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This report presents programs in the FORTRAN V and BASIC computer
languages employing a statistical technique to estimate the param-
eters for nonlinear regression equations. These computer programs
could be modified or expanded in the future to utilize an improved
statistical technique or to include additional statistical calcu-
lations and output that would provide information to the user.

The Naval Weapons Center Weapon Systems Cost Analysis Division
develops Cost Estimating Relationships (CERs) to estimate the re—
lationships between the costs of current and past weapon systems
to system physical, performance, and technical parameters. These
CERs can be used to predict the costs of future weapons systems.
CERs are often regression equations that are nonlinear in the
parameters. -
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FOREWORD

The Naval Weapons Center Weapon Systems Cost Analysis Division
develops Cost Estimating Relationships (CERs ) to estimate the relation-.
ships between the costs of current and past weapon systems to system
physical, performance, and technical parameters. These CEBs can be used
to predict the costs of future weapons systems. CERs are often regres-
sion equations that are nonlinear in the parameters.

This report presents programs in the FORTRAN V and BASIC computer
languages employing a statistical technique to estimate the parameters
for nonlinear regression equations. These computer programs could be
modified or expanded in the future to utilize an improved statistical
technique or to include additional statistical calculations and output
that would provide information to the user.

—
~ The study reported herein was conducted from October 1974 to June

1975. The computer programs were revised in March 1976 to present
additional output information.

This is an informal report of the Naval Weapons Center and is
not to be used as authority for action.

• Floyd W. Erickson
Head, Weapon Systems Cost Analysis Division

Office of Finance and Management
30 March 1976
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1.0 THEORY

The purpose of this study was to develop programs, in the FORTRAN
V and BASIC computer languages, employing a statistical technique to
estimate the parameters for nonlinear regression equations.

The model

Y - O o + O’x 1 + e2x2 + . . . + o p xp +~~
H where Y — Dependen t var iable

Regression parameter

— Independent variable

c—Error term

is linear in the parameters. This model can be fitted using the linear
least squares technique. Any model which is not of the above form is a
nonlinear model, that is, nonlinear in the parameters. The following
are some examples of nonlinear models.

1) Y = e °X + E

- This. model has an additive error term. It can be made linear by

11 the transformation of the parameter. If we transform B = e°, the model

- 
become s Y BX + C. The model Y e0 + c is intrinsicall y linear since
it can be transformed into a linear form.

2) Y exp(Oi + 02X + c)

j This model can be transformed into the linear model

l n Y Ol + 0 2 X + C

It is intrinsically linear. The error term in the transformed model
is additive.

1 3) Y - Oi X1
02 

~~2
0

~ +

1 6 1
H - • - ~ J
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This model is intrinsically nonlinear. It is not possible to con-
vert it into a linear model. A in transformation cannot be made because
the error term is additive. Linear least squares techniques cannot, be
used to estimate the parameters.

4) Y - O
~ Xi

°2 
~~~ , .

• The error term here is multiplicative. This model can be trans-
formed into the linear model

l nY= 1n 01 +02 ln X2 +ln c

It is intrinsically linear. However, fitting this transforiped model
• by linear least squares techniques will result in estimated parameters

that minimize the sum of the squared deviations of ln c from the
regression line.

Examples 3 and 4 point out the common error .of ignoring the form
of the error term in a nonlinear model. For example, the model

7 0~ X1
02 

~2
0
~ 

-

would be transformed to

l n Y= l n Oj +02 ln X1 +O3 ln X2

This transformed model would be fitted by standard least squares tech—

F niques, and it would be assumed that the sum of the squared deviations
of .c from the regression line would be minimized. As shown in Example
3, if the error term were additive, the in transformation could not be
made. As shown in Example 4, if the error term were multiplicative,
the model would be fitted using in ~ as the error term.

Cost estimating relationships are often of the form

Y = 0 1 X1
02 + c

Thus it would be of value to have a valid statistical technique to
estimate the parameters of this intrinsically nonlinear model.

One method of fitting the parameters in a nonlinear regression
equation is the iterative modified Gauss—Newton least squares method’.
Consider the following nonlinear, problem: Given a sets of observations

~}I. 0. Hartley. “The Modified Gauss—Newton Method for the Fitting of
Nonlinear Regression Functions by Least Squares”, Technometrics,
Vol. 3 (1961), pp. 269—80.
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each with one dependent variable 
~h’ and 1 independent variables,

Xhi,  Xh2, X1~1, (h = 1,2, . • • a), and the nonlinear

I function -

f (X,0) f (X1, X2, . X1 ; O~, e2,~ 0 )

it is required to determine a set of for which the error sums of

1 squares

Q (0) - E - f (X.~, 0)) 2 — Minimum
h—i

The symboi Xh 
stands for the h—vector with elements X~~, X~2,

and the symbol 0 for the rn—vector with elements O
~, Oz , 0 .

The Modified Gauss—Newton method uses the results of linear least
squares in a succession of stages. Suppose the postulated model is of
the form

Let oOi, 002,~ 
• be .the initial values of the parameters 0,, 0~,

0. These initial values may be intelligent guesses or prelimi-

nary estimates based on whatever information is available. If we carry

r Out a first—order Taylor’s expansion of f (Xh, 0) at 0 = oO,

m 
~

f ( X h, O)
f (X1.~, 0) f (Xh, oO) + Z (O~ 

— oe~)j= 1 ~0 
J4 i .  ,j -

- where the derivative of f (X.~ 0) is evaluated at 0 = oO.

This linear appraximation to the nonlinear function can be substituted
into the error sums of squares, Q(0) , equation

n m a - f ( X . , o)
Q(O) = E — f (X.~ ~O) — Z (0 — ~0 ) )  = Minimum

H . h—i 3—1 a e

where the derivative of f(Xh, 0) is evaluated at 0 = gO.

H The value of the vector 0 that minimizes Q(0) is obtained from the
solution of the following set of linear equations.

5
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in ~
f(X h, 0)

2 Z 
~~h 

— f ( Xh, oO) — 

~o 
(0
3 

— o0~))
i h—i 3—1 3 H

0)
ao1

where the derivative of f (X .~ 0) is evaluated at 0 = o0.

h~i 
~~h ~~ 

øø)} f 1(x.~ oO) 
3=1 h=l i

~~~ 
o O) f

3
(X~ , oO)}

afachl e)
wher.e f j (Xh , o®

~ 
= evaluated at 0 =

and D
3 

= (0
3 

- oO~)

These normal equations can be solved for D
3
.

