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S 1 G ~~I F i ( ~A N CE AND E X P L A N A T I O N

-~Mdny pract ica l problems in operations research may be reduced to mini—

m izin q a function with or withou t constraints . By means of penalty functions

and similar techni ques a constrained minimization problem can be converted

into a sequence of uncon strained minimization problems . In this paper we dis-

cuss a class of algorithms for unconstrain ed m ini m i zati~ n’~~r~~l ems which con-

verge rapidl y to the solution from a starting point which is not necessari ly

a good approximation to the solution of the given problem .
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GLOBAL AND SUPERLINEAR CONVERGENCE OF A CLASS OF

SCALED VARIABLE METRIC METHODS

Klaus Ritter

1. Introduction

Var iable metric methods are successfully used for iterati vely calcu-

lating a sequence { x~ wh ich converges rapidly to a global minimi zer of

a smooth convex function F (x) . At each point x~ the computation of the

search direct ion is based on a quadratic model 0(x) which interpolates the

function va l ue and the gradient of F(x) at x,~ as well as the gradient of

F (x) at x~.1 . In general Q (xJ 1 )  s F(x~~1) 
. The matrix defining the

quadratic fo rm in  this model is updated in such a way that it satisfies the

quasi-Newton equation .

In th is paper a class of modified update formulas is considered whic h

result in a quadratic model Q(x) which i n  addition to inte rpolating the

function value and the gradient of F(x) at x~~1 minimi zes the cri terion

~ ~ v ii 2 + (1- t)(Q (x~~1) 
- F(x~~1)) 

2

Here v i s  the error in the quasi-Newton equation and t , 0 < t < 1 , is

a wei gh t factor which reflects the importance ass ig ned to sat i sfying the

quasi—Newton equation as opposed to thterpo lating F(x~~1) . Under the usual

assumptions it is shown that the resulting variable metri c methods converge

gl obally and superl i nearl y.

Sponsored by the United States Army unde r Contract No. DAAG29 -75-C- 002 1.
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The so—call ed restricted B royden methods [2] are conta ined in this new

class of variable metri c methods . They are obtained if the weight factor t

is chosen equal to one.

In [1] Biggs describes a modification of the Broyden-F letcher-Go ldfarb-

Shanno method wh i ch results in an update formula for which the quasi-Newton

equat ion is also not satisfied. However , this method is not contained in our

class. Recen tly , Schna bel [7] has shown that B i ggs~ method converges super-

linearly.

2. Basic properties of scaled variable metri c methods

Let x € En and le t F(x) be a real valued function . If F(x) is

twice diffe rentiable at some point x~ we denote the gradient and the Hessian

matr ix of F(x) at x~ by 7F (x~) = g
~ 

and = G (x~) , respectively. A

prime is used to denote the transpose of a vector or a matrix. For every

x € En , II x II denotes the Euclidean norm of x

Throughout this paper we make the following

Assumpt i on 1

F (x) is twice continuously differentiable and there are numbe rs

O n such that

ii x — x ’G(y)x - n II x ii 2 for all x , y € E’1 .

I t is well-known that Assumption 1 implies that F (x) is uniformly

convex and that there is a unique z € En such that

~ :~~~ ~~~~~~~~~~ 
- 
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-
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- - nF(:) < F (.~) for all x El E , ~ z

1t is the purpose of thi s naner to discuss a class of al gorithms which

t a sequence

(2.1) 
~~~ 

x~ — S . with F (x .41) F(x .) , j 0,1 ,... ,

which converges super linearly to z . Here s~ € E~ is called a search di-

rection and the scalar is referred to as the step size.

We say a sequence { x,~ converges super linearly to z if and only if

f l x j+1 
- z_II~ 0 as j

Z I ~

Since z is a global minimizer of F(x) we have 7F(z) = 0 . Thus ,

if x~ 
-. z as j  then - 0 as j  . Furthermore , it follows from

Lemma 1, proved at the end of this section , that f x~ } converges superlinear-

ly to z if and only if 
~~ I conve rges su perl i nearly to 0 . There fore ,

it suff ices to show that

(2 .2)  tI g~~1 II 
o as j .

II g~ II

In order to derive conditions under which (2.2) holds , we assume for the

momen t that the sequence (2.1) converges to z . Then it fo l l ows  from Tay lor ’ s

theorem tha t, for every j ,

( 2 . 3 )  g
~~1 = g

~ 
- 

~
( f G(x ~ - t -~ s~ )dt)s~

= — G~~G s ~ — ~1
E
J
S~ ~

_ _ _ _ _  — 
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where (~ = G ( z )  and

(2.4) E~ = f G (x~ - t ~ s~ )dt - G .

Dividing (2.3) by II g~ 
II and using the triangle ine quality ue ~~

the two inequalities

(2.5) ~~~~~~ <~~~~~3 
~~~~~~~~~~~~~~~~~~~~~~~~II g~ II II g

