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A Syiiinetric (~iain Decc*nposition of L(~ ,n~)

Douglas B. West

Ccznputer Science Department
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Abstract.

L(m,n) is the set of integer in-tuples (Li~~••~
am) with

ordered by a < b  when a
1 <b ~ tor ah I

~~~. St anley conjectured that L(m,n) i~ a sy~~ietric chain order for

all (~ , n )  • We verify this by construction for m —
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L(rn,n~ is defined as the lattice formed by or4er ideals in the

Jirect product of two chains with and n elements, respectively.

!~quivalently, it i~ the collection of integer sequences a — ~~~~~~~~~~~
sat~~~y~~g 0 < a~ < ... •

~ 
a~ h w ith ordering a < b when a

1 
< b .

for al]. i . The correspondence i~ ~‘ir1J e. If the chain e1~~~a~nt~ are

x1 ‘- ... < x~ and ~~~~ 
~
‘n ~ then the number of elements paired

wit:. X , in the ideal corresponding a n-a
1 
. In other words, the

l~~ticha1:~ generat~:.~ the ideal 
~

~“..ir 1v, th~ ra~~ c: e1m~ent a i~ a~ , the rank of the ent re

lattice i~ , a~ I t~~c ~t.rJ~r .aui t , ’ the tice (“  ) • Ycr

- i~ ’—~ :~ ~ • we ~ie:’ir~.- it~ co~~’ .~?tte a° — (n-a_ ,.~~ ,n—a1) .

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~

- - ~o h ~i :e~~~c : ~he raz-~k~ are ~~~, ~c t r i c  about the -~~ddle.  •
~~~

- I:;~ complex

a.lgebra . -~ - .‘ ‘ h~~-:i~ , :~. ‘t~ .rdev [‘1 proved tL ~~:er o~
’ the rankr are also

- . -~~ irii. The~~~ are : ; c ~~ ruv ~o:~~~~ o:~ :cr ~ stronger property ~~~

cc r~~”c~ ur ’ i also r,oi~~- . ~e n~ectured t h i t  L~n , n )  i~- a L~~~~etr:c

chain order. A ~~ r~ • t r i c  chajh order l~ one whose elements can I-~
t a rt . . .  oned n’o c~~ ir~ whi ch are ~at t~~t ( .:ki ~- no ranks ) and ~yr-~ etr!c

ab~~~ the ~ i 1-lb rank. Th~ conjecture is clear when 1 or ~ 2

Lindstr~m [2) provided an Inductive construction to verify ~t for m - 3

~~r’~ we g v e  a constr~ct !on somewhat di f ferent from his which ver i f ies

the cc- n , octur e when ~ — L

Lot ‘ 
~ ,n )  , the ~she1i ” of L(~~,n) , be those elements which begin

with 0 c,r end with r. . When these are removed from L(m,n) the

rer.ainder 1: i soro rFh lc  to L(m,n-2~ . The con.j ecture holds trivially

when n - 1 , and L (m ;J )  can be defined as having a single element.
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So, providing a symmetric chain dec~ nposition of S(m ,n) proves the

conjecture by induction . We use this approach here for L( l~,n) .

Unfortunately, when m i~ o&i and n is even the rank sizes in S(m,n)

are not un imodal . So, for that case Lindstr~~ was forced to strip off

two ~-~~ i1~ f~ r hi~ induction. For m = ~. this difficulty does not

~tr .:e. It j~ 
; ossible that Lindstr&I ’ L construction generalizes for

odd “~~~~~d this does so for even n . When n and n both exceed 2

L(m,n~ ~s not an LYN-order, co Griggs ’ ~uf ~ Ic lent  condit un~ for a

~~~~~~~~ chain order (1) cannot be mflh i e : Li .

Theorem . L~~., ri i~ a cyr~~et r i c  chai n order.

:t. ~‘u:~’icec to give a ~‘v~rnnetr ic  chain decomposit ion of 2(14 ,n)

The chain s wil l  be of’ two ty’~e~ , ari d for suitable values

• . j f i and . The cha ins are ci . ’ar lv saturated, so two stej-r will

~~~~~~~~ • h’ ~ re~cf .

l~ No c~~~ ent a~; .’ar~’ in more than one chain.

