points, the trial

function would satisfy the differential equation at more and

more points(1).

The polynomials selected for this work are "shifted"

Jacobi polynomials defined by

11 Ai(-x)P( )n (x) Pm (x) dx = 0 (1)

A general diffusion problem can be formulated as

y D + f(y), O!x <, 0<. (2)

( ) 3.A. Finlayson & Richard 3ellman (Ed.), 'Oathematics
in Science and Engineering', 701. 87, Academic ?ress,
New York, 1972, pp 9.
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with the boundary conditions of -he form

y(O,t)=g(t) (3)

y(1,t)=h(t) (4)

and initial condition such a2

y(x,O)=p(x) (5)

For a mass transfer problem D would be a dimension-

less diffusion coefflcienz and f(y) would be homogeneous

reaction term, Geometric considerations indicate zhat

0 = =0 and mathematical considerations indicate that a

suitable but not unique trial function is (2)

Y(Xt)=(1-x)Y(O,t)*xy(i, t)*x(-x) La (t)P. (x) (6)

The P.-, of equation (6) refers to one member of a

complete set of polynomials. Table C.1 lists some Legendrt

polynomials, the special case of equation ( ) here N =

and their roots . oze tnat a -egendre polynomial of iegre

has N real, distinct roots o-, tne interval 0 < x < I.

*) z.A. Finlayson ichar(' e za., KiatheMa-i~s
in Scierce and Engineerin Vo-, ' ;o7, : ... emic -ress,
Ne'w York, 1972, pp 105.
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TABLE C.1 Legendre Polynomial and Their Roots (3 ).

P N Roots of P

N -1 N-1

1 -1+2x 0.500000000

2 1-6x+6x2  0.2113-4865
0.788675135

3 -1 12x-30x2 +20x 3  0.112701665
0.500000000
0.887298335

4 1-20x+90x 2-140x 3+70x 4  0.069431844
0.330009478
0.669990522
0.930568156

(3) John Villadsen, 'Selected Approximation Mlethod for
Chemical Engineering Problems', Reproset, Copenhagen,
Denmark, 1970, pp A3 and A4.

F,
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It is evident that regardless of the value of N cho-

sen one can always rewrite eqn.(6) in the general form

Y t)- _x~j-b--(t) (7)

j=1

One could at this point, as is normally the case in

using MWR, obtain the coefficients b (t) by substitution of

eqn.(7) in the differential equation whose solution is de-

sired. However, the computer programming is greatly simpli-

fied when they are written in terms of the solution of the
differential equation at the collocation points, y(x ,t)

where i=I,2,3...N+2, and each x. is one of the N roots ofi

the polynomial or one of the two boundary values. So in

terms of the N+2 collocation points we may write:

y~xNO) x - b -t) S

1e now have an approximating polynomial function which

.:e will force to fit our partial differential eqn.(2) at

the N-2 collocation points (i.e. choose the bi(t) so that

our partial differential equation is satisfied). :n order

to do this we will need both the first and second derivatives

with respect to x. :hese derivatives can be caiculated ex-

plicitly in terms of x since we have already defined tne

dependence of - upon the spatial *oordinate,eqn.(, and .

It is easily seen that if one considers all the co-



ilocation points, xi, equatiLo '8) represents one :memcber of

a set of' equations:

-- Ib
Y(X. Zx (9

j=1i

One Y( ca see- ,ha th et)n iei etra

bena v cr. s~ e et az the letbar,% represn a vect=o n

a bouble bar a matrix, zhen the set of eqns.(9) rohi.

can be written as one equation in this sipiidnotati.-on;

'Nnere ~ =~

:h"e fl's- und second deivteswtr eszect, t.Z)

may tneen Ce obtained fro-m equiatior. 17:

dx
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dx 
2

where C. dx and D d
it' dx ix dx

it is now simple to solve for b(t) the vector of b2(t)

coefficients, since simple rules of matrix algebra apply in

this notation. Equation (12) yields

Q y(t)

Substituting this into eqr.s.(!3) and(14) gives

dy(t)= = =-I
dx yC Q (t)= A y(t(15j

dy t)t)dx 2

where A= C *- and B= D Q or in terms of the i-:h zolo-

cation point, after some simple matrix multiplication,

dy x,  t) +--

dx x i
N-2

411

I i j=1



136

One can therefore express the s:a-iai derivatives in

terms of the trial function at the :12 collocation points.

Equation (16) can be directly applied to some diffu-

sion process such as that described by ecns.(2) through (5).

Equation (2) becomes

d'It)= k35- f(y(t)) \:9)
dt

where the vector dy(t)/dt represents the set of time deri-

vatives at the Nt2 collocation points. 'Ze note zhat there

is no explicit spatial (x) dependence in eqn.(19). 3y assum-

ing an explicit polynomial in x, eqn.(6), and evaluating it

at specific values, the collocation points, zhe problem is

reduced from a partial differential equation with two inde-

pendent variables to a set of ordinary differential equa-

tions.

One car expand eqn.(19) into its separate members to

solve the problem. For the i-th collocation point we can

write, according to ean.(19),

for = : -"',x: ,t , 20'

d V

for i= 1,2,3,, ..>2.
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One now considers the conditions at the boundai'ies

x 1=0 and xN+2=l. Since these values are known from the

original problem i.e. eqns.(3) and (4) one can subtituze

the boundary conditions in ean.(20) to obtain

dy(x,)r rB. B,

B i,jy(x i, t)] + f(y~xi,l))
j-I

for i = 2,3,4...N+I.

One should note that g(t) and h(t) are included so

that the boundary conditions may be time dependent in which

case g(t) and :It) would be known or easily obtained. The

diffusion problem has been transformed into a seT of ,

simultaneous first order ordinary differential equations

in N unknowns with initial conditions and can be solved

numerically by a number of standard methods on a computer.

Evaluation of the current at an electrode, i= n.AD =Oax'i~
can be obtained directly from eqn.(17) once the concentra-

tion profile is obtained.
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C TI~i?aJGAM SUL7ZS auTaj(50) TIU' J~ 53) il.i ,

1 .1 IT!A L Z J qD Ili ON5J2 JS 1 .1G SPL:L'E F2LXT(' '00 ,-,z~
C CA.3z ok, rHz £L,,crs0LYTE CONL'AININ,; AU CADAUJ1" 101.

-C S*2LUATIUNS (,-J) A:ID (51) AiCDicarL.' FlaST-oR.)Ei C
Z: ORDlkiARY DIFFERENTIAL EQUA'Iods v.HICH A.2E SULIEJ BY A:-4
C SZ:il-l 2LiZ:IZ INTEGRATION1 SEJ3EOUTINS CALLED Dl~iSU,3 JS: 5.,; L
C GEARIS ajjrINE7. ---JATIONS (52) TH'EiU,;d (53) ARE S0LVZD

SIAULIANZOUSL f 3Y A SU3t',OJ'M~iZ CALU D ZSI3S i-Ci CCC
C F*40,1 ilis S~JOIUU"'llE PA-AE ,oaA iE C

2 ~ tiA F :NITFATT AN~D U0~3uHL IONS. E~.20 ) C
C AN D (55) AR T.E7- ~L VALJ'-S. 7-i3 C, 'C3ENT[ATIJN2l~~

C THUS 3AZ A22 TFIEi 'J33D 'j HLLJ~T T-iI I s
C DEN2 S Y -Z J zJA ")ION (5 b) -TiiZ C J, Dz.NJ I Y JA A Ai~
C T H N .3~ U D 71 T T 7H ZZZR1. IT A L DA IA TO 1 D-2N 1. j

:11' CATHJZ)IC A-'D ANOCIC REACTIJA RATE CONSTANTS. OF j

C "~ACE 3A.~ud
C

-------- NO M "MCL A i J6------------------

3 C.UiE~ 5~ j F 2QIT 1: Jli ::O~.
2 !=UJER Ji a~ao CJLLCC.AfjON p2rLjCS. C
o :T 3 Z 4 1 FJ :67:AL C:CLLOCATIONPL3 :cS.LO:J C

C JCU a t aL 2 OJ.; j7S. C
C y (1,1) 1 Y (I ~ .. £,i I) CONCE~~rO OFj rloLTA I A A

NI'l ":ic CoLLOCA'I-IO'l ?C 'N-,S. C
2 Y ( 1 , + 1) Y (1 s +)Z, . Y ( 1, 2* ") =Cj 4)N 23A ~1T I ONS OF Hi Y: &

C IJ,4 A" N i2ITEIRUOf COLLUCAri&,; C

C Cl 1) ,C 12) (N X~.1 .) =C 0N CZST .A1IC: ; F TZ-,RAT - 1J o.: A AOA C
POINT IN~ . DIJECTIO:;. C

C C2 (1), '-2 L,.2 (:NX) =CONCENTRATIjO~ * ., IiDROXY 10. Air rC:i C
PO;INT I.S j, 01JCTA.U :l C

0 ( ( 1UFLZ LDJJCENTRATIGN OF :111~A3- AO.C

C C 1 3 =:j;LK Z J JATCJ (;F -1!LTiATE l'J.
2 22=3UL: CC1LNTRTICS OF il'L230(Y J:..C
C DAAh=):FFJSIJ:i rHi:CKN'ZZS, Cl.

