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EVALUATICH

The increased importance of software for enoecoeu avlionics systars nas
led to an increasing Jesire to insure tnat avionics software meets
very strict reliapility and guality goals. However, a significant
orobler in assuring sucn goals are met is the lnability of Government
sersonnel to accurately predict tne reliability of an avionics
software geveloorent oroject. Tnis provlem has been expressead at
several Government and industry sponsored conferences, as well as in
documents such as the Joint Logistics Commanaers Software Reliability
working Group FReport (Novemoer 1975) and tne Joint  Logistics
Commancers Software (uality hanagement workshop Report (July 1379). As
a result, efforts nave been initiated to develop and valiaate
ratneratical wmocgels for preaicting tne reliability and error content
of a software system. However, models aevelopea to date have not
adeguatlay aauressea tne unigue features of avionics  software

geveloginents.

This effort was initiatea in response to tne need for veveloping
software reliability preaiction mouels applicable to avionics software
aevelopments, z1d fits into the goals of RADC TG M. 5, Software Cost
Reauction, in the subtirust of Software gQuality (Software Modeling).
This report sumnarizes the dJdevelooment of a matnematical model for
poradicting tne reliability ana mean-time-to-~failure of a software
gevelowrent unger the assumptions of incomplete information available
on error correction, ana Jdiscrete versions of the software being
geveloped. The report also aqescribes tne wdified nonlinear search
aljorithia developed for finding model parameters and an  accomnpanying

vii




camputer program for operating the model. The importance of this model
development is that the assumptions underlying this model more closely
reflect the actual avionics software development process than priot

model developments.

The theory and model algorithm developed under tnis effort will lead
to much needed predictive measures for use by software managers of
avionics software developments in adequately tracking those
developiments in terms of reliability and mean-time-to~-failure
objectives. More importantly, the measures developed under this effort
will be applicable to current avionics software developments and thus
help to produce the high quality, low cost avionics software needed

for today's aircraft.

(Uom 1. Lk

ALAN N. SUKERT
Project Engineer
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1.0 Introduction

1.1 Problem Statement

As the cost and complexity of computer software continue to
increase, there is a growing need for accurate determination of soft-
ware reliability. Before a software package is put into operation,
there is a testing period during which errors are detected and corrected.
The problem with which we are concerned is the estimation of certain
reliability parameters from the error data generated during the test
phase. Specifically, we wish to estimate the number of errors remaining
in the software package at any time, and the mean time to failure (MITF).
Accurate determination of these parameters could reduce the cost associ-
ated with excessive testing, and could increase the confidence with which
the package is used.

In order to estimate software reliabjility, it is necessary to
develop an appropriate model describing the error detection and correc-
tion processes, and to develop procedures for estimating the parameters
of this model from observed error data. Our intention is to generalize
certain models which have previously been used for this purpose in order
to depict more accurately an actual testing environment. In addition,
we will consider a somewhat different approach to the estimation of the

parameters of this generalized model.

1.2 Previous Work

A substantial body of work now exists on the application of

statistical modeling and estimation techniques to the determination of
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software reliability. We make no attempt to describe all this work,
but rather restrict ourselves to those efforts which are directly re-
lated to our own. For a comprehensive review and bibliography, see [1]
or [2].
One of the most widely-used error models was developed by Jelinski
and Moranda [3]. A similar model has been considered by Shooman [4] a-
others. The assumptions about the error-detection and error-correction
processes which underlie this model are the following:
(a) The error-detection process is a Poisson process whose
detection rate is constant between error detections.
(b) The error-detection rate at the time prior to the detection
of the ith error is a function of i; it is denoted by z,.

It is commonly assumed that z, is proportional to the number

i

of errors in the program at detection time. This can be

written as:
zi=¢(No-i+1) (1.1)

where No is the initial number of errors and ¢ is a positive
constant. An alternative assumption is that the detection

rate forms a geometric progression
z, = Aa (1.2)

with both A and a being positive constants. It should be

noted that the main justification for (1.2) is the improved
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convergence of the resulting estimator equations [5]. 1

(¢) Error detection is followed by an immediate correction. 1

Consequently, upon detection of the ith error, the number
of remaining errors drops to (NO - i).

(d) The debugging process is perfect and no new errors are 1

generated by the correction process.

These assumptions, although restrictive, were initially adopted
by most of the researchers in the field. The estimation of the reli-
ability parameters was based on the above assumptions, and employed the
maximum likelihood (ML, criterion to derive the best estimates.

It is realized now that the assumptions given above are quite
restrictive and unrealistic in most cases, and steps have been taken to
make the model more realistic. The model assumptions have been changed
to comply more closely with the real process.

Goel [6] has considered a nonideal debugging process in which

the probability of correcting an error is p, Based on this assumption,
an analysis of the resulting model is performed. Further generalization
is suggested by Shooman [7], who modified both assumptions c and d above
concerning the error-correction process. According to the modified
model of Shooman, the correction process does not necessarily proceed
identically to the detection process, and new errors may be introduced. ‘
Denote by rd(t), rc(t), and rg(t) the rates of error detection, correc-
tion, and new error generation, respectively. The models suggested by

Shooman assume different relationships between these rates. The main

J
5
B
5
#

models are:
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Model 1
rc(t) = 8 rd(t) (1.3)
rg(t) = q rc(t) (1.4) ‘
and A
Model 2
rc(t) =b rd(t) (1.5)
rg(t) = a n(t) rd(t) (1.6)

where n(t) represents the number of errors in the program.
These models and others have been studied by Shooman, and the re-
sults are described [7].

Another generalization of the original model concerns the assump-

tion that the corrections are implemented continuously. This is not:
consistent with actual practice in which a program is replaced by a
newer versgsion at discrete times. Between the replacement times, the
program undergoing the test is the same and the number of errors in it
is constant. A possible solution for this discrepancy is that redis-
covery of errors should not be counted. However, this requires the
analysis of the source of errors in order to determine whether the er-
ror sources are the same, and this is not always practical, A modified

model in which this generalization was implemented was discussed by

'1.‘.-




Tal [5] and by Sukert [2], and estimator equations for use with this
model were developed.

These generalizations, along with some additional ones, will be
incorporated into a new model. The new model, we believe, more ac-
curately describes an actual testing enviromment. We will first dis-
cuss the behavior of this model as a function of its parameters under
the simplifying assumption that the error processes are deterministic
rather than random.

After presenting certain results for deterministic processes, we
will then show results using simulated random error data. We have
developed a least-squares search procedure for estimating the model
parameters, and will discuss its convergence behavior. Recommendations
are made toward increased utility, and toward closer coupling of the
algorithm to information in real test data.

The true test of the usefulness of the model will 1lie in its
ability to describe real software tests. Thus, there rémains for sub-
sequent work the application of the model to enough real cases to draw
conclusions concerning validity.

One of the difficulties encountered by researchers in the past
has been the inadequacy, incompleteness, and ambiguity of available test
data. We found some of these same problems with the data available to
us during this work. Hence, we include comments regarding data require-

ments.

s ORI A W oy e,
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2.0 Development and Analysis of the Model

2.1 Assumptions

In order to develop a generalized model to describe the error
detection and correction processes, we make the following assumptions:
(a) The error detection process is a Poisson process whose aver-
age rate of occurrence is proportional at any time to the
number of errors present in the software package. Denoting
the number of errors present at time t by N(t) and the aver-

age error occurrence rate by rd(t), we have

rd(t) = ¢N(t) (2.1)

where ¢ is a fixed constant of proportionality.

(b) No attempt is made to correct detected errors at the time
of detection., Instead, a new and corrected version of the
program is provided to the testing group at discrete (''tape
replacement") times tys tz, cees tj’ «eees Thus, the number
of errors present in the program at time t, tj <t < tj+l’

is constant and equal to N(tj). This is illustrated in Fig. 1.

(c) Of the detected errors reported to the correcting group, some are

corrected and some are not. In addition, new errors are

generated, Denote the cumulative number of errors corrected

]
-

to time t Zn the program being tested by Nc(t), and the

cumulative number of newly-generated errors by Ng(t). Both

N, and Ng are piecewise constant because of the assumption

- 2.1 -




N(t)

tl = 0 tz t3 LN ) t t———(
Fig. 1. Number of errors in program as a function of time.
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(d)

(e)

(£)

that a new version of the program is provided only at the
discrete timgs tl, tys «... A key feature of our model is
that many errors may be detected, corrected, and generated
between update times. At any time t during testing, we

have

N(t) = No - Nc(t) + Ng(t) (2.2)

where No is the initial number of errors in the program.
The error correction rate rc(t) depends on both the error

detection rate rd(t) and the error backlog Nb(t), where

N (£) = N (t) - N_(t). (2.3)

For simplicity, we assume a linear relationship

rc(t) = ard(c) + BNb(t). (2.4)

The addition of the second term in (2.4) represents a
generalization of the model of Shooman [7].
The rate of generation of new errors is proportional to the

error-correction rate:

tg(t) = Yrc(t). (2.5)

The error-detection process Nd(t) is precisely known, but
the error-correction process Nc(t) is unknown. This ap-

pears to be a realistic assumption in view of the way

-2,3 -




error correction is actually performed. The error
generation process is also unknown.
In the above we tacitly equate software "failure" to coding
"faults". In effect, we include in o and ¢ :-he proportionality be-

tween the two, and call them both "errors".

2.2 The Model

The model which we develop is actually a deterministic model
which relates the expected values of the varibus random processes in-
volved. The required connection between the observed sample functions
of the random processes involved and the deterministic model is estab-
lished by means of an estimation algorithm which operates on the ob-
served data to estimate model parameters. The determinisctic model
will be described first, followed by a discussion of the estimation
procedure.

Taking expected values of (2.1)-(2.4) yields the equations

rd(t) = ¢n(t), (2.6)
rc(t) = ard(t) + Bnb(t), 2.7)
n(t) = No - nc(t) + ng(t), (2.8)

nd(t) - nc(t), (2.9)

%(t)

n (t) = yn (t), (2.10)

-2.4-




LA

where a lower-case n denotes the expected value of the process repre- .
seuted by the corresponding upper-case N.

It follows from the relationship between rd(c) and nd(c) that

t
nd(t) =j rd(t)du. (2.11)
o
Similarly,
ft
n (t) = Jo r_(u)du. (2.12)

The model represented by the.above equations can be viewed as a
linear system with sampling and feedback as shown in Fig. 2. Our
problem is now one of system identification: Given Nd(t), estimate
the parameters of the system shown in Fig. 2. Revisions to the soft-
ware are applied at time instants te’ between which times n(t) remains
constant, The system therefore is treated as a discrete-time system.
We employ the usual notation k in place of the argument tk.

