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INTRODUCTION

In a previous report {~~~~e studied rational approximations to the
incomplete g a a  function . These were based on the asymptotic expansion of
the latter function. In the present study, a similar analysis is done for the

~~same function~~e~sed on one of its ascendin~ series representations. The work
is related to b~t~ d.evelopnents ..i~— [2) oud-{3~, but there are numerous improve-
ments and s~~~ new features. ~~~~~~~~~~~~~ 

-

I. TI~ INCGIPIETE GAMMA FUNCTION -

We consider

y(z,v) =Jt~~
1e

_tdt , R ( u )  > 0 , (1.1)

•1

r(z ,u )  = r (u )  — v(z ,u )  (1.2 )

where

r(z,u) =f tv~~e tdt , z x+iy , x , y and w are real ,

• 

z

• ic. i < 17/2 , R (u) > 0 ; Iw l = u/2 , 0< R(v) < 1 • (1.3)

In (1.3) the path of integration lies in the z plane cut along the negative
real axis and is the ray ‘r~ exp(iw ) , T~-+o~ except for an initial finite
path. If z ~ 0 , ,~~ < u/2 , the integral in (1.3 ) exists without the re-
striction on v

The connection of these fun ctions to the confluent hyperge~~~tric
functions is given by

y(z ,v )  V e”~~(1,l+v;z) u ”lzV+(v ,l+t ;_z ) , (1.4)

a
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~(a,c;z) = 1F1(a;c;z) , (1.5)

j r(z,u) = z~’e~~$(l,1+v;z) = e~~$(1-u,1—v;z ) , (1.6 )

g,(a,c;z) = ~‘(~~~ ) 
~(a,c;z) + r(c—1) z1~°~~a...c+1,2—c;z) . (1.7)

r(a-c+1) 1’(a)

The statement (1.4) is

y(z ,u)  = z t e~~ ~~ ~k 
= ~~~~ (.. )1~z

1
~ • (1.8)

k 0  (V ) k+l k=0 k.( u+k)

In the above formulas, standard generalized bypergeometric notation is used..
Thus

pFq(~1~~~ :: ::~Iz) = pFq(a1,a2, .. .,a~;b1,b21 • ~~bq~Z)

~ ‘fl (a~)~z1
~

= 1=1 
, (a)k = 

F(a+k ) (1.9)
a

IT (b~)~1d
• i=:i.

S

For further discussion of the hypergecaetric functions, confluent hypergeo-
metric functions and the incomplete gamma function , see [4 , Chs. 2,4,6],
[5, Ch. 9J, [6] , [7], and [e3 .

- 2 -
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II. RATIONAL APPR~ CIMATIONS TO y(ze1~,u)

In [2] we proved that

v z e .y(zei17,u) = v~(z,v) + R~(z,v)

v~(z,v) = 
A~ (z ,u) 

R~(z,u) = 
P~(z,v) 

, (2.1)
B~(z,u) B~(z,u)

where

A~(z,v)  = _ _ _ _ _ _ _ _ _ _  ~~~ 3F1( 
1+k~1f_i/ ~) , (2.2)

and B~(z,v) is the k = 0 term in (2.2). In this event , the 3F1 becomes a
. Thus

B~ (z ,u )  Zn 2F0( -n ,n+v+1;-l/z ) = (n+i+~)~ 1F1(-n,-2n-u;z) . (2.3)

Also,

• 

F 

P~(z, ) = 
(_ )

fl+1~~_ Z

f

Z 

(z_t) t~~~~
’etdt

zu (u 4.l)~ 0

n+1 -z 2n+l
= 

(.. ) n~e z 
1F1(n+u+1;2n+u+2;z) , (2.4)

R (z v) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2 5)U r(2n+v+l)r(2n+u+2) 1F1(-n;-2n-u;z)

- 3 -
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Both A~(z,u) and B~(z,u) satisfy the same recurrence equation

(n+v+l) &.~1(z v) Il + yZ 1A (z,u)
(2n+~+1)(2n4~+2) “ ‘ 

L (2n+u)(2n+v+2)J r~

+ ( X )  A~~1(z,v) . (2.6)

We list some other useful relations:

(2n+u )DB
~

(z ,u )  — nB~ (z , u )  + nB~_ i(z,u) = 0 , (2.7)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 0 ~(2•8 )

and

[zr.
~
-(z÷2n+u )D+n]B

~
(z ,v) = 0 , D = • (2.9)

We now- develop a useful. estimate of the remainder R~(z,u)
Consider

• 

. . y = e~~/21F1(a,c;z) , zy” + cy’ + (K-z/4)y 0 , K = c/2 - a . (2.10)

Assume

(2.11)

Then the a~a can be generated by the expression

ak+l(z )  = -~z a~ (z )  + ~f(t/4_K)a k(t )d.t . (2.12 )
0

H -  - 4 -

• — - - .  — 
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- . Thus, for example,

a1(z) = z2/].6 - Kz/2 , a2 (z)  = z4/512 - Kz3/32 + z2 (2K2-J. )/16 + Kz/4 , and

a3(z) = ____ - + i4(4 K~.’3 ) 
- K(4K2-l~ )z3 

- z2(3K2-1) - . (2.13)
24576 ].C~4 512 192 16 8

Clearly the series (2.11) is absolutely convergent for all. z as it can
found by multiplication of the series 1F1(a;c;z) by the series for e~~’2 -
However , if z is fixed, c is large and. K << c , then (2.11) is a usefulI representation of y for large c . The expresslons (2 .6)-(2.8) can also be
deduced from some general results of Olver, see the discussion in [8, p. 76].

Apply (2.lO)-(2.l3) to the confluent functions in (2.5). Then, with
the aid of the duplication formula for gamma functions, we get

a (z)
( )fl+1 , r( +1)r(n+ +l)z2’~

1e~~ 
~~R~ (z ,u )  = k=O 

, (2.14)

or 

2~’~~~’(2n +v+1)[r (ni. .~~~A) r (i-ri. .~~ +l)]
2 

~~~ 

(-)‘~a~ (z)

1 2a1(z)
F R (z,v) = (...)n+lnn~r(v+1)r(n+u+1)z

2n+le
_z 

e U
Ii 

2~~~~
’(2n+u+l)[c ~n+ ~~~~~~~ ~ ~n÷ 

.~~ +1~]

x{1 + 0(l/n3)} , (2.15 )

wnere u = n + ~(~ +1) , K = -v/2 and the ak’s are given by (2.12). It
follows that for z and v fixed,

• 

• 

lim R~(z,v) = 0 . (2.16)

H

- .- • _ ________
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Since r(n+a)/r(n +b) = ~a-b{i+o(l/~)] , it is convenient to write

2n+1 -z r
R~ (z ,v )  ~~~~ TTr’(u+l)z e s~1+0(1/n)J1 . (2.17)

24fl+2 U+l
fl V(n f )2 L

Concerning the use of (2.1), it is important to know- the nature of
, i = 1,2,...,n , the zeros of .B~(z ,u )  . It is clear from (2.9) that

the zeros are simple. If u = 0 , B (Z,v) is essentially the modified Bessel
function of half-odd order (see (4.2~). In this instance the zeros can be
deduced from the work of Olver [9]. See also Grosswald [12]. The zeros lie in
the left half plane and are always comp1çx~except when n is odd. In which
case there is a single real root. If z~ ’~ is the magnitude of the smallest
root(s )1of B~(z, u) , then from the work of Olver [9] 4°) —~l.32548n • Here

2(t2ô-1)~ 
= 1.32548 where to is the real zero of t coth t . Thomson [io]

and Kublanovskaia and Smirnova [11] have tabulated ~~~ ~ 
, the former for

n = 1(1)9 to 4d , and the latter for n = 1(1)21 to 5d .‘ Saizer [13] has
tabulated ~~

(
~~~~

) for n = 1(1)16 to 15d. . We have prepared some tables of
z(t

~2 
for u ~ -3/2 ,1/2 ,1 . For all the v values mentioned above, the r ..ts

li~ in the left half plane. If n is odd., there is a single real root, other-
• w3s~ the roots are complex. On the basis of the data, we conjecture that

‘—~1.3254 8n + v + 1 - 1/n . An alternative conjecture is that

z - ~
-
~n~~(3n

+u+1) , z~~21~—’ 3/2 nn~ + v + 2 . Thus as n increases, the
magnitude of the smallest zero(s) of B~(z,v) increases linearly with n
We see from (2.17) that to achieve high a~c~racy, n must be considerably
larger than z , and. so the value of is not critical.

Another rational approximation for y(ze th,u )  is

~~~~~~~~~~~~~~~~~~~ = Sn (z ,u )  + T~(z,-u) ,

S~ (z ,u )  = 
C~(z,u) , T~ (z ,u )  = 

%(z,v) 
, (2.18)

D~(z,v) Dn(z,v)

- 6 -
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where

C (z,u) = - 
‘
~~~ 

(_n)k+l(n+u)k+l zn3F1(-n
+1+k

~
n+v+1÷k)1_

~~ , (2.19 )U 
~ k0 (u)k+l(k+1)! k+2 z/

and D~(z,u) is zr~ times the 3F1 in (2.19) wIth k+1 set equal to zero.
Thus D~(z,u) is B~(z,u) if in the latter we replace u by u-i • Also

%(z,u) = (-)~u~~
’e 

Z 
f(z_t)nti-1~~-le

tdt

= ( )n f~~z2n 
1F1(n+u ;2n+u+1;z) . (2.20)

Both c~(z,v) and D~(z,v) satisfy (2.6) if V Is replaced by
u-l • Also, D~(z ,u )  satisfies (2.7) and (2.9) with v replaced by v-i
The relation analogous to (2.8) reads

(2n+u—1 )DC
~
(z,u )  + (n+~-i )c~ (z ,u )  + nzC~~_1(z ,u )

+ z~~v(2n+v-i)[C~(z,v)-D~(z,u)] = 0 . (2.21)