C; -N7C~.~ O i SLUNE 2CINT,* Zj.

~iA~A.AU:J .J 3 -,TO ZI s" ... aT.,SC
o ~~~ ~ ~ ~ ' 3T.T;3 A. f2,.,s

2 J. OJO 5 42101TC', iAZ2 CJA .:A.ii 1.. A.,'jL

J L

2~~~~ C0J D.SY , A /cAP'.
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S Hg D IFF JS 1 J C) -F F C I-NJT *7 ,Y : 7i Ri A': ,D Hf) I Y Y

SIONS A.2 1. 902 -5 * . 5. 26 -5C'2/ s? 2 Z CTIVX. z
C c

iPL:Li r AL1,9 (A- H,Q-Z)
DI SEN.IJ A (2, 2) Ji (2J ,2 ) ,C 1 (J) ,C2 (60) ,C (2)) ,1 (8 ,; ) , A. (20)

1 JIi1 (20) D1F2 (2 J) ,DiF3 (2 )) , RU3T (20) , 'I7CT (20) j ,Z (20)
2 SAJT(24, 20) , 4 (4JU ) ,Xi (2) ,hA(1) ,WA (J) ,3AS ()

2XT ,N AL A iz
CI, GAN/L 1/CUZ 11, Co EF5
Co. , U/-2/2 U F 2
CC A A //La l , :' r
CUM.I ON /L 4/A, fb
C: 0 I OON / L 5 /.( 3
CO'ON i.0/C JL F 4

CO.AA J li /L d1ZJ Oc 3, CO0 N 1 ,CO 3 2 A AA .3-l f.1
C 04.s ON/ L 9 / Y

-J DATA-------

P ZAJ (5,3 IJ) 3D, '1, 10, N 1 , AL , 3 T, -P 3, -L..A , C, D L
0.XJ(5,3 J) I , -, 7 ..

?EAD (5,330) .,AJA, BETA, CCN2,CUJ I
RLAD (5,340) aiSi ,NEZ,-2

--- ALCULATE SOAE CO3STANTS TO j- USeD ZN "2 )JR,

CO.SF1=(1. 32-5) /5. 2bD-5
CUZ Z cloB/ C 1 5

CoF3= (I1 0 D-5) *C1i/ D'A X/.
COELF4=2. I. 9023-5) *CI1 364d7. / L. /S
COL F5= I ./,;/Z3

DA=3' ,A./ {N.-I)
DT,'.U . ) - 5) :D T .- MEDdA
TAJdA A-= (5. ,- -5) *TI,,.AX/D iD.1A4

SDTA J=UTA U
D)ETA-- I. / (,N,(-1
,,' T. J +,a 0 *: 1

JT= +.1

c 6 iZN ITIAL DI' :1. S ZiO.-----------

l: i"IC :;C ' :'E: T .7l . .g N T.2 I : .a : ,

TU .1A = . 0" jTA J
4;S~4. , j.9
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CEV a-J AT '-z H COLLO2~G~ ?01 "TS (1300-.) OF TH
c jACOuI POLYNO'.iAL C." OJh)"E N, AS aELL AS ~

71 ZiS* Aij : SECON;0D 7.11IV AT 7 J'73 ()7 Ili- ? O' YZNLIIAL
C Ali TaE ROOTS.

CALL JZO3l. (D,-l,N0'11, AL, 3Z,0I1,Dt!F2 DIF3, ROOT)

WBTC(630 (1 CALC(JLAJ= IH D1SiT)~2~jCE~I~U~TI -

C

0020 ,=1,1-L
CALL DF~~D~ 0:1II 172, DI,3,3o,l'ZC*:)

DO 30 j=l,NT
10 A(t,J)=;JECT(J)
20 CON TIN U E

C
C ---- CA..CULATL IZE DIS~7I:--TZAf.l,; COEFIC13.1', tL 3
C

10=2
DO '40 I=1,V

CALL DF2~c:JD,.,j 40 ,j1 1 , ,J,3:?1,Jx.' Z 3 ,Ro':,V F
DO JU J=1.NT

30 3 (1, J j V--T (J)
'10 Cui Ti 14UE

c

JSTAiiI=0
M A XD ER =

4j5 CONTINU E
1=0

C--------------~JCA. Ti WtIAL C03011ULOiS---------
C

Do 50 J=1,31
Y (1 ,j) = 1

50 C I r1 14u
XS 1) =1

0, 3: i)



C - --- Vct"JATE AND PaINT : CZEJ7PAIO'[S O*
C:ill.iATS ANZ HYD30.(Y IONS A.' EACH POIN:

c iN I DIR.ECTION AT 'als TLAZ, -- ----

CAL

iiRITE(6,23Jj (C2(J),J=1,N.()

C ------- IF ThiE r:4':z5JuAilON T11E AT TH~IS iiL;iAnE
c :d iAA1 : :1,1- -.3 3Z INI:EGRATED---------
c

IF(TAU.GE.TAt'1A;) GO 70 1-10
85 I=i~ 1

Ii'(.E~.) X To 90

C --------- TEL)I IF T,12 CONCENT AZIO:i C? 1Jr 0TE~:i AT :i m
c :~~JLLUCATION PC INT, I -, Tiz' LAS7 : O:Z B )R 7 THj 5?Ll 4

c d:ii 0' Ti-- 3J:I DAL I'llJ. ------

C------------ -F TLiE TES'T FAILS, TI SPLIJE ?01',T .3 I~A~E
c AOVB. FURTHER IlTJ TH SOLJTILON.

1CALL -71ZS, DZ3, CO?3,3 ,:Q77, ACT?, CT.J , -A J,,l L:A J.A

-V A LUATE THE C 0 NC EJ r ATION3 J F '4 1!.RAll AN D H iDiu. JiY
1 J N AT -4,1z c CL Loc A r I POINTS A'r TH7 AL-W LORDJ4A

IG. THE I~JClJ!AiZ iF rAIE .pLiNE ?IT

c A: nriE COL7 3CATIO pCjN5I,, AT ld S T TO Ii

1? (X ~LA.. L T. 3 S TO 190
' *U =.1j * ~U

JT AU.1 A 2. JTAU
.F 1. G .'. 2) .;o :0 9 3

1~~~~~~~ ~ ~ ~ ~ F II .11P. . f13.GIJ



1L42

1 .ALs(1(1,5)-L. I0 J004) ;u -.o )o

93 :1I=1/1Z
M2=6 1*Iz
IF (I. Ej .12. 0%. TA:J. GE. -AA,A) GO rU 95
Gso TrO d

CACL TH ~E SURFACE7 CCl7rATIONS ---

95 XX(1)='L(1,1)
lT550

CALL

IS (2) =-3J. CJEF 1 (A ( 1, 1) ~&1) + A ( I, . *1. )/A ( 1 1) -A(1 .11 /A (1,1)

DO 150 J=1,.I'