We replace gO by oG +.½D and evaluate Q(~O + ½D). If Q(o~
i + ½D) is

less -than Q(oO), oG + ½D is taken as the new estimate of the vector 0.

• Consider the function

Q(v) = Q(o0 + vD) for 0 v 1 1 ‘

and denote by v’ the value for v for which Q(v) is a minimum on the
interval 0 < v < 1. We approximate v’ by evaluating v = 0, ½ and 1
and solving -

= ½ + ¼fQ (O) — Q(1)} I ~Q(1) — 2Q(½) + Q(0)}

If Q(oO + ½D) is not less than Q(oO), gO + VinjaD is taken as the new
estimate of the vector 0.

The iteration is continued until the maximum fractional change
in the parameter estimates is less than or equal to a specified toler-
ance ievej., or the desired number of iterations is completed.

The above method is utilized in a FORTRAN V language program for
the UNIVAC 1110 computer and a BASIC language program for the Hewlett—
Packard 9830A calculator. The following nonlinear equations have been
Incorporated Into these programs.

6
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Equation 1) ‘1 — Ot e0~~ + C

Equation 2) Y O~ X
02 + c

Equation 3) ‘1 — Ot X1
02 

X2 3 + c

• EquatIon 4) Y — O~ X1
02 

~2
0
~ + c

Equation 5) Y 01 X1
02 + 03 N20” + c 

.5

The parameters for two additional equations, each with a maximum of
seven independent variables and seven parameters, can be estimated as
needed by the user.

The programs are designed to stop iteration when the maximum
fractional change in the 1~ rameter estimates is less than or equal to
a tolerance input, or the number of iterations equals 15.
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- 
2.2 INPUTS -

Card Input Card Column Forinat*
- .  

1 NPRINT 
- 

1 — 5  1 5

2 NDATA 1 — 5  1 5

3 NOBS 1 — 5  I S
NX 6 — 1 0  I 5 

-

TOLER 11 — 15 F 5.0

4 X ( 1 , 1) 1 — 1 0  F 1O.0
X(1 , 2) 11— 20 P 10.0

X (1 , J) maximum of 7 independent variables F 10.0
Y ( 1) immediately following last X (1,J) F 10.0

5 X ( 2 , 1) 1— 1 0  P 10.0

- x(2 , J) - F 10.0
- Y (2) P 10.0

Continue to place one observation per card, up to 30 observations.

Following the Input of observations for each data set, three cards are
used for the specifications of each equation for which the parameters
are to be estimated.

1 NEQIJAT 1 — 5  - I 5

2 NNX (1) 1 — 5  I 5

NNX (7) 31 — 35 
- 

- I 5

List in any order on Card 2 the Independent variable number(s) to be
used, up to a maximum of 7 variables. 

-

*All inputs using the I format are integers that must be right—justified
In their respective fields. All inputs using the F format are floating
point numbers that must be right—justified in their respective fields
unless a decimal point is included in the field. 

-
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Card Input Card Column Format

3 THETA (1) 1— 1 0  P 10.0

THETA (K) F 10.0

List on Card 3, in the order corresponding to Card 2, the estimate of
each parameter,

- These three cards will be repeated for each equation. When these
cards have been placed for all desired equations for the data set,
place a card with 0 in card column S. If NDATA is greater than 1,
following the 0 card place in the following order: a card with NOES,
NX, and TOtER; the cards with X(I, 1 ) , • x (I, J), Y (I); and three
cards for each equation to be fitted for that data set. Repeat for
the remaining data sets.

- 
- - Input definitions: - ‘

NPRINT — Set = 0 for print—out of final iteration only.
— Set = I for full print—out.

NDATA — Number of sets of data.
NOES — Number of observatIons in c~ata set.
NX — Number of independent variables for each observation.
TOLER — Tolerance input. When the maximum fractional change

in the parameter estimates Is less than or equal to
this tolerance, the iterative procedure will stop and
the program will continue to the next equation.

X(I,J) — Value of the independent variable for the 1
th

- 
observation.

Y(I) — Value of the dependent variable for the 1th observation.
NEQUAT — Number of the equation to be f i t t e d .
NNx(1), - . NNX(7)

— The Independent variable numbers, to be used in the
chosen equation, in order of use.

THETA(K) — The initial estimates of the parameters for the chosen
equation.

Two additional equations can be inserted into the SUBROUTINE FUNCT .
To fit these equations set the equation number equal to 6 or 7 and
insert a card with NTHETA in Columns 1—5 under I 5 format immediately
following the card declaring the value of NEQUAT and preceding the
card declaring NNX (1), . . NNX (7). If the equation number equals 6,
insert the equation followed by its derivatives with respect to O~, G�,• ‘ 

~m 
immediately following statement 106 in SUBROUTINE FUNCT . If

24
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- .  
‘ the equation number equals 7, insert the equation followed by its

derivatives with respect to O~, 02, 0~ immediately following

statement 107 in SUBROUTINE FUNCT . The expressions for the equation and 
-

- its derivatives must be In FORTRAN V computer language. The following
names should be applied as needed.

FZ (I) — The dependent variable for the 1th observation esti— —

mated from the equation.

THETA (K) — The Kth parameter,
- X(I,J) — The Jth independent variab]e for the 1th observation.

