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INTRODUCTION

s ~ In a previous report {Iiy;e studied rational approximations to the
f incomplete gamma function. These were based on the asymptotic expansion of
: the latter function. In the present study, a similar analysis is done for the

~—same functiona %ged on one of its ascending series representations. The work
is related to f develomentsa—{—a]—m% , but there are numerous improve-

ments and some new features. o b

: I. THE INCOMPLETE GAMMA FUNCTION

We consider

Z
y(z,v) = [t Le~tat , R(v) > 0 , (1.1)
0
I(z,v) = I'(v) - y(z,v) (1.2)
i where
welw
! r(z,v) -f tV-le-tat , z = x¥iy , x , y and o are real ,
z
. lo) <n/2 , R(v)>0; |lwl=n/2, 0<R(v) <1l . {1.3)

In (1.3) the path of integration lies in the 2z plane cut along the negative
real axis and is the ray 1) exp(iw) , N—>= except for an initial finite
path. If z # 0, |w| < n/2 , the integral in (1.3) exists without the re-
striction on v .

The connection of these functions to the confluent hypergecmetric
functions is given by

v(z,v) = v-izVe=23(1,1+v;z) = v-1zVg(v,1+v;-2z) , (1.4)




8(a,c;2) = jFy(asesz) (1.5)
T(z,v) = 2V %y(1,1+v;z) = e 2y(1l-v,1-v;2) , (1.6)

y(a,c3z) = FE%:T;% 3(a,c;z) + ﬂl‘%;-ljl z17Cs(a-c+l,2-c;z) . £x:7)

The statement (l.4) is

e R e (oK
y(z,v) = zVe ;é)____(v)kﬂ zv,g,'(k:l_—(wk) i (1.8)

In the above formulas, standard generalized hypergeometric notation is used.
Thus

a a
l,ae,alo, . s
qu(bl,be, e .’bz|z> qu(Bl,ae, oo .,ap,bl’be, L o’bq,z)

P
® TT (ai )kzk
= Z ! S— ’ (a)k — —(—)-r atk . (1.9)

ag 1 I'(a)
k=0 T )t
1=1

For further discussion of the hypergeometric functions, confluent hypergeo-
metric functions and the incamplete gamma function, see [4, Chs. 2,4,6],
(s, ca. 9], [6]: [7], end [8]'
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II. RATIONAL APPRGXIMATIONS TO y(zel,y)

In [2] we proved that

Vz-ve-z-ian(zein)V) = vn(z)V) % Rn(z:v) )

_ An(z,v) _ Py(z,v)
Vn(Z,V) Bn(z,u) ) Rn(z:v) 'B-:?'ZTU—)' ) (2.1) ]

where

n

(=n), (n+y+1) +k, nty+l+k, 1
A (z,v) = k 0 F (‘n RN -1/z> (2.2)
e go (v+1)k! it 14k | ;

and By(z,v) 1is the k = 0 term in (2.2). In this event, the sF; becomes a
QFO . Thus

By(z,v) = 2B oFg(-n,n+y+l;-1/z) = (n+l*y), 1F)(-n,-2n-v;z) . (2.3)
Also,

ntl -z Z 0%
P(zv) = Lol e [ (2ot )nen*Vetat

zV(v+l )n (0]

+ - +
(_)n ln!e z22n 1

F,(n+tv+l;2n+y+2;2z (2.4)
(v+1l)opey 11 g e

(- )nﬂ-nlr‘( v+1)I(n+v+l )zan+llFl(n+l ;2n+y+2;-2)
T(2n+v+1)(2n+v+2) |F,) (-n;-2n-v;z)

Rn(z,V) = « K2.8)




Both A (z,v) and B (z,v) satisfy the same recurrence equation

(n+y+l) z "
(2!1‘*\}"‘1.’;.1 )‘()211"'\)*’2 ) An‘*’l(z: v) [l + (2n+u‘)J(12ﬁn+v+2 ) ]An(z: o)
2
i (2n+v??2n+v+1) An-l(z'”) . (2.8)

Vle list some other useful relations:
(2n+v)DB (z,v) - nB (z,v) + nB,_;(z,v) =0 , (2.7)

(2n+v DA (z, v )+ (n+v)A (2, }*nzA  _;(z,v) 2=y (2ntv )[An(z, v)-B,(z,v )]= 0,(2.8)

and
[zDe-(z+2n+v)D+n B,(z,v) =0, D= g— . (2.9)
z
Ve now develop a useful estimate of the remainder Rn(z sB 4§
Consider
y = e"z/QlFl(a,c;z) szy' tey' + (Kzfa)y=0, K=¢/2 -a . (2.10)
Assume

y= 2 2x(2) s 8g(2) =1, u=3(e-1) .
k=0 uk

Then the al"s can be generated by the expression

a4y(z) = -2 ag(z) + %[(t/tt-l()ak(t )at .
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Thus, for example,

8 (z) = 22/16 - Kz/2 , a,y(z) = z*/512 - K25/32 + 22(2K°-1)/16 + Kz/4 , ana

24576 1024 512 ;

ag(z) = 26 _ kg5, z%(4K2-3) _ K(4K2-13)75 _ z2(3K2-1) _ Kz (2.13)
192 16 8

Clearly the series (2.11) is absolutely convergent for all z as it can ?
found by multiplication of the series F;(ajc;z) by the series for e~
However, if 2z is fixed, ¢ 1is large and K << ¢ , then (2.11) is a useful
representation of y for large c¢ . The expressions (2.6)-(2.8) can also be
deduced from socme general results of Olver, see the discussion in [8, P. 76].

Apply (2.10)-(2.13) to the confluent functions in (2.5). Then, with
the aid of the duplication formula for gamma functions, we get

(= ¥ atnl (vl ) (ntv+l )220 e 2 Z k(:)
Ry(z,v) = k—02 um —— (2.14)
4n+2 +1 4 ®
S nllr @ By (1 9]° 7 S
or
281(2)
Ry(z,v) = (o P b o1 M (b L D e .