150 C ONJTI "dU L.
GO TO 6J

190 ' R 12( u, 2 4 J) DX ,S 0TA U ' NXD TA U D T.JA.X(,A L ,ZS , Z ; AJ
1 E2, LS G

J~a3 F,45 TEA ,GA MA ,ZO NI , C JN

c ---- F:a.iiATS FOR IN2UT AND OLIT2UT S:XTE A-ii3 -

230 FOR.%I(/,25X,'1O3-,lX,9D 1.4/3J4,9D1 1.4/30X,')J11..4/30.&,9D11.4
1 /30.(,9D11.4/30X,9Dl1I.4/3 0, 1 1. 4/3 0X,-D 1 1 .4/3Jl,,jD 11 . '
2 /J 3 A )D 11. 4/3OX , 9 1 1.4/30X,D D1 1. 4/3 0., '.J1 1. 4/3J., , 4D11 . 4)

40 FOEB,'lAT (//, t( , IX I N AERV A L=' I02.4,32X, IIlITIAL. TAU STEP SiZ-:=
I ,Dl-. 4/52, 0 NO OF ?O~I.TS IiJ .( DIP= 1 .13,29X,
2 'La 5i TAU STE.P SIZE= ',D12.4/5,RTAL 71I ZJTiFA.
3 ,0lJ.4,2i4X', 'DIFUSIG% .. SNG2H= ' ,D10.4L//5.(,'AL= ' ,l7.2,*JOX,
4I 1a. ,F7.2,Z5L(,lZ ',74/X,'2 ,D10.2,274(,
5 'rFFL.&G= I, 13//5Z, 1Z P ,Dl0.2,27X,A31-j- ',I J)

24I5 F-Ui"-A(//,5h,'3ACTION GD3-. 07 .103- ZO =',F7.2,254,
1 1:%6ALTION O2MER CF Oii- IJiJ =F7.2//5:*(, IlzAT CJ bSTA JT
2 1~2L,2;,21ND CO.'S:AliT D',12)

250 FOiadATj/,25A, 'OH-' ,,D .I~QD143(91.i3A~1.
1 /3Jt., : )1 1 . 4/3JX , 9D I 1.4/3 JA,, D1 1 .4/3 0 , 9D 1 1. 4/33,9 D11 ..
2 /3UA%,9011.LI/30X,9011.4/3J.11,9b1 ~4J.,~J1L/3,214

3 1J FURi.AT('4I3,ZF?5 121X 5.~4
320 FOEi IAT (4)12.5,I7, F7.4)
3 3:) FOR AT (4.-7 -,2 2 4)
341) FOb.1AT(215, D 12. 4)
3 5) F03M~li 154, 16F13. 6)

37) FQiM1AI (/, 2.L , u 2J. 6/2 X, u -- '. oi
3930 FO.1iAT (2. , 1CLLCC.; I --N 20 .fZi :s:
3 jO FO~.A (//, i , IT:L' '.( ,I CJ 51:ErZ', 454 1 10,; l~~~

S TOP2
E'd a



I1 L :C 1 A L *6(.1- H, 0-Z )
D 14 :'N 3i JN i~ IF (N D) ,D I F2 (3 D) .I i Dj.) , Zi ,;T N D)

CSUBROLITIJE EVALtUATES THE COLLCCA-10:J POL. TS tROOT3) (;F Tti-S
C JACOBI POLYNOMiIAL OF 03DZR : AS kZLL AS TH-1 FI.R37, SECuND

C AND THlRJ i) JVATIVES OF 7.93, POLY:NJALAL AT THE RJOOS6. C

C IN iul 2Ara&ZTER s C-L
c C

C iD=TcE D!3ENSIC(; OF LZCTOi-j ci1M2DF4OT
C IT~i N~ihE jOE3i4EE OF THE jAC06I POLYNuMIIAL, I.E., :H C

NUI~ER OF .. T.RIa COLLOZATIOLd POINTS.
c INTE:GZR N3=D--CIDS~H3 X=0 ' I :CLJUZ0 AS A4 COLLokCAM Tj

231iiT. NO MUST 3-- SE: 7EZjA- TO I (INCLJDING J()
C ii0 (EXCLUDING THIS ON)C
C iNTEGE'6R N1=Az FOR NO, BUJT FOR Ti&E Pcd.L.'J A= .

c iEAL A.,3Z=T~IZ PARAM1ETERS Ori THZ J.OCQ-3I POLYNOAL:1AL. 1
I C

c OUTPUJT 2'AaAA.2TZRS -

c aEii. AiiaAy a cr=oN2-DI:i;S3IONAL '. CTAR Ci ZkI~~ Eil- C

C T7iZ N+N0+Nl LE.13S OF T 2OLYNO~il,%. USED c
IN1: THE COLLOCATION RUJTINE. c

z 32TAL AflBAI =rH.RE ONE-DIMiENSIONAL 7ECTOPS C0O4TAININ" C
c DIFl,ZDIF2,DIeKi ON EXIT THE FIRST, SECOND, AND 2HIERO c

C DE3IVATIV!S OF ZH ?OLYN0-IAL AT TiE 4-E3JS. C
C C

C --------- ~~S :,VALJATIJN OF C-7FFIClENTS lN RCiS2 AL~-
C ---- ~CUja.iON CCJ-FFICIENTS ABEi 3-T037- .1. LIFl Aoij DIF2
C

AS=AL+ L3E

D)li2 (T) =0
IF (N .LT. 2) TO 15
00J 12 L="'L

,; :j 12
10 Z=uLl



12 CC I NJ Z

C OF PiU.'JLO1SLY )FTZR,4;,i- auOTS -

Du 35 1 =1N
20 (D=O

A D 1 h1

X( N = X 2'
22 XJ1= .21

DO 23 J=2g1

30 L = /Z~

I -(DABS(.G T.1.D- 09)GC G O 23
~oui (1) x

35 C u:,4T LNJUZ

zAD.. ZVEJIJUAL COLLCCA'TION k~irj ,=xJ ~.1-----

NT=4 + NJ + '11

D(; 40 1=1,:*,
J =.I+~ 1-1

40 Rur (4+1 )=,iou-J (j)
ajo :) ( 1) = 3

.i3~ rALJA~D~iiIVATJ1'Z.3 i?3LOI.----

31i. 51 L=1,V

)IF 1((Z)



DIF 1 (1) = Y D 112'1 (1)
50 ~CTN J

SD

DI A FN I0 N D IF 1 (N ) D I F2 (NlD) ,D IF3 (N D) , 3u U (N D) V ZC r (N D)

3 uja.uu ia V. .Ja.1JA:S DICZT;ZAU C FIIT Ai.XC
C: AND GAUS AN ~AR~R EiiZ OiU~ T Ji1

c IA PUr P A a AM ZT Z L

c J A , JJO, N 1= AS 1,SJ O "I XJ3i C
C !N~i =:HL INDZ. CF -.H- NODYE FcL ic iiiH '-

c ID oL CALCULAT7D-
1NEENi=14ICATOR. ID=l GIVE3 £3-- EITH-13 70' 01DK

c ID=2 ;IV-7S r1iE WEI :TS F ;a 02i/0X2, A.10 ;:,3
1: IVZS THE GAUSAN Z.ICHTS. Ti2 VALUEj 07 1 .3
C i %L--7AN': 1. THF LA3T CAi3--

c JI1DF2DF =T.1-7 :-D12S0.lZ'JCTO:RSOAJE iJ

C SUB.FOUTINE IJCG3I. c

c IEAi. AaBAI VZCT=THE CO:I?fJTED VECT0.1 OF m~ES. c

Tv=: 11 0 t:4 1
l-.(ID.Z .3)Go 'ro 1o
Do 20 J=1,*LT

1 F (- . I G O -L0 5

Gu 70 23
5 7 ECT () J 1) /D I F1(1),3

'16 :u 20J

1FiJ 1 . 2)v-. ~r (j) =v2C 7(U) 1)2 L /O1 ) 2.'

