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I . INTRODUCTION

The heat transfer occurring at the surface of a solid in contact
w i t h  a fluid at different t emperature is frequently modeled by the
radiation , Newton cooling or convective heat t ransfer condition

K - H (U
f 

u ) :  (1 .1)

here ~ i s  t h e  inward norma l from the surface of the solid , Uf and u5 are
the t emperatures ~~ t the fluid and solid respectivel y at their interface ,
K is the coefficient of therma l conduct ivt tv for the metal and H is
t he eft •L t i.t’ heat t ransfer coefficient (which might include radiation
term s I • In most cases Ii , K and Uf are not known :‘:~ ‘r : since t hey
r~m -~ ~~~~~ ~i th  ex is t i ng conditions and their determ inati on becomes a

- r  ~) r t  i o n  of the problem. However , to  make p rogress  and to  under-
-~t a n J  t h e  r o l e  of t h e s e  j i r a m e t e r s  more con i p l e t e l v  we may  i d e a l i z e  the  S
p r o~~l e m  ~~ ~4 s ’ ~~~I I ~~ I n g  t h a t  h I L K  i s  .i known p o sitive constant and uj - i s

.i g i v e n  f~in c t  ion  01 t i m e . t l l t i m a t e l v  t h e s e  are n ot  r i o u s  r e s t r i c t  ions
.~~t n  i n ~~)r 1 ’or a t e d  i n t o  .i l a r ~:er s c a l e  f l u i d  flow calcu l a tion sin ce’ h and
u f can he reset over each s u t t ’i c i e n t l v  s m a l l  t i m e  I n c r e m e n t  of t h e  corn-

The o h i e c t i v e  .~f t h e  p r e sen t  report  i s  t h e  c o n s t r u c t i o n  of a number
O~ c e • i c t  s o l u t i o n s  for  t h e  hea t  or d i f f u s i o n  e q u a t i o n  w h i c h  s a t i s f y
h o u n d a r v  c o n d i t i o n  ( 1 . 1 ) .  These f u n c t i o n s  w i l l  he used subsequent l y i n
1 SC [i ii t~i tC repor t to  d e v e l o p  an e f f e c t i v e  n u m e r i c a l  algori thm which
mode ls  the heat transfer occurring at the bore surface of gun barrels .
In  this report however we shall not he concerned with engineering appli-

~~it  i ons  hu t  f o r m u l a t e  t he  prob l em as a pure ly mathema t ic -i l one • ~ ir
inal~ s i c  w i l l  suppose that the t emperature of the solid depends on a
si ngle spati al coordinate x and on time t and that the solid exists in
t he region x > U . Denot ing the t emperature of the solid h~ u(x ,t) the

~.-u n~1irv condit Ion (I •l ) ma~’ he rew ritten in the form

u ( O , t )  • U~ ( t )  ( 1 . 2 )

r~’ Lh i s  t h e  d i f f e r e n t  i a I ‘;‘e r a t  or d e f I n e d  hv

1 ‘uI U~~~~~ U - — — ( 1 , 3 )
h *x

w i t h  h • II ~, > 0.

S

_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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l i i  Sect ion II we shall define our prob l em pr e ci st’li and introduc e
t r j t i s t o t -ni,tt t on  w h k c h  j s  the inverse of 1 h I n  ‘i ’~ t ~ W1 I I I  we

t m d  transformatio n s for the functions }I.
~ 
and Il , which were introduced

iii rev ions work Ft  na Il v in Sect ion I V  expi ic i t sol Ut ions ‘I t h e
- t H en., are obtained for specific choices f the boundary and initial

~~~~~~ ~ e sh a ll nake rr c. 1 tae nt use 01 the r e s u l t s  i n  R e f e r e n c e  2 ,a ii i sI ,.i l I
•(~~~. c I T  t h at  t h i s  i s  .i~ a i1 ,i hle’ to the reader.

II . P K U B L I . ~I S I  .\ I I  ~H VI \ \~ ITh I k-\~~~) T I ° ~

‘mo i der  ~~~e f- - I l  -w ing ;‘ro1’Ie~ d e f i n e d  i n  t h e - , 1 u a r t r i  p la i n ~ 0 ,
• “a

‘U ‘~~U -,
• I 0 , t ‘ 0 ( _ • 1  1

( s , 0) • 1 1) ( 2 . _ i

- i  ) (1 , t ) • ~, t ) -‘ U (

.he  ‘ (I and  h s ,t (  i ned h~ -

- . i i ti so . .~~~~s ”.is i . -r t h i s  F r - h ~ em we sh .i i p r . n c t i  u s i n g  ; - i T - i ~
- ~-— ~ a I i t  i - f l  • h . i  i s , we c ha l  1 ‘ e ~‘ 7 ¼  t’ ~~~ d w i - . ‘ h em,l I I L  a I

l e g  i i m a . . 1 - u t  ; - re - ; m ~~e’ t h i t  .11 I f u n .. I n s  i n  .
~

U C s i ni e ‘ i s .’ind .i r ,-

