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ABSTRACT

\

VThe problem of isolating machinery vibration from rigid and nonrigid
substructures is analyzed in detail. The nonrigid substructures are modeled
by clamped-clamped beams and by simply supported plates with small internal
damping of the solid type. Both simple and compound mounting systems are
analyzed. The advantages that result from the use of the compound mounting
system are clearly apparent. The loss in isolation is described that results

when nonrigid flanges or feet support the simply mounted item or the inter-

mediate mass of the compound mounting system. The use is also analyzed of
dynamic vibration absorbers or lumped masses to load the beamlike and plate-
like substructures at each mount location. The item of machinery is supported

either by eight or by four antivibration mounts that have small damping of

the solid type. It is shown how the number of beam and plate resonances
that are excited can be reduced by judicious placement of the antivibration

mountings.
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1. INTRODUCTION

The basic principles of vibration isolation are reviewed initially.
Reasons why theoretical predictions of isolation are not always realized
in practice are then outlined, and some of these reasons are examined in
detail. A two-stage or compound mounting system is shown to be effective
when especially low levels of transmitted vibration are required at high
frequencies. Several aspects of the problem of isolating machinery vibra-
tion from nonrigid foundations are also examined. The foundations are
represented by two parallel clamped-clamped beams or by simply supported
rectangular plates. Sometimes the beams and plates are loaded by concentrated
masses or by dynamic vibration absorbers placed directly beneath the anti-
vibration mountings. Even though the levels of the transmitted vibration
may sometimes appear to be low, it must be recognized that this vibration
can excite the natural modes of vibration of neighboring (and sometimes of
distant) platelike structures. Many of the plate modes will be relatively
efficient radiators of unwanted sound. Motion is assumed to occur only in
the vertical direction. The internal damping of the substructures and of
the antivibration mounts is considered to be of the solid type for which
the appropriate damping factors are independent of frequency. Because these
damping factors are assigned relatively small values here, they remain
directly equivalent to such measures of damping as (quality factor Q)‘l,
(1/2m) (specific damping capacity), and (1/m) (logarithmic decrement).
Symbols with superior tildes represent quantities that vary sinusoidally

with time; symbols with a star superscript represent complex quantities.
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2. SIMPLE MOUNTING SYSTEM: PRINCIPLES OF VIBRATION ISOLATION

Figure 1(a) shows a machine of mass M supported by antivibration
mountings on a foundation, such as a concrete factory floor, which is assumed
to be ideally rigid. To the foundation is transmitted a force 2?2 that is
produced by a sinusoidally varying force El applied to or generated within
M. The mounts are visualized as rubber springs with a stiffness K and with
internal damping represented by a damping factor GK. The performance of the

*
mounts is best described by assigning to them a complex stiffness K such

that

x* = K(1 + jéK) 3 (1)

where j = /(-1), K is stiffness, and GK is the damping factor (the ratio of
the imaginary to the real part of the complex stiffness). This concise
equation states that the relative displacement across the mounts lags in
phase behind the vibratory force that they experience by an angle the tangent
of which is GK. The internal damping of the mounts will be represented here
by a value of GK = 0.05, which typifies, for example, the damping of natural,
neoprene, and SBR rubbers, for which the very small dependence of K and
GK on frequency can realistically be disregarded.1

A quantity of basic interest is the so-called transmissibility T across
the simple mounting system of Fig. 1(a). An equation for T, which is defined

as the magnitude of the force ratio |2§2/E1| can be stated as followsl:

= . (2)
F1| a1 - 92)2 * G?J

In this equation,

—
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Q= wo , (3)

where w is the frequency of the impressed vibratory force, hereafter known

simply as frequency, and
%
w, = (2K/M) » (4)

is the natural frequency of the system for which, in the absence of mount damp-
ing, T would become infinitely large. Calculations of transmissibility made
from Eq. (2) are plotted on a decibel scale [20 logloT(dB)] in Fig. 2 as a
function of the frequency ratio .. Negative values of T(dB) mean that the in-
put force El has been attenuated; positive values of T(dB) mean that undesired
magnification has occurred. The magnification is high at resonance (Q = 1)
because for the small values of damping considered here, transmissibility
becomes equal to {I/GK). It is evident from Fig. 2 that only for values of
> /2 - that is, for values of w > v2 Wy =~ do the antivibration mountings
provide the desired attenuation of force (refer to the hatched area). Conse-
quently, to assign to Wy the smallest value possible without endangering the

lateral stability of the mounting system should always be an advantage.

It is appropriate now to mention some reasons why larger values of trans-
missibility (reduced isolation) may occur at frequencies above resonance than
the curve of Fig. 2 indicates. These reasons (1) may simply be mechanical or
(2) they may be basic. Thus,

(1) Vibration isolation may be impaired by mechanical links that have

significant stiffness and hence that bypass, to some extent, the anti-

vibration mounts. For example, vibration from a resiliently mounted
diesel engine may reach its foundation via an exhaust pipe that is still

rigidly connected to a surrounding enclosure, or it may reach the

d
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foundation via a bearing pedestal that supports a rotating shaft that

e extends from the engine.

(2) Vibration isolation may not be predicted adequately at higher fre-
quencies for the basic reason that the simple system pictured in Fig.

1(a) is then too simplified a model of the practical situation; for
example, the antivibration mounts may cease to behave as ideally resilient

members at high frequencies. In this event, so-called wave effects will
1-3

be apparent at frequencies for which the mount dimensions become com-

parable with multiples of the half wavelengths of the elastic waves

traveling through the mountings. Alternatively, wave effects may be |
thought of as occurring when the elasticity and distributed mass of the
rubber mountings interact at high frequencies. At these frequencies,

resonant peaks appear in the transmissibility curve. However, these

peaks will not always be of primary concern because (a) the peaks will

be suppressed to some extent by the internal damping of the rubber mounts,

and (b) even the first of the peaks invariably occurs at frequencies

higher than 20 Wy where significant isolation has aliready been achieved.
As an example, wave-effect calculations based on the long-rod theory1

are plotted in Fig. 3 for values of the mass ratio y = M/MR = 50, 100,

and 250, where M is the machine mass and MR is the mass of the mount.
It has been assumed that both the dynamic Young's modulus and the
associated damping factor are frequency independent, that GE = 0.1, and
that the first natural frequency of the system is fb = mO/Zﬂ = 5 Hz. The

curves of Fig. 3, which may be thought of as describing the transmissibility

of natural-rubber mounts that are heavily reinforced (filled) with carbon

black, show how the level to which T 1is increased by the wave resonances

depends upon the value of Y. Note that the wave resonances are shifted

e
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to higher frequencies (where greater isolation exists) as the ratio y
of the mass of the machine to the mass of the mounts is increased, and
that the occurrence of wave effects becomes of less concern as <Yy be-
comes larger; from this point of view, therefore, it is desirable to
utilize mounts as near their maximum rated load as possible, thereby

making Yy a relatively large quantity.

One other reason why the high-frequency isolation predicted by Fig. 2 may
be impaired is of sufficient interest to be discussed in some detail. Thus,
the flanges or feet on which the machine is mounted may not be ideally rigid
but may be multiresonant, so giving rise to other peaks in the transmissibility
curve at high frequencies. These peaks may well be troublesome because the
internal damping of the metal feet will be at least 5 or 10 times smaller than
the damping of the rubber mounts in which the previously discussed wave effects
occurred. The feet may protrude from the bottom of the machine, or from its
sides, as in Fig. 1(b). This will be the case if the usually beneficial step
is taken to locate the mounts in a plane that passes through the center of
gravity of the machine (so minimizing the rocking motion it experiences when
subjected to horizontally directed forces). This is not a contrived problem;
in fact, one does not have to look far to find examples of such situations.
For instance, a marine engine attached to a subframe having significant un-
supported length is shown in Fig. 4; here, the subframe is fashioned so that
the mounting points lie on the same horizontal as the center of gravity of the
engine.4

A guide to the force transmissibility across the simple system of Fig. 1(b)
has been obtained by visualizing the machine feet as short shear beams; that is,
as beams with length-to-depth ratios of approximately 3 or less for which it
can realistically be assumed that the beam deflection due to bending is
negligible as compared to the deflection due to shear.s The force transmissibi-

lity can then be expressed as follows®:

~
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~ A * %* *t_l
T=|[2F/F| =Y - @R Tn] :
4
where
» * * * *
Y = [cosn 2 - Yp(n 2) sin n 4] s
%* * * *
n = [sinn & + YF(n 2) cos n ¢] ;
* -
(n &) =(p + iq s
and
%*
' =

T(l + jGF)/(l + jGK)

%
In these equations, n is the complex wavenumber of the shear-beam feet, £

is their length,

<2
.
I

= M/ZMF ’
and

r = KF/K 5

where MF and K. are the mass and static stiffness of each machine foot, and GF

F

and GK are the damping factors of the feet and of the antivibration mounts,

respectively. In addition,

and

(5) ;

(6)
(7

(8) #

(9

(10)

(11)

(12)

(13)
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where
2.4
and
nL = NR(w/wo) = NpQ . (15)

Here, the natural frequency w, of the mounting system is given by the equation

Yo TME+K) T M |T+T -
and NR is the value of n for which the first peak value of T would be ob-
served (when w = wo) if GF = GK = 0. A close guide to this value of NR can be
obtained from the relation
-k

Ne s [lrg # 1) T + vl (17)

or, if both Yg and T are large, from
B -4
NR S (YFP) s (18)

Therefore, as the angular frequency w of the impressed force is varied, correspond-
ing values of n! are specified by Eq. (15), and the expressions for p and q,
and hence T, may be evaluated.

The results of representative calculations of T are plotted as a function

of the frequency ratio Q = w/wo in Fig. 5, where Yg = M/2MF =40, T = KF/K =5,

25, and 100, GK = 0.05, and GF = 0.01. As might be anticipated, for the given
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value of Yp the resonances of the machine feet, which give rise to the pro-
nounceu peak values of T at higher frequencies, are of the least consequence
when T is large. Actually, the first resonance of the feet occurs at a

frequency Wy given by the approximate equation

W

provided that Yg and T are relatively large (T > 5). Therefore, since Wy is

advantageously kept at the highest possible frequency, it is desirable to design

the feet to have a maximum ratio of static stiffness to mass; namely, to keep

the feet as short as possible.

3. COMPOUND MOUNTING SYSTEM

If added mass can be tolerated, a two-stage or compound mounting system1
can provide especially low values of transmissibility at high frequencies.
This situation is described by Fig. 6(a), where two antivibration mounts of

*

complex stiffness K1 and K; in the upper and lower stages of the compound

system are separated by a secondary or intermediate mass M The compound

't
system possesses a secondary as well as a primary resonance, which is a dis-
advantage, but above the secondary resonant frequency Wys transmissibility
falls off in proportion to l/w4 (24 dB/octave), provided that the mount stiff-
ness and damping remain constant, as assumed here. This is twice the rate of
12 dB/octave at which the transmissibility curve of Fig. 2 for the simple
mounting system decreases at high frequencies.

Examples of small- and large-scale applications of the compound system

are given in Refs. 7 and 8, which describe the compound mounting of a motor-

driven compressor of a household refrigerator, and the compound mounting of
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two 80,000 1b and two 17,000 1b diesel generators on one extensive inter-
mediate mass. An adaption of the latter arrangement is redrawn here as

Fig. 7. Two, much smaller, applications are described in Refs. 3 and 9, in
both of which the compound system has been effectively compacted into an
"gff-the-shelf" antivibration mount. The design of one mount9 is shown in
Fig. 8, where the secondary mass comprises two cylindrical lumped masses 10
and a spacer yoke 12, and the resilient elements comprise 16. A small-scale
torsional equivalent of the compound system that has been used in quieting
textile machinery is described in Ref. 10.

