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- Chapter 1 Intrcduction

Current ballistic missile weapon systems are capabie of carvying
multiplas, independently targeted reentry vehicles ‘MIRV). “he effective
assigmment of these independent weapons against individual targets is the
subject of the research described below, This research is a continuation of

the work described in SRL-TKk-78-0005, uptiwal Targeting of Ballistic

Missiles in a Tiered Aimpoint System.

The earlier work des~ribed the modeling process which transformed &
! weapons data base and a target data base into a mathematical programming

N model whose solution was an 'optimal' allocation cif weapons to targets.
P P g

Optimality was measured by maximizing expected damage value initially

defined by a scoring process. iu this paper we will a) review the
previously veported work, b) describe the model changes necessary to
incorporate the concept of MIRVed vehicles, c) report the computational
results of solving several MIRVed problems, d) discuss potential

computational improvements, and e) recommend avenues for implemeuntation,
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Chapter 2. Model Formulation and Assumptions

2.1 _BaMTRVed Model Description

There are several assumptlons which are made in the transition from the
data describing the basic target set and the weapon arsenal to the mathemat-
ical programming model which is used to construct a weapon laydown. To
appreciate the utility of the model and understand its limitaticuns, one must
relate these assumptions to the basic model structure. The next sections
review these modeling assumptions first for the target set, then for the
wedpon array, and finally for the structure of the model which ties these
together.

2.2 Target Set

The basic set of targets are called installations and are characterized
by the fcllowing:

a} location defined by coordinates

b) value or score (specified by targeting agency)

c¢) hardness

- d) damage requirements
R The Almpoint Ceneration Algorithm (AGA) described ip SRL~-TR-78-0005

partitions these instailations into aggregaled targets called designeted-
ground-zeros (DGZs). For a particular weapon type (tier) these DG%s are
nonoverlapping target cjlusters meeting the criteria specified by the AGA
user, A DGZ is defiped by the following:

a) lecation (coordinates)

b)Y eligible weapon cype(s)

) value extracted

d) heteoht of brst
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2.3 Weapon Data fSet

A single weapon type 1s assumed to Le launched from a uniquely specified
launch site at a locatios defitied by its coordinates. The assumptiou of a
single weapou type per laanch site is not a limitation sivece multiple launch
sites can be defined at the same coordinates. The number of weapons at a
iaunch site is determined by debining the number of lavnch vehicles per sirte
and the number of weapons per launch vehicle. Auy launch site which has
more than one weapon per launch vehicle is called a MIRVed launch site.
Thus, the defining data elements for a launch site are:

1) 1location {coordinates)

2) weapon type (W/CEP)

3) number of lauunch veahicles

4) number of weapons per launch vehicle

5) range limitation for different launch azimuths for the weapon type

2.4 UnMIRVed Model Definition

From the target/weapon datz base defined in the previous two sections, a
mathematical programming model can be formulated which, when optimized, will
solve the problem of allocating weapons to targets. The fundamental decision
variable ()i%) is defimed for all DCZs which are eligivle targets for
launch site i under all restrictions such as range, launch azimuth, and

weapon type. The set of eligible DGZs for launch site i is designated D(1i).

The decision variable, ).., represents weapon assignment, thus:
1]

1 If a weamon from launch site is
\ ~ allocated to DGZ]
i]

Q herwice




The value extracted is an output of the AGA and represents the expected
collective damage to a1l the installations within a DGZ it one of the desig-
nated weapon type(s) is detonated according to the parameters specified when
the AGA created the DGZ. The computation of the value extracted assumes no
iutewraction with other DGZs, i.e., no conllateral damage. It is an expected
value figure raking into account weapon inaccuracies expressed as CEPs and
user designated probability of minimum damage (PD) used ‘in the expected
value calculation,

Another set of data is required to completely describe the characteris-
tics of the target set for model construction. Although the DGZs within a
tier or weapon class are constructed as nonoverlapping, the DGZs defined for
different tiers are either proper subsets of another tier or are overlapping
covers of the target set. This DGZ/tier coverage interaction is descrited
by identifying DGZs by tier and specifying for each installation which DGZs
inciude it. Since tier definitiom is arbitrary, this is a flexible method
adaptable for a wide range of operational situations.

To review the definitions used to construct the target sect:

1} The DGZ represenrs the basic aimpoint orv target for its associated
weapon type.

2} The value-extracted represents the value of allocating the DCZ
weapon type to that DGZ; no interaction with other DGZs or weapcns occur,

3} The value-extracted is an expected value measure and incorporates
probabi 'ities quantifying inaccuracies 1u weaspon delivery.

