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ABSTRACT

A functional inequality is used in the formulation of a regularity
condition on the scaling of production. This functional inequality
is charactesized and then applied to: (-±fdeduce a law of diminishing
return;,(±i derive a bound on the growth of an open economy.
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A FUNCTIONAL INEQUALITY, WITH APPLICATIONS TO PRODUCTION THEORY

by

King-Tim Mak

1. INTRODUCTION

Functional equations have always been an important area in math-

ematics, and have found much applications in the physical sciences.

Functional equations have become a useful technique in economic analysis;

for example, in the study of aggregation, technical progress, structures

of utility functions, price indices and scaling of production, etc. See

Eichhorn [1978].

In the study of scaling of production, functional equations are used

to formulate notions of homogenity, homotheticity and semi-homogenity

etc; again, see Eichhorn [1978]. This approach was extended to the for-

mulation of ray-homotheticity (Shephard and Fare [1977]) and general-

homotheticity (Mak [1980-al). In this paper, a different approach is

taken. A simple functional inequality is proposed as a general condition

on scaling, called regular scaling. This functional inequality is then

characterized. Finally, the notion of regular scaling is applied to:

(i) deduce a law of diminishing return, (ii) derive a bound on the speed

of growth of an open economy.

• - ..- - - -



t 2

2. REGULAR SCALING AND A FUNCTIONAL INEQUALITY

(2.1) Definition: A function : + R+ satisfies regular scaling

if for every A E R-+ there is a scalar f(X) E IR, such that

xE n
(2.2) ¢(,x < (,-R ; ,x

Note that the condition of regular scaling is satisfied for homogenous

and sub-homogenous functions. Furthermore, it is easy to show that

the condition also holds for all "polynomials" of the form

K ,n a ki)
*(X) I II akix J , x E R , K < -

k-l \i=lI

if 0(x) > 0 on IRn

To see how large is the class of functions which satisfy the

functional inequality (2.2), it is convenient first to restrict the

domain of 0 to R+. With this specialization, the following function

0 (x) - 3 + sin x , x e R+

shows that a regular scaling function may go up and down in value.

Hence, it seems useful to delimit the class of functions further since

we are mainly interested in production functions. The following

properties (they are part of Shephard's [1974] weak axioms for produc-

tion) may be imposed:

U0

0.1 (x) i o .

*.2 *(x) is bounded if x is bounded.

* -- - ----- --- ,-
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0.3 * is non-decreasing (on R+

0.4 0 is upper-semi-continuous.

In the following, a characterization of the class of 0 R + ]

satisfying regular scaling is given. But, first note that

if 0 : R - I satisfies regular scaling and 0.1
(2.3) + +

but O(x) = 0 for some x > 0 , then 0 0.

When 0 is taken as a production function, (2.3) may be somewhat too

restrictive a condition. However, the properties of a production

function already imply much of regular scaling in the following sense:

(2.4) Proposition: Suppose 0 : -+ 1R satisfies 0.2, 0.3 and 0.4.

If O(x) is positive over a compact interval [a,b] where a > 0

then for each A E R+. there exists a scalar f(A) E + such

that (2.2) holds for all x E [a,b]

Proof: To use contra-positive argument, suppose for a X E 7+. there

is an infinite sequence {xk } C [a,b] with ( 0.xk)/O(xk) + + . Since

[a,b] is compact, there is a subsequence {xj } C {xk I with [xi}

0 0
o E "x~b] Cl ar y X0 " X °0- Since O(a) > 0 by assumption

and 0.3 and 0.4 hold,

O(x .xj) < _ _i "0)

lim sup - li-- sup o(x.xi) aO~xj) O~a) (a)

This contradicts the boundedness assumption 0.2. ///

Note that if 0 1 0 , say O(z) > 0 , then by the monotonicity of

0 , 0 is positive on every interval [z,y] where y > z . Hence,
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every non-trivial production function :+ ++ satisfies regular

scaling at least over a certain range.

(2.5) Theorem: Suppose : R satisfies .I and 4.3. Then

satisfies regular scaling if and only if for some scaling

factor Xo E R4+ , and xo E ,R 4 there is a scalar 6 G R+

such that

(2.5.1) O(xA+.Xo) e-(J-.

for all j E {0,+,+2, .... }

Proof: Without loss of generality, one may assume X > 1
O0

The "only if" part follows directly from the definition of regular

scaling.