For the compound system to have the greatest effectiveness as an anti-
vibration mounting at high frequencies, it is desirable that the secondary
Tesonance w, occur, for any given value of the primary resonance w;, at the
lowest possible frequency. This situation can be realized1 when the mount

stiffness ratio is assigned the optimum value
(Ky/K) = [1+ (My/M)T=(1+8) (20)

where M1 is the mass of the vibrating machine and M2 is the intermediate mass.
This is otherwise an appropriate result because the lower mounts support a
static load that is greater, by the same factor (1 + B), than the load supported
by the upper mounts. For this optimum stiffness ratio, the transmissibility

T across the compound system can be expressed as follows:

2F a+ 8%
T |2 - 3 2 Kz 2 2 xR
Fy {BA(1 - X)) Q" -22Q° + 1 - GK] + (zsx) (1 - 9%
where
A= (1+B)/(2+8) (22)
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and Q = m/wo is again a frequency ratio against which T is conveniently

plotted. The reference frequency Wy ® W is actually the natural frequency

of the simple system obtained when MZ = 0; thus,
o (K1 + KZ)MI

It is instructive to note that, at high frequencies, Eq. (21) can be written

as

(1+6n@+®)° 40+ &)
e X . (B < 0.5) (24)
B et g ga’

so that it will normally be advantageous to employ the largest acceptable
value of B; that is, the largest possible intermediate mass MZ'
The transmissibility of a compound system that utilizes mounts with a
damping factor GK = 0.05 is shown in Fig. 9, where the transmissibility of
three compound mounting systems with 8 = 0.1, 0.2, and 1.0 is compared with
the transmissibility of the simple mounting system (8 = 0). The potential
advantages of the compound system as an especially effective antivibration
mounting at high frequencies are immediately apparent. It will be recognized
that the system can be of particular value in mitigating the increase in trans-
missibility that occurs when it is necessary to mount an item of machinery upon
a nonrigid foundation such as a system of steel girders, which will have many
resonances and very small internal damping. The effectiveness of the compound
system in this situation has been well illustrated in Ref. 1. The use of a
dynamic vibration absorber attached to the intermediate mass of the compound

system to suppress effectively its secondary resonance is described elsewhere

(Ref. 11).

o s ik A SRS s
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If the compound mounting system is to provide the small values of trans-
missibility as predicted, it is vital that the intermediate mass M2 remains
masslike. If it does not, the performance of the system will be seriously
impaired at high frequencies. This situation is described in Fig. 6(b), where
the flanges from which M2 is supported behave as springs at some high frequencies
because of their poor design. To provide a quantitative illustration of the
increase in transmissibility that can be expected in this case, the compound
system of Fig. 6(b) has been analyzed by modeling the nonrigid (multiresonant)

flanges as short shear beams. In fact, the expression for the transmissibility

across the system becomes

ke R

2
2 2| : (1 + GK)

= iy 2 2 2

"3 A
(25)

where A Eq.[(22)] and GK have the same significance as before, and Ip and

%*
L, are the real and imaginary parts of a quantity ¢ that is defined as follows:
* %* * * *
T =M/ )n YT . (26)

* *
In this equation, ¢ , n , n*z, and P* are given by Eqs. (6) - (9) in which

Yg and MF are given by Eqs. (10) and (11) where M., K_, and & are the mass,

F’
static stiffness, and length of each shear-beam flange projecting from the
intermediate mass Mz. Finally, the frequency ratio Q = w/wo and the shear-

beam variable nf are related by the equation

1.

“2
AB
n? = N.Q . 27)
R [(1+B)-(1+B)'”J

gz A
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where NR is now the value of n& for which the first peak value of T would

be observed (when w = w wo) if GF = GK = 0.

The results of one calculation of transmissibility made from Eq. (25)

are plotted in Fig. 10 as .the chain-line curve for which Yg = 40, T = 5,
GF = 0.01, and B = 0.2, 6K = 0.05. Pronounced peaks now occur in the trans-
{
|

missibility curve at high frequencies where the shear-beam flanges resonate,

their ends having large motion and their roots, which are attached to MZ’

having relatively small motion. In addition, pronounced minima occur in the

transmissibility curve at the antiresonant frequencies of the flanges for
which the flange ends have little motion and their roots, together with Mz,
have relatively large motion; in fact, at these frequencies, M2 and the flanges
are analogous in their behavior to the mass and stiffness of a dynamic vibration

absorber.1 The solid-line curve shows the transmissibility when the inter-

mediate mass (for which B = 0.2) is ideally rigid.

4. NONRIGID FOUNDATIONS

Attention is now turned to the problem of isolating machinery vibration
from nonrigid foundations; that is, foundations that have many self resonances.
This problem is of permanent concern in marine and aeronautical applications
(see, for example, Refs. 8 and 12), it is becoming of greater concern in
land-based applications where, for example, increased mention is being made
of steel-frame rather than concrete foundations for large modern turbines
and auxiliary equipment.13

Two nonrigid foundations are considered here: (1) two identical clamped-
clamped beams that have small internal damping and that lie beneath and parallel
to the length of the machine. Discussions are directed to one of these beams
and to the half of the machine mass that it supports on antivibration mount-

ings (the other half of the machine mass is supported by the same number of
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antivibration mountings located at identical positions on the second founda-
tion beam). The mounts lie equidistant from the beam center but their posi-
tions are otherwise arbitrary. (2) A simply supported rectangular plate that
has small internal damping and that supports the mounted item with at least
four antivibration mounts that are arbitrarily but symmetrically located about

the plate center.

4.1 Beamlike Foundations

Figure 11(a) shows, for example, how one-half of the machine mass has
been isolated by eight mounts of complex stiffness K* [Eq. (1)] from a founda-
tion beam. The other half of the machine mass is isolated by eight identical
mounts located at identical positions to these on a second foundation beam,
which is separated from the beam shown by one machine width. The mounts are
symmetrically located in pairs that lie equidistant from the beam centers, but
their location is otherwise arbitrary. Transmissibility T is again defined
as the magnitude of the total output force divided by the impressed force. To
design for the lowest possible values of T is always desirable, and it is
shown that small values of T can be obtained through broad ranges of fre-

quency when multispan beams are employed, the use of which is desirable, in

any case, when long, heavy machinery is to be supported. This situation is
pictured in Fig. 11(b).

In addition to the foundation beams of Fig. 11, consideration is also
given to the change in transmissibility that occurs (1) when multiple dynamic
vibration absorbers are attached to the foundation beams, (2) when the beams
are mass loaded, and (3) when beams of single span are supported at each end by an

additional antivibration mount to form a so-called floating foundation.
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4.1.1 Machine with Eight Mounts per Side Supported by Single- or by Four-Span
Foundation Beams

Expressions for the transmissibility across the mounting systems of
Figs. 11(a) and 11(b), derived in terms of the normal modes of vibration of

the foundation beams, are as followsl4:

Single-Span Foundation Beams

R R B e av
Fll m=1,3,5,... M) [ 8%* - 1] 0
In this equation,
n o= =) gu(h) + (88) g (h,) - (€O) g (h) + (0D) g ()] (29)
and
o s 2-ch+ ) 2-6) - 2- ) som2-1Y)
(30)
where
A" = {66) [ @ - @’y e’y - ko @@ - ep) oMy
s an ko @ - epan iy, (31)
38)" = {((FF) [(LL) (" - (RR) o1 - ) (N @@ - oy o
s anrEn @R’ - onantny (32)
o’ = tan*renten” - @ o) + @t - @ry ¥
- @) [N * - amFoemn*y (33)
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oDy = {am) [N ER " - oW1+ ") 1) ®R)” - P )]

- 66) 1N ®R)" - oLy 1)

In turn, in these equations,
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-]
o (h;) g (h,)
o 2y z __'!'_*3_4“‘_4_ . (55)
ws1,3.5,.., HB) - 1]
and
[ -]
2
. o5 (hy)
N = 2y e s (56)
me1,3,5,.., HE) - 1]
The normal functions are given by the equation
¢m(hi) = [(cosh nmhi - cos nmhi) - em(51nh nmhi - sin nmhi)] 5 (i=1,2,3,4

(57)

where hi is the distance of the ith mount from the nearest beam termination

(some arbitrary fraction of the beam half-length a), and

em = (cosh ana - cos ana)/(51nh ana - sin ana) 5 (58)
where
ana = 4.73004 , (59)
2n3a = 10.99561 3 (60)
and
ana = (2m + 1)7/2 , m>Ss . (61)

Note that, when m is large, the normal functions can be expressed more simply

as

om(hi) = (sin nmhi - cos nmhi) (i=1,2,3,4) . (62)

e S Al B P A A S
"
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In addition
* * 2 2 2
3 I =-8(Q)° =-382°/(1 + i6) (63)
; and
8" = nya/p + ja) (64)
where
1 /(1 «»z)E)‘ri
p =Q + (65)
2/, 2/7 DE_J
and
/{1 + p_J]*
3 q=-o0 [j - - E:} . (66)
2 fﬁg' 22 Dg
Finally,
1
é o = 2.36502 (@/2)% (67)
| 1
D, = (1+ 65)1 ; (68)
Y = M2M (69)
2=ww, o, (70)
and
= g s wl/wo ¥ (71)

where W, is the fundamental resonant frequency of each unloaded foundation

beam of mass Mb' and
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w, = (16K/M)% (72)

is the natural frequency of the machine of mass M when it is supported by
the sixteen antivibration mounts considered here on an ideally rigid founda-

tion. The quantity GE is the damping factor of the foundation beams.

Four-Span Foundation Beams

The transmissibility across this system follows directly from Eq. (28)
in which h1 = h2 = h3 = h4 but the parameter o is given by the modified

equation
1
o = 0.591255 (O/3)% . (73)

In the frequency ratios Q = m/wo and £ = wl/mb, w, is the fundamental resonant

1

frequency of the unloaded foundation beams without intermediate support and

W, is again given by Eq. (72). O0dd values of m through a range of at least

1-99 have always been considered in the summations of Eq. (28). Even values

of m do not contribute to transmissibility.

Calculations of transmissibility are plotted in Fig. 12. Here, and

throughout, reference is made to a machine that is ten times more massive

¥
|
|
|
|

than the two foundation beams of mass Mb that support it from below (y = ]

2M/Mb = 10), to a beam damping factor GE = 0.01, and to a mount damping

factor GK = 0.05.
Transmissibility is plotted in terms of a frequency ratio Q = w/mo and

is phrased in terms of a second frequency ratio = = wllmo, where @, is the

1
first natural frequency of each complete foundation beam when it is free to
vibrate without constraint. A value of Z = 10 has been employed in the cal-

culations to be described so that, if the natural frequency of the mounting
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system is wo/Zw = 5 Hz, for example, the first foundation resonance occurs
at w1/2n = 50 Hz. In Fig. 12, the first two peaks occur very near the fre-

quencies W, and w,, and so are separated by essentially the same factor of

1’
10 in frequency.
The solid-line curve of Fig. 12 shows the transmissibility across the
mounting system of Fig. 11(a) when the mounts are equally spaced to represent
closely the performance of a rail-type antivibration mount of continuous run.

