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CHAPTER 1

INTRODUCTICN

o

Nickel-cadmium storage tatterieg have veen in use for
more than fifty years; since World war II, rew Zdesign princi-
ples have been introduced which nave greatly extencded thelr
usefulness. Many theories and investigations nave Leen puvt
forward concerning the reaction mechanisms of both cadmium and
nickel electrodes. Because the activity of the nickel electrode
has been more fully characterized than that of the cadmium
electrode, we will focus our attention on the behavior of the

cadmium electrode.

There are a number of methods used for the fabrication
of cadmium electrodes. These methods are usually classified
into three categories: (a) pressed powcder or pasted type(l’Z’B),
(b) impregnated nickel sinter type(u'5'6'7’8) and (c) eleciro-

chemical impregnation(g’lo'll’lz).

The last method, however, is
simple in operation and can, in theory, acnieve high loading of

active material in a single impregnazion cycle at the lowest cost.

In the electrochemical impregnation process, electro-

cnemically active material is introduced into the porous nickel




plage by electrochemical precipitation., The plaque, which serves
as a cathode, is sutmerged into an electrolysis cell containing
an aqueous solution of cadmium nitrate at a temperature near

the boiling point of *the solution. The initial pH value of the
impregnation solution is adjusted to around 3 by titration with
nitric acid. (As the pH value of the bath increases, i.e.,
becomes more basic, cadmium hydroxide begins to precipitate in
regions other than within the pores of the plague, and active

material is lost in the bath, which is not what we want,)

The electrochemical reaction at the cathode during impre-

gnation could either be the liberation of nydrogen,

2H,0 + 2e0 —» H + 20H~

, . (1)

or the reduction of nitrate ion,

H,O0 + NO.” + 2¢ —— NO, +20H~
> +30H" (2)

6H,0 + :{03' + 8¢ — NH 5 +90H ™
Both reactions produce hydroxy ions which then either diffuse
away from the electrode porous surface or react with the cadmium

ions present in the pores to form cadmium hydroxide. The cadmium




hydroxide then deposits within the pores of the porous plaque.

The precipitation reaction is:

ca*® + 20 —— CA(OH),. (3)

There is the possibility of forming cadmium according to tne
P N g

reduction reaction:
Cd(OH)2 + 2 ——— Cd + 20H (4)

This reaction 1s presumably prevented from taking place by
hydroxy ion generated on the electrode surface by reaction (1)
or (2), so that there is no chance for cadmium ions to diffuse
through the solution onto the surface and be reduced to cadmium

metal.

Following impregnation, the electrode is cathodically
polarized in a 25 % potassium hydroxide solution with the impre-
gnated plate connected as the cathode and subjected to low direct
anodic current (0.25 to 0.75 amp/inz). The solution is maintained
at about 100°C for a period of from 15 to 45 minutes to convert
cadmium hydroxide to cadmium in the pores of the plaque by
reaction (4) or to remove any nitrate ion or other undesirable
reduction products. The active material of the electrode is pre-

sumed to be both cadmium hydroxide and cadmium.




In this work, the electrochemical impregnation process
for the favrication of the cadmium electrode was examined both

experimentally and theoretically.

Experimentally, a set of current-density-vs.-time transients
at constant applied potential were obtained for a nickel micro-
electrode. The current density was due to the occurrence of the
electrode reaction (2) and precipitation reaction (3) presented
earlier. For the purpose of identifying the electrochemical
reactions, another set of current-density-vs-time transients were
obtained using an electrolyte which contained no cadmium ion.

In this case, the precipitation reaction (3) no longer took
place. The reactions at the electrode were the only reactions

taking place,

The transient current responsed in an electrolyte which
contained cadmium ions differed significantly from that in an
electrolyte which did not contain the cadmium ions. This diff-
erence ls presumed to be due to the precipitation reaction.

The current obtained in the presence of cadmium ions in the
electrolyte at any time was higher than that obtained at the

same applied potential in the absence of cadmium ions. This
result is explainable by the fact that the cadmium ions in the
solution consumed the hydroxy ions which were produced by the
heterogeneous reaction (2) and, as a result, promoted the hetero-

geneous electrode reactions.,

B e e R




The experimental currerit-density-vs,-time curves obtained
in the potential-step experiment were used to identify bdoth
the heterogeneous electrochemical and the nomogeneous preci-
pitation reaction rate expressions. The heterogeneous rate was
identified first from the experimental results in which thnere
was no cadmium ion in the electrolyte. The precipitation rate
was then identified from the e:perimental results in which the

cadmium ions were present in the electrolyte.

A set of differential equations which described the trans-
port process in the cadmium-ion-free solution was solved in terms
of two unknown constants. The unknown constants, related to the
heterogeneous electrode reactions, were identified by matching
the theoretical results with the results of the experimen®t. The
precipitation reaction rate constant was then obtained by a

similar procedure.
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CHAPTER 2

LITERATURE REVIEW

Impregnation of nickel sinters with cadmium hydroxide,
followed by electrochemical reduction to cadmium, 1is the most
economical method by which to fabricate cadmium electrodes.

Almost all of the research works concerning this subject may
te divided into three types: (a) manufacturing techniques de-
velopment, (b) impregnation process study and (c¢) charge-discharge

study.

During recent years, manufacturing techniques, especially

those involving electrochemical impregnation, have employed

widely varying operating conditions(13'14’15'16)

» There are
several parameters that affect the electrochemical impregnation
process such as:

1) Temperature: Beauchamp (14)

emphasized the fact that high
impregnation bath temperature keeps the size of cadmium
nydroxide crystals small, and thereby cbtaining a more active
electrode,

2) pH value: In Beauchamp's process (1%) , the pH value was
closely controlled by buffering the cadmium nitrate solution
with sodium nitrite. Pickett (16) in a similar process,

maintained the pH value of the cadmium nitrate bath tetween

3-5 by titrating the solution with proper amount of nitric

acid.




3) Current density: The current density, based on apparent
electrode surface, is another important variable. Beauchamp(lu)
used D. C. current of 4-8 amps/in2 while Bulan (15) used
alternating current of 1.2-1.6 amps/in2 and claims <that tne
electrode impregnated bty alterning current technigue retained ;
more of its capacity after cycling as compared to electrodes [

fabricated by other methods., Pickett(lé)

presents another l
technique similar to the above and claims that nis technique
yields higher loading cadmium electrodes and achieves about

85% utilization of the active material.

The electrochemistry of the Cd/Cd(OH)2 electrode in con-
centrated alkaline solution, typically KOH as in the Ni-Cd
battery, has been studied extensively both theoretically and

(17,18,19,20) Bennion, et a1. (17 ip their

experimentally
theoretical development, present two models, the solution-
diffusion model and film model, in consicdering the failure
mechanism in the performance of secondary batteries using metal/
metal salt couples. They conclude that one mode of failure of

the metal/metal oxide porous electrode is the blocking of the
pore or the complete covering of surface by product crystallities.,
Falk(la) obtained X-ray diffraction patterns from electrodes

submerged in electrolyte during charge and discharge by means

of a special test cell. He claims tha%, during charge, Cd(C'ri)2

is successfully transformed into Cd metal in the cadmium electrode,

but even after a strong overcharge, this transformation is not

e




complete, as indicated by the X-ray patterrn at itnis ztage.
Furthermore, Cd(OH)2 is the end product during discharge and
there is no evidence of the presence of a Cd0 film wnich is
believed to be responsible for the passivation of the electrode.

(19)

Gross anrd Glocking summarized the results of recent research
by characterizing the negative cadmium electrode in a nickel-
cadmium cell and evaluating some of the published results about
which researchers still disagree among themselves, such as the

mechanism for passivation, which is an important phenomena that

affects the capacity of the nickel-cadmium cell.

In comparison to the extensive studies on the electro-
chemistry of the Cd/Cd(OH)2 electrode in KOH solution, there
is little information available concerning the electrochemical
reactions taking place during the electrochemical impregnation
process which uses cadmium nitrate solution as electrolyte.

The only research works known to the author are the electro-

chemical impregnation studies using cycling voltammetry(21'22).

They used a 0.013 cm2 nickel microelectrode and a 0.064 cm2

cadmium microelectrode. Some important conclusions of their

studies are summarized below:

(1) There was a large reduction wave at -0.63V vs SGE(3aturated
Calomel Electrode) which appeared only during the initial
negative scan. This 1s believed to be the reduction of a
solution species to liberate OH ion in the presence cf

+2

Cd to precipitate cadmium hydroxide on the electrode

surface.




=

(2)

(3)

A second reduction process was observed at -0.62V vs SCE
during the reverse positive scan. This is due to the reductive
formation of metallic cadmium from cadmium oxide or hydroxide
that was deposited on the electrode surface during the pre-
vious forward scan.

Some processes (or one of the processes) during the first
cycle effectively passivated the electrode to fﬁrther electro-
activity. The formation of the gray material at -0.63V vs

SCE, discussed in (1), was the most probable reason for the

passivation of the electrode.
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CHAPTEX 3

THEQORETICAL APPROACH

3.1 ceneral

In voltammetry at constant voltage, the current through
tne electrolytic cell is measured as a function of time while
the potential of the polarized electrode is held at a constant
value. The current is affected by botn the transfer process and

the electrochemical and/or chemical reactions.,

A plane electrode is immersed in a solution which contains
a substance 0. At the imposed potential, O 1s reduced to another
substance R at the electrode surface, according to the following

electrochemical reaction:

0 ¥+ ne ——» =X (5)

The current-density-vs-time curve obtained at a constant
voltage depends on both the kinetics of the electrochemical

reaction and the rate of mass transfer.

Under our experimental conditions, diffusion is the only
mode 9f mass transfer. The other two modes of mass transier,

namely, migration and convection, are insignificant. Migration




- ey~ - -

11

is eliminated by the presence of a large excess of supportiing
electrolyte which reduces the potential field. Convection is
avoided due to the conditions that (1) the solution is not
stirred and (2) the duration of elecirolysis is short, so that
the density change has not yet become a significant factor and

natural convection has not taken place.

The dimension of the cell, as compared %o the microelecirode
used, is so large that the solution may bve regarded as extending
to infinity; i.e., the diffusion process is semi-infinite.
According to Fick's first law, the flux of the substance 0 at
a distance x from the electrode and in the direction perpen-

dicular to the electrode is:

gCO(x,t)
N. (x,t) = - D (6)
0 0 2 x .

Conservation of the species 0 leads to the following differential

equation:

2
205058) . g D Coix,t)
2 t 0 2 X% (7)

where CO is the concentration of substance 0, which is a function
of x and t. DO is the diffusion coefficient of substance 0,

and is assumed to be a constant.

——




when the substance 0 is reduced at a very hign rate, by
imposing a sufficiently large potential step, such that the
concentration of this substance at the electrode surface is
reduced to zero soon after the start of electrolysis, the
boundary condition at the electrode/electrolyte interface for
equation (7) is CO(O,t)=O for £t >0. Initislly before the electro-
lysis, the solution is homogeneous, and the concentration CO
at t=0 is uniform with the bulk value. The other boundary

condition is that Cy approaches its tulk value when x is

sufficiently large.

The electrolysis current is equal to the product of the
charge involved in the reduction of one mole of substance 0 by
the flux of this substance at the electrode surface. Thus the

current density (current per unit electrode surface area) is:
I= nFN4(0,%), (8)

where n 1s the number of electrons involved in the reduction
reaction of substance 0, F is the Faraday constant, and NO(O,t)

is the flux of substance 0 for x=0.

The solution of *the above problem is(23):

1
I= nFDy? C§ ’ (9)

O

’

where Cg is the bulk value of substance O.
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The current density represented by equation (%) is called
, the limiting current density of electrochemical reaction (5),
This is the maximum current density which can be achieved Dby
this reaction. It was found that if nitrate ion is the only
reducible substance, the current density predicted by equation
(9) is considerably lower than the experimental value. This
contradition is resolved if one realizes that under the experi-

mental conditions water 1is also reduced.

At any other less-negative potential the current will
depend on the electrode kinetics., Now the condition that the
reduclble substance concentration becomes zero after the appli-

cation of the potential step has to be replaced by a kinetics

equation, which is a function of potential and the concentrations

of surface reactant and product. No general solution is available

except for the case when the reaction rate is linearly dependent

(23)

on the concentrations of the surface reactant and product:

3.2 Description of the Model

The real porous electrode is formed by sintering nickel
powder on a nickel grid to form a plaque. The plaqgue serves as
the cathode, which is positioned in a cadmium nitrate solution
with a pH value between 3 to 5. The passage of ihe current

produces hydroxy ions which cause the cadmium to be deposited
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into the porous pores. The transport phenomena associated
with electrochemical reactions ir. a porous medium is very
complicated. The approach here is to study *ne inirinsic
reactions which take place inside the pores in a simple
flat electrode. The plate electrode is submerged in a
semi-infinite pool of electrolyte so that the mass transfer
problem can be treated as a one-dimensional problem in
the x-direction (perpendicular to the electrode surface).
In the solution side, there is a thin doutle-charge layer
near the electrode. The thickness of the double layer is
on the order of 10 to 100 A. It is too thin to be prooed
adequately, and the theory of the diffuse layer is a
microscopic, rather than a macroscopic, phenomena. The
mass transfer region to be considered here is thus located

outside of this double layer.

The electrodeposition process operates on the principle
that the hydroxy ion, which is generated by the reduction
process, coprecipitates with the cadmium ion in the solution
to form cadmium hydroxide crystalloid. The approach taken
here to unravel the complicated sequence of reactions is
to form a model which describes the transport processes
and reactions. The model will first be used to analy:ze
the experimental results obtained under the condition of
.o pricipitation reaction, by using an electrolytic solution
which is free of cadmium ions. The neterogeneous reduction

reaction will be determined. The transport and reaction
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problems will then be examined in the case when the solutlon
contains cadmium ions. The rate of the precipitation
reaction will then be determined by matching the model's

prediction and the experimental results.

3.3 Formulation of Transport Process Zquations

Three ionic species to be considered in the electro-

chemical system are NOS, CH™ and Cd™® ions. In the absence

of migration and convection, the flux of each species is

(24)

expressed as

2C; _
Ni = - Di > % y 1=1,2,3 , (10)

where N, is the flux of species i (moles/cmz—sec),
D; 1s the diffusion coefficient of species i (cmz/sec),
C; is the concentration of species i (moles/cmB),

which is a function of both x and %, and i=1,2,3

corresponding to NO3’ OH™ and cd*? ions.

The equation of continuity of each species is(24)

2C. d N, .
~ L= - L -2, i=1,2,3, (11)
t d t

vwhere Ri is the rate of production of species i

(moles/cmB-sec) by precipitation reaction, which occurs
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only in the presence of cadmium lons.

Substitution of equation (10) into (11) gives

2
?2C; ‘aci
>t = Dib‘(2+ R, i=1,2,3 (12)

It is assumed that the precipitztion reaction (3,

can be treated as a homogeneous reaction and is linearly
proportional to the degree of supersaturation., Therefore,

the consumption rate of cadmium ilon due to this reaction

is :
Ksp 7
Ry = -kiCh - —%
3 > T (13)
where is the homogeneous reactlon rate constant (sec_l),

k
Ksp is the solubility constant of Cd(OH)2

- g
and has the value of 2x107%7 (molesB/cmg)(ZJ).
3y the stoichiometric relation of eguation (3), the con-

sumption rate of hydroxy ion due to the same reaction is

r K:Q J
Ry = 2R, ==-2%k |Cy-""_ 2 (14)
2 3 L3 () J

Substitution of equations (13) and (14) into :quation {1

o

)

leads to the following two differential equatiors :

N
1
[aV)
~
)
]
~ e
Do
-
[,
s
g




2~ Ksp
C C
% = Dz—zl. k[C, - o .2 (15)
2t 3 ox 3y

For No; ion,

-

Rl = 0.

Equation (12) for NO3 ion may be reduced to

2
2% _ , 2%

21 1y,2 . (17)

Only two of the three differential equations need
to be solved for the concentration profiles, due to the

electroneutrality condition(zu):

2C . -C -C2=O (18)

Substitution of equation (18) into equation (153)

gives:
2
2%, 2% 2xl(C, +C )——K&

Equations (17) and (19) are solved simultaneously
to obtain the concentration profiles of C1 ard CZ’ ise.,
NOB and OH ions. The ng prorile can then te obtained by

equation (18) from the known profiles of C, and C

A set of differential equations, wnilcn are simpler
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than equations (17) and (19), ar=z obtained when the elec-

trolyte contains no cadmium ion. In the absence of cad-

e~

mium ion, the precipitation reaction (3) can not occur;

thus, Ri terms are all equal to zero. Equation (12) is

then reduced to:

2

-bC. C. )

TRy e (20
X

in which i1=1,2 corresponds to NO, and OH ions.

3

Equation (20) is written for C, and Cy:

2C 2a
—=>=D,0"%1 (21)
2t 157

2 (22)
2t 25x2 .

The other condition, the concentrations of various
ions at the electrode/elecirolyte interface after the
start of the current flow, has to be described by the
electrode kinetics of the reduction reaction of NOS ions.,

3.4 Electrode Kinetics

The possible reduction reactions are numerous, as
shown in equation (2). Since in e.ch reaction, OH  1ion

is generated, we will represent the production of OH




ions as the follcwing electrocnzmical reaczion:

0 + NO r 2e¢ = HNC + 30H ., (23)

21 3 2

2

Because there are two electrons involved in the reaction,
it is likely not an elementary step. Let's assume the
reaction conprises two elementary steps, each step involving

the transfer of one electron, and a dissociation reaction:

cl
NO. + H.O +e° —— NOZ + (CH)Z (slow), (2L4z)
3 2 = 2 2
al
X
el
(O'ri)g + e — 20H” (fasz), (24%)
r(aZ
- Kd -
N02 + H20 B HNOZ + CH (fast)’ (25)

where Kcl and Kc2 are cathodic reaction constants, and Kal

and Ka2 are anodic reaction constants, respectively. Kd is

The dissociation reaction constant. (OH)é ion is an unstatle
intermediate ion which immediately ernsers the nex®t reaction (2%b,.
The rates of these elementary steps should élways te Dropor-

tional to each other. TFor the elementary steps listed atove,

Let I1 and I, denote the caznodic curresnt densi<ies

o~

of reactions (24%a) and (24v), and r, and r
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m - bl -— S Y -
Thern, <Tne relaTlionsnlr tevween T

concentraticns of NC-, (;h/g , which appear in sismenzary

n
=
m
'—A
M
~“o
(@]
J
1
o
—~ 0
O
4
1
|
[
-
L)
Y
) \
M1
i3 |
'y
-~

_ .0 2 . ((i-B)F
Y [‘OH’] e“p[ o V]

4

“Ke2 [CC()OH)E} exp[-ﬁ‘—‘?v . (27)

NYS

where (B, and B, are symmetry faclors representing Ihe Iractlions

cf applied potential V, which promotes <the cazthodic reaction.
\
NOS, (Cx), and OE™ on <he electrode surface.