To show the "if" part, first observe that due to .I and *.3, if

*(x ) - 0 , then 0 - 0 . This is consistent with condition (2.3). Next,

note that it suffices to consider only those x E R4+ since *.l is

assumed. Also, 6 > 1 because X is taken to be > 1

Consider an arbitrary x E Rq+ . Let p E {0,+l,+2, ...} be the

largest integer such that XP'x I x . Since X is assumed to be
0 0 0

larger than 1, X0.x E Xp.x 0 , *X j 0 . Thus

Note that the above inequality is independent of the arbitrarily chosen

2x . Hence, by letting f(Xo) : - e , the functional inequality (2.2)

holds for A
0
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To show (2.2) holds for all X E R + , first suppose X < 0

It follows from .3 that

sup < sup < f(%o)<<

€ x) ()"
xs-xRw xE3R4+

Hence (2.2) holds for all X < ° . Now, suppose X > X 0 For an

arbitrary x E IR*+ , again let p be the largest integer with

AP.x < x . Let m be the smallest integer such that XAx = Am.x
0 0 00

It may be easily shown that for A C Xk , xk+l) (where k E (1,2,0 0

the integers p and m associated with x is related by: m - p <

2+ k . Then by 0.3 and the regular scaling hypothesis on x 0 with

scaling factor A

0P

O() (xP-x0 ) <Op(A 0 x)

< A "X°<<0 < e2+k

Since the inequality on (nz - p) depends only on A and not on the

arbitrarily chosen x , by letting f(A) : = 0 (where k is the

integer depending on A), the functional inequality (2.2) holds. //

Theorem (2.5) is quite remarkable in demonstrating that a single
scaling factor o  and a single sequence of points iq1

Xo o

Aox is necessary and sufficient to test if regular scaling

prevails.

With the domain of 0 taken to be IR , property 4.3 (which is

the assumption on input disposability when 0 is a production function)

is modified to



6

.3" O(A.x) O (x) if X - 1 x E R or

0.3.S x > y implies O(x) 0 > (y)

The following propositions are concerned with function 4 having

domain . The first two are direct analogs of (2.4) and (2.5),

hence proof will be omitted.

n(2.6) Proposition: Suppose 4 : 1 + satisfies 4.2, .3" and

0.4. Let K be a compact subset of ]R+ . If Infl4(x) I x E K} >

0 , then for each X E F4+ there is a scalar f(X) E IR+ such that

(2.2) holds for all x E K.

(2.7) Proposition: Suppose p nIR - R + satisfies 0.1 and 0.3. Then

p satisfies regular scaling if and only if for some scaling

factor X0 E +, there is a scalar 6 E R+ such that

0(j+- -X <* 1A# k +x < e* 0 .- -

for all j E {0,+l,+2, ... } and each mix x/IxI

The above characterization of regular scaling hinges on the existence

of a scalar e for which the functional inequality holds for each mix

x/Ixj . The author has not been able to establish conditions under

which such a scalar e exists. However, the following proposition

relating the regular scaling of one mix to another is of some interest.
n n

First, as notation, for a function n + R+ and a mix x/IjxP E n

define the function

a e 3P+ *(cL x/lRx1i) -(x/lxl) .
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(2.8) Proposition: If 0.3.S holds for a function 0 : j- R+ and

for some mix x/1xI > 0 , the function 4(" I y/1xI) 1 0 and

satisfies regular scaling, then p(" I y/i1y1l) also satisfies

regular scaling for every mix y/Iyll > 0

Proof: Suppose the mix x/1xll > 0 has 0(" I x/jxjI) satisfying regular

scaling while the mix y/Hyll > 0 has p( I y/1yII) violating regular

scaling. For each 8 > 0 representing an element on the ray {'y/yllI

8 > 0} , define

1a 8 : = max fo > 0 a x/ jx l <  a y/jjy j} ;

S(8) : min {a > 0 I ox/x1j > 8"Y/IHyul

Since x/x > 0 and y/jyI > 0 , al (a) and a2 (8) are well defined

for 8 > 0 . Furthermore, it is a simple geometric fact that the ratio

A := a2 (/ 1(8) is independent of 8

Since the function 0(" I y/11ylJ) violates regular scaling, there

exists a X > 1 with

(2.8.1) sup (8 y/IyII) H.
8>0 y/llyll

Since 4( I x/xjxI) satisfies regular scaling, for the scaling factor

XA , there is a scalar f(X A) such that

(2.8.2) *(X AI x/Uxl) I f(X ).O(o I x/1xI) , va > 0

Now (2.8.1) implies the existence of a 8 > 0 with ( 8 I y/nyII) >

f(X A)-(* y/yl) • But by construction and 0.3.S



r8

,(l(a*).x/uxl) < * Y/IyI

and

(x at (B ).x/lxR) ->_(X 8*y/eyI)