~ I t I t g
~ 

It II g~ II

and

(2 .6)  ~~~~~~~~~~~~~~~~~~~~~~~ _ L1
~~~~ 1~ 

‘
< ~~~~~~~~

II g~ I I II  g~ II I I g~II II g~ II

Since
1

l I E . II < II J G ( x .  — t - .s .)dt  — G ( x . )  II + II G ( x . )  — G It
0 ~ 3 3

implies that

(2 .7)  II E~ II 0 as j

and it fol lows from Assu mption 1 that

II  ~~~ II = 0 (I I  g
~ 

II)

we deduce from ( 2 .5 ) ,  (2 .6)  and (2 .7 )  that the sequence ~g~
} conve rges super-

linearly to zero if and onl y i f

- - - ~ - -  - G -~~~----~— 0 as j
h g 3 II I l g ~ II

This shows that in order to achive superl ine ar convergence we have to

determine the search direction S
3 

and the step s ize in such a way that

- 4 -
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I I g . Gs .
( 2 . 8 )  - -~~• -  - ~~~ - - -~ - 0 as j

It q~ I I  II  Gs~ II i t

and

I t l Gs . II
(2 .9)  —a---- - 0 as j -

~~

I ~ I I g
~~ l I

If a variable metric method is used to compute the sequence (2.1)

then a matrix H. is associated with each x~ and

(2.10) =

The matri x H~~1 i s de term ine d by a ddin g a matr i x of rank 1 or rank 2 to

in such a way that the quasi-Newton equation ,

(2.11) H~~1d~ = p~ ,

is satisfied. Here

g. - g.~ 1 s .
(2.12 ) d. = , p. = -—---—-—---

3 II 0 . S .  II II S .  II
3 3  3

Th is procedure can be motivated as follows . If H~ approximates C 1

i n the sense that

(2.13) II H~ - G~~ II 0 as j

then it is clear that s~ as defined by (2.10) satisfies (2.8). Furthermore ,

it  follows from (2.3) that

(2 .14) G~~dJ p
~ + G 1E~P~ .

Thus i f H~÷1 sa tisfies the quasi—Newton equation (2.11) we have

— 5 —
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Ii (H~~~1 
- G

1
)d~ II . 0 as j

It should , however , be observed that the condition (2.13) is not nec es-

sary . ~~cor ding to (2.8) we only need the property

II G~~ g . H .g.
- 

~~
-- -—

~
- -

~ 0 as j
II G gj I t II H~ g~ It

comb i ned with a Step s ize sat isfy ing (2 .9 ) .

Assuming that H~÷1 is symmetric and positive definite we denote the

i nve rse of H~~1 by B~~1 and cons id er the quadra tic  funct i on

(2.15) Q(x) = F(x~÷1) + g~~1(x - x ~~1) + ~ ~~~~~~~~~~~~~~~~~~~

Obv i ousl y we have

(2.16) Q(x~~1) = F(x ~41) and TQ(x ~÷1) =

Furt hermore , if H~÷1 satisfies the quasi-Newton equation (2.11) then

(2.17) B~÷1~~ = d~

and it fol lows that

(2.18) 7Q(x~ ) g~~1 + ~~~~~~~~~~~~ g~ .

With 5j+1 B~~1g~÷1 it is easy to verify that x~÷1 
- is the

uni que globa l minimizer of the quadratic function (2.15). Since B~~1 =

we can interprete the negative search direction - s~÷1 = 
— H~~1g~÷1 , asso-

ciated by a variable metric method with a point x~÷1 , as the di rection wh ic h

leads from x~÷1 to the global minimizer of the quadratic function (2.15)

which has the properties (2.16) and (2.18).

- 6 -
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S~~~f l a  - in ge n 1ra ) \ ~
) * F(:.~ ) we could try to determine the quad—

~a t i c  ~unc t ion Q( ) so h that

(2 .19) Q(~ .) = F ( x . )

by g i ving up one of the properties (2.16)  or (2.18).  Since at x~41 the

function value F(x ~~1) and the gradient 9j +1 represent the most recent

information about F(x) that is available to us, it appea rs reasonable to

insist on (2.16). Howeve r , then the quasi-Newton-equation (2.17) necessarily

leads to the equality (2.18). Therefore , if we wan t to use a qua d ra ti c func-

tion of type (2.15) that has the properties (2.16) and (2.19) we have to re-

lax the quasi-Newton equation (2.17).

Multi ply ing the equality (2.14) by G we obtain

~~ = ~~~~~~~~~

Thus the quasi-Newton equation (2.17) guarantees that

It B.~~1
p~ 

- I i - 0 as j 
~

Howeve r since Gp 1 differs in general from d1 there i s reall y no reason

to insist on (2.17). On the contrary it might be better to relax (2.17) in

favo r of a better approximation of F (x~) by Q (x~)

In the f o l l ow i ng we w i l l , therefore , consider a quadra tic function (2.15)

where B~~1 is symmetric positive definite and satisfies the relaxed quasi-

New ton equation

(2 .20) B~41~~ = d. + v~

We assume that v~ i s an opt i mal solu ti on to the prob lem

— 7 -

~r~~-- ~~~~~~~~~~~~~~~
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(2.21) n u n t II v i 2 
+ ( 1 -  t)(Q(x~ ) - F (/~~))

2

Here the parameter t is restricted to the interval 0 t 
- 

1 ‘ 1

interpreted as a weight factor which reflects the impo rtance we ass i a~ ~o

tisfying the quasi—Newton equation as opposed to inte rpolation F(/~ )

Using (2.20) we obtain from (2.15)

(2.22) Q (x ~ ) = F ( x~~1) + g~~1 (x ~ - ~~~~ + ~~ (x ~ 
- x
~+i

)’ (g
~ 

- g
~~ 1)

+ ~ Ix. - x~÷1 II ( x .  - x . ÷1) ’ v~

= F ( x ~÷1) + ~ 
( g

~ + g
~ ÷1)’ (x ~ - x~41) + ~~~ I l x ~ 

- x~~1I t 2 p~v~

Setting

(2 .23 ) = F (x ~~1 ) - F(x ~) + ~ 
(g ~ + g

~41) (x ~ 
-

we can therefore write (2.21) in the equivalent form

(2.24) mm ~ t ll v ,t 2 + ( 1 -  t ) (v~ +~~ I Ix ~ 
- x~~1 II 2 p~v) 2 ~

Clea r l y  v~ is an optimal soltuion to (2.24) ‘if and only if

(2.25) tv~ + ~~~~~~~~~~~~~~~~~~~~~~~~~~ = 0

If t > 0 this implies v~ = >~ p~ for some . In order to obtain

substitute into (2.25) and solve for . This gives

2(t- 1)v.
= 

2t + (1 - t) l t x ~~ x~~1 II 2

Therefore ,

2 ( t -  l)v .
(2.26 ) v~ = -—---- 

22t + ( 1 -  t )  I l x ~ - x~÷1 II

- 8 -
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is an optima l solut ion f e ’  ( 2 . 2 4 ) .  If t 0 , then (2.~ f ) j5 ~~ -~ni

CIpti I I I~~1 solut ion. Furthermore , if t = I , then V .  = 0 ar id ‘ 2 . 2 0 )  red~~es

to the quasi-Newton equation ( 2 . 1 7 ) .  On the other hand i f  t = 0

V .  = - - ----a--
II x~~- x . ÷1 II

- 

-

~ and i t fo l low s from (2.22 ) and (2.23 ) that Q (x ,~)

With
2 (t- 1).

• ( 2 .27 ) = f.(t) = 
22t + (1-  t) IIx ~ 

- x . 1 U

we obtain from (2.20) and (2.26) the relaxed quasi-Newton equation

= d~ +

or i n terms of

(2.28) H.
÷1 (d. + 

~~
p
~ ) = p~

By Taylor ’ s theorem there are vector s

(2 .29)  z .  , z .  El x x = x~~1 + ~( x .  - x~~1) , 0 1

suc h that

F ( x ~ ) = F( x~÷1) + g~÷1 (x ~ - x~÷1 ) + ~~~ (x ~ - x~÷1 ) ’ G ( z ~ ) (x ~ -

and

g~ ( x ~ -x ~÷1 ) = g~~1 (x ~~- x ~÷1 ) + (x ~ -x ~÷1 )’G(z~ )(x~ -x . ÷1 )

There fore , it follows from (2.23) that

v~ = ~~ (x~ - x~~~)’(G(:~ )- G(z~ ))(x~ - x~÷~)

— 

~~~~~~~~~~~~~~ ~~~~ 
_

~~~~~~~~~~~~ 1~~~~
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,-. f l i L~ b . 2 ’  - 
i l lei l in s th~ ’ ‘~ ere IS  - i  constant  • such t’ni~

(2.30 ) - . ( t )  ( 1 -  t ) :~ l I G ( z ~ ) - G ( z ~ ) I I  , 0 - t • 1 .

Set t ing
d -  = d . + ‘ p .

~1 3 3 3

and  cn~~~ ing a rb i t ra ry  parameters ~ and with + - 0 we def ine

the f o l lo ,.Iinq c lass  of update formulas

+ d’.H .d .)  + ~2d ‘H .d.
(2.31) H~,,,1 = H~ + ~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~_J-
( B 1d~ ’ P~ + ~~~~~~~~~~~~

p.d ’. H . + H . d.p.’ H. d .d ’H .
- : 1 

•~1d~’ p~ + ~~~~~~ 
2 .- 1d~ ’~~. + .~2d~ ’ H~d~

Assuming that all denominators in (2.31) are different from zero it is easy

to verify that each matrix H~~1 defined by (2.31) satisfies the equation

(2 .28 ) .  Moreover , i f  H~ is symmetric so is H~÷1

If we choose t 1 , i .e. = d~ , then (2.31) is i dentical with

a class of update formulas introduced by Broyden (see [2] and [3]).

In orde r to determine conditi ons on • ‘

~~ 

an d “ 2 which guarantee that

the up date formula (2.31) maintains the positive definiteness of H~ we de-

fine the two subspaces

S,~ = s pan { g~ , d~ I

T~ = x (H ~g~ ) ’ x = 0, (H~d.)’ x = 0 ~

and  observe that

- 10 -
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(2. ‘ )  H~~1
/ = H . x  f o r  >- El

Since g
~ ~ 

and d
1 ~ 

T~ it follows that H~~ 1 
is com pletely de-

fined if we specify it on the subspace S~ . For each update formula (2.31)

we h o v e

(2.33) H~~ 1
d~ =

If g
~ 

and  d~ are l inearly dependent , then is comp lete ly defined by

(2.32 ) and (2.33). If g
~ 

and d~ are l i nearl y i ndepen den t let w~ El S~ be

• such that

w~p~ = 0 arid H~w~ = q
~ 

with II q~ It = 1

Then -

and  

= p~w~ = 0

+ 32H.d.)d~q .
-
~~~ H.÷1w. q. - 3 ,,,,) 

~~
3 € span {q ., p . } .

~ ‘~ S d’.p. + 3 d’.H .d.  ‘~ ‘~

l j j  2 3 J j

This implies that there is a vector u~ El span { q~~, p~ I such that

II U
,j II = 1 d~u~ = 0 ~ w~u~ > 0

and , for every update formula (2.31),

(2.34 ) H~÷1w~ = I , . u .

w here only the parameter depends on the particular values of and

Since we assume that H~ is symmetric and posi t ive definite it is not

d i f f i cu l t  to verify (see [6 ] ) that H~ can be written in the form

H- - 1 1 -

4I~~~~~~~~~~~~~~ ~~~~~~~~~~ ‘ 
- - - 

f~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
a w 

- - -

~ 

~~~~~~~~~~~~~~~



p . p
’. q . q .  -

(2.35) H. = -
~~~~~~~~

-
~~
-- + H .