Since reactions (2%a) and (24t) occur &% <he same rase,

‘we have:

Ny




R

- i S, ; - =
T L3 1urma2r z3

where I is overall current 4ensizy.

that reaction (24p) is fast, and 1s =ssentizally in ecuilibrium,

From eguation (27),

3umnea

(]
—

1 .
and —— - =r = overall reaction rate.

eS|
(AN
hy

Substituting equation (28) into equation (23)

combining egquation

_:E. =z r = -———-—Ka‘li{a2 ["

= be
27 KCZ

~NO

29) zives:

)65

exp[ (2- ﬁr

- Koy [ NO J[:{ o]e"p[ Bt VJ

Frem reaction (25) one may write

o co .
(0,) (567

~0 _Yre0 .
[Jncoj[dﬁooj

Substituzion c¢f the atove 2Xprassion in=<o eguati

Tol

arnd

=]

(29
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2; =r = Ka—lK':“Z E:SE’IO:E [Cg\—]j e:(p[(Z- B )7 VJ
Ko2fyg [“H?_o] RT
- K, [c§05][c§20] exD -%: v] ' (31)

This 1s an overall expression of the relationsnip
among the current density, surface concenzrations of ions

involved in the reaction (23) and applied potentizl, When <the

applied potential is kept constant and the surface conceriratio

of HZO ard HN02 are almost constan®, equation (31, is simplified

<o

'ZI“'= r =K [CSH‘]3 - % [Cz\?ogj’ (31a)

W =
rere K2

. (o]
K182 [Civo. ] exp[ (2- B )F ,J
K K c® RT

c2g [ HZOJ

_ o} _ B F
:(1- Kcl [CHZOJ exp[ —_V]

RT

Cne can see from equation (3la) that *the reaction is
third order with respect to CH  ion and firs= order witn
respect 10 NOS ion, Equation (31la) will Te used as one o7

cur boundary conditions to Te discussed in =re next section.

A
ot

3.5
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V3
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For toth cases, i.e., 2lectrolyse containing cadmium

Bar iy
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ions and electrolyte containing no cadmium

and four btoundary conditions are needed <o

equations (17) and (19) or (21) and (22).

At t=0, the concentration of each ilon is equal

tulk value at each point along the x-dirsc

conditions are as follows:

2.

where the superscript "o

at t=0,

(@}
oo

~
V)

for all

for all

Xy

Xy

denotes the bulx

“h

-

e

The first boundary condition is the consecuence of

the Tact that the flux at the interface has to te egual to

tne rate of heterogeneous electrode reaction,

where superscript "o" denotes the surface cord

satisfy

nas, at x=0:
3

This is

coundary

con

di+ions are:

<he secor.d boundary

. .
3 -

-l

e

ol

on!

ne stoichiometric relation of eguation (23),

(32)

ore
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o)
3. at x=00 , Cl= Cl'
L, at x=0 , C2= Cb.
That is, the concentrations far away from the electrode/

electrolyte interface do not change.

The flux in equation (32) is propor=<ional %o %the curren=

density as a function of time:

I= -2F91[3U1] (34)
ox J x=0




generator and was applied to the working elec*trode/elec-
trolyte interface in the eleczrochemical cell. The ca-
thodic current was thus sampled zind stored in memory at

a constant time interval oy a microcomputer. The resulting
current/time transient was then plotted by 2 x-y recor-
der or printed out by a line printer ty recalling these

current data from the memory of the microcomputer.

4.1 The Electrochemical Cell

The current transient under a potential step con-
dition was obtained in a three-electrode cell., The cell
and electrodes configuraticr is shown in Figure 1. The
working electrode was a nicxkel microelectrode, It was made
of a nickel wire which was pressure-fi<tted into a teflon
cylinder. The flat, exposed surface was 0,013 cmz. A
saturated calomel electrode (SCZ) and =z cadmium btar were
used as the reference and the counter elecirodes, res-

pectively.

The cell was filled witn electrclyte of eizher

e
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(a) 2
R 7
I- -------- - £ ///A
/ @-— 24 = - == Plasnic
| R Cover
WNorking
Electrode - o~ Xeference
clectrode
Counter = = — -l (SCE)
Electrode éZE
/8
200 ml —_———y N— — —— 3yubbler
Beaker

Solution=—==|= = = ///////4 e e maale e —-— - Stirrer

(b)

Counter

Electrode Jeference
Electrode
(3CE)

Solution

Norking -
clectrode

Figure 1. The Electrochemical Cell: (a) Side Viaw, (3) Tor Viaw.
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cadmium nitrate solution or potassium nitrate soluticn.
The pH value of the solution was controlled. Potassium

chloride was used as the supporting electrolyte. The e

’__1

ectro-
lytic solution was not stirred during the experiment, so tnat

the conditions of semi-infini<te linear diffusion were maintained.

Two experimental parameters were varied:
1) the ion concentration of the soluzions ard
2) the magnitude of the potential-step applied <o the

interface.

4,2 The Instruments and Electrical S23uDp

The-block diagram for the experiment setup is shown in
Figure 2. The instruments shown in Figure 2 contain the

following equipment:

a) A Princeton Aoplied Research (PAR) Model 173 Fotentiostat/

Jalvanostat: In the experiment, the operating mode was set

at CONTROL~E.! which means that t

5y

e instrument funcztioned
as a potentiostat. The current was measured wnhile Xeeping
the potential of the working electrode conszant. This

accomplished by setting the counter elecircde o e
required level so that the working slactrode dcrentlial
2t a programmed potential with respecT o the referen
clectrodes, The instrument is provided wizn a licdel 172

Zurrert-to-/oltage Converter which is




THOLYRTAY WL, o

AUALLING D) 3O HOTYVHEMLOAN AYY 30 wnadveip ynogg o At
S 4
*—f— ﬁ\r‘ L4
[ *
|
SERTITER]
A LCRN I BTN |
. - -] - - -1 "] - - B I, |
.- ] e g - §- ' e e
1 _ )] '
1 N ol e 1o v ! 1t
e T bl HvR C1yy ‘ i
i t
TR Y S ol < f e vy v ),
' NOSSHNND OMDITH . ;
] { ' L
]
. - — — — - — - - - - - - - —s
)
L} b
d
WAV ' 1 ‘ , .
' Lro0 L0 o ! AV T KRR T
' 3 TVISouvA IV
(NI TR AR AL | R P S e e o -1 <
CIV IO I,
WU N A X ot o e e SR N AAREILLE DR
1
|
e - k




)

c)

29

module. The M 176 provides a dc volzage ocuvtut -mizn is
proportionzl to the current., Thes cell currens can te eltner

displayed on the panel, by a x-y recorder, or mecnitored oy

ct

the microcomputer. Connection to thne cell was made

hrough
the external cable. The counter elescitrode was connected to
the red c¢lip, *the working elactrodz o =nhe Zrsen cilip and

lecTronme=er Frobe wnich nas

14

the reference electrcde T0 zThe

gh impedance, tnereby insuring us that the current

[

a very h
was flowing to the reference elecirode.,

5 1s =z programmable

b

A PAX VModel 175 Function CGenerator: Tn

waveform generator which has two operating modes, SWIEF ard

rULSZ. The former generates a sequences of itriangular waves,
while the latter generates a sequence of step function. For
the potential step experiment, the operzzting mode was sea3-a
PULSE mode ard the pulse width selector =zt STZIP posiztion.,
The magnitude of the step function was set Tty the setting o
the 3 potential (upper limit) in the PCTENTIAL seczion on
tnhe front panel of this instrument.

An. In%el CZU B080A Bases Microcomputer (z4¥ FAX): The micro

computer was the central part of the experimental setfup.

The {unctions of the microcomputer in th2 2Xperiment wersz:

IR . - .. - - F g -
(1) T0 trizgger tne Function~3esnerator wricn zczivazed 3sh2

‘ s -, - —y — § a« ~ -~ .. -
(2) X0 sample the currsn®t ousputs from %h2 M 17z Zonvearser

~ -~ and stere-ihem in- the-memory. e

(3) %o convert <hese digzital da%a tack in<o znalog sizna
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and then plot them on *the x-y recorder.
(%) to print the digital data on the line printer.
(5) to store these digital data in the tapes.
The peripheral equipment of the microcomputer include a
CRT (TV screen), the keyboard, a cassette recorder and a
line printer.

d) A Houston Model RE 0074 x-v Zecorder: The Zecorder receives

the analog outputs from the DAC (Digital-Analog Converter)

and plots them on the grapn paper.

4.3 The Computer Frogran

A computer program written in BASIC language was used =0
carry out the experiment. The program consivts of a main program
and a machine-language subroutine called "MUG". This subroutine
includes an execution statemen® which generates a trigger signal
t0o activate the Function Generator. A potential step was then
immediately applied to the working electrode, and thereafzter
the computer started to sample and store the current output at
a fixed time interval, The analog signal was converted into a
digital datum by a 12 bits ADC (Analog-Digital Converter) and
then stored in the memory. When the number oI samples reached
a preset value, the sampling routine was terminated, The digital
signals siored in the memory were tinary numcers. These daza
were converted into decimal rumbers and <hen conver%ed in-s

analog signals, =znd finally plotted on the X-y racorder and
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printed on the line printer, This was executed oy the main
program. The main program and the "MUG" sutroutine arz
presented fully in Appendix Al and AZ.

L,4 ZIxperimental Conditions and Procedures

In the experiment, the iInitlal pH wvalue oI the elecz<ro-
lyte was-maintained at 3.0, whicb was the condition used in the
actual electrochemical impregnation process. This was
accomplished by titrating the electrolytic solution with a
concentrated HCLl soluzion. The concentrzations of nizrate

- Ve

ion used were 0.,005M, 0.0025M and 0.00125M prepared from eitner

1]

the KNO3 or Cd(NOJ) solution. The cadmium ion concentration
were 0.,0025M, 0,00125M and 0.000625M, All *the electrolytic

solutions contained 0.5M XCl as the supporting electroly<e.

()]
O
H
-3
W)
ct
1)
a1
2]
m
9]
(7}

It was found la<er that the ;lectr lysi
sisnificant cont;ibuticn <0 t@e_total current, Tecause the
current obtained was signifi;ant;y nigner zTnan the limiting
current. In qrder to ob;ain ?he current due only o <the recuction

. N -

of niirate lons, several runs with solutions which con=saineld no

-

nitrate ilon were conducted. The solutions used for this purgoss

= OO0 EN CAY a4 = PR =3 -
vare elther water or .00z uqdlz soiution. Zctn solutions

s W alhi —~ o~ -— -~ - - - - TA r o~ - -
containred C.5M KC1 as tne supper=ing el2acirsoijyte. Ihis currans
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nitrate ions in the solution., The resulting current is =zhe
faradic current of the reduction of nitrazte ions.

The magnitudes of the potential-step used in this
study were =040V, -0.60V and -0.80V versus the eguilibrium

potential which was at approximately -C.354V vs SCE.

The experimental procedures ars listed blow:

(1) The electrical circuit was set up as shown in Figure 2,

except that the cell was disconneczted from the Potenzlostat

Galvanostat by setting the cell selector on the insirument
to the OFF position. A proper current range was then
chosen from %the Current Range Switch to make sure that
the current output would not be overloaded. The Function
Generator was initialized by depressing the INITIAL
control pushbuttom. The initial potential was set az
zero VOlts.

(2) A known volume of electrolytic solution and an equal

" volume of supporting'electrolyte, KCl, were added to the
cell and titrated with.HCl solution to a pH value of 2.0,
The solution was then deaerated by bubtling purifiad
nitrogen through the stirred soluzion for atout <en
minutes. The gas continued to pass zbcve ths solution
during <=ne 2xperimencz,

(3) After the working elec*rode surface was polishad oy a

3/0 alumira paper, i< was rinsed Tnorougnly wiwh distilliad
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(5)
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and deionized water, and then was positioned in <*the cell,
The electrodes (the working electrode, counter electrode
and reference electrode) were then connected to the
Potentiostat/Galvanostat as described in section &4 .3.
After the electrodes were correctly connected, the cell
selector was switched to the ZXTERNAL CELL position. The
rest potential of the solution could te determined by
turning the knob in the APPLIED POTENTIAL/CURRENT section
of the front-panel of the Potentiostat/Galvanostat so
that the current reading displyed on the front panel
meter was zero. The applied potential was then the resz
potential.

The upper limit (B potential) on the Function Generator
was set. The value of the 3 potential plus the rest
potential was the total potential applied To the electro-
chemical cell. -

The experiment was initiated ty running *the computer
progrant. The current/time data were stored in the computer's
memory and -then the results were converted to line

printer output.

4,5 Experimental Pesul<ts

iwo sets, a total of twenty-two runs, were made., The

first set of runs was conducted in solutions which contaired

no cadmium ion. The second set of runs was made in solutzions
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which contained cadmium ions. For each zet of rurs, zlanx runs

(&
v

were made in the solutions without tThe pressnce of ni=raze
ion for the purpose of determining the tacxground current

due to the water decomposition reaction. The solution for
blank runs for-the firs*t set was.water, while the solutzion

for tlank runs for <he second set was made Ty using the

W\l

0.0025M Cd012 solution.

o
—_
i

The current-density-vs.-time data printed by <he
Line Printer are shown in Table B.l through Tatle B.22 in
appendix B. The measured current was converZed Tc¢ the currant
density whicn appears in those tabtles. Thilis is calculzted
by dividing the current by the electrode surface aresz

0.013ca®,

Taples 3.1 through 3.9 are the first data set whizch used

potassium nitrate as the electrolytic solution, while Tatles

3.20 through B.12 are the tackground currents of water used

to subtract from the first data set,

Tables 3.13 through 2.21 zr
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Table 3.22 1s the tacxground current of water In Tn2 presenca

of cadnium ions.
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electrolytic solution concentrations and appliied overpotentials
are shown in Figures 3 through 6. In these figures, the
current due to the electrolysis of water has teen eliminited

by using the routine tabulated in Table 1.

Figures 3 through S5 are the current-&ensity-vs.-time
curves obtained in the solutions which did not contalin cadmiun
ion., Figurevj shows the current-density-vs.-time curves
obtained in a solution containing 0.005M nitrate ion and at
potentials -0.40V, -0.40V and -0.80Y from the equilibrium
potential,4 Figure 4 shows the.current-density-vs,—time curves
obtained in a solution containing 0,0025M nitrate ion, and at
potentials —O.th, -0,60V and -0.807 from the equiiibrium
potential. Figurers shows the current-density-vs.-time curves
obtained in a solution containing 0.00123¥ nitrate ion at -0.40V,
-0.60V and -0,.80V from the equilibrium potential. Due to <he
lack of blank runs with 0.00125M and 0.000625M cadmium ion con-
centrations and -O.50V and -0.809 from the egullibrium poztential,
only one cgrrénf-density-vs.-tiﬁe curve was obdtained witn 0.005M
ni<rate ion and.0.6025M cadmium ion concentration a%t the poten-
tial of -0.40V from *the equilivcrium potential, Thisz is shown

:

igure 8.

T
-—a

txj

4,5 Jiscussion of Zxperimen=al Xesul=zs

Some characteristics can te seen from the zsurves snowm

in rigures 3 through o,
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Tatle 1: Evaluation oif Current-Density-vs.-Time Data
Plotted in Figures 3 Through 5.

e ————— e

by subtracting the
Fizure is corresponding current from that
2lotted density at each time of in
point in
. L
(1) Table 3.1 | Table B.10
|
Figure 3 (2) Tatvle B.2 Table Bs11l
(3) Table 3.3 Table 3.12
(1) Table 3.4 Table 3.10
Figure 4 (2) Table B.3 Table 3.11
(3) Table 3.5 |  Table B.12
|
(1) Table B.7 Table 3.10
Figure 5 | (2) Table B.8 | Table 3.11
| | : !
| (3) | Table 3.9 | Tarle 312
| . !
) i}
| i ;
Figure 3 ; Table 3.13 ' Table 3.22 |
L ! :
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Firstly, the current density decays with time in a
hyperbolic fashion. This is the result of depletion of the
NOS ions near the electrode surface. Theoretically, %here

is an initial sharp rise of current associa%ted with double-layer

(27)

charging y due To the application of a potential-siep, This wza
.ot observed in the experiment, however, Secauss :thne time For

charging is usually very short as compared %o the electrolysis

time.

Secondly, the sharp current drops in the teginningz indicaze

that very sharp concentration gradients ars ess<ablisned Ffor Ine
nitrate ions and the hydroxy ions as soon as the surface
reaction (23) takes place. The conceniraition gradients are

gradually decreased due to the diffusion layer extending in

the direction of decreasing concentration zradienis. The
result is that the decay of the current dansisy is not as Tass

as in the begirning.

The curves for the case of potential at -0.80V from the

equllitrium potential and soluzicons con=zaining 5.3025W an

0.00125M nitrate ion, as snown in =iz upper-mo

Ui
ot
)
S
+
<
D
n
[
F‘J
{
ty
(1]
/]

and 5, respectively, are szomewna® 4iffersn-
These <Two curves 4o not Follow
potential countarparts., Iz

nitra<e lon, near +he elec=rode sur?s

ace, is useéd up In a very
snors time and another reaction must te <axing slace. This

n
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behavior is the most proncunced as snown in %he upper-mos%
curve in Figure 5. A maximum current is observed at zime

equal to about 0.5 msec. This curve thus strongly supporis
our explanation that some other reaction is taking place at
that time. Or the other hand, *the absence of this behavior

in the curve for the case of 0.005M nitrate ion snown in =ae

Trate ion

pie

upper-most curve in Figure 3 suggests that the n

concentration near the electrode surfzce is not zero.

Two parameters were varied in <he experiment, i.e.,
The concenzration of the electrolyte solutions and the value
of the potential from the equilibrium potential (rest potential).
The changing of either <the tulk conicentration of the electrolyte
solutions or the overpotential *that is applied to the working
electrode will change the value of the current density. ror
a given bulk concentration, the increase in the applied over-
potential increases the electrochemical reaction rate on <he
electrode surface. The effect of the applied overpotentizl on
~he current density can also te obtserved in Figures 3 through 5.
In each of these figures, a plot of the limiting current -
density-vs.-time curve is also shown. The limiting currens
dansity is calculated Ty equation (%) with the corresponding

e

culx concentration of the nitraze ion., Zeczll that the
current is defined as maximum curren< ore can ottalin 3is Ik
zpplied overpotential is increassd, The surface concenzraszion

< + -© o=} - N ] - ~ . - X N <
i The reactant Ior the case of limlting current 1s, in Tace,



cero at any time. After examining Figures 3 *hrough 5, we find
that, for the case of -0.30V, some of =he values of curren:
density exceed the limiting current density. This phencmenon
Decomes more significant when the bulx concentration of pota-
ssium nitrate is decreased. The reasor. for this prencmeron
protanhly is <that at the nign =z2pplied cverpotential, many
reactions can subsequently be expected to taxe place. The
maximum current appearing in the curve for <the case of ~0.20V
is a result of this benavior.,

-+ p -
cnNe nevero-

When the applied overpotential is fixed,
Zeneous reaction rate constants in toth the cathodic and anodic
directions, K1 and KZ’ are fixed. <he supply of the nitrz*e
ions on the electrode surface comes only in the way of diffusion
of the nitrate lons from tne bulk solution. Increasing in
dulk conceniration will increase the rate o7 nitrate ion supply
to0 the electrode surface, thusly increasing the current densizty.
rigures 7 through ¢ show the effect of %the bulx concentraztion
of the electrolytic solution on the current density wizth Tixed

applied overpotential. From the three figures, we can see tha<

(=
ct
(o]
i
3
[()]
[0
=y
}
™

the current density 1s approximately proportiona

b}

concentration of potassium nisrase, except for the case of -J.30V

When electroly=ic solution cerntains zzdmium fons, =
differen< se< of resul<=s was ottained,

current-density-vs.-time curve ob%tairad in 2 J.CQ23%
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Cd(N03)2 solution and at -0.4%0V zpplied overpoiential i3 snown
in Figure 6. 1In addition to tne eleczrocnemical reduction of
the nitrate ions on the electrode surface, a precipitation
reaction also takes place in the solution because the cadmium
ions in the electrolytic solution can coprecipitate with <%he
nydroxy ions produced by the electrochemical reaction on zne
electrode surface. The current density 1s expected To Te
greater than that when the cadmium ion is absent from the
electrolytic solution. Figure 10 shows the current-densizty-
vs.-time curves obtained in a 0.005M KNO3 solution andé in 2
0.002:5M Cd(N03)2 solution. The applied overpotential is -0.207
for both cases. From the curves, one can see that the current
density obtained in the 0.0025M Cd(N03)2 solution is larger
than that obtained in a 0.005M KN03 solution. The reason for
this is that the consumption of the hydroxy ions due %o the
precipitation reaction establishes a drivingz force %o produce
more hydroxy ions and thus promote the elecirochemical reac<ion.