24“"2"(2n+v+l)[ n+ .—--) <n+ L +]_)]
P4 {1 + 0(1/n3)} . (2.15)

woere u =n + 3(v+tl) , K = -y/2 and the ay's are given by (2.12). It
follows that for z and v fixed,

Um Ry(z,v) =0 . (2.16)
n—>e




Rt ]

Since [I'(n*a)/I'(n+b) = na'b[l+0(l/n)] , it is convenient to write

n+l 2ntl -z 3
‘ R (z,v) = f=l__nllutl)e” e {1+o(1/n)} : (2.17)
24n+2U+lnD(n1 )2

Concerning the use of (2.1), it is important to know the nature of
zgfg » 1 =1,2,...,n, the zeros of .B,(z,v) . It is clear from (2.9) that
the zeros are simple. If v =0, B (z,v) is essentially the modified Bessel
function of half-odd order (see (4. 23) In this instance the zeros can be
deduced from the work of Olver[9]. See also Grosswald [12]. The zeros lie in
the left half plane and are always compl?x except when n 1is odd in which
case there is a single real root. is the magnitude of the smallest
root(s) of B (z,v) , then from the‘work of Olver [9] zg°)nd.32548n . Here
2(1;2-1).—: = 1.50548 where t, 1is the real zero of t = coth t . Thomson [10]
and Kublanovskaia and Smlrnova [11] nave tabulated 2z, _, the former for

= 1(1)9 to 44 , and the latter for n = 1(1)21 to 5d . %salzer [13] nas
tabulated zn‘% for n = 1(1)16 to 154 . We have prepared some tables of
zévz for v 2 -3/2,1/2,1 . For all the v values mentioned above, the rcots
1i¢"in the left half plane. If n is odd, there is a single real root, other-
, wt 3 the roots are complex. On the basis of the data, we conjecture that
9 i znv ~al.3$548n tep+tlelfn. An ilternative conjecture is that
E | : zég)‘~aéfr2(3n+u+l) 5 zégzl ~3/2nn® +y +2 . Thus as n increases, the
magnitude of the smallest zero(s) of B,(z,v) increases linearly with n .
¢ Ve see from (2.17) that to achieve high azcgracy, n must be considerably

larger than 2z , and so the value of znu is not critical.

Another rational approximation for vy(zel™,v) 1is

R w20 e U (261 ) = 5 (2,0) + Ty(z,v)
! .
|
‘: ] C
g Sy(z,v) = Calz,v) , To(z,v) = Qn(z"’) 4 (2.18)
K ; Dn(z:‘)) (zy\’)
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where

n-1 (_
b3 : n)k;l(n’rv ey 2%:Fy <-n+l+k’ n+y+l+k, l" l) ’ (2.19)
z

k=0 (v)y+1(k¥1)! k+2

Calz,v) = - 2

and D (z,v) is 2" times the zF, in (2.19) with k+l set equal to zero.
Thus D, (z,v) 1is B,(z,v) if in the latter we replace v by v-1 . Also

=0 - Z
Qu(z,v) = LLvaT’e oo et -Leta

(v)n 0

n -z 2n
A s-! nle "z lFl(n+v;2n+u+l;z) " (2.20)

(vtl)o,

Both Cp(z,v) and Dy(z,v) satisfy (2.6) if Vv is replaced by
v-l . Also, D,(z,v) satisfies (2.7) and (2.9) with v replaced by v-1 .
The relation analogous to (2.8) reads

(2n+v-1)DC, (2z,v) + (n+v-1)C (z,v) *+ nzCp_;(z,v)
+ 2"y (enru-1)[c, (2,0)-D,(z,0) ] = 0 . (2.21)

After the manner of deriving (2.15) and (2.17) we have

; - z)/u*
T (z) ) = L’ )ﬂmO rhﬁ'l)r(n"'u )zane zeaal(z l+o(l/ 3 )
n\%V 24n+2”'2(2n+v)[1“ <n+ %)F(n*‘ %]_:)]2 { - }

-, 2a¥(z u*
% (_)nnr(!+l)22ne Ze l( )/
24n+2v-lnu ‘l(n! )2

{l+0(l/n)} y (2.22)

where u* = n+y/2 , af(z) = z(2+4v-4)/16 , whence for 2z and v fixed,
lim T,(z,v) = 0.
n—o




If z and v are positive and fixed, then for a given n , it is
clear that R,(z,v) and Tp(z,v) are of opposite sign. This leads to the
inequalities

Cn(z,v) --z- A.(z,v
n( 2 < VZ Ve zd[ tV letdt >« -EL-L—l

BG) < ) S

where > or < sign is chosen according as n 1is odd or even, respectively.
For example,

4 z
: (url)(v+2)-z . vz'"e'zdf tv-letat < L 250, u50 , (2.24)
(o) (w2 )z 4 s
g
;2 2-2 -2 1 0 (2
By m Slena < ;—q y 2> ’ .25)
L
. 15-422 -1 -z2 f 2
=——— <z e Jﬁ e’ dt < + &l (2.26)
154622 5 222+3

In the last three equations, equality prevails if z—0 .

At this Jjuncture, we present & summary of the material in the re-
maining sections of the report. If v = % » (2.1) yields approximations for
F : the error function and related integrals which is the subject of Section III.
. Approximations for the exponential function and the circular functions which
came from (2.1) when v = 0 are discussed in Section IV. Tables of the poly-
2 i nominals in the approximations of the functions discussed in Sections III and
2 : IV, and related data, are found in Appendix A. If v =0, (1.3) is the ex-
i ponential integral and in [1], we developed rational approximations for this
function based on its asymptotic representation. Though TI'(z,0) is defined by
(1.3), clearly v(z,0) is not. However, we can give an ascending series rep-
resentation for a function closely related to F(z,o). We show in Section V
how rational approximations to this related function may be derived, and tables
b | ; of the polynomials in these approximations and related data are given in
| Appendix B. FORTRAN codes for computing rational approximations to the in-
complete gamma function and its special cases are presented in Appendices C,
== i D and E.
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III. ERRCR FUNCTION AND RELATED INTEGRALS

We list below formulae useful for the approximation of the error
functions and the Fresnel integrals. These are based on (2.1) for v = % .
It is clear from (2.1) and (2.18) that V,(z,2) and Ry(z,3) can be replaced
by S, (z,3) and T (z,3), respectively.

2
v(z,3) = j t-Be-tat = pzde~z {vn(ze'i“,%) + Rn(ze'i",%)} . DY

0 i
L2 1 g -2 3 é
.| Erf(z) =3y(z%,3) = f e at = (n/4)2 - Erfc(z) , (3.2) i
0 |
f‘q '
i o

g Erfe(z) =f etar (3.3)
k| z
f 2 2

Erf(z) = ‘/le't at = ze~% {Vn(zee'in,%)mn(zee'i“,%)} > (3.4)
0
‘ » Erfi(z) =./' et“at = - 1Err(iz) |, (3.5)
E ] 0

i3n 30 . in in
b :
v(ze 2 ,3) =t ft"—?'eitdt = 223e12+13”/4{vn(ze2 ,%)-*Rn(ze? ,%)} ; KkS3.8)
0

The exact coefficlents of polynomials simply related to A,(z,%) ,
B,(z,2) , Cy(z,4) and D,(z,4) are given in Appendix A for n = 0(1)10.
For n =2(1)10 , we also recard values of Rp(z,3) = |222e%R (z,4)], see
(2.15), for z =rel® , r =1(1)10, 6 =0, n/2, n . Error tables for other
q values of v and for T,(z,v) are easily derived from the latter table. See
# the discussion in Appendix A. See Appendix C for FORTRAN codes. ‘