3 a ’ 3a I~ g~ p~ w~q~

where . = II H~g~ t t ~~ and H~ is a matrix of rank n - 2  . ii tr i

H~g~ = H~w~ = 0

Now it follows from (2.32), (2.33), (2.34) and (2.35) that

p .p’. u 1 u ’.
(2.36) H.,,,1 = ~~~~~~~ + ~~~ . —~-—~~ + H. .

d~p~ ~ w~u~ 
‘~

Therefore , i f  H~ is posit ive definite , then H. ÷1 is posi t ive def in i te i~

and onl y if

(2.37) > 0 and w~ > 0

Because = ~~~~ + ~~(t) and ~~~ > u (see Lemma 1) we can force

to be positive if we choose t sufficiently close to one (see (2.30)).

In order to study the dependence of on and 
~2 

we fi rst choose

= 1 and 82 = 0 . If t = 1 the resulting update formula (2.31) corre-

sponds to the Broyden—Fletcher-Go ldfarb—Shanno-method [3], [4], [5], [8]. Toe n

d’ q~H~~1w~ = q
~ 

- .—--- p
3

i i

Thus , setting = d’q~ / we have

q .  - •-~-
.p.

(2.38 ) u. = ~ ~ -a-—- , ~aj .  = It q . — 

~
z . p .  II

II q - ~ II ‘~ ~

~ 3 3

Since by (2.35 ) ,

- 12 -
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- 
d ’.p . d ’.q .

(2 .39 ) H - d .  = p . ~~~~~~~~~~~~~~ + q .
~ ~ .g ’.p . ~ w ’.q.

3 3 3  3 3

we obtain for a genera l choice of the parameters 
~~~~ 

and

H ~ 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- :

1
p~~d~~q~ - -

2
H~~d~~d~~q~

j+l i 
-

+ c
2
d~~H~~d~

? 1d~p. + s
2

(d~~~~~)
2 / 

3~~3~~3 
(q . - --~ .p .)

+ B2d~H~d~ 
‘~ ~

Thus in general

(2.40) • .
~~ 

= It q~ 
- ‘~~

p
~ II

where

+ ~2 (d~p.) 2 / n .g ’.p.
(2 41 ) - - = ‘~ ‘~ ‘~ ‘~ ‘~ ~

‘~ +

This shows that > 0 and 8182 ~ 0 
~ ~2 * o i s a suff ic i ent

condit i on for .~~~ > 0 , which by (2.37) implies that H~÷1 is positive de-

finite. If a
~~1

[
~
1
2 

~~ 0 , then could be zero or negativ e. In this case an

adjustment of the parameters 8~ and 82 i s requi red i n o rder to obta i n a

positive definite matrix H~,,,1 . a

For late r reference we prove the following l emma

H -~~~~~~~~~~~~~~~~

i )  For every x
~ 

El En

II g~ II < ~i II x~ 
— Z II and u II x~ 

— z II II g
~ II

~~~~~
. - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  a • ~~~~~~~~

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

~~~~~~~~



i i ) ~~ d oH bra ri~~ m o d  h , ( 2 . 1 2 ) .

G~~l J . ~ - n d  II d .  II

~~~~u

i ) By Taylor s theorem there are vectors

z~ , z~ El : x x = x~ 
- ~( x ~ - z )  , 0 1

such t h a t

- Zn 2 
< (x ~ 

- z ) ’ G ( z ~ )(x ~ 
- z) = g~ (x ~ - z )  < t t g~ Il II x~ - zI l

II g j It
2 

= ~~G(z~ ) ( x ~ - z) < ~ It g~ 
II It x~ - z I t

i i) Using Tay lor ’ s theorem again we obtain

= 
~~~~~~~~~~~ = P~G ( z ~ )P~ > -

‘ A

and

II d~ t I 2 = ~ = d~G (z~ )p~ < It G (z~ )It It d~ It < n II d~ t I
II :~s~ II

3. Convergence

Based on the discussion of the previous section we describe now an

al gor it hm wh i ch fo r any sta rting poin t x0 and any symmetric positive de-

finite matrix H0 generates a se quence ~ x~ } wh i ch e i ther term i na tes w it h

z orconverges super linear to z

At the beginning of a general cycle of the algorithm , x~ , g
~ * 0

and a symmetric positive defini te matrix H~ are ava i lab le .

-14 - 
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- p 1 :  ~.J~Ip I I t  1 ‘ 0 ‘ i~ se I’  a - I i  ‘ 0 1  t I -

L - ) r ’ l p . i

S
i

L ed 
~~

- t 0  S’ o:~ 2.

Ste; 2 : (Co~ bu ’ I t ion o~ tee St e i  s i ze

Determine such that
I - 

F(~~. - .
~s . )  mm F(x ~ - - i s . )  I

• Set
=1- 4~1 3 3 3

and comoute g
~~1 

. If g
~~1 

= 0 stop, otherwise go to Step 3.

Step_ 3: (Computation of

Select 0 t 1 , and  w i t h  ,~~~~~ + ‘ 0 and compute

= F(x ~~1) - F (x ~ ) + ~ (g~~+ g ~÷1 ) ’ ( x . x . 1)

- 
2 ( t -  1)v .

.( t )  —- ____

~

- - - - —‘ -

2t + (1 -  t) IIx~ - x~4~ I t

S .
d. = —

~~
--— J~

__ + ~ . ( t) — —
~~~

—-- .3 II ~~~ II II s
~ 

II

De te rm i ne H~41 by formula (2.31). Replace j wi th  j+ 1 and go to

Step 1.

Rema rk

In Step 2 we assume that - ‘

,~ 

is the optima l step size. This assunlp-

tion simplifies the proof that the sequence converges super linearly to

Using an approa ch similar to the one in [6], it can be shown that this3 

- 1 5 -

,, ~~~~~ - — — ~— . ~~~~ • -
a - - •

•,
-
~~ :- . - 

~~~~~~~~~~~~~~~~~

- 
‘

~~~•~~~~~



‘( i A l f l Ca true if is an approp r iate appro .. 1r’ ia i- ~~
- 

~ ‘ I 07 H

step size . In Step 3 we assume that , if necessary , the para:ete , a

and 22 are adjusted in such a way that = d~’i~ + ~ ( t )  0 ‘ d

defined by (2.41) is positive. As we have seen in the previo u s sec t i a I ‘ ‘ Is

i m p l i e s  that H~~1 is pos i t i ve  definite .

In the following l emma we establish some properties of the sequerl *- ,

and (x ,1~ genera ted by the al gorithm.

Lemma 2

i ) F ( x ~~1) < F(x ~ ) - 
~~~

— (g
~
p
~)
2

ii ) 
~~~ 

0 as .j -
~~

i i i )  It x
~,,,i

_ x,~ II 0 as i -+

Proof:

i) By Taylor ’ s theorem we have , for every > 0 , the inequality

F(x ~ -os~ ) < F(x ~) - :g~s~ + ~ :
2 11 s~ I t 2 ’ .