After the manner of deriving (2.15) and (2.17) we have

T (z,u) = (
n
~~tr(u+j)r(fl+u)z2%ze2aL(Z)/u (l+O(i/n3)}

24 2 ~~2 (2n+u) [F (n+ 
~

) r (n+ ~+l)]2

(_)~~F(v+l~z2ne
_z
e
2
~~
(
~~~~ , (2.22)

f 2
tn+2u_l~v_l(~~ )2

L . where u~ = n+u/2 , a~ (z) = z(z+4 u _4 )/16 , whence for z and. u fixed,
u rn T~(z,v) = 0 .

- 7 -
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If z and. u are positive and. fixed, then for a given n , It is
clear that R~(z,u) and Tn(z,u) are of opposite sign. This leads to the
inequalities

C~(z,u) vz~ ’e~~ 1 t~1~~etd,t ><~~~~~
(2

~
) 1

~~
) 
, (2.23)D~(z,v) 

< Bi-1(z ,p )

where > or < sign is chosen according as n is odd or even, respectively.
For example,

z
-
~ 

fp+l~(v +2)-z < uz~ ’e’
~ I t1)~ .etdt < , z > 0 , u > 0 , (2.24 )

(u+l)(u+2)+z ‘to

< e~~~ < _L- , z > 0 , (2.25 )2+z z+].

z
- Z 

< z~ e~~ f e d.t < , z > 0 . (2.26)
15+6z2 o 2z2+3

In the last three equations, equality prevails if z—+ 0 -

At this juncture, we present a summary of the material in the re-
malning sections of the report. If u = , (2.1) yields approximations for

• the error function and, related integrals which is the subject of’ Section III.
Approximations for the exponential. function and the circular functions which
come from (2.1) when u = 0 are discussed in Section IV. Tables of the poly-
nominals in the approximations of the functions discussed In Sections III and
IV, and related data, are f ound in Appendix A. If u = 0 , (1.3) is the ex-
ponential integral and. in [i], we developed. rational approximations for this
function based on its asymptotic representation. Thongh F(z,O) Is defined by
(1.3), clearly .y(z,O) is not. However, we can give an ascending series rep-
resentation for a function closely related to F(z,O). We show in Section V
how- rational approximations to this related function may be derived., and tablesc of the polyncmials in these approximations and related data are given in
Appendix B. FCI~TRM codes for computing rational, approximations to the in-
complete gamma function and its special cases are presented in Appendices C,
D and E.

- 8 -
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I
II I. ERR CE FUNCrION AI’ID RELATED IIifEGRALS

We list below formulae useful for the approximation of the error
functions and the fresnel integrals. These are based on (2.1) for u =

It is clear from (2.1) and (2.18) that V~(z,4) and. R~(z,*) can be replacedby S~(z,-~) and T~ (z,~ ) , respectively.

y(z,3~) f t”2e tdt = 2z~e~~ 4[V~(ze~~
TT,~r) + R~(ze~~

17,~)} (3.1)

Erf(z) 4y (z2,~~) = / ~~
t2dt = (ri/4 )~ - Erf’c(z) , (3.2)

Erfc(z) f  e’~
2
dt , (3.3)

z

Erf(z) = /e t2dt = ze~~
2 
{Vn(z

2e_mn,~~)+Rn(z
2e

_i17,~ )} , ~~~

ErfI (z )  J e’~
2
dt = - iErf( iz)  , (3.5)

‘y(ze 2 
,~~ ) = et ft 4eit cit = 2z~ei2’

13h14
{Vn(ze

2 ,~~)+R~(ze
2 ~~ , (3.6)

C(z) + iS(z) = (2n )4f t4eitdt - (3 .7)

• The exact coefficients of polynomials simply related to A~(z,-~) ,
, C~(z,~~) and D~(z ,~~) are given in Appendix A çor a 0(1)10.

- • For n 2(1)10 , we also record values of R~ (z ,1) I 2z~eZRn (z ,~~) , see
(2.15), for z = re10 , r = 1(1)10 , 0 0, n/2 , ii • Error tables for other
values of v and for T~ (z,u) are easily derived from the latter table . See
the discussion in Appendix A. See Appendix C for FCETRAN codes.

- 9 -
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To illustrate the utility of (2.15 ), we present the numerics below.
The tables give e~~iT/2y(zei11,~ ) , its rational approxImation (2.1), the exact
error, and the approximate error aecordinj,~ to (2.15). The data are developed
for z 2 e 18 , n = 4.

ft~~e
tdt

o Exact 2z e V~(z,-~)

0 6.6876855 6.6877Oc~• n/2 3.3756999 x iO”l + 2.3328l74i 3.3756168 x icY’1 + 2.3328241i
Ii 1.0324115 x io’.’8 + 1.69180671 1.0317960 x 10.8 + 1.691794.71

• - 2z~e
zRn(z,*)

C Exact Error Approximate

0 1.47 x i~
-
~ 1.47 X

,~/2 8.3]. x 10-6 - 6.701 x 1O”6 8.35 x 10”6 - 6.741 x
n 6.16 x iO’~l2 + 1.201 x j~ -5 1.06 x iO*’hl + 1.191 x 1O-~

IV. THE EXPONENTIAL FUNCTION

If v—~0 , (2.1) becomes

e~~ = 
G~(-z) + n~(z,o) , (4.1)

• G~(z)

G~ (z )  = z’\,F0(-n ,n+l;-~ ) = (2/i1)4z’~Ka.iJ(z/2 ) , (4.2)

• R~(z,0) = 
( - ) ~~

1
~iI~.,.~(z/2) 

~{_)U+1 (z/4 )2fl+le_Z + Z2/(8n+4) 
{i÷o(l/n3 )}eZKi-~~~(z/2 )

/ ~n+l 2n+l _z .-
= 112 

~ 1+0(1/n) JI . (4.3)
I.

- 10-
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Here I~ (z )  and 1ç1(z) are the familiar notations for the modified Bessel
functions.

It is of interest to show how (4.1) can be used to compute the
exponential and. circular functions in an efficient manner. Let

I
Gn (z )  = M~(z2) + zN~~(z 2)  (4.4)

where M~(z2 ) and N~(z
2) are even polynomials in z . Clearly

e~~ = 
G~(..z ) 

= 
M.~(z

2)-zN.~(z2) ( )
G~(z)  M~(z2 )+zN~(z2)

and one readily verifies that G~ (z)  , M.~(z2 ) and N~ (z2 ) a].]. satisfy the
recurrence formula- •1

G
~~
1( z)  = 2(2nhl)Gn (z)  + z2G~~..,1(z)  . (4.6)

Let the approximation to the circular functions be denoted by

ej~~ = cos~ Z - i Sifl~ Z • (4 .7)

Then

cos
~ 
z = sj~~ 7

zVn(z2)

W~ (z 2 )

u
~

(z2 ) = [~~ (_ z 2 )]
2

_z2 [;(_z2 )]
2 
, V~(z

2) = 2t4~(-z2)N~(-z2)

W~(z
2) [~~(_z

2)]2 + z2[~~(_z2)]2 (4. 8)

-11 -
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It can be shown that* U~(z2) , V~(z
2) and W~(z2) aU. satisfy the recur-

rence formula

t -

• (2n-l)U~+1(z2) = [_z 2+4(4n2_ l)]  [(2n+1)U~(z2 )_z 2(2n_ l )U~,.1(~2)]

+ z6 (2n+l )U~_2 (z
2) (49)

The exact coefficients of the polynomials G (z )  , u~(z2) , V~(z2) and
• Wn(z2) are given in Appendix A for n = 1(i’~lo. See also the introductionto Table A ill in Appendix A for the evaluation of R~(z,O) . Appendix D

gives FORTRAN codes for the computation of e~~ , cost z , sin~ z and.
• tan~ z for z real only. We conclude this section with an example to in-

dicate the effectiveness of (4.l)-(4.3).

If n = 4 and. z = 1 , (4.5) gives the value e~~ 0.36787 94561
The error is -1.5 x icY’8 whereas the last of (4.3) gives the value
-1.6 x io”8 . For n = 4 and z = I , (4.5) yields eZ1 = 0.54030 23380 +
0.8414709642 1 . The true error is -3.2 x 10-8 - 12.1 x l0’8 as compared
with the estimated error from the last of (4.3), -3.4 x 10-8 - 12.2 x iO”8.

V. RATIONAL PH~~CIMATIONS FOR E(z ) = z_1f t-l(l_e t)dt

In this section we develop some rational approximations for E(z)
It is of interest to first list some functions related to E( z )  . We have

E(z) = z lf t~~(l_e
t)dt = z 1[-Ei(-z)+~+1n ~

] , -~i(-Z) = r(z ,o) , (5.1)

where y Is Euler’s constant.

H

* We are indebted to Mr. Jet Wimp for proof of this statement and other
- helpful. suggestions.
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-• I-



- _ _  _ _

• *[E(ze mf/ 2 )+E(ze i
~T/2 )] = z~¼i(~ ) = z~~j  t ”1sin t dt

= z ’[n/2 + si(z )] , si(z) / t dt , (5.2)

2i[E(ze~~/2)_E(z&’~~/2)] = 4z ’2H(z) = 4z ’2j ~ t~~(l-cos -t)d.t

= 4z’.’2[Ci(z)_y...],n z] , Ci(z) = tacos t dt . (5.3)

Approximations for E(z) can be derived on the basis of the results
given in Section II. Clearly from (1.1) and (2.1),

zE(z) = u r n  j’t~~
1(l_ e

_t
)dt lim - Y(z*v)]

- : u —*O 0 V~~~O

= 
~~

_. 
fz

u_e
~~z~)[Vn(ze

1Tni v )+Rn(ze
_in

~v)]}

= -e 1 
TBn~~~

1
~,
0) ~~~

(ze 1
~,O) - A~(ze

1
~,O) 

~B~(ze~~
11,O)

r -i-i 12 i
• 

• tBn~~
e ‘ ,O)J I.

- e~~ 
~R,~(ze~

iTT
,O) 

(~.i)

This approach is not satisfactory since the numerator and denominator poly-
nomials of the rational approximation are now each of degree 2n

It calls for remark that ~he rational. approximations given In
Section II are of the Pade’ type. Let

• - E(z)  - 
~~~~ 

~~k (~~~~~~)

k 0

— 15 —
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• be approximated by

- 
E (z) = 

5(z) 
, (5.6)

gq(z)

where 5(z) and. Cq(z) are polynomials in z of degree p and. q. ,
respectively. If

gq(z)E(z) - 5(z) = z~
’
~~
1h(z) , h(O) ~ 0 , (5.7)

• then (5.6) is the Pade’ approximant of E(z) . Thus (2.1) is of the type (5.6)
where p = q = n , and (2.18) is also of the same type with q = p+l = n
The approximation (5.6) is called the main diagonal Pade~’ approximation if
p = q = n .

/The numerator and denominator polynomials in the Pade approximants
to transcendental. functions are known in closed form,as for the functions in
Section II,only in very few cases. However, the Pade’ approximant to a Taylor
series expansion can always be found by solving systems of linear equations.

• - Thus, If

p q
1(z) = ~~ , g(z) = ~~~~ g~z

1
~ , (5.8)

then 

k0 k=O

~~ a~g~_~ = 0 , r = p+1,p+2,...,p+q
j — 0

H k
f’k = ~~~~ ~~~~~ , k = 0,l,...p ,

• - .1—0

I
h(z ) — ~~ hj~zk , hk = 

~~ ajgp4.q+1+~_J (5.9 )
k 0  j 0

The coefficients f’k and hk must be determined anew for each choice
of p and, q.

- 14-
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As remarked. previously, It Is inconvenient to use (5.4) as a
rational approximation for E(z). To circumvent this difficulty, we have
computed the coefficients of the main dia~ona]. Pad~ approximants of the

• functions E(z) for n = 0(1)10 and. z~~SI(z) and 4z
’2H (z) for

n = 0(2 )io . These are tabulated in Appendix B.

We also include tables of the absolute values of the errors incurred
by using the Pade’ approximation of E(z) for n = 2(1)10 , r = 1(1)10 , and.
0 = 0,n/2,n , where z = re~~ , and the Pade’ approximants of Si(z) and.
11(z) for z real, z = 1(1)10 and. for n = 4(2)10 • These tables may be
used. as a guide in selecting the order of approximation necessary to obtain a
desired ac1uracy. For example, if six decimal accuracy is desired for E(z)

• for z = 2~ei11/4 , i.e., I error I < 0.5 x i0 6 , interpolation of Table LII
indicates that a third order approximation should be suf fi cient . The third

• order approximation gives 0.76507 22371 - 0.15899 838671 and the true value
is 0.76507 22539 - 0.15899 862561 • Thus l error l < 2.41 x lO’~

Now

• E(iz) = z~~Si(z) - iz
’
~ H(z) . (5.10)

• Select n • It is readily deduced from the error tables that the Pade’ values
for E(iz) are better than the values deduced from (5.10) by using the Pade~
approximants for S (z) and. 11(z) for z real . Thus , if both 81(z) and
11(z) are needed, it is better to use the Pade for E(iz) • However, if only
11(z) , say, is needed., it is more economical to use the Pade for 11(z)

An examination of the zeros of the denominators of the Pade’ approxi-
mations of E(z), Si(z) and 11(z) indicates that the magnitudes of the
smallest zeros of the denominator increase linearly with n • Since n must
be significantly larger than the argument to attain good accuracy, the loca-

4 tion of these zeros is not important.

As noted. above, the Pade’ approximants for E(z) are not known in
closed. form, and it is necessary to solve systems of linear equations for each
selection of p and q, (see (5.8)). We now give another rational, approxima-
tion of E(z) which is of the form (5.8) with p = q = n • In over-a].].
accuracy, it is somewhat interior to the corresponding Pade’ approximant, see
Tables B.II and B.VIII. However, it baa the desirable advantage that the
numerator and denominator polynomials can be computed. by recurrence formulas.
Following [14], It can be shown that

— 1.5 —
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• E(z) = 2F2(~~
’
~~Iz) 

= 
~n(z)/fn(z) 

+ e~(z) , en(z) Fn(z)/fn(z) , (5~l1)

cp~(z )  = 
~~ ( ) r 

~~~~~~~~ 4
F2 
(-n÷r sn41÷r12+r1~i/z) , (5.12)

and fn(z) is the 4F2 in (5.12 ) with r = 0 whence it becomes a 3F1 ,
see (5.33). The nature of F~(z) will not be discussed here in detail. Suf-
fice It to remark, it will be shown elsewhere that for z fixed

• Urn Fn(Z)= 0•

L Now

f
~

(z)  =

= 
(n+1)(2n)! 

2F2(:2 ~~~Iz) 
, (5 .13)

where it is to be understood that in the 2F2 only the first (n+l) terms of
the series are retained. Thus

• 

, f~ (z)  = 
(n+l)(2n)! exp J ~~ z2(n2~~n-2) + O(z~/n~~)1 (5.14 )H •

• u~z
’1 12(n+l) , 8(n+1)2(2n-l)

and so for z fixed.,

&

- Urn cn(z)  = 0 , (5.15)

whence the rational approximants converge. It will also be demonstrated else-
where that both y.~(z) and fn(z) satisfy the recurrence formula

¶ t 
-16 -
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• f~(z) = (B1z+A1)f~_1(z) 
+ (B2z+A2)f~_2(z) + A3f~_3(z)

• A = - A = (n-2M2n-1) , A = 1 ,1 3 n(2n-3) 2

a1 = 2(2n-1)(n+l) ~~~ = -2(2n-1)(n-3) . (5.16)

To illustrate the power of (5.14), take z = ~ and n = 4 • The
true value (from (5.12)) is 1101 and the value using (5.14) is 1098.5.

From the preceding development and the last remark, it is obvious
that all that is needed for a useful expression for the error I c ~ (Z) I is an
approximation of P~(z)  ( see (5.11)) for large n . This is not available
at the present time. If z is real and positive, we can show that

Ic~(z) I ~ ~5(2z )~ • (5.17)

This bound, however, is very conservative.

• The coefficients of the polynomials ‘?~ (~~) and r~ (z )  are given in
Appendix B for n = 0(1)10 . Also presented are values of ie~(z) I for
n = 3(1)10 and for z = re10 where r 1(1)10 , 8 = 0,TT/2,1r

The approximation (s.u) has the same properties as the Pade’ ap-
• proximation in that the magnitude of the smallest zeros of’ the denominator

• polynomials increase linearly with n , the order of approximation. Again
- • since the order of approximation must be significantly larger than the argu-
- - • ment, the location of zeros of the denominator polynomials is not critical.
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APPENDIX A

C~~FFICIENTS F~~ RATIONAL APPROXIMATIONS TO THE ERR~~ FUNCTION,EXPOHENflAL FUNCTION AND CIRCUlAR FUNCTIONS

We first show how the exact coefficients in the approximations (2.1)
and (2.18) can be generated when u is rational. Suppose v = p/q , q ~ 0
and p,q are co-prime integers .

Let

A~ (z ,u )  = q2rz F (u+n+1) A~(z,v) = 
~~~ 

a~,~ z
k ,

(A.1)

B~ (z ,u )  = q2fl r(~+n+i) a~(z ,u )  = 

~~~~~

where A.~(z ,u )  and. B.~(z ,u )  are defined in (2.2) and (2.3), respectively.
Note that

A~(z,v )  
= 

A~(Z ,v )  
, (A.2)

Bn (Z~ U )  Bn (Z~ u )

• and the transformation (A.1) insures that the coefficients afl,k and
are integers if p and q. are co-prime integers. If v = 0 , set p = 0
and q = 1 • From (2.6) it is seen that

‘5

= 1)~~~~~~~ [(2nq+p)(2nq+p+2q )+pqz]~~ + ~
3nz2 (2nq+p+2g)(ng+~p) 

~~

t An = A~(z,v) or B~(z,v) , (A.3)

- 19-
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and

A~(z,v) = 1 , A~(z,v) = (p+q)(p+2q) - q2z 
‘• 

(A.4)

B~(z,v) = 1 , B~ (z ,v )  = (p+qj(p+2q) + q(p+q)z . j

Using (A.3) and (A.1), we get the recurrence formula

= (2nq+p+q)(2nq+p42q)Xfl~~ + pq(2nq+p+g) Xn,k_1

+ q.3n(2ng+p+2g)(ng+p) .
(2nq+p ) n-1,k-2

(A.5)

= afl,k or bfl,k ; k = O,l,2,...,n

j
and X fl,k = O  if k< O  or k > n

The initial values are

• 
a0,0 1 ~

• a1,0 
= (p+q)(p+2q) , a11 = -q2

• (A.6)
b0,0 1.

• b1,0 = (p+q)(p+2q) ~ b1,1 = q(p+q) .

• •• Using a similar argument we find the following relations.

- 2 0 -
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• C~(z,v) = ~
2
~r(~+~+i) C~(z,v) =

• (A.7)

D~(z,v) ~.~~r(v+n+i) Dn(z~v) 
= 

~~~~ d2~,~~Z
’C 

,r ( v +1)

where Cn(z,u) and. D~(z,v) are defined in (2.19).