- DFZ (I,K) — The derivative of the equation with respect to 0~, 
—

th
- evaluated for the I observation. -

1—- 25
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3.0 H EWLETT-PACKARD 9830A CALCULATOR PRESENTATION
- - 3.1 PROCRJ1-t *

IC F T~t TiP . E:I~PEAPA - BELL NONLINEAR REGF:E~
;
~- IOH

; O  l u ll ~
M I L I I  J i~ r U ’  i I s  L :L ] s  i - L  II H I — 

—

~~ ft 1 F 1 ’  PLL F F I H I~ -N0
~~~~ j 1-

~f ~
E~t ~J r :P tT~-IIEF: ~1T , • _ :E :.ERvPiio~—! -E; ”~7Ct I~-~F-J r I- i l

EMTL F HI 0— NI’ ‘ — iF I 
-,

90 n~-;F-UT N2
1 u i  Ii — E - 1[F Ti LE — -~H _ .E - UI
110 Tr ~~JT Ti
12~i ~:ç~ 1=1 IL ~~~~~

[15F’ “ I ~4F lJ F - ( “ 1  
1 4- i  I IIFUl -(f I ] -

150 FCF - ~ -J=i Ti:
1E0 Df ~~F- “fl1FUT ~ -: “I~~~~ I ’ ;
1 70 I ~~ F U f C I -J ]
18c1 HE::T
190 r-l r- IT
200 F-F-~IN T
210 PRiN1
220 i - ~ EIIIIAI I fl H

I ~-P U T N4
240 ~--i5~ 0

~ H4 T~~EN ~ - -

~ 6i? N . 2
- - ~J7U i~iJJ- Li - - ~~ -:i L3

:.i: .~i L:-~ - L
290 GOTII ~2~3300 IF i--14::- -3 THE~-l -3~- ;O
c~1 iai i- ~~-=3

~i : h r  : L 0
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~ :‘ r

-340 L- ~~~~~2

:350 GUrU ~l20
~ ~, ~~, ~J-~~fl 44 I

:371 ~:~=4
-ii I ~ 

::L

- ~ci H

400 G3~-.U E ~ 2710

* The core required by the main and KEY programs is 3801 words (16 bits—
2 bytes per word). The additional core required to execute the program
varies with the number of observations and the number of independent
variables fitted . For example, the additional core required to e~ccute
Data Set 1 is 1933 words and for Data ~;et 2 is 1951 words.
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570 r -FIN T - 

-
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11UU l--~E~-,T I - -

111 0 l::i=c~;1~t2:fli.
1120 T 2=T2—C 1
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1200 IF 00 C THEN 1230
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14113 FOR 1=1 TO F-I l
1 4213 1- Ii=E:l+I:: -!- C  I ]-— F[ I 3~- - -~tiC I~~K1 -j

14 - ~0 [--I E:--~T I
1440 E:EK1 ]=B1
I 4513 NEXT Ki

- i 1450 IF [-46=0 T I-- EN 153~1470 FoR F1=:L T~i ~
-
~:::

i r o  F I T  L’  F ‘ -  F L~ I i
14913 NE:- .~T K i
1500 FO~ i:~1z 1 10 N3
15111 A I I - : , 7 J = E [ E : 1 ]
15211 HE::-::T Ki
15:3 0 FÜR K1=1 TO N3
154 13 V[ E:: 1 J=Ki
1550 NEXT Fl
1562 1 FOR . J 1  Ti:: N?
1571’ f:[ ..j ] = .J

• 1581 NE-- f -J
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- -

16.00 N=N3
1610 P1-=FN R1
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1630 Fi=F HS 1
1640 IF ft3 <=- II cHE .- -~ 16813
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17213 IF NE- 0 TF EH l 7 : c ~1730 F ,:I p K l~ -i î ü Nt
17-4 11 F- C I NT “I’ -:. ” 1 - ::-~ E C K I

T’~~~~ Ci ~.‘-: -.- T  L I
L , - J  , L - ! .t

1,’~ U i-~ I F 1 — I  T l l
17713 C .LF : :~~] E E K1 ] . -- 7 E F I J
1700 HE Fl. ]=A E:5- : G[ F.1 I:-
1790 HE::-:: T Ki
12- 110 [F [-16=0 ] F— iC N :1 :3 4 1,
1010 FOP K 1 1  ii: NO
1 . 1J r f  lii i Di ’’ 1 ‘ ‘1f F 1]
18.30 h~EXT F- - IL
104 0 iF I-13:::- i TFEN 10’O
18511 h2~:H[ 1 1
1361 :c’ro 1 9713

I . 1 - — -
.1 -~~- ~ I’- - .L

1380 H--i
1 - ~:- 311 II I- H[ I)  > I--1 [ I--:1 3 T HEI- -i 1910
i’~0o ~! - =I - -.1

- - 

42 ~~~~~~~~~ 

- 
_ _  _- —~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ —~~ _______________________________ I



- —~~~—- ~~~~~~~~~~~~~~~~~~~~~~~~~ -~~ -------—- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
— 

~~~~~~~~~~~~~~~
- - - -  - - - - - - - —- -

4.

NWC TN 2786

1910 IF  N I  - (= F l  THE — i 1940
1921J [ .14 - 1+1
1 ~ U I I I  I 4 1 1

1940 A2’=H[ I.I
1 It 11 I F  F~li— - It T F L ; i  ~ 

-I

19613 F F 1 1- I T “ Hr-1~ t ~ “ F1:
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2410 IF [-16=13 T I - EN 24:0
2420 FRUIT ~i~fl X I I  = 4
~4 ~i ir flIi ~~t I  T HEN ±-Ou
— HI’ F I l l  1 1 = 1  0 N
2450 T IK1  1=T EK1 J+(li. ~— T 3 -~E[ f- : 1 ]
2450 NE:- :] F.1
2470 011=1)0

— - 248i: i IF !- -15 - - - -~~ 12 TH E - -I 11611
2490 17,11,:, 1150 -

25110 i:i1l=i: !i
2510 II- H~i * S THE 4 11- H
— 5 .0  L U T O 11 ~ C-
2 5-i Ii f - R I NT
2 5 -413 PF:~I M T
2~ 5U -