Actually, the distances h1 = 0.125a, h, = 0.375a, h3 = 0.625a, and h4 = 0.875a,

2
where a is the beam half-length. The peak values of transmissibility at
higher frequencies (2 > 10) correspond to the first, second, third, and fourth
symmetrical resonances of the foundation beams. At intervening frequencies,
the forces transmitted to the beams by the multiple antivibration mountings
produce forces of different phase at the beam terminations that conflict
with one another to produce minima in the net transmitted force and, hence,
in the transmissibility curve.

The dashed-1line curve of Fig. 12 shows, for example, how judicious place-
ment of the antivibration mounts, which are now located where h1 = 0.063a,
h2 = 0.438a, h3

of the transmissibility peaks at the second and third symmetric resonances

= (0.688a, and h4 = 0.938a, can effectively reduce the heights

of the foundation beams where 2 ~ 54 and 133. Note, however, that at the
fundamental resonance of the foundation beams, where  ~ 10, transmissibility
takes the much greater value shown in Fig. 12 regardless of the mount
locations selected; note also that the choice of some other mount locations
can increase rather than reduce the peak values of transmissibility at higher
frequencies.

The severe loss in isolation associated with the fundamental resonance

of the foundation beams can be mitigated in several ways, one of which is to

divide the beams into separate spans. This approach, which is particularly
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feasible for long, heavy machinery installations that require multiple anti-
vibration mountings, results in a configuration such as that already referred
to in Fig. 11(b), where rigid supports divide the foundation beams into four
spans of equal length. The forces exerted on the spans by the antivibrat.on

mountings produce equal forces F_ at the original beam terminations and an

2
in-phase force 252 at each intermediate support. At the supports the beam
deflection and slope are constrained to zero.

The transmissibility across the mounting system of Fig. 11(b) is plotted
in Fig. 12 as the chain-line curve. Now, because the fundamental resonant
frequency of the foundation spans of length a/2 is sixteen times greater than
that of the original foundation beams of length 2a, the level of the correspond-
ing transmissibility peak (where @ = 160) is significantly reduced because of
the much greater effectiveness of the antivibration mountings at this higher
frequency--even though the 'abruptness' of the peak remains essentially un-
changed. Within the range of frequencies considered, the chain-line trans-
missibility curve is relatively insensitive to mount location, which in this
example actually duplicates the regular mount spacing assumed when the solid-
line curve of Fig. 12 was calculated [in Fig. 11(b), the distance h1 = 0.125a].
The second resonance of the foundation spans occurs at frequencies above
the range considered here, so that no further transmissibility peaks appear
in the chain-line curve of Fig. 12.

Note that the mutual interference observed between forces applied to the
foundation beams of single span by judiciously positioned antivibration mount-
ings can be exploited further if fewer mounts are used to support the machine.
If the mount stiffness is halved, for example, the transmissibility of either
system of Fig. 13 can readily be determined from the foregoing equations; thus,
if h3 = h1 and h4 = h2 in Fig. 11(a), and if h1 = a/4 in Fig. 11(b), these

equations will relate equally well to the mounting systems shown in Figs. 13(a)
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and 13(b) where the machine is supported by only four mounts per side.
Representative calculations of the transmissibility across the mounting

system of Fig. 13(a) are plotted in Fig. 14 as the solid- and dashed-line

curves. The dashed-line curve refers to what will be considered as an average
mount spacing with hl = 0.25a and h2 = 0.75a. As in Fig. 12, pronounced trans-
missibility peaks are introduced at higher frequencies (Q > 10) at the first
four symmetric resonances of the foundation beams. The solid-line curve shows
how, through appropriate choice of mount spacing, it is possible to eliminate
almost entirely the transmissibility peak at the second beam resonance where

Q ~ 54, In this example, two of the four mounts shown in Fig. 13(a) are

positioned at essentially one-quarter of the beam length from the left- and

the right-hand beam terminations (h1 = 0.49a) and the other two mounts are
placed close together at the beam center (h2 = 0.98a).

The magnitude of the transmissibility peak at the fundamental beam
resonance, where @ * 10, is again uninfluenced by the choice of mount location.
However, through division of the foundation beams into four spans--each span
supporting a central antivibration mount, as in Fig. 13(b)--the first founda-
tion resonance is again shifted to sixteen times greater frequency (R ~ 160)
and, as illustrated by the chain-line curve of Fig. 14, the associated trans-
missibility peak occurs at a greatly reduced level.

4.1.2 Machine with Four Mounts per Side Supported by Single- and by Four-
Span Beams to Which a Damping Coating is Applied, or to which Dynamic
Vibration Absorbers or Lumped Masses Are Attached

Because transmissibility exhibits a high peak level at the fundamental
resonance of the foundation beams considered here, and because it is also
likely to do so when nonrigid foundations of other design are utilized, it
is appropriate to discuss alternative ways in which such resonances can be
suppressed.

One relatively straightforward approach is to damp the foundation beams

by applying tiles or a constrained coating of highly dissipative viscoelastic

0 s L

Se— i e A e
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material.ls'17 For example, if the foundation beams of Fig. 13(a) are treated

in this way to increase their damping factor to the value GE = 0.05, then the
transmissibility shown by the dashed-line curve in Fig. 14, which was cal-
culated for an average mount spacing, becomes that shown by the dashed-line
curve in Fig. 15. It is apparent that the peak values of transmissibility
have been reduced by essentially 14 dB at the second and higher resonances of
the foundation beams, and by 11.5 dB at the fundamental resonance.

Peak values of transmissibility can also be reduced effectively by
attaching one or more dynamic vibration absorbers to the foundation beams.

A dynamic absorber1 comprises a lumped mass Ma that is connected via a damped
resilient element to a vibrating item or structure, the motion of which is
excessive at some resonant frequency. The absorber is tuned to resonate

at a closely similar frequency at which its motion becomes relatively large,
whereas that of the vibrating item or structure is minimized. Many practical
applications of the dynamic vibration absorber have been described recently
as, for example, in Refs. 18-23.

Figure 16 shows one foundation beam of single span to which four identical,
viscously damped, dynamic absorbers are attached immediately beneath the anti-
vibration mounts that support one-half of the mass of the mounted item. The
dynamic absorbers, of natural frequency w,, are advantageously tuned in this
situation to resonate near the frequency w of the fundamental mode of beam
vibration, which is potentially the most troublesome mode. Four dynamic
absorbers are likewise positioned on the second foundation beam.

An expression for the transmissibility across this mounting system is

as follows:
4F }: 46 * 4
2 m (B ) ki &
T= |—=| = - U [o_(h,) + Vg (h)] . (74)
Fl m=1, ’5’ cee (nma) [(B )4 5 ];] s Sk
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*
Here, as before, the quantities ¢m(hi)—-(i = 1,2), em, and B , are defined

by Eqs. (57), (58), and (64), and the values of (nma) are specified by

Eqs. (59) - (61).

U
and
*
v
where
*
A
*
v
and

In addition,

AN - e - EY - a2

B =AY - a@H et - e - a@h?

- @I,

R g )

n

’

(75)

(76)

(77)

(78)

a2 e -« 28 e - D1 @Y - D s AEGNY - 1)

+ 20207 « BTN - 13t

(79)

* *
The quantities A, B , and E* are again defined by Eqs. (47), (48), and (51),

*
and @ is given by Eq. (63) in terms of the frequency ratio Q = QV“B’ where w,

is now defined as

Finally,

= (8K/M)

(>
N

*
¢ = Yar /Y "

an equation in which

e o 5 i S ol i »

<
"

a = Ma/M,

(80)

(81)

(82)

R e .

e
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and
o 1+ 2j(w/w)é
r = — K : (83)
1 - (w/wa) + 2j(w/wa)6R

where

W [ a )2 S 1 (84)

w, 2.36502 (wa/wl) (wa/wl)

In these equations, Ma and w, are the mass and the natural frequency of each
dynamic absorber; and a, Y, and = are defined by Eqs. (67), (69), and (71).
Values of the frequency ratio (wa/wl) and of the absorber damping ratio GR
that are advantageously utilized when the mass ratio Ma/Mb takes various

values are listed in Table I.

Table I. Values of the frequency ratios wa/w1 and wa/wm, and of the damping
ratio GR’ for dynamic absorbers tuned to the fundamental resonance
of clamped-clamped beams that have a damping factor GE = 0.01

(Ref. 14).
Yo MMy
Single-Span Beam Four-Span Beam wa/m1 and wa/wm GR
1.0 0.25 0.644 0.392
0.4 0.10 0.820 0.278
0.25 0.0625 0.880 0.226
0.2 0.05 0.901 0.204
0.1 0.025 0.948 0.147

LA ——
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The results of one calculation of transmissibility across the system
are plotted in Fig. 15 as the solid-line curve for which A 4Ma/Mb = 0.25
and for which the mounts and dynamic absorbers have the same average spacing
as employed when the dashed-line curves of Figs. 14 and 15 were calculated.
Despite the fact that each dynamic absorber is only 6.25 percent of the beam
mass Mb’ the absorbers are together remarkably effective in suppressing the
fundamental mode of foundation vibration. In fact, reference to the analogous
dashed-1line curve of Fig. 14 shows that the absorbers have suppressed the
transmissibility peak where @ ~ 10 by more than a factor of 10 in magnitude.
Moreover, as observed previously for cantilever beams1 and circular plates,24
not only are the absorbers effective in suppressing the resonance to which
they are tuned, but their relatively large damping is also effective in
suppressing resonances at higher frequencies. This is because the displacement
of the absorber masses decreases rapidly at frequencies above w,» SO that
the masses effectively become ''fixed" points from which the absorber dash-
pots can restrain the vibratory motion of the foundation beams at their
higher resonances.

Dynamic vibration absorbers can also be used to suppress the fundamental
resonance of the four-span foundation beams considered previously. If the
absorbers are attached to the beams at midspan, immediately beneath the anti-
vibration mounts that support the mounted item in the manner of Fig. 13(b),
then the relevant expression for the transmissibility across the mounting

system becomes

(1 + 6 A
il ., (85)

(1- 0%+ §600, + £ (@ /4)A5) + Y(a /4)(1 + §8 A
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where
* * *
Al = [sinh (o /4) + sin (o /4)] " (86)
* * * * . *
A, = [sinh (a /4) cos (a /4) + cosh (a /4) sin (a /4)] , (87)
* * * i
A3 = [cosh (a /4) cos (o /4) - 1] . (88) |
and
* -
« = (p+*ijq) . (89)
The quantities p and q are again given by Eqs. (65) and (66) in which, as
before, the parameter a 1is given by Eq. (67) in which the frequency ratios

Q= m/wo and E = wllwb, where w; is again the fundamental resonant frequency
of the foundation beams prior to their subdivision, and W, is defined by
Eq. (80). In Eq. (85), y is the mass ratio defined by Eq. (69), and GK is

the damping factor of each antivibration mount. Finally,

* *
T = 4Za/Jme = YaP . (90)

where r* is defined by Eq. (83). The frequency ratio that appears in Eq. (83),

however, is given here by the modified equation

2
w [0} 1
g . (91)
W, [9.46008] (wa/wm)
where w, is the natural frequency of the absorbers and W is the fundamental
resonant frequency of each span of the subdivided foundation beams.

One calculation of transmissibility is plotted in Fig. 15 as the chain-

line curve for which, as before, Ya = 0.25. The dynamic absorbers, which are
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individually as massive as the foundation spans of mass Mb/4 to which they

are attached, are again extremely effective in suppressing the fundamental | 4

span resonance at high frequencies (Q > 160) to which they are tuned. In | 8
fact, the entire transmissibility curve differs remarkably little from that i

of the simple mounting system.