2n~~P)~ [(2nq+p-q)(2nq+p+q) +

+ ~~~~~~~~~~~~~~~~~~
(2nq+p-q) ~n 1 ~ 

(A.8)

= C~(z,u) or D~(z,v) ,

C(z,v) = 0 , C~(z,u) = (p+q) ,

(A.9 )
= 1/p , D~ (z,u) = (p+q ) + qz

Vn+1,k = (2nq~~)(2nq+p+q)yfl~~ + 
g(~ ;q)(2nq+p) 

~n,k-l

+ g
3n(2nq+p+g)(p+nq~qj
(2nq+p-q) ~

‘n-l,k-2 ‘ 

(

= cfl,k or c,k ; k =

and 
~n,k = °  if k < O  or k > n

H -21 -
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c1 ~ 
= 0 , c1 ,~ 

= (p+q) ,

(A.ll)

d1,1~ = (p+q) , d1,1 
=

Tables A.I and A.II give the coefficients of the polynomials in the
rational approximations to the error function , see (2.1), (2.18 ), (3.2) and

• (3.3). Table A.III gives the error associated with the approximation (2.1)
for v = . The introduction to Table A.III shows how the table may be used
to get Rn(z,u) for other values of ~ and T~(z,v) . Table A.IV gives

• coefficients of the polynomials in the rational approximation to the exponen-
tial function, see (4.1). Tables A.V, A.VI and. A.VII list the coefficients
of Un(z2) , W~(z2) and V~(z2) , respectively, see (4.7) and (4.8). These
coefficients are pertinent to the evaluation of the circular functions.

Most of the tables in the Appendices were typed by the IBM 1620
computer directly on stencils, while the balance of the report was done on
an ordinary typewriter. The typewriters have different type sizes. The corn-
puter has no lower case characters, etc., and ‘so a slight variance in notation N
is introduced. For example, in Table A.I,AN*(Z ,1/ 2) corresponds to
A~(z,~~) , etc. Also in Table A.vAJN(Z**2) corresponds to U~(z

2) , etc.
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5 TABLE A.I

TABLES OF THE C~~FFICIEN~S OF THE POLYN(~1IALS
A~ (z ,)~~ AND B~(z,)~~

• Note: For the definition of A~(z,~~) and B~(z,3~) , see (2.1)
and (A.i). The sequence of numbers given is for the
highest power to the lowest power, respectively.

e.g., A~(z ,~ ) = -128z3 + l932z2 - 9240z + 450&5

AN *(Z,1/2) BN*(Z,1/2)

N = OO

1 1 1

6

15 15

N = 0 2

• 32 60
- • -210 420

945 945

I

N n 0 3

-128 280
1932 3780

-9240 20790
4501s5 45045

_ _ -

~ 

-

~~~~~ - 2 3 -

•,,.- -
~4 

A -
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TABLE A.I (Continued.)

N1*(Z,1/2) BN*(7,1/ 2)

N = 04

2048 5040
-43560 1 10880

5 40540 10 81080
-22 52250 5L~ 05400
111. 86475 111. 861.75

N = 0 5

-8192 22176
2 81424 7 20720

-38 91888 108 10800
1.53 33288 918 91800

H - 1745 94470 1.361. 86050
9166 20705 9166 20705

N~~~06

65536 1 92 1~ 2
- 28 85792 86 4861.0

• 

• 699 73904 1837 83600
-7911. 94704 23279 25600

• 89625 13560 1 83324 14100
-3 2791.6 51890 8 1.3291 01.860

• . 17 56856 35125 17 56856 35125

N = 0 7

-2 6211.4 8 23680
161 40480 1.90 o8°6o

- 4353 52320 1 3967 55360
911.51. 22000 2 1.41.32 18800

-9 17867 80800 28 10970 16200
102 39962 73300 210 82276 21500• 

-361 41044 94000 948 70242 96750
1965 16931 861 25 1965 16931 86125

-

~~~ 

—
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TABLE A.I (Concluded)

AN*(Z ,1/ 2) BN*(Z,1/2)

N = 0 8

83 88608 280 05120
-6277 25952 21283 891 20

2 51360 1501.0 7 82183 00160
-53 3893 1 08320 179 90209 03680
1038 33705 78000 2810 97016 20000

• 
- 9618 68096 04600 30358 1+7774 96000

1 06381 16578 08900 2 20098 96368 1.6000
-3 65521 1.9326 19250 9 71.723 98203 18000• 20 10368 21291. 05875 20 10368 21294 05875

N = 09

.335 51.1.32 1182 11 3840
32467 92960 1 1171.0 4 .880

~11. 34070 38720 51 40059 72480
473 051.94 72000 11.99 181+08 64000

- 8681 49968 40000 30358 47774 96000
1 61017 72510 82400 1~ 40197 92736 92000

-11. 07931. 64071 26000 45 48711 91614 81.000
151. 87281 04783 86000 321 65891 40704 91.000

-52 1 20657 37253 37500 11.07 25774 90584 11250
2892 6961.8 41756 23125 2892 69648 41756 23125

-
• N = 10

2684 35456 9932 1.8256
-3 05076 7101.0 1% 42235 1+91+00
182 46049 11200 642 5071.6 50000

-6185 20520 21760 23130 26876 16000
1 82600 6.172 35200 58693 05698 25600

-30 32471. 61076 56000 109 16908 59875 61600
• 5L~4 83460 50675 52800 1501 07493 23289 72000

.1.560 40860 39327 81600 15010 74932 32897 20000
49985 79524 65547 67600 1 04137 07343 03221. 32500

-1 65462 23889 48456 42750 4 51 260 65153 13972 07500
9 25084 33563 9361.2 75375 9 25084 33563 9361.2 75375

-25 -
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- TABlE A.II

TABLES OF THE C0EFFICIEN]~S OF THE P0LYN~4IALS
- - C~(z,~ ) AND D~(z,~ )

Note: For the definition of C~(z,~ ) and D~(z,~ ) , see (2.18)
and (A.7) . The sequence of numbers given is for the
highest power to the lowest power, respectively.

e.g., C~(z,*) = 84z2 - 420z + 3465

CN *(Z ,1/2) DN*(Z,1/2)

N = 0 0

0 1

N = 0 1

0 2
3 3

N = 0 2

0 12
.10 60
105 105

N — 0 3
-

~~~~ 0 1+0
84 420• 

-420 1890
3465 3465

I .

t -26 -
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TABLE A.II (Continued)

CN*(1,112) DN*(Z,1/2)

N = 0 1 .

0 560
.744 10080

231 00 83160
-90090 3 60360

- 
• 6 75675 6 75675

N = 0 5

0 20 16
• 51 04 55440

-82368 7 20720
17 29728 54 05400

-61 26120 229 72 150
• 1.36 48605 1+36 48605

N~~~06

0 14784
-25376 5 76576

15 53552 108 10800
-
~~ 

.17 1 53136 1225 221+00
3026 30328 8729 72100

-10184 671+50 36661+ 82820
70271. 25405 70274 251+05

}
0 54912

1 58528 28 82880
-53 60576 735 1 341+0

2061 87696 11639 62800
-19288 5261.0 1 22216 09400

3 07868 16060 8 43291 04860
• .10 03917 91500 35 13712 70250

67 7641i5 92625 67 761.45 92625

- 27-
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TABLE A.II (Concluded)

CN *(Z ,1/2) ON*(Z ,1/2)

N~~~08

0 16 47360
-33 70621+ 1120 7.0480
3395 37600 37246 80960

-73 1 02 91040 7 82183 00160
22 56425 02800 112 1+3880 61.800

-192 17857 23000 112 11 38806 48000
2873 21307 27300 7589 61943 74000

• -9170 79015 35250 311.42 70909 78000
60920 24887 69875 60920 21.887 69875

N - 0 9

0 62 23360
198 88896 5320 97280

-11584 58880 2 231 80 85760
7 01345 11.560 59 96736 34560

- 122 38237 1.4000 1 124 38806 48000
3311 97300 7 000 15179 23887 48000

-26551 621 01 59200 1 1+6732 61.21.5 64000
3 79059 3 631. 57000 9 74723 98203 18000

-1 1 91329 311 37 22000 40 20736 42588 11750
78 18098 60588 00625 78 18098 60588 00625

•

• P1 — 1 0

0 1.72 97536
-1 105 68960 1.9662 41280

1 65206 97600 25 70029 86240
-58 55525 91360 856 67662 80000
2759 72254 27200 20238 98516 61.000t -4251.4 70268 01.800 3 52158 31.189 53600- 

- 10 51.145 93612 32800 45 48711 91614 81.000
-81 01039 31733 09600 428 87855 20939 92000

111 7 46689 40671 23600 2811. 5151.9 81168 22500
-31.71 23578 10107 1.7750 11570 78593 67024 92500
22563 03257 65698 60375 22563 03257 65698 60375

- 28-
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I • TABLE A.III

TABLES OF THE ~~~~ F~~ THE ERR~~ FUNC~fl ON

Here we give the values of R~ (z ,~~) = I2z~e
ZR~(z,~ ) I , see (2.15),

• for n = 2(1)10 , r = 1(1)10 and e = o, ii/2 , ii where z reiO

It is pertinent to point out that R~(z,u) , see (2.15), and
T~(z,u) = I u~~zVeZT~(z,u)I , see (2.22), can both be obtained from R~ (z ,~~)since

R~(z,u) = 22 U r(v +l)n~~U~4R~ (z ,*) {1÷o(1/n)}

and

Tn(Z~v) 
= _24_2ur(v+l)n3/2_vz

_l
TT4R~(z,.~) 4[l+0(l/n)}

Hence, the tables given here essentially include the values of
R~(z,u) and T~(z,v) for admissible v fixed, but otherwise arbitrary and
the values of’ n , r and 0 mentioned above.

2

- - 
_ _ _

1 0.896 (-3) 0.747 (-3) 0.747 (-3)
2 0.509 (-1) 0.295 (-i) 0.354 (-1)
3 0.651 ( 0.219 0.377
4 0.477 ( i) 0.774 0.230 ( i.)
5 0.268 ( 2) 0.175 ( 1) 0.108 ( 2)
6 0.132 ( 3) 0.290 ( i) 0.443 ( 2)
7 0.609 ( 3) 0.375 ( 1) 0.171 ( 3)
8 0.275 ( 4) 0.396 ( i.) 0.642 ( 3)

• 9 0.125 ( 5) 0.349 ( 1) 0.243 ( 4)
10 0.578 ( 5) 0.262 ( 1) 0.938 ( 4)

-29 -
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. TABLE A..III (Continued)

‘9• 
2

n 3
- 

1. 0.521 (- 5) 0.456 (- 5) 0.456 (- 5)
- 2 0.1 11 (- 2) 0.746 (- 3) 0.853 (- 3)

3 0.2% (- 1) 0.132 (- 1) 0.197 (- 1)
4 0.344 O.9c6 (- i) 0.2~~

• 5 0.264 ( i) 0.358 0.136 ( i.)
6 0.160 ( 2) 0.973 0.719 ( l)
7 0.838 ( 2) 0.200 ( i) 0.330 ( 2)

• 8 O.4~~ ( 3) 0.331 ( 1) 0.138 ( 3)
9 0.183 ( 4) 0.454 ( i) 0.552 ( 3)

10 0.813 ( 4) 0.531 ( 1) 0.214 ( 4)

n =4

1 0.178 (- 7) 0.160 (- 7) 0.160 (- 7)
2 0.147 (- 4) 0.107 (- 4) • 0.119 (- 4)
3 0.833 (- 3) 0.443 (- 3) 0.608 (- 3)

• 
1 4 0.162 (- i) 0.567 (- 2) 0.107 (- 1)

5 0.181 0.373 (- i) 0.108
6 0.144 ( i) 0.158 0.765
7 0.923 ( i) 0.484 0.442 ( i)

• 8 0.513 ( 2) 0.116 ( 1) 0.221 ( 2)

• - 9 0.259 ( 3) 0.227 ( i) o.ioo ( 3)

• 10 0.123 ( 4) 0.375 ( 1) 0.428 ( 3)

n = 5

1. 0.401 (-10) 0.368 (-10) 0.368 (-10)
- 2 0.130 (- 6) 0.998 (- 7) 0.109 (- 6)

3 0.160 (- 4) 0.94.9 (- 5) 0.123 (- 4)
- 4 0.532 (- 3) 0.223 (- 3) 0.375 (- 3)
•

- 

5 0.879 (- 2) 0.238 (- 2) 0.569 (- 2)
6 0.94.9 (- 1) 0.153 (- 1) 0.563 (- 1)
7 0.774 0.678 (- 1) 0.421

• 8 0.520 ( 1.) 0.227 0.259 ( 1)
9 0.308 ( 2) 0.609 0.139 ( 2)
10 0.161 ( 3) 0.135 ( i) 0.677 ( 2)

-30 -
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TABLE A.III (Continued.)