The four system equations (2.6-2.9) can be reduced to two:

rg® = ¢ [N - - v ) (2.13)
r (k) = oo [No -1-v nc(k)] +8 [nd(k) - nc(k)] (2.14)
- 2.5~
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Fig. 2. Block diagram representation of the proposed
model for the error-detection and the error-
correction processes.

and the number of parameters reduced to four:

r (k) = o, [Na - nc(k)] (2.15)
r (k) = ad_ [Na - nc(k)] +8 [nd(k) - nc(k)] (2.16)

where
¢a = (1 - Y)¢9 Na = No/(l - Y)o (2017)

The application of Laplace transform techniques and some algebraic

manipulation similarly lead to the equivalent block diagram shown in

- 2.6 -
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Sample
and
hold
r n n
d 1 d as + B c
¢a - s s + 8

Fig. 3. Simplified model.

Fig. 3. The identification problem reduces to the estimation of the
four parameters Na’ ¢a’ a, and B. Note that Na is the sum of the
initial errors N° and all errors which are subsequently generated
during the correction process. Note further that the ultimately

sought reliability factor, mean-time-to-failure, is:

MITF = =3 = - (2.18)
a a

Defining the discrete state

It is noted that the dynamics of the system can be studied using
the even simpler nondimensionalized three-parameter system, us-
ing (¢T), (BT), and (n/Na), with unit step input.

-2.7“
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nd(k)
k) =

nc(k)

and using the usual approximation, which in our case is exact,

nlk + 1) - (k)

T(k) = t(ktl) - t(k)

the model becomes

a(k+1) = Lack) + N6 B

where

1 -, T(k) T(k)

BT(k) 1 - T(k)[s + a¢a] aT (k)

(2.19)

(2.20)

(2.21)

(2.22)

When tape replacement occurs at uniform time intervals, T is constant

over k and the system is seen to be stationary, and the equations can be

solved immediately by successive evaluation:

-»> >
n(1) = N ¢_B, n(0) = 0
n(2) = N ¢_(L + 1)B
-» 2
n(3) = Na°a (L + L+ 1) B
k-1
*> 3
n(k) =N¢_ ) LB
a a j-O
-2,8 -
LI |
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and applying the familiar procedure for the geometric sum,
Lat) - n(k) = n¢ (13 - 8)
which gives for the state at the kth tape replacement time,
a0 =Ne, @-D (k- 1) s (2.23)

-> >
The increment g(k) £ n(k) - n(k-1) at the kth tape replacement time is

given by:
S =N @ - 17k - k1) g

k-1
= Na¢a L B (2.24)

2,3 Model Behavior

Note from the discrete state equations above that the parameter
Na is simply a scale factor on the state ;. Recall also that the
initial slope of nd(k) is Na¢a’ and that of nc(k) is aNa¢a, regardless
of the value of 8. Furthermore, for 8 = 0, nd(k) and nc(k) maintain
the constant ratio nc(k)/nd(k) = a <1, and, of course, coincide as
a->1,

The effect of B > 0 is to increase the error correction rate,
and therefore increase nc(k), especially for the larger differences

nd(k) - nc(k) (backlog) which tend to occur later in the test program.

The resulting decrease in remaining errors Na - nc(k) causes the detected

-2,9 -
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error curve nd(k) to be bent downward., Thus the effect of B is to draw
the two curves together. Figures 4 and 5 display this effect for 0 < 8
< 0.5. The "bending" of the curves due to B, together with the effects

of the discrete nature of the model, are expected to occur in real data.

2.4 The Data Simulator

RELY I contains a data simulator for the purposes of study and
experimentation. The simulator is an optional source of input data to
the estimator (see Appendix C). The simulator reads from input cards
the nominal parameter values, o, B, ¢a’ Na’ the time interval T, the
number of test intervals K, and an input initial random number (RRR),
and computes the associated software test history Ad(k). The random
number RRR is changed by the investigator when he wishes a different

gample of the random data set Ad(k) (see Appendix A, RNDTA, RANDEX).

- 2.10 -




——— —— — -
‘60 > ¢ > 0 103 (%)Pu si0110 P219939p wariETNmN) 4 *Ifg
3
0°G¢L S°(9 0°09 1A 0°¢y S*LE 0°0¢ $°C¢C 0°st1 St
| Y 1 o1 .—knh_—...-——.-.—._.-—b\r..—..r.b.-.-.
0
~ G¢C
~ 06
_..nmh
- 00T
- GZ1
S Wom._”
A “cr=1

1 e i

< 00 = N I

9 e L
70°0 = ¢ SLT

0 S*'0-0 =9 !

(0= v r.l

00z

- 2,11 -




‘c°0 > g > Q0 103 Axvoc §10133 Pa3odaxiod JarjeTnun) °¢ 314

§°zs  0°SY S°LE 0 ot c*ze 0°sT st

N I ISR EreyET A IR ST ST | U U B S U B S U

2
.o e

0 L_0¢
1°0 [
7°0 ﬁ

—5 ¢

-
-
00T u

L
[ ¢zt
[
[05T
¢ T=1 -
L [
0z =N |
z20°0 = %}
§°0~0 = ¢ A
N.O = 0 = 002

- 2,12 -




3.0 The Estimation Algorithm

3.1 The Estimation Problem and Method

Having described the model, we turn to the parameter estimation
algorithm which estimates the values of the model parameters correspond-
ing to a given set of real test data. The resulting parameter estimates
provide the reliability information sought regarding the tested software
package.

Though the model is linear in the sense that the equations are
linear in the state ;, the model equations are nevertheless nonlinear
in the parameters 4 (i.e., in a, B, ¢a, Na). Determining the parameter
values corresponding to a given set of real test data Z(k) is then
a nonlinear estimation problem.

Nonlinear parameter estimation methods, in general, are iterative
procedures in which the estimate is approached from some initial guess
for the parameter values, in steps which successively decrease a cost
functional J. Since our purpose is to determine the parameter values 3
for which the solution Gd(k) of the model equations approximates
the measured function (or sequence) Ad(k), we choose the cost functional
J to be the sum of the squares of the residuals, 6d(k) - Ad(k), viz.,

X 2
J= 7 [dd(k) - Ad(k)] (3.1)
k=1
Minimizing this cost functional, then, minimizes the difference between
the observed function Ad(k) and its expected value Gd(k) in the least

gquares sense.

- 3.1 -
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0f *he numecrous methods described in the literature, both direct
search methods (Fletcher [9]) and gradient methods (Bard [8]), the
gradient methods are generally preferred when the computation of the
derivatives of J is not prohibitive, Gradient methods, in principle,
step from one point 3

in parameter space to the next §i+ according

i 1

to

8 =8 -1R3®
i+1 0 o1 7 Tit8y (3.2)

where Ei is the gradient of .J evaluated at 3 s R, is some matrix which

i’ i

operates on the gradient to define the ith step direction Rigi, and Ty
is a scalar which determines the step size., The methods differ in what
each employs for Ri’ i.e., in the step direction each takes relative to
the gradient. The method of steepest descent, for example,uses the
identity matrix for Ri’ so that the step direction 1s opposite to that

of the gradient. This is '"the steepest way down" locally but tends to be
less efficient and therefore less desirable than methods which use second
order information about the surface J(g).

The Newton-Raphson method uses for Ri the inverse of the Hessian,

the matrix of the second partial derivatives,

—_e_n (3-3)
m

of the cost functional.

Notice that the Taylor series expansion of J to second order terms,
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J=Ji+§§(3-3i)+%('5-31)T1{i(3-ei)

has an extremum,

A >y
2 = gi + Hi (6 Ui) = 0,
i
at
§=8, -H1
=8, - Hi 84 (Hi nonsingular)

->
= 1, and J is quadratic, then Bi+ coincides with the

-1
so if Ri = Hi s P 1

i
extremum, The Newton-Raphson method in this case converges in a single
iteration., This method is quite efficient even for nonquadratic J, but
only if Hi is positive definite. This latter condition is the principal
weakness of the method. The Marquardt method meets this weakness by guarantee-

ing positive definiteness in Ri by adding to H, (or to some convenient

i
approximation of Hi) a variable amount of a positive definite matrix Ci:
2 -1
Ri = (Hi + Aici) (3.4) )
and suggests Ci be a matrix of the diagonal elements of Hi’ viz., B
-y , 1
i,ss i,ss'” (3.5)

1 Ri then is positive definite, even when H

is not. The Marquardt method behaves as the Newton-Raphson for small

For sufficiently large A i
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Ai’ but where larger A, is necessary it steps nevertheless in some accept-

i
able (downward) direction. A step is said to be acceptable if it de-
creases J. If Ai is large and Hi has low condition number (eigenvalues
of near-equal magnitude), the method approximates that of steepest
descent. The Marquardt method varies from step to step according to Xi’
between the behavior of the Newton-Raphson method and that of steepest

descent.

3.2 Description of the Search Algorithm

The program, RELY I, uses the above Marquardt Ri’ i.e.,

-1
2
841 = Oy - 'ri(Hi + xici) 8 (3.6)

and selects T, or Ai from step to step according to the procedure

described below. Essentially the program progresses in one or the other of

two modes. In mode A, A, is fixed while the largest Ti (0.0001 < 1, < 1)

i i

is sought which results in an acceptable step size. 1f the sought Ti is
found, the program continues in mode A preferring smaller and smaller
values of X (more nearly Newton-Raphson). If at any point insufficient
progress is being made in mode A, the routine moves to mode B, in which

Ti is initially fixed, and A, is successively increased until an accept-

i
able step direction is reached. In mode B, when a sufficiently large Ai
is reached, then the program steps in that direction until J begins to
increase, or until, for large J, J has decreased more than 10 percent,

at which point the routine returns to mode A. In short, when progress

is slow in mode A, the program resorts to mode B to move to a different

- 3.4 -
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"locality". '"Progress" in mode B is deliberately restricted for large
J due to experience which indicates that mode B for large J tends to
settle into local minima. The program terminates when J becomes less
than a predetermined value (ERR), or upon a time limit for machine
computation.

More specifically, the estimator proceeds as follows: Given

initial guess % and Ai =1, 1 =20:

i

Mode A

1. Compute cost Ji and step direction Rigi'

2, If Ji < ERR terminate, otherwise determine an acceptable
step size in the following way:

a. Compute a T, such that twice the associated step

i

causes B = 5; i.e.,

]
]

i (5. - Bi)/[Zlkigi!]

b. 1If such a step causes ¢a > 0,2, choose instead

Ty = (0.2 - ¢ai)/[2laigil]

i
d. If the resulting T, < .0001, jump to mode B.

c. If the resulting Ty > 1, set t, = 1.

e. Limit 0 < B8 < 10. Compute Ji+1'

£. 1f£ 3,02 Jy» jump to item 4 below.

3. Accept 6i+1 and reduce A; i.e.,
a. Set 61 = ei+1, Ai = Ai/10.
- 3.5 -




b. If J has decreased less than 1 percent in more than
five iterations (reductions of A in item 3.a) since
passing through mode B, jump to mode B, Otherwise

continue in mode A (jump to item 1 above).