Note that it is a relatively simple matter to examine the effect of
loading each of the single- and four-span foundation beams considered in the
foregoing by four lumped masses Ma' The appropriate expressions for trans-
missibility follow directly from those given earlier for foundation beams
with attached dynamic absorbers. Thus, in these expressions, it is only
necessary to equate the natural frequency of the absorbers to infinity
(F* = 1). A mass-loaded four-span foundation beam is shown, for example,
in Fig. 17.

Calculations of the transmissibility across mounting systems with mass-

loaded single- and four-span foundation beams are shown in Fig. 18 as the

solid- and chain-line curves for which the mass ratio . Mo 4Ma/Mb = 2.5. The

antivibration mounts have average spacing (h1 = 0.25a, h, = 0.75a) or,

2
equivalently, are located centrally on each of the foundation spans, as in
Fig. 17 (h1 = 0.252). For comparison, the dashed-line curve shows the trans-
missibility across the mounting system of Fig. 16. This system utilizes
four dynamic absorbers for which Yy ™ 4Ma/Mb = 0.25; that is, the total added
mass is only one-tenth of that employed when the companion curves of Fig. 18
were calculated. Here, in addition to the attached dynamic absorbers, the
mount spacing is carefully adjusted to avoid essentially all evidence of
the transmissibility peak at the second mode of foundation vibration where
Q= 54 (h1 = 0.49a and h2 = 0.98a).

The solid- and chain-line curves demonstrate how the loading masses Ma

shift the foundation resonances, and the corresponding transmissibility peaks,




‘.

July 23, 1979
JCS:hlb 30

to lower frequencies. Such a shift is always evident when a structure is mass
loaded.1 The shift, which is substantial here because the masses Ma total
one-quarter of the machine mass, has the detrimental effect of increasing
peak levels of transmissibility at the lower resonances of the foundation
beams; for example, the peaks at the fundamental resonances of the single-
and four-span foundation beams are increased by 10 and by 15 dB (compare with
the dashed- and chain-line curves of Fig. 14, respectively). However, the
mechanical impedance of the masses Ma increases in proportion to frequency w
and, at higher frequencies, predominates the beam impedance, which increases
essentially as Yo . The overall levels of the transmissibility curves then
fall off rapidly. Note that, as far as the single-span beams are concerned,
the added mass would be more effective in blocking force transmission at high
frequencies if it were concentrated into fewer parts on each beam. Thus, if
the mass is separated into too many parts, it merely serves to increase the
mass density of the beam rather than to act as an impedance discontinuity--
except at very high frequencies above the range of importance here. If, for
example, the single-span beams support only two lumped masses and two anti-
vibration mounts placed at one-quarter of the beam length from each :ermina-
tion--then in Fig. 18, for the same added mass as involved when the solid-
line curve was calculated, the transmissibility peaks at the second (Q = 32),
third, and fourth resonances of the foundation beams would drop by an average
of 8 dB, although the peak at the fundamental resonance would change very
little in magnitude and frequency (Q = 6).6
4,13 Compound Mounting of Machine with Four Mounts per Side on Single-Span

Beams

This mounting system is pictured in Fig. 19 where both stages of the
compound system are supported by four mounts. The lower four mounts are

arbitrarily but symmetrically located in pairs about the beam center. An
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expression for the transmissibility across the system can be derived as

follows:
4F * 4 40
- L 2] . (8) m * *
T Al Z l;e.)‘, 1] may ¢ [y +aet)ll , (92
1 m=1,3,5,... 2 -

where em, B*, (nma) and ¢m(hi) are defined by Eqs. (58), (64), (59) - (61), and

(57). In addition,

€ =B(BE - BB -T)/[E(1+8) -BEARDE-28(A" +E) +ae8” + 1)

(93)
(y,* i (BA* 5 BB* 2 I‘*)/(BE* L BB* % I'*) : (94)
and

€ =[(2-8A" +T)BE -8 -T)+(-88)cea -8 -1y . (95)

In these equations, the quantity B is a simple dimensionless constant--it
*
should not be confused with the complex quantity 8 of Eq.(92). The complex
* * %*
quantities A , B, and E are defined by Eqs. (47), (48), and (51). In

addition,

Y = M/sz A (96)
A=(1+8)/(2+8) , (97)
B = MZ/MI ’ (98)
* * 2 492 B8
I' =-4(Q)B/(2+8B) = - ’ (99)

T+ 380 Z+ 8

1
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and
na = 2.36502 (Q/5)% (100)

where £ = wl/wb in which w, is the fundamental resonant frequency of the un-

1
loaded foundation beams and Wy is the reference frequency of the compound
system ([Eq. (23)].

Representative calculations of transmissibility T made from Eq. (92)
are plotted in Fig. 20 as a function of the frequency ratio Q = w/mo. The
three solid-line curves refer to values of 8 = 0.1, 0.2, and 1.0; for com-
parison, the dashed-line curve shows the transmissibility across the simple
mounting system (8 = 0). The mass and frequency ratios y = £ = 10. The
mount spacing is such that h1 = 0.25a and h2 = 0.75a. The performance of
the compound mounting systems is clearly superior to that of the simple mount-

ing system and becomes more so as frequency increases above the secondary

resonant frequencies W,y of the compound systems.

4.1.4 Machine with Four Mounts per Side Supported by Floating Foundation
Beams of Single Span ’

When particularly low levels of transmitted force are required at high
frequencies, and the use of additional lumped masses to load the foundation
beams is not acceptable or sufficiently effective, the mounting system of
Fig. 21 can be advantageously employed. Here, additional damped springs of
stiffness KF support each end of the foundation beams to produce a so-called
floating foundation. The mounts that support the machine are again located
symmetrically about the beam centers, but their position is otherwise arbitrary.

An expression for the transmissibility across the mounting system of
Fig. 21 can be derived in terms of the normal modes of vibration of the

foundation as followsllz

e
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T = ,4F2 i ! . g (S*Z* + W*X*) : e , (101)
E L 20w+ 20020 - 1) » X 11 + 2005017
where
= 2

* 9_(h;)

P o=y z 2 : (102)
m=1’3,5’ et E [(B) i 1]

. o, (h o (h,) ]

L B Z — , (103) |
n=1,3,5,... = [(B)" - 1]

s' =2 z bt ["g"4 T (104)
w55, Whw YR - g

R 4 Z Amq’mih_z_)_ _L**)4 —I ’ (105)
m=1,3,5,... a0 [(8M* - 1]

AR S S T (106)

and
* * *
Yy - (107)

In these equations, the mass ratio y is given by Eq. (96), B* is given by

Eqs. (64) - (66) in terms of a , where
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a= Ny (@D)* (108)

| and

® :
* ¢m(h2)

! R =¥ ey % (109)

#5085, SHIBY -1

E om(hi) = [(cosh nmhi + cos nmhi) - emls1nh nmhi - em251n nmhi] i=1,2 (110)

i

l

% Wm = [1 - SAm/(nma) + Am(eml + emz)] - (111)

k

’ & == 8 eiina)” (112)

F m m ?

E

: * 1

£ =-2% @)y , (113)
and 4
: o |
Q =Q/(1 + JGK) " (114)

where h is some fraction of the beam half-length a, and GK is the damping

factor of each antivibration mount. In addition,
eml = (cosh 2 na - cos 2 na + ZAhSIH 2 nma)/(s1nh 2 na - sin 2 nma) , (115)

emz = (cosh 2 n.a - cos 2 na+ ZAmsinh 2 nma)/(sinh 2 na- sin 2 nma) , (116)

k= (K/K) (117) : L

and

Q= m/wo
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where

w, = (8!(/M)!i 5 (119)

Here, K is the stiffness of each antivibration mount, KF is the stiffness of
each mount that supports the floating foundation beams, and Ks is the static
stiffness of a simply supported beam that is loaded at its midpoint and that
has the same dimensions as the two foundation beams under consideration. The
values of n a, which depend here upon the value of the stiffness ratio k , are

the roots of the equation
(sinh na cos na + cosh na sin na) = [IZK/(na)S](cosh na cos na) 2 (120)

The roots must be obtained numerically although, when m is very large

(m > 30) they can be calculated from the equation
nas= (4m - 5)(m/4) . (121)

The first thirty roots of Eq. (120) that have been determined when k = 3
and k = 10, for example, are listed in Tables II and III. In Eq. (108),
the value of NR also depends upon the value of Kk , since NR corresponds to
that value of o for which the first resonance of the foundation beams
occurs (at the frequency wl) when the unloaded beams are supported by a
mount stiffness KF = KKS at each end. When k = 3 and 10, for example,

NR = 1.47432 and 1.53953. Finally, in Eq. (108), the frequency ratio

£ wllw (122)

o

The normal modes of interest are those of each beam and its supporting springs

considered as an entity. The relevant normal functions are specified by
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Table II. The first thirty values of n32 for a floating foundation beam
supported at each end by an antivibration mount for which
K = 3 (Ref. 14).
m na m na m na
1 1.47432 11 30.63116 21 62.04653
2 3.22144 12 33.77259 22 65.18811
3 5.61079 13 36.91407 23 68.32970
4 8.66780 14 40.05559 24 71.47128
5 11.79207 15 43.19712 25 74.61287
6 14.92801 16 46.33867 26 77.75446
7 18.06722 17 49.48023 27 80.89604
8 21.20764 18 52.62180 28 84.03763
9 24.34859 19 55.76337 29 87.17922
10 27.48980 20 58.90495 30 90. 32081

——— s — "]
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Table III. First thirty values of na for a floating foundation beam
supported at each end by an antivibration mount for which
kK = 10 (Ref. 11).

m n a m n.a m n a

1 1.53953 11 30.63262 21 62.04671
2 3.92195 12 33.77368 22 65.18826
3 5.89140 13, 36.91491 23 68.32983
4 8.73788 14%“ 40.05624 24 71.47140
5 11.81867 15 43.19764 25 74.61297
6 14.94088 16 46.33909 26 77.75455
7 18.07442 17 49.49058 27 80.89612
8 21.21208 18 52.62209 28 84.03770
9 24.35152 19 55.76362 29 87.17929
10 27.49183 20 58.90516 30 90.32087

Eq. (110) in terms of a stiffness ratio k = KF/KS’ Values of a parameter na,
which specify the corresponding natural frequencies of the floating foundation,
and which depend upon the values selected for K have to be determined
numerically as the roots of Eq. (120).

In the analysis of the mounting system, the ends of the foundation beams
have been assumed to exert zero bending moment on the supporting springs (as
for a simply supported termination) and to share with the springs a common
vertical displacement and shearing force. The damping of the foundation has
also been considered. However, it is necessary to assign the same damping

factor GE to both the beams and their supporting springs because they were
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together viewed as an entity when the normal modes of foundation vibration
were established. 1In the calculations to be discussed, the damping factor
dE = 0.01 and the stiffness ratio k = 3.

One calculation of the transmissibility across the mounting system is
plotted in Fig. 22 as the chain-line curve for which the antivibration mounts
beneath the item of machinery have the same average spacing as that employed
in the previous calculations. The dashed-line curve is reproduced here from
Fig. 14 to show the transmissibility obsefved, for the same mount spacing, when
the foundation beams were clamped rigidly at each end. Note that the trans-
missibility peaks at the third and fourth resonances of the foundation beams
are beneficially absent from the curve calculated for the mounting system of
Fig. 21.