• e

n~~~6

1 0.639 (-13) 0.593 (-13) 0.593 (-13)
2 0.812 (- 9) 0.650 (- 9) 0.700 (- 9)
3 0.220 (- 6) 0.141 (- 6) 0.176 (- 6)
4 0.127 (- 4) 0.603 (- 5) 0.941 (— 5)
5 0.316 (- 3) 0.104 (- 3) 0.218 (- 3)
6 0.470 (- 2) 0.993 (- 3) 0.302 (- 2)
7 0.498 (-  1) 0.625 (- 2) 0.296 (.. 1)
8 0.414 0.287 (- 1) 0.229
9 0.288 ( 1) 0.103 0.148 ( 1)

10 0.176 ( 2) 0.300 0.841 ( 1)

f l z 7

3. 0.757 (-16) 0.710 (-16) 0.710 (-16)
2 0.380 (-u) 0.313 (-u) 0.334 (-11)
3 0.228 (- 8) 0.155 (- a) 0.188 (- 8)
4 0.228 (- 6) 0.120 (- 6) 0.176 (- 6)
5 0.866 (- 5) 0.329 (- 5) 0.627 (- 5)
6 0.180 (- 3) 0.465 (- 4) 0.122 (- 3)
7 0.250 (- 2) 0.411 (- 3) 0.159 (- 2)

• ~• 8 0.261 (- 1) 0.256 (- 2) 0.156 (- i)
9 0.220 0.121 (- 1) 0.123
3.0 0.158 ( 3.) 0.455 (- 1) 0.829

3. 0.693 (-19) 0.655 (-19) 0.655 (-19)
2 0.138 (-13) 0.116 (-13) 0.123 (-13)

— 3 0.184 (-io ) 0.131 ( -io) 0.155 ( -io)
4 0.322 (- 0) 0.182 (- 8) 0.256 (- 8)
5 0.187 (-6) 0.793 (- 7) 0.140 (- 6)
6 0.547 (- 5) 0.165 (- 5) 0.388 (- 5)
7 0.101 (- 3) 0.203 (- 4) 0.674 (- 4)
8 0.133 (- 2) 0.170 (- 3) 0.840 (- 3)
9 0.138 (- i.) 0.104 (- 2) 0.817 (- 2)
10 0.117 0.503 (- 2) 0.659 (- i)

31
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TABLE A.III (Concluded)

0

n = 9

1 0.505 (-22) 0.48~ (-22) o.~iao (.22)
2 0.400 (-is) 0.343 (-16) 0.361 (-16)
3 0.119 (-12) 0.872 (-13) 0.102 (-12)
4 0.364 (-10) 0.218 (.10) 0.296 (-10)
5 0.325 (- a) 0.151 (- 8) 0.251 (- 8)
6 0.134 (- 6) 0.458 (- 7) 0.987 (- 7)
7 0.329 (- 5) 0.783 (- 6) 0.230 (- 5)

• 8 0.553 (- 4) 0.873 (- 5) 0.367 (- 4)
9 0.701 (- 3) 0.698 (- 4) 0.442 (- 3)
10 0.716 (- 2) 0.427 (- 3) 0.429 (- 2)

n= 10

1 0.300 (-25) 0.286 (-25) 0.286 (-25)
2 0.943 (-19) 0.820 (-19) 0.860 (-19)
3 0.625 (-15) 0.473 (-15) 0.544 (-15)
4 0.337 (-12) 0.217 (-12) 0.280 (-12)
5 0.464 (-10) 0.231 (-io ) 0.368 (-10)
6 0.272 (- 8) 0.102 (- 8) 0.206 (- 8)
7 0.891 (- 7) 0.242 (- 7) 0.643 (- 7)
8 0.192 (- 5) 0.359 (- 6) 0.132 (- 5)
9 0.301 (- 4) 0.371 (- 5) 0.198 (- 4)
10 0.370 (- 3) 0.287 (- 4) 0.232 (- 3)
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TABLE A.IV

• TABLE OF THE COEFFICIENTS OF THE POLYNC*4IAL G~(z)

Note: For the definition of- G~(z) , see (t.i). The sequence
of numbers given is for the highest power to the

lowest power, respectively.

e.g., G4(z) = a4 + 20z~ + 180z
2 + 840z + 1680

GN ( Z)
I

P 1 = 0 0

1

P 1 = 0 1  

1 2

N = 02

1 6
12

N = 03

1 12
60 120

N — 04

• 1 20
-; 180 81.0

1680

- 33 -
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TABLE A.IV (Continued)

GN ( Z)

N = 0 5

1 30
1.20 3360

1512 0 30240

N = 0 6

1 42
81+0 1 0080

75600 3 32640
6 65280

N = 0 7

• 1 56
15 12 25200

2 77700 19 95840
86 1.8640 172 97280

• N = 0 8

1 72
• 2520 55440

8 31600 86 48640
605 40480 2594 59200
5189 18400

N = 0 9

1 90
3960 1 10880t 21 62160 302 7021.0

3027 02400 20756 73600
88216 12800 1 761+32 25600

- 3 4 -
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TABLE A. IV (Concluded)

G N ( 7L)

N = 10

1 110
5940 2 05920

50 45040 908 10720
12108 09600 1 1 7621 50400

7 939 45 15200 33 52212 86400
• 67 04425 72800

.

.
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TABLE A.V

TABLE OF THE COEFFICIENTS OF THE POL?NCMIAL U~(z 2)

Note: For the definition of u~(z 2) , see (4 .8 ) .  The sequence
of numbers given is for the lowest power to the