2i C2 1 iU r

li J 3 t.(



V ZC7 (J) A;(/ ilF1 (J) *2

60 VZC ( VrC-T(J)/1Y
50 R --r U 3.

SU53OII I A £JTR (.1 , NT, 300-1, ",'Fl, X: JT?)
1LIAP1 ZIT h ZAL * 6(A -H, 0- Z
D ~NSlu-, 2 OuT (AD) D IF 1(1D) Nr? (ND)

C SURiOUTINE ELU1STi lAOA';;A I:NTE"DPLA710. cit2rJsC

c
CINPiUT ~A' Z~SC

I IT -,': G Z i I TO--'7TAL NIM3EP ;F COLLOCA-116 P(D:J: 3 (=*,+,) C
F])a 4i4IC~i T6Z VALUZ OF £H'ii J-E2PENDZ'!lT V.ALY k
i6 1011WN. C

c RZ L ~T i i A 3 S-I SS A X W H7-ri 7 L(1) Z ; J ES I li S
C ZL A LA Y C
-iDJT,DLFI =Z3LZOCATICN POINTS ANiD J---RIt.i-,LS CF ~0I.C

PJ ~YNOI!IAL, D3VZ LU630OUTINE JCUB.L. C

C --- UUTPUr 2 A i AAET ERS 5C

c REAL AziAI iINTP=THE VE7CTOB JOF !NT E32L.IION ~U~.C

PCL 1
DO 5 1=1 ,11T

I I (. 7,. J0 )0) X lN T 2 (I) =1
5 PGL=PoL *-

I? L. .J GO JT-O 10

o u 0 1( ), 1

13Z ~iTuRJM

3 A tj, P E 7TS T(7 ,2 ,j
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3 ]LJ -tJ Z l _ L.j1-- Z A T - A SZ 3 F .4'J-tJ AI P? Y D 1F E? Z :A. i, 1
C CR DEi -' QUA I JN A ES C": 3'_'D !1 JAI J N. [50) Ai (5 1) 0'Jv

c 0: N . r P Of L G H ~ AT ZACI AL i .A' 37 !Ni2?ASED Oo
C A ED i i.14;~iV :lN T~J iiA.( 11i .RDS~t 10 A iiI

AS '-AG A ST--e AS PCSSIDL2 NI UT CITN A
C S -2 iiW 'iqaL1 1S LAG T A~ A ?. N i:N T i L -2 ' Q ! i -

c E'kCi oui.%"N G? -HE _RaOR IS O1*;1DE.. BY 18,: C0.2j2"L"Is if
2 ~ YAX.

C THi: LVRJGiRA,1 :AAZL3 FOOS JUT N.

A T.'i 2 , LIJ

c VARI61-LS STJ-"D O:LY IY (~ 1 )FRs 1= 1, A ND SSX).3 ZS~ ~ai

C *zfIVAT11IVS IN'N' R AH Y DI?? TIA 3 z37A;I:;S 230/1952 2ffL 12~I TiFI I P4DE1 Vo1 R F,% ! ERU LAi.j
c ST=AGE OF %A33?A:1 CoELIINTG, TJUTIN5NDSF Ti ;A1 Z A1 N

S12-11iJ ?:GCZ O D~V THE~ Gl-iSIA D ZNDI4T YA:iIA5ESAi
P i",,'Z5V 1 ; E' 33.t ,Y 1 I TC Z ) 1, Ai)S 35 " i.: ..

DE .A/E A 1-1VZSJ T AiT DIFFE' 12_." A:, .~:- JA:10' 6ON 230 I - :; 2 .1

N=THi: J3:7i OF .I-11STEATZi R:4 O TFE'oi 1,2 L7
o H=2 L 1ti4IiJN TE SAIZLE cHT~~ U~ 0

SAV= AF A"A4 RE CTU 1 CO LO'_-A1ZCNUSOJ

1i7i A7* ~UT13--T2T~i2J30 SJTA~.E F0. SI ? ,

i:, :isj, A A: AS iAS1 E(Sr :A :i. sJu
20,?JE TS ?AIC 37iA? 42 :.'-, 3ZuLh;A

I JA IA IUTL317 i-- L ; SCA JJ . Id T A 6 .i2 .0AjS .Ci Y -i-

L ACH y S-11 )o FA?.

e 2~ Z~O R~ q E. 1 CH COJ.O,5N
2 ?L .~ 2~?..5; O; CDT. I .iEAAS Ili- zi, A,..

3 ) A.Z1 2 :) I CA T 0 R

C'i, J1XJ~~d )~i E? :V 1 7,7 _- 1 Z.A! AojL
C ?W=:.4 (j t r '-LAST N**2 FLJ,'uz.ii PCuZ.." A.2~



DAT PEP ZJ: /2. J, 4. 5 7. 333,1 ] 13.7 17. 15 1. J
S2. 3, 1. ),24.0,37.b9, :A. 33, 70.36,o 7 . '7 ,

2 3-.0, a. ,9. 17,12.5,15. )d,I. J,I.0,
3 12.J,z4.0, 37.d9, 53.33, 70.,)38,87.97, 1.0,
4 1., 1. ,0.5, 3.1667,0.04133°,J. 82t7,1. 0,
5 1.0, I.0,2.O,1.0,.3157,.074J7,.0139/
DATA A (2) /- 1. 0/
IRET=I
KFLA G = 1
IF FJSIA51. L. J) 3 TO 140

130 DO 110 I=1,,i
DO 113 J=1,K

110 SAVE(J,.) = "(J,I)
;{OLD = Hi

IF (&..Q.HDLD) 30 TO 133
120 iACJ i li/3iLD

3 ZT I = I
GO rO 730

130 NQOLD = N
Tji.D I

IF (STA.G ) GC TO 250
GO ro 170

140 IF (JSTAz.Zi.-) GO TO lu

,13 - N
Ni1 = ,'=l
N = NI * 1
".1 N 1 +

:;5 = NI + :
11 = NS5 + 1
(ALL DIFUN (T,Y,SAVE(N2,1))
DO 150 1 = 1,"I

150 Y(2.I) = SA7Z(N1+1I,I) *.I

K = 2
30 TO 100

160 if (NQ.E!. .NoLD) JSTART =
= TOLD

K = + I
Go TO 10

170 I T (.F.O TO 10
i£ (dy.J;.o) 3J o TO i
JO ro (221,222,223,224,223,22o) ,.

oc ";3 (211,312,21,211,215,2 1,217 ,2,
I'0 KF.AG : -i

ZU 3
2 11 ,4, 1) -1.

Xo 1) 23J
12 A -). CJO000GO



Z1.3 A (1) = 2 u6C3u6o66ou66b7
A (3) -373JU33OOO
A.,o -j.. iou66otb6Eb6Gb67

;u "", 30
2 1L A (1) = -J.3 75030000

A A(3) = -2. 9lo6bro66E6666667
A 4)= -J. 33 3 3 3 333 3 333 3333

A(5) =-. 34166666E6~666666v-7
;c, 1O 2133

2 13 A 11e = -j -s 111 111111111
A 3) = I J41666o66E667

A) -. 1 j 4 1b666 bb6 61) 7
A (o) = - J.Jo 3333 333 33 3 33 33
3U A'Ci 32

2 16 A ( 1) = - J 3 2 1 t) 11i 11 1 1111 1
A k) = - 1 6 u6 6 Etu b 66u-7

(-= - J. 02DO02000
A(5) =-U. 177 33 333 33333 33

A (u -Jz. 3 OJ JJ "CO
i70) J3.23 13 3333 3 d d J33 i

Gi - .230
2 17 AUI 1 -~3 1D3 19 3 2 169 3 1

A (3) = -. 23jU30C3

,%5 -u. 2 2063333.33333j
A (') --3. . 436 11 1 11111 1111 1

A 7 - JJJ486 1 1 11111 1 111 111 1
-(~ J -. J 9 q 169 3 412 o j64

Sri 2 3J
221 A 1) -i..2JOJ000UJ

7~ 23J
222 (1) -J oo.)6b6666bo6~o67

A J) -u. 3iJJJ3333]333.33
'ji : o :3j

223 A ( 0 = '. 54545454 54~5,#5-545453
A (3) j A1)
A (4) J. UO 40 9 J90 909 3 90 40 1

5.0 '"0 23.3

2~~ -4.4oOO

A -j 2 vJOO0OJ2
~5) -uJ2333033C,

24 Z5 ) )J7 ),2 )43 7: 52

A 3. - I 1 i 1397 41021 .3'j
-2.23-.7452 55-7-452t:

v.j -)- ,1 -. L -)O-

-2 A , -1

A(i %~i 2 3~2393



150

A(4) = -0.416bb6566onout)7

A (5) = -J.0 2),76 1904751';
A(r) = -0.J11)I? 7619047b1 I
A(7) = -J. J0056639 3'42430232

230 K = I

TYP 17(4 )/2

ENQ2 = .5/1")jAT(NQ 4 1)
ENQ3 = .5/FLJA (N J 2)
E N = .5/I-LUAT('N)
?EP~ih = S

E.U t? ZR a ('IQ, 'ITY , 2) P2S i) *x2
7 = (? 111ST ( QMTYP, 1 ) *2 E Sd) **i
ED N = ( L) 13T ( N , 'IT Y , 3) , E 23H) p2
IF &3D oJ. Q.J) GO TO 78')
BND = EP ":.4Q3/DFLCAI(N)