To obtain the solid-line transmissibility curve of Fig. 22, it is
necessary to adjust the spacing of the upper mounts in Fig. 21 until h1 = 0.35a
and h2 = 0.869a. Moreover, if a different stiffness KF is chosen for the lower
springs that support the foundation beams, and if evidence of the second mode
of vibration of the floating foundation is to be kept from the transmissibility
curve, then the position of the upper mounts must again be altered. For ex-
ample, if KF is increased until the stiffness ratio k = KF/KS = 10, the upper
mounts must be relocated where h1 = 0.364a and h2 = 0.98a.

Note that the antivibration mounts have always been placed symmetrically
about the midpoints of both the clamped and the floating foundation beams con-
sidered here, or they have been located at midspan on the multispan beams
considered. In this way, only the symmetrical beam modes have been excited.
This is an advantage because, if the mount location had been chosen otherwise,
the antisymmetric as well as the symmetric beam modes would be excited, and
essentially twice the number of foundation resonances and associated peaks would

be observed in the preceding transmissibility plots than are presently apparent.
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4.1.5 Machine with Four Mounts per Side with Floating Foundation Beam to
which Are Attached Lumped Masses of Dynamic Vibration Absorbers at

Each Mount Location

The transmissibility T across the "compound" system of Fig. 23 can be

stated as follows:

* * * * * * * *
C(@Y +H)+D(OX -6)
* * % * * * * *
ATeY +H) +B (X -G

where
L0 -0 .
Y* = (R* y Q* "W :

and

%* * * 2 * * 2 %* 2 * * * 2 * *
At =208701 + 20)%" - D1 - 2@H%1@H%e - 8 - 2R+ oH 1)
B* v, 2{6*[1 & 2 * 2 * * 2 %* %* 2 * % * * *

. @)%Q"1 - 2@H%Q" Q)% - PR - o e" + R},

C* - {B*S* . W*Q*Q* k S* [(Q*)z - P*(R* 3 ¢*)]} ,
D* i {G*W* M S*Q*Q* A W* [(Q*)Z i P*(R* i ¢*)]} :
¢ ={ - eH2-p"r"1-0 1%« @2 - Q" + D1},

and

H* < {(Q* . R*) [(Q*)z i P*R*] 3 ¢*[(R*)2 7 (Q*)z ; Q*(P* § R*)]}

’

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)

(131)
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* * * * * * *
Here P , Q , S, and W, X , Y are as defined by Eqs. (102) - (107), R and

Q* are given by Eqs. (109) and (114), and
* *2 * * * *
8 =[(Q) - +d)YR + 9)] . (132)

* %* * * *
All other parameters on which the complex quantities P , Q , R, S, and W ,

* *
X , Y depend are as previously defined; in particular,

o= N @D, (133)

where Q = m/mo, E= wl/mo, and NR = 1.47432 or 1.53953 when « = 3 or 10,

respectively. Finally, the quantity

e :

® = - .Q(_é.l“_’l ) (134)

where appropriate substitution has to be made for the mechanical impedance Z

of the particular devices that are attached to the intermediate beams at each

mount location. For example, when the beams are loaded by lumped masses Ma’

as in Fig. 23, then Z = ija and
OSSO LAY,

s o

w2
w Ma )

, (135)

where Y = M/ZMb and Ya = 4Ma/Mb. Alternatively, when dynamic absorbers are

attached to the beams, as in Fig. 24, then

*
Z = juMT (136)

and
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¢ = ~—pwy (137)
(2 )°r
where
1+ 2j(w/w)s$
iz R (138)

1 - (w/wa)2 + 2j(w/wa)6EJ

Design parameters of the absorbers are the damping ratio GR and tuning ratio
(wa/ml), which is related to the frequency ratio (m/wa) of Eq. (138) as

follows:

/5

ol (139)
a

w
—
W

a 1

Appropriate values of (ma/wl) and GR are those listed in Table I for a single-

span beam with clamped terminations. Even though the terminations differ in
the two cases, the values of Table I yield very satisfactory results in the
present situation.

Representative calculations of transmissibility of the compound system

of Fig. 23 are plotted in Fig. 25 as the three solid-line curves for which

"g" = 0.1, 0.2, and 1.0. These calculations utilize the mass and frequency

r ratios y = £ = 10, and average spacing (h1 = 0.25a and h2 = 0.75a) of the

, upper mounts and, hence, of the loading masses Ma‘ The upper mounts, the
intermediate beams, and the lower mounts share a common value of the damping
factors GK = GE = 0.05. The curves of Fig. 25 were obtained for a common
value of M/ZMb = 10, the choice of which is equivalent to the adoption of a
mass ratio "B" = 0.1. Because it is generally not feasible to generate such
large values of "B" as 0.2 and 1.0 by making the intermediate beams uniformly
more massive (in the absence of the masses Ma)’ the choice of values of the

mass ratios Y " 4Ma/Mb = 1.0 and 9 effectively yields the values of "g" =

0.2 and 1.0.
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In Fig. 25 each curve exhibits three transmissibility peaks at fre-

1
quencies that are essentially equal to the resonant frequency w, = (8K/M)4
1 and w, of the inter-

mediate beams on their lower mounts of stiffness KF' As the loading masses

and to the initial and second resonant frequencies w

Ma and, hence, the values of "B" are increased, Wy and w, are shifted to
progressively lower frequencies. Above wl--the frequency of the '"secondary"
resonance of the compound system--the levels of the transmissibility curves
fall off markedly and lie appreciably below the level of the dashed-line
curve for the simple mounting system, except at frequencies in the vicinity
of W, The advantages of using large "intermediate' masses to achieve
especially low values of transmissibility at high frequencies are again
clearly apparent. Moreover, improved high-frequency performance can be
obtained through judicious location of the upper mounts of the system. Thus,
although the transmissibility peaks at the initial resonance of the inter-
mediate beams are relatively insensitive to mount location, excitation of
the second beam resonance can be avoided and evidence of it eliminated
entirely from the transmissibility curves. This is true, for example, if
the value hé = 0.869a is selected in Fig. 33, and if the consecutive values
of h1 = 0.350a, 0.437a, and 0.615a are employed when "B" = 0.1, 0.2, and

1.0, respectively. Thus, if the mount locations specified here for the
compound system with "B" = 0.2 (namely, h1 = 0.437a and h2 = 0.869a) are
adopted in place of the average spacing utilized hitherto, the transmissibility
across the system becomes that shown by the chain-line curve of Fig. 25. No
evidence remains in this curve of the significant peak observed previously

at the second resonance of the intermediate beams where { = 35; rather, trans-

missibility now falls off monotonically at all frequencies above w,, decreas-

1)
ing by more than 27 dB in the octave 10 < < 20.
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Representative calculations of the transmissibility across the mounting
system of Fig. 24 are plotted in Fig. 26 for compound systems with y = M/ZMb =
10. The dashed-line curve shows the transmissibility across the system of
Fig. 23 with Ma = 0 so that the mass ratio "f" = 0.1. The upper mounts of
the system have average spacing; their damping factor GK = 0.05--whereas the
lower mounts and the intermediate beams share the damping factor GE = 0.01.
The solid-line curve shows how the resonance of the intermediate beams at
the frequency w, (2 = 50) can be avoided simply by locating the upper mounts
where h1 = 0.350a and h2 = 0.869a. The chain-line curve shows how the
"secondary" resomance of the system--namely, the initial resonance of the
intermediate beams at the frequency W (2 = 10)--can be suppressed effectively
(essentially by 20 dB) if dynamic absorbers are attached to the intermediate
beams in the manner of Fig. 24. Here, the small absorber mass ratio L A
4Ma/Mb = 0.25, so that wa/w1 = 0.880 and GR = 0.226, as specified in Table I.
Note that, because the favorable mount spacing has been maintained, excita-
tion of the second beam resonance at the frequency w, (2 ~ 50) has again been
virtually avoided. Also note that, for all practical purposes, the values
of transmissibility above W, become continually smaller as frequency increases
into the high-frequency region, where very large uninterrupted reductions of

transmitted force have been achieved.

4.2 Platelike Foundations

Considered now is the resilient mounting of a vibrating item of machinery
of mass M on platelike substructures that have been modeled as thin, simply
supported, square, rectangular, or circular plates with small internal damping
and mass MP' Also considered are plates that have been modified by the attach-
ment of dynamic vibration absorbers or lumped masses at each mount location--

or by the introduction of rigid cross members, which divide the square and
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rectangular plates into four separate quadrants that are free to vibrate in-
dependently of one another.

The item of machinery is supported either by eight or by four antivibration
mounts that are arbitrarily, but symmetrically, located with respect to the
plate centers. The mounts have complex stiffnesses K* and small internal
damping factors that are governed by Eq. (1). The frequency dependence of
K and GK is again assumed to be negligible.

A vibratory force ;1 acts vertically on the mounted item to produce a
total vertical force ﬁz at the plate boundaries. The force Ez comprises four
discrete forces, one at each plate corner, plus a distributed force along the
four plate sides. For each of the plate configurations mentioned in the fore-
going, transmissibility T = Iﬁz/ﬁll has been calculated in terms of a frequency
ratio = w/w° where w 1is again the impressed frequency and W, is the natural

frequency of the mounting system calculated as though the platelike substructures

were ideally rigid.

4.2.1 Square Plates

An item of machinery supported by eight identical antivibration mounts on
a rectangular plate of mass MP and sides of lengths a and pa is shown in
Fig. 27. For a square plate, the parameter y = 1.0. The symmetric mount
locations are specified by coordinates (hlx’ hly)' (h2x’ hzy) that describe the
distance of two adjacent mounts on one side of the machine from the near plate

corner, which is taken as the coordinate origin.

The force transmissibility across the mounting system can be expressed

as follow526;

(140)

where
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= * * * 2
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@)% = /(1 + 380 = WY + js

In these

equations,

k=1,5,5,4.¢

o MEL 55 -

)

m=1,3,5,...

e,

2
20y n(hyehyy)

ly

@2

ZAwk,m(hlx ly)Qk m( 2x,h2y)

X (Q )

2
2Y"’k,m(th’th)

l* (9*) 2

(141)

(142)

(143)

(144)

(145)

(146)

(147)
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. [1 + A* - B*] i (148)
1-B +C
%, mMiohy)) = sin kn(h;x/a)sin mw(hy/ua) (= 1,2) (149)
x e gy -1, (150)
and
1
ot 2 Men® | nik? + o’y (151)
i (P +ja) :
Y=MMy (152)

In equation (151), p and q are given by Eqs. (65) and (66), where a = na, pro-
vided that the damping factors GE and GG associated with the Young's modulus
and shear modulus deformations of the plate material are equal, as may

1,25,26

realistically be assumed. Finally, the frequency ratio Q and the

dimensionless product na are related as follows:

-
(s ma) E/Np, (153)

D
(/]

where

= 11+ w2 (154)

2
1}

R1

is the value taken by (! na) at the fundamental resonant frequency Wy of the

unloaded plate, and
= wll/wo . (155)

0dd integral multiples of k and m appear in the summations of Egs.

(141) and (145) - (147) because only the symmetrical plate modes contribute
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25,27,28

to plate transmissibility. Whereas forces are transmitted to the plate
boundaries when the antisymmetric modes are excited (k and m even) the net up-
ward and downward components of these forces counter one another exactly.
Values of k and m through a range of at least 1-99 have been employed in
all summations evaluated.