~~~~ i t :  ; n ~ 1 - . . —‘ - ‘ . t o  m . i . t  i f c  whate~ er o; ’er a ’ i on s  i t ’ - p er f  r r a - 2 .
-
. . - I 1 i . . . I ’ ;c. n ! h; s  ; r . .’c e Ju r e f o l l - ’ws ; .:‘ , n : ’ ’ !‘~ m m o ( ; i ’ . g t h . i t  t h
t~~n~~t i o n s  ~~.~ -r e I’~ - ‘ a i ncd Jo i n  1 . 4 . .  s a t  i s t v  t h e  s1e’- i r t ~~ (‘t i i i . I t  i o n ~

he ~~i’ m - hamul  • he’ i ~~
:-

~~
- m t  -~ u e . t  i - ‘n - - I . i n i  c and ‘ m i t  i mi ~ i ,

on t h e  . T . m t . m  w~ I l  ot  he c o n s i d e r e d , in  t o -  • the s o l u t  i - -n
- - l ’ ’  2 . 1 1  — ~2 .  3)  m s n - -~ - m m i i  ~ue -, m n l e ~~s in . i . t .j i i on . i  I , t ~~, - f l , - r : T i i i

. . h  m- ’- -~~ r i c ’ i on  m c  -. t i ; ~m m I a t ’ . 1 ( ‘ . ‘n s ij e r  i n  ‘ h i s  re~:i r.I the ,-l Om ; -I ,
, 1I - • e f l  ~~~ I r i e d m a n 1) - -u~~~- r~- - . t r i , ~~~m - ” ’ - ~e r - ~~- m a i n l y  o ni l

‘- 1  . . 4 1  1 m e a n i n g  Ic ~- s so I i t  i ‘ n —  and w i  I I  cer  0 i TI I - . h~ s at  i - t  ied  h the
I ~n c  • i n  -n - ri . ed he 1 . -w ~~ i c h ire  e it h e r  bounti c d . r ~: r 

-w ~~. - r i  c i .  ‘w 1 v
i po l s n o~m m a I  i n  x ( i s  ‘ • w i t h  ‘ h e l d  t i r i t e ) .

• 
• 

‘ .t~~~.. — ~~~~~~~~~~~~~ ~ so:.. ~ ~~~~~ ~~
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- : .‘ ..~~ 
• .‘ ‘ - : ..‘r ~Y”~ • ‘ , . I: i . ’. ~‘
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I
To solve T~rob 1 em ~~.l) - (2 ,3) note that the related function

( 2 . 4 )

s , i t  I S !  I CS hi’ t ‘11 ow m ng  e ’ - !i i . l t i o n S

• a U , t 0 ( 2 . 5 )

~ I s , 0) • 1 ”n ! ( ‘)  ‘ 0 2

-• (0 , t )  • g ( t I  t ‘ U .

1 s m n ~ 1 ~n e ar i ’ - w t -  may e e ; - r t ’ss t h e  s o l u t i o n  to  t h i s  p r o l - l e m  i n  t h e  f orm

S \ • ~I g

A ’ rr e v , am ~d \ 
- 

a~~ - the -~s - 1 u t m . in s  t -  ( 2 . 5 )  - ( 2 . 7 )  w i t h  g I t )  — U and
• C) re ;‘~~c t I i’ I t  - h r  -i’ pt h I  e~ns .i~ .‘ the well know’tm

s o i . • t  i

( - ‘ ) I (~‘ - s 
• H 

1 
- , ‘ I ( 1  1 ( s )  ..is 2

_ I nJ

• :a 
•~~ H (~~ ,3 ( t- r )  g ’ r )  dr

~~
‘ • ‘r e

H ( s  , ) • ( 1 - t  (~~~~ r s ;~ ( - x / 4 t )  ( 2 .  I t ) )

I( ,(e , t ) ’  ~~I(~~ ( t ,t )~~~ ~- - i 2t) II
1 

(x , t ) , (2.11)

e f - m n ,  i -n~ H ( i , ’ ) , - r  i l  I ‘ ~~~, were invest igated in References

1 and ~ t m ; . )  ~ m l l  h e  1-n t l v  reviewed in the ne-i t section . The expres-
c i -n tot v. i~ somewhat o - i t  m s f a c t , ’rv i n  t h a t  i t  r e q u i r e s  1(x)  to ~e
d i  t ’ .’ r •-n • ~~~ Ic  • a It h. ‘ug h t h i  c w is n - . t  needed i n  t h e  f o rmu l a t i on of
- r - ~- I e m (1,1) - ( 2 . ~~) ,  ~e e a n e I m ’ r i n a t e t h i c d m f t s ; m I t v u s i ’i g  i n t e g ra -