1 d
, j , C(Z) + iS(Z) = (en)-%f t"%eitdt . (3'7)
| [}
|
|
|




To illustrate the utility of (2.15), we present the numerics below.
The tables give e‘i”/ey(zei",i) , its rational approximation (2.1), the exact

error, and the approximate error according to (2.15). The data are developed
for z=2ee,n=4.

e
f t 2etat
Y i z 1
e Exact 2z2ev (z,3)
0O 6.6876855 6.6877002
nf2  3.3756999 x 101 + 2.33281741 3.3756168 x 10°1 + 2.33282411
n 1.0324115 x 1078 + 1.6918067i 1.0317960 x 1078 + 1.69179474
Ee B
2z2e?Ry(z,3)
[} Exact Error Approximate
0 «1.47 x 10°5 -1.47 x 10™5
W/2 8.3 x 1076 - 6.701 x 10-6 8.35 x 1076 - 6.741 x 1076
7 6.16 x 10712 + 1.20i x 10-5 1.05 x 10711 + 1.19i x 10-5

IV. THE EXPONENTIAL FUNCTION

E ] If v—0, (2.1) becomes

k| -z _ Gal-2) |

" e 5.0 R.(s,0) , (4.1)
|

2 Gal2) = 2Fo(n,m1-8) = (/P (e/2) (4.2)

(2,0 = (I (3/2) p(o )ty it -ea?/ (Bune)

1+0(1/n3)
3 . : ean-f%(Z/a) n[(%)n]Z { - }

24n+l(n! )2

i ’ : 3 hlm-lmznﬁ-le-z {l*o(l/n)} : (4.3)
F
3
]
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Here I,(z) and K,(z) are the familiar notations for the modified Bessel
functions.

It is of interest to show how (4.1) can be used to compute the
exponential and circular functions in an efficient manner. Let

Gy(z) = My(2%) + 2N (22) (4.4)

where Mn(ze) and Nn(ze) are even polynomials in z . Clearly

oz Gp(-z) M (z2)-zN,(22)
en = =

Gp(z) Mn(za )+an(22 ) d (4.5)

and one readily verifies that Gp(z) , My(z®) and Ny(z°) all satisfy the
recurrence formula

Gyey(2) = 2(20%1)G,(2) + 226, o (2) . (¢.6)

Let the approximation to the circular functions be denoted by

e;iz =cos, z -1singz . (¢.7)
Then
2 2
cos,, 2z - Sie ) » sing z=z.§.’.n_(_z__) P
Wp(29) Vg (22)

2
Up(2?) = [My(-22)] -z2|:1~xn(-z‘?)]2 » Vn(22) = oMy (-22)My(-22)

in(22) = [M(22))% + 2[my(-22))% . (4.8)




It can be shown that* Un(z2) E Vn(za) and wn(z2) all satisfy the recur-
rence formula

(20-1)Upyy (22) = [-22+4(4n2-1) ] [ (2n+1)u, (22 )-22(20-1)U,_, (22)]

+ 28(2n+1)u, 5 (2°) . (¢.9)

The exact coefficients of the polynomials G.(z) , Uh(ze) » Vo(2°) and
wn(zz) are given in Appendix A for n = 1(1)10. See also the introduction
i : to Table A.III in Appendix A for the evaluation of R,(2z,0) . Appendix D
¥ : gives FORTRAN codes for the computation of ep% , cos, z , sing z and

tan, z for 2z real only. We conclude this section with an example to in-
dicate the effectiveness of (4.1)-(4.3).

: If n=4 and z =1, (4.5) gives the value ezl = 0.36787 94561 .
i The error is -1.5 x 10°8 whereas the last of (4.3) gives the value

{

i

; -1.6 x 10% . For n=4 and z =1, (4.5) ylelds ezl = 0.54030 23380 +
:f I 0.84147096421 . The true error is -3.2 x 10°8 - i2.1 x 1078 as compared
;1 ; with the estimated error from the last of (4.3), -3.4 x 108 - 12,2 x 1078,

|

Z
V. RATIONAL APPROXIMATIONS FGR E(z) = z-1 f t-1(1-e~t)at
0

R

In this section we develop some rational approximations for E(z) .

It is of interest to first list some functions related to E(z) . We have

1 where y 1s Euler's constant.

{ Z
| : E(z) = z‘lf t"H(1-e"t)at = 2"2[-B1(-z)*v+ln 2] , -Ei(-2) = [(z,0) , (5.1)
4 1 3 0

|

a

|

|

* We are indebted to Mr. Jet Wimp for proof of this statement and other i
helpful suggestions.




=

AR TR

%[E(zei"/a)*-E(ze'i"/e)] z71s1(z) = z'l/z tLsin t at
0

z
z'l[n/Q + si(z)] , 8i(z) =f t-lsin t at , (5.2)

Z
21[E(zei"/2)-E(ze'i"/2)] 427%q(z) = 4z'aj’ t~1(1-cos t)at
0

b4
4272[C1(z)-y-1n z], ci(z) =/ t-eos t at . (5.3)

Approximations for E(z) can be derived on the basis of the results
given in Section II. Clearly from (1.l) and (2.1),

Z
2E(z) = 1lim ft”‘l(l-e't)dt = lim [3—" « Y(z.v)]
v—>0 0 v—>0

SL {z"-e'zz" [Vn(ze'i“, v )+Rn(ze"i", v )] }
v

v=0
- =in -im
- s [Bn(ze'in;O) ——aAn(ze ) - An(ze'iﬂ,o) _____aBn(ze :0)
[Bn(ze-in‘ 0)]2 1 Qv ov
-inm
T | S

v

This approach is not satisfactory since the numerator and denominator poly-
nomials of the rational approximation are now each of degree 2n .

It calls for remark that the rational approximations given in
Section II are of the Pade type. Let

E(z) = > ukzk (5.5)
k=0
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be approximated by

) (s.6)

where f_(z) and gq(z) are polynomials in z of degree p and q ,
respectively. If

8q(2)E(z) - £,(z) = 27" Tn(z) , n(0) f 0 (5.7)

then (5.6) is the Padé approximant of E(z) . Thus (2.1) is of the type (5.6)
where p =q =n , and (2.18) is also of the same type with q = p*l =n .

The approximation (5.6) is called the main diagonal Pade approximation if
P=q=n.