When the item of machinery is supported by only four antivibration mounts,
as in Fig. 27(b), hy, = h,, and hy = h, , so that Eqs. (145) - (147) for A,
B* and C* become identical; and the expression for transmissibility reduces to

*

T
[~ (3.1 ~ %€

, (156)

where

o] -] i 4
. 16(8") 9y ,(h ,h)
SIDVNNPWE BT L

2 *
K1, 8,5, 000 W00, 3.5, .0 ™ kmA

and

. 2
* E § 49, _(h_,h )
£ = k,m *X )4 . (158)

Note that, for the system of Fig. 27(a), the natural mounting frequency W, is

defined as
Wy (8!(/M)!i 5 (159)

whereas, for the system of Fig. 27(b),

w, = 2k . (160)
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Plotted in Fig. 28 are the results of transmissibility calculations made
from Eq. (140) for a vibrating machine supported by eight mounts on a square

plate (u = 1.0) having the small damping factors GE = GG = 0.01. The mounts

are uniformly spaced such that hlx = 0.2a, h 0.4a, and hly = h, = a/3; here,

2y
0.05. The mass and frequency

2x
and subsequently, the mount damping factors 6K

ratios Y = M/MP =4 and £ = /wo = 4. The transmissibility when the plate is

pe .
ideally rigid is shown by the dashed-line curve. Note that the first trans-
missibility peak in the solid-line curve occurs at a smaller value of the fre-
quency ratio Q = w/wo than unity because the effective stiffness of the mounts

is reduced by the plate flexibility. Again, the second peakAoccurs at a greater
value of © than 4 because the natural frequencies of the plate are shifted to
higher frequencies by the springlike constraint exerted on it by the mounts.

The transmissibility curve of Fig. 28 is characterized by many resonances
as compared to curves that have been calculated for an item of machinery supported
by beamlike and modified beamlike substructures (Sec. 4.1). Furthermore the
solid-line curve of Fig. 28 is typical of many other curves that have been cal-
culated for a variety of mount locations. For example, no advantage exists to
deploying the eight mounts in circular configurations of different radii and
equal angular spacings about the plate center. Nor can customary linear mount
configurations be found that provide noticeably reduced numbers or levels of
transmissibility peaks.

By contrast, judicious choice of mount locations is possible when an item
of machinery is supported by only four mounts, and results superior to those of
Fig. 28 can be obtained. Unfortunately, the use of other, less favorable
mount locations can then greatly increase the extent to which the plate resonances
are excited. This is evident in Fig. 29, which relates to the same square plate
as before and to four mounts having symmetrical locations specified by hx/a =

hy/a = 0.25. The mass and frequency ratios Y = £ = 4 remain unchanged in value.
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The transmissibility curve is now far more 'spiky' than in Fig. 28, and the
plate will respond more strongly than before to the amplitudes of the dis-
turbing frequencies from the mounted item. However, by contracting the mount
separation until hx/a = hy/a = 1/3, the transmissibility curve of Fig. 30 is
obtained with a smaller density of resonances; in fact, this judicious choice
of mount locations has halved the number of plate resonances that are excited.
Thus, excitation by an impressed force of any mode of plate vibration, other
than the first, can be avoided28 if the force is located at any point on a
nodal line of the particular mode of concern. This fact has been used to
advantage in the present situation, where each of the four mounts is located
on nodal lines of the [(3,1), (1,3)], (3,3), [(5,3), (3,51, [(7,3), (3,71,
...., modes, which are no longer excited; rather, only the following sequence
of symmetrical modes is observed: (1,1), [(5,1), (1,5)], [(7,1), (1,7) (5,%9)],

[,s), 6,nNl, ...

4,2.2 Circular Plates

The possibility has been examined of mounting machinery on circular plate-
like floor areas. Such an area, for example, could be supported around its
perimeter by a rigid circular rib and be separated by an expansion joint from
the adjacent floor areas of the square or rectangular machinery room in which
it is located. This situation is modeled in Fig. 31(a), where a simply supported
circular plate is excited symmetrically by four, equal, in-phase vibratory
forces. The forces are transmitted from an item of machinery of mass M by
mounts of equal stiffness that are located on the plate at equal distances )a'
from the plate center, where a' is the plate radius (and, thus, the half-length
of the sides of the circumscribing square). The parameter )\, which should not
be confused with the complex quantity of Eq. (150) is chosen such that 0 < )

< 1.0'
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The force transmissibility T across the mounting system to the plate

boundaries is governed by the equation25

*
Te ¥/ -@Y+03 (161)
where
* * |
: 8 =vymad)d/r (162) |
i
4 T ATT LT AR
+ = +
W* a () oA o . a'‘“ol'l oAl \ (163) 4
Hte:r 3l Y1l (m"a" :
*
and Q@ 1is again given by Eq. (144) in which
|
: |
| Q= ma'yi5/(2.2305)° . (164)

As before, = = wll/wo, where w.. is now the fundamental resonant frequency of

11
the circular plate of mass MP' In addition, y = M/Mp, and

* *  x
® =R /S s (165)

where

*

* * *
R = x{2A¢a,(JoA1°A) - (ma')(J,Y,, + AKOAIOA)[¢a,(JII° +J1) - 20 1)

* * * *
+ (n a')(ng)[¢a,(Y11° $ 1Y) - 2Y 1] + A a')(IoA)2[¢a,(J1K° - KJ) - 23K

o]}(n*a')
(166)

and
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* *
S = - 4A[¢a'(J1Io + JOII) - 2JOIO](n*a,)

(167)

In these equations, such abbreviations as Jo’ Il’ Yol’ and Kok have been used
* *
to represent the ordinary and modified Bessel functions Jo(n avy’, Il(n a'y,

*
vo(xn*a'), and K_(An'a'); in addition,

-
[}

2/m (168)
and

1-v/ma) . (169)

o,

a

where Vv 1is Poisson's ratio. All Bessel functions have the complex argument
n*a', a dimensionless product that is given by Eqs. (65) and (66) in which
the quantity o is replaced by na', where a' is currently the plate radius.
Selection of the values A = 0.4714 and 0.7071 yields mount locations
that are congruent to those utilized on the square plates considered in
Figs. 30 and 29, where hx/a = hy/a = 1/3 and 1/4, respectively. For example,
the solid-line transmissibility curve of Fig. 32 has been calculated from
Eq. (161) with the mass and frequency ratios Y = £ = 4 and the plate damping
factors GE = GG = 0.01, as before, and with mount locations specified by the
value A = 0.7071. Although these mount locations were previously associated
with a pronounced resonant response of the square plate considered in Fig. 29,
only one-third of the number of resonant peaks is now in evidence. Moreover,
the dashed-line curve of Fig. 32 shows how the mount spacing can be contracted
to avoid the excitation of the second symmetrical plate resonance; thus,

because the mounts now lie on the single nodal circle (for which A = 0.4414)

accompanying this resonance, the normally anticipated transmissibility peak

(R = 25) has been replaced by a broad trough of significantly lower level.
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To conclude, it should be recognized that an effective example has been
considered in the foregoing, and that the overall reduction in the number of
plate resonances would be much smaller had comparison been made, for example,
between transmissibility curves calculated (1) for the judicious mount locations
chosen on the square plate of Fig. 30, and (2) for the corresponding locations
(A = 0.4714) on the circular plate. This is not because the adoption of the
circular plate would be ineffective but, rather, because the judicious choice

of mount locations had proved extremely effective in the first instance.

4.2.3 Quadrant Plates

The possibility of mounting machinery on divided plates has also been
examined. Thus, in Fig. 31(b) a rectangular plate is cut by expansion joints
into four identical quadrants that are supported by ideally rigid cross members.
Each quadrant is assumed to have simply supported boundaries, to be free to
vibrate independently of the other three quadrants, and to be driven solely
by the force transmitted by a single antivibration mount. The four impressed
forces of Fig. 31(b) are assumed to have equal magnitude and phase, as in
Fig. 31(a) and Sec. 4.2.2, and to be symmetrically located. Because the
quadrants have a fundamental resonant frequency that is four times higher than
that of the undivided plate, the vibration levels and the transmitted forces
at this fundamental resonance, and at higher resonances, will be reduced signi-
ficantly because the antivibration mounts will have greater effectiveness at
these higher frequencies.

If transmissibility T 1is defined as the total magnitude of the output

forces at the boundaries of the quadrants divided by a force F impressed as

1
in Fig. 27(b), and if the quadrant sides have the lengths a' = a/2 and ua' =

ua/2, then it can be verified that

- &
3
2 p— -
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(T* ' :
T = * 2 ) * 1 (170) §
R-@) -v(E)] 5
* * 0 . = *
where (T ) and (£ ) are given by Eqs. (157) and (158) in which B and % m
(hx’hy) have been replaced by
2 2.%
(8 = > @) ] (a7
(na')
and
- 3 L] 5 1
¢k,m(hx"hy') = sin kﬂ(hx,/a ) sin mn(hy,/ua ) . (172)

In Eq. (172), the coordinates hx' and hy' describe the distance of the mounting
point on the lower left-hand quadrant plate of Fig. 31(b) from the near plate
corner. In addition, the summations of Eq. (158) now encompass every integral

*
value of k,m = 1,2,3,..., the parameter Q is defined by Eq. (144) in which

G w (“_;I'LE_ , (173)
Nr1

and vy = M/MP' Here, as before, the mass MP’ the quantity N Eq. (154) , and

R1
the frequency ratio = = mlllwo, relate to the undivided plate having sides of
lengths a and ua. Finally, the parameter n*a' in Eq. (171) is specified
by Eqs. (65) and (66) in which the parameter o 1is given by Eq. (67) in which
a is replaced by a' = a/2.

Transmissibility calculations that have been made from Eq. (170) for a
square plate (u = 1.0) having square quadrants are plotted in Fig. 33. For

both curves of this figure, the mass and frequency ratios y = E = 4; the plate

damping factors GE =4

¢ ™ 0.01, as in all previous plate calculations. The l
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mounts are also located as they were on the undivided plates. Thus, the solid-
anc dashed-line curves have been calculated for hx'/a' = hy,/a' = 1/2 and 2/3--
values for which the mount locations match those utilized in Figs. 29 and 30,
respectively. The fundamental resonance of the quadrant plates is seen to
occur at a frequency that is essentially four times higher than that of the
fundamental plate resonance evident in the prior figures; namely, it occurs
where Q ~ 16, as expected. Moreover, for both mount locations, the quadrant-
plate resonances excited are only one-third as numerous as the resonances
evident in Figs. 29 and 30 through the same frequency range of calculation.

The judicious mount locations of Fig. 30 have remained equally effective
in Fig. 33 and have resulted in the appearance in the dashed-line curve of only
three quadrant-plate resonances, except for minute responses from the [(2,1), (1,2)1],
(2,2) modes where Q =~ 40 and 64. (These modes, which are nonsymmetrical,
would not be excited were the quadrant plates unconstrained by the antivibration
mounts.) Effectively, then, only the (1,1), [(5,1), (1,5)], and ((7,1), (1,7),
(5,5)] modes of the quadrant plates give rise to resonances in the dashed-line
curve of Fig. 33, and the excitation of the [(3,1), (1,3)], (3,3), and [(5,3),
(3,5)] modes at intervening frequencies has been avoided because the antivibra-
tion mounts have been located at points on nodal lines of these modes. Although
the predicted performance of the quadrant plates does require that the support-
ing cross members [Fig. 31(b)] remain rigid at all frequencies, the use of such
plates appears to represent one effective approach to mounting machinery on

platelike floor areas.