210 I'iVAL = I i
.,0 rO (250,080) ,LIHT

250 1 = T f d
DO 2bO J = 2,.K

DO 260 J1 J,K
J 2 = K - j1 + J - 1
DO 2c, 1 = 1, N

260 iIJ2,1) = Y(J2,I) L(J2+(1,1
DO 270 = 1,

270 Ecja(1) = 0.0
Do 430 L = 1,3

CALL DIFFUA (T,Y,SAVES(2,1)}
IF (IFVAL.LT.I) GC TO 350

IF (mF. ... 2) .0 :0 310
ZALL tE '3 V (T, Y a, I' N 3
,a = A l

DO 28U I = 1, N4
280 ?,(I = d (1) R
290 DO 300 I :,'
300 -. '(d3+l)-N 3) = 1.0 + 2 i(I (J 3+1)-NL)

IAEVAL -1
CAA- MATlNV J,N,N3,J1 , ?UL)

Ii' (JI.G-.J) Go TO 350
0 TO 4 0

310 DO 320 1 = 1I,
320 SAV.:',4) T(1,1)

DO 340 J ,
I= DAA 1(ES,DABS(SAVE(9,J)))

LI1,j) = Y {1,J) +

D3 33'J 1 = I, :

330 d,(I+(J-I)*N3) = (S.\E(*itL , 1) - IA-,(: *1,I) ,.
343 Y (, = SA '; Z S,J)

3 '.u 2j.
350 1 i.a2.0) GO -,o 370

LO 3oJ 1 = 1,N
36 13A41 , ) = 1(2,1) -) *-i
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370 D ; J360 I = N
3 8 JAVZE(J +i,) = (2,1) - 3AVZ (NI1l, 1)+ I i

C.LL SjA. Jc (.i ,2JL,5AV7 (N +1,I) ,I )
Do 399 J=1,N

399 SAVE (9,J) =.C (J)
4I la T = "i

D:) 411 1 1DJ '-20 I = 1,'i
Y lI) = Y (1, I)*A(1),.3,lL (9,1)

I(2,i) = Y(2,1) - SAVE (,I)
':'R 2 {l) = E3?C (I) + ZAVE (9,1)

I? (WA S kSA VE (9, 1)).L . (3 ND YAA.C (1) ) , T = .2-1
420 3 ATI N UL

IF (Jr. LZ.0) GO TO 490
430 CNTIUZ
440 T = TOLD

IF J(H.LLE. (hiAI'Ilk.00C01)) .AID. (INiVAL-1TYP).LZ.-I)) uU TO 4o)

IF ( (1. E .0). . (Ii vVAL. JE.3)) ACUI = :,ACJi.25DO
IWzV, L =

I2ET1 = 2
3O TO 7t)

4b0 KFLAG = -3
470 DO -+dJ I =I

00 43J J I - N
1460 Y(J, ) = JAVE (J,

= iOLD
JQ = OLD
JSTA3T =
RETURN

490 D = 0.J
DO 500 1 = l,J

300 D = J 0
I'EVAL =

IF (J. T. Z) GO TO 543
IF (K..LT.J) GO TO 520
DO 510 J =3,K

Do 510 i
510 Y{J,i) = (J,) + A (J) =ED30 rl )
520 1 FLA G +1

H N Ew = 1

i (DJ J .i.E.1) G0 TO 550
130U3 = IDOJ3 - 1
!F (IDJUB. .- )GO .0 700
00 530 . = 1,

530 3,7E(10,i) = BiCF (I)

. O LU

540 ?LA = U!:) - 2
T T 5L

F (FJ. - 3C TO 72J

:F (TF(. . .5 ) . 37J

D = 3.J



132
DO 5 0 1= 1,'

560 D - ( i (KE) - SA12 lOr) )/YLAX () ) **2
3 = (DI7 P ;.1 E:4 3"I.

570 Pal =
IF LJ: .LL.1) GO TO 590
D = 0.0
DO 580 1 = 1,4J

580 D = + L(K,I)/Y AXI))**2
P,1= (D/E.J.4) J**N¢,I *.3

590 CO 4 1 'IS J-L
IF (P 2.LZ. 233) SO To 650
IF (?R3.Lr. 2,1) Go TO 660

600 11 : 1.J/AlA AI (?SI, 1. E-4)
N ,' = i 1j-

610 ODU = ii
1? ((K FLA. .g..1).AND. (R.LT. (1 1 ) GO 1o 700
IF .JE, .L N) GO TO 630
DO 6-'0 1 = I,[I

620 1('i *1,I) = N (1)A( )/1F .1)(K)
630 K = NZl4 +

IF (KF-AG. . I) GO TO 670
: ACJA = AJ ,I.

1 =

GO TO 7 0
640 1F J ,,. g, .1) ,O TO 250

GO TO 170
650 1F (2 2.31. 2i1) GO TO bOO

. = 1.0/Ala 1(PR2, 1. S-4)
GO TO o1

663 R = 1.J/AbA.(1(?E 3,.!-4)
NE, = *, 1

GO 'O 610
673 I0Z = 2

P = D14.1(R,dJAX/ABS(H))
If = H*R

4 Leo = H
IF (; .E .:i, l) GO TO 630

Go 7o 171
680 R I = 1.0

DO b.A J = 2,K
Al = RI *a
00 b U I I

700 DO 710 1,
710 AlAX(I) = J, . 1(YM Al i),D AS(.; I, 1

720 1 , i, 1j 30 m7 7o0
CA'. DIF J: (T, ,SAVE( 2,1))

ii = H d
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DO 7.] ;. = 1,J

SA't-(2,.} = :t1LD=S.:VE( i*L-.,1)

73J Y 2, .) = m V (2, 1) PR

KFLAS = 1

GO Zo 170
740 KFLA. = -1

HNZ = Hi
JSTAit2' = N

750 2 ACA ,4 = D.A (DABS (H3IIN/HOi.D) ,2ACJA)
A C . = A L .M,1 ('? A CU M'I i A 3S i....A X /i ,.J)}

= 1.0
DU 760 J = K

tI = RI=&CUi
DO 750 I = I,N

76J Y(Jl SAVE (J,) 1
if = IfUL J AC!J; 4

'0 770 I 1,%
770 f(lI ) = SA'E(1,I)

IDG'J J ,
(3 ri (1Ju,250, 640), JT ZT

783 KF LA3 ; -4
GO ZO 471

SJBEOUTL:AE DI ?FUN (I,YY,Y Y)
16PLICIT s-7AL=i (A-H, -L)

D01,,. SJ.' I YY (23) , YY (9,2J) ,A(20,20) , (20,'.)) ,C 20) ,jX3I ) , .;, 3)

c I C

3.UTI3 C,.LLZC 3Y 'IFSUB 17VALUAI!S : D..IVAEIVES u27
C :ZiDON: '.'AhIA3LES STOE7D I:l YL (1,4) ,=1 ,2v, .,D iT'EJik C
C rH DE3V'A V A II VEZ A3'1AY FY. 13 i .Z . -O C
C V, AB ,3E.