Some interesting facts may be seen from tne figure. Firs

ct

<

17,
the difference between two current densities increases as time
increases, finally reaching a constant difference; secondly,
<he rate of decrease of the current density with <*ime is slower
for the case of using Cd(N03)2 as the elecIrolywic soluzion.

One may thus obtain a larger steady state currens dansizy usin

0y

cd(noj), as the electrolytic solusion.
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CHAZTER 3

NUMERICAL SOLUTIONS
OF THE THEORETICAL MODEL

5.1 QOrthozonal Collocation Method

There are many numerical techniques wnich can be used
to solve the differen<tial equations of the theoretical model

presented earlier in Chapter 3.

Orthogonal collocation method was selected as the method
of solution. The orthogonal collocation metnod requires very
little implicit mathematics and results in a large savings in
computer time over the common finite difference scheme such as
the Crank-Nicholson method. A orief description oi the ortho-

zonal coilocation method is presented in Appendix C.

5.2 Norking Ecuations

5.2.1 Dimersionliess Form ¢of *he Differ

<D

2 - : =
ntiaL guations

The orthogecnal collozation method requires the rezgion o

"y

solution %o be reszricted o the inzerval [0,1). This is
accomplished Ty normalizing the spatial vazriable ty tThe

parameter, [, the diffusion thicxness, ?=x/¢’.




The concentration variables ars zlso reduces =0 =ha
dimensionless forms:
L o* Cl * 72
b = ee— H o = - ’
o 2 o
L ¢t c
i 1
the dimensionless time 1s defined as:
D.*%

Sutstizuting the atove dimensionless wvariactles inzTo 2quasicns

(17) and (19) and rearranging leads 3o the Following cdimension-

less eguations:
*
5 - (Y

2T

* 2 *

Cs D <o # % L
= =S - A [3(Cp w0, - =) (56
2T D%~ 1 2 PN

LS 52 and DKsp= _~__3_Ksp

whare K=

are the dimensionless homogeneous reaction rate constant

2
i
€2,

solubility produc*, respectively., Similarly, aquations (
) J

o
) a
~

and (22) btecome:

L - 2.

2°%; -( O11 2“1 oy

B,t, = :J—)j 3\22 N
* 2 *

el
ofto

\

[4

. . _




The initial conditions are:

1. atT=0, C, =, for all 0

.
2. at¥=0, C, = Cy/C] , for ail 0 ¢

In WA
[

A
wf ol

The first two boundary conditions come from =tne dimen

form of equations (32) and (33):

D, C? c,” .
171 b 1 [. 0v3 ,~0%.\3 ,
1o () e + 1K, (C7)7 ( )7 - (K
* %
91, (¢ } [ 2%
§=0

2, 3(—=2) L2
b, L2% 2% o

The other two toundary conditions are:

*»
3. at§=1, C1 =1 , for T >0,
*

beoat y=l, G =c3/c?,  for T >o0.

£.,2.2 Discretized Zguasions

The solution 1s z2pproximated ty 2 (li+2)zh-order
polynomial which satisfies <the diffsrential squations
toundary cornditions exactly at N+2 points, Those pol
chosen 1o be zeros of tne Legerdre
<he interval (0,1) and with the GSourdzary

Ciscretizing the spatial derivatives 2T thos2 zoinzs

sionless

s
(@}
-0
(@)
— O
%
Nt
(@]

- .
_egendre

and

S~ 2
nW3S Aarltle
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the following set of firsz-order ordinary differential equations:

» N+2

dcC D
—_— - (=L > c *
aT 5, | o 3. G (¥ 5T
1 :
i= Z’noloaNTl, (39)
4c * N+2 N N
T ELNE AR TS RE EENS X
A
¢, ) =P
+ -
2 ‘510 T ﬁ 2
i’-‘ 2,0.0. N+1, ) (L;’O)

where E i» 1=2,... N+1 are the N interior collocation points
wnile ¥ , and ¥ y,, are exterior collocation points which
correspond to the boundary points az ? =0 and E =1,

respectively, and 0= ‘§ 1 < §i< ‘g y+z =10 1T2,000 WL, Ei,j

is a (N+2) by (N+2) coefficient matrix which comes from the

*
discretization of the second derivative (azcl /522 or

2. * 2 . . . . . .
) C2 /d %) at each collocation point. A detailsd explanation
*

. . N . . -~ ~ */
of matrix 3 is shown in Appendix C. <, (EJ'T) and C, \‘g J.,'t)

'

re the concentrations of species ! and 2, respectively, sz

“ime T and position ¥ i

P R T X AT Y




53

The discretized equations from 2quations (37) and (38)

are:
*
ac, D, N+2 .
= (—2) 3, ;Cy (E jur) , 1= 2,.40.0N+1, (41)
S - v
dT 5 =l
and Ek
dcz* N+2 .
— = . . C . .=2 n-c‘\‘I+ln L"
Q'C j:l Bl,J 2 (EJ.T)' 1 ] L ( 2)

The other four eguations are obtained Ty reguiring that the

approximation polyrnomial satisfies the boundary condi<ions:

b N2 :
D,C * +1: o] #
(D11 )[Z Ay, sCy j»’c)] [‘2“1)302 (gl.rﬁ

IR
- (ch?)cl*(’g 1.*:-)] = 0, for allT>0, (43)
D N+2 " N+2 " N
3(32L) [ZAl,jcl (EJ’T)]*[ Al,jc2 (EJ;T)J=O,
i=1 i=1
Tor all T >0, (&4)
Cy (E‘HZ'T): 1, Sor 211 T>C, (~3)

|

i




L

where A, is an element of another (N+2) by (N+2) coefficientz

1,3
matrix which comes from the discretization of the firsz-order

L3 . * * - - - . -
derivative (BC:L /a‘g or C, /3?) at each collocation points.
Since only boundary conditions 1 and 2 (equations (43) and (44))
require the evaluation of the first-order derivative at z',=0,
only the first row of *he mairix &, i.e., A, ., 1s usecd nere.

bl IRY)

The initial conditions for both cases are the same:

I.C.'s
1. at =0, Cl*(ﬁfi'?): 1, i=1,...N+2,
* b ,-b :
2. at =0, C2 (\gi,'t)= CZ/CI y 11, ..,0+2,

5¢2.3 Calculation of Current Density

The current® density is related to the flux of <he nitrate
ion at the electrode surface by equation (34). The discretized

and dimensionless form of equazion (34) is:

. [2Fnlci] Pcl
§ % =
27D,C2 Y ¢ 1ix2
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53¢3 The In*roduction of a Spline Foirt Z0 tne Ti

i
O
LB
)
ct
e
[ R
41}
L

Egquations

The diffusion thickness introduced in the derivation
of the dimensionless form in the previous section can te
sustifiad oy selecting the total elacirolysis time such

that diffusion effects are negligible az x=8 during zhat

reriod. At the beginring of the elesctrolysis, the diffusion

thickness selected according <o the %total electrolysis time is

too large. This leads to a concentration profile which 1is

flat in most of the interval with a sharp drop in a very sma

region near E =0, This would require a large number of
collocation points leading to a very stiff set of ordinary

differential equations.

This difficulty can be overcome by the use of a method

called spline collocation(ZB)

based on the diffusion boundary

concept. This method maintains a fixed low number oFf collo-

cation points in the interval wnich is very small initially
and will be increased as %time increases to account for <he
thickening of the diffusion lzyer. In =zhe regions outside
this interval, <he concentration is flat. As a matter of

fact

face as to achleve any desired accurzcy s

In order to he sure *tha* tae concenzrzzion radlencs

s the spline point can te located 2s zlose To tThe inster-




Ln
O~

at the splin2 point 1s zero, tne concentratiocn 3T =he HIn
collocation point, i.e., the last one tefore *the spline
point, is tested to assure that it is within a very zmzll

range of the bulkx condition. A% the time when such

V)
ct
o]
wn
c}

fails, the spline point is moved further into the solution,

o
cl

0
SO

Introducing a spline point,?s, G« ?E;<l, 2 nsw vari )
z=‘¥/’zs, is introduced. The discretized equazticns we ottalired

for the case of solution containing cadmium ions are:

ac ¥ P 42
. = —~ :--C*Z
a L ( %2 3 ) ®1,5% p T

i=2)IoaI\"+l, (!"8)
and
*
ac, 1 N+2 . N
— = ( 2 ) [ B, .Cz (Z,-,T) "2:-[3<C1 (Z )T)
d’r 2 3 - ~9J J
hi 3=1
% SK3D
+ - -
Cp (2T = T
\42 uﬂ'T
132, . 00%L, («2)
For =he zase of solutlon conzaining no cadmium lon,
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Equations (%3) througnh (48), which come from zhe four tcundary

conditions, become:

D, our2 . 2 *
2 3(—5;. /[Z Alidcl (Z"’T)] * [ A:_,ULZ (z;lfc)]=o:
i J= i=1
for all T>0, {23)
* *
3« Gy (\gs.'t')= Cy (2yypyT)= 1, for all T>9, 2

\
\n
~

v P2 (5= Oy (3, TIECL/5) Sor 21l Toe, ‘

The inizial conditions becone:




* . ..
Lo at T‘-'O, c1 (Ziy’r)z l, l=l,..oﬂ+2,

* T k . .
2. at T =0, C, (z;,7)= cg/ci, i=1,.,.0%2,

The current densi=ty should te charnged o0

vl l®

= - () (ZFD’-C?) 24
s 5 2T [z

5.4 Solution Frocedures

For the case of a solution containing cadmium ions,
sguations (48), (49) and (52) through (55), with *he initial
condi<ions, are the working eguations used to solve for <he

. . v~ = o= . - r2 .
concentration profiles of NO} and OH icns., The Cd lon

concernsration is calculated by the electronsusrali<ty condition
in the solution:

*

C3 (zi.'t)=

N
m
(@]
pa
*
ti
.‘
(@]
)
*
[
./
Ui
3
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For the case of a solution contalining no cadmium ion,

equations (50), (51) and (52) through (55) with the initial

conditions, are the working equations,

Equation (56) is used to calculate <he current density

at each time A for toth cases.

5¢5 Computer Program Structure

The computer program for solving the discretized
equations consists of a main program and 5 main subroutines.
The first main subroutine evaluates the collocation points

(roots) of the Jacobi polynomial of order N, as well as the

fire and sccond deri-ratives .f <ne polynomial at the roots.
Thase derivazives are then used in z -econd nain sudbrousine

t0 caxculate the discretization coefficient matrices A and 3.

The third main subroutine is used to perform a semi-impliciz

(29)

integration using Gear's routine . This subroutine calls

0

4 external subroutines. The first of these conztains she
explicit expressions (48) and (49) (or (350) and (51) in
another case) for *the discretized coupled firss crder diffsrential

equations containing <he B, . =Zerms; =he second corn*ains thz
-3 J

Jacoblan matrix for the same equazion; =<he =hird perforns =ne
£
first stage of Gaussian eliminatior.' 0) 07 =ne Jacodlan matrix;

the .ast performs *tne back substituT_cn o7 Zaussiar 2limilasion



1

of the Jacobian matrix. The first external sutrcusire cazlled
by the integration subroutine also calls anozner subroutine
coming from the IMSL package. This subroutine solves eguations

(52) and (53) simultaneously to give the surface concenzrazions

»* *
of Cl and C2 « The IMSL sutroutine calls znozther funztion

which feeds the equations to ze solved, 3efore writ!

* *
function, C, (:1.’r) (surface concensration of C, ) is solved
* . - - * = e -
in terms of C1 (zyr )y i=1,..0072, and S, (2,0 )y i=1,...0072,

using equation (53), and then sutstizute inzo equation (352)
*
to eliminate C, (z,,7°). Thus, only one ecguation which
2 V% 4
*
contains only ore unknown, C2 (21,’t), is needed., C(Cnce we

* %
ob*ain Cl (21’77)' C2 (zl,q:) can te calcula

ot

ed easily,

The Jacoblan matrices for to+th cases can also be evalu-
" .
ated after sutstizuting the expression of C2 (Zl'T') inzo
equations (48) and (49) (or (50) and (51) in another case).

For the case of solution contairning no cadmium ion, the Jacobian

matrix is:

( | )
=hivT) = ;!
DZ %s i+l, i+l 9
|
— ——— c—— — — — —.+— — — — — -—
- :1 | ,"_..
. 2, — A, ... 21 3. . -
”i,j= 3‘1*1--,1\ - )Al,;*; | ‘?S‘ irl-li, jri-l
\ - - .o
. ! - .
(:‘1,:)?3 "".L"A,i)\n:p:?:'l
! A .
-y -
[
\ | y
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bs

whicn is a 2N ©ty 2N matrix. For the case of solution centaining
cadmium ions, *the Jacobian matrix is the same except <Tnas
the terms in <he diagoral line of <he tnird quadrant are all

subtracted by K and *the terms in the diagonal line of the

. ) , 3
fourth quadrant are all subracted by 2K{3+(23Ksp/C, (Z: e T

The values obtained from the integration subrouvine zare
+hen used in 2 fourth main subroutine to calculate tThe currens
density by equation (56). The las® main sutroutine is used <o
evaluate *he concentration at any desired point betwsen O ard 1

?7 interpolation usirz the values a2t the coliocation poinzs,
(=4

The structure of <The whole program is shown in
Programs from both cases are listed in Appendix D, FPrograms

nerein were executed on an AMDAHL 470/V4 computer.
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FITTING OF THE TEEORETICAL

MODEL WITH EXPERIMENTAL DATA

)

~ X : 3 £+ - y H M
6.1 The Determination 0of the Zlecxrochremical

174

Xirnaetics Paramesers

The unknown neterogenecus reaction rate cons-
tants which appear in equazion (52) were desermined
from the currenti-density-vs.-%<ime da<ta obtained in 2
solution which did not contain cadmium ion. The di-
fferential equations (350) and (51) which describe the
transport process were solved by computer to determine
the rate constants. Comparing equation (31) wi%h egua-
tion (31la), one can see that both Kl and KZ depénd on
the applied potenztizl wiih exponential derendence.

Thus, Kl and KZ should be constant when the appliad
potential is maintaired a%t a constant value during zhe
electrolysis. Kl and K2 Nere ottained ty comparing tne
experimenztal data Iin the absencs of cadmium ion in <%hs
electirolyte wisn tThe compuzer-calculazed current densizty

daztea.

The experimental curresrit-densizy-vs.-time Izazta




-

O~
-

with the electrolyte containing 0.005M nitrate ilons
and the applied overpotential of -0.40V was firs<
fitted to the computer-simulated data to otzain the
K1 and K2 values. Due to the lack of information

about the wvalues of K, and KZ’ rough =2stimates of Kl

)

t

and K, were evalua<sed by substitutirg the
[

]

pplied
potential V, which i1s equal %0 the value of %he applied
overpotential plus the rest potentizl, to equations
(31) and (31a). 7Tre estimated wvalues of Kl and X, wers
increased or decreased un%til the computer-caiculated
current-density-vs,-time curve had The same shafe as
the same curve obtained experimentally. (liote, zhe
background water decomposition current has teen sub-

tracted.)

After we obtained the right shape, the anodic

i N

reaction rate constant, KZ, was then fixed., 3y changin

g
K,, one can make the entire curve snift upward., Con-

versely, decreasing the K, value will decrease the

1
current density at each time point and thus shift =he
entire curve downward. A sst of currens-density-vs.-

<ime curves wizth fixed X, values and cdiiferan= values

<
of K. are plio<%ed in Figure 12, The values of X, znd
K, wnen tn2 cencentrazion of nitrase lons is C.C0

znd the applied overpozential is ~J.~0V

it R
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by interpolating the exrerimenzal curve ZeTween zhose
curves in Figure 12. The values of X, and KZ wnich
achieved the best approximation of the experimental

s

data are K,= 0.12 x1072 ard Ky= O.6><10'5, respectively.

These values were then used to zredic= the cu-
rrernt-density-vs.-time curves at The other lon con-
cenvtrations. Figure 13 shows the compu=er-simulated
current density curves and experimental curves at va-

rious nitrate ion corcentrations.

The values of Kl and K2 at the applisd overpo-
tential of -0.60V were different from those at -0.40V.
The same procedure was used in evaluating the wvalues of
Kl and K2 at the condition of -0.80V. Figure 14 shows =z
set of calculated current-density-vs.-time curves wizh
fixed K2 valued and different values of Kl' The value of
Ki at the condition of -0.607 was *hen obtained in tne
same wey as before, The values of Kl and KZ were deter-
mined %o be 0.10 1072 and c.50:<10'é, respectively.
These values were then used to predict =ne current-den-
Sity-vs.-time curves at the other lon concensrazzions.
Figure 17 shows <the comparison of Ths tredictesd zni 2xX-
perimental current-density-vs.,-time curves.

-, -3 A= - p = Yo .
ine reacilon raste constants &t The Zpp4lad OVerso-
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tential of -0.2Z0V were not pursued. The resason,which
was discussed previously, is that at *his high applied
overpotential more complicate sequences of reaczions
take place., This simple reaction expression can no=

describe the phenomenz.

is believed to be a cecrrect one. Tnls claim is supporzed
by the fact that the rate consztants, Kl and KZ' are
independent of the tulx concentraticn 2t a given pozen-

tial. This i3 indeed the case 2s was shown in Fizures

13 and 15,

6.2 The Determination of the Homogeneous rrecipiza=ion

1o

-

Reaction Rzte Cons<ant

Higher current densizty was obsarved when caimium
nitrate was used instead of posassium niiraze as Tne
alecstrolyte in the electrochemical cell. The hydroxy
ion produced ty the reduction of nizrate ici corraci-
pitated wi%th the cadmium ilon in the solution. This
increased =he reductlon reaction rats and led Tc Al

TR 3 P P vy
current, Inlis NomogZeneous rezciion W23 a

0
n
[t
3
1
£2
« '
(o)
&)
[¢7]

lirnearly dependent on *the dezrese 07 sucersa-=uration o7
cadmium nydroxide (see Zgua<ion [1&)), Sinces the nete-




t

rogser.eous r2action raze OnS=an=zs A. and n. wer:2

@]

mined, the homogensous rate constans ¥ coull T=2 =2valu-

Y

ated ty fittinzg the second set ol experimental cdaza
with the <theoretical model <o determine tne value of L,

igure 1o shows %he current-densizy-vs.-3ime

curves with various i values while the o%:

o)
[t
L]
e}
1))
by
H
23
[}
<t
[t0)
"~
[0)]

[0
La
[
o
(0]
._J
joN

at a constant value., The current-density-vS.-

<
‘,J
H
[42]
foN
fo
t
W}
O
o’

2% the applied overpotenzial of -0.407V Is z2lso ploztad
Figzure 1o, The reaction rate cons*ans, X, Was IThsn 2Va-
luated approximately from Figure 15, The most prsbatli=
nomogeneous reaction rate constant was determined <o Te

50 sec™t,

tained in a 0.0025W cadmium nizrate sclu=ion
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DISCUSSIONS AND CCONCLUSICNS

7.1 Surface Concan=rations of Various Ionsc Functions

]
1]

o m:
oI _.ime

-

The knowledge of the surface ion corcentrations can pro-
vide information concerning the electrochemical deposition
process. Although the surface lon concenirations wers not
available from the experiment, that information could te

generated by computer simulations,

Figure 17 shows the surface concentrations of NOB_ anrd
OH™ iorns as functions of time in the absence of cadmium ion
in the solution at two potentials, -0.40V znd -0.40V frem
equilibrium potential and at a NOB- bulk concentration of

C.C05M. 1In general,the surface concenzration of N0, iors
-

decreases as time increases, while the surface concenzration
of QK ions increases as time increases. This is due to the
slectrocnemical reaction (23), in which one ni<srate iorn
r2acts with two elsctrons and which produces thres nyiroxy

~ons.,

ror the case of -0,~07 overpotential, =h2 JH concsn-

tration increases sharply from the Tulx vzlue of nearly zers
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+0 about 0.5 dimensionless concenzrazicn uni=<s in less Than !
msec before the hydroxy ions generated ars removed elfaczively
by diffusion. Thereafter, the OH concentration increases at

a slower rate. For NOB' ions, the surface concentration drops
to about 0.72 dimensionless concentration units from the tulx
value of 1.0 in less than 1 msec and then dscreases av a
slower rate when the diffusion can effectively supply the
reactant for the electrode reaction. The sharp changes of zhe

surface concentrations of NO,  and CH ™ icns cause the sharp

(oY

Y

decrease of *he current density i

.

nort time period in

[\
0]

the beginning of the electrolysis.