4, Reduce T, by a factor of 10. If the resulting Ji+l < Ji Jump
to item 3 above, otherwise repeat item 4 above up to five
times (according to counter INDEX). If J does not decrease
with five reductions of T jump to mode B. If Ji+1 < ERR,
terminate.

Mode B

5. Fix 1 = 0.1, set A = 0.01.

6. Increase A by a factor of 10, increment the count ICLAM,
determine the corresponding step direction (Hi + xici>-1 8y
parameter set 61+1, and Ji+1' If Ji+1 > Ji’ repeat item 6.

7. Accept 01+1 (i.e., set ei = 61+1) and set JA = Ji+1'

8. 1Increase T by a factor of 52,12 = TCLAM.

9. Try 8 ='6-r(n +xc2) 8., if 3, > J, or if J, >

i+1 i i\1i ii i i+l i i

50 and Ji+l/JA < 0.9, accept 31 and return to item 1 above,

otherwise accept © +> 61 and repeat item 8.

i+1

The algorithm is depicted in the flow diagram of Fig. 6.
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1"
A = A/10

‘I1+l

condition
See

% change

satisfied?
below)

1 percent each t

k

% change condition: Has this o1
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1
l___, o ‘1'5l AI
I

?
Yes

Fig. 6.

> 50 and J, ,/PCOST < ,

i+l
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Flow diagram of the estimation algorithm.
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Experience during development of RELY I proved o to be insuffi-
ciently independent of the other parameters to warrant a fourth degree
of freedom in the search process. The computer program therefore was
modified to accept a priori the estimate of a, and to search in three
dimensions for the values of B, ¢a’ and Na' From these the estimated

number of remaining errors,

n = na(k) = Na - nc(K), k=1, 2, 3, ... K

and mean time to failure

-

MITF =

-©-
=

are computed. The latter two computed quantities, the sought software
reliability factors, were found to be essentially insensitive to reason-
able a priori estimates of a. Results below include cases of correct

and incorrect fixed a.

3.3 Estimation Results

Results are tabulated and displayed in histograms below for
several simulated random data examples, Examples I and II differ in
the selection of K and T to vary the number of errors, NR’ remaining in
the software. Example I uses test interval length T = 1,5 and 60 inter-
vals which leaves about 30 remaining of the initial 200 software errors.
Example II uses longer test intervals, T = 8, and fewer intervals, K =

20, to leave about 5 errors remaining. Example III corresponds to a

L




larger software system having a considerably larger number of initial
errors (Na = 1000), smaller error detection rate (¢a = 0.,01), but a
better correction rate (a = 0.8), and the longer test intervals (T =
8.0). Finally, the fourth example demonstrates the insensitivity to the
fixed value of a. Example IV essentially is Example I with a fixed at
0.5 instead of the "true'" value, 0.7.

Before examining the results, we anticipate the nature of the
distributions by analytically determining the mean and variance for
the simple single interval (X = 1) case. Let the observed number of
detected errors Nd be Poisson with mean and variance oNa, where p = ¢aT.

We minimize the squared error J,

J = (pNa - Nd)

to obtain an estimate

which has mean

and variance

; - 3.9 -
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p2 a
2 2 2.2
N_ + -p N
- PRg T P Na P Na
2
)
N
=2
p
The number of remaining errors,
NR = Na - Nd

is estimated

with unbiased mean

E {NR} =E {Na - Nd} = Na - Nd

and with root mean squared difference from its true value,

- 3.10 -
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f 2 1,2 1/2
N, E\Ny PN + oN_ N
= N - ——F <N + = - = —_—
5 (d} pz N 2Na + pz s

N

Notice that the value of the latter quantity corresponding to:

a, Example I: Let NR = Na - pNa, or (p =1 -~ 31/200 = ,845) is

200
= J.SAS =15

b. Example II: (p = 1 - 5/200 = 0.975) is

- 1200 _
= 1.975 14

c. Example IITI: (p = 1 - 185/1000 = 0.815) is

Ya _ [1000 _ 4
P .815

One would expect these values to approximate the standard deviations

o (NR) for the respective multiple~interval cases (though perhaps with
less validity when NR/Na is small). The G(NR) indicated below for the ' ‘
four examples then are of the magnitude to be expected. Table 1 lists
numerical information from the four examples. Examination of results
from the four simulated examples indicates that the estimator produces .

reasonable estimates of the reliability parameters NR and MTTF.
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Table 1. Estimation results.

Item Example: [ II I1I v
"True' Values
a .700 .700 .800 .700
B .100 .100 .100 .100
%, .020 .020 .010 .020
N, 200 200 1000 200
NR 31.0 4.93 185  30.6
MTTF 1.61 10.1 0.538 1.64
Time Interval
T 1.5 8.0 8.0 1.5
Number of Intervals
K 60. 20.0 20.0 60.0
A Prioria
a' .700 .700 .800 .500
Initial Guess
B .300 .300 0 0
¢a .010 .010 .02 .010
Na 300 300 1500 300
Estimated Values
Ny 26.3 5.03 195  29.7
g (NR) 11,2 3.07 40.4 10.8
MITF 2,19 12.6 .543 1.75
o (MTTF) .65 7.43 .093 .33
- 3.12 -
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Fig. 7. Histograms of reliability parameters for Example I.
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Fig. 8. Histograms of reliability parameters for Example II,
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Fig. 9. Histograms of reliability parameters for Example III.
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Fig. 10. Histograms of reliability parameters for Example IV,
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4.0 Conclusions and Recommendations

4.1 RELY L

We have developed and displayed a model which we believe more
accurately describes an actual testing environment of a large software
package. This new generalized model has been incorporated in an estima-
tion algorithm for the purpose of discerning reliability of the software
from its test data. The first version of the algorithm RELY I described
here converges in a given region of interest of the model parameters.

RELY I is applicable to software test cases where tape replacement (soft-
ware revision) occurs at uniform intervals of time, and where sufficiently
reliable information is available concerning the number of errors detected

during each of the successive intervals.

4,2 Data Requirements

Data required for RELY I are simple, viz., the time interval T
between software revisions (tape replacements), and the sequence Ad(k)
during each of the K successive versions of the software, where k = 1,
2, ..., K. Secondly, the data must be from a process of the type upon
which the assumptions of the model were based, viz., the testing of
large-scale software packages such as that in the F-16 control system,

There must be an identifiable single continuous line of soft-
ware package identity throughout the test process. The package passes
successively through a sequence of versions k, k=1, 2, ..., K. At

any given time during test, the gsoftware is in only one of the versioms,
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"all" of which software version is being tested.! Each version, k, is
identical to the preceding versian, k - 1, and succeeding version, k + 1,
except for the software corrections "counted" in Ac(k) and Ac(k + 1),
respectively. Figure 11 indicates the time relationship of the several se-
quential quantities. The requirement is that Ad(k) be precisely known
for each version k, where all versions are identified and satisfy this
single and continuous identity as described. This requirement is
violated if a major untested version is suddenly introduced midstream,
or if an alternate part of the software package simultaneously being
tested suddenly is adopted. The generated error feature can accommodate
a minor amount of this kind of violation, but generated errors are
modeled as occurring as a constant proportion of the correction rate.
Errors are usually classified into certain arbitrary categories,
ranging from those obviously to be counted, to those of doubtful
pertinence (obviously "repeated" errors, errors associated purely with
erroneous test conduct, etc.). Suffice it here to suggest that the
criterion for counting a given error or not will be related to its
likelihood of occurrence, and its interpretation as a "failure", under

operational conditioms.

4.3 Recommendations

Recommendations toward improved interfacing with information in a

real test process (thus taking greater advantage of inherent features

1 That is, all the parts of the software package are being exercised in
a manner representing that for which the reliability factors, e.g.,
MTTF, are to be applied later.
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Errors, cumulative:

Errors, incremental:

Version:

Error rate:

Test time:

k:

N(1) N(2) N(3)

2 2(2) £(3)
(initial) (1) (2) 3)
7(0) () T(2) T(3)

T 2T 3T
1 2 3

Fig. 1ll. Tested software in only one version at a time,
identical to neighbor.ng versions except for the
changes counted in AC at the respective boundaries.




of the underlying new model) include the following further work:

1. Revise the KOST subroutine to accommodate nonuniform test
intervals T(k), by using a finite difference technique for
the solution of E(k, 3). The increased utility is expected
to far outweigh the lesser analytic tractability of the
resulting system and the possible increase in required
computation time,

2. Apply the algorithm to real data. Available data should be
gathered, studied, and adapted, by interpretation and
transformations, to the requirements of RELY. Residual
functions over a variety of cases will indicate how well
the model represents the real test process. Experience
will lead to further recommendations concerning data re-
quirements, and to- possible improvements in RELY such as
provisions for using information in real data concerning
error correction and error generation.

For example, the quantity na(k),

N =-n (k) + n_(k)
- N - -0 ___c &~ ndk)
na(k) Na nc(k) l1-v l-v

is the augmented number of errors remaining in the tested
software. That is, na(k) is the number of errors which would
be detected henceforth if the testing process were to

continue indefinitely, including those generated after time

k. The number of errors remaining in the software, exluding

-4.4- U
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those yet to be generated in the correction process, is

n(k) = (1 -7¥) n, k)

The parameter y is assumed not observable in the present
implementation of the model. If, however, among the
detected errors, generated errors are distinguishable from
original errors, then the additional quantity ngd(k), the
number of generated errors detected, is available. The model
state 1s easily augmented to include ngd(k). The model re-
mains unchanged but, to the extent that the additional
information is available in test data, the model parameter

Y becomes observable.

Experience in the development of RELY I suggests further
investigation of the nature of the J(g) surface. Such investigation
should include also the surface associated with the alternative cost
functional using cumulative functions N(k), rather than the incremental
number of errors A(k). Convergence properties in certain regions of
parameter space may be significantly improved using N(k) rather than
their derivatives A(k). Indeed, parallel computation using each,
respectively, may prove both feasible and advantageous. Another
gradient type parameter estimation method, such as the Fletcher-Powell
deflected gradient method, may also prove more efficient with the

alternative functional.
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APPENDIX A

MAIN AND SUBROUTINE DESCRIPTIONS

1. MAIN and Subroutine Djagranm

The subroutines of RELY I are indicated in Fig. A.1l. Internal

RNDTA POISS
MAIN
KOST RANDEX
EIGMIN TRIDMX ‘
EIGVAL ;
MARQ EIGVEC

Fig. A.l. RELY I subroutine diagram.

subroutines EIGMIN and MARQ are shown, as well as the UNIVAC MATH-PACK
library subroutines RANDEX, TRIDMX, EIGVAL, and EIGVEC. A brief

description of MAIN and its subroutines follows.
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2, MAIN

MAIN reads input data, executes the estimation algorithm (see
Sec. 3.2), and prints output. It also computes simulated random data

Ad(k) under the ISIM = 1 option (see Appendix C).