ZT-"&NAL AJ.(1
C0 4iN/l1/C,1 ICo EF3
CJ O /2/C O F 2

c .... ,/ 3 , ,1,T

C Jl,' 3;iL7/ a. , :1 Z-, ZP
. , 50 ": 3

z A-.;jA Z H HE /A U:, ',I T.i SJ: FACZ .=))
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'3 45 1=1gI

45 ColuNUT

DO 140 Jl,a
D Y* (J) ) (i 4 , 1 .(..( ( 1) + 3 (J+ 1,J 4T) * 1I

D3 1 10 1'
D ' (J) a i (J) + a (3 I K + 1) 4y L 1i

1 ~ YY (J~a =D'Y (%I +N) -3 *3 (31 1 1) *CJ].- IA(1 ,+1~ #'t I& /A (1,I

3'l(J) =0:->-F I*CCEF 5*DY (J)
,j"U(jll) =jil(J+) *Co2F5

12 COZiN JZ

u S

D.IJEN.LDN3~ *i (3, 20) P~ (400) ,A k2 0,2J) , 3 (20 ,20)

UU zJ uTI:i L.A 3 2Y D 17 "3 OTiSTA -?ARTiA L
11:'E ZIFFZ3~1Ai. '-JAA01U3 ?F0VIjTJ IN

2 SU5E-JTI ,A D 1e' 'J' N THZ 2ARTLAL D~aIVlAT7lV (TEf- JAC ,-LAJ) c
C .s724: EVALUAIZJ IN Ti-- LAST ZCTIOA 13 5 .

1 L) C 0. 5

D u 1J x .
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SUSOLIJZ..F. D-.31P (NNJ,A , L, J2)

DI3EJSi3'i A,0,20) ,UL(20,20),3C.\.5(20),I?5(2O)

C SUBROUTINE CAL.-ED BY iATI'V P? iFOajS A UiBT STA\ CF C
GAUSSIAN ELItI; ATION ROUTINE. C

J C

COMIJN 12S
J2=1

DO 5 I =, N
I PS (I) = I

DO 2 J = 1,N
UL(I,J) = I(J)
IF SO.,NI-AES(UL(I,J))) 1,2,2
iOWllI = A3S(OL(I,J))

2 CONTiNUE1 1F j , , Ai) 3,4,3
3 SCAL5(l) = 1.0/1301N4.I

;O TO
CALL SI'G (1)

J2=- 1
SCALES (I) = 0.0

5 C0.TINJE
tNml = N-I
DU 11K = 1 1

BIG = U.0
DO 11 I = K,'N

I? = IpS I)
:I"'E = AiS (UL(IP, X)) SCAL63(I2)
;F CiIZE-BIG) 1 1, 1 s, 10

10 51,; = SIZE
1D:(?IV = I

IF (BIG) 13, 12, 13
12 ;ALL S. NG(2)

J2=- 1
j3 Tj 17

IF (IDUIV-K) 1 4, 15, I4
i,+ J = iPS(K)

,2t (') = IS (13 PIV)
i2 (IJCPiV) = J

D I = 1
DO I04 K1 ,

12= I2S (I)
= -JL(I2, )/PVIOL'

JL(.J(,P) ?.1
33 lo j 213

J L 2-
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17 CON 7 -4J E

163 CA~LL SJAN3L2)
j 2=- 1

19 R141J aN
EA D

ZURoe.0UT IN E Su LV: (I!# ,UL 3 ;C

0 1.1 '1S A3J s? UL (20O,20), 3 (2 J) , (2 J)1 ?S (2)

C SUBROUTINE CALLE.D 31 O)IiSLJB ?E: FORIS THLi SE.CONJ c
c (niE eAcK su,3sUrT.Ct ?LOCcEss) 0? T&ES JAUSS3IAJ

N21~O .+1

I?= I2s t1)
X (1) a (12)

Du 2 =

DO I J = ,1 1
6 1l = SJ.1 + PU L (IP,J) *X (J)

2 :C(i) = II2)-SJ1

DO 4 13 . C K N
=NP1-!aA(.;K

1 = 1?:;(1)
121 1 1

0O 3 J 1 ,:
3 i 3 iJ + PU L 12,J *.()

i(.i SU ) L IP,1

RU&J. sL:J nN ~

2 5 J1 a IE CA..Z.D JY y ECC 32 t DCA0 C A ji h jI'



Ps A iLG LJAG 5A U3SIA N E 7-1!,',AM 2 AaOJ TI. Z
C

12 EUlA 43SNJLA ICA 1A DECGIPOSZ. . ZIEi() D1VID L N LV,

NJUT =3
G-70 r (1,2, 3) , IWHd'

~u' TO IJ
2 1: L --- 12)

13 jE tR:J- .iQ 3

DA-IEJS.JJ ?i(,400),A(20,20) UL(,'J,2J)

2 UBJJI. ALLED JY DIFSU3 AiR. r0i ciT5r*
2 GAJ.3SIA. LL...I~ATION liGUTIIE: QF TA-z SiTU TU2,E 12.o
c Ti Z A REA Y 2'.

Cv C

DO I1 1 N
DO 1 J =1

1 A(l,J) = 2.A~ [ (J-1)*,;3)
CAL'" JC,-2(,A,UL,Jl)

EN D

35 ) C ~ U a- JF'N DAY

C

3 CJJ~~. JLA L' AT, S T HCU TZ 3 1 i.

c * NZ t~: ~ .S Ar 'r7:. C k;L LCA:7 0L 1,3.



C =- .. j CY4 ~A 1 ) X ) I X Z1
Du .d i J,

50 Co.,:12J

i.O J 2;. J 7VLCTO EL AA 7 :1 2~ O\ O -U I L

c THS KJ~~ ZjdCEN'RATC3J.l3 AT 7H- COLLOCA11U1 POZ.12S. C
c

C

CO U /L 2/Z 0
CchOVNL3/:: ,S

CALLTA I (a-.1) EA CT

DO 7' 2.

(J ZNI ( ) Y F

7 (J = n:1- K ).
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IF t"S ;. J.OJ1I. VID.ZS. LT. . J1) h"3= . J005
lF (. . . U I ~i LT- . 1 O) O.J003

IkSJZ.. 11J) Dz ZO .0 5

FACTd =-.S IS AVL3
COZ J=..O L'i i jCTOR

Cu-l-4C --.:'4/FACT03
CO --J i 5,' AZT ) i/'- Ac

AJ=D' A J/ 1 i

D A] MA=2. 0* 1 A

i , T

DA~aS.J~i L(~ ,3) ,)T (20) , * , (2j) , £il: , ,7(.), ,;2

SU 25hJ TI.~ zE7A;..Azs Hii co% r: I3 AT THE JCC~O

C POINS TsI 1 ii-- iz, CO0W DIN ATZ DUZ To T7HE CHANG Z Q.0 TiLC
3L1E?JI:JT.C

jo 7J = :

7 3Y(L 1( 1i

o 100 i= I,:*j

; -:,%l 130I+* *. .

1 4) z 1. 1J 70r

CIL11Z3 D E 2



F3:iZTIU,4 A U Ij:(, K 2A,-)

C 4

-c AUJ.(l IS ThE iA.Z 0? IEIE FUNC:TIONl CALLED 31 ZSYSTA i.N C
C THE SLJIN DIFFUN TO Fu~i~ii ra&E VALUES OF 3E)JATIUN3 c
C (52) AND (53) .C

CO.1AJN/L1/C0EF1 COEF
Co mm~ U / L / C: ,) :; F2

C~i'1MN/L4/ L, -

C3 AMJN/LS/, F3CO1 ON2 5A1AA , 3
,AJ (2J) =-3. *CCE1* (A (1 ,1) *.(1) e\ 1,T) 1. o) /A (1 I,..iJ/ 11

0O 5 O0 J= 1, A

1~ q (J +N)/A~l1
530 CO.;: I " J-

Ii (.'A (2'J) . L,-. 0. ) C.A. (20) =0 .

1 (h.((1 I 3ET A) ) /CO ZF3
0O t J J= 1.