4) The collateral coverage between DGZs of different tiers is
completely defined L jincluding appropriate installatiouns in the respective

DGZs.,




As described previocusly, each DGZ is assigned a value which is extracted
P

by assignmen. of a specified weapon system. Thus, the objective of maxi-

mizing extracted value (in a sense, maximize expected damage) can be mathe-

matically stated:

? IMIZE v, M
sy $ v
i i e D)

Inherent in this additive definitiou of the objective function is the
assumption that a*t most one weanon is assigned to each DGZ. Multiple weapon
assignments would require a nounlinear objective function since the damage is
not additive. Because our enviroument is "target rich', i.e., there are
many more targets than available weapons, the restriction of, at most, one
weapon per DGZ does not markedly degrade the quality of the resulting weapon
allocation. In addition, the definition of a DGZ is essentially a grouping
of installations. These installations are, in fact, the actual targets.

The DGZ designations allow the inclusion of a particular installation in
more than one DGZ. The nonadditive characteristic of damage precludes the
assignment of weapons to two DGZs which overlap, i.e.,, which contain some of
the game installations. All of these multiple coverage, overlap considera-

tions can be included in a single type of restriction:
) s Y ok
(i,9) ¢ 1(k)

where I(k) is the set ot lasunch site DGZ pairs which describe cligible

Taken literally, this cover constraint would produce many redundant and

trivial constraints. Thus, in lmplementing the wodel, only those explicit

nonredundant, nontrivial constraivts are incluaded,
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The weapon supply Is limited by the number of launch vehicles (ni) and
the number of reentry vehicles per laurch vehicle (Ui) at each launch site,
For aun unMIRVed launch site, w,o= 1. Thus, the allocation for a particular

launch site is limlted:

2
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w

pg Vi

The unMIRVed problem can be summarized as a zero/one integer programming

problem:
P 0 v, A,
{AXIMIZE 3 > Y
i JeD (1)
subject to
E Xij <1 Yk
(ij) EI(k)
(urp) an i
Z Aij < Uil ¥1i
jen(i)
Ni =0 or 1

2.5 Footprinting

In the problem UIP, each reentry vehicle :is treated as an independently
targeted weapon, subject only to the ravnge and weapon type restrictions
imposed in the definitior of the decision variables Aij' In reality, when
several reentry vehicles (RV) are on a single launch vehicle, there are
limitations imposed on the RVs as a group. Simply put, the total energy
available for dispersing the group of RVs is bounded; implying that the
collective range ot the group is limited. This limitation could be salisfied
in a variety of ways such as all but one RV landing in a tightly clustered

group aud iLhe remaining RV using wnost of the euergy to hit a distant target

(Figure V). In applying this proximity constraint to MTRVed weapous, one
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could consider all possible sets of DGZs eligible for a specitied MIRV lazunch
vehicle (MLV), and identify those which meet the MIRV proximity condition.

This would produce an unreasonably large number of target alternatives and

would be computationally difficult to implement. A way to produce a rich

but manageablc number of MIRV target alternatives is to pick a geometric

v

figure representative of a realistic MIRV laydown which can be varied by

simple parameter specification, and assume that any pattern of RV laydown

within tne figure is feasible. This figure is designated the MIRV footprint.
An ellipse provides sufficient flexibility yet is easy to implemeunt;

thus, it was chosen as the MIRV footprint mechanism. A footprint ellipse is

oriented witan its major axis along the radius from a LS and has a dimensicn
ratio which can be set to represent the desired pattern characteristics.

“ For simplicity, the footprints are all taken as identical, however, the
model requires only that the shape and dimension of footprints be identi:cal
for all LVs deployed from the same LS. A typical MIRV footprint might have
an ellipse ratio of 5 with a largest dimension of approximately 2060 miles.

Figure 2 shows the footprints for a 3 weapon MIRV (u = 3) targeted
against a small target set,

7.6 Print Set and MIRV Target Set

e I I e 0

By overlaying a footprint on the set of NGZs eligible to a particular

LS, we define those DGZs within the footprint as a print set. Thus, a print ié

T s

set is a set of DGZs eligible for targeting from a single MLV and K

s

encompassed within a specific footprint. It is clea' that many print sets ‘g
with multiple redundancies could be defined by repositioning the footprint
and defining the set of DCZs covered as a new print set. FRven a scheme of

definiloy an aibitrary grid and positioning the footprint on all points of 'Z

the grit wonld geverate an unmanageally large number of print sets, The ;

techoigne used to detine print sets 1s to position the center ot a @

gy

10
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FIGURE 2. ILLUSTRATIVE FOOTPRINTS




footprint at each eligible DGZ and define the covered DGZs as & print set.
Furthermore, we will ouly define print sets which contorm to the reciprocity

condition given as:

where x and y are downrange and crossrange coordinates measured from LS k,

and Sk and Rk are parameters of the footprint ellipse, and Rk aud Sk define:

\/Rk Semimajor axis

\J/Rk Semiminor axis
k

T
Thus, the set of decision variables from launch site k contained in the print

set defined about DGZ i would be

Mg e ()

where Pk(i) is the print set defined about DGZ i for a MLV from laurch
site k, This method of defining print sets provides a rich but
computationally manageable number of potential MIRV targzts. Figure 3
illustrates this concept of a print set.

The number of DGZs within a print set depends on the geometry and
characteristics of a specific launch site/target set scepnario. 1In geueral,
the number of DGZs in a print set would exceed the number of weapons on a
MLV. To distinguish those DGZs specifically targeted, the MIRV target set
will be defined as that subset of Y DGZs within a print set which the

weapons ou a MLV are allocated against, This is shown in Figure 4.




FIGURE 3. FOOTPRINT -~ PRINT SET - DGZ HIERARCHY
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A.  EACH FOOTPRINT IS ASSOCIATED WITH A DGZ (FP; ~ DGZ)

FP, - PS, = DGZ,,DGZ, DGZ,
FpP. -PS, - DGZ,,DGZ,,DGZ,,DGZ,
FP, +PS, = NGZ,,6 DGZ,,DGZ,, DGZ.
FP, - PS, = DGZ,,DGZ,, DGZ,
FP. +PS, = DGZ,
FP, *PS, = DGZ,

B. EXAMPLES OF PRINT SETS

&




FIGURE 4. |LLUSTRATION OF AMIRV TARGET SET
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FPy PS;= DGZ,,DGZ,,DGZ,,DGZ,

A. FOOTPRINT AND ASSOCIATED PRINT SET

FOR p© =3  POTENTIAL MIRV TARGET SETS ARE:
M1$,,= DGZ,,DGZ,,DGZ,
MTS,, = DGZ,,DGZ,,DGZ,
MTS,, = DGZ,,DGZ,,DGZ,

I

MTS,, = DGZ,,DGZ,,DGZ,




2.7 Modeling rhe MIRV Constraints

1n characterizing the MIKV weapon, a hierarchy of terms has been
required. The footprint is a geometric figure whose size, shape, and orien-
tation are dependent on the specific MIRV weapon system and launch site and

which defines an area of feas tle couverage by a single MIRV. A print set is

reentry vehicle from the MLV,

In ,Jormulating the MIRV problem, the three following conditions must be
satisfied by MIRV target sets:

a) Each MIRV target set must be a cubset of at least ome print set,
Clearly, a MIRV target set can overlap two or more print scts, and anv pring
set can contain more than one MIRV target set, but each MIRV target set must
be a subset of at least one print set. (See Figure 4.)

b) Use of a single weapon from a MLV implies use of all the weapons
from that MLV. That is if there are Ui weapons on g MLV, targetiug one
implies targeting Y against a specific MIRV targef set.

¢) MIRV target sets must be disjoint; they cannot share a cormorn DGE.
This is implied by the single coverage assumption necessary Lo assure
linearity of the objective function.

Those requirments will pow be translatred into modifications of the
.AMTRVed assignment prohlem. whereas conditions (b) and (c¢) will be scen as
variants of supply and single coverapge constraints, ceondition (a) has no
counterpart in the unMIRVed formulation., 1t introduces a new constra;ut.

For the moment, we will drop the subscript L and consider & single MIRV LS

with U weapons per LV.




The number ot assignments rint set 1 1s
g F

2o

joe(i)

Condition (a) states that an assignment is permitted to DGZ k only if there

are at least ) assignments in some print set containing k; that is, only it

)D

j € P(1)

o

Y > pu for some i & P(k)

To distinguish print sete containing at least |l assignments from those

contzining less, we define a new variable, W by the relation

S - > (]-'3)
u :E: Ai u wi > 0
N 1eP (i)
ﬁ‘ where

Wj >0 an’ integer (1h)
) Then

0 4f print set 1 contains less than 1l assignments

> if print set i1 contains U or more assignments

Since k+ P(j) iwplies j £ P(k), the quantity

E W,
i

! P00

is greater they zero only if at least one print sct containing DGZ k cortains

VW OT more assignmapis, The mathenatical expression of (a) is therefore

-
E W, - X -0
i k

ek !