At a more negative overpotential of -C.560V, the increase

in surface CH concentration and the decrease of NO, concen-

3
tration are even more sismificant and last over a longer <ime
period. The surface concentration of NCB" drops to about
0.5 dimensionless concentration uni%s and CH™ concentration
irecreases %o atout 0.&87 dimensionless concentration uni<s in

.

2.0 msecs. The tehavior is the consequence of <the nigher
overall reac*ion raie at -0.40Y. The nitrate ions were con-
sumed at 2 higher rate whicn produced more nydroxy lons.
_ongzer induction time i3 nesdad for diffusion to effactiveal)

Su o ; Y PNSEIEE 3 ceny
suppiy the reactant from =nhe tulk solu=ion and remova tne

product from tne slactrode surfaca.

Similar profilss of NO and SH  suriazce concenTraTtlions
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at lower bulk NO. —concentrasions were also ct%tained. T
3

are shown in Figures 18 and 19.

When the electrolyte contains cadmium ions, <the nhomo-
geneous precipitation reaction of cadmium ions and hydroxy
ions near the electrode surface promotes the electrocnemical
reaction on the electrode surface in the cavhodic direction.
This causes the nitrate ions to be consumed at a nigher ra%e
than the case when no cacdmium is present. Thnis is shown in

Figure 20 where the homogeneous reaction rate constant is 50
4
sec”'. It is interesting %o note that the cadmium icn surface

concentration increases initially and then s%arts to decrease.
This pnenomenon is explained as follows. Immediately after
the electrolysis began, NOB' ions were consumed by the elec-
trochemical reaction which produced an NO3- concentration
gradient made the N03° ions in the bulk solution diffused

.+2 . . .
toward the electrode surface. The Cd 2 ions, on the other

n order

[

hand, moved with %he NOB_ ions in the same direction
to maintain the elecroneutrality condition. In the meantinme,
the OH~ concentration was, however, not so high as to consume
all the Cd+2 ions brought in by the sransport process. The
cadmium ions was thus accumulated and resulzed in a nigher
value than 1ts bulk condition. As socon as tne surfacs concer-
tration of CH™ ion raised to somes value, the surface concen-
tration of <he Cd+2 icns starts to Jdecrease tecause o7 tha

abundant supply of OH ions consuming the cadmium ions

Y
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this time.

For the nitrate ions, the surface concentration also
decreases as time increases at a rate somewhat larger than
that for the case of solution containirg no cadmium ion. This
is shown in Figure 21. Figure 21 also shows the difference in
the surface concentration of the hydroxy ion tetween those two
cases, i.e., in the presence and in the absence of cadmiunm
ions. The initial behaviors of two cases are very similar.
After this induction period, the ion ccncentration for the
case of a solution which contains cadmium ions decreases as
a more gradual rate as a result of the ncmogseneous precipi-

tation reaction between cadmium and hydroxy ions.

7.2 Concentration Frofiles of Various Ions az Various Time

For the case of solution containing no cadmium ion, the
nitrate ions were consumed and the hydroxy lons were produced
on the elsctrode, the concentration gradients were astablished
which made the nitrate ions diffused from the bulk solution
toward the electrode surface and the hydroxy ions diffused
away from the electrode surface toward she tulx solution.
Figures 22 through 27 show the concentration profiles of IiC
and OH™ ions witn different applied overpoteniials 2% some
selected wimes. IFrom these figures, or2 can ses That =n2

diffusion thickness,s s lncreases wizth time. The 3iffusion
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thicxnesses at various %time are listed in Tables 2 and 3,

The concentration profiles of NOB-' OH™ and Ca™° ions

at various time for the case of solution containing cadmium

3

concentration profiles is the same as that for the case o7

ions are shown in Figures 28 and 29. The shape of NC

containing no cadmium ion but the NOB- concentration on the
surface is somewhat lower than that for tne case of contain-
ing no cadmium ion. The diffusion thicimess increases as time

increases.

In the previous discussion of the surface concentration,
the surface concentration of OH ions increases in the beginn-
ing. During that time, OH ions diffuse from the electrode
surface to the bulk solution. Figure 28 shows that the
surface concentration increases and the diffusion layer thick-
ness also increases as time increases. Thnen the surface
concentration starts to drop and she diffusion layer thickness
stays at about the same value. This is shown in Figure 30.
Table & shows the diffusion layer thickness for the diffusion
of OH™ ions as a function of time. n Table &4, one can
see that the diffusion layer thickness stops increasirng as a

result of the decreasing surface concentration of O0H ion.

+2 ‘ . . . R
The Cd concentration profiles are shown in Figure 2%,

As the profiles indicate, for each specific zime, when =he

T S e W N = e s




Table 2: Diffusion Thickness as a Function of Time
for the Case of Solution Containing lio
Cadmium Ion. The Applied Cverpotential is

~0.40V

is 0.005M.

The Nitrate-Ion Bulk Concentration

Time (sec)

Diffusion Thickness(cm)

0.1235X 1072 0.25 x10™%
0.6121 X 10?7 0.45 %10
o.1758><1o'“r 0.80 XlO-LI'
0.3572 X 10™% 0.15%10°°
0.1033 %107 0.25 %107
0.4737 X107 0.50 Xx10™3
0.1258 X 1072 0.80 X107
0.7417 %1072 0.20 X107°
0.3546 X10~1 0.45%1072
0.7032 x 10~} 9.40X 1372

B R e o S R L N S
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Table 3: Diffusion Thickness as a Punction of Time
" for the Case of Solution Containing No
Cadmium Ion. The Applied Overpotential Is
-0,650V, The Nitrate-Ion Bulk Concentration

Is 0.005M.
Time (sec) Diffusion Thickness (cm)
0.1313 x10™> 0.25x 107
0.4982 x 105 0.40 X 10~
0.1642 X107 0,70 x 10°%
0.3318 x 10~% 0.10 X107
0.1298 x10™3 0.25%x10"°
0.4407 x1073 0.45x1072
-3
0.1258 X 10~2 0.75X10
0.8718 X102 0.25%X107%
0.3229 x10°1 0.45x107°
0.7004 X 10~ 1t 0.65X10°°

— e R s e
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Table 4: Diffusion Thickness of OK Ion as a Function
of Time for the Case of Solution Containing
Cadmium Ions. The Applied Overpotential Is
-0.40V. The Nitrate-Ion Bulk Concentration Is
0.005M, The Cadmium-Ion Bulk Concentration Is

0.0025M.

Time (sec) Diffusion Tnickness(cm) |
0.1236 X10~> 0.25X10~%

0.6128 X10™2 0.45 x10™"

0.1798 ><1o'4 0.80 ><1o""L

0.3513 x 10~ 0.15 X107

0.1017 X 1077 0.25 %107

0.4856 X102 0.50 X109

0.1148 X10~¢ 0.70 X107

0.8811 x10™¢ 0.85 %1077

0.4050 X 10°1 0.85x1077

0.7031 X 10~1 0.85%x10"3 }




95
concentration near the elecirode is greater than the tulk
concentration of Cd+2, its value versus dis<ance from zhe
electrode decreases slowly in the beginning, then faster, and
more slowly again before finally reaching its obulk value. A%
the time when the concentration values near the elecirode
surface are stili larger than the bulk concentrastion, the

concentration decreases to some minimum value a*t some di

0
@

Tanc
from the electrode surface and then increases until it reaches
the bulx value. The location of the minimum conceniration
point moves toward the electrode surface as time increases.

At sufficiently long time, the minimum point finall; rsaches

the electrode surface.

7+3 Conclusions

The transport model for the electrode Kinetics and the
nomogeneous reaction presented previously nas zalready explained
very successfully the chazracterestics of the current density zas
a function of time for both the case of solution containing
cadmium ion and that without cadmium ion. This model was <then
used to simulate the concentration profiles for various ions
involved in the reactions. The benhavior of the various ions on
the electrode surface and in the solution was obzaira2d. Tne ii7
fusion processes were also known alter examininz thess 2oncen-

tration profiles carefully. These can Ze summarized as follows:

——

]
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The current density decays with %time alter a doutle-lzyer
charging. The time for this charging 1s so short that we
can not observe it by the zxperiment. The decay For zne
current density is a resulzt of the depletion of the nitrats

ions on the electrode surface.

The current density for the case of a solution containin

Uy

cadmium ions is greater than <that for the case of solution
containing no cadmium ion. This is trecause the precipitaticr
of Cd(OH)2 promotes the elecirochemical reaction on the glac-

aczicn,

0]

rode surface by consuming OH generated in this r
The current density depends on the tulx concentration of
nitrate ions and the applied overpotential, Increzsing
the NOB— pulk concentration cor the applied overpotential
will increase the current density.

The applied overpotential is one of the factors wnich
changes the reaction rate of the elecirochamical rezaction
on the electrode surface. Increasing the zppiled over-
potential will increase the overall reactlon rate.

For the case of sclution conzaining no cadmium iIon, the

surface concentration of NO3 decreases as time increases
while the surface concentration of OH ™ increzses as zime
increases. This is because NG
the OE~ ions during the electrochemical reaczion on *hne
electrode surface,

For the case of solution containing cadmium lorn, The
surface concentration of NO,  icn also decreases, The

P

decreasing rate is, however, faster <than thz%t for =ha z2=2:°:=




of soluticn containing no dadmium lon. Tha surface
concentration of OH ion increases in the tezinning anz

- . reaches a maximum. When the procduction rate of CH due %o
the electrochemical reaction is less than The consumpiion
rate of OH™ due to the precipitation reaction, =he sur zce
coricentration of CH™ starts to decresase. 7o mainzain elec-
troneutrality, the surface concentration of C 2 ions wil
exceed its bulkx wvalue and then Zecresase To the value lower
than its bulk value.

7. The diffusion processes Ior the case of solution conzalining

use Irom =ne

Hy

no cadmium ion is that the nisrasze ions 4if
tulx solution toward the elecirode surfzce while <he
hydroxy ions diffuse in the opposite direction.
8. For the case of solution containing cadmium ions, tre
% diffusion directions for both the nisrate ions and nydroxy
ions are tne same as that for tne case of solution containing
i no cadnium ion. However, the cadmium icns diffuse toward

the dbulk solution in the btegirning and than final

'-J
<
[¥]
o}
L‘;
oy
D

direction toward the electrode sur’ace,

7% Zecommendatior for Fuzture Jorss

Although the model nas successfully 2xplained Ths 2a3Ses

of ~C.40V and -0.207, it is not ligely wallii fcr <The 2asz of
-3,307 due L0 %th2 unexpected znaractarsstizs 27 The turranse

LRI NPy SN
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density with the limiting case. ‘When the applied cverpotentizl
is as high as -0.80V, the reaction mechanisms and electrode
behavior should be identified by doing some further experimen=sz.

Furthermore, *he current-density-vs.-time data at -C.20V applie.
K4 Je

overpotential for the case of solution contairing cadmium ions
is not available yet, It can be obtained by repeatiing the
experimental work we decribed vefore. Once the data is cbtalned,
the model can be used for comparison with the experimental

data.

®inally, %the configuration of the electrode in tae
impregnation process is not as simple as we have used in deriving
the model., It is, in fact, a porous electrode in the real
case. If a micro-porous electrode is possibtle %o obtain,
the experiment can be repeated To obtain the current-density-
vs.-time data. Cnce the data are available, the transpor?

processes can be examined for the condition of porous electrode.
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The method of weighted residuals, WWR, is a general
method for ob*taining solutions to equations of change, in
our case, Fick's second law., In the MWR, one assumes a trial
function, usually a set of weighted polynomials,substitutes
this trial function into the differential equation and then
selects the coefficients of the polynomizl terms ty specify-
ing that the residual be zero, on the average, at cer=zain
points. If one evaluates ithe differential equation a2t <he
zeros of an orthogonal polymomial, the residual will of
necessity be exactly zero at these collocation points. By
increasing the number of collocation points, the trial
function would satisfy the differential equation at more and

(1)

more points

The polynomials selected for this work are "shifted"

Jacobi polynomials defined Gty

1 o%
P(1-x) 208) () 2B (x) ax = o (1)
o m
A general diffusion problem can be formulated as
7 2%y )
=l = D + <x< < ‘
(1) 3.A. Finlayson % Richard 2ellman (3d.), 'Mathemazics
in Sclence and Engineering', Vol. 87, academic Press,

New York, 1972, pp S.
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with the boundary conditions of <ne form
v(0,t)=g(%) (3)
v(1,t)=h(%) (4)
and initial condition such as
y(x,0)=p(x) (5

For a mass transfer problem D would be a dimension-
less diffusion coefficient a2nd f(y) would be nomogeneous
reaction tern. CGeometric considerations indicate thaz
d==@=0 and mathematical considerations indicate that a

suitable tut not unigue trial function is(z)
N
7(x,2)=(1-20)7(0, 8) 7y (1, 8) +x(1-x) 2_a 5(£)P,_ (x) (6)
Fr0o
The P_.__1 of equation (&) refers to one memter of a
U

complete set of polyromials. Tatle C,1 1ists some Legendre

w

polymomials, the special case of equation (1) where ot =320,
and thelr roots . lote that a Legendrs poiynomial of degree i

nas N real, diszincT roots or. %ne interval < x <1,
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TASLE_C.,1 Legendre Polynomial and Their Roots<3).

M PN-l Roots of PN_1
1 ~1+2x 0.500000000 |
2 1-6x+6%2 0.211324855

0.788675135 ;
3 —1+12x-30%x%+20x° 0.112701365

0.506000000
0.887298335

0.,05G431844 1
0.330009478
0.069990522
0.930568156

L 1-20x+90x2-140%x2+70x

(3) John Villadsen, 'Selected Approximztion Method for
Chemical Engineering Problems', Reproset, Copenhagen,
Denmark, 1970, pp A3 and A4,
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B “r

It is evident that regardless of <ne valiue of N cno-

sen one can always rewrite eqn.(5%) in <he zeneral form
=1,
7(x, 0= ) %97, (1) (7)

One could at this point%t, as is normally =he case in
using MWR, obtain the coefficients bj(t) ty substitution of
egn.(7) in the differential equation wnhose solution is de-
sired., However, the computer programming is greatly simpli-
fied when they are written in terms of the solution of the
differential equation at the collocation poinzs, y{x.,%)
wnere 1=1,2,3...4+2, and eacn Xy is one of the N roots of
the polynomial or one of the two zoundary values., 350 in
<erms of the N+2 collocation pcints we may write:

N+2 .4
y(xat)= ) x7Te (%) (8)
j=

:
We now nhave zan zpproximating polynomial function wnich

we will force to fit our partial differential eqn.(2) at

whe N+2 collocation points (i.e. cnoose thne bj(t) S0 that

our partial differential equa%ion is satisfisd). In order

%0 do this we will need toth <the firszt and second desrivazives

WwWitn respeci to x. These derivatives can be calzulated =2x-

plicitly in <erms of x since we have zalresady delinzd <ne

dependence of 7 ugon tne spatial coordinzie,egn.ic,zrnd (&),

It is easily seen that if one considers 211 the co-
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lloca%tion points, X equation (3, reprasents onsg

H
[
3
o
o
L
O
iy

a set of equations:

Fxgat)= P x{"ho (%) (9)

Cne can see that the left-nand side is z wvector of

the trial solution 2valuated a% tne collocation poinss,
-1 ; N .
depenrds on zoth i1 and }, a

.

Since the <term involving x

matrix will represent this term. The b.(%) will nazural
J

te a vector. If we let a single tar represent a -

D

()

ct

(o]

~

5 &
<

Q.

o3
—
[y
[oNY
~-

a touble tar a matrix, then the se® of egns.(9) throug

[

can be written as one equation in tnis simpiified notatio

3

=g+ 5(%) {

-
v

\,
(&)
-
o

7 (

~

o)
@
Y
')
B
1]
ot
ll)
o
[@]
)]
8]
O
(o]
o}
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[OR
@
b
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<
[0
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may ther te Ootained Irom equatiocon (12):
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3 2, 3-1]
ax i gd€xv”" |
where C. .= B - . and D. .= - K
l"] dl{ }, lld dx< |x
i f i
It is now simple *to solve for bi%) the vecsor of ©.(z)

coefficients, sinc

g simple rules of mair

this notation., Equation (12) yields

Substituting this into egns.(13) and(i4) gives
6 =

where A= C gt

-

T3t y(t)= & y(%t)
3353 T
5= 53°% or in

——
ey

\n

<

—
[9
O

~-

terms of <he i-%th collo-

cation point, after some simpl2 matrix mulsiplication,

K., &=~

1 J=1

=

~—~ = > Bi CNK e
P L Y] v

[
-3
~

§ s
(1
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One can therefore express ithe sratial derivatives in

terms of the irial function at the Hi+2 collocation points.

Equation (16) can bve directly applied tc some diffu

sion process such as <hat described bty egns.(2) through (3).

Zguation (2) vecomes

dviz) .
LrE)e o F pree 1)) (15)
where the vecsor d“ t)/dt represents tne set of time deri-

vatives a< the N*2 collocation points, We note thaT there

is no explicit spatial (%) dependence in egqn.(1%). 3y assum-
ing an explicit polyromial in x, egn.(8&), and evaluating it
at specific wvalues, the collocatior points, tne prodlem is
reduced from a parsial differential equation with two inde-
pendent variables to a set of ordinary diffsrential equa-

tions.