(2) The n~.nnber of elements in the construct i on is the dze of S(m ,n~

Each cha~r~ is composed of six se~~ients, wi th the toj el~~ent of

one se~~~ent and the Lottcr~ element of the next identical. Throughout

a given se~~ ent or~lv one position in the integer sequence changes.

Table 1 exp lic i t ly  defines the chains and gives the ranks where the

changes between segnents occur .

Se~~ients must h ave length at least 0 . That is, top and bottom

elements may be identical, but the top element must not have rank below

the bottom element. Examin ing the lengths of segeents and ensur ing that

— -  — 
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we have legal el~~ents at the bottom of C1~ and the top of

yields necessary conditions on i and j  . We claim the desired

decomposition is obtained by taking all cha.ins for which these necessary

condition , are satisfied .

~5i+2j < n , 1 0 , j  0) tJ (D 1~~: 3 1+2j < n-3 , 1 > 0 ,  j  > 0 )

Figure 1 gives 3( 14,7) explicitly as art exanrple.
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Figure 1. s(4 ,7)
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C~ tline of Proof. To show the elements are a.11 distinct, we express

the D -chains in terms of the C -chains and then restrict our

attention to the C -chains. Let be the element of C~~ of rank r ,

similarly for • We claim that chain D1,~ _1 i~ the conjugate of

chain C. when the to~ and bottoms element~; of the latter are removed.
1, j

That h:~ (D~ ,~~,1) a ~~~~~~~~ . It suffices to perform the conjugat ion on

the transition e1ement .~ between segeents of ~~~~~~ • They become the

tran~-it ion  element s of . Note the tol and bottom elements of
,~~ ,

are un~L~~ t’ctod and are conjugates of each et1.er. Whenever D
1, ~~ 

exists,

“x~~;~--~~. The affected are tho~-e ~her ’ j  -> 0 and 3i+2j  ‘-. n

0-i ~ t nctnc~~- now reducer to howi n~~:

(1:L
~ 

The i le!~cflt~ o~’ U ~ are aU. ii~ t nct .

(II) The cha~ r.~: C~ - and C~ ,., are self-conjugate.

(lc \ Th. r” a~~ no cor~ ugate j - a ir ~ rts;ong the elements of u [C1~~) ,

wh i r” 0 ~5 < (n-3 i )/ o  , other than the tops and bottoms of

chai ;~~.

( lb) is ~ - “~~
-
~~ ~r-rie t~ ate1y by conjugating the transition elements in those

chai~~~. Th’ othe r two statements require eliminating a large number of

easy cases.

7 show we have the correct number of elements, we proceed by

i n i uct ion .  2in~-le count ing verifies it for small n • In general, the

iiz e o: S0n ,n ’
~ is IL (m ,n ) L  — IL(m,n— 2)I . So,

t~
(1

~,n)t - ( ‘1t14 ) (
~~

t2 ) (n+l)(n+1)(2n+)i

This is the sum of a familiar sequence. Indeed,

~S(1*,n ) l _  I~
(
~ °-’) I a (n-i-i) 2

- - - _ _ _ _  - --__
— 4
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~~~~~~ — 
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Now we examine the changes in the construction between n-l and n

For all, values of I and j  such that C~~ or exists in the

construction for n-i , a similarly indexed chain exists in the construction

for n . Subt racting ranks, the number of elen~ nts in C1,~ Is

L(n-3 1-j) +i .  , and the number In D
1~ 

is L(n-3i-j~ -5 • Each of these

chains has 1. more elements than the similarly indexed chain in S( 14,n-1) ,

if that chain exists. We will see there is 
~ 

C~~ for every element of

the middle rank which begins wi th  0 ~u~d a for every such element

whose t ’i rs~ position is not zero.

The chains which arise newly when n ~s reached are those for

which ~i-”~~ ~ n and those D
1~ 

for which 7i+2j n-3 . For each value

of i :‘r xr. 0 u~ to n!3 j  or n - 3  j-i , depending on parities, there

will  be one new 2 . or 7. , but not both.

Veri fy i ng th ~it the cons t r ic t  i n n  picks ui the proper number of elements

reduce: ~~~- :

~~
‘ :o~~ ut in~ (an d multiplying by 1. ) the number of ch~~~ s in the

construction for o ( L ,n-i -- that is , the sum of the number

of solut ions to 31+2j n-i and 3i~ 2j  < n-14

(2b ’) computing the total number of elements in new chains.