- A2 -

o




Subroutine RNDTA (A, B, P, NA, T, V, RR, JJJ)

From a, B, ¢a’ Na’ T, the input initial random numbers and L
(corresponding to RNDTA variables A, B, P, NA, T, RR, JJJ, respectively,
and corresponding to the MAIN variables ALPH, BETA, PHI, NA, TD, RRR,
NN, respectively), RNDTA computes the sequence Ad(k), k=1, 2, ... L
(the RNDTA variable V, and MAIN variable S). The resulting sequence
Ad(k) is used as simulated data, the (incremental) number of errors
detected successively in each software test interval. The initial

random number RRR is passed through POISS to RANDEX,

RNDTA, at each interval k, integrates the system equations:

nd(k) = Nd(k -1) + 9,T (Na - n_ (k - 1))
n (k) = n (k ~1) +as,T (N, = n_ (k- 1)) + BT[Nd(k -1 - n_(k - 1)]

Nd(O) = nc(O) =0

using the cumulative (random) number of errors detected Nd(k - 1), to
obtain nc(k) for use in POISS. Subroutine POISS generates the random

integer Ad(k) according to the mean detection rate rd(k) = ¢a[Na - nc(k)].

|
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Subroutine PQISS (DD, ZZ, PP, TT, RRRR, KKK)

From n_ (-Na - nc), ¢,» T, the input initial random number RRR,
and k (POISS variables DD, PP, TT, RRRR, and KKK, respectively, cor-
responding to RNDTA variables D, RP, RT, RQ, and K), POISS computes

the value Ad(k), according to

m
I c1) <T, 8, =mn
i=1

The random sequence C(i), 1 = 1, 2, ... 100, with exponential distribu-

rdC
tion function 1 - e s T

4" ¢(Na - nc), is generated by RANDEX. The
starting random number required by RANDEX in C(l) is the input initial
random number RRR for k = 1, and is the preceding random number R(ZZS)

for k > 1, where R is the value C(100) previously computed for the

(k - 1)th pass.




5.

Subroutine RANDEX (C, 100, U)

Reference: UNIVAC Large Scale System MATH-PACK, Programmer's
Reference, UP-7542, Rev. 1.
RANDEX produces a set of 100 pseudo-random numbers C with expcnen-

tial distribution

1 - C-UC

by operating on a uniformly distributed variate X, according to the
inverse transform method

-In(l - X)

C = T .

RANDEX uses two other UNIVAC MATH-PACK subrovtines RANDU and RANDN. RANDU
generates X, O <X < 1, for which computation it calls RANDN for random
integers 0 < I < 235. RANDEX requires an initial value, 0 < C(1) < 235,

different integer parts of which produce different output sequences.
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6. Subroutine KOST (AA, BB, PP, NNA, SS, NJJ, TT,
NMN, DT, H, GJ, DND, COST, DNC, RMTTF, ZNC, RERR)

Given values of the parameters 3, time interval T, number of
intervals K, test data Ad(k), KOST conputes the incremental error

sequences (see Sec. 2.2)

_ k-1
§,(k) =N ¢ (1 OL " B

k-1
8 (k) = N6 (0 1LL” B

where (1 0) and (0 1) are the transposes of the vectors (é) and (g),

respectively, and
/1 -4 T T
L,K a > B<>
BT 1- T(B + a¢a) aT
KOST further computes the cost scalar (see Sec. 3.1)
2
J= 7 [dd(k) - Ad(k)]

the gradient vector components

K 36 . (k)
aJ
== =2 } 6 (k)
20~ L e 3_

and the Hessian matrix elements

2 K 2
aeaa; =2 ] 8,00 :eég:k) + 35:;k) add;k)
n m k=1 n m n 2 n
- A.6 -
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KOST also computes the associated estimate of total errors corrected

K
n, = 1 8.0
k=1
the number of errors remaining
nR = Na - nc
and the mean time to failure
MTTF = ¢ln
a R

The first derivatives above are given by:

aéd(k)

08
m

k-2 ol dB
= Na¢a(1 0)L i(k-l) aem B+1L aem]

where
8 i=
] 1. Jl m
aem \0 i#n
and
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The second

36_2a8
n m

0 -T
0 -aT
0 0
0 0

derivatives are:

2
3 dd(k)

|
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7. Subroutine EIGMIN (HH, CORR, GGJ, DDAM, EH, EV)

Given the Hessian HH(4, 4) and the gradient GGJ(4) of the cost
functional J(g), and the current Marquardt parameter ()) DDAM, EIGMIN
computes the eigenvalues EV(4) and eigenvectors EGV(4, 4), and the outer

product EH(4, 4, 4), for J. EIGMIN then computes i, such that the

i
Marquardt matrix (Hi + A1C§> is positive definite, and the correspond-
-1
2 ->
ing parameter correction factors CORR(4) = (Hi + Aici> 8¢
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8. Subroutine TRIDMX (N, NM, A, D, B)

Reference: UNIVAC Large-Scale System MATH-PACK, Programmer's
Reference, UP-7542, Rev., 1, Sec. 9, p. 1.

TRIDMX transforms a real symmetric matrix, B(4, 4), to tri-
diagonal form using Householder's method, where D(4) are the resulting
diagonal elements and B(4) are the off-diagonal elements. Input

integers N and NM are equal to the order, 4, of B.

= A.10 -
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9, Subroutine EIGVAL (LP, E, A, B, W, F)

Reference: UNIVAC Large-Scale Systems MATH-PACK, Programmer's
Reference, UP-7542, Rev. 1, Sec. 9, p. 8.

EIGVAL evaluates the eigenvalues of a symmetric tridiagonal
matrix, using Sturm sequences. A(4) are the diagonal elements and B(4)
are the off-diagonal elements of the matrix., The eigenvalues E(4) are

stored in descending order of absolute value.

N

3
3
£
Iy
&
%
44
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10. Subroutine EIGVEC (LP, NM, R, A, B, E, V, P, Q)

Reference: UNIVAC Large-Scale Systems MATH-PACK, Programmer's
Reference, UP-7542, Rev. 1, Sec. 9, p. 15.

EIGVEC evaluates the eigenvectors of a real symmetric tridiagonal
matrix using Wilkinson's method. A(4) are the diagonal elements and
B(4) are the off-diagonal elements of the matrix. E(4) are the eigen-

values, and V(4, 4) are the eigenvectors.
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11, Subroutine MARQ (EEH, EEV, DDLAM, CCORR, GGGJ, HHH)

Given the outer products EEH(4, 4, 4) of the eigenvectors of the

Hessian, the eigenvalues EEV(4), the gradient GGGJ(4), and Marquardt

"
parameter (Ai) DDLAM, MARQ computes the step CCORR(4), (Fi + Aici) 85

in parameter space.
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APPENDIX B
RELY I GLOSSARY AND INDEX
(Library subroutines RANDEX, RANDU, RANDN, TRIDMX, EIGVAL, EIGVEC

are not included here. See UNIVAC MATH-PACK references given in
Appendix A for detailed information.)

MAIN (including internal subroutines EIGMIN and MARQ)

Variable Description Line Number
ALPH 18, 22, 25, 30
Value for o in simulation mode
B(4, 4) i62, 167, 170, 172
Normalized Hessian matrix in EIGMIN
BETA 18, 22, 25, 30
Value for B in simulation mode
CNC 24, 33, 34
Cumulative values for nc in simulation mode
CND 23, 32, 34
Cumulative values for n, in simulation mode
CORR(4) 3, 48, 57, 58, 61-63, 72, 78, 86-88,
95, 114, 115-117, 127, 137, 160, 163,
201
Vector of corrections to parameters
(MARQ: CCORR) 205, 207, 209, 229
COST 25, 30, 43, 46, 49, 50, 56, 65, 67,

69, 70, 73, 76, 91, 93, 94, 100, 120,
122, 124-127, 129, 130, 135, 145, 147
Most recently computed value for the mean-squared error

COSTI 46, 130, 145
Cost for currently accepted parameter values used in mode B
to determine whether the new estimate for the parameters
reduces the cost

DDD 194, 195 -1
Denominator used to normalize the matrix (H + AI) in
EIGMIN

§
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Variable Description Line Number

DDDD 223, 224 -1
Denominator used to normalize the matrix (H + AI) in
MARQ

DIA(4) 162, 170-172

Diagonal entries of the tridiagonalized Hessian matrix
used in EIGMIN to compute eigenvalues

DLAM 45, 48, 72, 74, 78, 95, 103, 111,
114, 128, 137

Value for A

(in EIGMIN: DDAM 160, 188, 205, 217)

(in MARQ: DDLAM 182)

DND (300) 4, 25, 32, 43, 67, 76, 91, 120, 135
Incremental values in ny

EGV(4, &) 162, 172, 176

Eigenvectors for the Hessian matrix

EH(4, 4, 4) 3, 48, 72, 78, 95, 114, 128, 137,
160, 162, 176, 188
Outer products of the eigenvectors for the Hessian matrix
used to compute (H + AT)-1
(in MARQ: EEH 205, 207, 217)

ENC(300) 4, 25, 33, 43, 67, 76, 91, 120, 135
Incremental values for nc

ERR 5, 7, 56, 93, 126
Value for termination criterion

EV(4) 3, 48, 72, 78, 95, 114, 128, 137,
160, 162, 172, 181, 182, 185, 188
Eigenvalues for the Hessian matrix
(in MARQ: EEV 205, 207, 217)

GJ (4) 3, 25, 43, 48, 67, 72, 76, 91, 95,
114, 120, 127, 135, 137
Gradient vector for the cost functional

(in EIGMIN: GGJ 160, 163, 201)
(in MARQ: GGGJ 205, 207, 229)
H(4, 4) 3, 25, 43, 48, 67, 72, 76, 78, 91,

95, 114, 120, 127, 135, 137
Hessian matrix for the cost functional

(in EIGMIN: HH 160, 162, 167, 194)
(in MARQ: HHH 205, 207, 223)
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Variable

Description Line Number

I

ICLAM

IFLAG

INDEX

ISIM

JDEX

LMBEX

NA

NJ

Index for various loops

104, 113, 144
Index which counts the number of times that A is increased
in mode B

47, 70, 71, 106
Index that counts the number of times that an iteratjon of
mode A reduces the cost by less than 1 percent

51, 80, 81
Index that counts the number of times that the step size
has been reduced

15, 17
Indicates whether the run is a simulation (ISIM = 1) or an
estimation with real data

Index for various loops

105, 143, 144
JDEX = 1 indicates the first time that changing A has been
successful in a given iteration of mode B

Index used for DO loop in EIGMIN for computing outer
products of eigenvectors

184, 185, 188, 214, 217
Index used for DO loop in EIGMIN and MARQ for computing
(H + A1)~