One can expand egn.(19) into i1<s separate memters %o

solve the protiem. For <he i-th collocation pcint we can
write, according %o eqn.(13),
,1“,,’.( -)} (;’..2 5
RN BT = , : . A
1= = <L > = oSNy T K, T oy
v N dem =~V . ‘

C,.
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One now considers the conditions at +he boundabties
X,=0 and Xy, ,=1l. Since these values are xnown from zhe
i
original problem i.e. eqns.(3) and (4) one can subtituze

the boundary conditions in eqn.(20) to obtain

drix,s) _ . f ()4 (=)
—-e‘h-:c_.l__.: = KLEi'lcs(\,) Bi,.‘I*Z ﬂ( b)
"1
Nl
XBi’jy(xj,t)1+ f(f<2(lst))
J=!

for 1 = 2,3,4,..N+1,

One should note that g(t) and a{t) are included so
that the boundary conditions may be time dependent in
case g(t) and n(t) would be known or easily odbtained. The
diffusion problem has teen transformed into a set of I
simultaneous first order ordinary differential equations

in N unknowrs witn initial conditions and can be solved
numerically by a number of standard methods on a computer.
Evaluation of <he current at an electrode, i= nFAD%&J )
jx=0
can te obtained directly from egn.(17) once the concensra-

tion profile is ottaired.
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THIS Palunad SULTES 2 UATIOWS (30) THIVISH (53) WIild Tav
IAITIAL ZOwDLTiCHS USING SPLINZ CCLLSCATICH 42Ta0D0 FUX liis
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IR RIS RS R EE R R I R R R R L R R R R L NS R RS R L R PR RS T RS RN

(S

«)

. C.0 G

0V €. CY G 0

OCOGGGLGOOOGHOOCGOCGOGCCO00

Ca (2 ¢,

[P

(4
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Add HL20KY

d8 DIFFJ3L04 <O o
‘ 32ICTIVELT.

I0ONS A3Z 1.9022-5

(L Q. Q)

AU REEZFYX IR A XL AL REXSE I REE AR S EE L E I I SSEIREFLE L EETRBXIKKEE I K XX XXX & X

ITAPLICIT nzaL*3(\-H,2~2)

JIAZHSLIOd A (297,20) B (23,239) ,o1(HI) ,C2(H0),C(2) ,L(8,eV),1L4a
1 DIF1(20) ,OIF2(29) ,0IF3(23),3C0T(29),72CT(29),&a4a¢
2 SAVE(24,20),24(400) ,X3(<) ,&44(1) ,wA(3),BaB (1)

SXTZ]VANL AJA&

CCAACN/LY/CUERT,CUlFS

CILaCu/L2/8 OLF’

CCAAUN/LI/ i, N1

COAMON/L+/A,D

COddON/LS/ &S

COAAON/Lb /TP 4
cUudUi/Ll/ad3l53,082,22
CoA1di/La/22:573,CON1,C002,53444,32L)
CCAACN/LY/ L

———-=-- li2Jd. DATA —e-m=---

Co €

RIAJ(5,310) wd,N,NQ,N1,AL, 32,3525, 1l43K,18,045
XZa0 {5,34v) C13,C23,DaMX,2T34c,494,45
READ(5,330) wAda,BETA,CCHZ2,C0i

READ (5,340) €SIG,WEZ,ZD

------ CALCULATE SCAE COJdSTAJTS TO 02 USED 1IN D.Z PiosRad

<2 €y (.

ZF1=(1.9)23-5) /% 26D~5
Comsfd=¢Cc8/CI6
COZF3=(1.304D~5) *Cls/2MA /23
COZFU=2.%{1.9022-5) *C13%9064d7./u4)\L/3i3
CO8FS=1./ua/%3
J2A=DMAL/ (N&=T)
STad=(2e.ou=5) *DTIME/DMAL/DAAL
TAJAAL= (3. 20u=5) *TILAL/2HA/DIAR
SDTAJd=uTA U
OQETA=1./ (Nk-1)
AT=N+d0+5 )
NEQ=L®N

~=—===- SEJ{ INITIAL ODIAZNSIUNLESS [Il4Z=d. =====--

(. Ca 0,

lad=vu.

————

LY,

! =.Ju1‘UI;U

2.90*JTAJ

aaarc,

£(20),
2(29),




anaeoeaannn

e eXe] GG

OGO

4

O 0O«

)

C.ta(, Q)

10
20

30
40

45

59

140

~=—~=~- EVALJATZI THE COLLCIATICN 20INTS (ROOTIS5) OF T4dZ
JacOol POLYNOMIAL CZF ORJZa N, aS WELL A5 Teai
TIa3T AND SECOND DZRIVATIVIS OF THE 20uLiNCidlal
Al TeE ROQIS. =====~-

CALL JC0ol(4D,N,NO,N1,AL,3%,0IF1,0IF2,0IF3,R00T)
WRLTE(6,350) (ROOT(J),Jd=1,4T)

~=~===== CALCULATE THI DISCXITIZAlIO« COZFFICIENT ZATRIX

I10=1
DO 20 I=1,NT
CALL DFODPa(ND,N,HC,%1,I,I0,21IF71,2172,0173,300%,V2CT)
DO 10 J=1,NT
A(I,J)=VECT (J)
CONTINUE

-w==w==-= CALCQULATS THI DISCRETIZATLICH COEFFICIZAT waluik

ID=2
DO 40 I=1, uu
CALL DFIPa(dD,%,N0,N1,1,10,0177,0I72,D0LF3,R30237,VELL)
DO 30 J=1,NT
B(I,J)=VICT(J)
CUUTINUE

-==--=-- 1N2J1 THE VALUES OF A3GJAENTS TO BE JSZD I THZ
INTEGRATION SUBROUTINE OIFSU3 ==——==--

AF=1
JSTAAI=)
MAXDZR=7
D0 45 I=1,N:R
TAAL (D) =1. 0
CONTINUE
I=0
——————- 182UT THI INITIAL CCHUDIPLONS ==—=—===-
0 50 J=1,u
1(1,d)=1.
((1,J¢3) =COEF2
CUNTLINUE
5(1) =1.

K314)=C03FL
ARITE(0, 390)
TI4E=TAU*Daas*DIAK/ (5. 260~5)

_m—m——— ClaCJLRTZ aud PRIND THE CURICST DEN3ITL AT {#His
exlds JHZ CONCEIZNTRATLONS OF NITZIATI Aul aictaddi
ar i3 wT COLLOCAIICN 20ILNIS ==—==—-= '

CALL CJRLZHT (CI,4,1)

g =—————-

DA Kot

Idas
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ARlTE{v,30J) TIYE,CO,X3(1) ,%5(2)

WaIlE(3,739) (L(1,L), =1,.:4)

~==---- :VAaLJATE AUD PERINT Lid O
WITHATZ ANT HYDIOKL IONS
i¥ 4 DIRECTIOW AT [uIS TL

CALL CONZE:N(C1,C2,N4,ND,DETA,R0CT
WRITE (6,239) (C1{J),Jd =1 VA)
W3ITZ(6,200) (C2(J),Jd= 1N4)

—====-= CdICL IF THE [W
1L 4ALAIUM T3

IF(TAU.GE. TAUMAL) GO 70 140
85 I=1+1
If(l.EQ. 1) Su T0 90

===--== TE5T IF TIZ CONCINTIATICH
COLLUCATION POINT,IZ, TH:2
POoLdT I8 AITHIN 0.G8COT dul
Julfl OF THZ 30UNDALL <COdD

IF{{le=1T(1,0))«LlTa0.0001% 3C TQ 3

---==--- IF TiZ TESST FAILS, THI 5P
10V E

CALL JdawsZ({25,025,C0Z5F3,Cu0iEr4,CO

1 J3TAXT)

———--=- LVALUATE

ONCENIRATIONS OF

fATLAG, ITER4, 40

NCZWTEATICNS QF
Al ZACH POIuzT
43 —=—-—-=

,DIF1,Y)
TI4Z AT TALS 4CJLUT a3ZAlais
IZGRATED —-------

C? UITRATZ 204 AT TH:L alHd
LAST CHZ BEFIRET THe 352LIE
SUSIOWLESS COUdCLUTRAZIUN
ITIO . ————=--

J

LINZ POINT .3 IiChzA3=ZD,I8,

o TPURTHER INTJO THI SOLJTION, ==-——=--

To dND dL0a041

THE CO VITRAD
i0is 4T THE COLLOCATISN 20I4T5 AT THI JEW CCOADINaLE
00Uz TO THZ INCIEZXASE OF 4% 32LINE POINT. =———=-=-

CALL Z4234D(7,E007T,dIF1,FAaCTIk,ND)

mm—==== 4T ZGBATE EQIATIONS (50) AdD ;51) USIN3 TYZ CONCINTIATIuL.
AT THE COLLOCATION POINIS AT THI5 TIAZ TC D&laius T4L
COMCEINTRATIUNS AT IHE SUCCE33IVE TI4D =m-mwe-

9V Cake DIFSUL (#32R,TAT, 1,S4VE,0T44,07
1 ??u ,;\.uﬂu,uo. \.‘2,1!\

IF(A7LAG.LT.)) 38 TO 130

Lialdl=.ud1*uTAd

JTAUAA=2.0*DTAI

leGued) U TO 33

P i S

AJAL,DTATNN, 225,40, 0440,
RITR,2W)

7
\
(£(1,1) e e teeORT(1,2) eolaleau®a?(1,3)a6iele dFait,4) 301,




(o N ENE

00

w2

1 .0« DAD3(L(1,5)=1).ST.0.3304) Su 70 40
GC TO 9>
93 M=L/IC
M2=41*IC
IF (I1.Eya¥2.008.TAJL GE.TAUMAK) GO TU 935

G0 TO 35
------ CALCULATE THE SURFACI CONCINISATIONS ===—=---
95 KL(Ny=1L(1, 1
ITE3N=500

CALL %5{5TA(AUX2,S2,8SI15,422,4X,IlZR4,wA,BAR,L22)
XS (1) =£X (1)
£S(2) ==3.%COEFT1® (A(1,1)*45 (1) #a(1,80) #1.0) /A (1, 1) =a(1,%8; /74 (1,1)
1 *C0EPL
20 150 J=1,.
LS (2) =4S (2) - 3. ®CCEFI®A(1,d¢1) 2L (1,d)/a(1,1) =4 (1,J+1)

1 *Y(1,J+N) /3 (1, 1)
150 CONTI GE
GO TO 6V
190 WRIIS(v,240) DX,SDOTAU,NX,DTAU,DTI4Z,d444,AL,B3,25,E25,K7LAy,
1 E2,NSIG

AallZ(o,245) B8BTA,GAMA,TON1,CON2
—=====~ FJudaT5 FOR INZUT AND QUT2UT STATZJAZNTIS =—==—=--

230 FORYAI(/,25X,'N03-",1X,9D11a4/304,9011.4/30X,3011.4/334,9D11.4
1 /30€,9D11.4/30K,9011.4,/304,9011.4/30%,9011.4,/304,9011.4
2 /733%8,3D011.4/304,9D1144/30X,3D011.4/30%, 2211.4/304,9011.4)

280 FORMNAT(//,94&,'X INTERVAL='!,012.4,32X,"INITIAL TAU STEP SiZ:i=!

i ,012.4/54,'%0 OPF 20INT3 I ( DIR= ',I3,29X%,
2 'La52 TAU STEP SISZ= ',D12.4/5%,'REAL TIHE IiT=aval= '
3 ,D1J0e4, 28X, 'DIFUSICY LENGIH= ',D010.4//5(,%AL= ' ,77.2,30%,
4 ‘gr=  *,F7.2,254,'23= ',§7.4//5%,'%P53= ',D13.2,274%,
5 PRFLaG= ' ,I3//S54,V2P = v,2010.2,274,'i31G6= Y

245 FUBMAI(//,54,'SZACTION CADEIR CF NO3- oy =',F7.2,25%,
) '*5LACTION OGDER CF Qi= IO =',F7.2//5%,'15T COlSTaNT =!
2 Jul2.4,25¢8, 020D CONsIAdT =',012.4)

250 FOadaT(/,254,'0H~"',23,9D11.4/304,9011.4/3C%,9211.6/334, 90114
1 /304,90 11.4,304,9011.4/334,3211.4/30%,9011.64/334,901100
2 /30a,9011.4/304,901144/305, 901 1.4/304, 5211.4/304, 9011.4)

310 POR4AT(4I3,475.1,2013.2,15,F8d.4)
320 FOSMNAT(4I12.5,17,F7.4)
33) FoalaT(cb7e2,2012.4)
34) FOp4AT(215,D12.4)
35) FO3MAL (134, 16F1).6)
300 FORMAT(//sD Ve, 14,012.4,24,2230.10,.15,F20.7)
370 FuadM (/,21,0F20.6/24,0720.9)
330 FORAAT(24,'CULLCCATICH 20luis: V)
330 TORAAT(//, 34, "TI42" 120 ,"CUIRINTY, 434,08 COUCIIT LAY Iua)
700 FOANAT (UL, 10OF10.5/30a, 1071343
sTOP
eho
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SUSEOUIIJZ JCOJI (NC, N, 49,41 ,70L,32,01I7Y,
ICII soAl*3(A-H,0-d)
DIA.NSLJN DL[l(lD),DIFZ(WD),D;:J\AD) a0GT (ND)

o

2,JIF3,:00T)

-
-~

)

[ LR ERIIEES S SE S S RS SR RESEE I E R RS SR E RS R ER SRR R R RS L RS IO

SUSROUTISE EVALUATES THE COLLCCATICH POLWTS(ROOTS3) CF Til
JACUBI POLINOJMIAL OPF ORDER U A5 wiELL A5 THE TISSI, SECLUD
AND THIRD DEw IVATIVES OF THZ POLYNJSALAL AT THZ RU0IS.

~== 42U 2ALA4ZTIRS =---

0

8O=Tulk ODIUENSICN OF 7VZCTOX5 D2171,2IF2,0I73,400CT.

N=LHE DEGREE OF THE Jacudl 20LfNuXIAL, I.B., THE
NUUSER OF INTZRIOR COLLOCATION POINTS.

43=DECIDJES WHETHER £=0 IS ILHCLJUJZD AS A CO
POIlwT. 40 MUST B3Z SEL ZJudi TO 1 (INCLU
UB O (EXCLUZING THIs PUINT).

TZuZR ¥1=ay FOR NO, BUT POR TaE 20LNT K=1.

AL du,32=THZ PARANETERS ofF THI JACO3I 20LTYNOJLAL.

1
o

[
[ SN o
uv

ta tu

P4
ol

(o
o
]
ty
[}
[J]
o

IN
2
=== QUTPUT P2ALAIITERS =~

IEal ABRAT BOOI=0NTI=-DINZHS3I0NAL VISTOR COUTAINING O 2iid
THE N+¢dQ#N1 CE335 J9F THE 20LYNO4IAL USED
I8 THE COLLOCATION RUJTIME.

8ZAL ARGAY =[HRZE ONE-DIXZINSIONAL VECTORS COJdTAINING

a4

JE

DIF1,01IF2,0I¢73 TLIT THZ FIRST, SEZCOND, aND THIERD
EXIVATIVES OF I[HZ POLYNOUIAL AT THE 4E30S.

anooaOaganoagOGOon00aaa0O00n0cn00n

GOOGOGaOOCOGOC oGO0

RUEBREEEEEREBEEZ EI R R EBEEERREEE R REEREXIRX ALK REEXE L EX XXX R K LK K KX

C =====-- £138T LVALJATION 0P COZPFICIENTS IV XECJaSICU FIndAJLAs --
of —=—=—=—==-= HLCUd510N CUOEFFICIENTS ARZ 3TORED IN OIF1 440U DIFL --
c
AB=AL+dL
AD=U Z-AL
1P=3E*AL :
DLF1(1)={al/(A5+2) +1) /2 !‘
JIE2 (1) =
IF(¥.LT.2)35 T2 15 1
CC 12 [=2,u
PREE N
w=adti+l1 i
DJIFV(I)=(AL*®AD/T/ (2 2)+ Ny /2
IF’(I.N;’..Z)GO 2 12
(L, = (A0*ad*ril) /S/2/(2¢1)
Sy 4.\) 12
10 u—u.l-
I=21%(AB* a1 '




[N VELEP

Q) (4 @i

o Ca €

lhu

1= (% (A2+]Q)
WLT2(I) =i/ e )
COUTINJE
—e——--= 30,0 DJETIZMINATION 37 NZaluN 43I40u wITH 35325
OF PLZVIOUSLY OFTCRAZGEJ aUQTS  ===—=—--
15 %=0
DU 35 =1,
20 £D=0
LN=1
£01=0
£N1=0
S0 2¢ J=1,a
X2= (D11 (J) =8) *LN=CIF2 (J) *i.
XE1= (DIF1{J)-£) *XN1=DIF2(J) #4201~y
£D=4 N
D 1= KU
L%=K2
22 K41=XP
2C=1
=X /%a
[F(IeZ2al)Se 70 30
DO 25 J=¢,1
25 4C=2C-2/ (£-300T (3=1))
30 L=u/28
K= K-
I7(DABS (<) .$T.1.D=C9)GC TO 20
Foud (1) =4
K=+.0021
35 CONTLINUZ

------- ADu CVZUTUAL COLLCCATION 201d[3 AT X=J 08 a=]

AT=N+NI+1
LT\ Vedyeijuwd IO &S
20 40 1=1,4
za ¢ i=1

40 ROUl (J*+1)=40uT (J)
adQT (1) =V

U5 IF(Nl1adye 1) 00T (NT)=1

------- G0a SVALJATE OLCBIVATIVIS ui 20LINOUIAL =-==-=-

[ TS VR T T 1)
-

- C

AU max o

E35L0N

‘A




JIFV1(I)=7*%DL1:S V(1)
S0 CCuTiNdZ
F:TJBH

SUuBOQUTIwZ wFOPR (ND, N, ¥0,41,1,I0,0iF1,dIF2,DI 3,30CT, ValT)
I4PLICIT REAL*d(A-H,0-2)
SIMENSION DIF1(ND),DIF2(ND),DLF3(¥D),300T (D), VZCI (uDy

I IR R R R R R R R RS R R R R R R A R R AR AL R R Rl R E AR R AR R R ESE R EL LR L NS I

STIROUTIWNE ZVALJATES DISCRITIZAIICN COEZFICICHT MATIGLCES
AND GAUSSLAN LUADRATURZ FEISIIS, NOAALILID T0 SJ4 1.

-== 14207 PAuwaAlETIES =---

472538 4, d0, N1=15 1y 3UBROUTINI STCoL.

INTEGSER I=0He INDEX CF THZ NODE FOas #HICH THZ WwiIIGals ad:Z
[0 oo CALCULATZID.

INTEZGER ID=14DICATOR. ID=1 GIVE3 [UZ A2IGHT3S 703 Di/0%,
I0=2 SIVES THZ WEIGHTS Tl 021/J0K<, A4D ID=3
GIVES THEZ GAU3SSIAN WIIGHTS. THE VALUZ 07 I I3

IaLa4L37ANT IN THE LAST CASE.
ZAL AQB4AL 80UT,
DIF1,01IF2,01F3 =

ASNSTUNAL VECTORS COU2YTED UL

JCG8I.
=== UJTPUL PARAYETERS =-=-

JEAL AgBAY ViECT=THI COMPUTED VEZCTOR OF ~EIsETS.