Hence letting := a(X *)
* 1 **2 **

(X aci (X )-x/ItxU) w 2(X* 2( *).x/llxll) _(X*8*y/Yv) f** **

€(ct (X )'x/Oxl) 4(c (X*)'x/xf) *(8' y/IyuI)

This contradicts (2.8.2), and the proof is completed. //

AJ
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3. APPLICATION

(A.1) A Law of Diminishing Returns

nSuppose - ]R+ is a production function. The input level

sets induced by * are given by

u E R+ I* L(u) =x E ]R+ ; )>U

The technical efficient subsets of the technology are

E(u): {x E L(u) y < x y ( L(u)} , u E ]R+

In addition to 0.1, 0.2, 0.3', 0.4, Shephard's [1974] weak axioms for

production impose the following on the production technology:

0.5 If *(x) u > 0 , then for every e > 0 there is a X > 0

with *(Xex) e.;

E E(u) is bounded for each u G 1+

An input factor combination I CC {l, ... , n} is said to be

essential for production if O(x) = 0 for every input x with xI  0(1)

An input factor combination ICC {, ..., n} is strong limitational for

output if for every bound B E R_+ on x I sup (x) I 11Xl 1 B} < +- .

(3.1) Proposition: Suppose a production function satisfies Shephard's

weak axioms and regular scaling. Then an input factor combination

I CC {, ..., n} is strong limitational for output if and only if

it is essential.

Mx I  denotes the components (xi,i E I} of a vector x

$1
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The above proposition in general is not true without the assumption of

regular scaling (see Shephard (1970]). For a proof of the proposition,

see Mak [1980-b].

(A.2) A Limit on the Growth of an Economy

Suppose an economy has a single manufactured commodity which is

used both as consumption goods (u) and as inputs to production (y)

The production technology of this economy is represented by a production

function p . The other inputs (q) to production are exogenous to the

economy and primary (i.e. essential). The stream of exogenous resources

is given as (q0 ql' ... I qt, .") . The initial endownment of the

manufactured commodity is y . The evolution of the economy is char-

acterized by a program {(ut,Y t) ; t = 0,1, ... }

u0 + Y0 
= O(Yq o)

(3.2)
u + Yt W 

,(Yt-l'qt
)  

t = 1,2,....

Assumption: The production function * of the economy satisfies regular

scaling. Moreover, there exists K E R such that the scaling factor

f(X) in the functional inequality (2.2) satisfies f(A) KX2 for all

(3.3) Proposition(2): Suppose the production technology 0 of an

economy satisfies 0.2, 0.4 and the above Assumption. If for

some a > 0 the sequence of exogenous primary resources satisfies

Iq tU 01 tqII , then given the endownment y , for every program

(2)This proposition is an analog of Radner (1967, Theorem 2.1].

7 :--
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{(uty)} which is feasible (i.e. satisfies (3.2)), the sequence

E t t
(ut + y )/a t is bounded.

Proof: Suppose to the contrary that (ut + yt)/a
t  is not bounded.

Then there is a subsequence of indices S such that

lrn c& /(u t + yt 0 ; and

t-S
(3.3.1)

0 t-1 + Ytl <ut + Yt
u< t- t Y-ifor all t E S.

Denoting x = (Yt_l,qt) , it follows that

Ox I t Iq0 U

(3.3.2) Ot a < ___+_+

ut+ Y ut + Yt u +yct t + yt

Thus, {xt/(u t + yt)I is a bounded sequence and has a subsequence

(with index set SS) converging to some input x

By rearranging the functional inequality (2.2), it follows from

the Assumption that for each t

(xt ) > (xt) > (xt) 1

u ut + Yt -f(ut + Yt > - (u + y t > 0

where f(.) denotes the appropriate scaling factor. Then, by *.4

(the upper-semi-continuity of 4), ¢(x ) > 0 . Let x H (y ,q )

The exogenous resource component q of the limit point x has

IIq qt I at Rq%!

Iq*1 - lim sup z< lim - 0tess u t Y tess u t + Yt

This contradicts the fact that exogenous resources are primary (essen-

tial). //
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Remark: Proposition (3.3) generalizes the cited theorem in Radner

[:1967, Theorem 2.11 in the sense that the technology of the economy

is not assumed to be homogenous. Although a production function was

used, the notion of regular scaling may be extended to the case of

production correspondences (see Mak [1980-b]) and the result of (3.3)

will remain essentially unchanged.
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