togethor with the defining relations ( These velations (with the

subscript 1 restored 1o all quantitics appearingd comptisce the print




constraints. They are consistency relations ensuring that MIRV wcapons are
allocated in proximity clusters,

A8 indicated, condition (c) arises from the single coverage restriction,
but adoption will require redefining the decision variables. Condition (b)
will then follow with a slight corresponding modification of the supply
constraints,

Condition (c) requires that MIRV target sets be disjoint They must,
therefore, be identifiable. To this point, weapons at a single LS were
considered indistinguishable., The decision variable klj was equal to 1 1f
any weapon from LS 1 was allocated to NGZ j and 0 othervise. The single
coverage constraint ensuved that LS target sets were disjoint. It now every
MLV is considered to be a separate LS (many with the same coordinates), then
the corresponding LS target sets are MIRV tarpget sets and will be disjoint
by the gingle coverage constraint operating on the expanded set of decision
variables, le, where 1 now denotes LS5 «r MLV as the case may be. MIRV
targef sets are then identitied by MLV and DGZs targeted., And fipally, this
modification enables the remaining requirement, conditioun {b), to be
satisfied if the supply constraints are writien

n if 1 Is an unMirved 1.8

i - Ip ir 1 is a MIRVed LS

for the print coustraints reguire at least " assignments while po mor

than !H assignments are permitted by the supply constraiats,




The MIRV problem can be now stated:

MAXTMIZE E z Yy A
. ol
1

jen(i)

SUBJRCT TO:

SINGLE COVER
(1,3) ¢ I

SUPPLY~UNMTRVED :E: A < Ny iel
ij - u
jen(i) '
SUPPLY- MIRVED Z AL < i€l
9y - Uy m
jeD (1)
D - >
POINT SET ELIGIBILITY :E:wj Xij R Lol
jeR(k) k= 1ye.e, Ny
r 3 277 ESTIRY > -
ALLOCATTON WITHIN A PRINT SET }E: A MM 20 1€l
keQ(j) k=1,...,P
Wk > 0, integer Aij = 0 or 1

Solution of MIP will yield a laydown of weapons which maximizes the value

assigned to the targets designated to be hit within the supply constraints
and the MIRV proxzimity constraints under the assumption thet n. installation
will be hit with more than one weapon.

The price paid for incorporating these proximity constraints is the
substantial increase in the number of variables required to represent the
RV model. Table 1 shows ihie magnitude of the increase for several example
problems. The actual increase depends on launch site and target geometry
and MIRV characteristics since Lthese determine the number of print sets,

number of DCZs per print set, clc.




Table I

COMPARISON OF UNMiRVED AND MIRV PROBLEM SIZE

UNMIRVED MIRVED
N PROBLEM SIZE S1ZE
i e .
' 1 97 x 530 1057 x 1010
2 100 % 752 1504 x 1454
3 101 x 730 1561 x 1460
4 101 x 802 1515 x 1465

5 99 x 634 1367 x 1318




The size of the problem is difficult to estimate in general becausa it
depends on the geometry of the launch sites and targets which dictate target
eligibility., The number of constraints can be determined by:

1) one for each installation (single coverage)

2) one for each unMlRkVed launch site

3) one for each MLV

4) one for each MIRV psieudo launch site and eligible DGZ pair

5) one for each print set and pseudo MIRV launch site pair
Four {4) and five (5) imply a potentially large number of constraints since
there is a pseudo launch site for each MLV weapon. For example, 10 MIVR
weapons and eligible DGZs would yield at least 600 constraints.

Likewise, the number of wariables increases substantially when the MIRV
aspect is modeled. Again the actual number of variables depends on the
geometry and weapon characteristics, but is somewhat proportional to the
number of launch sites times the number of eligible DGZs. For the unMIRVed
problem with two launch sites and 20 DGZs, the number of variables was ibout
40 no matter how many launch vehicles were at each launch site. TIf eaca
launch site has two launch vehicles, each with 4 MiRVs, the number of v..wi-
ables is now 160. Clearly the introduction of the MIRV restriction, while
feasible, imposes practical limitations on the size of problems which caun be

solved.

4 i i e 8
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Chapter 3. Computational Results
3.1 Introduction
Scveral problems formulated using the models developed in Chapter 2 were
solved to demonstrate the utility ot the models and investigate potential
practical computat ional bounds. The problems were derived from a represen-
tative target/launch site data base providea by USAF/SA. The data were

selected to exercise the range of real world attributes present in the model.