NGO OO OGO GO0 00

LR R EEERPER SRR R R R I E R L E R T RS R R SR RS E R PE R EE R RS RS R 2R R R RIS R R TR E T N T3

NT=0+N0+41]
IT(ID.22.3)G0 TO 19
20 20 J=1,u7
If(J.dZ2a1)30 10 21
IF(ZDaNZa1)Gu TO S
VaCT (L) =0L22(1) /0IFV (1) /2
Gu 0 29

5 VECT(I)=04F3{I)/DLIFV(I) /3
50 Tu 20

21 1=3d0T{1)-30uT{J)

JECT (W) =0IEV (D) /2181 (3)
(LDeigec) VICT(J) =VZICT
i wl iNU S
T3 Hv

"y

JYEQQLI2(I) /oL 1) =2)

W Cc
<

10
w 25 J=1,4T

‘ul./A (J})

=A®(1-X)

( Wde 2w J) Aa=V\(/K/4

(0 ledygad) ad=AR/ (1= 0/ 1=-40)

9]
“
X R S VI O B P
Il'\

(RN
LAV <Y ,

GCOOOGOC G000 QOOaG6 . O0n




VZCT (J) =aX/ulIF1{J) »=2
25 (={+TECT (V)

CO ol J=1,481
60 VECT (J)=VeCT(J)/Y
S9 RZTJYRN

END

SUBROOTINE I4TBP (NL,NT,%,300T,C1P1,LIT2)
I4PLICIT nlaL*8(a-H,0-2)
JLLENSIuN 20uUT (4D) ,DIF1(N3) ,CINT2(ND)

]

ol e L R R P I L Lo
SUSROUTINE EVALUALES THE LAGRANSLAY IJTZRPULATION CULFFLCIZHTS
=== INPUT P2ALANETIRS =--—-

INTEGER wI=THZ TOTAL NU43

ER OF
Fla AMICH THE VALUED 37 (dl DJZ
I5 UJwl.

G POIITS (=a+und*ral)
PENDINT VARL{ASLE Y

£

SN ]

BZAL <=THZ A3SCISSA X WHERZ (({) L5 JE85I4ZD.
2ZAL ABRsAY
ROVUT,0I171 =CJOLLOCATICN POLNTS AND JERIVaATIVES CT ul3CL

2JuLlN0MIAL, DERIVED IW SUBA0UTINZ JCu3l.
=== VUT?2Ul 2aKAYETZRS =---

REAL A3RAY LINTP=THE VECTOR OF INTER20LAIION #ZISHIS.

DG oo, a0 aaamad

CEEERB B AR R R EE AR E R R AR E R LR E R ER R L AR LA AR AL KRB R AR I U R KNI RK AR R Z XX EX

cCoOoOMnOCcO00COcOC oo

PCL=1

DS 5 I=1,iT

1=X=-ROUT (1)

LINTP(I) =V

F(feZyed00) XINTP (I)=1

S 20L=P0L*Y

IF(2UL.Egevad)Gy 70 10

DU o I=1,8T
o RAINT2(L)=P0oL/0I0T(I)/(X-R0UI(I))
10 GEZTURN

W9

SUdoulliul JIFST0 (6, T, 0,53a75,d,d420,344%8,223,470,4344,200u5,A0LA0,

1 JSTAART, 1asdcia,24)

DAPLICIT aLAL*I (A-H, 2-4)

JLASUS LN ((0,20) ,THAL(20), SaViI{ld4,c9) ,208C812)),20,2),,
3 ,'.to),?ERTST(7,2,J')

JLA0US LI e (ed),2JL(20,20),4(29

;“#“tt“"k#@lt‘t‘*li"3#“‘!‘*‘!“#!*‘!-‘#t‘#‘&ltl#‘*tt!tl‘ttllltc

-~ .
hd -

e gy




(YU (1 Cat) €, 000 ¢,

OGO GO OGO, (6 i) 0
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1)

5U8XUJIINE L¥TIGRATES A SIT OF 4 QadIWARY DIFF
CROEE ZQUATILUNS A5 DESCRIZID 1IN Z.JATIONS (99)
QNI PSP OF LEsGIH 4 AT ZACH CAul. H 4aY¢ 3Z INCR
ITCHEASED whiall THI JMUSE 441N TO A4AL IN DRUER T

AS LasGE A STZ¢ AS PCS3IDLE #A4ILE HUT COYMITTING & 3I10La
STZD EZREDR walCd IS IARGIZR THAN £25 W THI L-2 N3RY, ~dziE
EACH CUMPUNENT G THE EARROR IS DLVIDES BY THI COAP05EuT5 of
TaAK.

THS PRUGHAS JALLS FOURE SU3RVUTIWES NIMED

JLFEUN(T,1,07)

AATLNV (24,4,1,T)

SULVE (8,205, 8, %)

2IDERV(T,1.24,1)
THZ Fzssr,olf.'%,hvthA;us THZ DESIVATIVES OF {42 JZPINdau:
VARIASLES ST0X:D IN 1{(1,I) FOR IL=1 TU 4, A4D STUXIS Tac

DESIVATIVES IN THZ ARRAY DI. THZ 33L04D IS CALLED oMLY IV

4F I3 SET I0 1 Ch FOX STITF AETHuD3. iT PERTURMS A rflas?
STAGE OF GaU33ad EZLIMINATICN HOUTINZ 3F THE 4 3% 4 2a7aid
STORZD IN THEZ AFRAY PW {1, . SOLVE PERFORMS Ti#2 3aCK
SURSTITULLON 2sGCESS OF THE GAUSSIAY ZLIAINATICN sUUTIlz.
DUSZIY I5 USED ONLY IT AF IS 1, AJD SIURES THE 2aaliaa
DERIVATIVES OF THZ DIFFERENTLAL ESJATIONS PIOVIDZL 27 Jidsin.

=== PAnANIIEES ~~-

N=THE 4Ud838 or TISST ORDER DIFFEQoiIIAL ELUATIONS.
T=TU2 I[&DLPEZWDENT VARIA3LE.
=44 3 BY N AodA7 CONTAINING THZ Uc£PINDENT VARIABLES And

THZIh 5Calwed DIRIVATIVES. THE DE2ZNDENT VARIA3BLES Ane
afuB:D I T 1,0y, I=1 ¥C N,
SAVE=3 3LVCK OF AT LEAST 12%4 FLOAIINS BOINT LuCATICHZ Joiu

o7 IHzZ 3UBROUTINE.
E=TdL STZ?2 Slde TC BE ATTEA2T8d Cd4 TAZ HLIT $Ti2.
AMIN=THE A1ld4IdJs STZ?P SICE THAT #ILL 3E USED FO3 THZ
LaTZaxallul.
A%AL=THZ JALLMUA SIZEZ To AHICH THE 3TZ2 «ILL 32 INCRLasal.
L2S5=TH I zZxaon TEZIST CCUNSTAUT.
GF=THZ AET40D INDJICATOR.

—-‘(-4(”;

AN ADAMYS PREDICTUA CORR3CTux I
A JULTI-STEI2 METICO SULTAsLI ¢
I5 U3Z0.

é 43 SAMEZ AS CASIZ 1, ELCI2T TUHAT TAIS SudRuUliNa
C042NTES THE PAJTLIAL JIRIVATLVES 2¢ Wlaialliy
DIFFTIRINCING OF THZ DIZ3IVATIVES.

TANLEAL ALZoAL WF N OLTCATICHS adlc] COAdTAIZNs Tal 3«£Idsy oF

SACH Y Sosd 50 Fal.
TAIOA=AN ATZCNL 02 ¥ ZLZUZOTS WIICH CCUTAZ UL Thas I57Tihalow
WL JJ3e ZRAQI IV EACH COUPOWENT.

RFLAGTA JO042.C0100 CTCDZ. 1 Ugdds I 3TI2 asuw oJwCISsTuL.
J3TA4T=Ad Lu247 INDICATOR.

CalDERETdZ waslaJt OERIVATIVI J4al 3dudil 30 sl

P4 SLAICK OF AT LZAST d**2 FLIATIWG POLlNT LOCAT.Cus.

o0t

OGO Ce

[ T VI SEK 9

G OO0 o0

o0 C qL0C U

g

[
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eI LA R S R S RS R R RS R RS R AL S RS R L E R R AR R R E R R E R AR R RS R RN L IN

DATA PERISI /2.0,4.5,7.333,10.42,13.7,17.15,1
1 29,122,240, J7 59,53.33,70.03,07.97,
2 320,042,94107,12.5,15.9d,1.9,1.2,
3 1209, 24.0,37.89,53033,70.98,37.97,1.0,

_ 4 1e,1.,0.5,0.1667,0.04133,0.938257,1.9,

5 1.9,1.9,2.0,1 .V,.3157,.o74u7,.o139/

DATA A(2) /- 1.0/

IRET=1

KFLAG = 1

IF {(JSTABT.
130 o0 110 =1,
20 110 J=
110 aAv;(u,; = {(J,I)
dUld = didce
IF (deaZ@.HdJLD) 30 TO 130
120 =ACUd = u/4d0L0
IZT1 =
GO To 750
130 QOLD = Ny
Tow) = T
waldd = 1.0
IF (Jd3TaxT.S7.9) GC TO 259
¢O TO 170
140 IF (JSTAal.Z4e.-1) GC TS 1w
a2 =1
W3
R
N2
Wy
RE)
NE)
CALL DI

E.J) S3C TC 140

|..a'. [

LU I T R [ T T ]
W onr Wt

k4

»

1590 T(2,1

)
76 109
(Hge2yelywull) JSTART = 1
= TJLD

v, C

169

A B AN

[ 9]
[}
<
C
t
[ 93

T 120

(4F.Eu.u) s0 TO 140

(dUevTe0) 30 TO 130

TU (221,222,223,224,223,240) vy
(Nwe3Z-7) 3C TO 190

To (211,212,213,214,215,216,217) .

-
-

-
~J
(&)

L IR S B o B I~ N

~
L)

1

it‘
[4

TJRu
= 1.4

T0 23J
= =).3443C00J¢C0

,—(<——(n'nlc,'u()n)lqc

(9]
-
—
Br oGa Y D

-a

-
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215

to
[
w
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(28]
(5]
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A3) = =0.5uuwd00d00
RVEREVIRFRN|

A(1) = =l).4+1uhdubohbOLOGHT
Aid) = -0.753J000000

A (m) ~J. 1oU6hUDEEDDBOBLRT
Su TC 23V
Al -J.3750230000

A(3) = -0.910b6bcHdOEO6HGEHDBHT
AN(d) = =-0.3333323333333333
A(S) = -0.04166666€E555666060457
530 10 239

Aa(ly = =Jd.sbuol1IINI1ITITIY
Ad) = =1.)4166606€060607

A(4) = -U.4301111111111131]
AD) = -—u.lu41b60060E56E606H7T
A(o}) = -J.UJ0333333333333333
S0 10 239

Al = =0.432v36111111111119
A(3) = =1.14106vbb66EL0EEDOGT
A(4 = =J.cd>003000

A{d) = =-uU.177)34333333333333
A{o) = =-4.04300093CD

3¢7) = J.03133335385438333357

Su 10 230
Al) ~u.J155319312169312

A(3) = =1.22530030C0

A(4) = -0.75135135185138%1y
A(D) = -u.295200633333333333
A(p) = =J.udsollT111111111 1Y
A(7) = =0.J04867117171111111111 1
a{o) = =J.00J01334126984120944
S o 230

Aty = =1.29v000000W0

so Te 239

A{l) = =D.0020b56H606006q007
A{d) = -u.3543333333333333

30 TO £3)
A(Y “Ue 5424508545434 5454545)

A{3)y = A())

A(4) = -U.uU3IVIUY090939030 21
30 To 239

A{lY = =J0.402300000C

A{s) = =0470u2200090

A4l = -U.2ud30099

1(2) = =uU.Jd202202J¢

Su D0 <d3d
L)
A {2
A+

A ( 5)

=J)e 4373502343 7%582
=)ol InT73d32110743 4
~ve 3 lUZ1359731021139,
=JeoD+474452855474455¢
.,_.—L-,J.;)._‘Ln_%,_élsd 364965354
RAS RV)

~Jse+dc 153255301223
“ue2¢v0349200 349200

ETO RN
AN
A ()

[T L O T R TR T R TR |




230

284
2990
300

310
320

330
349

350

3oy

150

~J.41u60boS060ODODLENT
~0.0J92747451904 7517
A(b) ~J.01193476 19047013
A7) ~J.JdUU566393824030232
X = Ng+1
IDLGB = K
11y (¢ - 4T) /2
ENQ2 «S/FLUAT(ND ¢ 1)
PALVR) «S/FPLOAT(UY ¢ 2)
ZN )Y «S5/:LOAT(H2)
DEPGa = &S
ZUP = (22404 (NQ,N7YP,2)*2E250) *=*2
T = (PERIST(WQ,MTTE, 1) *222354) *%.
2048 = (2EZnIsT(He,MTY?,3)*2225H) **2
IP (2Dad.Z2Q.V) GO TC 787
BND = EZPS*oNQ3/2FLCAT(N)
I43VAL = 4:
50 TG (250,080) ,IEET
I =1 + 4
DO 260 J = 2,X
DO 260 J1 = J,X
J2 = K - J1l +

A(4)
A{5)

Hou noh

‘
{(d2,0) = ¥(J2,1) *+ L(J2+1,1I)
S0 278 I = 1,i
2240a (1)
D0 430 L =
CALL DIFPU4 (T,Y,SAVE(¥2,1))
IF (I&EVAL.LT.1) GC TO 350
IF (4F.22.2) 30 70 319
CALL PEDEQV (T,Y, Eu,i3)
i o= A()) *d
oc 28V I = 1,44
Pd (L) = 24(I)*a
D0 30U I = 1,

I —

o VL Y

2N (IS (d3¢1)=u3) = 1.0 + Da(I*(u3+1)=-u3)

Ia2VAL = =1
CAuw MATINV (DA,N,N3,J1,20L)
I (J1.67.9) 50 TO 350
wl) T2 440
00 320 I
SAVo (v,
320 340 J

-

-

1.1)

—

L [}

X1 (E?2S,DAB5(SAVi(d,4d)))
J) + 2

¢
r\c

|
[-U
1]
>
—
—
(2T Uhma | I €

(¢ -
5 -—
t —_—
t -
<
< ~—
r
LN | *®
PSR NI o R | Y
“w N >
-— 9’-4..-:r<'.-.:
-

ri

e Le3AVELNG, 1))
J
Pa(l+ (U -1)*%3) = (SAVE(:S5+L,1) =~
1{L,3) = SaVI (S,J)
39 1D 214
Ii |247.42.0) GO 70 379
50 3o0d I = 1,M
3AVE2(2,I) = L(2,I) = Sad¥a{ii+i, )

O

[§]

L)

w

<
TSN

SAVZ(stel,

%

)it




379
339

359
419

430
440

wbHV
47¢C

519
520

530

Su40

u
w
<o

T

I

30 +dJd 1 =1
00 d43J J
Y(Jo*)

H

JdQ =

[

o

T

23 420 I
(a,
1(2,1)

ir

IF

((HeLEe (HAIY®1.00C01)) <ad¥D. ((Ld2VAL-Y

GQ T2 4 W
20 350 1
JAVZ (nio+li, |
Call Suwvc (4
20 399 J=1,N
SAVE (9,J) =% (J)
NT =

{

1)

Laas0d (1)

{DA3S5 (35aV3 (9,

COATINIL
(4T.LZ.0)
CONTINUZ
TOLD

)

1,

[
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1,
= Y (2,X) = 3AVE(n1+I,
PIL,SAVE(ND+1,1) ,q)

’

4
(1, I)+A(1)*3AVE(3,1)
(2,I) - SAVE{(d,I)
TRRCR(I) *+ SAVE(Y,I)

30 TO 490

((4FeEve0) -O0Fa (InEVAL. NELD)) IACUXN
IWav 4Ll
IRET
S0 TI 799
KFLAG

= as

=2

1} ll\

HOLD

N

oL

START = .
RETURN

0.9
3 300 I = 1,
+ (ZJFOR(I)/THAX(I))**2

o

J

INEVAL
IF (J.387.3%)
I2 (RaLT.J)
D0 310 J = 3,

'(A. LAG
HNEw

ir

12003

- "
= uJ

00 510 1
Y(J,L)

+]
i

'
R

o]
50
|
1
{

2e

<49

TO
T0O £20

} I) + A(J)*2k30ua(l)

(4Dd0UB.uE. 1) 50 TO 550

10043

-1

Ir (IDUUD.J‘.1)"O 70 700
DO 530 I = 1,
54 VE(10,1)

[

(SRR VN RIS B S B

.
el

0 29 1du

AFLAS = STl - 2

Fo(dewle (JdnIN=®1,.00071)) Gu TO 780
= ToLD

F (RFuwldewuwia=3) 3C T2 729

F2 = (J/2) #2500 2% 1. ¢

23 = leavod

F {(NdeviedadDEE) a3, (AT LaAGaLia"1))
= Jod

1) *id

I) ) e LZa (3UD*YANL (L) )) 4T = wi=1

TTP) e Li.=1))
= 5aCU1%.2500

30 TC 374

[SRV]

T3 4o0b




560

570

680

5 91)

709
710

729
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20 500 I= 1,
D = 0 + ((ZAA0A(I) - SAVI{19,I))/T3AX (1)) **2
PR3 = (D/ZUP)=*ENI3*1.4
PR1 = 1.2+20
IF (NC.LE.1) GO TO 5%0
D = 0.0
DO 580 I = 1,d
D =D + {{(XK,I)/YMAX (I)) *%2
PRV = (D/Eowi) **E4C1%1.3

CONT INuZ
IT (282.LE.233) 53 TO 630
IF (PR3I.LI.2a1) GO TO 660

2 = 1.3/7040K1V (281, 1. 2E-4)
Niwy = Ng=-1
10068 = 1J
1?2 ((KPLAV.ZUe 1) adNDo(ReLTa(141})) 6O TI0 700
IF (JdEAveLE.u2) GO TO 630
DO vdd I = 1,U
{(N2a9*1,I) = ZREGOPR(I)*A(X)/DFLOGINT(R)
K = NZdg + 1
IT (KFudGeiwe?l) GO TO 670
2aCJd = adcJda=R
IMZ = 3
GG TC 750

¥ {dEal.iy.dy2) GG TO 250

Ny = HZIw)

G0 TO 170

IF (PR2.531.2%1) GO TO 600

Eﬂ‘u = HQ

= 1.3/A8aK1(2R2, 1. 2-4)

0O I0 olv
Ted/adA L1 (PRI, 1a2-0)

NEWG = dy + 1

GO0 TO 610

IJET = 2

H o= d=g

idEa = H

IF (dGeEQ.icag) GO TO 630
HQ = NZaQ

GO TO 170

1 = 1.9

20 5830 J = 2,K

1 = }1=5
JO b2V I 1,4
((J,1) = 1(c,T)*31
o000y =
D0 710 1 = 1,4
LIAK () = 2AALT (EMAL (D) , D03 (2 (Y, 1))
o3TAAT = iy
FIT0 0
I7 (dgeZgal) 30 TO 700
Clun DLZTZJL(T,1,SAVE (N2,
X = d/d40u0




733

749

753

170

7389

1
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00 730 I = 1,1
({1,L) = 3a¥2(1,1)
SATIS(2,I) = (ACLD*3AVE(N1+LI,1)
T.2,1) = s5aVi(2,I)*R

I

XKFLds = 1

SO 1O 179

(V(DABS (HAIN/d0LD) ,3ACUY)
21 (RACT Y, SABS (HAAK/HGLY) )

[
%

51 = 1.9

oV 760 J = &,X
rl = Ri=gaCId
20 753 1 = 1,1

1(J,1)= SAYZ(J,I)=*x?
4 = HOLO+#8ACUY
"0 770 I = 1,N

i{1,L} = SAVE(1,1I)

I8J3 = o
G3 TY (13u,250,6490),I0ZT
ATudo = -4
GO TO 470
RS

SJBBROUTIHE DIFFUN(1,YY,0Y7%)
IAR2LICIT uwlaLl*3 (A-H, o-3)

DILENSIuY DYL(29),YL(8,20),4(20,20),5(2

wdd {20)

0,22),C{20),45(1) ,%a

CI‘t##ttl“l‘ltl‘tlt“tt‘tl‘#i#*##“*#t**#‘#*ﬂ‘*#t*‘#**t##*#‘ﬂiic

Of.(.0C 0. (.