(Oc Verifying the sum of new elements in (2a and (2b ) is (n+l) 2

(2b ) breaks into cases depending on the parity of n , and (2a) does the

smn e with the parity of Ln/ 3 J , so (2c) requires six cases, depending

on the congruence class of n modulo 6

Details of step 1. If (la ) does not hold, s~xppose a a C~~ - C~1 . We

have a msnber of cases to consider, depending on ithi ch ae~ nent contains a

7
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in each of the two chains. Let 1’C1~ denote se~ nent 
~ 

in C1,~

Equating the descriptions of the segments in Table 1 give us a number

c: linear relationships between I , j , k , and I • If a comes

frcr: , equating the 1-o5Ik - 1on~; which do not change in

that 5c~~~ient im~ i~ e: ~ k and j  I in all six cases, by straight-

forward cubtraction of “qualitie. .

r~y sy~mietry we ‘-.a~, assume a occur s in a lower numbered segment

in C. than in . We allow the t rnn~ ition cienent : betwe€ segment s

bel ong to  either :‘~~~- ‘-nt .  So, ~f ~t is in k C . 1  and ‘ k 1 , we may

ass~Z~e a is  not t h i  toj element of nor the bottom element of

~ 

-

~~~~ 
~ -j5e we have a case with smaller 

~~~~ • In particular, the

r~e~k of the toJ - ele--- ‘n t  in ‘
.
~~~ 

r .u~ t be s tr i c t l y  greater than the

ran k of the b~ tton t’ler~t- nt j r-i

~ j - 1  . This comparison of ranks y ields a strict

~n’ - uaLty  when a particular linear funct ~~ : is  r~~plied to (i , j )  and

to ~~~. i )  • ~~enever i p+l two ~-osIticn r in  the el~ nents remain

constan t from the bottom of segment p to th e  to1 of segment q . This

ex~ re:rer two j osi t ions  of a as identical linear functions of (i ,,j )

and (k , z )  . In all f ive cases, we r ert—Uly get the same linear function

we obt ain ed by considering ranks, but with equalit -; this time.

If the f i r s t  jo si t ion  of a is nonzero , a can occur only in

segments 5 or . :f It Is zero, a occurs in segment 1. or below.

This elir~inates a.ll but three of the cases which might have C~~ —

with (i, j) ~ (k, i)  . The remainder we handle ind.ividual.1.y.
14

If a is in and CkI , positions 2 and 3 require

I n-2k- I and n -i -j  > n-k-i . Adding these gives n-~ > 2n-3k-21 > n .

8
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Next suppose a is In l~ and • Equality of the last three

positions requires Ic ~~ I , n-k-I — 2I+j , and n-I 2 3~-~-J • Substituting

for Ic and n-I in  the equatIon gives 2i+j  21-l i . Finally, suppose a

in 1C~~ and 
~kI Comparing the top of wi th  the bottom of

II yields n~~i - - ~n- 7 k-3 f > n+3k’- s or i :- . Ic . ~~ the other hand,

the middle two positi -n: of a remain constant in both sections, so

— n-°k-z and 2i+j n-k-I . Subtraction gives i+ j  k or i -Z Ic

(le) also breaks into cases depending c the segments. We assume

a 
~ ~~~~~ 

= (C~~
_r

) ’ 
, with C) < j  < (n-31)/2 and 0 —

~ i < (n-~k~/2

~ierc the argument s do not group together as cleanly . ~Yre element of such

a :on~ ugat e a:r occur s at le~t~ ~ts h I gh ~ts t~~.- ~- iWt l e rank In one chain.

Call this chain C . • For ease of con; nix i son , we have recorded C. and

i nn Table 2. C inc e  ~n-~ i~~ : Z z .  , a lies In segment L , 5 , or

of C . . .  Since n+3k+2I ’-~ Th , a l i i - :  t n :egrnent 3 , ~~~ , 5 , o r 6  of

• Assume ~ ~
n o t I c e  j ~. is ~ o: c bie , a: it would .m; ly I <. 0 • We

handle t h e  r enain irn g cases in l iv ic luauly . Again we equat e corresponding

in i . Th.~ re quirenent s on .1 and i figure prominently .

Yor exr ~.—- ;1 e , ~- ij  k and I — k~ I g ive  us a contradiction, ~~ do

n-~- i - j  I ntn i n — ~k-I  -
~ 

j

• q • a~ i~I +j  a ~k-~i • n.~ I < k • a1 -~ 3 i + j  — 3k+ i

~ubtracting a
2 

imp l ies  I > Ic • So (i ,~~) ( K ,!) , and this is the

cisc where the tor and bottom of the chain are conjugate.

5 , q — 5 . a~ i+j  k • 2i+j > 2k+I . Subtracting

a.~ implies i — k+i

p 6 , 1 5 . a, * Ic > i • a
~ ~ n-31-j — I • Substituting for

i gives n-~k- 1 < j . As mentioned i- o -lier, this is a contradiction since

both 31+2J ax-i l 3k 42 I  mLst be less than a
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:: 
p — 5 , q • . a~ * I+j — Ic —~ 2I+ J  a 2k- 1 . Subtracting

- :i~ inpu t-s 1 k - s - f , s o J a I a O .

-

~ 
.. n , q a 1. • a1 * n- ’~i-  • I . a~ • n-i’i-j  k-i- I • Subtracting

I nt.1 give: I • Ic • Cubstitut lng in a , yields n-3k- i j  , giving the
- 

same con t radIction as in (p,j 
~~

‘ , 5)
I