For = g~s~ / II s~ I I 2~ this implies

F(x ~ - o~s~ ) < F(x ~ - ~s~ ) F(x ~ ) - (g
~p~)

2 / 2’ .

ii ) Because F(x) is bounded from below and F(x~41) <
‘ F(x ~) for

ever y i , it follows from part i) that g~
p
~ 0 as j

iii ) By Taylor ’ s theorem there is a vector z~ such tha t

z,~ € { x x = x~ - A (x~~1 
— x~) , 0 1

and
0 = g~ 41

p~ = g ’
~p~ 

- 
~~~~~~~~~

- 16 -
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hO ~I- t o  r e

q~p . g 1- p . 
a

(3. 1) U x . ,,
~~ 

- x .  II = II .s .  II = - ~. ) . 0 j  . -

-‘ ~ P~ G ( Z ~~)P~

In ord e r to p rove tha t the sequence T x~~ conve rges to z we need

some properties of the trace of the matrices H~ and B~ . By definition ,

the trace of a matrix is the sum of its diagonal elements , which in turn is

equa l to the sum of the eigenva lues of the matrix. Using the representation

(2.35) of H~ we obtain 
a

( 3 .2 )  tr (H~ ) = + + tr(~~)

Using (2.35 ) once more it is not diff icult to verif y that B~ = H~
1 can be

wr itten in the fo rm
.g.g ’. w~w ’.

B. ~~~~~~~~~~~ + ~~~~~~~~~~ + B.
g~p~ w~q~ 

•

where is a matrix of rank n - 2  wi th the property

B~p~ = ~~~~~ = 0

Thus we have

11g . tt 2 II w .  ~t 2
(3 .3 ) t r (B . )  = —~~ ~ + + t r ( B .)  .

9~P~ w~q~

Now let

= tr (B~) + tr(H~)

Then it follows from (3.2), (3.3), (2.36) and

~ d. 1 1 1 w .  U 2
8 . 1  = + —- ___ — + tr(B .)

d’ a w ’i i  I i j~~

- 1 7 -

-- - 

a

- 
‘~~~‘ ~~77~ .• 

—‘—U-

I • I - : ,~~~~~~~~ - • a

~

, 

/
- - - 

- - 
,a~’



a a 

, - 

. U ~ a i ~ H 1 ’  U ~~~ 1 2 
- 

1 . 1 . 1 1  • 1 
2

- ‘ 3 .~~p. d .p~ 11
1
.1 1  - I l - I a  -

3 _ 1 3 ,J 3 j j .1 3

‘ 2 . 3 8 )  3nd ~~~ 0 ii’inl y

W - I I  -

i.I I . = -

1 3  U q ~~- .~~~~ . I I

we can wr i te  the above equal i ty in the form

- 

1 +I Ie .g -  it 2 1 + I I d . t 1 2 
1 11w . 11

2 t iq~ 
- 

~~~~~~~~~~~
(3.5) 

~~~ 
=
~~~ 

- - - - ‘
~~~~ 

+ - - -- - -
~~~~~~~~~ + ( — -1~ ~~~~~~~~~~~~ +

~~~ ~3 w~q~ w~q~ 
a

By Lemma 2 , II x~,,.1 - x~ II 0 as i -. ‘ - . Therefo re it follows from

(2.29) and (2.30) that , for 0 t 1

II d~ 
— d~ II = I ~~( t )  I - 0 as j

In connection with Lemm a 1 this imp lies that there is a constant such

t h a t

1 + ~~~~
. 

2

(3.6) for j = 0 ,1 
d~ p~

Next we infer from d~ = ( c ~ 
- 

~~~~~ 
/ II ~~s 1 

II + ~~~ 
that

- II c~ s~ II -~~p~ El S . D e f i n i n g

I I - - .s - II ~~
.

(3.7) y
~ 

= ‘

~~~ 

II~~s~ II p~ 
- - - - ~~~~ -~~- - ~~~~~ d.

jpj

and observing that p~
(g

~~1 - y 3 ) = 0 we deduce from the definition of

and w . that

(3.8)  i i  = , ) - -~~~~~~~~~~~ -~~~~~~~~~~ = a ,~~
, - 

q~~~1 
.
~~~~~~~

. . . - .

1 H~ 41 (q~ 4 1 
- 

~~ II II H~ , 1(~~ 4 1 - Y~ ) I I

- UI -

~
‘; 

~~~~~~~~ .~~~~~~~~ • 
~~~~~~~~ ~a 4 

/

‘~~~~~~~;;~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -
. 

/ ~J



Using ( 3 7  I ’ J  ‘ ). S~ ‘JO c b t i i n

l w .  tt 2 g~÷1 - y . i t 2

( 3 . 9 )  • - - i )  - = ( 1 - - - . )  — - -- — ~~~--- - — ‘ - —- - - • - --

- / r~ q~ ~ ~~~~~~~~~~~~~~~~ - y
~ )

and

- - 1  a
~~~~~~~~~i I I H  ( - ) 11 2

(3.10) = 
j j+ 1 j+l j

w~q~ ~ 
(g~÷1 ~~~~~~~~~~~~ -y

~ )

- 
- w here

(3 .1 1) y~ tl q~~- ~~ i i 2 
-

Unfortunately it does not appear to be possible to find an a priori

upper bound for the expressions on the ri ght hand side of (3.9) and (3.10).

However , since it follows from (2.30) and (3.7) that y,~ = 0 if we choose

t = 1 , there i s t ,~ < 1 such that for every t wi th t,~ 
< t - 1 the fol-

lowin g condit ion is satisfied.

Condition 1

Fo r eve ry 
~
j the paramete r t is determ i ned such that 0 ~ t < 1 and

2 2
(1 — y . ) II 9j +1 

— y
~ II  

— 

II g~41 II 
~~~~

~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 
—

-

~~ 

- 1 U H~÷1(g ~÷1 - y~ ) ii 2 
- 

lIH~~ 19~÷1 II 2 

u

~ 
~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 

— 2

where and are arbitrary positive constants .

Using Con dition 1 we obtain the following l emma

-19 -
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Lemma 3

Let Condition 1 be satis fied. Then there is a c e n s ta nt  • .
~~~ 

0 S a • ’ 
a

t h a t

j 1 1 g 4  II
< (j +1) ~A

3 
for j 0 ,1,2

i=0 g~
p
~

Proof:

a 

For every ,j we define the matrices B~(’~~) and H~~(T ~~) as fo l lows

p.g .g ’.
(3.12) B

i(~j
) = B~ 

- (l -Iii) ~~~~~ 
3

g
i P~

p.g .g ’. w.w ’.
= 

~i-1

(3.13 ) H~ (T~~) = H
i 

- (1 - 
~~~~

)
3 p~~g~~p~

1 p.p ’. q .q ’.
= —  ~h1~~T~ _ 1 

~~~~~ w~q~

Setting

= tr(Bj(~~
) + tr(H~(T~ ))

we obtain , similar to (3.5), the equal i ty

1 / 1 2 1 + I I d I I
(3.14) Si+~ 

= aP~~ 
- 

~~~~~ ~~~~ 

+ 
~~~~~~~~ 

I lc ~g~ I I ) +

+ ( I - 1) 1 1  
w
~~! - (1 -  - .)

- 1 

w~q~ ~ :~41g~~1p~41

+ )- -~~~- - (1 - I) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

w~q~ i

- 2 0 -

• 

- 
-
.

- ‘ a . - ‘b

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 
— -~~ — —  — --- —



U si n c i (3.6). (3.9) and (3.10) and observing that

1 - H
H II j+l 

- 

~+1 j +19 j + 1

l i e  deduce f rom (3. 14) and Condit ion 1 the inequal i ty

(3.15) “j+I 
- ~~~~~~~~~ • 

~~ 
+ 

~~~~~~~~ 
ll P~~~Il~) 

+ 1
0 

+ U
i 

+

j~~ 
~~~~~~~~~~~~~~ 

(
~

-
~ 

+ 
~~~~~~~ 

+ (j÷1)(..~ •
~~~ 

+

S i n c e  and T~ are positive , B~(~~ ) an d H~(:~ ) are pos i t i ve

definite . There fore , every .

~~~ 

i s pos i t i ve and it fo l lows from (3.15)  that

(3.16) ~~ ---fl ~~~ + -
~
.
~~~I 1 

~~~ 
1t~) (j+1) ~4 , j 0,1 ,2 , . . .

i=0 g~~p~ 
T i_ i

for s ome constant 1
4 

> 0 -

Because > 0 and T i 1  = i-i ~~~~~ i~~~1
2 it is easy to

veri fy that

1 / 
~ 

2 lg . I I  1
(3.17) - - - -

~~~~ 

+ •
~i-1 

Il~~g~ II 
) 

1 
- 

~iP~-i 1 -

- 
- 

~~~~~ \ 1— 1

Moreove r, fo r every j

II II ‘ ÷ I a~(t) I and d~p1 = ~~~ + ~~( t )  + ~~(t)

Since by (2.29), (2.30) and Lemma 2, a~~. (t )  ‘ 0 as j - 
~
- 

, we have

> ~1/2 for j su ff i c i entl y large . T he refo re , it follows that there is

- 0 such that

(3.18) II q
~ 

- - .p. Il
_ i 

> > 0 for j = 0,1 ,2 

- 2 1 -

a 

~~~~~~~ ~~~~~~~~~~~~~~~~~ 

. a  - -  _ _



M A -  S~~$ - 1 O ! I 1 o~ t e o  1 0 - l i la ~ol1ow s now fI~~IH (3 .16 ) ,  ( 3 . 1 7 )  dr il l  (3 .1 8 ) .