~~ 1111 I 1 Hi E 1 l I t h E  oF TH ETA
25F13 .:~~OLI~ 292 1
25;~E’ 1:I:i~

;IJp loll- -

22 :- 11 NF- :ITE ( 15~ 327o::-
25911 DI :I K “Al- -I CT H ER EHU- IT IIJNy 11=NO, t = - - E 0 ~~2600 INPUT 29 - -

N 11i r i  ~~~ $-- i T I- El- I v

262 11 OTC’ P
26313 D IOF’ El--IT ER -J FOR FIF.:8T X ( I~~J::’ ” ;
2640 ‘i-iP -J T -Ji
~F.5o -- ‘L I J = -Jl
2560 RETIJRM

70 lii — r ENI CF F- 1i EEI . Oht - ‘  I J ‘
H 2680 I NPUT

2691 ‘- -1 ~~J2
2? 1

~~ io ‘~~ — b PIITI ‘ F :r TH TFD i ~ J ‘

2 20 IF-IPUT
27:113. - ‘f 3 ] = .J 3.
274’3 E-ETUF: l-l
Z71i L I J F ~~~ H T E F  I F- ‘F 4TH I~ -
27-$u l i - i - UT -J4 -

27711 ‘- .-‘ [ 4 J= ._i4 -

2.701’ RETU R[-4
..7~ ~4 1 t I -_ F- PU T I F 3 F - E ~ U I  I J -
20013 It-IPI . tT ii:
2810 ‘- ,-E - : - ] = .J:~ —

28 213 RET’J R[-I - -

2830 7 I iSF - “E! -r I E F: - i F -F--: 6T H ::- :::I,.J :. ”~2-041’ JIIF’ IJ T Ii,

20-50 ‘ -‘ I G ] = J T
2960 - F] IJ~~[-4
— — 

t E l i  T i I I F ~ T Ii I )

21811 1HFI. IT iT
2o~ o - -i 7 i -J7
27 u~ ~- FT L :Pr- -

- - 
“ -  

- 
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29 10 P R I N T
~Ji FIll’ 1 1 =1 ILl H

- Ii  U IlL ‘ 2 ~41l I - IC H ’  ~[ i  I = TEl  J
2 :14L, FOWFIA T I- 2~ 0 , F7L l. i~_ l -

— ‘ ‘ : ‘  4F I 1 1
~~~,1I T F - 1  H El-’ _ l~i LI

~-~~T - O F E-: I NT
c : 0  1 F-:Il---IT - -  [-4’:: . 7 - —- HA T

~
_ 

I Fil l H— ~ 
I [ ‘  I I !

H - I 4 1  IF I IF ‘ 1 ~~II  _~~ 1U - , f r ~ ~ FL N T
c- 1 Po r N :  ~ F — 1 r

~~~~~~~~~ T i : Ht-~ -~-~ i Ti- EN - I
— I,  Li I . [4 4 _  I T O  H —

:31340 PRI[-iI “L IEFI- - - ’A T I  Ei: - [-4 - 3 - -
:3050 - - E- < T H:.~:::11611 i-IF:- -: I-i
:313~- ii r- : E TF IF F- -i
:30 :3 v’ FR I M -

I I  ~U F l o T  f l - I  IL E r — E — ‘ ~ El- ’ ~~ r ’  i-i — 114
:10 11 F F 1  rr FEL F E I - N LH4 F[ ~~ ‘JI F-I E II I
311. 0 FRINT “ERFCI 7: DEI-:FE~ OF F- REEDCIN = 1-I?
:420 F-R.il-- I T
3130 Pk I[- -1T TOT AL 5-U -I IF SOLIARES = “T2

~~~~ r , i~-~r FELFE::~~_ ,- , - ti CF :- ~F E ~ — F ’
l r 1 IF ~~ = C THF[-I :260

:160 F ~ ~ EFF I ‘F U r t  IF ~I HI F :  =
:31713 F-PINT

— 1 r p I l l  F Ei:FE I -~~ t i Forl II 
~~~~ E --‘

I ~ I - I  1111 EFFHF lL il-i I ‘ I i  IF C El
:~-:211c, -- -

~: iI -4 :
32 11’ F HI NT “F~ F A T i L I  F1
322 13 FF11- IT
~~~~~~~~ 

F T H I  [ F- F IL l  ‘ IT LI~ DI FE F11 IIIHTI1,N F - - L F

‘- III II — N1- [ ’ ii 1 F f r I l~ HF T HE E E] I l 1 A : L
-~ F

:32:71, F ’ ’ F - 1 I -~R i  -
~~~ 

— - - - -
~~~~~ -~~ -

3231’ ‘- NIl
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KEY

2000 DEF FNQI::P1 i

20113 IF N4:::- 1 TI-- EN 20-3 0
2020 FOR 1=1 1’: [-4 1.
~o 0  r [ I J~ TE 1 i - E  F’  - i÷ iI~~J 1 J
204 13 t I [ I , i ] = E : : F - I:. T [ 2 ] - ~- :- - T I ~~j 1J: .  -

205 11 r c I , 2 j ~ Tr l J±E :— : : F’ I : T E 2 J * - : c H- J 1 J : * : ; - : : E H - J I J
2-060 [--IE:-:T I
21t711 GOTO 2450
21380 IF N4 .- -2 IKE : 2 150
21190 FOR 1=1 Ti: : Ill
21 1313 FE I H-IC 1 3~ :-:[ H- -J 1 J - t T E 2 )  -

2 1 10 L IE 1,1 ]=::-:E H-Jl  111C23
~1.I0 TiE 1~~~)=TE 1J ~ I _‘1 ]t r E . . J - - ’ LLIGI c i ’  u -

2130 t—1 E:-- :T I -

• 21411 GOTC I 24511
2150 IF N4:> 3 T I--EN 22~~11 -

2160 FÜR - 1= 1 Ti: Ni 
- 

- -

21711 FE I i=TE 13÷ Ii I J t Tr  .1 3 -’- [ T ~1E0 D[ i~~l] = E ~~~ ’~~~~T E J ÷ E I ~~J J t T E 3 J
2190 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~2200 D C I , 3 ] = I C 1 ) ~ X EH- .J 1JtT [2J * : :- : [ H- J2 ]-t-Tc ;$ J-~LuG ’:. ;- -:L i~~

j
~~i:.’

22113 HE:-<T I
22213 C I:IT CI 245L~2230 IF  N 4 — -4 T hEE-I 2 .320
2240 FOR 1=1 TO Ul
22~ 0 FC I i=TE 1 ]- :::~ I~~J i J tTE2]*:::EI,J2 ]-t-TC :3 ]~04I~~J33-t-TC4 ]2E0 DE H- 1= L r~ i~ )t :_ J ÷  I H- J JtTE 3~ r I L 4 J
2270 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 3it -T [ . - -I- J~ l c’- ; - .c~~~-:::. . . EC tIC I~~~J IC1H -  [ I~~J 1 J t T [ , _ J ÷  [ H-  I :J rTC : -- - I I- J- L0 E -