highest power, respectively.

~~~~ U~(z ) = -z
6 + 264z4 - 6480z2 + 14400

• UN(Z**2)

I

P 1 = 0 0
I

• 10000 00000 00000 00000 +01

P 1 = 0 1

,k0000 00000 00000 00000 +01 —.10000 00000 00000 00000 +01

P 1 = 0 2

141+00 00000 00000 00000 +03 —.60000 00000 00000 00000 +02
• 10000 00000 00000 00000 +01

N = 03

• 1 4400 00000 00000 00000 +05 —.61+800 00000 00000 00000 +04
.261+00 00000 00000 00000 +03 —.10000 00000 00000 00000 +01

P 1 — 0 4

.28221. 00000 00000 00000 +07 —.13101+ 00000 00000 00000 +07
69360 00000 00000 00000 +05 —. 76000 00000 00000 00000 +03

• 10000 00000 00000 00000 +01
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TABLE A.V (Continued)

(JN(Z**2)

• N = 0 5

~91445 76000 00000 00000 +09 .-~k3182 72000 00000 00000 +09
.25804 80000 00000 00000 +08 —.40824 00000 00000 00000 +06
• 1 7400 00000 00000 00000 +01+ — • 10000 00000 00000 00000 +01

N = 0 6
• •4425~ 71+781~ 00000 00000 +17 —.21123 97056 00000 00000 +17

.13539 05280 00000 00000 +1 1 — .25788 67200 00000 00000 +0~

.17035 20000 00000 00000 +07 —.34440 00000 00000 00000 +01+
10000 00000 00000 00000 +01

-~~ P 1 = 0 7

,29919 58953 98400 00000 +15 —.14384 1+1801+ 80000 00000 +15
,961.L9 66233 60000 00000 +13 —.20552 09587 20000 00000 +12
.1711.1 24160 00000 00000 +10 —,56629 44000 00000 00000 +07
~61600 00000 00000 00000 +01+ —~ 10000 00000 00000 00000 +01

N = 0 8

.26927 63058 58560 00000 +18 —.13015 0211+4 98304 00000 +18

.90161 53232 1+8640 00000 +16 —.20687 40850 17600 00000 +15
• 19940 43744 00000 00000 +13 —.86313 1.2720 00000 00000 +10
. 15996 96000 00000 00000 +08 —. 10221+ 00000 00000 00000 +05
• 10000 00000 00000 00000 +01

P 1 = 09

,31128 31.095 72495 36000 +21 —.151 06 ‘+0075 86652 16000 +21
• 107 17 19697 31706 88000 +20 —.25935 10574 05440 00000 +18
.27586 1 3803 54560 00000 +16 —.11+176 33176 96000 00000 +11.
.351.72 72960 00000 00000 +11 —.39964 32000 00000 00000 +08
• 16020 00000 00000 00000 +05 -. 10000 00000 00000 00000 +01

37
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TABLE A.V (Concluded)

UN(7**2)

N = 10

.1.1+91+? 32434 22683 29984 +24 —.21883 22369 29464 23808 +24

.15812 89202 64691+ 57920 +23 — 39825 96563 64810 21+000 +2 1
45491k 37982 881 79 20000 +19 —.26326 1 7302 51520 00000 +17
.79982 79569 28000 00000 +11+ —.1 21+73 80992 00000 00000 +12

- .90676 08000 00000 00000 +08 —.23980 00000 00000 00000 +05
• 10000 00000 00000 00000 +01

(‘1

H
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TABLE A.VI

TABLES OF THE COEFFICIENTS OF THE POLYNCI4IAL ~~(z
2)

Note: For the definition of W~(z
2) , see (4.8) . The sequence

of numbers given is for the lowest power to the
highest power, respectively.

e.g., W3(z2 ) = a6 + 24a4 + 720z2 + 14400

WN (Z**2)

• 
P1=00

• 10000 00000 00000 00000 +01

N = 01
• 1.0000 00000 00000 00000 +01 10000 00000 00000 00000 +01

N = 0.

• , 
141,00 00000 00000 00000 +03 , 1 2000 00000 00000 00000 +02

• 10000 00000 00000 00000 +01

H P 1 — 0 3

• 14400 00000 00000 00000 +05 • 72000 00000 00000 00000 +03
24000 00000 00000 00000 +02 , 10000 00000 00000 00000 +01

N - 04

• 28221. 00000 00000 00000 +07 , 10080 00000 00000 00000 +06
• 21600 00000 00000 00000 +01+ • 40000 00000 00000 00000 +02
• 10000 00000 00000 00000 +01

-39 - 

— 5 - —5-----— —-5--
- - 

5 -
- 
- 

-J



- -  5-~~~~~~~~~~ - -—-- - -- - • • - --- - - — ~~~~~~-—- - -~~

I
I .  TABLE A.VI (Continued)

-

• 
WN(Z**2)

N = 0 5

•911+45 76000 00000 00000 +09 ~25401 60000 00000 00000 +08
.40320 00000 00000 00000 +06 .50400 00000 00000 00000 +o~.,60000 00000 00000 00000 +02 .10000 00000 00000 00000 +01

-.1

• N = 0 6

,1i4259 74784 00000 00000 +12 .10059 03360 00000 00000 +11
.12700 80000 00000 00000 +09 .12096 00000 00000 00000 +07
.10080 00000 00000 00000 +05 ~84000 00000 00000 00000 +02
• 10000 00000 00000 00000 +01

P1 = 0 7

•29919 58953 98400 00000 +15 .57537 67219 20000 00000 +13
•60354 20160 00000 00000 +11 .46569 60000 00000 00000 +09
.3021.0 00000 00000 00000 +07 .18 1144 00000 00000 00000 .~~5
• 11200 00000 00000 00000 +03 . 10000 00000 00000 00000 +01

N = 0 8

.26927 63058 58560 00000 +18 •44879 381.30 97600 00000 +16

.40276 37053 1,1.000 00000 +11, .26153 48736 00000 00000 +12
13970 88000 00000 00000 +10 .66528 00000 00000 00000 +07
30240 00000 00000 00000 +05 . 141.00 00000 00000 00000 +03

• 10000 00000 00000 00000 +01

N = 0 9

.31128 34095 72495 36000 +21 .45776 97199 59552 00000 +19

.35903 50744 78080 00000 +17 .20138 18526 72000 00000 +15
•91537 20576 00000 00000 +12 .36324 28800 00000 00000 +10
.13305 60000 00000 00000 +08 .47520 00000 00000 00000 +05
. 18000 00000 00000 00000 +03 • 10000 00000 00000 00000 +01

— 4 0.
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TABLE A.VI (Concluded)

WN(Z**2)

P 1 = 1 0

•4L,91,9 321+31+ 27683 29984 +24 , 5911+3 81.781 8771.1 18400 +22
41199 27479 63596 80000 +20 . 2031.5 32088 70912 00000 +18
.80552 74106 88000 00000 +15 .271+61 16172 80000 00000 +13I 84756 67200 00000 00000 +10 24710 40000 00000 00000 +08

712 80 00000 00000 00000 +05 22000 00000 00000 00000 +03
- 10000 00000 00000 00000 +01

~:
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TABlE A.VII

- 

TABLES OF THE COEFFICIENTS OF THE P0LYN(~4IAL V~(z2)

Note: For the definition of v~(z 2) , see (4.8). The sequence
of numbers given is for the lowest power to the

highest power, respectively.

e.g., v3(z2) = 24z4- - 1680z’ + 14400

V N(Z**2)

N = 0 O

00000 00000 00000 00000 00

H 
N = 01

H 40000 00000 00000 00000 01

N = 0 2

- - .14400 00000 00000 00000 03 —.12000 00000 00000 00000 02

P1— 0 3

V.400 00000 00000 00000 +05 —. 16800 00000 00000 00000 +01+
24000 00000 00000 00000 +02

- - 

P 1 - 0 4

28221~ 00000 00000 00000 .s07 —.36960 00000 00000 00000 +06• .88800 00000 00000 00000 +01+ — ‘ 40000 00000 00000 00000 +0’

—

•
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- TABLE A.VII (Continued)

• N = 0 5

•914Le 5 76000 00000 00000 +09 —.12700 80000 00000 00000 +09
~37900 80000 00000 00000 +07 — .31920 00000 00000 00000 +05
.60000 00000 00000 00000 +02

P 1 = 06

•44259 747814 00000 00000 +12 —.63707 21280 00000 00000 +1 1
•21388 14720 00000 00000 +10 —~23950 08000 00000 00000 +08
.90720 00000 00000 00000 +05 —.84000 00000 00000 00000 ÷02

I
N = o 7

• 29919 58953 98400 00000 +15 — p 44112 21531. 72000 00000 ÷11.
.1591.6 9.126 7 000 00000 +13 —.21009 54240 00000 00000 +11
• 1 11 21+ 28800 00000 00000 +09 —.21974 1.0000 00000 00000 +06

• ~11200 00000 00000 00000 +03

N — 0 8

•26927 63058 58560 00000 +18 —.4039 1 44587 8781+0 00000 +17
• 15362 55847 52640 00000 +16 —.221479 51.508 80000 00000 +14
•14503 37011 20000 00000 +12 

_
.1,1646 52800 00000 00000 +09

• .47376 00000 00000 00000 ÷06 _ ,14L.00 00000 00000 00000 +03

N — O S
.31128 31.095 72495 36000 +21 — p 47302 87106 21.870 1+0000 +20
.18669 82387 28601 60000 +19 —~29397 61.065 6381+0 00000 +17
•21608 80001 28000 00000 +15 — .77785 86816 00000 00000 +12
.13278 98880 00000 00000 +10 _ .931.56 00000 00000 00000 +06
• 18000 00000 00000 00000 +03
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TABLE A.VII (Concluded)

P 1 = 1 0

• • 4491.9 32431. 22683 29981. +21+ —.69001 15578 85698 014800 +23
.28012 1,5506 33915 18720 +22 —.1+6561 72008 73144 32000 +20
•37541 77850 14272 00000 +18 — .15728 18837 99040 00000 +16
.34461. 8301+0 00000 00000 +13 — .37378 59840 00000 00000 +10
.17186 L.0000 00000 00000 +07 —,22000 00000 00000 00000 +03

- “ -
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APPENDIX B

COEFFICIENTS OF RATIONA L APPROXIMATIONS TO E( z)
AND RELATED INTEGRALS

I
Table B.I gives the coefficients of the polynomials of the main

diagonal Pade’approximants of E(z), see (5.1). Displayed in Table B.II is
the absolute value of the errors associated with the approximations listed
in B.I. Similar coefficients for the main diagonal Pade’ approximants to
z~~-Si(z) , see (5.2), are given for n even in Table B.III. Table B.IV
Cives the error associated with the approximations listed in B.III. Table
B.V lists the coefficients of the polynomials of the main diagonal Pade’
approximants to 4z 2H(z) , see (5.3) , Thr even n . Table B.VI lists the
errors associated with the approximants in B.V. Tables B.VII and LVIII
give the coefficients which define the approximations (5.11) to E(z) , and
the corresponding error tables, respectively.
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• TABLE B.I

COEFFICIENTS OF FADE’ APPROXIMATION TO E(z)

Note: For the definition of E( a) and its Pade’ approximants, see
Section V. The coefficients are given for n = 1(1)10 . The
expression attached to the numbers on the right indicates

the pover of 10 by which the number is multiplied.

e.g., E2(z) = 1 + O.086z + O.04555...z2
1 + 0.336Z + 0.0333. . . a2

NUMERATOR DENOMINATOR

P 1 = 0 1

.. 10000 00000 00000 00000 +01 • 10000 00000 00000 00000 ÷01
- .27777 77777 77777 77778 —01 ~22222 22222 22222 22222 +00

P 1 = 0 2

10000 00000 00000 00000 ÷01 • 10000 00000 00000 00000 +01
.86000 00000 00000 00000 —01 33600 00000 00000 00000 +00
•45555 55555 55555 55556 —02 .33000 00000 00000 00000 —01

N = 0 3

10000 00000 00000 00000 +01 10000 00000 00000 00000 ÷01
.11548 60120 33092 9281+8 +00 .3651.8 60120 33992 92848 +00
• 14987 35259 04789 47405 —0 1 • 50803 30004 31+216 23969 —0 1- .85008 1671.0 06988 81376 —Oh .27277 05063 78843 33065 —02

I
N — 0 4

• 10000 00000 00000 00000 +01 • 10000 00000 00000 00000 ÷01
• 15183 03075 00550 75001 +00 .40183 03075 00550 75001 +00

• • .22174 10121. 06340 1.6892 —01 .67076 1 2256 02161 7881.0 —01• .71679 28213 7131.8 66118 —03 .55785 81+155 83921. 05926 —02
. 10529 22995 1+4767 81+505 —04 * 19778 97186 99680 64309 —03

~; ~
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TABlE B.I (Continued)

NUMERATO fl DENOM I NATOR

N — 0 5

10000 00000 00000 00000 +01 . 10000 00000 00000 00000 ÷01
16204 i 6oo~; 67.342 70975 ÷00 .41204 16009 6231.2 70975 +00
.26595 51845 2~923 74506 —0 1 .71+050 36313 73221. 96387 —0 1
.1271.7 83272 481.1.8 67889 —02 .731 28 140670 01829 36777 —02
.60877 80145 01+733 1.8711 —01+ •40061 22491 28200 19535 —03

- _ ,1 3654 42296 45193 1 2376 —06 ,98510 21164 96373 17832 —05

P 1 = 0 6

10000 00000 00000 00000 +01 • 10000 00000 00000 00000 +01
• 1 7964 76037 82301 29341. +00 .42964 76037 82301 2931.4 +00
•3 0906 39011+ 5951+9 31651. —01 .82762 73553 5971.6 99458 —01

1~;643 87594 46735 53361 —02 .92074 26823 88873 61206 —02
H . 11565 071.29 91481.1 78517 —03 .62715 69030 31.069 87432 —03

. 19803 30657 6~ 150 50495 —05 .25037 59209 97727 45364 —014

9 • 1 2947 26971 80815 1 0906 —07 • 46 180 79516 66610 03701. —0 6

P 1 = 0 7

.10000 00000 00000 00000 +01 ,10000 00000 00000 00000 +01
• .18480 11227 261.75 81023 ÷00 .43480 11227 26475 81023 +00

•3326 1 21378 35356 62215 —0 1 .861,05 93890 95990 59216 —01
— .23552 22731 54871 76423 —02 .102 17 75619 63664 92989 —01

• .16377 94153 15153 96938 —03 .7801.0 02200 52063 61676 —03
.1.3980 12290 60812 99221+ —05 . 38719 75252 89419 7709 5 —04

-

• ~1 1014 77035 81091+ 26833 —06 .11633 17088 02093 21.466 —05
-~ 12839 85657 45606 71.048 —09 • 16457 1071.1 1+5580 73556 —07

• 

- 
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TABLE B.I (Concluded)

NUMERATOR DENOM i NATO R

N = 0 8

• 10000 00000 00000 00000 +01 • 10000 00000 00000 00000 +01
• 19513 36973 1+8381 2 1416 +00 .1.14513 36973 48381 214 16 +00
.36028 72455 48033 66895 —0 1 ,9 1756 59333 631+31 14880 —01
28530 1.11+23 63713 8 221 —02 • 11479 20657 17017 38378 —01
.21463 38297 93936 23562 —03 •95698 9631+7 4591+6 53974 —03• •77757 97235 47219 15163 —05 .54679 34061. 85047 1 0025 —04
.251+82 33856 33725 45105 —06 .21015 171 1+0 91386 3551.7 —05
.27089 1 21.91 61763 77927 —08 .49960 1.0804 95845 41259 —07

• .97825 79525 95621 99712 —1 1 •56629 36991 72465 57055 —09

N = 0$

10000 00000 00000 00000 +01 • 10000 00000 00000 00000 +01• .19823 84189 19627 19265 +00 •1i1.823 84189 19627 19265 +00
— .37482 24827 32679 61682 —01 •93986 29744 76192 04289 —0 1

.31215 51+261 10534 67154 —02 .12132 66090 52530 81529 — 01
•25168 68581 1.211+1 1 34’~-5 —03 • 10658 74645 55601 67575 —02
.10438 66937 29114 63287 —04 .6631 1 99549 82139 94997 —04
.41779 89027 92798 76366 —06 .29328 17107 87334 24422 —05
.72282 1 0040 31+696 94233 —08 .89307 30009 591+19 32977 —07
~1115 6 38762 07900 30289 —09 •17075 36697 26887 18576 —08

-.78469 72732 66716 49611. — 13 ~15708 67540 09828 56485 — 10

N = 10

10000 00000 00000 00000 +01 • 10000 00000 00000 00000 +01
.20502 08456 77917 06628 +00 •1+5502 08456 77917 06628 +00
•39390 75193 16296 55245 —0 1 .97590 40779 55533 66258 —01
•3485U 23655 29237 91179 —02 • 130 21 15639 98519 94778 —01

• .29317 75506 14266 48946 —03 .11999 111 37 74704 76100 —02
• • 13754 73570 29922 39386 —O s, .80015 09559 2166 1 45984 —04

~60964 46171. 771+55 80030 —06 .39222 83073 88575 92254 —05
.14447 18655 0089 1 74805 —07 .14003 62118 96032 45150 —06

• .30430 04327 31332 24681. —09 •314984 1+1348 05290 45646 —08
.22059 38908 71+765 26250 —1 1 •55465 89453 73869 45817 — 1 0
•49848 28058 16872 8831.0 —14 •42591 33901 24021 43020 —12

_ __ _  - 

- 4 8 -
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• TABlE B.II

j  ERROR OF FADE APPROXIMATIONS TO E ( z)

Let E~(z) be the ~th order main diagonal Pad~ approximation to
E(z), see B.I, and define c~(z) = IE(z) - E~(z)I . The tables give en(z)
for n = 2(1)10 , r = 1(1)10 and e = 0 , ii/2 , ii where z = re19 . The
expression in parentheses to the right of each number indicates the power of
10 by which the number is multiplied.

9
r\ 0 it it (Relative Error )

n =  2

1 0.782 (- 5) 0.107 (- 4) 0.320 (- 4) 0.243 (- 4)
2 0.137 (- 3) 0,418 (- 3) 0.232 (- 2) 0.126 (- 2)

• 3 0.599 (- 3) 0.267 (- 2) 0.433 (- i) 0.157 (- 1)
4 0.152 (- 2) 0.849 (- 2) 0.455 0.103
5 0.292 (- 2) 0.202 (- 1) 0.288 ( 1) 0.379
6 0.473 (- 2) 0.361 (- 1) 0.102 ( i) 0.732
7 0.686 (- 2) 0.542 (- 1) 0.247 ( 2) 0.915
8 0.922 (- 2) 0.713 (- 1) 0.533 ( 2) 0.974

• 9 0.117 (- i) 0.845 (- i) 0.114 ( 3) 0.991
10 0.143 (- 1) 0.825 0.248 ( 3) 0.996

• 
- n = 3

1 0.217 (- 7) 0.443 (- 7) 0.101 (- 6) 0.776 (- 7)
2 0.139 (- 5) 0.523 (- 5) 0.302 (- 4) 0.164 (- 4)
3 0.125 (- 4) 0.780 (-  4) 0.128 (- 2) 0.465 (- 3)
4 0.510 (- 4) 0.482 (- 3) 0.252 (- 1) 0.571 (- 2)

• 5 0.138 (- 3) 0.179 (- 2) 0.345 0.454 (- 1)
6 0.291 (- 3) 0.474 (- 2) 0.454 ( 1) 0.326
7 0.519 (- 3) 0.985 (- 2) 0.233 ( 3) 0.863
8 0.823 (- 3) 0.170 (- 1) 0.703 ( 2) 0.128 ( 1)
9 0.120 (- 2) 0.255 (- i) 0.123 ( 3) 0.107 ( 1)

& 10 0.164 (- 2) 0.340 (.. i) 0.254 ( 3) 0.102 ( i)

- 4 9 -
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• TABLE B.II (Continued)

~0

~~ 0 it it (Re lative Error)

n =  4

1 0.593 (-10) 0.128 (- 9) 0.302 (- 9) 0.229 (- 9)
2 0.144 (- 7) 0.610 (- 7) 0.375 (- 6) 0.204 (- 6)
3 0.273 ( - 6 ) 0.209 (- 5) 0.366 (- 4) 0.133 (- 4)
4 0.186 (- 5) 0.236 (- 4) 0.130 (- 2) 0.294 (- 3)
5 0.738 (- 5) 0.141 (- 3) 0.271 (- 1) 0.366 (- 2)
6 0.209 (- 4) 0.558 (- 3) 0.401 0.288 (- 1)
7 0.474 (- 4) 0.162 (- 2) 0.428 ( i) 0.159
8 0.920 (- 4) 0.375 (- 2) 0.273 ( 2) 0.499

• 9 0.159 (- 3) 0.720 (- 2) 0.945 ( 2) 0.822
10 0.251 (- 3) 0.119 (- 1) 0.237 ( 3) 0.952

n = 5

1 0.837 (-13) 0.187 (-12) 0.451 (-12) 0.342 (-12)
2 0.781 (-10) 0.362 (-  9) 0,227 (- 8) 0.123 (- 8)
3 0.319 (- 8) 0.284 (- 7) 0.502 (- 6) 0.182 (- 6)
4 0.368 (- 7) 0.588 (- 6) 0.316 (- 4) 0.715 (- 5)
5 0.206 (- 6) 0.574 (- 5) 0.102 (- 2) 0.134 (- 3)

• 6 0.834 (- 6) 0.342 (- 4) 0.217 (- 1) 0.156 (- 2)
• 7 0.243 (- 5) 0.143 (- 3) 0.355 0.131 (- 1)

8 0.579 (- 5) 0.457 (- 3) 0.513 ( 1) 0.937 (- 1)
9 0.119 (- 4) 0.117 (- 2) 0.104 ( 3) 0.904

- . 
10 0.218 (- 4) 0.250 (- 2) 0.442 ( 3) 0.178 ( i)

n = 6

1 0.117 (-15) 0.268 (-15) 0.658 (-15) 0.499 (-15)
2 0.423 (-12) 0.209 (-11) 0.135 (-10) 0.733 (-ii)
3 0.376 ( -io) 0.373 (- 9) 0.677 (- 8) 0.246 (- 6)

• 4 0.746 (- 9) 0.139 (_ 7) 0.763 (- 6) 0.173 (- 6)
5 -0.658 (—. 8) 0.217 (- 6) 0.384 (- 4) 0.505 (- 5)
6 0.352 (- 7) 0.192 (- 5) 0.118 (- 2) 0.847 (- 4)
7 0.134 (- 6) 0.113 (-  4) 0.258 (- i) 0.956 (- 3)
8 0.399 (- 6) 0.489 (- 4) 0.445 0.813 (- 2)
9 0.993 (- 6) 0.165 (- 3) 0.620 ( 1) 0.539 (- 1)

10 0.215 (- 5) 0.455 (- 3) 0.627 ( 2) 0.252

- 5 0 -
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TABLE B.II (Continued)

• ?. 0 11 (Relative Error)

n = 7

1 0.900 (-19) 0.233 ( -18) 0.580 (-18) 0.440 (-18)
2 0.140 (-14) 0.722 (-14) 0.472 (-13) 0.256 (-13)
3 0.272 (-12) 0.294 (-u) 0.556 (-10) 0.195 (-10)
4 0.932 (-11) 0.198 (- 9) 0.107 (- 7) 0.242 (- 8)
5 0.125 (- 9) 0.493 (- 8) 0.840 (- 6) 0.110 (- 6)
6 0.925 (- 9) 0.644 (- 7) 0.367 (- 4) 0.263 (- 4)
7 0.462 (- 8) 0.534 (- 6) 0.108 (- 2) 0.400 (- 3)
8 0.173 (- 7) 0.314 (- 5) 0.241 (- 1) 0.440 (- 3)
9 0.524 (- 7) 0.141 (- 4) 0.436 0.379 (- 2)

10 0.134 (- 6) 0.336 0.686 ( i) 0.276 (- 1)

n = 8

3. 0.370 ( -20) 0.100 (-19) 0.100 (-19) 0.759 (-20)
2 0.459 (-17) 0.246 (-16) 0.164 (-15) 0.890 (-16)
3 0.197 (-14) 0.227 (-13) 0.421 (-12) 0.153 (-12)
4 0.118 (-12) 0.275 (-U) 0.150 (- 9) 0.340 (-io)
5 0.239 (-u) 0.108 (- 9) 0.184 (- 7) 0.242 (- 8)
6 0.249 (-io) 0.207 (- 8) 0.115 (- 5) 0.825 (- 7)
7 0.165 (- 9) 0.238 (- 7) 0.461 (- 4) 0.171 (- 5)
8 0.784 (- 9) 0.187 (- 6) 0.133 (- 2) 0.243 (- 4)
9 0.291 (- 8) 0.109 (- 5) 0.301 (- 1) 0.262 (- 3)
10 0.895 (- 8) 0.500 (- 5) 0.565 0.227 (- 2)

1 0.367 ( -20) 0.100 (-19) 0.100 (-19) 0.758 (-20)
2 0.500 ( -20) 0.500 (-19) 0.377 (-18) 0.205 (-18)
3 0.950 (-17) 0.117 (-15) 0.217 ( -14) 0.788 (-15)
4 0.998 ( -15) 0.254 (-13) 0.138 (-11) 0.312 (-12)

• 5 0.311 (-13) 0.106 (-io) 0.263 (-  9) 0.346 (-10)
6 0.456 (-12) 0.442 (-10) 0.236 (- 7) 0.169 (- 8)
7 0.400 (-ii) 0.707 (- 9) 0.127 (- 5) 0.470 (- 7)
8 0.242 (-10) 0.743 (- 8) 0.474 (- 4) 0.866 (- 6)

• 9 0.111 (- 9) 0.564 (- 7) 0.134 (- 2) 0.117 (- 4)
10 0.408 (- 9) 0.329 (- 6) 0.306 (- t.) 0.123 (- 3)

- 5 1-
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- TABlE B.II (Concluded)

• 0 1? it (Re lative Error)

1 0.367 ( -20) 0.100 (-19) 0.100 (-19) 0.759 (-20)
2 0.551 (-20) 0.141 (-19) 0.200 (-20) 0.109 (-20)
3 0.145 (-18) 0.578 (-18) 0.1.11 (-16) 0.403 (-17)
4 0.850 (-17 ) 0.231 (-15) 0.126 (-13) 0.285 ( -14)
5 0.407 (-15) 0.227 (-13) 0.375 (-11) 0.493 (-12)
6 0.845 (-14) 0.923 (-12) 0.485 (- 9) 0.341 (-io )

• 7 0.989 (-13) 0.203 (-io) 0.354 (- 7) 0.131 (- 8)
8 0.766 (-12) 0.284 (- 9) 0.172 (- 5) 0.314 (- 7)
9 0.434 (-II) 0.277 (-8) 0.610 (- 4) 0.530 (- 6)

I 

10 0.193 (-10) 0.204 (- 7) 0.170 (- 2) 0.683 (- 5)

- 5 2 -
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TABLE B.III 

—