112, 122, 123
LMBEX = 1 indicates that A was changed in mode B

2, 18, 22, 25, 30
Value for Na in simulation mode

10, 25, 43, 67, 76, 91, 120, 135
Number of test intervals

5, 7, 10, 11, 22, 25, 31, 43, 67, 76,

91, 120, 135
Number of tape versions

- B.3 ~




Variable Description Line Number
OFDI(4) 162, 170-172
Off-diagonal entries in tridiagonalized Hessian matrix
PCOST 50, 69, 70, 73, 94, 124, 127, 129
Current minimum value for the cost functional
PHI 18, 22, 25, 30
Value of ¢a in simulation mode
R(4, 4) _ 163, 166, 188, 195, 201
Matrix (H + AI) computed in EIGMIN
RR(4, 4) -1 207, 211, 217, 224, 229
Matrix (H + AI) computed in MARQ
REFF 26, 30, 44, 49, 68, 77, 92, 100,
121, 122, 125, 136, 147
Estimated number of errors remaining at the end of test
period
RMTTF 25, 30, 43, 49, 67, 76, 91, 100,
120, 122, 125, 135, 147
Estimated mean time to failure
RRR 8, 19, 22
Randomization value in simulation mode
S$(300) 3, 12, 22, 25, 38, 43, 67, 76, 91,
120, 135
Error data
T(300) 3, 13, 25, 43, 67, 76, 91, 120, 135
Tape version replacement times
TAU 57-63, 79, 86-88, 102, 115-117, 144
Step size
D 5, 7, 13, 22, 25, 43, 67, 76, 91,
120, 135
Length of each test interval
TEMP1 (4) 163, 171, 172
TEMP2(4) 163, 171, 172
Vectors which are used temporarily in the computation of
the eigenvalues and eigenvectors of Hessian matrix
- B.4 ~
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Description Line Number

Correction rate parameter o

40, 43, 49, 52, 67, 82, 91, 96, 100,
107, 120, 122, 125, 131, 135, 139,
147

o in simulation and estimation mode

40, 43, 49, 53, 57, 61, 64, 66-67,
83, 86, 89-91, 97, 100, 108, 115,
118-120, 122, 125, 132, 135, 140,
147

B in simulation and estimation mode

40, 43, 49, 55, 63, 67, 85, 88, 91,
99, 100, 110, 117, 120, 122, 125, 134,
135, 142, 147

Na in simulation and estimation mode

26, 30, 44, 49, 68, 77, 92, 100, 121,
122, 125, 136, 147
value for n, at the end of the test period

40, 43, 49, 54, 58, 62, 67, 84, 87,
91, 98, 100, 109, 116, 120, 122,
125, 133, 135, 141, 147

¢a in simulation and estimation mode

52, 76, 82, 96, 107, 137, 139
accepted value for a

53, 76, 83, 97, 108, 115, 132, 140
accepted value for 8

55, 76, 85, 99, 110, 117, 134, 142
accepted value for Na

54, 76, 84, 98, 109, 116, 133, 141
accepted value for ¢a

Subroutine RNDTA

1, 7, 19

1, 8, 19

Correction rate parameter £

Variable
ZA

Value for
ZB

Value for
ZN

Value for
ZNC

Estimated
Zp

Value for
ZZA

Currently
ZZB

Currently
Z2ZN

Currently
ZZp

Currently
A (dbl)
B (dbl)
D

Estimated

4, 21, 18
number of remaining errors n,
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Variable Description Line Number
E (dbl) 17, 18
D
JJJ 1, 15
Number L of intervals (software versions)
K 15, 21, 27
Index corresponding to kth interval
NA (dbl) 1, 3, 10, 16, 17, 19
Initial number Na (y-augmented) of software errors
P (dbl) 1, 9, 16, 19
Detection rate parameter ¢a
RA 4, 7
A
RB 4, 8
B
RNA 4, 10
NA
RP 4, 9, 21
P
RQ 5, 6, 21
RR
RR 1, 6
Storage place for MAIN input initial random number for
RANDN, Contains first exponential random number from
RANDEX upon return.
RT 4, 11, 21
T
RZ 4, 21, 22, 27
Poisson random A4(k) returned by POISS
T (dbl) 1, 11, 16, 19
Time interval T
v(300) (dbl) 1, 12, 27

RZ, Poisson random sequence A4(k) returned by RNDTA

- B.6 -
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Variable

Description Line Number

X(2) (dbl)

Y(2) (dbl)

€(100)

DD

PP

22

12-14, 16, 17, 19, 20, 22

25
Temporary memory for current cumulative random ﬁ

12, 16, 19, 20 N
Temporary memory for current cumulative estimate M

Subroutine POISS

2, 4, 6, 8, 11
Set of uniformly distributed random numbers generaged by
RANDEX to be used by POISS as the sequence of times
between successive detected errors

1, 7
Number of remaining errors n,
10, 11, 13
Counter of successive detected errors
1, 3
Number L of test intervals
1, 7
Parameter value ¢a
9, 11, 12

Cumulative time IjCy during the test interval, accumulated
until it exceeds T

1, 4
Initial random number for starting RANDN. Its value for
k = 1 is input by MAIN. Subsequent values are set by POISS,
RRRR = 225 C(100).

1, 12
Test interval T

7, 8
Mean frequency ¢gn, of the error detection Ty

1, 13, 16

Poisson random number of detections A3(k) generated by
POISS for the kth interval. It is Aq such that:

A
fcocr, o <10
=1 1 d

-307-
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APPENDIX C

PROCEDURE FOR OPERATION OF RELY 1

The program listing (FORTRAN V, Appendix D) accompanying this
report consists of MAIN with internal subroutines EIGMIN and MARQ, and
external double-precision subroutines RNDTA, POISS, KOST, TRIDMX,
EIGVAL, and EIGVEC. The subroutines which call single-precision library
functions have the necessary coding for converting between double- and
single-precision variables. Certain double~precision library functions
are used, viz., DABS, DEXP, and DSQRT.

The input deck depends on whether data are to be simulated or

are to be read from input cards.

INPUT DECK (to simulate data and estimate)
Card 1: 1TD, NN, ERR, [F5.2, 2X, 14, 2X, F8.6]
Card 2: ISIM [I2] (must be unity)
Card 3: ALPH, BETA, PHI, NA [4(Gl4.6, 2X)]
Card 4: RRR [16X, Gl4.1) (input initial random number)

Card 5: ZA, ZB, ZP, ZN [4(Gl14.6, 2X)]

INPUT DECK (to estimate using punched card data)
Card 1: TD, NN, ERR, [F5.2, 2X, 14, 2X, F8.6]
Card 2: 1ISIM [I2] (must be zero)
Card 3: 2A, ZB, ZP, ZN [4(Gl4.6, 2X)]

Card 4-(K+3): S(i), 1 - 1’ 2, se0 K [GlO.l]

The integer part of any real number RRR, 0 < RRR <« 235,
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determines a unique repeatable random sequence Ad(k) from the simulator.
<>
Initial guesses Bo for the model parameters are recommended as
follows:

0 <2A<1. (typically 0.8)

0 <2ZB < 1. (typically 0.0)

o
A

< ZP < 0,2

0 < 2N

To produce different simulated random data, the operator must
change the input initial random number RRR, 0 < RRR < 235.

Though J < ERR is the internal stopping criterion, experience in
random cases prpved maximum pages of printed output (say, 10) to be as

practical a stopping criterion as any.

The program prints out the current accepted parameter estimates

3 = a, B, ¢, Na, together with running estimates of the reliability

i

parameters NR and MITF, and selected auxiliary quantities, at each
step i, However, the label "CHANGING LAMBDA" indicates only tentative
parameter values produced in mode B (see Sec. 3.2). Therefore, these
tentative values must not be taken as values which minimize the cost
functional J, The final estimates of the reliability parameters are

those agsociated with the last accepted iteration 1i.

- Ce2 ~




APPENDIX D

RELY I PROGRAM LISTING AND SAMPLE OUTPUT

RELYSKELY (1) edAIN
1 I~PLICII REAL28(a=He0=2)
& NEAL$B 1iA
3 UIMENSIUI T(300)»S(3003 sh(tol) s 6J(8) ,CORR(L) 4EH(L,L,4) sEV(UL)
“ UIMENSTUE DNCA3UU) e C(30u0y)
S REAU(SrobT7) TLeNiveLRR
o bu7? FORMATI(FS.2¢2X01412X¢FBs0o)
7 wITE(62836) Turinl o ERR
1] 86 FORMAT(LOXs *INTERVAL LENGTH Z*024¢F5,202X9 *NUMPER OF INTERVALS =0,
9 LleXod4ozRoe " TERMINATION CRITERIUN =14FR,6)

10 Nu=isle

11 VO 1% J=1sNN

1e S(J)=0

13 T(JI={J=s)eTL

14 14 CONTINVE

1> ALAL(S,A50)ISIM

lo 150 FURMAT(az)

17 W ISIMeNELD)GO TU 10

do ReAD(Srcb8)ALPHIbLTAWFHI v A

i9 nLAL(Se0c9) KRR

el whITE (60 b89)KKR

cl 0c9 FURMAT(L6X»GLlbek)

22 CALL RMUTA(ALPHICETAIPHI v ArTDsSeFRRMN)

<9 CD=0

c4 CC20

5 CALL KOST(ALPHIBETAWPHI tiem e 32tiJoa ToINs TD oMo GJeDHU s COST ENC s PMTTF,
£o 141ConERR)

c7 whITE(61169)

go 109 FORMAT U7Xy *ALPHA »SX0* BiTA *ouXe ' PHI #,5Xs* NA  '95X,

Y 10 COST P rsXe tESToNCYouX,y? MTTF YoUXe "NA=NC*)

U ARITE(60170) ALPHeOETAIPHIsNA2COST»7NCoRMTTF2PERR

31 L0 @9 IS1eNNh

3¢ CoelSCRC+LND (T

5 ChC=CHIC+ENC L)

LT areiTE(60890)CLDsLINC

35 390 FORMATCAUX» *NO='0cXoF104302K9'NCS*02X,F10,3)

26 89 CunTltile

37 w 70 12

38 10 KeEAD(S5¢ib1)(S(T)e121,HiN)

29 151 FUORMAT(L10.1)

40 11 REAL(Se0u8B)ZArZBePe2N

L9} 888 FOURMAT(L14,602X00144692R0G14.691cX0G164,6)

W urITE(60169)

43 CALL KOST(ZAvZBrZPe2ZNeSoNueTolNe TCeHsGJ» DD s COSTseMCoRMTTF,
1Y 1ZNCeRERNK) W
65 ulAMS1
46 COST1=CuST :
%7 IFLAG=0

(1) Call EJUMIN(HICORRIGJrDLAMIEHIEV)

“9 72 WRITE(6r171)2A12b+2ZPy2ZNeCUST+ZNCIRMTTF,RERP

50 75 PCOST=COST

51 IHDeX=0

52 Z2AS2A

53 LLB=LE

o4 LiP=2P

55 2ENS2h

%6 1F(COSTAT.ExRIGL TO 73
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57