[@ I

GCAWUTIWZ CaLLEC 37 CIPZSUE ZVALUALZS
2ENDANT VARIAN3LES STORZD I YL (V,I)
Z DERIVAIIVIS IN TEE AREAY Cf(f. [ I
ARlABuZ.

ERIVA
¥N, a
IuoZ?

.G

~
-
~
i

-

C

REREE AR S RE LS ERTZ L EXIXX X XIXZIRNEAT XX RS SR AR B EXK SRR FRBEANRIRAXR KA KRR XK XX

LATIENAL aJX1
LOAL.VV/L.‘/\-U: 1
CutaQusle/se 2
CSﬂ,un/Ll/J,u.
CoAAQN/L3/0,0
Colddu/Zil/uaa3, 025,82

"1
w1

PR M
o 3w o1=i,11
Cad (L=l ), D)

CouTilids

—eee= dacJdiLall TH

tn
-~
S
t
[
ta
L
]
@
v
-
L,
()
.
.
Fay
>
(@]
[}
ps
[l
~—
~—

i3) .
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<
L8(1)=Yr(1, N
ITZ4N=S9v
CALbL 2040Ta(adl, 22,8505, de e, L&, aT200,4d,032,124%)
CT==3.#COETI* (A (1, D) *LL (M) vA 1, adl) #1070 (0, 1)=3 {1, as) /a1, 1) "Licfe
S 43 I=1,4
C(I)=B(I+1,1)*CT+3(1+1,4T)*C3c572
45 CuNIINJZ
c
< ==—==-- 370&Z IHE DERIVATIVZS IN aslal{ D({ =————--
~

D0 120 J=1, .
UL (J)=v(dtl, 1)) +3(J+s1,u4T) *1.
OIT (Jr ) =L (d)
22 119 K=1,u
DL (J)=0Li(J)+B(Jr1, K+ 1) *7( (1,4)
DYZ(Jvu) =DTT (T X)=3.%3(J+#1,70) *CUSTI*A (1,8« 1) =7Y¥ (1, /74 (1,
1 P (3(J*H1,Re1)=3(del, =X (1,803 /0 (Y, )L (Y, ar
JATINIL
17 (J) =CCEZF1®COETS*IY Y (J)
vl (J*d)=u g (J*) *COIFS
120 COwilnde
3ITY Sy

z42

-—

-

<
O
-~ [¥]

SUSXOJLLINE 2iDZRV (I, 1,24,33)
IMPLICIT REAL®3 (A=H,0-2)
DIAENSLId  1(3,20) ,Pw(400),4(20,29),3(20,20)

st e L e R R L R P L T N
- <
< SUSHVUTIUE CALLZD BY JIFTSU3 UICLES T2 PARTLIAL ¢
< LZXIVATIVES OoF THE ODIFFEZRENIAL IZ.JAYIONS 2B0VILZ) 1y <
- SUBROUTIAZS DIfdfJN. THE PARTLAL DEIIVATIVES (TIHI JACULELIAM) C
< #2285 BVALUAIZO IN THEZ LAST sZCTIO0d Id CHA2TIES 3. <
< <
- <

XA R LR E B R AL TR R TR K N AL R KK X X AR E R IR M I I E R A R R A R SRR R w K XX &

COdMUN/LI/ZC0GETT,C0275
COoANOUN/L I/ W, a7
CC1aVl/LI/A, 3

Ju 1V ax=1,.d

D6 L0 Ii=1,.

PJ(II*(Z*KK-Q)*J)=C7L31‘Cu3?5*d(12*1,&&*ﬂ
W (LI amX K =1) 2N) ==C0 095,22 {(I2+ 1, 1) 2Coli o (V,ansl, /00, Y
P‘(l;'c"*n’( *#LX=2)y* )=,
co Ra(Lleldmuxiv (2%XK=1)%0) = (LI, K40 = (L0, 1 RN (G, Kk, 200,
1 LTSRN |

W CLalinle
32T e

2




155

S5UB30UTLE
DIAZUS LI

D=CONP (N4,A,7L, 5 Q)
A(20,20) ,UL(20,20),3CALE5(20;,195(29)

o I ERIESEL IR SR E R A A R R E R R R L R R R R Y R R YRR R L TV R

SUBROUTINE CALLED BY HATIUV PZEFCA3YS A FIBST STASE CF

GAUSSIAN ELIMINATICON BOUTINE.

O OC G

O Gy

LA R R LI R A R RS ARl R S R Rl R R A R Rl R 2 RS RS 222 RS 2 S T 0 2 TN

COH4ON 25

J2=1
N= NN
DO 5 I=i,N
Ips(I) = 1
OAN &A= V.0
DO & J = 1,3
uu(i,d)y = A(1,9)
IF7 (SOwdRA-AES(UL{(L,3))) 1,2,2
1 80WNEY = A3S(UL(I,Jd))
2 CONTINUE
IF {(kvuwdRa) 3,4,3
3 SCALZ3 (1) = 1.0/80%WNRY
50 TO >
) CALL SIUG (1)
J2=-1
3CALZS(I) = 0.0
5 CONTINJE
Wil = N-1
Do 17T K = 1,411
BIG = V.V
20 11 I = R, N
Ip = I2S(I)
SI4E = ABS(UL(IP.X))*SCALEs(L?)
iT (S5ICE~-BIG)11,11%,10
19 BIs = S5SI32
104217 = 1
11 SONTINUS
I¥ (BIG) 13,12,13
12 <ALL SING(2)
J2=-1
el T 17
13 IF (IDK2IV-K) 14,15, 14
P4 J = IPS(K)
I (X) = I2S (IJ0KPI1IVy
i2o(IoxkpivVv)y = J
15 e = IP35 (X)
2IVIT = JUL(K2,K)
afl = K+1
20 1o I = X271,
22 = I25(1)
£l = =JL{IP,K) /217Gy
= -4

JL(ie¢,X)

22 1lo

J = k21,4




156

JL(I2,J) = UL(I2,Jd) + Z2A*IL(aF,Jd)
1o COATINGUZ
17 CONTINJE
]2 = 125Y)
IZ (JUL(4?,N¥)) 19,118,715
18 CALL S1¥¢(2)

Jo=-1
19 BEIY AN
END

SUsROUTIHE SULVZ (u¥% ,2UL,3,4)
IMPLICLIT HEAL®3 (A-4,5-2)
DIJENSLON 2UL(20,20), 3(2J),4(23), L25(23)

‘43t*‘*t##tt*‘t‘t*#lt‘*‘t“**t‘###t#‘#t*ﬁ*tt#*#-ﬁ**#*‘ltt*t‘t*t‘#'b

SUBROUTIUE CALLED 3( DIF3UB 2auFOR3S THE 3
(THE BACA SUuSILITITICH PRCCESS) QF T4E oAU
ELTAINATION BOJTINE.

C

Fio

J STaul
]

K
A

(ﬂl'}
o0 c O

.

OO0 G G

LR E L RS R 2 RS R NI R E R E R L R L L RS RS L E S PR R R RS E RS RS S R P E R 2 TN

CcOaMON 125
N = IN
N21 = N#1

J = 1,111
4 = 34Jd41 ¢ PUL (IP,J)*X(J)
s(I2)-5UY
(&)
L{d)y = L {uw) /20L(I2,3)
DO 4 I34CK = 2,MN
I = N¥NP1-I3ACK
12 = 133(1)

-—
L

I21 = I+
SJi = U.O
200 3 J = 121,14
3 3J4 = 334 + FUL(IP,J) *£ (J)

4 (D) = (£(a)-SU¥)/2UL(I?,I)
REILU N
29D

SUoRVUIZINE SING (I.31)
:tttt#tt#ttttial4-*t'ltt‘littttxtlttt‘tltatt#tt“tttt‘;talu:u:aa:
C -
2 SUSJIITINE CALLIO 37T JECCMP THDICALES THE ZR30au Ly <

ST O e An. .o




—

Cai()

VSR TR PESEAVES!

Coa Co 0V Y000 000302000

ol
&

[}

Q

"l

Oaxliug riz

G

1
GAUSSIad

-

57
EL

ITALNADION aOJTINZa

C

C

SEXIEKIEASER SRS U A B SR U AR L E I RBE I YT FSLRE IS XA AT R KRR EE R R XA XXX ;2

1V FOQMAL (S4.4JJATIIX o

12 FOi!AT(juSDS‘VJULA:
13 FOLAAT (343dJwu CONVER
NOUT = 3
GO0 rv (1,2,3), I4dy
1 WRITEZ (NWui,11)
Gu TO 14
2 4AoIl (00T ,12)
30 TO0 10
3 WRITZ (Nuwul,13)
13 LEIURY
LD
3U3320UIIJE

JiME2dSIdd

mr«::

4 Id DECCH20SE.
I3 ILu2iuv,

230 fUA LU

HATINV (D, N,83,31,0L)

24 (wJ0),A4(20,20),UL(0,29)

J2LCUNMPOSE.
ZErO V
TkRI{ 15 ¥Z

DI

104 [% oCLVE.

ARLT S.ueuUlac,

LR EI LT EL R R RS RS R R AT R R AR RT S R P R S R RIS R R R R R N 2 L 20N

SUBJIUTINE
GAUSSIAN SLL1IAISATION
THZ ARBAT Ch.

ARSI EREL SRR RS RS ESE R RE R R FL RS R R PSRRI RER RS RSN RS NY ¥

WGU

20 1V I = 1,34
Do 1 J = 1,1
1 A(L,Jd) = 2a(L+{J-1)%u3)
CALL JLLJLP(J,A,UL,J1)
aZTIRN
END

SUnaIdUlinl
I42LICLT

CIRINT(CD,A,Y)
RoalL*S (A=H,0-2)

DIMENSLON A (<20,20) ,Y(8,20),45 (2)

CREEREEEEES REIAU B L ELRNE XL XX RER R EERE I E L ER SR I U ERRE TR XXX A ERT R K XX

SU3RIITINS CALSTLATSS THE CIUgRzuT 224310t 3%
(59)

== 2AuddLilan ===

CO=CURRIWl VLo IlT, AMD/Caxsxl
A=D2I5Callileallud COBIFICIZAT MaTnlil, A.
7=Cuuc ¥ l0alavasS AT Tul CCLLCoCATIGH 20LaT3.

SJUNIL

A
(WINY

(@]
'('
i €

O,

OO0

Cr ot

P

-

I ERES AR RS EE PSR PRE RS S L] t*tC#‘*Jt*l““‘!!ll!“*‘l#‘ltl)l*'#*\_




NGOG

) v b, .
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COAACH /L 3/ gu

CUdAUN/ LY/ &K

Coan0l /...0, JORD I
CO==CocFa® (A(1,1) X5 (1) #)(1,ul))
Bu oV J=i,u
CO=CU-COET4%A(1,3¢1) %Y (1,J)

CQAT LUUZ

GETU RN

EdD

SU3RUUTIANE Cul J(CT C2,N&,34D,D27), 30
TAZLICIZ B2aL*3 (A=E,0~2)
DIAEHS I4 :1(00),C2(o ) ,BCOT(2V) , L7

IS ETE SRR R AR R RS E R R R R R ERLER R REE R S

AGROUTLWEE ZVALIJNTIIS TUE COUCoITRAIICH
OIsT 14 X UL22CTION EY AN IHIZHPOLATIO
A5 KHOwaw JOWCEITRATIVIS AT Tid COLLSCa

s o 3

WLTRAIZ AND ald

1,C2=C3ulCiiqaATI0NS
Z D2IAZHNLSIONLIos Tu

IS
s~ -
-

WES2olT LA

<,
I.uTiaddL, DIMENSIOJLISS,

COMAOI/L2/C0EF 2
CIdAQN/L3/7N , N2
COMIUN/LY/K o
26 33 g=1,1«
2la=DaTax(J=1)

)

1]

0 < oI

0F,71F1, %)
(29) y1{3,20) , &34, , L1032 (20)

AR RS EREE R AR RS R EE XN

)
[ aal THN seee ST YN I
AL Lalvd Lioaialwe [
5 30UTIAE JSIng e
TI0T POLdLlS. C
<
~
A
3oX¢ Iuus, C
7. -
a < 1. <
C

CALL INI3D(4J,4T,ETA,8C3T,2I71,{I5I2)
CU{I) =20 T2(N)*XS (1) #XIND2(NT) « 1.
C2(J)=£1iul2 (1) *X3 () +LINI7 (uT) *CTZIre

>

JO TJd x=1, .
SH(J) =21 (u) #XINTP (K+ 1) *
:.(J)=Lz\u)*XINT?($+1) (!,h*j)
;’JELHUE
;.Ua
W

s ay

e ey - . R gy - PR R -

veibaslians \.u\ﬂ.t'ab(&D,ou'vvu--},w.}u--‘,.,U..LD,-..\\-LJ.‘A,.‘.:\A,J..;J..
ey . v~ -

1 CTATAA,UDLNNT)

.-y mee = e o TR

SA2LACIY dZasL*s(a=ii,3=0)

"““"t.“".ﬂltSﬂ!'*"#"‘?¥3¥$$43#’3l*$¥#tt#!l#ﬁ&l“*bi#‘%ix‘!y
<

SPLIAL 2UINT, o, dad Tai diics -

A532 VJo TC (AT IuwCEIAasZ oI lil -
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;‘*‘it*u‘tl#i‘tt“uﬂt#*3!***“*1:3“‘*'*‘!3#33‘*

SAUTs=1s
17 (0Se 3ZevaUJloAND.2S.LT.3.010) Ja3=).
IF (0 GevEede UTDLAND .25 LT20.100) D25=0.005
IF (G3.92.0. 1J9) D3520.05
25215050
FACTO#=.53/5AV 45
COCF3=2daf3/8 ACTOK
CUEP4=CULF+/TACTOR
CO282=202i5,7A2T33,/TACT0R
2TAJ=DTal/1uy.
Cradai= 00 1e0Ty
AUMA=2.08D04AT

SUBROUTING £42A4D (Y, R00T, 011, FACTOR, D)
IAPLICIT aZau*3 (A-H,0-3)
DIAZWSidw £ (3,23),300T(20),0iT1(20),{1iaTE,

<
IR R EEEREI IR L 'R B I

v=dy o, 3l(el) , L3 ()

:tttttt#ttaaa:‘#¥¢a#$:$tt:$tt#tu#;#v:#u:#*#t#*:;#:u:*x#$#¥t*utxﬂc

S2LIUE 2uINT.

30 Ca s o

SoHUCd /Le/20:a82
CONUdVU/Ly/ s, uT
COAYVU/Lo/X o

JJ 73 I=1,

70 S (led)=1(1,IeN)

82=aC0l L+ 1) *FACTICR

IF(aEavTa1.d) 530 TO %3

Calki INI22(4D,87,8E,300T,0I%1,YIulD)

TV ,L,)=Ll5u2(1)®LS(1) +TI.72(4T) «1.0
C(T,avd) =0 LdT2(1) 2X3(2)+LiaTe(NI) *CIEF L
U Z L=1,c

(1, =1, 0) #LINT2 (4¢7) *0L{X)
oy Wl Do) =0 (1,20 #YINTD2 (ar 1) *37 (X+0)
Ssu o 190
3 f{(1,i)=1.2
£1V,I*4)=C0uF2
100 Cowlluds
REODY BB

FERTRCY
-t

SUZ50JTIuZ ZVALUATES THEZ CONCEZNTRATIONS AT
POINTS Ik itila 24 COOBDINATZ DU TO THE CHa

bR R AT R RSl R AR I R E R S E AR S R R R E L RS NS R E R IR R AR A LR R R RS E L ERE B

THE JULloCCAaTIvd
WGI Q7 TdL

.00




FUNCTION AULT{L(,K,243)
TalLICIC FoaLs®s (A-H, ;-2
JIAENSLIdu a (29,20) ,3(20,22) ,K&(1), 347 (29)

EERLEX XX EXBERERE IR REE AR EIRER LA XK KX R LB XXX KKK AKX K KR ERREKE 5 & XK

aU%1 IS THE WA4Z OF THEZ FUNCTION CALLED BT 2SYST4 I
TYE SUUROUTINE DIFFUN TO FUGNISH [d4Z VALUES O ;
(32) Ad4D (53) .

L |
[ O]
[
[
-3
rd
(]
C
=
L.
GO0

OaOOGoaa

EAXAEERUBRXEEREE LR AR XX G X AXEX R KK KR KT A XS KA KPR KRR FE XXX R KX kXXX K50

CCAdON /L1 /o3P 1,C0EFS
COMMUN/Le/COEF2
COMNUN /L3, 0, 4T
CULAUN/L4/a,
COdUUN/L3/SUEF3,CONT,C0N2,5A44a, 831
SAR(20) =-3. ®TOEFT= (A (1, 1) *XL(1) A
1 «TOEF
CO 590 J=1,4
Jaa(20) =Al (20) = 3. #COZZ1*A (1, 6+ 1) ®*JAx (J)/a{l, 1) =a(1,d+1)
1 ® AR(I+N)/A(1,1)
500 COuIINUE
I: (AR (20).L2.0.) CAR(20) =0.
AUKT=A{1,0) 205 (1) +A(1,4T) ® 1o+ (CONZ® (YaR (20) ®%3440) =CCu 1%
1 (£X(1) *=3ETA) )/COEE3
DO 5U0 J=1,.
500  AUXI=aUL1+a(1,J+1) *QA&(J)
¥E1J 8
END

A
LT ®1.0) Za {1, 1) =a (1, 05) /A0, 1)

FUNCTION aJi2(XX,K,3A5)
IGPLICIT R2An*3 (A-H, g=2)
DIAEMSIJIN A (<0,20) ,3(20,20) ,L(3,20),%4(1),5Ax(1)

*tt#tttutlt*tmttt;tttttttt*tt#tc*tsk#;#v:tat#txtx:k*#xtttt*::ttc

C

c AOX2 L3 Tde JAJE OF THE FUNCIION CALLID of 2S1314 I
C JHZ SAL4 PLUGBAY TO FURNISH Tdi VALJSS OF ZLUATIONG
<

C
(52) A¥D (53) . ¢

tt‘l"“‘3‘!“""#‘"“#t‘*“t‘t#‘t‘!l“‘3““‘!“3‘tt(‘ltﬂ"ltc

COAAON /L1 /2G271,COET

COU3La/Le/CUER2

CIaA0N/L3/4 , 4T

Codiuli/L4/4A,d

SudA0N/L3/.0EF3,C0H1,00N2,5404, 8274

CULACH/ LI/

Saal 1 == Se #CUZEI (A (1, 1) % 5a (1) A, d0) ¥ 1a0) /a0, V) =al, 9Ty /a0, 1)
1 ®CLITe

Ju 590 J=1,4
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BAX( 1) =BAS (1) = 3. %COEF1* L (1,041 %L (1,3} /a (1,1, =& 1,0 1)
1 xC(1,d%N) /A (1, 1)
300 COuliduz
iF(BaR (1) aLiT.0a) BIF (1) =0.
AUK2=A (1,0) #XA4 (1) #A(1,4T) ®1.+ (CCi2* (BAR (1) #%5a14) ~CULT *
1 (AL (1)) **3ZITA) )/COZE3
Q0 530 J=1, .
600  AUS2=AUL2+A (1,d+1) %1 (1, 4)
FITURY

NS
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"“"‘tt“t#iauﬁtitt‘ﬂ‘tttlll‘#"#‘il‘t: BRAXTIXFTAFLXKEEEEEZTER XN QL XX 5 X,

OO CGLOGOO0O0O00GGOGOO0GO 00

GG

[P

THIS PESuRAY SULVES IQUATIONS (4d), (43), A4D (52) THEGOUSH
(55) #.Td I#0 IMITIAL CCHDITIONS U345 SPLINS COLLCUATION
YEITHOD FIR iz CaSE CF THE ZLECTROL(TI CONTAILJING CADAIUA
IONS. IN TAIL3 CASE, THZ TWO SUBXGUILJES, DJIFFUY MIC PEDEAV,
CALLED B8Y [HE INIZGRATIOH SUSROUTINZ, DIFSUB, HAVEI TC B2
CHANGED. JEANSHILE, THZ MALd P20G3AM AS #ZLL A5 THE CTHu&
SUBRVUTINES STAY THZ SAdS. TdHZ CONCEHTRATION PROFILE of
THZ CADAIUM IOw 1Af BE OBTAIYED BY THZ ELECTRONZJTRALIYTY
CONDITIOw. THZ CUSZEINT DENSIIY DATA ABEI CALCYLATED I Ide
SAMZ WaY 37 S.UATION (56). T4di HZTLRJIGENEOUS &SACTION RAIZ
CONSTANTS Ou8TAINZID BY LAST 23CG3ad AJZ USED TO IDENTIFI
TAZ d)A4JGENZUUS RZACTION RATZ CONSTAJT 37 FITTING THL
CALCULATEZD CUHRENT DENSITY DAZA wIfil THE EaPZRINZJTAL
DATA.