~~~~

COEFFICIENTS OF PADE’APffi~ CIMA~TIONS TO z 1Si(z)

Note : For the definition of Si(z ) and its Fade’ approxin~ nts, see
Section V. The coefficients are given for 11 = 2(2)10. The

expression attached to the numbers on the right indicates
the paver of 10 by which the numbers are multiplied..

e.g., ~~~Si2 (z)  = 
- o. ces5s ..z2

l+0.O3z2

NUMERATOR DENOM INATO R

N = 0 2

.10000 00000 00000 00000 +01 .10000 00000 00000 00000 +01
— 25555 55555 55555 55556 —01 .30000 00000 00000 00000 —01

h
N = 0 4

.10000 00000 00000 00000 +01 •10000 00000 00000 00000 +01
—~ 30427 89735 6344 1 27723 —0 1 • 25127 65819 92114 27833 —01

~51431 13199 1.3054 89416 —03 .24362 56643 43689 77376 —03

Ii.

H N — 0 6

• 10000 00000 00000 00000 +01 .10000 00000 00000 00000 +01
—35595 17688 83526 52167 —0 1 .19960 37866 72029 03389 —01
.71,030 23630 09289 15831, —03 .18251, 56222 98339 34660 —03

—.44148 31037 35430 42001. —05 .80396 58468 07101 6971+4 —06

N — 0 8
• 

•10000 00000 00000 00000 +01 .10000 00000 00000 00000 +01
—.39097 46707 4771+4 00193 —0 1 • 16458 08848 07811 55363 —01
.8821,4 03534 29201 16961 —03 , 13011 19356 94820 91197 —03

—,7539 2 62090 91062 85582 —05 .60370 2511+8 69333 23738 —06
.24hi48 76200 37211 27450 07 • 14412 35225 57797 97185 —08

-53 -
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• TABLE B.III (Conch4ed)

N — b
• 

10000 00000 00000 00000 +01 • 
10000 00000 00000 00000 +01

— .41604 56609 1305 1 18594 -.0 1 .13950 9891+6 42504 36962 —01
98695 05591 58116 83815 —03 .95338 86272 75855 58234 —01.

— .99826 03983 42126 42340 —05 .1.0702 1 596 1 74597 46660 —06
• 48154 24911 89950 631,72 —07 , 11122 28953 69313 70588 —08

—~89943 23721. 44801. 92329 — 10 . 16036 021.83 25839 253 15 —1 1

I

-54 -
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TABLE B.IV

ERROR OF FADE APPRCDCIMATION TO z~~Si(z)

Let z~~Si~(z) be the ~th order main diagonal (see B.III ) Fade’
approximant to z ’151(z) and define €~(z) = I z 1Si( z )-z 1Si~ (z ) I .  The
tables give €~(z) for n = 2(2 )10 and z = 1(1)10 , z real. The expres-
sion in parentheses to the right of each number indicates the power of 10 by
which the number Is multiplied.

a
1 0.210 (-4) 0.142 (-8) 0.251 (-13) 0.170 (-18) 0.100 (-20)
2 0.112 (-2 ) 0.127 (-5) 0.369 (- 9) 0.392 (-13) 0.186 (-17 )
3 0.990 (-2) 0.590 (-4) 0.898 (- 7) 0.498 (-io) 0.122 (-13)

• 4 0.401 (-i ) 0.775 (-3) 0.392 (- 5) 0.714 (- 8) 0.570 (-n)
• 

5 0.104 0.496 (-2 ) 0.647 (- 4)  ~~~~~ (- 6) 0.616 (- 9)
6 0.234 0.198 (-i) 0.565 (- 3) 0.579 (- 5) 0.254 (- 7)

5 
7 0.310 0.563 (-i) 0.313 (- 2) 0.630 (- 4) 0.539 (- 6)
8 0.415 0.125 0. 123 (- i) 0.449 (- 3) 0.692 (- 5)
9 0.497 0.227 0.370 (- i) 0.229 (- 2) 0.599 (- 4)
10 0.555 0.335 0.896 (- 1) 0.889 (- 2) 0.376 (- 3)

-55 -
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TABLE B. V

COEFFICIENTS OF PADE APPR~CIMATION5 TO 4z 2U(z)

Note: For the definition of H(z) and Its Padi approximants, see
Section V. The coefficients are given for n = 2(2)10. The) expression attached. to the numbers on the right indicates

the power of 10 by whi ch the numbers are multiplied.

e.g., 4z 2N (z) = 1. - O.019444...z2
2 

1 + 0.~~22...z
2

NUMERATOR DENOMINATOR

1 = 0 2

• 10000 00000 00000 00000 +01 • 10000 00000 00000 00000 +01
-.19441. 44444 44444 1.4444 —01 .22222 22222 22222 22222 —01

N = O L .

• 10000 00000 00000 00000 +01 10000 00000 00000 00000 +01
- .2141.1 94756 55430 71161 —01 .2022 4 7 19 10 11235 95506 —01
.23501+ 81.513 40586 17205 —03 .15181 91546 28143 39219 —03

N -  06

• 10000 00000 00000 00000 +01 • 10000 00000 00000 00000 +01
-.24662 601 1.3 38362 60391 —01 .17004 06523 28304 06275 —0 1
34682 1 051+2 751+33 98340 .03 • 12~39 78463 84108 31895 —03

- . 15875 8)095 57136 15182 —05 .46027 66426 80130 08786 —06

N — 08

10000 00000 00000 00000 +01 • 10000 00000 00000 00000 +01
-.271’ 1 18247 38415 96633 —0 1 • 14475 1.81+19 28250 70031. —C I
.k21~:7 89824 5071.5 07333 —03 ,99 198 23122 58636 82145 —04

- 27389 37015 8 204 22581 —05 .39189 01649 11.937 85289 —06
70221 55017 221.17 74512 —08 .77891 33652 63414 35304 —09

- - 

- 
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TABLE B.V (Concluded)

- NUME~tATO R DEN OMINATOR

N — 1 O

• 10000 00000 00000 00000 +01 , 10000 00000 00000 00000 +01
-~2~ 128 0342 1 36361 441+13 —0 1 ,12538 6321.5 30305 22251. —0 1
,47973 22804 1188 1 21947 —03 .76249 37336 22270 54117 —04
-.36817 31 277 2~8O2 06720 —05 ~28627 47330 74607 14153 —06
• 14091 69854 52941 91735 —07 .67825 76089 1+3662 46538 —09• -.21678 54057 76489 52502 —10 •83325 19383 71648 1169 1 —12

p

‘1
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- TABLE B.VI

ERROR OF PADE APPRCDCIMATION TO 4z 2H(z)

-

* 

_ 

Let 4z 2L~(z) be the ~
th order main diagonal (see B. V) Fade’ ap-

i proximant to 4z 2H(z) and define €~ (z ) = I4z 2 I I H(z) -~~ ( z ) I  . The tables
give en(Z) for n = 2(2 )10 and z = 1(1)10 . The expression in parentheses
to the right of each number indicates the paver of 10 by which the number Is
multiplied..

a §. §.

1 0.584 (-5 ) 0.336 (-9) 0.433 (-14) 1.000 (-20) 1.000 (-20)
2 0.443 (-3) 0.308 (-6) 0.646 (-10) 0.535 (-14) 0.210 (-18)
3 0.414 (-2 ) 0.148 (-4 ) 0.16.1 (- 7) 0.691 (-U) 0.138 (-14)
4 0.179 (-1 ) O.2c6 (-3) 0.728 (- 6) O.1~Q (- 8) 0.657 (-1.2)
5 0.599 (-1) 0.140 (-2) 0.126 (- 4) 0.443 (- 7) 0.721 (-1.0)
6 0.104 0.597 (-2) 0.116 (- 3) 0.881 (- 6) 0.308 (- 8)
7 0.177 0.184 (-1) 0.680 (- 3) 0.100 (- 4)  0.675 (- 7)

- 
- 

8 0.341 0.441 (-i) 0.286 (- 2) 0.751 (- 4) 0.900 (- 6)
-

- - 9 0.339 0.873 (-1) 0.920 (- 2) 0.404 (- 3) 0.812 (- 5)
10 0.410 0.149 0.240 (- i) 0.167 (- 2) 0.535 (- 4)

- 58-
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TABLE LVII

COEFFICIENTS OF RATIONAL APR ~ CIMATIONS TO E(z)

- . Here we present coefficients of the numerator and denominator poly-
nomials of the rational approximation to E(z) defined in (5.11). We give
coefficients for n = 0(1)10 . The sequence of numbers given is for the lowest
power to the highest power, respectively. The expression to the right of each
number is the power of 10 by which it is multiplied.

e.g., E2(z) = 3z + 36
z2+12z+36

NUMERATOR DENOM I NATOR

N — 00

• 10000 00000 00000 00000 01 • 10000 00000 00000 00000 01

P 4 — 0 1

•40000 00000 00000 00000 01 .40000 00000 00000 00000 01
• 00000 00000 00000 00000 00 • 10000 00000 00000 00000 01

N a 0 2

.36000 00000 00000 00000 02 .36000 00000 00000 00000 02
• 30000 00000 00000 00000 01 • 12000 00000 00000 00000 02

•
1 .00000 00000 00000 00000 00 • 10000 00000 00000 00000 01

P4 - 0 3

,48000 00000 00000 00000 03 .48000 00000 00000 00000 03
.60000 00000 00000 00000 02 • 18000 00000 00000 00000 03
.56666 66666 66666 66667 01 •2k000 00000 00000 00000 0.
00000 00000 00000 00000 00 • 10000 00000 00000 00000 01

-59 -
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TABLE B.VII (Continued)

NUME~ATOR DENOM INATOR

N — O l e

.81.000 00000 00000 00000 +01+ .81+000 00000 00000 00000 +04
12600 00000 00000 00000 +04 .33600 00000 00000 00000 +04
.16666 66666 66666 66667 +03 .5~+000 00000 00000 00000 +03
• 1,1666 66666 66666 66667 +01 .40000 00000 00000 00000 +02
.00000 00000 00000 00000 —99 10000 00000 00000 00000 +01