The numerator and denaminator polynomials in the Pade’ approximants
to transcendental functions are known in closed form,as for the functions in
Section II,only in very few cases. However, the Pade approximant to a Taylor

series expansion can always be found by solving systems of linear equations.
Thus, if

P q
£(z) = > szk , 8(z) = > gkzk ’ (5.8)
k=0 k=0

then
r

JZ;) aJGr-J =0, r =ptl,p*2,...,ptq ,
k

X" L 848y » k= 01,...p ,
J=0

£

ptatltk

n(z) = > mzX,n = Y a ¢ . (5.9)
- S

The coefficients fk s By and hk must be determined anew for each choice
of p and q .

- 14 -

|




TR

g a0

B A T

B

e

As remarked previously, it is inconvenient to use (5.4) as a
rational approximation for E(z). To circumvent this difficulty, we have
camputed the coefficients of the main diagonal Pad€ approximants of the
functions E(z) for n = 0(1)10 and zI5i(z) and 4z°2H (z) for
n = 0(2)10 . These are tabulated in Appendix B.

We also include tables of the absolute values of the errors incurred
by using the Pade approximation of E(z) for n =2(1)10 , r = 1(1)10 , and
§ = 0,n/2,m , where z = rel® , and the Pade approximants of Si(z) and
H(z) for z real, z = 1(1)10 and for n = 4(2)10 . These tables may be
used as a guide in selecting the order of approximation necessary to obtain a
desired accuracy. For example, if six decimal accuracy is desired for E(z)
for z = 22elM/4 | j.e., lerrar| < 0.5 x 10°6 , interpolation of Table B.II
indicates that a third order approximation should be sufficient. The third
order approximation gives 0.76507 22371 - 0.15899 83867i and the true value
is 0.76507 22539 - 0.15899 862561 . Thus |error| < 2.41 x T .

Now
E(iz) = z7181(z) - 1z”18(z) . (5.10)

Select n . It is readily deduced from the error tables that the Pade’ values
for E(iz) are better than the values deduced from (5.10) by using the Pade’
approximants for S(z) and H(z) for z real . Thus, if both Si(z) and
H(z) are needed, it is better to use the Pade for E(iz) . However, if only
H(z) , say, is needed, it is more economical to use the Pade for H(z) .

An examination of the zeros of the denominators of the Pade approxi-
mations of E(z), Si(z) and H(z) indicates that the magnitudes of the
smallest zeros of the denominator increase linearly with n . Since n must
be significantly larger than the argument to attain good accuracy, the loca-
tion of these zeros is not important.

As noted above, the Pade approximants for E(z) are not known in
closed form, and it is necessary to solve systems of linear equations for each
selection of p and q (see (5.8)). We now give another rational approxima-
tion of E(z) which is of the form (5.8) with p=q =n . In over-all
accuracy, it is somewhat inferior to the corresponding Pade’ approximant, see
Tables B.II and B.VIII. However, it has the desirable advantage that the
numerator and denominator polynomials can be computed by recurrence formulas.
Following [14], it can be shown that

L
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B(z) = 2P (373 ]2) = valeWtale) * enle) , ene) = Fu(Valz) ,  (5.22)

2 (-F () (), -nr,ntlr, 1,2+
¢, (2z) = Z_o (Z)r 4F2< g r'-l/z) »  (5.12)

and fn(z) is the ,F, in (5.12) with r = O whence it becomes a 3F »
see (5.13). The nature of F,(z) will not be discussed here in detail, Suf-
fice it to remark, it will be shown elsevhere that for z fixed

lim Fn(z) =0.

n—>w

Now

it

£,(z) = sF (-n’n;l’g l-l/ Z)

< {(n+l)(2n)! o <-n’--n-1lz) . (5.13)

ntz? -2n,

where it is to be understood that in the ,F, only the first (a+l) terms of
the series are retained. Thus

£ (z) = {a*l)(en)! exp{ nz } 1. 2Rene) o(z3/n3)} (5.14)
a iz 2(n*1) | | g(n+1)2(20-1)

and so for z fixed,

lm ¢ (z) =0 o (5.15)
n—o

whence the rational approximants converge. It will also be demonstrated else-
where that both ¢n(z) and f(z) satisfy the recurrence formula
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fn(z) = (Blz+Al)fn_l(z) + (B22+A2 )fn_a(z) + A:an-s(z) S

A = efp = ‘n-2“2n~12 . A =1

1 3 T a(2n-3) 2 g
B, = 2(20=1)(nt1) | ang B, = -2(2n-1)(n-3) (5.16)
n n

To illustrate the power of (5.14), take z =3 and n =4 . The

true value (from (5.12)) is 1101 and the value using (5.14) is 1098.5.

From the preceding development and the last remark, it is obvious
that all that is needed for a useful expression for the error |en(z) | is an
approximation of F,(z) (see (5.11)) for large n . This is not available
at the present time. If 2z is real and positive, we can show that

3
s(ez)°

|€ (2)' £ (Z)

(5.17)

This bound, however, is very conservative.

The coefficients of the polynomials ¢ (z) and f (z) are given in
Appendix B for n = 0(1)10 . Also presented are values of |en(z)l for
= 3(1)10 and for z = rel® where r = 1(1)10, 8 = O,n/2,m .

The approximation (5.11) has the same properties as the Pade ap-
proximation in that the magnitude of the smallest zeros of the denominator
polynomials increase linearly with n , the order of approximation. Again
since the order of approximation must be significantly larger than the argu-
ment, the location of zeros of the denominator polynomials is not critical.
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APPENDIX A

COEFFICIENTS FCR RATIONAL APPROXIMATIONS TO THE ERROR FUNCTION,
EXPONENTTAL FUNCTION AND CIRCULAR FUNCTIONS

We first show how the exact coefficients in the approximations (2.1)
and (2.18) can be generated when v is rational. Suppose v =p/q , @ £ 0
and p,q are co-prime integers.

Let

n
A;;(z,u) = ¢°B .Ilﬁtn_ﬂ')l{n(z,u) = > a.n’kzk 5
F(U'*'l) k=0

&1}

r(v+l)

n
k=0

where A, (z,v) and B,(z,v) are defined in (2.2) and (2.3), respectively.
Note that

A:(z:‘)) & An(zy\?)
B;(Z,D) Bn(Z,V)

) (A.2)

and the transformation (A.l) insures that the coefficients an,k and bn,k
are integers if p and q are co-prime integers. If vy =0, set p =0
and q =1 . From (2.6) it is seen that

e . °nz® (2nq+p+2q ) (nq*p)
Apt1 LT;Q%%)[(?WP)(%Q p+2a )+paz), + 402 (;nq*'P) T

Ay = A¥(z,v) or BE(z,v) , (A.3)
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and

A¥(z,v) =1, A¥(z,v) = (p*a)(p*2a) - &z
Bo(z,v) = 1, By(z,v) = (p*a)(p*2a) + a(pta)z .