------- AODITIONAL NOUZUCLATIRE =——===--
SHALLK=HIMIGEJEQUS REZACTIOH TATS CONSTANT, 1/5:C.
OBIGR=DIJENSIUVUNLESS HUAOG:&ZOUS SZACTIvd RNTIZ CONSTANZ,

uE;J:\‘-:JJAL..K‘-‘“AK“')/D 255~5.
DKS2=D0IUoNSLIUNLESS SCLUBILITY 23COUCT OF CADuIds HYIDROLKLDE,
DK3P2=L8Vwa—23/C1B**3,

EEBRREXEEERASEEE TR EERX K EXB XXX IR XA S XXX RKEXIEX K P RSB R AKX E KRR KXR KX XX

IAPLICIT EREAL®*B(A-H,C-2)

DIJENSLION A(c0,20),8(20,29) ,C1(6V) ,C2(60),C(22),((v,29),

1 D'F1(20),DIF2(70),DIF](ZD),?OO*(20),7"CT(JO),:n:
2 (44X (20) ,SAVI(29,20) ,P4(300) ,453(2),X4L{1) ,aa(3),0
LATZadal AJLZ

COMdON/LY/LULF1,COZFS

Cl 20 /Le/2ld2

C 10, .3 S 3T

C.adlusnue/a,.L

CCUAUN/ZLS/ XS5

COUd0N /Lo /C0s74

COMMON/LT7/ 431G, HET,EP

COMMON/Ld/C0EF3,CONT,C0OH2,54A44,3504

COEIQN/ LY/

COUION/L10/03I53K,0KS?

m—memme [82JdT DATA —~—=—-—

WZald(5,319) D,N,uQ, P AL,32,823,Tldnd,22,003

52A0 (5,320, <13, CZ,,Ju\& JTIa:S,d(,23

en0(5,333) L3AN,3ETA,CCH2,C061,3 40008

2ZA0(5,34v) U5iIG,uEZ,Z?

““““ CALCULATS 3088 COWSTANTS 20 2SI 52l 14 UHI 28.535a4

G.aoca.ocatiae. oo

C.C.

o Cy Ci Caqy (.

~

AY:

a
2

(29) »
(1)
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CUIFE3=(1.9023-5) *CI15/D0.04K/53

COZFU=2.% (1.9)2D=-5) $C13%95437. /204404705

Co75=1./45/28
03I54=5.0ALLARCNAK®INAN/50 2045
IRSP=(Len=23) /(C1B**3.)

DA=DdAL/ (NE-)

DIad=(5.452-5) ®*0TIME/DdaK/ DUl
TAU1AX=(5.200~5) *TI®AK/DAAA/D4AK
50TAU=DTAU

STA= L /K-

NI=N+NOHUN
NSR= 2%

m—===-= 3I0 1YITIAL DIAZNIICULESS

------- J2ULND THT MAKIAUY AND AL
{I%2 LGCREMENT TO LE JsSIo
SULAJTTINE DIFSU3 -=——=--

SINdAI=.00107T4aJ
TRV AN=2.0%.T NS

4ilTI(o, 30V)

------- ZValUATZ THE COLLUCATICH

JACUEI 20LYNOMIAL GOF OROZR
1237 AND SZICOND DoRAVATIVES

al IdE RO0TIS. ===-—=-=~-

CALL JCoul (MD,9,58d0,81,44,32,01¢Y,01F2,01I7

WAITE(6,353) (R00T(J),d=1,uT)
-=—-=--= CALCULNTZ Tiid DISCAZTIZAT

I2=1
d 4J [=1,;-I

CALL 2rCon (02,0, 50,8,0,30,0I31,0IF4,24F3,3008T,vac)

S0 1) S=1,N7
a(L,d)=7.CT ()

“ubTIU0E

KPS VAN

N

Cer ey e gD N T o e
mmmee== ALudLlaTZ THE 2133327 1aal1du

Ioes

20 «v I=1,.47
Chll Dt:):‘."\o
Ju Jd J=1,1
(I, dy

v b Lad ol

|
EN
[
(.
L]
<.

meem~e- a2 JT 0T OVALIELS JF AXG A
{00 ZoNTIUN SJS30IINE 24

. ey B -
_J,u,.-u,..1,:,:J,chl,.)‘[.'z
-

~tr oy e . -
¢ ves JgNvva gl
[T ] JIAwd -

DLAZNSIQNLZSS

THT INTZSATIo
IS (aCOT3) €7 Tiil
AS wILlL A5 THL
OF ThZ 2uLirNcdias

.~ - -

“ ~ v
[V SR AP VNN
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15=1
JSTAAT=d
I57)2=0
WAXDEZR=7
20 47 I=1,.:R
47 YMAK(I)=1.9
1=0
c
- C —m====- 14DPUT THZ INITIAL CCUDIZIQNS ==—m=—m—-=
c
DO 50 J=1,u
7(1,d)=1.
50 {(1,Jd+4) =022
LS (1)=1.
XS (2) =C0EF2
ARITE (0,390)
60 TISE=TAUYDLAA*I4AK/(5.26D-5)
c
c —~-==-- CALCULATEZ AND PRINT I4E CURR&NT DENSIT{ AT 1ils 214:
S P3INT THZ CONCENTRATIONS UF NITSATE AND HIDF0(: I0JS
c AT TaZ NT COLLOCATICN PCINTS =——-=-
Call COUXENZL (CD,A,T)
WRITE (6,300) TIMEZ,CD,X3(1),45(2),&FuAG,ILERYN,2S
ARITE(6,790; (Y(1,L),L=1,NEx)
b :
C  mmme——- IVALUATE AND PaINT Td4Z CONCENTRATIGNS OF
c WIDBATE ANT HYDR30LY ION3 Al ZACH POINT
c I4 £ DIRECTION AT TdI53 I[IMZ ~==—==—-
c
CAiLi SONIZ4(C1,C2, 3¢ ,ua Ds:s,qocr,azf1,z)
WRITE (6,249) (C1(J),d=1,¥4)
ARITE (0,250) (CZ(J),U—1,NA)
' C
C -——---- CHZCK IF THE INTEZGXATION TIJE AT THIS AOMENT dZaCiis
c THL 4ACATUM TIMZ TO 32 INTEGRATED ===---=--
]
C
1 I¥(TaU.GE.TAUUAX) GO TO 150
{ 85 I=1+1
| IF(I.EC.1) GO TO 90
| IF(ISTOP.Ec.1) G3 TO 40
| ¢
? c
: ~——-==- TE3I IT [HZ CONCEINTRATION OF HITRATS LON A1 TaZ 474
c SCLLCCATION P0INT,IZ, TJdZ LAST OWE BEFORET THI 52.I4:
c 2Cous 13 «:Ia:w Ja00C1 OSLAZNSIJNLESS ClUCENIla.luw
c JNLT OF THE BOUNDARY SONJITION. ——m——--
! o
‘ ((1e=1(1,3))aLT.Ca2C)1) GO 2C 39
: me===-- [F D42 TI5T7 FAILS, THZ $2uINE 20LuT L5 InSizasio,sd,
C 10Y2u PUSTHE3 INTO THZ SOLUTION. =——===-=
c
s
i .
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CALL <HANGE(45,025,CCL03,-3:584,C0Z275,7ACT0R,0TAY,Dladul,0Iad5,,
1 J3TART)

P

—m————e EYALUS C qo HIJDROXY

TET COUCLWTIATIONS U HITPATI Al
L9d5 AT THE COLLICATION 2ULWT3 AL THEZI NEA CCualidal:z
DUZ TO THZ INCRZEASE OF THI S5PLINZ POLHT., —=-=-=--

CALL EXPANO(Y,ROO0T,DIF1,FTACTOR, D)

~———--- INTEZGRATE EQUATIONS (45) AJD (+J) USINS T
AT InZ COLLOCATION ®OILNTS AT THIS TiaZ TO
CONCLNTRATIONS AT THE SUCCI33IVE TIHE ==m==--

90 CALL DIPSUB (NIE,TAU,Y,SAVE,DTAJ,0TAUAI,DTaUMA, 225,48, 044%,
1 LB8CR, KFLAG,JSTART, 1AX DIk ,24)
I7(KFLAG.LT.0) GO TO 190
PTAUMI=.001=0TAD
DTAUYA=2.0*0TAY
IF{I.GE.2) Gu TO 93
IF(E (1, 1) a3 0e1eaORet(1,2) a3Teleadiel(1,3)a0Telaualual{l,4).3Tal
T WJd.DABS(L(1,5)=1.).3T.0.0004) G0 TO 30
GO IO 35
93 M1=I/1IC
u2=41*1C
IP(1.2¢-32.053.TAUL.GE.TAUNAX) 30 TO Y5
GO Tu 345

—====== CALCULATE THZ SJYRFACL CONCZIUTRATIOLS =-~——-=--~

95 OLDLS2=4K3{(2)
£L(N)=1(1,1)
ITLRN=500
Call 4S7ISTU (aU42,32P,NS1G,N32,£X,II2R4, 4A,0AR,13R)
£5(1)=£5(1)
£5(2)=‘3.*CJE?1‘(A(1,1)*$£(1)*A(1,HT)*1.0)/&\1,])'3(1,5?)/3(1,1)
1 *COEF2
2C 150 dJd=1,4
£3(2) =4S (¢)=3.®*CCEF1%=3(1,Jd¢1) L (1,d)/a(1,)=a(1,d+1)
1 27 (1,d¢N) /A(1, 1)
150 COSTIJUZ
IF(K53(2).LT-0LDX52) ISICce=1
Gu TO o0
190 #BITE(v,<24d) D(,30TAU,NL,57AJ,D0142,084A%,AL,82,25,325,4FLa3,
1 22,4515

WiaIlil(v,249) BETA,GAMA,C0:41,C0N2,341L0L%
me-o==- U03daT3 TO2 TH2JT AUV UJI2JT STADEMINDS =====--

230 FOSAl(/,3 34, H03="2, 1,901 104/30&, 321 1.4,/339%, 201104 /204, 40174
1 /304,3011.4 /394,901 .4/305, 301 003/30%,3u0%a9/03a, 401004
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2 /305,5D011.4/304,011.8/334,3011.4/30£,9011.46/304,3011.4)
260 FOOMAL(//,54,"L INTERVAL="',012.4,324,'I4ITIAL A0 3722 31l.z=!
1 e D1244/5%,'80 0F 2CIHTS Id & DIa= ',13,23%,
2 'LasT TAD 3TzZ?2 SILE= YL,D01204/54,"32AL TIsz INTIgvals !
3 221044,244,'DIFJSIOH LANGTH= ' ,010.4//5K,'aL= v,57.2,3C4,
4 fgli= '1,F7.2,25%,'25= VLT 4/ /94K, E950= 'L, 0104 2,274,
S IKFLAG= ' L,I3//754,'32 = 'L,I10.2,27%,0451G6= ',13)
245 PORAAT (//,54&,'RZACTION ORDZR OF NC3- ION =',FP7.2,234,
1 " ZACTION OBDER OF QH= ION =',7F7.2//9%,'15T CON3TALT =!
2 ¢D12.4,254,'249D CONSILANT =',D12.4
3 //94,'RZACTICN RATE COJSTANT= ',012.4)
250 FORMAT (/,254,'0H=",2X,9011.4/304,9011.4/30%,9011.4/304,3071.4
1 /304 ,9D011.4/304,9011.4/304,3011.4/304,9011.0/304,9D11.4
2 /30L,3D11.4/30%,5011.4/304,3D11.8/32K,3311.4,/304, 70114 4)
370 FORAAT (413,2:5.1,2010.2,15,743.4)

320
230
340
350
360
370
3389
369

700

1

FORAAT (4D11.4,I7,F7.4)

FORMAT (2F7.2,3012.4)

FOXAAT(215,212.4)

TURMAT (154, 10F10.6)

FORAAT (//,v12.4,14,012.4,2£4,2039.19,2L5,F20.7)
TOR4AT(/,25,0F20.6,2%,6520.06)
FUXMAT (24, ' COLLCCAIION BOIWT3: ')

FORAAT (//0 34" TIAZ ", 12K, ' CUXRINT' , 45K, ' 10N CONENTRATLOUY)
FOR4AT (304, 1GF10.5/30%, 10F10.5)

STO?

2ND

SUBBOUTINE DLPFUN (T, Y, 311)

IMPLICIT REAL*3(A=-H,C~2)

DIMENSION DY (20),Y¥Y (8,20),A(20,20),5(20,20),C{20),X4(1) ,na(d),
<Al (20)

CEEEEBERER XX XL EE AR KT RER BEXEFER LXK R SR RLA R KR RER X E XXX IR R T R AR

a6

(@]

-

SUB3RJUTIwE CALLZD BY DIPSU3 ZVALUALES THE DExIVATIVES OT -
DZPEUDZNHT VARIABLZIS STORED 1a fY(1,I),I=1,2%u, AMD 35TURZIS <
TA2 DIZIVALLVIY IN TdZ ARAAY Of¥. T L3 TUZ LNIEPZNJEWT -
VARLABLE. <

C

30

EERSEBBERREE R EE AR KRR KL IR K AR AR T XKL R SRR K RKRKE RN E R KR KR KRN EK X & &,

¢

ELTZ RN al AU LT
CO4MON/LIV/COEF1,COETS
CUMAON/L2/C0EF2
SUAAUN/L I/ a T
CJvA0N/L4/4, B
COddVI /LT /W 325,422,22
CUaAWN/L1I/0IGK, D&SP
iI=2+%l
Ju 30 I=1,II
AR (L) =21 (7Y,
CONTINJG

3)
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N ~=====< CALCJLATE THE VALJZS Ca Tdi 3UieaCi (£=0) -——----
C
i) =2 (1,
ITExN=50Y
CALL G3Y3TA(AJX1,29,N81G5, 4Rd, AL, ITZRd,sd,048,[3)
CT==Jo*COSf 1= (A (1, NFAX (1) #A(1,4D) =1 ) /0 (1, 1) =3 (1,N8T) /A (1, V) ®CLEFZ
DO 43 I=1,4
C(L)=u(I+1,1)*CT+2(I+1,NT)%CIEFL
45 CONTINJE
< -wm==—= 5TJsI THT DERIVATIVES Id Al4AY{ DYY —--—-=---
20 120 J=1,4
dQIL (d)=mo (1, 1) sLL(1)+3(J+1,uT) *1.
DI (Jrd) =C (J)
DI 110 £=1,u
DLL(I)=D(L (J)+3(J+1,&¢1) *¥7 (1,K)
11 DYE(JeN) =0T (JeN)=3.%3(Je1, 1) *CCEFT1*A(1,x¢1) 277 (1,5)/a(l, )
F{3(JeL,KeN) =BT, D) xA (1, K+ ) /a1, )Rl (T, a0y
DYL (J) =207 1*CCEFS*DYT (J)
DYY (JeN)=01Y{ (J+d) *COEFS
SUPZIR=2.%03IGK* (0.9*%(TL(1,d) +LL{1,dJ¢N)) =dK32/41(1,d+uy /5L 1 ,u%l))
IZ7(SUPCR.31.2.) DYYT(Jed)=DLL(J*l)-SUFZR
120 CuNTINJE
e Td
Z4D
STBRVIUTING PIDERV (I, T7,24,083)
IMPLICIT REaL*8 (A-H,0-2)
DIAZASLION  {(8,20) ,2%(400),4,20,20),3(22,20)
CERRZE X EREERRXESXFEEXKEAE I LI ANERE AR KX LK LS KEZE KRB KR KX IR RR XXX IEXXE KT K0
< -
C 3J3GCJTINE CALLED 3Y DIFSI8 3TO’E3 THE PARTIAL C
< JERIVATI7Es JOF TIACZ DIFFEZREMNLAL ZQJATIONS 2xOVIDED I -
< ST3RVOUTLIZ vaeddd. TaZ PARTIAL DERLVATIVES (THZ JAdCuzliayy C
< AZ3E ZVALJALZD IN THE LAST SEZCTIuN IN CHa2TzR 5. <
c <
CEREEE XXX S KR IXFXKEEXXIEEERIRE XXX X REE X KX EXRK XX RXE KRS XX KKK KR KX KKK K RO

39

49

CUMMON/LI/COLT1,COEFS
CUAUN/Ls/N NT
COAAON/ L/ 0, 3
ColdIN /L0 /23515%,04S8°?
DU Ty aa=1l,

do 20 il=1,u

2A(II+ (i%aa=2)%4) sCOZT1«COIF>43(II1+1,a+1)
SH(IT* (2%GR=1)%%) ==CCOETS*®s.%3(L1+1,1) SCOEF1®a(1,X0+¢1) /0 0,1,
IF(II.ov.&%) 30 TC 30

au 1D 4u

SUP L. Dulan® (SR ,I D) eI (1,00 DAL 2/, Ilv /i la g
IF(3U2eulana) Pa(II¢(2*KR=1) #®u) =24 (L (Z8CK-1)%5)=08I5%
Pa(Zie2®%nae (2%K3=2)%N)=J.




168
Pa{LlIted®as (2¥XR=1)24)=(3(LI+1, 8¢ ) =b(IZ+¢1, ) *a(1,4&+1)/a(1,1))
1 *CJEFS
ir{ll.2¢ens) sO TC o0
ge TO 2V
60 IF(oUP.aT.Uae) DA ([IT4#2%N%kNe (2%KK=1) *U) =2 a(I142%i0*5s (208K~ 1) ") ~2.%

1 I3IGK® (L O+2. %0032/ (1, 11+4)/
2 (1, IZ+8) /7Y (V,11¢4))
20 COSNTIL.idl
-~ 10 COdTiNUZ
a3TJdad
END

(AR E RS E R L S AR R AR R E R R R E PRI RS RLI RIS SRR T E 278 BN BV

Id2 CTHES 5J8R0UTINES CALLID 4Y TUIS 280GTJAZA 3TAY THZ 304
AS Tudds3E I Td4Z FPIGST 2303RAs.
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