N — 0 5

1811.4 00000 00000 00000 +06 . 18144 00000 00000 00000 +06
• 3021+0 00000 00000 00000 +05 • 75600 00000 00000 00000 +05
• 46200 00000 00000 00000 +04 13440 00000 00000 00000 +05
.21000 00000 00000 00000 +03 . 12600 00000 00000 00000 +01.
.65666 66666 66666 66667 +01 .60000 00000 00000 00000 +02
. 00000 00000 00000 00000 —99 • 1 0000 00000 00000 00000 +01

N — 0 6

46569 60000 00000 00000 +07 • 46569 60000 00000 00000 +07
83160 00000 00000 00000 +06 ~19958 40000 00000 00000 +07- - 

. 13776 00000 00000 00000 +06 37800 00000 00000 00000 +06
~81°00 00000 00000 00000 +04 .40320 00000 00000 00000 +05~41 160 00000 00000 00000 +03 .25200 00000 00000 00000 +04
.49000 00000 00000 00000 +01 .84000 00000 00000 00000 +02
.00000 00000 00000 00000 —99 10000 00000 00000 00000 +01

N = 0 7

, 13837 82400 00000 00000 +09 • 13837 82400 00000 00000 +09
~59Le5 92000 00000 00000 +08 .60540 48000 00000 00000 +08

• 45~7~ 00000 00000 00000 +07 • 11975 04000 00000 00000 +08
.31416 00000 00000 00000 +06 .13860 00000 00000 00000 +07
.19580 40000 00000 00000 +05 . 1 0080 00000 00000 00000 +06
.46480 00000 00000 00000 +03 .45360 00000 00000 00000 +04
.71857 11+285 711+28 5711.3 +01 .11200 00000 00000 00000 +03
• 00000 00000 00000 00000 —99 • 10000 00000 00000 00000 +01
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TABLE B.~)II (Concluded)

NUME F~ATOR DENOM I NATOR

N = 0 8

.46702 65600 00000 00000 +10 ~46702 65600 00000 00000 +10

.90810 72000 00000 00000 +0° .20756 73600 00000 00000 +10
• 16432 41600 00000 00000 +09 .1.2378 33600 00000 00000 +09
12612 60000 00000 00000 +08 .51891 81+000 00000 00000 +08
.89073 60000 00000 00000 +06 .1.1580 00000 00000 00000 +07
• ‘9106 00000 00000 00000 +05 . 22176 00000 00000 00000 +06
.78274 28571 47857 11.286 +03 .75600 00000 00000 00000 +04
,54357 14285 71428 57143 +01 • 11e400 00000 00000 00000 +03
.00000 00000 00000 00000 —99 10000 00000 00000 00000 +01

P4=0 9

• 1 7643 22560 00000 00000 +12 • 17643 22560 00000 00000 +12
.35286 1.51 20 00000 00000 +11 .79394 51520 00000 00000 +1 1
.65585 52000 00000 00000 +10 .16605 38880 00000 00000 +11
.54054 00000 00000 00000 +09 •21189 16800 00000 00000 +10
.1.141.1 40000 00000 00000 +08 . 18162 14400 00000 00000 +09
• 16336 32000 00000 00000 +07 • 10810 80000 00000 00000 +08
.57052 28571 42857 11.286 +05 •44352 00000 00000 00000 +06
•83442 85711. 28571 42857 +03 • 1 1880 00000 00000 00000 +05
• 76579 36507 93650 79365 +01 • 18000 00000 00000 00000 +03

- - , 00000 00000 00000 00000 —99 • 10000 00000 00000 00000 +01I
1 .  P 4 = 10

.~~37le8 68300 80000 00000 +13 .7371.8 68300 80000 00000 +13

.15084 95788 80000 00000 +13 .33522 12864 00000 00000 +13

.28621 23264 00000 00000 +12 .711.55 06368 00000 00000 +12

.24872 04720 00000 00000 +11 •94097 20320 00000 00000 +11

.20211 87168 00000 00000 +10 .84756 67200 00000 00000 +10

.90210 12000 00000 00000 +08 .51+1.86 43200 00000 00000 +09

.36810 65142 85711. 28571 +07 .25225 20000 00000 00000 +08

.76668 42857 14285 711.29 +05 .82368 00000 00000 00000 +06
• 1 2887 46031 74603 17460 +04 .17820 00000 00000 00000 +05
.5857’ 36507 93650 79365 +01 •22000 00000 00000 00000 +03
.00000 00000 00000 00000 —99 • 10000 00000 00000 00000 +01
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TABLE B.VIII

ERROR OF RATIONAL APPROXIMATION TO E(z)

Let En(z) be the nth order rational approximation to E ( z) as
defined in (5.11) and Table B.VII. Set €~(z) I E(z)_En(z) I . The tables
give ~~(z)  for n = 3(1)10 , r = 1(1)10 and 0 = O,Tr/2,n where z = re~0
The expression in parentheses to the right of each number indicates the power
of 10 by which the number is multiplied.

0
o rr (Relative Error )

n = 3

1 0.593 (-5) 0.177 (-4 ) 0.487 (-4 ) 0.369 (-4 )
2 0.272 (-4) 0.291 (-3) 0.219 (-2) 0.119 (-2)
3 0.134 (-4) 0.148 (-2) 0.317 (-i) 0.115 (-1)
4 0.87 0 (-4 ) 0.444 (-2 ) 0.284 0.643 (-i)
5 0.286 (-3) 0.975 (-2) 0.175 ( 1) 0.230
6 0.566 (-3) 0.172 (-1) 0.719 ( 1) 0.517
7 0.895 (-3) 0.259 (-1) 0.206 ( 2) 0.762
8 0.125 (-2) 0.345 (-1) 0.490 ( 2) o.e%
9 . 0.160 (-2) 0.413 (-1) 0.110 ( 3) 0.957
10 0.193 (-2 ) 0.454 (-1) 0.243 ( 3) 0.976

~~~~~~

.

• 1 0.188 (-6) 0.287 (-6) 0.754 (-6) 0.571 (-6)
2 0.407 (-5) 0.543 (-5) 0.703 (-4) 0.382 (-4)
3 0.226 (-4 ) 0.155 (-4) 0.180 (-2) 0.655 (-3)
4 0.716 (-4 ) 0.198 (-3 ) 0.276 (-1) 0.624 (-2 )
5 0.166 (-3) o.i~~ (-2 ) 0.326 0.429 (-1)
6 0.315 (-3) 0.317 (-2) 0.374 ( 1) 0.269
7 0.524 (-3 ) 0.724 (-2 ) 0.274 ( ~~) 0.101 ( 2)
8 0.787 (-3) 0.133 (-1) 0.773 ( 2) 0.141 ( i)
9 0.110 (-2 ) 0.209 (-i ) 0.126 ( 3) 0.110 ( 1)
10 0.145 (-2) 0.288 (-1) 0.256 ( 3) 0.103 ( 1)
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• TABLE B.VIII (Continued)

• V U
Q ii ii (Relative Error)

n 5  0

1 0.376 (-s) 0.632 (-a) 0.125 (-7) 0.~t7 (-8)
2 0.140 (-6) 0.379 (-6) 0.188 (-5) o.i~~ (-5 )
3 0.918 (-6) 0.449 (-5) 0.674 (-4) 0.245 (-4 )
4 0.290 (-5) O.3c6 (-4) 0.148 (-2 ) 0.335 (-3)
5 0.598 (-5) 0.145 (-3) 0.242 (-i) 0.318 (-2)
6 0.916 (-5) 0.504 (-3) 0.314 0.226 (-i)
7 0.107 (-4) 0.136 (-2) 0.318 ( i) 0.118
8 0.860 (-5) 0.298 (-2) 0.216 ( 2) 0.395
9 0.117 (-5) 0.553 (-2) 0.848 ( 2) 0.737
10 0.129 (-4 ) 0.895 (-2) 0.228 ( 3) 0.916

n 6

1 0.760 (-10) 0.125 (-9) 0.225 (-9) 0.170 (-9)
2 0.6ce (-8 ) 0.154 (-7)  0.559 (-7 ) 0.304 (-7 )
3 0.665 (-7) 0.233 (-6 ) 0.233 (-5 ) 0.847 (— 6 )
4 0.337 (-6 ) 0.184 (-5) 0.603 (-4) 0.136 (-4)
5 0.113 (-5) 0.883 (-5) 0.129 (-2) 0.170 (-3)
6 0.295 (-5) 0.290 (-4) 0.229 (-1) 0.165 (-2)
7 0.649 (-5 ) 0.936 (-4 ) 0.343 0.127 C-i)
8 0.126 (-4) 0.288 (-3 ) 0.465 ( i) 0.850
9 0.221 (-4) 0.778 (-3) 0.825 ( 2) 0.717
10 0.360 (-4 ) 0.178 (-2 ) 0.508 ( 3) 0.204

1 0.144 (-u ) 0.236 (-n) 0.407 (-11) 0.308 (-u)
2 0.229 (- 9) 0.579 (- 9) 0.185 (- 8) 0.101 (- 8)
3 0.370 (- 8) 0.137 (- 7) 0.936 (- 7) 0.340 (- 7)
4 0.236 (- 7) 0.113 (- 6) 0.240 (- 5) 0.543 (- 6)
5 0.905 (- 7) 0.526 (- 6) 0.551 (- 4) 0.725 (- 5)
6 0.251 (- 6) 0.142 (- 5) 0.120 (- 2) 0.863 (- 4)
7 0.558 (- 6) 0.627 (- 5) 0.229 (- 1) 0.848 (- 3)
8 0.105 (- 5) 0.341 (- 4) 0.367 0.671 (- 2)
9 0.172 (- 5) 0.130 (- 3) 0.493 ( 1) 0.429 (- i)

10 0.255 (- 5) 0.380 (- 3) 0.506 ( 2) 0.203

‘

I 
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TABLE B.VIII (Concluded)
6

0 11 IT (Relative Error)

n = 8

1 0.259 (-13) 0.420 (-13) 0.712 (-13) 0.539 (-13)
2 0.825 (-ii) 0.208 (-10) 0.626 (-10) 0.340 (-10)
3 0.201 (- 9) 0.759 (- 9) 0.431 (- 8) 0.157 (- 8)
4 0.173 (- 8) 0.939 (- 8) 0.116 (- 6) 0.262 (- 7)
5 0.853 (- a) 0.648 (- 7) 0.237 (- 5) 0.312 (-  6)
6 0.297 (- 7) 0.327 (- 6) 0.528 (-  4 )  0.380 (- 5)
7 0.820 (- 7) 0.142 (- 5) 0.120 (- 2)  0.444 (- 4)
8 0.192 (- 6) 0.555 (- 5) 0.242 (- 1) 0.442 (- 2)
9 0.399 (- 6) 0.189 (- 4) 0.418 0.363 (- 2)
10 0.754 (- 6) 0.558 (- 4) 0.638 ( i) 0.256 (- i)

n = 9

1 0.439 (-15 ) 0.709 ( -is ) 0.119 (-14 ) 0.9C~ (-15 )
2 0.280 ( -12 ) 0.708 (-12 ) 0.206 (-ii ) 0.112 (-u )
3 0.1cc (-10) 0.391 (-io) 0.205 C- 9) 0.745 (-10)
4 0.117 (- 9) 0.655 (- 9) 0.657 (- 8) 0.149 (- 8)
5 0.710 (- 9) 0.571 (- 8) 0.127 (- 6)  0.167 (- 7)

- 
- - 6 0.290 (- 8) 0.330 (- 7)  0.235 (- 5) 0.169 (- 6)

7 0.904 (- 8) 0.142 (- 6)  0.535 (- 4) 0.198 (- 5)
8 0.231 (- 7) 0.474 (- 6)  0.126 (- 2)  0.230 (- 4)
9 0.509 (- 7) 0.124 (- 5) 0.266 (- i) 0.231 (- 3)

1.0 0.995 (- 7) 0.283 (- 5) 0.484 0.194 (- 2)

• n 1 0

1 0.658 (-17) 0.114 (-16) 0.188 (-16) 0.142 (-16)
2 0.898 (-14) 0.227 (-13) 0.646 (-13) 0.351 ( -13)
3 0.492 (-12 ) 0.189 (-il) 0.952 (-ii) 0.346 (-11)
4 0.747 (-11) 0.425 ( -io ) 0.392 C- 9) 0.887 (-10)
5 0.566 (-10) 0.463 (- 9) 0.831 (- 8) 0.109 (- 8)
6 0.267 (- 9) 0.315 (- 8) 0.133 (- 6) 0.956 C- 8)
7 0.101 (- 8) 0.151 (- 7) 0.241 (- 5) 0.893 (- 7)
8 0.296 (- 8) 0.546 (- 7) 0.569 (- 4)  0.104 (- 5)
9 0.742 (- 8) 0.154 (- 6) 0.139 (- 2) 0.121 (- 4)
10 0.164 (- 7) 0.426 (- 6) 0.256 (- 1) 0.103 (- 3)
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APPENDIX C

FORTRAN PRCGRAM FOR CCl~PtJTING RATIONAL APFROXIM~TIONS

Here we describe a FORTRAN program which computes the rational ap-
proximations (2.1) and (2.18) for the incomplete ganmia function and its spe-
cial cases. The selection of input data determines the function to be approxi-
mated. We also include a description of input data, operating procedures,
output, and a listing of the FC~TRAN program.

The input data are read in the order r, 0, A, B, NCODE, 10FF, LOFT,

and .~or
L Error

I
The value io~r determines which value in the braces or

I Error
p should be read. If the ~th approximant is desired, lOFT 7 is entered. and

the corresponding value in braces, n , is entered. lOFT ,~ 7 instructs the
cce uter to iterate until an integer m is found such that
I u ~~~ z~e

Z IIVm(z,v) - Vm_i(z,v) l < Error , and therefore Error sh~~1d accompany
this choice of lOFT. Selection of LOFT offers the choice of computing either
v~(z,u) or S~(z,u) (see (2-d) and (2.18)). If LOFT 9 , the rational
approximate is v~(z ,v )  and if LOFT ~ 9 , the approximate is s~(z,v)

— 
For z = re10 (C in degrees) and v A+IB , the foUowing table

indicates the values of ti and NCODE to select to compute the approximations
to the designated functions. A listing of the FORTRAN program concludes this
Appendix.
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F

C RAT I ONAL AppRox.,AscENDIN(; SERIES
t DIMENSION VR(40 ),V I ( 40)

1 READ 4O0,R,TH,A,B,NCODE~ I OPT,KOPT,LOPT,
PR I NT 403 R TH,A,B
PI~.3.11e15~2~i
THA=TH*Pt/180.
HPI=.5*P I
RTP I=1. 7724538
Nt’l=1
X= R*COSF(THA)
Y=R*S I NF(THA)
RO=LOGF(R)

203 IF (IOPT—7) 101 4 102 , 101
101 READ LêOl ERROR

ERROR~ERf~Ofl*ERROR
GO TO 103

102 READ Lê02,NT
MT=NT +1

103 GO TO (70,80,90,100,11O) ,NCODE
90 CM=..5

fO TO 81
80 CM= 1 ,,O

• 81 RZ=(Y*Y_ X*X)*CM
RZ I =_ 2.*X*Y*CM
TH=TI-IA+RZI
C=COSF(TH)
D=’SINF(TH)
DEN=R*EXPF(RZ)
C1t=C*DEN
CI=D*DEN
X=RZ
Y=RZ I

-e GO TO 300
70 C=A*RO_B*THA+X

DN= 1./ ( A*A+B*B)
TH=B*RO+A*THA+Y
DN= E XP F ( C ) * DN
CRs DN*(A*COSF(TH)-I.13*SINF(TH)
CIuiDN*(A*SINF(TH)_13*COSF(TH)
GO TO 300

100 THA~4 5*THA
c—x
x——Y
Y~c

105 ON~SQRTF(R)*EXPF(X)
CR. DN*COSF C THA+Y
CI .DN*SINF(THA+Y
GO TO 300

110 C.X*X_Y*Y
D._2 *X*Y
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y=C
X—D

106 DN.R*EXPF(X)
Crt=DIhl*COSF(THA +Y)
CI.Dti*SI NF(THA+Y)
GO TO 300

60 IF (IIN—2) 61,62,62
61 tIN—2x—-.x

Y=—Y
CC—C
DD= D
I F(NCODE.-’~)106, 105 106• 300 IF (LoPT— ~ ) 202,2O~,2O2

202 A—A— i.
205 A I=(A+ 1.)*~A÷1,, )+B*B

Al—i . /AI
IF(LOPT—9)1i ,10,11

10 P1=1 .
S2—A+2 ~ +X
Si—I .
P2.(A÷2~ )_ ((A+1.)*X+D*Y)*A I
Q 1n0.
Q2.B+(B*X-.Y*(A+1. ))*AI
11— 0,
T2—13+Y

TO 301
- 

- ii P1—0 .~0P2=A+2.
— Q1~ 0.0Q2=D

S1= 1 II, O
-; 

- S2=X+A+2.
• T1—O , 0

T2=Y +B
H 

- 
- 301 i—i

V R( 1 )l1I(P~*S2+Q2*T2 )/ (s2*S2+T2*T2
V I (1 )=(Q2*S2_ P2*T2)/~ S2*S2+T2*T2

302 K—J+1
F—J
G—K
H.2 *F+A
AL.H*(3+A)_B*B
13L.B*(H+G+A )
C —(H+1. )*(H*(H+2 )_B*B+A*x_O*Y)
C.C_B*(EJ*X+A*Y+B*(2. *H+2.))
~~3*(H*(H+2 )_B*13+A*x_B*Y )
D—D+(H+1. )*(B*x+A*y+B*(2 *H+2 ))
EaF*( (X*X_y*y)*(H+2 )—2. *fl*x*y)
FE.F*(2,*X*Y*(H+2. )+B*(X*X_Y*Y))

-• DI1— 1, /(AL*AL+BL*BL )
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ACPc3 D=AL*C+L3L*D
- - BCMAD=OL*C_AL*D

AEPRF .AL*E+BL*FE
BEMAF= L31*E_AL*FE
P3.tM-I*(P2*ACPBDi.Q2*BcMAD+P1*AEPBF+Q1*BEMAF)
Q3aDfl*(_ P2*OC~iAD+Q2*AcP DO~P1*BEifAF+Q1*AEPBF)

C S3=DH*(S2*ACPDD+T2*BCtIAD÷S I *.4~~f3f’.F~’ I*BEMAF)
T3=DN*(_S2*DCMAD+T2*ACPBD_Si*BEMAF+T 1*AEPI3F)
Qi~ Q2Q2—Q3
P1mP2
P2=P3
S1—S2
S2—S3
11—12
T.—T3

— L—K+1
IF (IOPT—7 ) 30~ 303,3011

303 IF (NT—I) 304,3b’,305
305 J—J +i

GO TO 302
3O~i DEU— 1. /(S2*S2+T2*T2)

VR (K).(P2*S2+Q2*T2)*DEN
VI (K).(Q2*S2_P2 *T2)*DEN

306 IF (IOPT—7 ) 308 307 308
307 IF (NT—K) 308 368,3b5
308 RER—Vfl(K)—VR(k—1)

ItE I — V l (K)—V I (K—i)
IF (IOPT—7 ) 309,310,30.,

3O~ C.CR*RER~CI*RE$
D.CI*RER+CR*REI

F EftT.C*C+0*D
IF (ERT—ERROR ) 310 310,305

310 c_CR*vn (k)_cI*vI (K~
• D.CI*VR(K)+CR*V I (K)

0 TO (30,’i0,50,60,60), NCODE
30 PR I NT 500,

PRINT 501,K,C,D
GO TO 68

40 PR I NT 502,
PR I NT 501 K,C,D
C— , 886226~ 2—C
D——O
PRINT 501•K,C,O
GO TO 68

50 PR I NT 502,
PR I NT 501 K,C,D
C—i . 2533141—C
D——D
PR I NT 501,K,C,D
GO TO 68
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- 
- 62 CM= 1,

I F (IICODE— 1:-) 6’1-,65,6’1
64 CM— .,5
65 SIZR=C~f*(DD_D)

SIZ I=C II *(C_CC )
CIZR=iCI-i*(C +CC)
CIZI=CM*(D+DO)
PR U-IT 505,
PRINT 506,K,SIZR,SIZ I ,CIZR ,CIZI
ON— i. 2533141
IF (UCODE—5) 66,67,66

67 DN=. 5*011
66 CIZR=DI1—CIZR

SIZR—DU—S I ZR
CI? I =—C IZI
SI? I——S Ill
PRINT 506,K,SI~ 1t,SIZI ,CIZR ,C IZI

68 IF (SEWSE SWITCH 1) 6~ 1
6~ PR I NT 501,K,VR(K),VI (K~GO TO 1
400 FORMAT( 1F12. 0,41 3)
401 FORMAT(Elli 7 )
~02 FOIU-IAT(I3)
403 FORMAT(Ii(E14.7,2X)/)
500 FORI-4AT (1511 INC. GAMMA FN .,/)
501 FORMAT (I3,IX ,2(E1’L7,2X)/)
502 FOIUIAT(15H ERROR FUNCT I ON/)
505 FOFtIIAT(18H FRESUEL IUTEGRALS/ )
506 FOFU-IAT( I3,2X,4 (E1k.7 ,2X)/)

END -
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APPENDIX D

FORTRAN PROGRAN FOR CCtIBJTATION OF T1~ EXPONENTIAL
• AND CIRCULAR FUNCTIONS

The following FORTRAN program is based on the results of Section IV.

Input: (Cards) Let n be the order of the rational approximations
to the exponential and circular functions, and suppose that these approxima-
tions are desired f  or n a nl(1)nk and. x a x1(~x)x.~ • The data are entered
in the order n1 , nk , x1 , Xm ‘

Switch settings: None.

O.atput: (Printed) The output is of’ the following form for

e~~1~ , si~~~(x1) , coa~~(x1) , ta~~~(x1)