-

~~~~~ ll DF I~~4 J — T E I J~ E H- Ji ]tT~~~]i- [ H- J 2 J t T E  : F ~ )‘ J~ O~ I —

2:3110 NEXT I
2310 GOT ’J 2450

u IF- U~ 5 1 I L F  1 L
2:330 FOR 1= 1 ft H i -

::4u Fr I l_ — T c 1 H - L H - J  ] t T c J+1: :]-~- c I1l: ]~~~~1 I
23513 ~1E I , 1 3 = : — -:t I~~J i I - t - f [ a - J
::~~u D C I ’  ~~. 

]
~ T[ ii [I  I J~ 

r~ : J~ i T I C  I. Ii 1 13
2:711 L L H -  3 [H -  I J 1 [ 4 3
2: Eo t’r H- ~~ If  3 -  C I  J tT E 4 3 ~ I III; c ~ I
239i3 NE:.-::T I -

2401’ GUT U 245o
241 13 IF N4>5 If -- E H 24 -411
242 11 F EI~ Hf’ II r I hI I H N - . 1EF E
. 4 1 ’  L ’ ’ l I ’  4 1 1

.4 4 0 FEt l  FIDI ’ E l ’  ‘ I I  ‘II ‘ ‘ I  — - H U E
~~~~~ - T II F -i 1

24L~1’ L. 4 11
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KEY f 1
301113 lEE FN R(P: :‘
:3li f t I  F~3F- 1= 1 T I - 1-4:3
30211 FOR -..I=i 1.: 1-4 7

i i  LI I’ J i— RE I HE I 1
31140 FE- - -:T -J
:31i5o HE :  I
313i7:~i ~ 1— ~I=-J =1 -

:30711 L1-= 2
0:H IF I C  I~ 31 * LI. H- Li  J THEN 4111

30-~13 I = K 1
:3100 J~ Ll
~1 ~~-i IF II Li TI El’
31211 IF N ::r-L1 TI-- E l-I ::21311
31-3 0 IF [H-Fl T I- EN -3220
3140 I F  N>K1 T EEN 1713
:1 so r r r NT H N H L LII F
3150 CflTO :~-~,5A
317 0 Hl=l - -- l + 1  - -

:3180 L1=i
31-3 11 o:oro -30811
321313 L1=L 1±1
321’I GOTO :30:31I
:~~~~.~~

-j ~~~~
= i

32.313 L2= -J
32411 FOR 1=1 To NO
32513 FOR J — 1  T I. - I-IT

- 

- -  3260 MC I~~-JJ=AE H- J J
3~ 713 l-— 1EXT -J

H 32811 NE:- :T I
Li 32911 FOR .J=1 Ti: N?

33011 -RE t~ -J ] =f~iCE ~~ -J]
30111 RE [:2~ -J]=1-1I 1 .J~i33211 HE: :-~T J
~::3 .30 1OR 1=1 T i::- 1-4 :3
C ili I— 1(1’ I I II 4 7
335 11 t-~

[ H - - J J = R E  H--J J
- E:.-::T -J

: 3 T - i 3  - -61 - TI I
- 

:o I l l -  1= 1 II N
:-:39 17, ~-:l I~~1]=~’i

[ .:~~L 2 3
-1- 1111 11’  L I- oF I ’  1 ]

34- 11:1 ME:--: T I
:34211 1:3 = L4 - Ii

- - 3430 12- - - f - : :-* II

- - 47
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3440 FOR 1 1  Ti:: HO - 

- -

34513 LIL1.] -4-. :CI i
3 4 5 C l - N E : :I r
:470 ‘ f i  3:-Ut I 11
3480 I- I C 12 I:~ iIE r 3
3490 21 -~14 I1
351311 2 :~ :L2+1I
:3510 F I R  ~1-~I I i  1-1 7’
:35213 PC .J ]~ I::CJ]
:3~;313 - -Ii-T --1i - I
:~54~1 L:E z i 1:- FC 2-~- - I
3550 I.::r2~

- J=;: E 2 ’ : I
:3S,~i:, F-: ETL~- - :t - -I 11
3570 END
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KEY f2
~lL3L313 DEE FHS( F]  )
41110 FÜR -j=i ic. NO
4020 Nt -J] A E 1,-J+ 1 ]- - A ~ H - i ]41130 HE::::T -j
41341’ WI. [-17 J~~l- iA [ 1 1]
411511 :- J E ~~[43-- 1
40~;1 FOR 1=1 r ’ -  I-Il:
4 13711 FlIP -J:-i TL NC;
4 1180 RE I ’- J J=A C :÷~ , J+i i—A C I+lt ’ 1 ]*WEJ]
413911 NEX T -J
4 11113 RE H- l-47 1=U- RE 1+ 1, 1  3* NEN73
4110 NEX T I
4 120 FlI P . 1 =1 Ti N7 —

4 1313 Et E t43~~-J ]=W ( : -J ]
414 13 N EX T J
4150 RETURN i3
4161’ END

L.

U 
- 

/

a
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—

KSY E3

F , Oc - f I FE Ft-IP’:.PI ::-
513111 F- I j~~ [=1 TI- NO I
502 11 F I:l R - 3= 1  T I :  N?  - -

502-0 IJE I , J i = A C H - J ]  -

50413 NE:-~T -3
5~ 511 - - IE: :- --: T I
5060 FOR I~~1 TO 1-13
51371’ i-1 1~ C : i I3
5080 FÜR =1 11; 1-47 

- 
1 -

51190 A [ M 1 ,J ] -~UC H- J 3  L.

51130 l--IE~- --~f J511 13 NEXT I -

5120 FOR 1=1 TO N:3
51313 FlIP -3=1 TI: 1-17 -

51411 L:4 ,J]=AE ,.J ] - 
- -

5150 NE:—:T .3 - 
-

5160 NEXT I —

51713 FOR -3=1 TO N3 -

51811 M3~~EE -J ]
51911 FOR 1=1 TO [43
5200 At 1,112+1 3: UE I~ -J-’-I 3
5211’ 1-IEXT I
52211 NE:<T -j 

I

52:3 0 RETURN U
5Z40 El-ID

- 

- 
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3.2 INPUTS 
/

1. Insert cassette.
2. Key in: LOAD (N), where N file number of main program.
3. EXECUTE
4. Key in: LOAD KEY (M) , where —.$ = file number of KEY programs .
5. EXECUTE
6. RUN - 

-

7. EXECUTE
8. “FULL PRINT ? 1 YES , 0 = NO” will be displayed .
9. Key in: 0 for print—out of final iteration only. - -

1 for full print—out.
10. EXECUTE
11. “ENTER NO. OF OBSERVATIONS” will be displayed.
12. Key In: Number of observations to be inputted.
13. EXECUTE -

14. “ENTER NO. OF IND . VAR . (X ’S)” will be displayed.
15. Key in: Number of independent variables to be inputted.
16. EXECUTE - -
17. “ENTER TOLERANCE (.01)” will be displayed .
18. Key in: Tolerance input . When the maximum fractional change in

the parameter estimate(s) is less than or equal to this
tolerance, the Lterative procedure will stop and the

— program will continue to the next equation.
19. EXECUTE
20. “INPUT Y(I)”  will be displayed .

- .  
21. Key in: Value of the dependent variable for the I observation.
22. EXECUTE
23. “INPUT X(I , 3) ” will be displayed .

Li - 24. Key in: Value of the Jthindependent variable for the
observation.

- - 25. EXECUTE hSteps 23 — 25 will be repeated for all X variables for the [t

observation.
26. Steps 20 — 25 will be repeated for all observations.
27. “EQUATION NO.” will be displayed.
28. Key In: Number of the equation to be fi t ted.

- - 
29. EXECUTE
30. “ENTER 3 FOR FIRST X(I , J)” will be displayed .
31. Key in: The first independent variable number to be used in

the choa~en equation.
32. EXECUTE -

L 

33. For equations 1—4 steps 30 — 32 will be repeated up to the
number of independent variable (s) used in the chosen equation.
For equation 5 enter in order the numbers of the two independ ent
variables to be used. When the number of a third independent
variable is requested , enter 0. (Only two independent variables

51
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- 

-

_ _ _ _ _  
_ _ _  _  _ _  

5 0 1 -

— 