~~~~~5 , q a L . a1~~~~
-
~~

-
~

4 ’’  (equality returns u: to tbe j rev~~u:

case . nt . ,  • :n- . i -~ a k~ ! . subtracting a1 give~ I < I c

a n - - i  - , ic I . ~ubtracti:i~ nt ~~~~~~ ~ — 
Ic

6 , - .~ • 5 • :.-~ t ~~~~~~~ ~~~“ ~-mxt~lcr , the requirement ot; ranks is

~. : ‘k~~ t . so n- i — ~ . ~~t a . n — C I — .~ ~~ k + I  •
-

~~~~~~~

p a 5 , 4 • a :. - . - -j  • k ° I • a
3 — n-i- ,~ — . ‘k I

i, ;~t 1 i n ’ — k . , ‘u h - : t - i t u t . n . ~~ thi: in  the two previous

• ‘ pi:tt i~~ :ns  gi ve . h . ~-~- 1inL r o- - r r ’ioict i t - n .  n — ~~i — ,~ I and n—3k— i —

- TM: c~r;letes the ~roo f c f  (1).

- 
t.s a11s of Cte~ C. W. begin with (. ~ • :h~ to1 element of segment 1.

I n . ~~~ ha: rank T n— ’i-:~ n n o  evf’r : 
~ 

has a 0 in the f~r :t

• ~c - s i t i 5 -n of I’- : rJ~-LUe rank element. The t- et tom rank of c~-~~~ent 3 in

~~ 
I~ n•~~14 - . j~~ ---. ‘n-l  , so has a ;~~n i t ~~ye f i r s t  position in

— 
- i :  LU- ’ rank el~~. en • The non-decreasing sojuencer of length 14 iEtich

start w i th  0 , end in Ic , and sum to ~r. r~rn ~‘rc*t (0, 2n-2k , Ic , k\ to

(0, (.r~-~ .‘j , ~(2n-k)/~~ , Ic) when n ? Ic ~
- 12n/31 . So, we want the

number of s to be Ic - ç (Cn-k -‘p 1 + 1 . Similarly,
12n/3~~<k-Czn

the element s covered by r- 1~ ‘
~~~ run from (Ic , Ic, n-2k , n) to

U

~:i±I ~~~~~ ~~~~ 
-

~~~~~~~~~~



(Ic , L ( n-k~~~’J , 1 (n-k) -2 1  , n) for 1 < Ic -K L n/3 j , for a tots.]. of

E ~~x n - k ) / 2 j  - k+ 1.

~~ the  other hand, the number of se — l’j t l ons  to ~i+~ j  •
~~ a is

E l~ L (n-~
i )/2J and to 31+T’j < n-~ is

~L) <I —. 
- n- ~

1+ ‘ (n-3 i-3)/2j • These turn into the desired
0~~1~~ _ n,’~ j—l

s-t~~ ations when is set to n-k in tne  :lrst case and k-l ~n

the second.

~~~~
- w~~s~~ ~ c~r Lizn . -  t h e -  s~sn~~a~ i otnn - . , e ’ ~~~t .r:tt :nj t h e  I — 0 ter~.