~ith Lemma 3 at w A r  d isposal  we can now eas i l y  prove the na in re sul t

of th is sec t ion

Theorem 1

Let Assumption 1 - A nd Condit ion 1 be sati~ fied . Then the se q uenc e /
,~

generated by the algori thm either terminates with z after a finite

number of iterations or converges to z , where z is the g lo bal mi n i-

mizer of F(x)

Proof:

It follows from Lemma 3 that there is a positive constant and an

infinite set 3 ~ ~0,i ,2,. . .1 such that

Ii g . II
< for j  El 3 .
—

Since by part ii) of Lemma 2 p
~g~ 

0 as j - this i nequality shows

that

(3.19) II g~ 
II  -

~ 0 as j - , j El 3 - 
a

By the continuity of 7F (x) this implies that :F(x) vanishes at every

clus te r po i nt of the su bse quence ~x3
., j El 31 . Since the set

f x F ( x )  - F (x
0)~ 

is compact and F (x ) * 0 for x * z we deduce ,

therefo re , from (3.19) that a subsequence of fx ,~} converges to z

Observing that F(x~÷1 ) ‘ F(x ~ ) an d  F ( z )  - F(x)  for x * z , we see a

that x~ - z as j - ‘-  -

- 22 -
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- - U  U I ’  c n v  O s  fl I l a

in order to show tha t the Seq ien le il
; e nve rqes super l  i near l y  to

aj0 need the following additional assump t ion.

• A s npt i 2

There is a pos i t i ve  constant L such that

II G ( x )  - G(y)  II < L t I x - y  II , x , y El En 
-

Let GU2 denote the square roo t o f G = G (z) and set G~~~
2 

= ( G ~~~
2
) *

As a f i rst  result we t-,ill show that with an appropriate modif ica t ion of Condi-

t ion 1 the sequence

tr(G ”2B( - { .)G ~~~
2 ) + t r (G ~~

2H~(i~ )G~~
2 )

is bounded , where the matric es B(-(~) an d H~~ (. i~~~) are defined by (3 .1 2)  and

(3 .13 ) ,  respect ively.

Observing that by ( 2 . 2 8 ) ,  (2 . 40)  and (3 .4)

u ’.Gu . 2 u ’.Gu . (q .  -~~. p . ) ’ G  (q .  - -~~p . )
= (- y .  - 1 ) 11 q . - -

~ 
. p . II —

~
--—-‘

~~‘ + —~~- ~ ~

w ’.u. ~ ~ w ’.q .  w ’.q ..1 3  3 3  3 3

it is not diffi cult to show that in analogy to (3.14) we have

(4 .1) = 
~j 

- 

~~~~~~~~~~~~~~~~~ 
+ ~~~~~~~~~~~~~ + 

P P ~ +d~G
’d~

+ 
1~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ (
~~~

- l )  IIq~~- U~~~ II 2 u~G~~ 
- ~~~~~~~~~~~~~~~~w 1q~ ,j

(q. - - L .p .) G (q. - np . ) q ’.Gq .

+ 3 3 3  j
~~~~~3 - - 3 3

- 2 3 -

- a’ ,-.-._- - - - ‘. ..~~~~ — - - __ ~~ - -

________________________



In deriving estimates for the terms on the ri g h t  hand side o~ t e a -

above equality ~a/e will use a result, derived in [61, whic h states that 4~~~~,

every x , y El En with y ’ x > 0 the fol lowing relat ion holds

x ’ G x + y ’G~~y (y-Gx )’G ~~(y-Gx )
(4. 2) —— = 2 + — ————---— -—----- --

y x  y ’ x

Lemma 4

p ’.G p . + d .G 1d. 2~ ~ - - 2 = 0( I tx . -z l I ) -

Proof:

It follows from (2.3) and (2.4) that

g. - g. 1(4.3) d . = ~ = Gp . + E.p.
~

with
1

(4.4) II E . II = II J G (x~ 
- to~s~ )dt - C II

0

lI f C (x~ 
- to~s~ )dt 

- II + II G. - G II

< max { II G( x .  - t:.s.) - C .  II + II G - - C 1 1
o~t -1 ~ ~

< L II x~~1 
- x .  II i- L II x~ 

- z II

< L II x~.,,1 — z II + 2L If x~ - z U

= 0 ( l I x~ -z I l )

where the last relation follows from (2.5) and part i) o~ Lemma 1 . a

Since by (2 .29)  and (2.30 )

(4.5) ~~(t)~ = < ~(1- t) L I I x~÷1 
- x~ If = 0 (1 1  x~ 

- z I I)

- 24 -
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I a~ p i n t l a r a f r o m  (4.3) and (4.4) that

(4.6) II d~ 
- ii = ii d~ + -~ (t)~~ 

- U

II d~ 
- 

~~~ I I  +

= 0 (I! x~ - z II ) .

Finally observing that by (4.5) and Lemma 1

(4.7) = ~~~ + 3~ ( t )  > u for j sufficiently large

we obtain the statement of the l emma from (4.2) and (4.6).

In order to obtain estimates for the remaining terms on the right hand

side of (4.1) we observe that by (3.8)

(4.8) (~~L - 1) 
w~.G ’w .  

= (1- -c .) 
(g~ ÷1 -y~ )’G

1
(g~ ÷ 1 -y~~)

w~q~ ~ ~~~~~~~~~~~~~~~~~~~ 
a

and

(4.9) 
~~~~~

. - 1) ~P~ I I 2 u 
= ~~~~~~~~~~~~~~~~~~~~~~~~

w~q~ (g
~~1 -y~)

’H~~1 (g~÷1 -y~)

Because no a pr iori upper bound for these terms is available we intro duce the

fol low i ng restr ict i on on the cho i ce of the parame ter t -

Condition 2

For every j the parameter t is determined such that

- 

II g~÷1 11 2 ii q~~~ it 2 
-3 I 

- 
- 

a 6 g
~

~~~~~~~~~~~~~~~~~~~~ g~~1H~~1q . 1

H ~
3 - 1

~ 
I I S ÷1 I1

2 

- 
~~~~~~~~~ 

< ‘a 6 t t g . I I
Ij (g .

1 
- 

~~~~~~~~~~~ - y
~~) g~ ÷1Hj41g .~~1 

—

- 2 5 -

r ~~~~~~~~~~~~~ 
- _

~~ 
, _ a ______________ — - - -

• ~~~~~~ 4

_ _ _ _ _ _ _ _ _  - -- -
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1 / -  I ( l y .  I1~ I I
1 • - 

~ - 6  IIg 1 I l
( g ~~1 ~~

) 
~~~1

(g
~~~1 

y~~) 
a

•~~- i  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~6~

l g. It
~~~~~~~~~~~~~~~~~~~~~~~~~~ 

--

- where :
~6 is an arbitrary posit ive constant.

Since it follows from (3.7) and (2.30) that y
~ 

= 0 i f  t = 1

there is t~ 
- 1 such that every t,~ < t < 1 sat isf ies Condition 2.

Lemma 5

If Con dit ion 2 is sat i sfied , then

I - 1) J J  - 1~~1g 1~~1 g
3÷1 

= 0 ( l I x ~ 
- z I t )

j w~q~ g~~1p
~~1

and

2 u.Gu . 1 p ’.~ 1Gp .~ 1(
~~ 

- 1) ll~~~~- U~ PJ 
II ~ - ( 1 - — )  ~ O ( I I x ~ - zII )

w~q~ 3

Proof :

Observing that p
~÷1 

= 