4.2.4 Rectangular Plates

Rectangular plates that have identical aspect ratios yu = 0.5 are considered
in this section. The effectiveness of mounting machinery on quadrant plates is

illustrated again in Fig. 34. The value of attaching dynamic vibration absorbers
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or lumped masses to undivided plates at each mount location is demonstrated
subsequently.

The transmissibility curves of Fig. 34 have been determined for new
values of the mass and frequency ratios y = M/MP =6and E = “ﬁl/“5 = 5, and
for values of the mount and plate damping factors 6K = 0.05 and 55 = GG = 0.01
that will be utilized throughout this section. The solid-line curve relates
to the mounting configuration of Fig. 27(a), where eight antivibration mounts
are uniformly spaced beneath the item of machinery such that hlx = 0.2a, h2x =
0.4a, and hly = hzy = pya/3 = a/6. The dashed-line curve shows how the number
of transmissibility peaks can be reduced significantly if four antivibration
mounts are deployed on the quadrant plates of Fig. 31(b) such that hx' = 2a'/3,
hy, = 2ua'/3 = a'/3. For these judicious mount locations, the (3,1), (1,3),
(3,3), (5,3), ..., modes of tie quadrant plates (u = 1/2) are not excited.

For the undivided plate, the fundamental resonance that occurs at the
frequency w9 is the most pronounced and potentially the most troublesome plate
resonance encountered. Here, in Fig. 34, the severe loss in isolation observed

at the frequency w,, has been mitigated by the introduction of the quadrant

11
plates. Thus, the transmissibility peak at the fundamental resonance of the
quadrants (9 =~ 20) lies some 13.5 dB beneath the peak at the fundamental resonance
of the undivided plate (Q ~ 6) even though it remains essentially as '"abrupt"

as before.

Peak values of transmissibility can also be reduced effectively by attach-
ing dynamic vibration absorbers to the undivided plate, for example, at all four
mount locations. One such dynamic absorber is shown in the broken area of
Fig. 35(a). The four dynamic absorbers have identical design, and each comprises
a lumped mass Ma that is connected by a spring of stiffness Ka and a dahspot of

coefficient of viscosity n, to the plate, the motion of which is excessive at

some resonant frequency that, in this instance, is taken to be Wyye The absorbers

L
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are tuned to resonate at a frequency neighboring Wy at which their motion
becomes relatively large, whereas the motion of the plate and the force trans-
mitted to its boundaries are minimized. The absorbers have natural frequencies

) |
w, = (Ka/Ka)1 and damping ratios 6& = (na/nac) = (mana/ZKa), where i is the

value of the coefficient of viscosity required to damp the absorbers critically,1

The transmissibility across the mounting system of Fig. 35(a) can be

expressed as follows:25

T = l *_ 2 T * * * ’ (174)
[t - @hiia - vg'eh - veh

*
where Q*, Y; T*, and £ are given by Eqs. (144), (152), (157), and (158), and

4 1+ jA) |
i a ; 4 . (175) ’
(1 - Q (w/w)” + jA]

In these equations,

e 4Ma/Mp ’ (176)
A, = 2(0,/0)R 8 > 177)
and
w/w
B i i i B (178)
moow, wu/wo =

are again related by Eq. (153). The so-called tuning ratio

where Q and
wa/w11 and the damping ratio BR are design parameters of the dynamic absorbers,

and the choice of suitable values for them is important if the full effectiveness
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of the absorbers is to be realized. The values chosen in this situation are
those determined previously for a single absorber29 attached to the midpoint
of a rectangular plate that is driven centrally by a vibratory point force
(Table IV). Although four dynamic absorbers are now attached to the plate
that is driven simultaneously by four noncentral point forces, the absorber
tuning and damping ratios established previously29 have been found to yield
very satisfactory results in the present situation. (Note that the tuning
and damping ratios should relate to an absorber of mass Ma not 4Ma' For
example, if 4Ma/MP = 0.2, the appropriate values of wa/m1 = 0.869 and

1

GR = 0.268 are those listed in Table IV for an absorber of mass Ma = 0.05 x

Mp that is attached to a rectangular plate of aspect ratio u = 1/2.
The effectiveness of the dynamic absorbers is illustrated in Fig. 36,
where the dashed-line curve relates to the transmissibility across the mount-
ing system of Fig. 27(b) supported by a rectangular plate for which y = 6,
£=5, and g = 1/2. The four antivibration mounts are again located judiciously
where hx/a = hy/ua = 1/3. The solid-line curve predicts the transmissibility
across a duplicate mounting system to which four dynamic absorbers are attached
in the manner of Fig. 35(a). The absorbers have the mass ratio Ya = 0.2, so
that the appropriate values of wa/w11 and GR are those specified in the fore-
going. Although each absorber has only 5% of the plate mass, the absorbers
are highly effective in suppressing the fundamental plate resonance to which
they are tuned. In fact, the transmissibility peak where Q ~ 6 has essentially
been suppressed by a factor of 10 in magnitude. Moreover, as observed pre-
viously for foundation beams with clamped terminations, the relatively large
damping ratio of the absorbers is also markedly effective in suppressing the
plate resonances at higher frequencies, particularly those adjoining wyp It
is encouraging that the practical design of absorbers to suppress resonant

floor motion has been discussed in Refs. 30 and 31.
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Next, it is instructive to consider plates that are mass loaded at
each mount location, as in Fig. 35(b). The transmissibility in this case
follows readily from Eq. (174) when it is recognized that the dynamic
absorbers of Fig. 35(a) will degenerate into lumped masses Ma if the absorber
springs or dampers are made infinitely stiff or viscous. In either case,
the parameter 6* = 1.0 in Eq. (175). No other modification is required.
Representative calculations of transmissibility appear in Fig. 37, where
the dashed-line curve shows the transmissibility across the basic mounting
system of Fig. 27(b) for which u = 1/2. Once again, y = £ = 4, and the
antivibration mounts are judiciously located where hx/a = hy/ua = 1/3.

The transmissibility across an identical mounting system to which lumped
masses have been added at each mount location, as in Fig. 35(b), is shown

by the solid-line curve. The total added mass is equal to that of the
mounted item of machinery; namely, Ya = 4Ma/MP = 4. Use of such heavy

mass loading is necessary if the overall level of the transmissibility curve
is to be reduced significantly. For a value of Ya = 1.0, the resultant
transmissibility curve would lie approximately halfway between the solid-

and dashed-line curves at frequencies above the fundamental plate resonance
(2 = 3). Adoption of a mass ratio as small as 0.2--that of the dynamic
absorbers used previously--would be ineffectual in reducing transmissibility
much below the level of the dashed-line curve, except at very high frequencies
where the impedance of the loading masses Ma would eventually predominate the
plate impedance.

The masses Ma shift the plate resonances and the accompanying trans-
missibility peaks to lower frequencies as the solid-line curve (Ya = 4) of
Fig. 37 indicates. Such a frequency shift, which is always apparent when a

1,14,29

structure is mass loaded, has the detrimental effect here of increas-

ing the level of the transmissibility peak at the frequency wyq of the




e
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fundamental plate resonance. However, at higher frequencies, adoption of the
substantial mass ratio has provided very large reductions in transmissibility.
In fact, no transmissibility peaks are evident (within the decibel range con-
sidered) once the frequency ratio Q@ > 88. Although the use of quadrant plates
would yield considerably fewer transmissibility peaks than presently appear in
the dashed-line curve of Fig. 37, it should be recognized that, for the quadrant
plates, the transmissibility would follow the level of the dashed-line curve
rather than the greatly reduced level of the solid-line curve for the mass-

loaded plate of Fig. 35(b).

4.2.5 Compound Mounting of Machine with Four Mounts on Rectangular Plate

Finally, the performance of the compound mounting system has been analyzed

when it is supported by four antivibration mounts on a simply supported rectangular

plate. The relevant transmissibility equation is as follows:

4
16 (B ) —]
Z z 2 l:( l_l *x m(hx’hy)

LT T Dl g?
3 % * 4cp (h ,h)
@) e =28 @ - ya B R Z z km
ok [(B) - 1]
k=135 m=l;3,5,...
(179)

where A, B, *, wk m(h sh ) and B are given by Eqs. (97), (98), (144), (149),

and (151), respectively. In addition,

* 8 * 3
R =E-W(Q)] (180)

and

- i
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where M1 is the machine mass. Also, in Eq. (144),
na,2 =
Q=) =5 » (182)
N
R1
where
L 2.4

Representative calculations of the performance of the compound mounting
system are illustrated in Fig. 38, the solid-line curves of which relate to
compound systems supported on a rectangular plate for which p = 1/2. The mass
and frequency ratios Y = Z = 4, where now = = wn/w0 in which wo is the
reference frequency of the compound system [Eq. (23)]. In addition, in the
frequency ratio Q = m/mo, W, is also this reference frequency. Shown in
Fig. 38 are the performances of the compound systems with mass ratios B =
M,/M

Pty
performance of the simple mounting system (B = 0). For all curves, the anti-

= 0.1, 0.2, and 1.0. For comparison, the dashed-line curve shows the

vibration mounts are favorably located where hx/a = hy/ua = 1/3. As before,
the excellence of the performance of the compound system at high frequencies
is clearly apparent, especially for the largest mass ratio B = 1.0, which

attenuates greatly the magnitudes of the higher plate resonances.
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FIGURE LEGENDS

Simple mounting system with an ideally rigid machine (a) supported
directly and (b) supported via nonrigid (multiresonant) flanges or

feet.

Force transmissibility across the simple mounting system of Fig.
1(a). The hatched area shows the frequency range through which

force is attenuated. Mount damping factor GK = 0.05.

Transmissibility across the simple mounting system with wave effects
calculated from the '"long'-rod theory. Damping factor GE = 0.1;
mass ratio y = 50, 100, and 250; natural mounting frequency = S5 Hz.

(Ref. 1.)

Practical example of simple mounting system with rigid mounted item

supported by nonrigid (multiresonant) feet. (Ref. 4.)

Force transmissibility across the simple mounting system of Fig. 1(b)
with shear-beam resonances in feet of mounted item. Mass ratio

Y 40; stiffness ratio T = KF/K = 5, 25, and 100; damping factors

GK = 0.05 and GF = 0.01. (Ref. 6.)
Compound mounting system with a mounted item of mass Ml’ and an
intermediate mass M, that is supported (a) directly, and (b) via

2

nonrigid (multiresonant) flanges or feet.

Compound mounting of 80,000 1b and 17,000 1b diesel generators on

one extensive intermediate mass. (Ref. 8.)

Small-scale compound mounting system with an intermediate mass M2
comprising two cylindrical masses 10 and a spacer yoke 12 (resilient

elements comprise 16. (Ref. 9.)
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FIGURE LEGENDS -- CONTINUED

Force transmissibility across the compound mounting system of Fig.
6(a). Mass ratio B = MZ/MI = 0 (simple mounting system), 0.1, 0.2,

and 1.0; damping factor GK = 0.05. (Ref. 1.)

Force transmissibility across the compound mounting system of Fig.
6(a) (solid-line curve) and Fig. 6(b) (chain-line curve). Mass
ratios B = M2/M1 = 0.2 and Yg = MZ/ZMF = 40; stiffness ratio

[ = 5; damping factors GK = 0.05 and GF = 0.01. The dashed-line
curve shows the transmissibility across the simple system of Fig.

1(a). (Ref. 6.)