Using (A.3) and (A.1), we get the recurrence formula

2n

= +
Apt1,k = (2natpra)(2natpr2a)r, | + ] An, k-1
* 93n§2ng:2+29 )(ng+p) X
(2ng*p) n-1,k-2 *’ f

M,k = 8,k ¢ Pp,x i k=0,1,2,...,n

and )\n’k=0 if k<O or k>n .
The initial values are

a i T

(p+Q)(P+QQ) ) al,l - 'q2 ’

b= ,

o'
[
"

(p*ta)(p*2q) , bl,l = q(p*q) . J

Using a similar argument we find the following relations.

- 90 =

(A.4)

(A.5)

(A.56)
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n
2n
C¥(z,v) = SLutatl) ¢ () = S5 o gk
nvea T(v+1) 2 go n,k ?
n
DX(z,v) = LLvnl) p (5 ) = 3 4 ok

where C,(z,v) and D,(z,v) are defined in (2.19).

Quey = éi—:}%l_’-q%[(%q\‘p-q)(enq*pw) + a(p-a)z]a,

gsnzafangjm Ngmg-g 2
K (2nq+p-q) a-1 5

O = Ca(z,v) or Df(z,v) ,
C:(Z:V) =0, CI(Z: v) = (P+Q) p)
* *
Do(z)v) = l/P p) Dl(z}‘)) = (P"'Q) ThE o
= g{g-g }§2n9+22
Yn+1,k = (289*p)(2natpra)yy | + (enatp-q) k-1

+ 95n(2na+p+q ) (ptng-q)
(2nq+p-q) Yn-1,k-2

Yn,k = cn,k or dn,k s k= 01,6050

and Yn,k=° if k<O or k>n

s

D] w

> (A.7)
¢ (a.8)
J
) (A.9)
S (A.10)
J




0,0 = Qo .,

¢g1=0,¢ .= (1) ,
1,3 1,0 \ (A.11)
do’o = l/p ) !

dl,o = (P+Q.) ) dl,l =g . |

Tables A.I and A.II give the coefficients of the polynomials in the
rational approximations to the error function, see (2.1), (2.18), (3.2) and
(3.3). Table A.III gives the error associated with the approximation (2.1)
for v = % . The introduction to Table A.III shows how the table may be used
to get Rn(z,u) for other values of v and T,(z,v) . Table A.IV gives
coefficients of the polynomials in the rational approximation to the exponen-
tial function, see (4.1). Tables A.V, A.VI and A.VII list the coefficients
of Uy(z2) , W (z°) and V,(z2) , respectively, see (4.7) and (4.8). These
coefficients are pertinent to the evaluation of the circular functions.

Most of the tables in the Appendices were typed by the IBM 1620
computer directly on stencils, while the balance of the report was done on
an ordinary typewriter. The typewriters have different type sizes. The com-
puter has no lower case characters, etc., and so a slight variance in notation N
is introduced. For example, in Table A.I,AN*(Z,1/2) corresponds to
An(z,%) » etc. Also in Table A.VYN(Z**2) corresponds to Un(ze) , etc.
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TABLE A.I

TABLES OF THE COEFFICIENTS OF THE POLYNOMIALS
An(z,2) AND Bj(z,2)

Note: For the definition of A}(z,%) and B}(z,3) , see (2.1)
and (A.1). The sequence of numbers given is for the
highest power to the lowest power, respectively.

e.g., Af(z,3) = -12825 + 193222 - 9240z + 45045 |

AN*(Z,1/2) BN*(Z,1/2)

00

- I 6
15 15

32 60
-210 420
g45 Q45
-128 280
1632 3780
-9240 20790
L5045 L5045

- 23 - 3




r' P o T e——- —
F
|
bl
TABLE A.I (Continued)
AN*(Z,1/2) BN*(7,1/2)
N = 0Ob4
2048 5040
-43560 1 10880
5 L0540 10 81080
~22 52250 54 05400
114 86475 114 86475
N = 05
-8192 22176
2 81424 7 20720
~-38 ©1888 108 10800
453 33288 c18 91800
- 1745 suL420 L364 86050
c166 20705 9166 20705
N = 06
65536 1 92182
-28 85792 86 u4864LO
: 629 73904 1837 83600
| g - -7914 9L704 23279 25600
. : 89625 13560 1 83324 14100
, ! -3 27946 51890 8 43291 04860
- | i : 17 56856 35125 17 56856 35125
i 8
e
1 } ' N = 07
1 Eé -2 62144 8 23680
j ; 161 40480 480 08¢60
1 F - 4353 52320 13967 55360
s 1454 22000 2 L4432 18800
1 ‘ -9 17867 80800 28 10970 16200
; 102 39962 73300 210 82276
b | 3 -361 L1044 94000 9L8 70242
: 1965 16931 86125 1965 16931
‘.‘ i

| ‘ 24 -
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N = 08

20

N = 0S

-4
154
-521
2892

N =10

-30

Sisly

- 4560
49985

-1 65462
9 2508k

TABLE A.I (Concluded)

AN*(Z,1/2)

83

-6277

2 51360

-53 38931
1038 33795
-9618 68056
06381 16578
65521 LS326
10368 21294

-335

32467

-14 34070
L73 05494

- 8681 L9968
61017 72510
07934 64071
87281 04783
20657 37253
65648 L1756

2684

-3 05076
182 L6049

- 6185 20520
82600 62172
32474 61076
83460 50675
40860 39327
79524 65547
23889 L8L56
33563 93642

88608
25952
15040
08320
78000
04600
08900 2
19250 -
05875 20
54432
92960
38720
72000
L0000
82400 L
26000 L5
86000 321
37500 1407
23125 2892
35456
71040
11200
21760
35200
56000 108
52800 1501
81600 15010
67600 1 04137
42750 L 51260
75375 9 25084
- 28 =

BN*(2,1/2)

280

21283

7 82183

179 90209
2810 97016
30358 L7774
20098 96368
74723 98203
10368 21294

1182

1 11740

51 40059
1499 18408
30358 L7774
L0197 92736
L8711 91614
65891 Lo70L
25774 90584
69648 41756

9932

11 L2235
642 50746
23130 26876
58693 05698
16908 59875
07493 23289
74932 32897
07343 03224
65153 13972
33563 93642

05120
8120
00160
03680
20000
96000
46000
18000
05875

43840
L2880
72480
64000
96000
92000
8L000
cL000
11250
23125

48256
49400
50000
16000
25600
61600
72000
20000
32500
07500
75375
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TABIE A.II
TABLES OF THE COEFFICIENTS OF THE POLYNOMIALS
Cﬁ'(z, ) AND Dﬁ(z,i)
Note: For the definition of CX¥(z,4) and D3(z,3) , see (2.18)
and (A.7). The sequence of numbers given is for the
highest power to the lowest power, respectively.
e.g., C3(z,%) = 842° - 420z + 3465
CN*(Z,1/2) DN*(Z,1/2)
N = 00
0 1
N = 01
: 0 2
; 3 3
' % N = 02
¥ -10 60
A 105 105
vl | N = 03
| 0 L0
\ 84 420
b | -420 1890
| 3465 3465
o a
|
&
]
?-Z - 26 -
i
g
{
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TABLE A.II (Continued)