~~~~~~~ 
we obtain

a ~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~ 
=

- y
~ 

)H~~1(g~~1 - ~~ 
g~÷1s~~1

I -1 I -1 I -i -1
- 

9i+1 G g
~÷1 - 

g~~1G g
~÷1 

+ 
Yi

G y
~~

- ~~~~~~~~
(g

~4 1 ~~~~~~~~~~~~ - y
~ ) ~~~~~~~~~~ (

~~÷1 - y~~~H~÷1(g~÷1 -~~ )

By (4.8), Condi tion 2 and part i) of Lelnma 1 this imp l ies the fi rst statement

of the l emma . Simila rly the second statement follows from (4.9), the relat i on

- 26 -
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- ~~~~~~~~~~~ 
I 

- -i
~~) 

- 

a
~ +1 ~~j +1 

• =
- y~ ) H 1~ 1( g .  1 

- Y~~)

— 
~~ 1Gs 

~~~~~~~~~~~~~~~~~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~~ +

~~~~~~ 
-y ~ )H~ ~~~~~~ ~~ 

g~~1s~~1 ( g ~÷1 -y ~ ) H ~~1(g~÷1 - y
~ )

Condition 2 and part i )  of Lemma 1.

The next l emma shows that the sequence x~ conve rges suff i c i entl y

~~a~ 5 t  to z to make the sum over all numbers It x~ — z II f inite .

L

Le t Condition 1 be satisfied. Then the sum

/-

( 4 .10)  II x .  - z II
H j=0 ~

is finite .

Proof:

By Tay lor ’ s theorem there is a vector

z~ El x z + A (x
~ 

- z) , 0 < ~ < 1

such that

F(x~) = F(z ) + 
~ 

(
~~ - zYG(z~ )(x. 

- z)

From this equality we deduce the relation

• (4.11) 5 II x~ - z 11 2 
< 2 ( F ( x ~ ) - F(z ) )  < n II x~ 

- z 11 2

Furthermore , it follows from Lemma 2 that

(g ’.p. ) 2
I - ~~~-‘ ‘I — ~~~~ ‘~ — -~ ~ra A

j +11 ~‘ ~ 2n

Sub tracting F(z) on both sides of this inequality and using (4.11) and

Lemma 1 we obtain

- 27 -
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a ) 2
(4.12) F (x.÷1 ) 

- F(z) F(x.) - F(z) - --~~~~~~~~~ a

-~ 2 -
2

• I I / (o~ P- ~
)

=

2(F (X~)~~F(Z))r al
l

( (g I
.p . )

2 ‘
i

~
- < ( F(x ~ ) - F ( z ) ) t l  - 2 ~ 7 - ‘

\ n Ix .  — z Il

2 (g ’.p.) 2

~~~ 

( F x ~ - F(z))(1 -
~~~~~~~ U g ~ ~2

With
/ ug ’.p-

(4.13) ~~~
. 1 - (  ~~

\n II~~ II

we infer from (4.12) that

(4.14) F(x~÷1) 
- F(z)  < (F(x 0 ) - F ( z ) )  

0 
-

For every j let j ( k )  denote the number of elements i in the set a

r~,1,.. . ,,j } for wh i ch the inequality

IIg ~ II
(4.15) — > 2

g
~

pi

holds . Then it follows from Lemma 3 that

j  II 9. II
2 03 j (k ) < ~ < (j+1) 03

1=0

(4.16) j ( k )  (j + 1)

If we set
2 u 2

C = 1 -
2 u 3 n ,

then ( 4.13), (4.15) and (4.16) imply that at least one half of the numbe rs

= 0,1,. .., i , are less than or equal to ~2

a - 2 8 -

_ _ _ _ _ _ _ _  - - a~~ 
-

_ _ _ _  _ _  ___________ -



~here f - A - C ,

j
( 4 .17) I I  r .  -

i=O 1 —

Combining (4.11), (4.14) and (4.17) we see that

II x~ - z 11 2 <~~ (F(x ~ ) - F ( z ) )  < ~~ (F(x ~ ) - F (z ) )  -

This shows that

II x~ - z II = O(~~) for some 0 - 1

from which it follows that the sum (4.10) is finite .

In the next l emma we establish the boundedness of the sequences f

~ B. (y.) and ~ H~ (- {~) } .

Lemma 7

Let Assumptions 1 and 2 and Conditions 1 and 2 be satisfied. Then the

fol lowing statements hold

i) The sequence ~ is hounded.

ii ) The sequences ~B~ (- {~)} and ~H~ (-(~)} are bound ed.

iii ) II 
~

_ i 5
~
9
~ 

— II - 0 as 
~ 

-. =‘ •

Proof:

i) I t follows from the equality (4.1) and Lemmas 4 and 5 that there is a

a constant such that
- 2~t .p - Gq .

(4.18 ) + 0 7 I t x ~ 
— zI l  + ~ ~ ‘~ ~

w~q~

Since = d~q~ / ~~~ and by (3 .6 )  - 
> 0 is bounde d away from ze ro , we

have

_  _ _ _ _  

- 2 9 -

_ _ _  - - -~~~_ _— 
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- , (d ’ . q a ) 2 d~q~ 
2

7p’.Gp . - 2 a P ~~G I a  = - _ _ ~~_ 3 _ • + ( p ’. G - d . ) p .
-~ -‘ ~ ~~ d’ -~ ~ 3 d

i
p
i ‘\ i

p
i

I 
d~q~

- 2 (p.G-d .)~~ d,~ p~

= 0 ( 1 1 d~ 
- I I )  = 0 ( 1 1  x~ 

- z II )

where the las t equality follows from (4.6).

Observing that by (4.2), 
~ 

> 1 and > l / w ~q~ we deduce from

(4.18) and (4.19) the inequality
II x . -z II

+ 1
7 

IIx~ - z Il + 0 (
~ ~~~~~~~~~ 

)

~~~

. ( 1  + 
~8 

lx
i 

— z I f )

3
= fl ( 1  + 

~8 I~ 
- Z I i)0 i=O 1

where 
~8 

is a sui table positive constant. Since by Lemma 6 the sum

~ 11 x . - z t l

is finite this impli es that for some constant and all i ~ 0

- 

ii ) For each i , the ma t r i ce s  B~ (~~ ) and H~ ( -~~) are symmetr ic  and

positive definite . Hence all their eigenva l ues are real and positive . Since by

defin it ion , i s equal to the sum of their eigenva lues i t fol lows from

part i) of the lemma that the sequences {B~ (~~ )} and 1H~ (~~~)~ are bounded.

iii ) By part i) of the l emma the sequence ~1 /w ~q~ } i s bounded . There-

fore , (4.19) imp li es that
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a - - -~~~ ) G ( q .  - . . p a )  q~~~ Q~~ -

(4 .20) - ~~~~~~~~~~~ - ~~~~~~~~ = O ( I I x~~- z I I ) .

\ai ’.q .  w~ q .

Sinne 
,
~ 

C) b r  all j , it fo l low s from (4 .1 ) ,  (4 .20 ) and Lemmas 4, 5

and 6 t hat  the sum
-

, 2 2  — i 
-

( P j GPj + r j 1 ~~. 9 ~ G 9 j  
- 2

i_-U 
\ ~~~~~~~~~~~ /

is f inite . Hence,
, 2 I I~~~~~i- -(~~ 1c~~~G 

~ -- 2 as j  - - ,

which by (4.2) imp lies

11 - Gp
~ 

II 0 as J -+

Using the above lemmas we can now prove the main result of this section .

Theorem 2

Let Assumptions 1 and 2 and Conditions l and 2 be sat is f ied.  Then

I x .  — z I lj+1
— -~~0 as j - ~~= .