2y
o0
ol
ol
03
o4
(3]
ob
o7
©o
©9
70
71

73
T4
75
To
77
o
79
oV
ol
be
L3
LY
[}
1)
b7
Ll
9
9y
91
<

93

%

95

96

97

9¢

99
Vo
1v}
102
13
106
VS
100
w7
10
199
1l
11}
11
143

TaUz(S5=ab) /7 (28DAES(CORR(2)))
iF(1AUuT o (42=2P) /7 (2#DABS(CURR(3)) ) )ITAUS(,2-2P )/ (2%DABS(COPRI(3)))
IF(TAU.uT.1)TAUS]
IF(TAUT,.,.0001)60 TO 74
4632B=~CukR(c)sTAU
FeP=CuRR(3)aTAL
2iv=IN=CurRr (4) sTAU
IF(ZB.LT.0)2b=0,
IF(COST.6T,1010LAM=L,
1F(264671.10,)2B510,
CALL KODT(ZAvZBrcF o ZNNeSeNue ToinNe TDeHeGJsDND 2 COSTeEMNC,RMTTF,
1Zi/CrREHK) .
[F(COST.GE,PCYSTIGO TO Te
IF(COST/PCOST6T,,99) IFLASZIFLAG+]
IiFCIFLAL.GT4) GU TO 74
CALL EToMIN(H)CURK»GJrDLAMIEHIEV)
rFeOsST=CusT
CLAMSLLAM/10
60 TO 7¢
76 CALL RKOST(ZZAt220¢2Z2P¢22Zi1SeNJe Tt My TOoHeGIIDHD I COSTHENCIRMTTF
LENCrREKR)
CALL EJoMIN(HICURKeGJrDLAmICHIEV)
71 TAUSTAU/ZLO0
L e Xx=louEX+L
LF(INUEASGTL5)GU TO 74
Ldnz22A
Cu=ddlts
eP=22F
PATE Y2 4]
£L=26=CUKRR(2) s TAUL
P=¢P=CURR(3)sThU
Zii=dN=CURR (4 ) = TAL
AWF(Zoeb1,0)2u=0.
[F(LB.G1410,)2B210,
Call KOST(ZArZBeLF e ZtisSeNur 1 otiNsTDsHeGJoDMDeCOSTIENC o RMTTF »
LINC o RERK)
AF(COSTWLTERRIOGU TO 73
IF (COSI.6E.PCOST)G0 TO 71
CALL EJOMIN(HsCORKoGJrOLAMIEHEV)
L2AS2A
«LB=Lb
LLP22P
Z2aN=2N
WRITE(62172)2A0L1+2P s2ZNsCOST 1 ZNCHRMTTF » RERP
o0 10 Tou
74 TAU=,)
DLAMZ 01
iCLamM=0
JUEXZ0
1IFLAG=0
ZASLZA
2b=418
LPS22P
INS22H
77 LLAMS1080LAM
LB x=1
ICLAMZICLAMS)

‘D.Z‘
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1l CAll MARW(EHEVsULAMeCORRIBUIH)
140 78 ¢p=2Zb=CURR{2)*TAU
J9Y) LP=cdP=LURR(3)*TAL
117 2=2ZH~CORR (4 ) ¢TAy
119 IF(c0e6GT.10)2B=10V,
119 IF{zB«L1.0)25=0,
1¢0 CALL FOST(ZAsZBrZPoeZNeSoNUsToliNs TCrHsGJrONDeCOSTIENCIRMTTF,
121 12iNC o RERK)
lee IF(LMBEAEQeLIWRITE(60190)2A+2Br2PeZN»COST»2NCoRMTTF s RERR
1e¢3 LyBEXS0
124 LF(COSYGTPCLSTILO YO 77
1ed WR1ITE(6r191)2ZA+ 200 2P 1 2MeCUST e ZNCHRMTTF I RERR
l¢o IF(COSTCLTERRIOGL TO 73
1e? IF(COST/FCOST LT, 94AMDPLOSTGT,SO0)CALL EIGMIN(H,CORKIGJI,
leco 1uLAMeEHIEY)
129 LF(COST/#COST LT, .9, ANDPCOST. 6T . 50)GO TO 72
150 IF(CUSTA.6T.COSTIGO TO 93
1ol CASLLA
102 Lu=¢eiB
133 cr=LLP
156 PASEY AL
135 Chlh KOSTUZAPZBrdFeZMeSih o ToNNeTDrHeGJsDND o COST e NCoRMTTF,
loo idivCorRERK)
107 CALL CIGMIN(HA2CORKeGJIOLARIEHIEY)
o8 sy TY 7¢
139 91l CZA=ZA
140 £2b=28B
141 2P=2ZP
luc L2NEZN
143 JUEASJOcA+]
et 1P (UDEX.EG, 1) TAUSTAUSS*s JLLAM
145 C0Si1=CusT
luo G0 TO 78
167 73 wRITE(6r173)L2A0LbeZP e ZNaCLSTZNCIRMTTF P RERR
ivo 170 FURMAT(9A» *SIMULATION VALUES ARE te2Xe3(FAL502X)
199 L;‘HF&.ZMMoFlU.boiX'F&.Z)
150 171 FORMAT(uXs*NEW PAKAMETER VvALUES' 18X 3(F8e5e2X) e
151 13(F8e2¢cr)1FlUs002XsFB8.2)
152 172 FORMAT(SX» *AFTER REDUCING STEP SIZE*o4X,3(F8.5+2X) 0
153 13(FBe20ch) sF10s602XsFB42)
15 473 FORMAT(9Xe *FINAL VALUES ARE'12X»3(F8.5:2X)»
155 13(FB.21ch) oFLl0.602X0F8,2)
1%0 190 FURMAT(SX» *CHANGANG LAMBCA 92X 3(FB,5:2X) s .
157 L3 (Foe20cX) oF10,602X9FB42) 3
158 191 FORMAT(5X, *STEEPEST DESCENT VALUES 192Xe3(FB.502X) ¢ .
159 13(F6.2-:.X)oFlO.boZXoFB.Z) ~
Al SUBROUTANE EIGMIN(HH»CORR s 5GJsDDAMIEHIEV) e
lel IMPLICIT REAL$8(A=H,0=2) .
loz OIMENSIUN HH(Wo4) oB(UeB) yEVIH)1EGVIGIU) pEH(408+4) ,DIA(H)»OFDILN)
103 LTEMPL(4) s TEMP2U4) yR(424) o CORR(U) 1 GBU(U)
16% DO 700 1=3.4
105 U0 701 w24
loo K(led)z2v
167 Bllrd)2n( e J) 7OSCRT(DABS (HH(LI o 1) sHH(J0J)))
168 701 CONTINUVE
109 700 CONTINUe
170 CALL TRILMX(4r4obsDIAVOFDIL)
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3 17 CALL EIOVAL(4sEVILIA)OFCI,TEMPL12TEMP2)
{ 17¢ CALL EIOVEC(4+4ebsDIAIOFDI it VIEGV)TEMPL, TEMP2)
173 LU 708 4514
17 DO 709 v=1.4
17% WG 71C RR=10b
176 EH(IsJdonR)ZEGV (U] )SEGV (KAL)
177 710 COnNT e
176 Tu9 CONTINUC
179 7u8 LONTlIiUe
1oV UG 713 1214
1ol IF(EV(]1).6T.0)G0 10 713
lbe IF(UDAM LT, =tV(I) )DDAMSDALS(EV(i))+.1
189 713 CunTihiue
lob LG Tue hezlel
1ed LF(URDSIEV(RL) ) T ,.0001)VIKL)Z]
loo vy 703 431+4 ’
167 wU 704 UsSlek
lbb KiIled)Sn(IeJ)+ERIKLeIoJ) /7 (Ev(KL)+LNDAM)
169 Tut CUNTINLL
190 163 CUNTINUL
191 7u2 CONTIMUe
192 uu 705 a=1l04
192 UG 706 u=lsb
194 LJLELSGRT (DALS(HH (I 1) sHH(JeJ) ) )
195 R{IsJISh{I V) /DUl
190 7u6 CunTltUL
197 7US COMTINUC
190 uO 711 1=1.4
199 CURK(I)=u
F{Y VU 712 vS1leb
2ul CORR(INSCORR(II+h (] o U) 6GGu (W)
P{'r 712 CUNTINUE
203 711 CUNTINUE
cule KETURN
Zu5 SuBROUTIHE MARQ(cEHIEEVIOLLAMICCORR y GGGJ 2 HHH)
cvo IMPLICIT KEAL®8(A=H,0=2)
207 UIMENSAUN EEH(9¢e404) tEEV(4) o CCORRI4) ¢+ GGGJI(N) rRR (o) o HHMH (U 4)
208 U0 714 4=1.4
2u9 CLoORR(I)=0
21V U0 725 J=1.4
2il RiE(aed)SU
212 725 CONTINUE
213 714 CONTINUE
214 JO 716 aALZ1r4 .
215 LO 717 42104
23o DO 718 w=1.4
e\7 RRUIPSISRRES2UISREHIKL I ) u) ZLEEVIKL) 2DOLAM)
218 718 CONTIMUL
219 717 CONTINUE
220 716 CONTINUE
221 U0 719 11,4
ée 00 720 u=1.4
2ed UODL=CSUnT(DABS(RHH (I e D) sriMH(Jod) )
¢4 KR e JISRR(10J)/70LOD
2¢% 720 CONTIliVe
2&0 719 CONTIIUG

227 Vo 721 iSle8




=

ced Lu 722 o104
2¢9 CCORR(INISCCORR (L) +RR(T0J) 856GU(J)
290 722 CONTINUG
P 721 CONTINUe
Rye KRETURN
239 END
<s8>
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RecYsnEeY (i) o KUST

VO N0 U F N

iv
il

13
14
%)
lo
17
le
e}
ey
«l
ce
<3
<l
«v

e?
LY~
<Y
3d
E¥Y
32
33
Sk
3%
do
a7
-t
a9
wy
4l
LT
43
Uy
45
40
47
LT ]
49
S0
o1
Sz
HE )
2
35
%

12
13

42
(3}

SUBKOUTANE KOST(AAIBAIPP 1 NisSSstUJs TToNMNIDTrHeGUe DND
LCOSTILNC P RMTTF s ¢NCPRERR)

IMPLICIT REALSB({n=H,0~2)

KEAL &8 vivA

UIMENSIUN TT(30U)+SS(300),Gu(b)sH(G,t)
DIMENSIUN QUG (%) +DND(300) ¢ UtIC (30014 2¥TTF(300)
LIMENSTIUN D1(G4ea)

CuST=0

Zilll=}

PAN-F2-5%

41220

cwlzl=0

ZhG=0

¢i =0

v 13 I=1.4

wlhutll=n

wJ(l1)=0

LG 12 J=lerb

H{led)su

LilasdisV

CUilTINLE

CONT IV

AlS=ahsrrspT
AcS(1=AA) 20T LB +ni=PPeDTssARe2
2Ls1=UTe(58+AASPY)

nT=PPsLT

AGS (FP3QT)®ss2

ASSAARADL

AlUsABspAss2

ALLSAASAT

Alc=FPs{AASCT ) s,

LIS sLT+AA=AASLT s (3F,+AASPP)