-ii h v  parts . i -  1 l iw ”

—5------- - 
-
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)

( s , t )  ~ 1 
( x - s , It) - Il

~~ ~~~~ • ~l t ) )  f ( s ) ds

- ~ (5 5 , .it ) - H 1 
(i+s , i t )]  1 (~ ) ds

!~ ~~~~~~~~~ at) - H
1 

( s . c  a t ) ]  f ( s )  ds

- 

~ 
In , 2 (~ ~~~, i t )  • 

2 
( i  • ) t ( s )

• ( H ~ 1 
( s  s , i t )  - H

1 I ( “ -  I ~ • ~

11w I i - - ’ r n  - . i r . i s h e s  - t o  0 - t h e  t’ .s ; - ’ r ; e m : ~ 1 .11  Jt -c .is of  H
1 

( s  ,~~

.5 H’ ..)

~ c.-nc ~ - ‘p  I a  ~‘ I

o’ “ m e  a I I ~~ • ‘ The rema im ;mn~: e’rms c r ’  he m - i m m e d  i s  I

-
‘ ‘ 

— 
‘n i

l 
1 ‘ 5 • • ‘ ~i 

H 
I ~ 

‘ “ • .~ ~

~,- . I 2 I

H , L ’ s , i t  t i s )  J s .

I h e so . .  i - - m i  ‘ n ! -  I er r ( 2  - 1 1 ( .‘ - c .ini - -w  H e’ ol’ a i m  u I  l s  i m s  e m  ri

• c • r i m ;  ‘ -— ‘ i on ; • -
‘ = I m .  ft i s  .ir rs un ’ s o s i l s  in k - ii; ‘rd i r i m s

• i . i I e j . m t i  - i ii - . comm he .icco rm ;’li sh cd i m s i . .  the m - t t - ~:m . !
• - i  —

~~ hod T)-m. - i ; - :  r- - - - n m  ‘ e • ‘ - m r  c I - - r — - . m i - - m m  i s - - - .  e l  !~s T 1 . 4 m m ,) do -
m r e d  or . m s . .  ‘ ; m m ~ s 1’’ .

I T ) w ) ‘ 1 h e sp  [ I  ( s — s  I I  w (5 p ds . I 2 . 1  .~ I

l i m s m s w e l l  1. - i nod and I i n  i c  m r  i l l  w s ) i n  t h e  c l - i - - s  ‘-

~ 

o ¶ t m n ~ I

• ‘ i . .~ I re Jet i r e d  ,i~~~1 o m i t  i m u m , -i m - — to r s o ,-md 1- mi nd e d  !-s -

w i ~ ‘— c -n . - , exp h - i )

• r ‘ - - i- h ‘ h .i i ;d su t ~~i c i - r ; t I v  l . i m ~ :c s . The  t r . i r m s l  m ’ ’ -  - :  t i m n , t i . n  is

d m t t  e r em - . ’ i a!- I c  t m )  — in 1 - ’  s im i l a r l v  t- , ’ m m n , I r d .  th us T 5 w S
h 

w h e - m o - v u m

- ‘ 

~ h - “ re ’s en we h a ve

S

k
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IT 1 w ( ’J I “ h !~1(x)  
~~ 

exp (h  (x-s)) ds

— h e ’ r i ’
• 5U ~’ ( I w s) L ~ ~

I ’  r - - I l , ’w ’ . r ’ . i t  w is h . ’u m m d c d  or s a mm i s h e ’s . i - 5vmrr ~’t ’ ’t m c . i l l s  as ‘-t ine’
m i -

‘ e’ .-wi-r . ‘t  i i s  i. • “ t h e n  T w i s  ;i l  so h , s ; m m ; d e ’ ..I , m  -, . i m m m  she’ s a t
- 