EAN0

D I-AEJS IJN A (,2 ) B~ (2 0,2) L 4d 20) ;C. 1) , At I1

C A UJX2 13 ri~ JiAl OF 73F ?JN 0:'l3 1 C .1L D 0y Ys; Z :fZ. ,

c :4-1 "l~ itGR TO PuRNisH rri.AJ:7 ~ ~UTJ~
c (52) Ala~ (53) .C

C:J!/. I/XT 1 ,C 0_ ~5
C,)3 J L2l/Z i z F2
C -),l.1 JN /L J/,4 AT

J.1 - * C Ef~~ 1 * (A~( It ) *. (I) +,1,' ,42 1 J)/. (I, I) (I~ , .;'Z ,A Li

1Du 530 J=1,N
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3A. (1) =EA., j1) -3. OCOEF 1,j+lj *' i1 ,J)/. (1,1, -A 1,,,-
1 "7. (I, J*3) /A (1, 7)

500 C,3ar . Lid
. (J, ltl1). L: . J. ) 3;. (1I) =0.

A U, 2=A |1, 1) A , ( 1 ) + A I I, NI T) 1I. (CO:j 2 * E T I ' ,.,)-C : 1

1 .(( ' E 3 ZTA) )/COEf3
DO 530 J=1,.,

600 AUi2=AJK+A(I,J+1 ) *y (1,J)
5 'IU IN



j HS 7i~ FU'S EJ A T~L (0Lij 4d),(), AN D (52) 1 5 0 J 4
z (55) A.z iii, jZLTIA L CC:JITIONS JlA SPLINE coLLCCAr:JA c

c ~E A I 0U i'J 3 1 :-' C A 3- C F T IfE L ECT R0 i T :- CC N TA1.J1i 5 CA D:,.'U 4 C
C IN.IN THI.3 CASE, THE TWO SJaGU'La2i, DIiFFJ A 'D1 PLD_:.iV,

C CALLED BY l£H' INTEGBATION SUBOUTINE, DIFS'JB, HAVE TC B-- C
C CHAJGED. IFAN tHI17LE, THE nAIJ 22OG3A.i ASi _LL Aji THE CTH';,

USUBJUTINES i.aY T,;{E sAmE. Td1E CONCE)T3ATION PiJYTiL-- UF
C THE CADAIIU. IO :IA'T BE OBTAI:4ED BY T-iE &LECTrONzCJTRALlTY c

c CON'IATIzX. !HZ CUEFIENT DENSIEY DAr.A ARE CALCULATED I'. Irdir C
C SAIL Ay El E4uATION (56) . H:s : r'..JG:;-_70(S &aAC:10N R~E c
C CONSTA NTS D d7AllNED BY LA3T ?E.GAA A~Z USED TO rDE--,T:Fl C
C TH: rd)J,EN_"U_'i REACTION RATZ CONSTA.IT 3Y FITTINJ: THZ c
C CALCULATED CUHLENIT DES:TY DAZA ilfi[ NE c~U~C4A
C DA TA. C

c - - -- ADDITIONA. ---C- -- - C

C S A~ki~El~OJSREACTION :A CONSTAN':, 1/5-7c. c

C D KS?=D1il _N 3 1J JL ES S CL J B IL I T' 2 3JC T O F C ND I if HY D.; O.UD .
C DKS=2.J.-23/C1 B**3.C

I"PLICIr 5 EAL *8(A- H, QZ
D~I.ENS LON A (4O,02 0) B5 (2 0 2 ) ,CI ( 6J) , C2 ( b0) , C 2) i (o,2J)

1 O I (20) ,DlF2 (2 0) , DIt3 (23 J) ROOT t2t) , /2CT (20') Za.,. E (22)

EX ZRa A L itJ (.
Cut"M OW/Li ur.F 1 , CO ZF5
COZ ' tO./l .Z.d 2

C 0 A U N/ L 3 / Xc .

CO .i UN/L o /c j?
C 0 3 GN/ L 7 / 3 .G 14 N7 Z , 7
C OM .10 N/LZU/7F 3 ,C 0N 1 , C02 5 A A 3 Z A

CUAA ON /L 1 J IG K , D KS P

----- i2JT: DATA

2-7AD(5,34u) 33, E:ZZ?

-C j LAT C S.- CO ~::: 0 2! JZ, 7 H 7

C~Zi1= 31 U -5) /.260-5
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T EAiA (5.2 D3-5) 41I:A/D.'A /'Z€.,DE~ F0 : . . ) D- 5) 4C 13 3 ' 7 . .. ,.X lA

3.I S i t; A i . D '" , A . Z " , A ; . ! 5 2 6 0 -5
D?S = ( . D- 2 3 ) /(CIS **3.)

3 1 = (5 . Z.- 5 ) 4 O T D 7 : F / : A A X I ,A .
TAUi AX= (5. 2D- 5) *TIl \!/DlA, /D AA,(

SJT.AU=DTAU
D -A = I .N - 1)
'"=N, +'N,3 +Nt 1

j• I Z . .... i IT , A, S A.7 N J

CAA UA=C.

."3 Z ; Z T E i A K . ' ; I A N D . i i . :1 J U : ' D L Z : N ' 0 :4' L I S
R El'i I. !CE .E[ TO J[ ,6 Z - l H 11 , : -, 3 2 -I 1

CSU; U ' DIFSU3 -------

D :A
J JA k 0 z P OL 'fN' M I A L 0 RJq Z D 3 A S 'E L A . iiCFl T AN S C D D NVA I V :S Of F h - 2 L '.4U d 7A .

C A£ rr.E nOOiS.- ---

1 3f 2 ( b 3 5 0 .. O O : J ) , I, T )ID=
c -- -- - A L J L A T - S 2Ca ZT 2A 7 1 CF i FiCJIi "1 A:~ -.I.

CA -L J dO/[ k:1D , ' , O I , D , IFI ,I '; Di F3 , C : 7 .

13 A(I,J) : CT (J)
20 2., TI lU;

- - --Lc-LA -- cc L A-. Z E 2IS- CGL F I

CA L 3D/ ' [ .t; ,; l6 1, , , Ii , V2L 2, 31 , J~ '.  , i..
4y, 7O J: ,aCC, A -" , L ;) c D - 1 (;3 , . , , ,:,)

~J

Z- a J: JA~ ---~ -:i. -~7~ -Ji1 -I. , J " / A U S J k -'; j ; i ] b j . "
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JSTAST =3

1AXD7V=7
DO 4V 7[=I, , R'

47 YAX 4 1) = 1.J
I=O

C --- -lU THE INITIAL CCNJIffONS
C

DO 50 J=I,a
1 ,J)=I.

50 y (1,J*:I) =3O?2
XS(1)=l.
XS(2) = 7-) F. F 2
w e.1 rE (b , 19J 0

60 TI'4E=TAJxDiA A:*)AX/(5. 26D-5)

C ----- ALCULATE AND PRINT LiE CUR:a': NT DENSITL AT i 2A:Z
1: t?3I;4 THt . CONCENTRATIONS OF NITRATE ANJ HZD3Q(i Iu:JS
c AT ThE NT COLLOCATICN POINTS

U DI, A ,
R ITE(6,JuU) TIME, CD, X3 (1) ,Xj(2) ,KFi AG, I ,

.4R I TE (b,7 0Oj (Y ( 1,L) ,L=1I , N Ea)

C - ---------- VALUATE AND PRINT TH CONCEI I'RArINS OF
C II SATE AN HY DO.(Y IONs ,.r ZACH POi:
c IN X DIRECTION AT TdI3 I 3---- ---
c

CALL ZJ:iN.a(c1,C21 NND,DETA,3OT, DIFI,Y)
7A2ITE (6,2JJ) (C 1 (J) , J= 1I, .1.()

R :TE (o,25U) (C2 (J) ,J= 1,NX)
C
C ---- CHECK IF THE I:'T JiATIOA TIAE AT THIS iu.E.:- d/AcHi-

r iZ A.(,1T TILIZ TO 3Z INTGRA:ED
C

TAU.OE. TAUiAX) GO TO 190
85 I=I+ I

IF (I.E.I) GO TO 90
IF(ISTOP.E 1.) GO TO 90

C

'rEir 7 [HE CONCE-TlAIIC1 F 2JIT.ATE JN A. 4-iZ .ITH

;LL.LGCA',O"3 ?ONNT,IE, TAE LAST OiE BEF33- THZ ZL:,A? C 1.3 IS !Thl' J.00061 D I ."'S 1JjL S T 735 CJ : [. l)

C J NLL OF THE 3J UODAiV ION DI TA ---'.