LU (3)SINASLT

wuhu (4)=PrPeDT

wo 10 KZ)eNMb

VisD(RK)SrFaNNASDTS (ZLLLI34ANSLLLL2)
LHCIK)ISPPeNNASDTS L 2LL2)1+An® LL22)
LHUSZLLDPYUND (K)

L€ ZNCHUNC (K)
L£ATTF(KIS1/(PPe{A=2MC) )

IF (K EGeNMNIRMTTFSZMTTF (R)

IF (N ,EGervMN)RERRSLNA=ZNC

AF (K o£GotvMN) ZZNASHNA=ZNC
CUSTCOSTH(SS(KI=LND(K) )22

WO ) I=1re

6J(1)==2 (SS(K)=uhD(K) )SUUNDLII) +GULT)
YO 42 L31ry

HiZoL)=<c* (DOND (1) sOUND (L) =(SS(K)~DND(K) )#D1(TeL))aMH(IoL)
CONT INUL

CONT U

{LK1132ul1142LL12eRBB0T
ALK12220L 118 (~PPaT)e2LL Ao LL
4LK2132LL21+20LL 22988207
ALRe2=2LL2190 (=PPSDT)eZLL22#2L

WUNU (1)SPPSNNASD T (KeALSZLL12+42LK12)
UUNU (2)SPPSNNASDT s (KeA292LL A 2)

-D.,6 -




1

(31 04

30

31

10

CUND (3 SNHASLTS (ZLKLI1+4AASLLIRLI2) +FPSNNASOTeK s (=AA) 4N T s
Llcliil+nnsZiil2)

WOND (W) =PPsUTs (ZLK11+AASZLK]12)

IF(K.MECLIGO TO 3y

UL(1e3)==28PPsNiASDT

Wi(ar)==UTsPPesg¢

VU1(3e3)==26ALsNiunslT

L1(3eW)ZUT=csinAskrsLT

Wl(301)301(1,3)

Li(erl)aLl(len)

Uilerd)=L1(3s4)

oo TO 34

Li(lel)SPPsNANASDTeKe ((K=1)acM128A9-28ZLL122A7)
Lltle2)3rPolinAsuTsKs((K=1) e M12eA12=DTs2LL12)
LI(Le3)StivARDTs(RaZLL12%(=AL1)42LK12) +PPsMNNASDTEKs( (K=1)"
MCvii1oALioDT4MIZoA10) =22 LL122AA#NT=2LL11+DT)
LLI(Lew)SPPoLTs(no LL128(=A11)+2LK12)
Dal2e2)SPPslilinsUTaKs (K=1)s24128318(=DT)
Li(er3)oiivAsLToRaLL122B 1 +PPsNNASDToKs (K=1)8 (ZM11a(=DT) s
lul=cti22aAs(TsBl)

LilerL)SPPsUTaKecLL 12981
Wi(302)TesNNASDTan e (=BA) s T (ZLL11+AASZLL12)+PPesN AR
LiAA®ssZ) 8 (UTss3)sns(Kel)a( M114AA82'12)
V1(3e4)SUTs(ZLKL1142LK12%4n) +PPouTsKe (=AA)»NTe(ZLL11¢AAS2ZLL12)
wviluwel)zy

Uileel)aultle2)

L1(302)=L1(103)

Ullwel)aul(len)

wil3r2)301(2,3)

Lil4e2)201(204)

wiler3ISLL(3e)

Zr1i=dlell

i le=Zhe12

elszle2)

cm2e=2lhed

«LL11Z20n1]

dlLie=2Lnl2

cLlel=2un2l

eLle232LR22

CUNT INUE

RETURN

&..0

GPAT S KELY (1) .SUBZ

T Y T R R T~ s
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RELYSRELY (4) e SUBR

1 SUBROUTLLE KisUTA(A»BrPeNA»T:VIRRJJIJ)
2 LPLICIY REML®R(A=Hs0=2)
3 KEAL®H A
) REAL KAI/KBIRPIRIWAIRTD2K2
5 KEAL RQ
[ RASSNGL (KR)
7 HAZSSNGL ()
-] RHSSNGL (L)
9 RPSSHGL (P)
10 KI,AZSNGL (NA)
11 wT=SHGL(T)
12 akITE(6167)
13 WIMENSIUN X(2)ov(300)9Y(2)
14 X(1)=0,
15 xi2)=0,
lo L0 100 K=1edud
17 YAl)SX (L) 4P s (1h=X(2))
lb e=NaA=X(¢)
19 =Skl (E)
<UL Y(2Q)SBelsX (1) 4 (l=Ts (L +A2F ) )aX{2)+A*PsToA
<l AlR)=Y ()
ee CALL PULSS(DrkZokironTeRGeR)
cd Al(l)=X{a)+Dolb{ne)
1 Wi ITE(SrBBIXLL) 0 A(2)
5 B FURMAT(LOXs "hU Y r2n1GLB.60cXr *RCY92X0614,6)
<0 vi{K)=UBLE (RZ)
e? L0 CGRTINUL
PT:) o7 FURMAT(Rs *RANDUM VALUES ¢Or ND AND NC GENFRATED FOR SIMULATION?)
<9 e TURMN
) el.D

Css)

BPRTeS RELY(1),5UbY




RELY®KELY (4) e DU

Coe)

255
[-1-1-1

)

«U0

SUBROUTLIE PUISSILLZZePP,TT+RRRR KKK}
LiMENSIvie C(100)

IF (KKR.GT.1)G0 TO 555
C(1)=RRRR

60 Tu 6éco
C(1)=C(au0)sinegs
uz=DOUsPP

CALL RAWLEX(CrlULIU)
uz0e.

L0 100 n=1siuC

G2G+C LK)

[F(Q.LTITIGL TO 100
¢Z3FLOAT (K=]1)

L0 TO 2wv

CONTLiIUE

£<=1u0

rETURE

[ APV]

S o - ot

b -
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ceCeconen

SUBROUTINE THIOMA (NehMewsDont)
IMPLICIT KEAL#B(A~Hr0=2)

TRIDOGU1O

TRILIAGONALI(LATION OF REAL SYMMETRIC MATRIX,

VAMERSIUt AC1aMalam) 25 ENM) 53 (NM)

TRIDOO20

SAVE OKIGINAL WIAGUN/LS IN ARPAY D.

VO 10 IS1eN
LIL)SACLe])

TRINOQu4Q
TRID00S0

FOR N=2 RETURN WITHQUT COMPUTING.

IF (v=2)0ur55,15

TRIDOOSO

LU 46 KS3IN
KRZR=1

TRI00060
TR1DOO70

SUM CONTAINS THE SUM OF THE SGUARE ELEMENTS
OF A COLUMN, EXCEPT THE FIRST K=2 ELtMENTS.

SUMSA(K=1/K=2) SA(N=1)K=2)
DU 20 JaRoN
SUMZSUMTA(JrK=2) A (JsK=2)

TRID0OBO
TR100090
TRIDO0100

THE b ARRAY LONTAINS THE BETA VALUES,
(Tekor BETASSUMSS(1/2))

BIK=2)SUSIGN(DSORTISUM) s=A(K=10sK=2})

IF BLTAS0 NO TRANSFORMATION IS INITIATED.
IF(BIK=c)) 24:86,24

TR1D0120

THt COMPONEINTS OF THE COLUMN VECTOR w AKE
STURED IN Th PUSITIONS OF THE ANNIHILATED
ELEMENTS OF A (1.E.» LOWER MALF OF &)

A(K=1rK=g)SUSART (. 5sCABS (A(K~1sK=2) /B(K~2))+0,5)
UENUMS =g sAIR=)rn=2) sB(K=2)

VO 30 I3RN

AL sK=2)ZA(1sK=2) /UENOM

SCALZU,

UG 36 JSAKeN

Tr100140
TRIDO160
TRIDO170
TRIDO17S
TR1D0180

THe BETAS Ake FOKMED ONE RY ONE,

wHEN R OF TH.M MAVL BFEN FQRMED.

P AM: @ CONTALs ONLY (N=R) ELFMENTS,
THe & ARRAY S LD TO STORL SUCCFSSIVE
Ped AL 0»S,

diyr1=0.

WFidet@onn)on Ty 550
WY J9Y LIRKrud
99 BlJ)Zttu)tatlurl)saliineg)

TRIN0190
TRIC01S)
TRIDN192
TRIDO193




TRID0200
TRICO210

57 3¢ DU 35 Ladsn
So 3 BlJISBIUIPA(LIJIBA(LK=2)
29 C
(Y] [ SCAL=W{TRANSFOSE ) #P
ol wusd
(-9 o SCALSSCALSBIJISA(Jrk=2)
X} Uy 40 JIRKeN
be “y elJlzblu)=SCalsA(LiK=2)
[} C
(-1 [N TRANSFORM ALL ELEMLMTS OF A
() C EXctPT PIVOTAL ROW AND COLuUMY,
bo <
(-] DO «5 Jankeh
Ty wl 45 Lsueh
7. L3 ALLIJIShlL eI =28 (AlLIK=Z) 0 (J)+RA{JeK=2)8D (L))
¢ “o CONTINLL
73 C
T4 < RESIURE ORIGIMAL DIAGOIIALS OF A, STOnF DIAGOANL
75 C OF IKANSFOR~cN MATKIX IN ARKAY D,
7o [
1% wu Su 1ZueN
74 1zallel
79 AlIeD)zut )
bu SEI
ol olJ*llzauly)
oce o4 wi1)=T
ad - S {NIZALIneti=]l)
o4 ou pl1)=0ey
[ AL TURT!
oo Eivw
<ss)

WP T e S GAUSSHLW] «5ULT

-~ D.11 -

TRID021S
TRIDG220
TRIDO23C
TRICO240

TRINN250
TRICN2F0
TRINGC270
T<1p027s

TRIGO28N
TRIPNZGC
TRINO30)
TRICDA01
TRICO302
TRION3I10
TkICN320
TRIFr0330
TRICO34D




Reb YSGAUSSILERT (1) ,5UB7

(el ol 2N S ol o oK 2 I o BN [aKakalaXalal [aX a X al NnOoOCOCONOOCO 0

cec

OO O

SUBROUTANE EIGVALILPiEvAeBrweF)
IMPLICI) REAL#8lA=H,0=2)

Eval

LP 1S THE SI12E OF ARPAY A,

E IS A VECTun OF LP ELEMENTS wWHICH wiLL HOLD
THL EIGENVALUES IN DESCENDING ABSOLUTF ORDER,

A IS A VECTOr OF LP ELEMENTS £IVING THE CIAGONAL
ELEMENTS OF THE TRIDIAGONAL MATRIX,

b 15 A VECTOR UF LP ELEMENTS, THE LAST P - )

% IS A VECTOR UF LP FLEMENTS USED FOx TEMPORARY
STUKAGE ,

F 45 A VECTOr OF LP ELEMENTS USED FOx YEMPORARY
STONAGE .