Vibrating item of machinery with eight antivibration mounts per side
supported by foundation beams that have (a) single span, and (b)
four spans. Antivibration mounts located in pairs at equal but

otherwise arbitrary distances from center span.

Force transmissibility across the mounting system of Fig. 11(a)

(solid- and dashed-line curves) and Fig. 11(b) (chain-line curve).

Mass ratio ¥ M/ZMb = 10; frequency ratio Z = wl/wo = 10; damping

factors GK = 0.05 and GE = 0.01. Mounts are located where h1 =
0.125a, h2 = 0.375a, h3 = 0.625a, and h4 = 0.875a for the solid-
line curve; h1 = 0.063a, h2 = 0.438a, h3 = (0.688a, and h4 = 0.938a

for the dashed-1line curve; and h1 = 0.125a for the chain-line

curve. (Ref. 14.)

Vibrating item of machinery with four antivibration mounts per side
supported by foundation beams that have (a) single span, and (b) four
spans. Antivibration mounts located at center span or located in

pairs at equal but otherwise arbitrary distances from center span.
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FIGURE LEGENDS -- CONTINUED

Fig. 14 Force transmissibility across the mounting system of Fig. 13(a)

(solid- and dashed-line curves) and Fig. 13(b) (chain-line curve).

Mass ratio y M/ZMb = 10; frequency ratio E = wllwo = 10; damping

factors GK = 0.05 and GE = 0.01. Mounts are located where h1 =

0.49a and h2 0.98a for the solid-line curve, and hl = 0.25a and

h2 = 0.75a for the dashed-line curve. (Ref. 14.)

Fig. 15 Force transmissibility across the mounting system of Fig. 16 (solid- J
line curve). For the dynamic absorbers, Y. ” 4Ma/Mb = 0.25, wa/mm = ‘
i 0.880, and GR = 0.226. In addition, the parameters y = M/ZMb = 10,

= wllwo = 10, GK = 0.05, and GE = 0.01; the mounts are located

m

where h1 = 0.25a and h2 = 0.75a. For comparison, the dashed-line
curve shows the transmissibility across the mounting system of

Fig. 13(a) with the same mount locations but with a greater foundation
damping factor GK = 0.05. The chain-line curve shows the trans-
missibility across a mounting system in the configuration of Fig.
13(b) but with dynamic absorbers attached to each center-span
location. For these dynamic absorbers, o 4Ma/Mb = 0.25, ma/wm =

i 0.644, and GR = 0.392. (Ref. 14.)

Fig. 16 Vibrating item of machinery with four antivibration mounts per side
supported by single-span foundation beams to which dynamic vibration

absorbers are attached at each mount location.

Fig. 17 Vibrating item of machinery with four antivibration mounts per side

supported by four-span foundation beams to which lumped masses are

attached at each mount location.

Fig. 18 Force transmissibility across the mounting system of Fig. 17 (chain-

line curve) for which y = M/2M_ = 10, vy_ = M /M_ = 2.5, € = w,/w_ = 10,
a a 170
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FIGURE LEGENDS -- CONTINUED

GK = 0.05 and GE = 0.01. The solid-line curve shows, for the same
location of mounts and loading masses (again, 2.5), how the
transmissibility across the mounting system changes when the founda-
tion beams are replaced by beams of single span. The dashed-line
curve shows the transmissibility across the mounting system of

Fig. 16 with the same parameters as employed previously to calculate
the solid-line curve of Fig. 15 (recall that e 0.25) but with the

different mount locations h1 = 0.49a and h2 = 0.98a. (Ref. 14.)

Compound mounting of a vibrating item of machinery of mass M1 with
an intermediate mass M2 supported by single-span foundation beams.
Lower four mounts located in pairs spaced at equal but otherwise

arbitrary distances from center span.

Force transmissibility across the compound mounting system of Fig. 19.

Mass ratio B

MZ/MI = 0 (simple mounting system), 0.1, 0.2, and 1.0.

Mass ratio y MI/ZMb = 10, frequency ratio = = wl/wo = 10, damping

[
o

factors GK = 0.05 and SE = 0.01. Lower mounts are located where

h1 = (0.25a and h2 = 0.75a.

Vibrating item of machinery with four antivibration mounts per side

supported by single-span floating foundation beams.

Force transmissibility across the mounting system of Fig. 21 (solid-

and chain-line curves) and Fig. 13(a) (dashed-line curve). Stiffness

ratio k = K/Kg = 3, and the parameters y = M/2M, = 10, Z = w /u = 10,

GK = 0.05, and GE = 0.01. The mounts are located where h1 = (0.35a and
hz = 0.869a for the solid-line curve, and h1 = (0.25a and h2 = (.75a

for the dashed- and chain-line curves. (Ref. 14.)
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FIGURE LEGENDS -- CONTINUED

Compound mounting system with a vibrating item of machinery supported
by four antivibration mountings per side on intermediate beams that
are also supported by an antivibration mounting at each end. The

beams are loaded at the upper mount locations by equal lumped masses

M.
a

Compound mounting system with a vibrating item of machinery supported
by four antivibration mountings per side on intermediate beams that

are also supported by an antivibration mounting at each end. Identical
dynamic vibration absorbers are attached to the beams at each upper

mount location.

Force transmissibility across the compound mounting system of Fig. 24.

Mass ratios y = M/2M =10 and y_ = 4M /M =0, 1.0, and 9 ("B" = 0.1,
a a

0.2, and 1.0, respectively); frequency ratio = = 10; stiffness ratio

K = 3; damping factors GK = 8, = 0.05. Upper mounts of the system are

E
located where h1 = 0.25a and h2 = 0.75a. The chain-line curve for

Y, = 1.0 ("B" = 0.2) shows how the transmissibility is altered if

a
the mount and loading mass locations are changed to hl = 0.437a and

0.86%a. (Ref. 11.)

Force transmissibility across the compound mounting systems of Figs.
21 and 24. Mass ratio Y = M/ZMb = 10; frequency ratio £ = 10; stiff-
ness ratio k = 3; damping factors GK = 0.05 and GE = 0.01. For the
dashed-line curve, the upper mounts in Fig. 21 are located where

h, = 0.25a and h2 = (0.75a; for the solid-line curve, h1 = (0.350a and

1

h, = 0.869a. For the chain-line curve, the upper mounts and the

2
dynamic absorbers in Fig. 24 are also located where h1 = 0.350a and

h, = 0.869a; the absorber mass ratio s * 4Ma/Mb = 0.25; and the

2
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FIGURE LEGENDS -- CONTINUED

absorber tuning and damping ratios ma/w1 = 0.880 and GR = 0.226.

(Ref. 11.)

Rectangular plates with simply supported boundaries, mass MP’ and
sides of lengths a and pa. A vibrating item of machinery of mass
M is supported (a) by eight, and (b) by four, symmetrically located

antivibration mounts, each of complex stiffness K*.

Force transmissibility across the mounting system of Fig. 27(a)

supported by a square plate (u = 1.0). Antivibration mounts are

uniformly spaced such that h1x 0.2a, h1 = pya/3 = a/3, and th =

 §
M/MP = 4; frequency ratio £ =

0.4a, hzy = a/3. Mass ratio Y

wn/wo = 4; mount and plate damping factors GK = 0.05 and GE = GG =

0.01. (Ref. 25.)
Force transmissibility across the mounting system of Fig. 27(b)
supported by a square plate. Antivibration mounts are located

such that hx = hy = 0.25a. The parameters y = £ = 4, §_ = 0.05,

K

and GE =3§.=0.01. (Ref. 25.)

G
Force transmissibility across the mounting system of Fig. 27(b)

supported by a square plate. Antivibration mounts are judiciously

located such that hx = hy = a/3. The parameters y = &

(z
#
E
[o2]
"

0.05, and GE = SG = 0.01. (Ref. 25.)

(a) A circular plate, and (b) a rectangular plate divided into quadrants.
The plates have simply supported boundaries and mass MP‘ The circular
plate of radius a' is excited by forces from four antivibration mounts
symmetrically located at a distance Aa' from the plate center. The
identical quadrant plates, which have sides of lengths a' and ua', are

likewise excited by forces from four symmetrically located antivibra-

tion mounts.
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Force transmissibility across a mounting system supported by four
antivibration mounts on the circular plate of Fig. 31(a). For the
solid-line curve (A = 0.7071), the mount locations coincide with
those utilized in the calculations of Fig. 29. For the dashed-line
curve (A = 0.4414), the mounts lie on the nodal circle of the
second symmetrical plate mode, which is consequently not excited.

The parameters Yy = £ = 4, § = 0.05, Poisson's ratio v = 1/3, and

K

8 = 8 = 0.01. (Ref. 25.)

Force transmissibility across a mounting system supported by four
antivibration mounts on the quadrant plates of Fig. 31(b) when
u = 1.0 (square quadrants). For the solid- and dashed-line curves

(hx' = hy, = a'/2 and 2a'/3, respectively), the mount locations

coincide with those utilized in the calculations of Figs. 29 and

30. The parameters y = £ = 4, §, = 0.05, and SE = 6§, = 0.01.

K G

(Ref. 25.)

Force transmissibility across the mounting system of Fig. 27(a)
supported by a rectangular plate for which p = 1/2 (solid-line
curve). Eight antivibration mounts are uniformly spaced such that

h,_  =0.2a, h

1x = pya/3 = a/6, and hzx = 0.4a, h

1y 2y = a/6. The dashed-

line curve shows the force transmissibility across a mounting system

supported by four antivibration mounts on the quadrant plates of

Fig. 31(b) when u = 1/2. The mounts are located such that hlx

n
(=}
-

2a'/3, hy' = 2ua'/3 = a'/3. For both curves, the parameters y

= 5, GK = 0.05, and GE = GG = 0.01. (Ref. 25.)

Vibrating item of machinery of mass M supported by four symmetrically

*
located antivibration mounts, each of complex stiffness K , on
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FIGURE LEGENDS -- CONTINUED

rectangular plates with simply supported boundaries, mass Mp, and
sides of lengths a and pa. (a) Dynamic vibration absorbers of
mass Ma’ and (b) lumped loading masses Ma’ are attached to the

plates at each mount location.

Force transmissibility across the mounting system of Fig. 35(a)
supported by a rectangular plate for which y = 1/2 (solid-line

curve). Mounts and dynamic absorbers are located where hx = a/3,

hy = ua/3 = a/6. For the dynamic absorbers, L 4Ma/MP

wa/w11 = 0.869, and GR

0.2,

0.268. The parameters vy = 6, £ = 5,

§, = 0.05, and GE = §

K G 0.01. The dashed-line curve shows the

transmissibility across the same mounting system when the absorbers

are absent (Ya = 0). (Ref. 25.)

Force transmissibility across the mounting system of Fig. 35(b)
supported by a rectangular plate for which u = 1/2 (solid-line
curve). Mounts and lumped masses located where hx = a/3, h =

y
ua/3 = a/6. The parameters " 4Ma/MP =4, Y =8 =4, GK = 0.05,

and GE = SG = 0.01. The dashed-line curve shows the transmissibility

across the same mounting system when the loading masses are absent

(v, = 0). (Ref. 25.)

Force transmissibility across a compound mounting system supported

by four symmetrically located mounts on a simply supported rectangular

plate for which u = 1/2. Mass ratio B = 0 (simple mounting system),
0.1, 0.2, and 1.0. Mounts are located where hx = a/3, hy = pya/3 =

a/6. Mass and frequency ratios y = Ml/Mp =4 and E = 4,

%
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