CN*(Z,1/2)

0

_7uk
23100
<0090
6 75675

0

5104
-82368

17 29728
-61 26120
436 48605

o

-25376

15 53552
-171 5313
3026 30328
-10184 67450
7027k 25405

(o))

0

1 58528

-53 60576
2061 87696
-1¢288 52640
3 07868 16060

-

DN*(Z,1/2)

[« XV 1)

54
229
436

103

1225
8729
36664
70274

560
10080
83160
60360
75675

2016
55440
20720
05400
72950
48605

14784
76576
10800
22400
72100
82820
25405

82880
13440
62800

09400
ou860

-10 03917
67 76445

91500
92625

«27 =

L
13712 70250
76445 S$2625
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N =10

22
-192
2873

-9170
6020

7

-122

3311
-26551

3 7¢05¢
-11 91329
78 18098

1

-58

2759

42544

10 S4145
-81 01039
1117 L6689
-3471 23578

TABLE A.II (Concluded)

CN*(Z,1/2)

0

-33 7062k
3395 37600
-73102 91040
56425 02800
17857 23000
21307 27300
79015 35250
24887 69875

0

198 88896
11584 58880
01345 14560
38237 44000
97300 72000
62101 59200
32634 57000
31137 22000
60588 00625

0
-1105 68960
65206 97600
55525 91360
727254 27200
70268 04BOO
93612 32800
31733 09600
L0671 23600
10107 47750

22563 03257 65698 60375

- 28 -

DN*(Z,1/2)

16 47360

1120 20480

37246 80960

7 82183 00160

112 43880 64800
1124 38806 48000
7589 61543 74000
31442 7090¢ 78000
60920 24887 69875

62 23360

5320 97280

2 23480 85760

55 96736 34560

1124 38806 48000
15179 23887 48000

1 46732 64245 64000
9 74723 98203 18000
40 20736 42588 11750
78 18098 60588 00625

472 275 6
49662 L1280
25 70029 86240

856 67662 80000

20238 98516 64000

3 52158 34189 53600

45 48711 91614 84000
428 87855 20¢39 92000
2814 51549 81168 22500
11570 78553 67024 92500
22563 03257 65698 60375

=l
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TABLE A.III
TABLES OF THE ERROR FCR THE ERROR FUNCTION

1
Here we give the values of R¥(z,3) = |2z2e?R(z,3) |, see (2.15),
for n=2(1)10, r =1(1)10 and 6 = O, n/2, m where 2z = reif ,

It is pertinent to point out that R;(z,u) , see (2.15), and
TA(z,v) = | v-1zY%e?T (2,v) |, see (2.22), can both be cbtained from R¥(z,%)
since

R (z,v) = 22'“r(u+1)n%'vn'%nn(z,%){1+o(1/n)} §
and
Ty(ev) = 24 (e a2 % (2,3) {1vota/m]}

Hence, the tables given here essentially include the values of
Ri(z,v) and Tj(z,v) for admissible v fixed, but otherwise arbitrary and
the values of n , r and § mentioned above.

2%
lo

/2

n=2

3 0.896 (-3) 0.747 (-3) 0.747 (-3)
2 0.509 (-1) 0.295 (-1) 0.35¢ (-1)
3 0.651 ( 0.219 0.377

4 0.477 (1) 0.774 0.230 (1)
5 0.268 ( 2) 0.175 ( 1) 0.108 ( 2)
6 0.132 ( 3) 0.290 ( 1) 0.443 ( 2)
7 0.609 ( 3) 0.375 ( 1) 0.171 ( 3)
8 0.275 ( 4) 0.395 ( 1) 0.642 ( 3)
g 0.125 ( 5) 0.349 ( 1) 0.243 ( 4)
10 0.578 ( 5) 0.262 ( 1) 0.938 ( ¢)

- 29 -
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0.521 (- 5)
0.111 (- 2)
0.29%¢ (- 1)
0.344

0.264 ( 1)
0.160 ( 2)
0.838 ( 2)
0.402 ( 3)
0.183 ( 4)
0.813 ( 4)

0.178 (~ 7)
0.147 (- 4)
0.833 (~ 3)
0.162 (- 1)
0.181

0.144 ( 1)
0.923 ( 1)
0.513 ( 2)
0.259 ( 3)
0.123 ( 4)

0.401 (-10)
0.130 (- 6)
0.160 (- 4)
0.532 (- 3)
0.879 (- 2)
0.949 (- 1)
0.774

0.520 ( 1)
0.306 ( 2)
0.161 ( 3)

TABLE A.III (Continued)

/2

0.456 (- 5)
0.746 (- 3)
0.132 (- 1)
0.905 (- 1)
0.358

0.973

0.200 ( 1)
0.331 ( 1)
0.45¢ ( 1)
0.531 ( 1)

0.160 (- 7)
0.107 (- 4)
0.443 (- 3)
0.567 (- 2)
0.373 (- 1)
0.158
0.484
0.116
0.227
0.375

1)
1)
1)

0.368 (-10)
0.998 (- 7)
0.949 (- 5)
0.223 (- 3)
0.238 (- 2)
0.153 (- 1)
0.678 (- 1)
0.227

0.609

0.135 ( 1)

« 30 -
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0.456 (
0.853 (- 3)
0.197 (-
0.202
0.136 ( 1)
0.719 ( 1)
0.330 ( 2)
0.138 ( 3)
0.552 ( 3)
0.214 ( 4)

0.160 (- 7)
0.119 (- 4)
0.608 (- 3)
0.107 (- 1)
0.108

0.765

0.442 ( 1)
0.221 ( 2)
0.100 ( 3)
0.428 ( 3)

0.368 (-10)
0.109 (- 6)
0.123 (- 4)
0.375 (- 3)
0.569 (- 2)
0.563 (- 1)
0.421

0.259 ( 1)
0.139 ( 2)
0.677 ( 2)
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TABLE A.III (Continued)