-

~ a s

‘I m rig i - i  hn  I t  s rul e to (2 .  1 -~ 
) w e  H I ce

t, s )  h c ’ s ;  ft - c l) w ( c) ds H w (xl

H I T , w — w ) ~
- ‘ mm - - ‘ - i o n  I s

t
h L ,1 w)  • (2.14)

w i~ 
¶ d i s c  

~~~ 
- The’ tr.imrs m - m m s t  i ’ m ; —  k and are  t h u s  S - i ’ r m

‘ i i  he i ) - . i - r - o ’ - - . I t w ( ’ )  i i i s  .m - I . - n m v m t j v e  w ’ ( s )  w h m 5 h  i s  a l s o  - I  c l a s s
- 

- 
1; er r i ; s  ; m m g  I n ‘ - m g  ‘ i i  tmm - • ; mr  • c w _  H as

w ‘ I  I ’ ’  1~ •
‘ e s ;  ! ( s  c i )  h- ’ ( c )  J ’.

• i - i ; -  ( h I s — c ) ]  h ( s )

* ~- 
‘ ‘ 

- i r  I !r - c )~ w ( s d - .

Ii I T 1 w — w J

[1~ ‘J ~~~~~ 
— 

~~h w )  ‘( s  P - (2.15)

T’h m is . ‘ m r. den s i ’ i - s . -  - ! H ’~ r a n c f nr m  i s t h -  t r ,-in c f’r ’-” o f  T I m. -
I. ’ r i v . i ’ i~~.- . this ;‘crmi ’. i i - . to r o v e r - -u  t 4 m e  o rder  i t  t h e  o j ’e ’r a r  i o ns  in
( 2 .  1 1 )  t - m t - i ’  - t ions w i H , ) t ~ i i s- ,i • y e s  - ‘ c l - i s  s

- - ~~_ _ _  _ _ _ _ _ _ _
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1 4 
~
‘h w] Th 

- 

~ T~ 
[~~J

• T
h 

w - 
~ 

[T b 
w ]’

• L0 
[T b w ]

Th 1
~ ’h w ] - ( •~. l 4 ) t

I ;  ~~ner.I if the ’ n- th d ’ -r;s.itise w ‘
~~~s) e x i s t s  and i~~ ot  c l a s s  5) t H u r

l’ s re’; ,-  c d  it - ; ’ I i  c i i  1 . -u s - f  ( • , l i  - w e - - ~~- m a in

( I ~ w 1’) H~ w )~~~~ ~~ ( 2 , I m - )

r - r  n = 0, 1 ,2 , . . .

A ,  - - it ; now m .- 11 tfl r e  - - r I g 1 014 1 i- ’! 1c m’ . The t I m ct i i ’m ; ~ and
- l i t l u : - - ’ i i ’ 1.’ w i !; re’sp ec ’ t o  s • 

I .‘m • U , s i r ; . .  e th e s .ini-

Se) 1 u - ‘ns  - - t he l i t ’ , . - - , : .  ‘ mm - I r he rrs no 1 e v  c In 0.15 i 1 1’ u —.);~ -wm ;

• o 4
~e’ - c I a  ~c s~ [r e;i.. h ¶ i ed ~ 0 1 p roy i ded f i c ‘~~ c l a s s  

~
- l and

i s  h~ n;;;Je ’J - : ~~~ h i m  r ‘ r . i m m ~ - i—rn -- . i n i  w e l l  J e t  m ned , immd I h&’ - - - - I ; ; t  iein

‘o :_ r o h l , _ ( 2 . 1  - (2.3) c.mn !-~~ ‘ w rit ter m ,is

tm mm • ‘I v .  T ‘~

~, 
h t h ~:

en .- ~ m d  u ;ire t he  c e ’ i ; ; ’ i on s  t h e  ;‘r’’bier” . w t t f l  g ( i  = t~) and

1 0 rt ’ - r e . • i ye lv , I- - ‘ it ’: ’ I s - m ng I , - ‘ t h e  i ’s; ’ re’ — S it’ ll S ( 2  - 1 an d

p 2 . 1 2 )  i n .  u s  ir.~ ~- m m ? - i n m  ‘ c J;e-’re’m’ to m I t e r -  h .in~~i’ t b -  order - - t
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~~ l~a s i c , - 1 0) 1 C m  1 , 1) - ~1 , 3) studi ed in t h i s  rep ort wa’- ;‘osed
t o r the semi - ;m ;t a n i l e  doma in ; x ~ 0, t ~ 0. However .ill - m t  t h e  f u n c t i o n s
em-m c..’;mm ;t ered we r e est  erid.th le  i n t o  x ~ 0 , t ~ (1 and I Piu s can he used in - m

mr-mor e ~t- ;;c ’i- a l ,‘ ; ;t e’s,t  . The” can a l s o  he used to de s-e lop ,m 1- ;’r .,’matr , m t e ’
s o l u t  t o n s  f..’cr  ‘tor i ’ g e n e r a l  e q u a t io n s  in  bounded c p m m t i a l  d o m a i n s . I n
sm m h s e ’.,ue ’n t ren..-rt we shall use  th e se functions to construct a numerical
a ‘I -r m l  hrn which models the heat t ram isfer o c c m m n i  rm~ i t  t H c ’  hi re s m a r t  a .. e’

h_ i  rn.’ I -
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