~~~~~~~~~~~~~~~~~~~~ 
- —  

-_________



-- -

NWC TM 2786

are required for equation 5. The input of 0 as the third inde-
pendent variable is for the purpose of saving calculator storage
space.) If user equations are to be fitted , steps 30 — 32 will
be repeated to allow the user to indicate up to 7 independent
variables. When the ordered list of the independent variable
numbers is completed, enter 0 when step 30 is displayed.

34. “ENTER THETA ESTIMATE K” will be displayed.
35. Key in: The initial estimate of the Kth parameter, 0k~36. EXECUTE
37. For equations 1—5 steps 34 — 36 will be repeated up to the number

- a! parameters for the chosen equation. If user equations are to
be fitted, steps 34 — 36 will be repeated to allow the user to
input up to 7 parameter estimates. When the ordered list of para-
meter estimates is completed, enter 0 each time step 34 Is dis—
played.

38. An equation is fitted until the tolerance level is reached or until
15 iterations have been completed.

• 39. “ANOTHER EQUATION? 0 = NO, 1 YES” will be displayed.
40. Key in: 0 or 1 as indicated. If 1 is keyed in, the program will

return to step 27. - —-
41. When all desired equations have been estimated for the data set,

- another data set can be entered by pressing the RUN, EXECUTE keys.

Two additional equations can be inserted into the first KEY pro-
gram (KEY f

0
). To fit these equations set the equation number equal

to 6 or 7 at step 28. Before step 30 “ENTER NO. OP THETAS” will be
displayed. Key in: The number of parameters, 0’ s, in the equation
to be inserted. Press EXECUTE. Continue at step 30. If equation
number equals 6, insert the equation followed by its derivatives with
respect to Oi, 0~, 

. 0 immediately following statement 2420 in
KEY f0. - 

If equation number equals 7, insert the equation followed by
its derivatives with respect to 11k, 02, . • . 0 immediately following

statement 2440 in KEY f
0 

The expressions for the equation and its

derivatives must be in BASIC computer language. The following names
should be applied as needed.

F(I) — The dependent variable for the 1
th observation

estimated from the equation .

- 
- T(K) — The Kth parameter ,

X(T ,J) — The 3th independent variable for the 1th observation.

D(I ,K) — Derivative of the equation with respect to 0k 
evalu—

ated for the 1th observation.