C

F 3 T FA :3, THE 3.ANE ?O1 ,T LS h. .-.m...i,.I,
C I'V7., ?tUTHE3 INJTC iHE 3JJTiO:4.
C



CA:. L -:A, -, Z ~S, Z3, CC 7-1 , _Z7.,O25, F A,:IOR~, D-TA,, O.jJA.L, D AjA,
1J STA -17)

1: ~~~ EV A _JAT E T NiE CO N ., 72 AT:J 1 .j J IT?A-, AND~ iiYDJ,J.
C i J J AT T 12 COTLL3C &'-'J N PoU TS A Z T i 7 EdC i ac~. 1

c o a IUZ0 OTHE IjC37AS7- OF riiz sLiE poi:,,,.-

CALL EX(2AND(Y,ROOT,DIF1,FACTJR,'iD)

isr EG2 ATE EQU AT IONS (46) AJD (4 S u:A.; I - C JNZi 13 ;T I N5
S A", n'Z COLLOCATION PU~ITS AT IIiS TIAZ TO 0LTAA.N

c ~~CJN'4TPAT IONS AT THE SJCC233IV27 TIME--------

C
90 CALL DIFSUB (N,:TAU, Y,SAVEc,:TAJ,L)2AJ:,3 UA.i~YZiA(

IF(KFL;%6.LT. 0) GO TO 190
DTAUM1L=.0O 1*'TAIJ
DTAJU A=2.J*DETA'J

93 Mi 1 = 1 1 Z
~12=il iIC

GO LU d5

-------------------CALCULATE THZ SUJFFAC_'- COiCZ71TATI~---------
C

95 OLDLS2=X4 2)

ITL3B N300
CALL Z SYS IT (z U22 , NS1G, N ZZ, .XX,1-31 , ,A~ , 3I,1- R.3)

x( (1) =.- (1 )

1 (S (2) J-. * CJ El-1* (A (1 i +).( 1 A ( 1, JT) * 1 .0) /A tI, 1) 1A 1, NT) /A (1 ,1
CC10 L F2

XS (2) =;S -~J 3 A (CE1 1)IJ O )/A 1 A +1

150 CO T1.1UZ
IF (XL (2) . LZ. L:)XS2) 1 rop= 1

ro o uo
1 90 4aUE(u,24ij) D(,3D)TA!J, NX ZJ ,AXAZ 3

-------- 3i~lT2F02 Ia.?'JT A:ij uUjA2T .STA;E 'E.: --
C

1~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~~~J /OD143.,D ./., ) ./, ./> ,D11.
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2 /JO., 5D11. 4/30. , 9D 1 1. 4/3J , JDI 1.4/33L,9D1 1.. /33 , ). 11.4)
2 J0 F0'114 i (/,5.X,'X I:.IZVAL=',D12.4,32.(,'IN1TIAL :A U .3 E? 3i ='

I ,D12. 4/5: 1NO O. ?CII T 3 Z. D( I T,= ', I , 2 )X,
2 LAST TAI STEP SI.E= ' ,D12.4/5 ,AE rI i ZIA. = r
3 ,D1J.4,2L(,'DIFJSIO-i L"iNGTH= ',010.4//5(,'AL= ',:'7.2,30.,L4 '01L ',F7.2,25X,'Z.3 =  I ,F7V. 4//15 X i P= 1 , J10. 2, 27#i
5 'KFLAG= ',13//5X,'Z? = ', 10.2,27X,':13IG= ',13)

24i5 FO-.iA (//,5i, 'REACCTION OROER OF N03- ION =' F7.2,25,&,
1 ' IZACTION OBDER OF OH- IOi =',-7.2//5L,' 131Z C)NJTA.T=
2 ,DI2.4,25X, '2ND cONSrANT =',:1Z. 4
3 //5.;,'RE.CTICN RATE COASTANr= ',D12. 4)

250 FOR AT (/, 25h, 'OH-' ,2 X, 9 D 1 1 J. 4/3 0, 9O11. 4,/ X, 0 . 4/3:(, 1 3 OX,1.
1 /J0,, D 11 33i,90 1.4 /3 01, JD1 1.4/30 (, )1 1.4 /. 1i.4
2 /30Ji, D 11. 413 0X , 9D0 1.4 / 3 J , 4 D 1 1.4/ 3 ) , J D 1 . 30i J 11.4

3 10 FC0 :l A\T (4 :3 , 2.i5. 1, 2 CI0. 2 ,:5 ,FJ. 4)

320 FJE i AT (4D I I. 4, 17, F 7. 4)
230 FOuMAI k/F7. 2,312. 4)
34*0 FOc AT (2i5, D 12. 4)
.;50 FU RA Ar (15X,10F10.6)
360 FO5.iAT (//,olez.4,1,D12.-4,2i,2DJJ. 10,2L5,F20.7)
370 FO.MAAT(/, 2. ,oF20. 6/2X,6F20.6)
380 FU.I3AT (2,' COLLOCA:ION 2OIT: ')
3 90 FCO .",L //, ,, 71Z.,' ' ' C J"" N ' 4 0N C N : lZA
700 FOM AT (3JI, 10F1O. 5/30X, 10F10.5)

STOP
E ND

5UB 3OU2IE DIFFUN ( , YY,DYL)
IMPLI-IT R.AL8(A-H,Q- Z)
DIZEN3LON DLY(20),YY (,20),A(2,20), (2,A),C (20) ,i) ,fA(3) ,

1 4Aii (20)

SU3aiJTI.iE ZALL3D BY DPSUB .VALUAIES TiE DOAT .7T,. S OF C
DEPE:iD rNZ IAiiA LZS STORED 1i YY (1) , = ,1 2*1, %'JD STui'. J C

C :H -7 D-2IVA rli: IN T E ARSAY Di Y. 7 US TL I .3 E :Ai T
C VAiIAbLE. C
C c

£,T AJ ,LU.(1
CO,.IONI. / OEF1 I,CO F5
CUM, JO'l/L2/l OEF2

CUt N /L 2 /, "O 14FCO. ONL/4 /a , BT
ZJCO.i0N/L4/I ,B

CO ,'3 u"I/L 7/.. .3::, :1 7, ,P
C L : .J/L L IG K, DKS P

Du 3 0 1=lI, I.
jA i (1L =l' ( I,)

30 CUNt'INJ.-
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- C:ALCjLATE THE VIA"LJZ. U.-I Xld_ -'CT L.(=))--
C

I ,~ 1N

CALL LSYJ ( -,asc :z 4,TEa *,A,3i

DO 4 5 A-= 1, A
C (1) =u(Iu1, ) *CT+ a 1 N")*COLF.2

- 45 coa,,i~iahE

STJ.S lHE DERIVAT IVZ3 li.12AHA DYY----

D.& 1.20 J= 1,

D Y (J +:1) = k (j)
i 1 10 i= 1 a
D L (J) =Dli (J) + 3 (0'+1,(1) *~Y ( I K)

+ (3 (J+. 1, K+I)-B (J+i, 1) *A (I ,K+1)1.A ~1 1)) L (z 1,.\,+j)

DYL (J)2&d*C(~D~ J)
DYY (3 +-N) 0 L)Y (J+:4) *COES5
SUP~.B2 *,JILGK* (0 .b* (YY (1,J) tli (1 ,J*N) )-~~L 1,+~ ;

12) C J N TINJ F

D I S IJ.N Y 8 2 3) ,P4 (4090) ,A ~2 02 0) ,3 (2).2 0)

3 3 a L; lT I :7E C A 0E 3Y D IFSISB .3T0 R'-' T f 2 A 517 A L. c
C DERIVAU."7L 3F TAE DIFE~dENIAL .2JAVIIONS ?.4QVIDSD 1. 1
2 SU3ROJTLJ 7 THE ?ATIA! 3d'~7 E (T7i JAc,)_:.A') C

C: ~4ZE SVAi.JAi_.J IN THE LAS7 SECZ1U :1 3?~ . c

C UC. NI

3 J 73 Lu +:

I F (.3 U 2. G.Z PA I+ 2 ~K - 1) 1.. Z (l~.K, *.) ;

-i ~ ~ ~ ~ ~ j p 7 +2 L*l (2*K__ _ 2 =j_______________________________________
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1*CQ EFS5
aL 3,i.rU Jo TO uO

60 IF(J 5 U. 4 P 1 +I2N** (2*KK-1 1) ')?n A(17*2sds, *:t (2 *,,K- 1) i 2
1 1JOIK'x t.. *2. * DA.PIZ ( 1, l+N)

20 C-UNiTI:i J

z .-i 0riHZ)i SJb O1T I S. CALLS -'-DY THIS 26000,'A STAY THE JAE C
c AS TAiJSE !N 'AS F1S1 ?:iO3RAi. C



FIL

Ii I