: r m  ~he fir. ~ and rt~i u:ting the i n n t h - x  the eC~E~l, th e tut al numi-er

— f (n )  o: chaIns  ~:- ecct~c:

f n) a 1 -
~ n 2~ 1 

— 
:.- 1)/ 2 j )

• 1-~i~~ -_ n 5J

To ~‘~~~ - •n t c  the n ur-~~at-iOn , WC l a i r ¶er~n n f ur  consecut ive value: of ~

f _ :J~~ ~n - c ~nd , w~’ - c; nt.r r t t e  j  • . Adding the term s for

I • ~k-1 -~~~ n i • .k  gives ~? (n- - k4 ’)/2 J - 
n-e - k)/2J • n~~ - Ic

There -c- - ‘6 J pairs rdt ~-g •- the r , and (n t ’ ~~k)

- 
-~~~1~~n J L (nn~~)/6~ . ~‘ben _ r. ) j  i s odd, the t erm

1~ _ (n— ~~~n-~~~)/Cj remair.:. Th i s  1: 1 if ~ , . mod C , but

2 f n~~~ 5 m od ’ .

Stm~ arI:1ng, if n~~~ r nol ’~~, 0 < r - - 5 ,  then the tot al number

of c Ln: is

(1  ; r~~~0,1,2

fj - i~ • n -2~ + 2(n4)) n/1j - ‘~L~~~J L(~~~~/~J ~ ( 3 ; r — ~~~~, 14
— (~ 5 ; r . 5

; r~~~0 , 1, 2
— b n/2J -‘- (n-s-))(n-r’

~ ‘3 - (n—r)(n-r46)/~-- +
~~ 3 ; r — 3-, 14
I~5 ; r a 5
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- Next we consider (2b). If a is even, a new chain C1~ occurs

for even value: of I with 0 < I < 
— n - ’~ , and a new for odd

values of I with 1. -K I < n-~5j-l . SinLIlarly, whem n i~ odd we

have a new D11 for even I with 1 < i -
~ ~~~~~~~ 

and a new

for odd I with 1 1 <

To sum the number of elements in these chains, we can again pair

consecutive terms. For the total number g(n  of these elements, we

have

- I + 
1~~k< _ r~

1j 
l : : k 1, rn- ’ k~ -:1 + I Ck, (n- (k’

g n )  •

0~~k <  (n-3)/6 j  
1 CIc, (n-~ I c - 3) 12  

+ Ic2~1, (r .- (k-~ ~I2 I ; n odd

Cinc ’~ .. n _ ’j..~~~’ 4 )  -t.nd j : . , I  • L ’ n_ ’ i_ : ) _  , this quickly becomes

( l t h~n +  L (r .-’k  + 8  ; n even

I i<k< _ n- ( j

—

• I i~(n~C k _ ~. ; n odd

fi. 2n~ n+1~~~n/ C - l n ’(- j  i (n- lC\/ ’Z J ; n even

14 (n-l)~~(n-3)/6~ -)2L (n - 3) / 6 j  ~ (n+3)/C j  ; a odd

• (1+2n -+- 2 (n+2)(n-r)i’3 - (n-r)(n-r+~ )/3 ; r- • 0 , 2 , 1~
a 2(n-l)(n-z*6)/3 - (n-r)(a-r-’-6)/5 ; r — 3 , 5

L 2(n-1)2/3 - (n-7)(n-l)/) ; r — 1
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‘ 1
For (2c~ , we need only compute 14f(n-l) + g(n)  , whIch becomes

simple algebraic ~ianipuiat ia-i when we consider a part icular congruence

- clas s of a modulo C • i~egInnthg with r - 1. , we easily obtain

expressions like

r • 1: 1 +  (n- l) (r +~~) r — 1.: )rn~ ~~+ (n+2)(n —14 )

r - 2: T h + 5 +  (n- ’) ( n+~~ r • 5: 2 n + l 0 + ( n - 5 ) ( n + 5 ) - ’- +2 (n - 1 ) (n + 1~- ’ 3

r ~‘: ~~ (n-1)(n”) r a 0: 1 4 n + l 7 + 2 (~ -6) (n+14) /3 +n (n -2~ /3

aU. of whi ch reduce to

This com~ lett - 5 the 1-roof.

I.
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