EvaL
EVAL
EvaL
EvAL
EvaL
EvaL
EvaL
EVAL
EvalL
Eval

UIMENSIUL EC(LP) v tLP)sB(LP) sW(LP)
ViNENS TV FLP)

Evat

Fliw ABSOLUYL gOUNU FOR THE EXGENVALUTS

FVAL

AnzUALS(Al]))

Lh=V,.

Lv 1 I=celP
AMSDRAR L LAMP UABS (A (L) ))
br.2UMAXL (BM LB (L (1))
BUZAMEbnt s

LU b IZsaelP

FvaL
Eval

EvaL
FvaL

THIS LUOF FONCES ThrE E1GEHVALVES TU (1E FETWEEN
PLUS ARD MINLS CilEs THE E AND 4 VECTUPS ARL
RESFeCTIVELY LUy AnD HIGH ESTIMATES 710 all

Tht £ loENvALUCS,

EvaL
Eval
EvaL
EvaL

A(I)=zpla) /0l
btI)=L(adsul
E(l)==1.L
wll)Slev
LU S0 KZaeLP

Eval
EvaL
EvaL
Eval
EvaL

Fluw THE KeTr EJGE.VALUE, ALSO LOW AN HIGH
ESTIMATES Fon THE n41=ST TO LP=TH EIGFNVALUES
AREL LMPRCVED, THE EIGEMVALUES ARPF Fulinl In
ASLENLDING ORuER,

THL k=TH EloeNvaALUE IS COMSINFREDN FOUND 4iF TR
THL hlGH AND Low PUACSS AGREF YO SEVEN ULECIMAL
FLACES.

EvVAL
FvaL
EVAL
EvVaL
EvaL
EvaL
EvaL

LF(Ca{R)=E(R) I /UMAXL (DABS (W(K)I+DARSIE(K) ) 1.€=29)=5,E=8)50¢50+10

X(m{r)+e(K))20,5

EvaL

X 15 A GUESS FUR THE K=TH EIGFNVALUE, COMPUTE
HUMBbER OF EIGEKVALUES EGUAL OR EXCEEuIhs X RY
USIi: STURM SEWUENCE (ORTEGA*S METHOU) .

EVAL
EvAL
EvAL

9¢zlev
ri1)ALL)=X
IF(F(1)) 102010%r104

-D,12 -

EvaL
Eval
EVAL
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0y

iid
lag
13

v

104
1o

Vo
147

OO COc
-
-

-
-
n

143

Lo S S ol W o I ol ol o
CURN

£

[a N ol o X g )

$i==1.0 EVAL
N=g EvalL
60 TO 1usS EvVAaL
Siz1.0 EVAL
hay EvaL
DO 120 i=2.LP EvAL
IF(B(1)) 106+313¢100 EVAL
IF(BUI=1)) 1uTellb,107 EvaL
IF (VABSAF (I=1))¢UABS(F()=¢) ) =3 .E=15)112,112,112
IF THE PREVIWS TwWu TERMS OF THE STURY SEOUFNCE EvaL
wEKE VERY SMubir» TREY ARE FORCED TG pf CLOSER EvaL
TO OHE IN MAGNITUDZ TO AVOID UNDERFLOW PkOBLEMS, EvAaL
F(I=1)=rtl=1)e1l.tl5 Eval
F(I=2)=F (I=¢)#l.L15 Eval
FIIISALLI=X)eF (S=1)=B(1)s3(1)eF(1=2) EvVAL
wu Tv 1ad Fval
F(l1)={A{l)=x)s51 Eval
6L TV 15 EvalL
FILIS(A(LI) =X)#F(i=1)=CSluin(o{l)eB(1),52) R
Se=51 EvaLl
IF(F(1))11601170116 EvaL
S1zLSIGNIS1NF(I))
1F(S1+S¢)117¢1200117 EvaL
[PHTLY Fval
CUNTILUL FVAL
NOw LLY N gt TnE WUMFER OF FvaL
ETochVALUES sMubLEwR THAN X, EvAL
Nz Pel. Fval
1IF (el Toh) U Tu <0 EvalL
X oECOMES A UPPER [OUNC FUR THE Fval
n=Tr TG N=Th EIGLNVAL'ES, FvaL
UU 15 wakel EvaL
YIS EvaL
te=iqel EVAL
§F aLlL THE ELGENVALUES ARE SVALLER TrAt e EvaL
TEST aHETHEI. we HAVE CONVERGFO TO THy Fval
k=T EIGENVALUL, FvalL
I (LPeLion) 60 TU B EvaL
vU 2o Jlae bl EVAL
IF x IS LARuLLR THAIN PREVIOUS LOwWFP EvaL
bOUIL e JTHCKLASL THe LOWER BOUND, EvaL
(x = eiJd)igrBrco
(AW Eval
v T0 & EvaAL
Ui Itive EvaL
KESTUFL INPLT aANU SCALE EIGEMVALUES, FvaL
- D013 -
e gt
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116
115
110
117
1le
119
1ev
1
122
123
ies
125
1<o
127
120
1¢9
150
134
132
123

<o)

GO 60 I=1/LP
A(11=SA(1)eBD
B(1)=B(1)=BD

wiIIS(n(1)+E(]1))eED»0.5

[aXal ol )

SOKY EIGENVALUES In ARSOLUTE DESCENDING ORDER

EVAL
EvaL
EvaAL
EVAL

EVAL

©d

80

=P
Kzg
00 80 I=i/L¥

1F (DAES(n (K} )=DABS(W(J)})03+63:65

E(1I=niy)
JEu=3

60 TO 8v
E(II=n(n)
REKt]
CunTllUe
RETUKRN
EnND

GPRT»S GAULSNEWT JSULE
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EvaAL
FEVAL
FvaL

EVAL
EvaL
EvaL
FvaL
EVAL
EvAL
EvaL
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ReL Y#LAUSSHERT (1) .50B8

1 SUBROUTINE E1GVEC(LP . NMiRvAsBIErviP,Q) EVEC
< IMPLICIT REAL®B(A=H/,C=2)
3 C
- C R 1S THE GlVeN MATKIX,. FVEC
L] C LP 15 DIMENSION OF THF WATRIX R, FvEC
[ [4 NH 1S THE MAATMUR DIMENSION OF R AND V, FvEC
7 C A Akt THE DIAGOMAL ELEMENTS OF THE TnIDIAGONALIZED R,EVEC
© [4 B ARE THE OFr=UIAGUNAL ELEMENTS OF TRIDIAGOHALIZED R.FVEC
9 C E AKE THE EIGENWVECTORS OF R. FVvEC
w [ V owiLl HOLD THE EJGENVECTORS,STORED COLUMNRISF, EVEC
11 C P AL 8 ARE VECTORS> FOR TEMPORARY STURAGE 10 EVEC
le C hOLL CUEFFICIENTS OF THF® LINEAR FQUATIONS WHICH FVEC
13 (c'- LETeExMINLE THL EIGEWVECTORS, FVEC
1%
It GIMENSIUI Rlividelem ) s ACLP) s (LP) o E(LP) o VINMIMM) o P(LP)»Q{LP) EVELD
lu LP1sLP=a FVEC
1Y wu 50 Iaz1.LP EVEC
lc RSA(L )= L IX) EVEC
19 yzgi2) EVEC
L P17 [
<l C GEtvehATE COEFFICIENTS TO COMPUTE THE Ix=TH EVEC
e ¢ ElortsWeCTOR, FLRST PICK BEST PIVCTY ELFMENT, EVEC
& C
2% Ly 10 1=1,LP) EVEC
<5 AF (LABS(X)=DAGS{bLII+1)))&6r6e8
eu “ Pl1)=5(ael) EVEC
<7 will)=A(sel)=cIn) EVEC
<d ViIsdXIzuiT+2)
<Y 4==a/Pla) EVEC
30 Xz=28Q{1)+Y FVvEC
2l LF(LFLoinko]) Y=oy (1, 1X) EVEC
3¢ Gy TO 1v EVEC
33 © 1F(X) 8¢7+8 EVEC
% ’ A=lelb=asv FVEC
35 b FLI)EX EVEC
Jo QeII=Y EVEC
37 viIeIX)3ul.0
do ASALI+L)=(BlLel)/7xoY4E(I X)) EVvEC
E3) Yzptl+2, EVEC
“y iy CounT U . LVEC
“l [4
“we [ NOw SOLVE Tre ABOVE EQUATIONS FOR THe EIGEWVECTOR, EVEC
“3 [ TE>1 LAST P1vOT ELcMENT, EVEC
LY [
' <u IF(x)2)ecer2l EVEC
4o gl VILPIX)Z1.0/2 EVEC
w?
4o ‘C: COWTINUE WITi1 THE BACK SNOLUTION, EVEC
L]
Sv &c isLPl EVEC
9. VETeIX)IS(Le~a{I)oviLP IX))/ZPL]) EVEC -
9¢ XV LFoln)es24V (i, IX) 082 EVEC .
53 &9 i=1=1 EVEC X
b4 1F (1126050020 EvEC <
-3 20 VETeIXIS(le= (G I)aViToLeIAI4V(TIoIXI VT2, IX)))}/P(T) EvEC .
S0 AsX+ViTelX)we2 EVEC
- Dols -

- — ” v vwlww s PP~ . pe- g




o7 60 TO 2>

5¢ 28 VILPsIX)Z1,0L10 EVEC
59 60 10 2« FVEC
ov 30 XIPSORTIA)

['73 D0 31IzselP FVEC
ol 3. VITelX)aV(IriX)/A ever
od C

ol [ TRANSFORM LIGEnNVECTOR FOR THE TRINIAGNKAL FVEC
(T3] C PATRIX TO AN EIGENVECTOR OF THE OPIGIMNAL MATRIX, FVeEC
(1] [< a

o7 %

bo IF (WPJEws2) GU YV 50 EVEC
(1 UL 42 RaZ2.LP} EvEC
T Kz LP =Kk + 1

71 Y=0e0 CVveES
72 wQ 35 I=noLP FVvEC
73 £ YayevilelX)nak(lon=1) FvEC
74 Ud 0 J=KelP FVEC
75 4y VIIeIX)SV(TI0in) =0 YeR(JsK=T1)

To ‘e VONY Lile EvtC
7 S CunTinue EVEC
Ta RETuki. EVEn
19 [X4]

<oad>

wAul RECY (L) enot
balensbl Liholn = 430 HWer ok OF ILISkVal> = 6u  TERVIWATTIGH CRITERICH = ,10000C

R
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The above sample output listing is given here only to illustrate
the format as programmed in RELY I at the time of delivery. The values
shown are of no significance relative to the content of the report
(though they are those of a sample from Example IV, Sec. 3.3), nor are
they expected to be repeatable exactly with implementation of RELY I at
a different computer 1acility. The sample is offered as an aid to

users, showing format and exemplary behavior in a given random case.
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