II x~~— z  II

Proof:

a It fol lows from (3.1) that a

g’.p.
I ’  (4.21) II ~ .s . If = - ~

p~Gp~ +P~(G(Z~) - Ci)pi

+ (p~G -  
~~~~~~~~~~~~~~~~~~~~~~~~~ 

+ P~ (G(z ~ ) - G)p 1

Since

(4 .22)  II G (z
~

) - C II If G(z ~ ) - II + II - C II + 0 as j

_ _  

- 3 1 - 

_ _ _  _ _ _ _ ______ — ——-——— — -  - ~~~~~~~~~~ 

~~1 

- ______ __________

/ ~~~
, / ~

a
*,y 

I
i 

~~ /



- old by p a l t  iii) of Lemma 7

(4.23) II j -i~j 9j - II - 0 as 
~ 

-

and

~~~~~ ~~~~ ~
. / 2 for j ~~j t t  lc le fl tlj l -~~s-

we infer from (4.21) that

(4.24) II 
~~~ 

~ ~j—1
1 j = -

~j~j—1 
• 1 as ) - a

Fu rthermo re ,

(4.25) - C = —
~~~~

- - C - - -—a- - - - G

II g~ II If g~ If II g
~ 

If 5j -1 119 j 11 - .~~ 1 U ~~~ .

g. s .  - 11 5 11
- C + - - - ( - . -

— 

II g
~ 

If r j i ll g~ II • 
11g . ft

and
II g .  5 -

- GP~ II 
~

•
~~-i~j II g~ II - C

a
j~~ 9~

Therefore ,
I g . 5 .  1

(4.26 ) — - C = 
-
‘ . 1~~.g. - Gp . I

II g~ II 
~~ ~~ 

g~ II II II ~ ~

Observing that by part iii) of Lemma 7 the sequence

f 
1 

_ _ _•I~ ~~o~ II g~ If 
- 

1 
~ 

tIg~ii I

is bounded we deduce from (4 .23)  through (4.26)  that

g.
______ — C — ‘i a— -- 0 as j  •r

It ~~fI II g~ ft

In conjunction with (2.5), (2.7) and part i) of Lemma 1 this completes t 1
~e 

a

proof of the theorem.
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!‘ ~A a C a ] l ~~~ ing l A ~~1iHld a t  iS  ShM ~JI) that the a l l J A ~~~ L a ,  a j  ~l 1 ~~~~~ b0~~

- a: a fl~~ - 

a

Lemma 8

Le ~~ a s ( I ( I ) 1 c t ions 1 and 2 and Conditions 1 and 2 he satisfied. For e~’erj

MAcAli ce ~a f 
H 

and - ‘ 2 such that 
~ ~2 0 and + 2 ~ 0 t oe f l -

lowing statements hold.

i ) 0 - ,

~~~ 

— 1 j = 0,1,2,...

i i ) I I  - 0 (mai 
~~~~~~~~~2 

. II xj~~z 11 2 )

p

I~ t - l l n ~is f rw’- (2.41) and (2.39) that

(4 .27)  , .  = ~_‘~~~
j _ ~~~

• 
~~~~~~~~~~~~~~~~~~~~~~~~~

3 
~~~~ + a~2

d~~H
j

d
j

= - 
~~~~~~~~~~~~~

+

5A ~( à I w C  

~~ 
- 

~~~~ + .- 2d~H~d~ ) > 0 the above equality proves tho ti rst pa o •

~ne l emma . ~rtOer (’Hre , the relat ion

-
. d’.H .d. - 

.~ dt p. - d’-H .d a
2 3 3 3  — 1 3 3  2 j j j

a f l l a a 4 1  ~~1I l~~ 1 s u f t  a las  to prove the second part o1 tOo lemm a t a 1  ~~~~~~ case

= ~ ~2 1 - c t b  this o h u i ce  of par ameters we o b t A i n  fou l’ (2.41)

I• - 1~ilit  /

7

1 - q~P - d - H .d. (d I p , )
? - (d~q~~

~~28) — 
I _ _ I _ u i — 3 3  3 3a 2 - 

(d~~~) 2

= 1 + - -~~- ~~ -~ (d ’ . - 
~ 

2
w~q~ 

J

_

1
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: - -w 1 S c -  / - . (
~ 

- 
11(11

= ~~~~~~~~ 

(P~ GP
J ~ (M~~~1 ~

3
J~ J 

- P~~aPj))

i t t o l l  o w  t ru~r c  (4 .28) and parts i ) and i i i )  of Lemma 7 t l l.i t A he ll - iS so

constant b ~‘ 0 such that

(4 .29)  1 * -
~~~

-
~~

- ( d . c 1 . ) 2 
, j = 0, 1,2 

a i  • 

~j-1 ~

Finally observe that

(4 .30) I d~q~ d~q~ + A .(t)p
,
~q~ I 

a

( c i  — g -

a” 
3 It  

• 
a 

~~, ( t )
— II ~~~ If

= - 
~~1

q~ 
- ~~( t )

II ~j
5
j 

II

Since by (3 .1 ) and pa rt ii ) of Lemma 7

1 p ’.G- z )p . 1
= 

_l_ _ _  I i  
< = 0 (

~~~
- - -

~~~)
II -~s~ I f g~

p
~ 

— 

g~
p
~ II g

~ II

and b~ (2.30) and (2.29)

I •~~ ( t )  I = o ( I  ‘ j+l - I I )  = 0 (11 - Z II )

i t t o ll ows from (4.30) and part i )  of Lemma 1 that

II - Z II
(4 . 31) d’.q. - 

= 0 ( —  - ~~~ - - —  II x . - z I I )
I l i - - z I l

3

By T heo rem 2 . the r ight h1m ul side of C4 .31) converges to zero which by (4 .? ~ )

i mr )lies ‘ t 0 1  ~~~~~~~~~~~ - 1 1 / , . I is bounded. Hence we ob ta in from ~4.29)

tb~ equa 1i t~

I 
- = 0 ( (d~qj )2 )  -

~~~~~~~~~ 
;

~~~a

- ~~~~~~~ 
~~~~~~

_ _ _  _ ____________ - -~~- - - - 
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- - A - , - - - • I - - t O  S i Oi l  i i  I - -

- 1 - 0 - ( d f q )
2

I 3 3

- . . IC  , t I l l  S - 1 - 1  - I - c  ( ufli; )] - ’ ~S A a t  proof of tOe - lemma .

- ‘ I I  - U lO ! i  it  iS S A l h c~ J l l  ‘ n1~ , for  j su f f i c i en t l y  large,

~
..  ‘ O t a ’ a a -  a ‘~a , - , ~~d l i l ~ s a t i s f i e s  Condi t ions 1 and 2.

- ~~a S  )~ c i - s C - 2 c d  ~ a I l f i l  ti~~a r l s  1 and 2 he sa t i s f ied  and suppose 
a

2 D i ’ d  ~ :2 * 0 .  T hen

‘ 0 -~~~~1-~~~~~ 5 - B - - a na l  P . - are bounded.

1 -
~~~ 

j  - a

‘ ‘ ~~ ‘ t -  is j 0 s u ’  t n a t , ~or j  j 0 , every t , 0 t - 1

- a ’i S fl- . ind~~~1- )n 5  C and ?.

I a P 1 1 0 - I S r~ n Lemma 8 A r l a t

-1 .32 ) . . 1 as 3 - - -

- rs ~~~~~ 
p ’ ’ -  ~~~~ 0 rem follows from part i i )  of Lemma 7. In order to

~~ s~ ‘d pa- ‘ 0’ ‘~~~
- ‘flC iI~~0Ii I cIC deduce from (4.21) the relation

- 

g
j
p
i

$ 
~ q~p~~ ~~i-: 

- 1)g~~p~ + l~s~ tIp ~ (~(7j) 
- 

~)P~ + I f s .II (p ~G ~~~ ~
g~ Yp~

b 1’ (1 32) ,  (4 .22) ,  part  i i i )  of Lemma 7 and the boundedness of the se-

- II s~ I1 / g ’
1
p~ 

- implies toat. -
~~~~ 

- 1 as i - -

= d~q.  / ~~~~ i A  ~- - f l uw s  from (3.11) And (4.7) tea t

= O ( ~~ )

_ 3 5

- - .-1
~ ~~~‘ ,,/

,

~~~~~~~~~~~~~ 

-u~r~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Thus Lemma C-I and p a r t  i of Theorem 3 imp ly t r111 t . eve -j ~~~, 0 
- - 

1

oa t i s f ies  Condi t ion 1 for j s u f f i c i e n t ly  large.  Fur t’e-r: i oc- , I S 1 ri ~~~~~. 
~~