)
A Q o2 x
ns==6
1 0.639 (-13) 0.593 (-13) 0.593 (-13)
2 0.812 (- 9) 0.650 (- 9) 0.700 (- 9)
3 0.220 (- 6) 0.141 (- 6) 0.176 (- 6)
4 0.127 (- 4) 0.603 (- 5) 0.941 (- 5)
5 0.316 (- 3) 0.104 (- 3) 0.218 (- 3)
6 0.470 (- 2) 0.993 (- 3) 0.302 (- 2)
7 0.498 (- 1) 0.625 (- 2) 0.296 (- 1)
8 0.414 0.287 (- 1) 0.229
9 0.288 ( 1) 0.103 0.148 ( 1)
10 0.176 ( 2) 0.300 0.841 ( 1)
n=717
1 0.757 (-16) 0.710 (-16) 0.710 (-16)
2 0.380 (-11) 0.313 (-11) 0.334 (-11)
3 0.228 (- 8) 0.155 (- 8) 0.188 (- 8)
4 0.228 (- 6) 0.120 (- 6) 0.176 (- 6)
5 0.866 (- 5) 0.329 (- 5) 0.627 (- 5)
- 6 0.180 (- 3) 0.465 (- 4) 0.122 (- 3)
: 7 0.250 (- 2) 0.411 (- 3) 0.159 (- 2)
: 8 0.261 (- 1) 0.256 (- 2) 0.156 (- 1)
; 9 0.220 0.121 (- 1) 0.123
| k 10 0.158 ( 1) 0.455 (- 1) 0.829
', { n =8
{ t
_ ’ 1 0.693 (-19) 0.655 (-19) 0.655 (-19)
{ 2 0.138 (-13) 0.116 (-13) 0.123 (-13)
1 | 3 0.184 (-10) 0.131 (-10) 0.155 (-10)
| : 4 0.322 (- 8) 0.182 (- 8) 0.256 (- 8)
j : 5 0.187 (-6) 0.793 (- 7) 0.140 (- 6)
k| ’ @ 0.547 (- 5) 0.165 (- 5) 0.388 (- 5)
; 7 0.101 (- 3) 0.203 (- 4) 0.674 (- 4)
1 8 0.133 (- 2) 0.170 (- 3) 0.840 (- 3)
( 9 0.138 (- 1) 0.104 (- 2) 0.817 (- 2)
i 10 0.117 0.503 (- 2) 0.659 (- 1) 1
;|

3
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0.505 (-22)
0.400 (-18)
0.119 (-12)
0.364 (-10)
0.325 (- 8)
0.134 (- 6)
0.329 (- 5)
0.553 (- 4)
0.701 (- 3)
0.716 (- 2)

0.300 (-25)
0.943 (-19)
0.625 (-15)
0.337 (-12)
0.464 (-10)
0.272 (- 8)
0.891 (- 7)
0.192 (- 5)
0.301 (- 4)
0.370 (- 3)

TABLE A.III (Concluded)

n/2

0.480 (-22)
0.343 (-16)
0.872 (-13)
0.218 (-10)
0.151 (- 8)
0.458 (~ 7)
0.783 (-~ 6)
0.873 (- 5)
0.698 (- 4)
0.427 (- 3)

0.286 (-25)
0.820 (-19)
0.473 (-15)
0.217 (-12)
0.231 (-10)
0.102 (- 8)
0.242 (- 7)
0.359 (- 6)
0.371 (- 5)
0.287 (- 4)

38

=

;

(-22)
(-16)
(-12)
(-10)
(- 8)
(- 7)
(- 5)
(- 4)
(- 3)
(- 2)

W
B8
n =

l\)
»

9

0000000000
w N n
0#0701801
nDNO N

»
o
[{o]

0.286 (-25)
0.860 (-19)
0.544 (-15)
0.280 (-12)
0.368 (-10)
0.206 (- 8)
0.643 (- 7)
0.132 (- 5)
0.198 (- 4)
0.232 (- 3)
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TABLE A.IV

TABLE OF THE COEFFICIENTS OF THE POLYNOMIAL Gp(z)

Note: For the definition of  Gy(z) , see (4.1). The sequence
of numbers given is for the highest power to the
lowest power, respectively.

e.g., Gy(z) = 2% + 2025 + 18022 + 840z + 1680

GN(Z)

= 00

12
120

20
840




TABLE A.IV (Continued)

GN(Z)

e

420
15120

1

8L0
75600

6 65280

1

1512

2 77200
86 u486LO

1

2520

8 31600
605 Lou80
5189 18400

1

3560

21 62160
3027 02400
88216 12800

30
3360
302k0

L2
10080
3 326L0

56

25200

12 o5840
172 ¢7280

72

55440

86 L864O
2594 59200

go
1 10880
302 70240
20756 73600

1 76432 25600
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TABLE A.IV (Concluded)

GN(7)

—————

1

5940

50 45040

12108 0600

7 Y3945 15200
67 0oL425 72800

-« 35 -

e

110

2 05920

908 10720

1 17621 50400
33 52212 86L00

""“'“"'""'"""'-""""“'!'““F""'ﬂl-!llu-lulunll-lq!
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TABLE A.V

TABLE OF THE COEFFICIENTS OF THE POLYNOMIAL Uh(ze)

Note: For the definition of Un(zz) , see (4.8). The sequence
of numbers given is for the lowest power to the
highest power, respectively.

e.g., Us(z ) = -26 + 2642% - 648022 + 14400

UN(Z**2)

N = 00
. 10000 00000 00000 00000 +01

. 40000 00000 00000 00000 +01

N = 02

. 14400 00000 00000 00000 +03
. 10000 00000 00000 00000 +01

N = 03

. 14400 00000 00000 00000 +05
. 26400 00000 00000 00000 +03

E N = Ob
. 28224 00000 00000 00000 +07

.6£360 00000 00000 00000 +05
. 10000 00000 00000 00000 +01

136 =

-, 10000 00000 00000 00000 +01

-,60000 00000 00000 00000 +02

-.64800 00000 00000 00000 +04
-. 10000 00000 00000 00000 +01

-, 13104 00000 00000 00000 +07
-, 76000 00000 00000 00000 +03

T Y A A T AT e g




TABIE A.V (Continued)