~~~~ si~~~(x1), cos~~(x1), tan~~(x1)

e~
X1 , Bifl

flk
(Xj) , cosnk(xl)
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• C RATIONAL APPROX. TO EXP(—Z),COS(Z),SIN(Z),TAN(Z)
1 READ 100,NI ,NF,ZI ,ZF,ZD

PRINT 200
Z— 7~I2 ZP=Z*Z
ZI4——ZP
Nu2
FM— 2.0
CM~2.*(2.*FM+1.)
A 1P 2..0
A2P= 1 2. 0+ZP
B1P— i, 0
132 P=6,O
A 1M 2,,0
A .M=12 0+7.M
B1M~ 1 b 0
B2M=6.0

3 N—N+ 1
A3P~CM*A2P+ZP*A1 P
A3HaCM*A2M+ZM*A1M
B3P~CM*B2P+ZP*B1 P
B3M~CM*I32M+ZM*BiMA1P—A 2P
A2P—A3P
B1P—B2P
82P— B3P
A1M—A7M
A2M—A3M
B1M—t32M
D2M—B3M
FM=FM+1 ,, 0
CM~2.*(2 *FI1+1. 0)
IF (NI—N ) 4 4 3

4 EZ=(A3P_Z*B~P5/(A3P+Z*B3P)• D~A3M*A3M+Z P*B3M*B3M
CZ=(A3M*A3M+ZM*63M*B3M)/D
SZ=2. *Z*A3M*B3M/ D
D—SZ/ CZ
PR I NT 300,N,7,EZ,SZ,CZ,D
IF (NF—N ) 1,5,3 -

5 IF (ZF—Z) 1,1,6
6 z—~+zo

H GO TO 2H 100 FOrtMAT(2( 13),3 (E15.7))
200 FORMAT(//2H N 7X1HZ,13X7HEXP(—Z),9X6HSIN(Z),1OX6HCOS(Z)

1 1ox6HrAI4(Z)/S
300 FrORMAT(I2 ,5(2XE14.7))

END 
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APPENDIX E

- 
F(R~RAN PRCGRAM FOR CCtIPT.YTING RATIONAL APPECEIMATIONS TO E(z )

- 

Rere we give a brief description of a FORTRAN program which c~~putes
the rational approximations to E(z) defined by (5.11). A listing of’ the
program follows the description of input and output data.

Let z = re10 and suppose we wish to c~npute the n
th order rational

approximation to E(z) as defined by (5.11) for rI(~~
)rF and eI(

~
e)eF

• 

- 
where I and F subscripts denote initial and. final values, respectively.

- 

Input: (Cards) The values r1 , rF ~ , e~, and AO are
- entered in this order (8 in degrees) , three numbers per card.

- Outixit: (Typed.) For each pair of values of r and 9 , the ~th
- order rational approximation is printed, real part and then the imaginary

part .

- - Switch settings : None .

a-
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• C RATIO NAL APPROX IMAT IONS TO E(Z)
DIMENSION F1 (30) F2(30),F3(30) ,Fk (30),P1(30),
P2(30) P3(30) P4~30)
READ i6o RI RT RD THI THF THD
CF—3. 141 ~~~~~~~~~~~~~~~~~~~~ I8o~DO 2 J—1 30
F1 (J)— 06
F2(J)— 0. 0
F3 (J)—0,O
F4 (J)—O ,0
P1 (J)—0.O
P2(J)—0~ 0
P3(J —0~02 P4(J —0•0
F3(1 — 1 ,0
F3 (2)—21e,O
F3(3)~ 18O fr O
F3(k)—480. 0
F2(1)=1 0
F2 2)—12~0F2 3)=36~OFl 1)— 1~ 0Fl 2)—4.,O
P3 1 )=0~O
P3 2)—li, /3.
P3 3)—60 ,.O

- - P3(Li)=480,O
P2 1 )—O ,0
P2 2) 3.O
P2 3)—36 ,0
P1 1 )—0~0
P1 2 )—11~O
N—k

• 3 N—Nt-I
H—N
TWH~ 2 ,*H
A1—(H—2. )*(flM._ 1. )/(H*(TWH_3. ) )
A2— 1.O
A3——A 1

D2~..2.,*(TWH_ 1, )*(H...3. )/H
F4(i )~A1*F3(1 )+A2*F2(1 )+A3*F1 (1)

- - P4(1 )~A1*P3( I )+A2*P2(1 )+A3*P1 (I) F

DO 1 J—2 ,MF4(J)~A1*F3(J)+B1*F3(J_ 1 )+A2*F2(J)+B2*F2(J_ 1 )÷A3*Fi (J
‘4 P4 (J)~A1*P3 (J)+B1*P3 (J_ 1)+A2*P2(J)+B2*P2(J_i)+A3*P1 (J

00 5 J’.l.M
F1(J)”F2~J)
F2(J)”F3 (J)
F3(J)—F14(J)
P1 (J)—P2 (J)

-75 -

_  

-1

~ 

- - -—
~
-

~ 
— 

-

~~~~~~— •-~~ i~ -- ~~~~~~~~~~~~~~~~~~~~~



r~~~ ~~~~~~~~~~~~ 

— -•

P2(j)~P3(J)
5 P3(j)—P4(j)
6 RO—RI
7 R— i , /RO

T H—TH I
U PRI NT 101,RO,TH

T~TH* C F
R E— R*C OS F C T )— RIM._ R*SINF(T)
SftN~P4(M)*RE+P4 (M_1)

• SIN .Pl1 (M)*RIM
SflD~F4(M)*RE+F4(M_l)SI D~Fk(M)*RIMDO 9 J— 3 ,M
L—M—J-i-1
S RE*SRN_RIM*S I N+P1:-(L)
SI N.RE*S I 141-fl I M*SRN
SRN—S
S~ RE*SRD_ RIM*SI D+FL1(L)
S ID~RE*SI D+R I M*SRD

9 SRD=S
DEN=SRD*SRD÷SID*SID

F QR~(SRN*SRD+SI N*SI0)/DEN
QI=(SIN*SRD_SRN*SID)/DEN
PRINT 10h,QR,QI
TH—TH+THD
IF (THF—TI-1)TO,8,8

10 RO=RO+RD
IF (RF—RO) 12,7,7

12 C O N T I N U E
13 N=N+1

H GO TO 3
100 FORMAT (3E15.7)
101 FORMAT (Elk ,7,2X E1 I-’.7)

- , 104 FORMAT( 2(E32~245)END
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