_ _ _ _ _ _  _ _  
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- 
3.3 SAMPLE OUTPUTS

- 

LI - -

~fj

Li

-
u -

- - - - 
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DATA SET 1

E~ IJr-i T I iI t-4 2

I E ~~ ::~ 11 ‘_~ i~:-
-4 i: — ~

- -: - — ~_ 1 _ - - -: : ~_ :-~

1 7. 5110
— — 1 ‘o ~ is~

13.100 i 300 3.300
14 , 1 00  O .-~ 10
i~ i~ ~i 4 1~~U4 4.96 0 1.900 :3, 55~I

HUMh EFH 3 :: OF ThE I~-4J~ r- EI--lE E~~ - ‘~ R 1 A B L E ’- s: : - r— ITTE I: = I

1h1’ T r4L F-I ~hAT E or 1HET~THE 1 I = I t:j ~ljI-1)jM1I 1 ‘il- I
THE TA ’~ 2 ::’ ~i .000130.OCi0011 - -

F I1-40~. E3T IMATE ~.- :IF T~~ETFI
iri V-~ ~ = 12 l

~~~~:~~~o~~~o~~~ _ 1:1

1HETA ~. 2) = —1 . 2609100000

H I:’ - Y — HAT
I 7.~-000U 5.07 104

5 1-’ u iiIJ ~13.~~0000 l 2 . 1 5 2 ’~~4 14. 10000 13 37920
5 1 ’  l O O uO 1~ ~~4Ju6 4, 6000 5.4 135E-:5

Data Source: - 
—

Headquarters Armament Deve1opn~ent and Test Center, Cost Analysis
Division. Air Launched W !l Systems Cos Model~ Volume It (U).
Eglin Air Force case, fl.a., January 1974, p. 5. (Publication SECRET.)

- 

-
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1 O IAL L E i .~REEc-: , OF FRE %L’M-l =

F F r [ i [ 4  LIE 1~~E - : ii — rF rE to r i  =
ERROR tE OR EES C-F FRE ~:i:’Or-1 = 3

T’JT HL. :- I~H CF ~~LI0R ES = 154. ~I72~~~~:~~~
F L : rr  j I  ~~ :H1 I:I r  

~iiJf ( F E = 1 -l 0147t7 1
E IFI I~~ 

I IHEE: ~
F~E .i- : :~:- - :- !~Ji4 r 1EHi—- -~~LII--1 ---:E = ~~~~~~~~~~~EF:I :ij:- ~VA~- :IflJFRE 5. 0191 c- E74 2

F—F-:FiTI I :I = 13.8-4 8.3C:03

C :C E F F I L : !E .i- I T CF LIE t ::R~~IHATION (R--3QL ?ARE ) = 9.

~;TEU-1t~ Rf ER R OR OF TH -~ ESTIMFII E 2. 24 035 -4 :92

I 

i — 

- 

-
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DATA SET 2

EQ1~~
] .1 I~4 -

4 1  I i  I :~ 
I

1 —4 - lI- i L1~ 1 i i  OH~i ct U ’~ i
- j 7 I ~~ l 1, l~~’~~t -j _~l-~j  ~u

— :IUII I- fl -i 11 UUU 4 1-I
4 92.700 i 1L :~ 0O 29.900

1L’ -4 _ 0~’ I I Ut-i :01-1 -~ - I 1-
53. 100 4 2 , U ~ i - :~.

;~ u .  4 U ’~ - :00 0. 540 30. -ft1~ 1

SHLI ~: 1-~’OL1 H t 5
~ 5j  lIj I

- 
- LIJ’l 1~ U iiJ ‘-I 450 f r 5  iii I

10 7.900 9:3;~~~0ci 11,010 22 900
• E- Ut-1bE~. -:.S.- I:IF T i E  Ir-~B~ FENDE;- - -i ‘-AR I ABLE ( 3 )  F1TT ~:r

1NI1 [0! E $:Tjt-lfll E :: fIR TH ETA
HEI~~’ 1’  11 :S000 1cI1-1LIO

THE 1AC 2 :  = 1 . o ~~~ c~~cin
THETA- :. :3.- 1 .@0U000~ fç j f i

F E-IAL ES TIMATE ::: OF T- -- -I ETA
T HETA~ 1 ::- = :3 , 5661600000
THETA : 2~ 11. 5100170900
THETA .. :3. ) = 0.50462E- 0~3Of i

- 
~

— ~-i U . - — HAT
1 , 43.309Of~ 55.1 1890
— 5~ 7 OH ‘ 

~E 1-i:u~~ I1

- 40 ~
‘7’ 5 ~~

4 -. 71111fl1 I
1u~ Ci ‘ - I  l u  ~~7ciçj

~ 1- 1 1 I ~~ 55 : E t U

~

- 2 I 4 ~~ fIij~ l 21 .4 3 170
~

I- ~ H I  I L l  I 4 %4 LI
9 :33 ;~7j9i~3 -::2 7~2 17A -

10 7,~~.-0 f I00 11.41530

Data Source: -

Br-ad C. Frederic. Parametric Cost Estimating ~ela tionsh~~~ for
Missile Pre~roduction and Product lon—SunDort Elements, Phase I ~~~~ress 

- 
-

Rep~rt. Tecolote Research incorporated . Santa Barbara, Calif.,
August 1974. Table 7.
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TO T HL ~V 0R EE S L-F ERE -7[’f’ t-l = 9
F F 1  . I I [4 L’LI~i I L  I I  FE LI LI IJ N —

i . ERkLI E~ L lE G R [ E: - ~ LF F R E  E L I O F’l = 6

T OT H’ .. %iiII 1:- F :-~ - U~ RES - 961 L 701
I F ,H r I ’ ~-4 IF Ill 1 51 1u~~~~E~ I-- -: C’ - :‘J H L~ 5C. I.J --- iRE :; = 12~-4 . 5 9 1 4 3 2

REGRE3S I ON r-1EFW 3Q. Ij i :E 2450,
— E~ F:Ji- l1EAt - -~ : C ! !J F R E  2 1 0 .  7452387

=

c:CIEFF E L- lENT I:I F D E - T E R : - U N A T I U E - l  ~~~ 
--:~~~ I~~~~ ~~~~. ~ :2~-24 ~-~ -

ST H~-1DR~-~D ER ROR lJE IH-: EST It-lATE 14. 51 77~~ 9H
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DATA SET 3

E C! U FIT JO r-4 2

~-i 1:1 — 
-‘ :~-: 1:-

1 0.711 250.000
2 1.417 1000 000
3 0.541 152 .000
4 0 .622 14-3.000
5 0.204  25 000

H 6 0 .49 5  73, 000
7 0.632 59 .000
8 0. 715 2511. 000 

-

HUliE~EF: ‘:. ::‘ OF ThE I ND ~~ FEHDEE- I T V AR - I AE~LE <:3 : F I TTE U

I N I T I A L  EST I t - 1ATE S OF THETA -

TH E T~R ( 1) = U.1000000000 -

THETA . 2.-’ = 0.5000000000 -

- - ‘ - ‘-I  - T r ‘-~ ~. —
- - r u -i n .. ~~~;- I ,. iin a -:- ‘~~r — t .

THETA - - . 1:’ 0. 0724703-001-
THET A ( :-~ - - = 0. 42752 ~0000

0. ‘
~~ — HAT

1 0. 71100 0.76798
1.41700 1.38914

:3 0.54100 0.6208 1
- l - 4 - 0 .622O ~3 0.60482

5 - 0.20400 0.28696
4 0. 9500 0.45372
7 0 .43200 ‘~~44292
8 0. - 1500 0.76 798

Data Sour-ce:
This data was collected from several sources. The regression equation
is presented in the following document:

Naval t-leapons Center. An Indej~~ den t Cost Analysis of the }IARfl
Weapon S~~tet~ RDT&E (U) , by Douglas R. Johnson, Dr. Ear-bar-a J. I~el1,
Robert E. Sax, Paul A. Doufliard , and W. Eugene Wallet. China Lake,
Calif., NWC , October 1975, p. 38. (Publication CONFIDENTIAL.)

- - 58 - 5r~ U I
_  