3.2 Resu1t§

Tables 2 and 3 provide detailed statiscice for the solution of two test
problems (TPl, TP2). The two problems show two important features; 1) the
increase in compuiational complexity when the MIRV aspect is modeled, and 2)
the amount of value degradation when the MIRV (s imposged. In TPl the sire
of the problem increases by a factor of at lcast ten and Lhe solution tilume
by a factor of aver 30 while the value of the solution deczeased by 15%.

For TP2 thc increase in size was again a facrtor of over ten while the solu-
tion time increasced by 2 factor of over 75. The degradation in the solution
value was only L%,

Table 4 presents the results for solving several problems generated trom
the representative data base, As can be scen, the number of total weapons
has been veried, the MIRV configurations have been varied and the launch
azimuth has been varied. FExperience with this set of problews indicate that
the practical limitation on problem size which can be solved using the
Burroughs integer/linecar programming package TEMPO is between 1000 % 1000
and 2000 x 900,  As expected, the cxponcntial {octease v solution time vs
problem size dictates the maximum solvable problem jor any mathemat tcal

programming (MP) package. The exact Timitation varies because of the MP

systoem imp}wmontariun and computers manutacturer,




Table 2
TEST PROBLEM 1
AREA - 59 LAT BY 89 LONG
TARGETS BY TIER

NUMBER VALUE
PRIMARY 15 4930
SECONDARY 21 4827
36 9757

UNMIRVED SOLUTION

WEAPONS
LINEAR PROGRAM

13
13 ROWS BY 26 COLUMNS

SOLUTION TIME .15 MIN SOLUTION VALUE
MIRVED SOLUTION
WEAPONS 3 x 3 4 x1 = 13

LINEAR PROGRAM 177 ROWS BY 161 COLUMNS

SOLUTION TIME (min) VALUE
LP .75 4841
lst INT. 2.52 3734
BEST INT. 4.89 4164
TOTAL 6%

*OPTIMALITY NO1 VERIFIED

.625

B 1 S INLI oL I

TOTALS

4909

_—




Table 3

TEST PROBLEM 2
AREA 29 LAT BY 20° LONG

TARGETS BY TIER

NUMBER VALUE
PRIMARY 50 19557
. 51 68 10461
s2 el 13596

<o 43614 TOTALS

(135 SEPARATE TARGETS)

UNMIRVED SULUTION

WEAPONS 31
LINEAR PROGRAM 97 ROWS BY 530 COLUMNS
SOLUTION TIME .86 MIN SOLUTION VALUE 20341

MIRVED SOLUTION

WEAPONS 7x1 2x6 4x3 = 31
LINEAR PROCGRAM 961 ROWS BY 915 COLUMNS

SOLUTION TIME (MIN) VALUE
LP 6.79 2010:
lst 1NT. 26.97 18702
BEST INT. 37,7 16136
TOTAL L40%

FOPTIMALLY NOT YRRIETED
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A sgignificant observatinn is the "cost of MIRVing', that is the reduction

in value extracted when the MIRV restrictions are imposed. Cver the range

of problems solved, this cost essentially remained at about 5% of the

unMIRVed value extracted. This means that if one is able to "optimize"

weapon allocation, then the cost of MIRVing is not too great.
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Chapter 4. Conclusions and Recommendations

The research described in the previous chapters demonstrates the feasi-
bility of incorporating the limitation of MIRV delivery systems into a
weapons allocation model. Also, the flexibility and utility of such a model
for use in a planning environment is indicated by the parameter variation
and associated computational results. The principal tradeoff of this major
model enhancement is the increased problem size and resultant increase in
computer resources required to solve the linear/integer ﬁrogramming problem.

No attempt was made to research efficient solution algorithms for the
MIRV problem. The standard linear/integer programming package, TEMPO,
available on the USAF Academy B6700 was used. In fact, default options were
used for setting algorithm parameters so the computer resources required
represent a worst case.

If the MIRV model were to be used in a planning or operational environ-
ment, there are several things whichk could be done tc improve solution times
and to expand the size of problems which could be solved. First, there are
several commercially available linear/integer programming computer packages
which solve problems faster than TEMPO (5-10 times) and more efficiently
store problems and thus allowing the solution of larger problems. Thus,
implementing the MIRV model using one of these codes wiil increase the size
of problems which can be solved and improve solution times. Also, in similar
applications, significant improvement is gained by tailoring an algorithm to
take advantage of the structure of a specific problem. This could certainly
be the case of the MIRV model. It is not unreasonable to presume that a
factor of 10 or more improvement in solution times and problem size could be
gained with a special purpose algorithm. This would certainly be advisable

for routine use of the model.
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