( 4 . 7 )  and the fact that g~÷1p
~ 

= 0 , it is IL O ~. di f t c c u l t  to v en t , ~r

there is c 0 such that

(4 .33 )  mm ~~ - , 

g
1~~’ - 

~~~~~~~~~ 

> 

~~ 

, I 0,1 ,2 , . . ,

j +1 j +1 ‘j

Because by (4 .5)
I 0 (11 x~~

_ z  I I )  , 0 - -

it follows from (3.7) that

II y
~ II = 0 ( II x~ 

- z 11
2 )

we deduce from ( 4 . 3 3 ) ,  Lemma 1, and the first part of the theorem the rela ti on

(4 .34)  
II g~~11 2 

- 

II g~~1II 2 
= O (min { 1 , ~~~~~~~(g . 1 

- y~ ) I H~~1(g~~1 
- y

~
) ~~~~~~~~~~ II x~~1 

- z II /

S i nce by Lemma 8

1 - 
~~

. = o max { f i x .  - z 1 1 2 , 
II x~~1 

- 

~~~ 

~II x~~~z II

we obtain from (4.34) the equality

2 2 I
I i  - - . ____  

II 
- 

II g
~~1 II 

I O (max {fI x - - z l I 2, ~~ 
~~~~~~~~ 

: 1
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 

3 3

Using Lemma 1 and Theo rem 2 we see that the fi rst inequality of Condition 2 is 
a

satisfied for all t, 0 t — 1 , if j is suf f ic ient ly large . Since a com-

pletely analoguous argument shows that the remaining inequalities are also sa-

tisfied for all t, 0 t < 1 , and all suff i c i ently lar ge j this completes

the proof of the theorem.

- 36 -

~~~~~~~ ~
;:-. -~ . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-



REFERL~~CES

1] P .C.  Biqgs , ‘Min imizat ion  a lgor i  thms making w e  of n o r _ a l u a d , - - ‘ ic  ~~~~
- —

pert ies of the objective function , Journal of the Iris ti tote ~ f ‘ - ‘ h

matics and its Applications 8 (1971), pp . 315—327.

[2] C.G. B royden , ~Quasi -Newton methods and their application to f i j r — t i ~~’

mi nimization ” , Mathematics of Computation 21 (1967), pp. 368—381.

[3] C.G. Broyden , “The convergence of a class of doubl e-rank minimization
algorithms ” , Parts 1 and 2, Journal of the Institute of I-la the matics or d
its Applications 6 ( 1 9 7 0 ) ,  pp. 76—90, pp. 222-231.

[4] R. Fletcher , ‘A new approach to variable metri c algori thms ’ , The Corn-
puter Journal 13 (1970), pp. 317—322.

[51 D. Goldfa rb , “A family of variabl e metric methods derived by varia-
t i ona l means ” , t-lathematics of Compu tation 24 (1970), pp. 23-26 .

[61 K. Ritter , “Global and superline ar convergence of a class of -va ri able
metri c methods ” , Mathema tics Research Center TSR No. 1945 , Universit i
of C-i isconsin— M adiso n , 1979.

[7] R.B . Schnabel , “Q— superline ar convergence of Biggs ’ ilethod and rel a tc - d
methods for unconstrained optimization ” , Department of Compute r Science
TR No. CU-CS-133-78, Un i vers i ty of Colo ra do , Boulder , 1978.

[8] D.F . Shanno , “Condi tioning of quasi-Newton methods for function mini-
mization ” , Mathematics of Computation 24 (1970), pp. 647-656.

_______ 

~~~~~~~~~ 

- 3 7 -

_ __ _ _  4
~~~~~~~~~~~~~~~~~~~~~~ - - 

~~~~~~~~~ c~ - ,.- ’ - 

4 

/
/

____  
_ _ _ _ _



I C a R ‘~~‘ C L A a 1 ~~‘ - - ‘ . P h , .  al . a a  .a , i a a , . I

REPORT DOCUMEI—ITAT ION PAGE ,
~~~~~~

, ~~~~~~~ Y~~
’j C~ }~M

I R E P O R ’  N J M c 3 F R  - a~~~~T A ~~ C E alOt . NII a ~~~C l a  N ° - A I A L a’ ,  N . M 4 , F k

= 1— l . a -ia

4 ti.~~~~~E iO,~I aa . t a a l a  I a T Y P ,  0’  R E”  t-~~ b P E a  a C RED

4 a ’ Si’ fO ~i I i  a ‘ :  I ((F’ A I.a ~ 
- - ~ U fl.iM 1/ Report - no spo -ifi-

- . a\ ’i [ O  . ‘ .w TaO ! ‘-0 i l - I ‘-0 - . - I ’ i i c ~ 
repor t i ng  per ioo

A PERFORM I NG ORG. REPC .RT IIUMI ’ E F I

7 A a T ,-,~ - R  , B C O N T R A C T  OR G R A N T  N U M N E R

~~~ (ID )

Kl~~~ Ri~~’ r 
a -

____________________ 
a— 

_ _ _ _ _ _ _ _ _ _ _ _ _ _  _____

9 P E R F C . R M I N G O R G A N I Z A T I ( . N  NAME A N D  A D D R E S S  O P R O G R A M E L E U E N T P R O J E C T A S P (
- - - - A R F A  & A o R ta’ a N I T  N UM B ERS

M a t h em a t ic s  ~ese~~r:h Ce n ter , I olversity of 
~
, a rk U n i t  n~~nI a r 5 —

ri lO W a A l f l U t  Street Wisconsin  •
~~~~ t~~~~~~~ It 1 a l l Pr  )(~ r.1rfl1fl i ( 0  and

Madison , Wisconsin  ~37 0h  j ) } ’ r a t  ionS Oc ~~ j r ch
I t . C O N T HO L L I I G  OFF ICE N A M E  AND AD DR ESS , I 2 R E P O R T  D A T E

U . S. Army Research  Off ice
P.O. Box 12211 U. NUMBER OF PAGES a

Research Triangle Park . North  Carol ina 2770 9 37 ‘~~/
T~~ M O N I T O R I N G  .G E NCY  NAME & A DD RESS( I (  differen t from Con trollin g Of f ,ce) ¶5  S E C U R I T Y  C L A S S .  (of th ie report)

A UNCLASSIFIED
15a. D E C L A S S I F I C A T I O N  DO W N G RA D , N G

S C H E D U L E

IS D IS T P  BU T (O N  S T A ’ E M E N T  (of this Report) 
—

~~~~~

Approved for public release;  distr ibution un l imit ed .

I- 
- 

I
,

17. D ISTRI B UT ION S T A T E M E N T  ‘ f  the abatre c l  entered in Block 20 , if dilleren l from Report)

I& SUPP, E M E N T A R Y  N O T E S

19. K E Y  * ORDS (Continue on reve rse  s ide if necenar-y aid id.nfiI.- 1,a- I’tOck nu mber)

U r . C o f l s t r a i n e d  n i n i n i i z a  ion , va r iab le  m e t r i c -  method , qiobal  converar n ( - (~,

a~~t . i ri i n o a r  ‘ r V . - r q o r v a’-

20 A 9 5 1  - . A C ’  ‘ C o ~~t Inue on r e v e r s e  ,,d~ if necese e ry and identify by block number)

This ~-a j - r -~r. I :‘-rs a class of variable metric ’ methods for uncons’ t o m c a T
- 7.a~ I O ( a .  Tho Pat a’ f a arvccm l an are such that the quasi—Newton equation is

I ’ r n ’- a n  i ril’/ - -~i~ i - - f  I -  I . ~rPc r a~-~ ropriate assumptions on t Ic . - function to
a - mc n im iz ’-P , -ach -a l gorithm Ifl this class -orlvaaroes globally and surIvr-

I Tv - i r l ;  -

DD 1 j A N 73 1473 l I l a ’ ON OF ‘ N O V S S IS OBSOLETE UNCLASSIFIED 
_________

S E C U R I T Y  C L A S S I F I C A T I O N  OF TN -i PA G E  I4~,en Date Ent ered ) a

‘
I

a.a a...e.ot . — a .~,— ~__._~ ‘~~~ —a-—— a. a _~~~~~~
,. -_~~~~ ,Ø

, ~~~~~~~~~~

-
- 41~~k~--’ - ‘e

- - 

f - a . ,a a~~~~~ a . .

_ _ _ _  _ _ _ _ _ _ _ _ _ _  -e,~~~~- ~~~~~~~~~~ - -