~~~~~~~~~~~~~~~~~~~~ 
-

— —  -
~~~~~~~~~~~~~~~~~ _ _

k—. ~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



-~~ 

.

NWC TM 2786

TOTAL DE~ REES C-F FRE-7LOr-1 = 7
£ Ifl [4 D E I IIEE FrrEr’ ur’ = 

-

ERROR DEGF-~EE3 OF FRE~ DC’M = 5

~ü i A L  ::;~~- -1 OF -:I: I --IRE- s = 0. :;2~~:1::: 7~F- EGF E IljEI Ifl I l k -  ‘ I  E - Li ‘71 - E5 H4 ~~~

E R R O R  SUN OF --UAR ~ :::. 0 057833828

P EG RE ~ S I IN N E A L -  :30LI f1 ::E = 0. 38599252 ::
E R R O R  NE O N S Q !J F -R E = Ii , l i i i  56674 -6

F — R A T I L I  = 33. 3 -  03259~
c:IIEFF I C I ENT OF DETER -II NAT I ON ( R— SC!UAR E ) 0,

S I A H I A R D  E RROR OF TH~ EST IMATE 9.
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DATA SET 4

EIiLL A l i ‘:‘~~ 2

CIE:::~.ER’--’A r I OtI S
[41:1 — :- --: : 1

1 - _ 4 u  ~Ill~ ‘1 500 1 - 1 1 - 1 0
- L 

-_ 9i- i~i 14011 01- IL l
l :~ L 1i~ 0 s i: ‘

~ u l O
4 41 1 L1LII- 1 L,4 1-~ L~ 0
~5 1516.000 404-3,00-0
i: 1 1 OLd E~~ 1- 10I1

~~~~~~~ ‘JULl r1 M -:iLldi
E i ,  ~~~~~~~ LUli ~l ,’1~J1 LIUL
-~ 1 - E  OULI ~1I-l LJ J I- i

i~ LOU 1~~1LU 90
i i  55~ 7 Ouf : : u  000

~ 
51:~ 0)0 :‘ oo ~~~~~

i ~~~~~~ o~~ o i~~~::o 01111

14 127.000 129.1130 - -
15 E~~ O LI A 17’ H 111-11-1
16 700.900 1947~ 000
17 27:39.000 2:- :590~ 3@0 -

: ~~~~~~~ ~~~~~ 5 r~~~~~5 :co
j % 5342.000 51201i,0011

011-i 0I~0 I0~ U ~J~J1- 1
:1 2:C~ o i — i  II~~CI IJH1-J
~~~

— -
~~~~~: ~~ 

L 00 iwO
23 7 1- i 55 .OC0 ~9 73 000
- 

- ~
:ldI 1 ~ LII ~ 

I Li 1- l I- l u
5 ~1- -~~ UI- ~I ~~~~~ 1011

2~ 420: 0113 I 
~75O - lOl l

27 2233~ U00 13468.900

N U MEEl :  (3)  I:I F TI— E I ML ’ EF’EMDEMT V AR I ABLE (S ::‘ F I TTE D = I

1NITIA L ESTII- IATE :3 OF T HETA-
1 hE IA I 2 :1000 11-1~~ I I

TH ETA ( 2) = 1 - 0000000009

FINAL. ~.3TU’1ATE~: IF 1-IETA
1 F IE1 I  1 1 ~~~ 1 1 -1 1 - f i l L

I HET A~. 2:. -- - -
~ 0 .  8114’ 111-IOU

Data Source:
Naval ~.Yeapons Center. Solid Motor Cost and Re1iab fl it~ Prediction

Methodolog,~~ Pinal Technical Report (U), by Booz—Allen Applied
Research. China Lake, Calif., NWC , !‘~arch 1974 . Tables 5 and 6.
(NWC TP 5634 , Publica tion CO~’iFtDENTIAL.)
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[1 TOTAL T--i’~kEES CF --RE: , ilOM 26
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