UN(7%*2)
N = 05
. S1445 76000 00000 00000 +09 -.43182 72000 00000 00000 +09
. 25804 80000 00000 00000 +08 -. 40824 00000 00000 00000 +06
. 17400 00000 00000 00000 +0k ~. 10000 00000 00000 00000 +01
N = 06
. 44255 74784 00000 00000 +12 ~.21123 97056 00000 00000 +12
- 13539 05280 00000 00000 +11 -.25788 67200 00000 00000 +0°
. 17035 20000 00000 00000 +07 ~. 34440 00000 00000 00000 +0k
. 10000 00000 00000 00000 +01
N = 07
.29919 58953 98400 00000 +15 -, 1438L 41804 80000 00000 +15
. 96bed 66233 60000 00000 +13 -.20552 09587 20000 00000 +12
17141 24160 00000 00000 +10 -.56629 44000 00000 000G) +07
-61600 00000 00000 00000 +Ok ~.10000 00000 00000 00000 +01
N = 08
. 26927 63058 58560 00000 +18 ~. 13015 02144 98304 00000 +18
90161 53232 L8640 00000 +16 -. 20687 40850 17600 00000 +15
. - 19940 13744 00000 00000 +13 -.86313 42720 00000 00000 +10
| . 15596 96000 00000 00000 +08 ~. 1022k 00000 00000 00000 +05
| . 10000 00000 00000 0GOOO +01
|
i N = 09
k| | . 31128 34095 72495 36000 +21 -. 15106 40075 86652 16000 +21
: .10717 1967 31706 88000 +20 -.25935 10574 05440 00000 +18
1 : .27586 13803 54560 00000 +16 -. 14176 33176 96000 00000 +14
| . . 35472 72960 00000 00000 +11 ~. 39964 32000 00000 00000 +08
| . 16020 00000 00000 00000 +05 -. 10000 00000 00000 00000 +01

e




v
TABIE A.V (Concluded)
UN!Z**Z)
N =10

Jabehe 32434 22683 25984 +24 ~. 21883 22369 29464 23808 +24 |
. 16812 89202 64694 57¢20 +23 ~. 39825 ©6563 64810 24000 +21 ]
JLskcly 37682 8817< 20000 +19 ~,26326 17302 51520 00000 +17 :
. 749682 79569 28000 00000 +1& -, 12473 8092 00000 00000 +12 i
.©0676 08000 00000 00000 +08 -, 23980 00000 00000 00000 +0S j
. 10000 00000 00000 00000 +Ot1

3

B

B

e

- |

5 |
¢

E | §

1 1

4 4

e

|

|

|
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TABLE A.VI

TABIES OF THE COEFFICIENTS OF THE POLYNOMIAL wn(zz)

Note: For the definition of wn(ze) , see (4.8). The sequence
of numbers given is for the lowest power to the
highest power, respectively.

N = 00
. 10000 00000

N = 01
. 40000 00000

N = 02

. 14400 00000
. 10000 00000

N = 03

. 14400 00000
. 24000 00000

N = Ok

. 28224 00000
. 21600 00000
. 10000 00000

e.g., Ws(z2) = 28 + 242 + 7202% + 14400

UN(Z**2)

00000

00000

00000
00000

00000
00000

00000
00000
00000

00000

00000

00000
00000

00000
00000

00000
00000
00000

+01

+01

+03
+01

+05
+02

+07
+0L4
+01

R

. 10000 00000 00000 00000 +01

. 12000 00000 00000 00000 +02

. 72000 00000 00000 00000 +03
. 10000 00000 00000 00000 +O1

. 10080 00000 00000 00000 +06
. 40000 00000 00000 00000 +02




—
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N = 05

. 91445
. 40320
. 60000

N = 06

. L4259
. 12700
. 10080
. 10000

N = 07

« 29919
. 60354
. 30240
. 11200

N = 08

. 26927
. 40276
. 13970
. 30240
. 10000

N =0y

.31128
. 35903
. 91537
. 13305
. 18000

76000
00000
00000

74784
80000
00000
00000

58253
20160
00000
00000

63058
37053
88000
00000
00000

34095
50744
20576
60000
00000

TABLIE A.VI (Continued)

WN(Z**2)

00000
00000
00000

00000
00000
00000
00000

98400
00000
00000
00000

58560
L4000
00000
00000
00000

72435
78080
00000
00000
00000

00000
00000
00000

00000
00000
00000
00000

00000
00000
00000
00000

00000
00000
00000
00000
00000

36000
00000
00000
00000
00000

+09
+06
+02

+12
+09
+05
+01

+15
+11
+07
+03

+18
+14
+10
+05
+01

+21
+17
+12

+03

. 25401
. 50400
. 10000

. 10059
. 12096
. 84000

. 57537
. 46569
. 18144
. 10000

. L4879
.26153
. 66528
. 14400

45776
.20138
. 36324
47520
. 10000

e e e

60000
00000
00000

03360
00000
00000

67219
60000
00000
00000

38430
L8736
00000
00000

97199
18526
28800
00000
00000

00000
00000
00000

00000
00000
00000

20000
00000
00000
00000

$7600
00000
00000
00000

59552
72000
00000
00000
00000

00000
00000
00000

00000
00000
00000

00000
00000
00000
00000

00000
00000
00000
00000

00000
00000
00000
00000
00000

+08
+0h
+01

+11
+07
+02

+13
+0¢
+05
+01

+16
+12
+07
+03

+19
+15
+10
+05
+01
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WN(Z**2)

N =10

 bhehe 3243L 22683 20984
L1199 2747¢ 6356 80000
. 80552 74106 88000 00000
. 84756 67200 00000 00000
. 71280 00000 00000 00000
. 10000 00000 00000 00000

+24
+20
+15
+10
+05
+01

- 4] -

TABLE A.VI (Concluded)

. 59143 84781 87741 18L00 +22
. 20345 32088 70912 00000 +18
. 27461 16172 80000 00000 +13
. 24710 40000 00000 00000 +08
. 22000 00000 00000 00000 +03
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TABLE A.VII

TABLES OF THE COEFFICIENTS QOF THE POLYNOMIAL Vn(ze)

Note: For the definition of V,(z2) , see (4.8). The sequence
of numbers given is for the lowest power to the
highest power, respectively.

e.g., Vz(2z2) = 24z% - 1680z + 14400

VN(Z**2)

N =00
. 00000 00000 00000 00000 00

N =01
. 40000 00NOO 00000 00000 O1

N = 02

. 14400 00000 00000 00000 03 ~.12000 00000 00000 00000 0
N = 03

. 14400 00000 00000 00000 +05 -. 16800 00000 00000 0000G +O0k

. 2,000 00000 06000 00000 +02

N = 0b
. 28224 00000 00000 00000 +07 -. 36960 00000 00000 00000 +06
. 88810 00000 00000 00000 +0L -. 40000 00000 00000 00000 +07

- 42 -

e : 3 :




g0 .

i i P ————

N =05

91445

. 37900
. 60000

 uh259
.21388
.90720

N =97

. 29919
. 15946
112k
. 11200

N =08

. 26927
. 15362
. 14503
47376

N = 05

.31128
. 18669
.21608
. 13278
. 18000

76000
80000
00000

74784
14720
00000

58953
92126
28800
00000

63058
55847
37011
00000

34095
82387
80001
98880
00000

00000
00000
00000

00000
00000
00000

98400
72000
00000
00000

58560
52640
20000
00000

72L95
28601
28000
00000
00000

TABLE A.VII (Continued)

00000
00000
00000

00000
00000
00000

00000
00000
00000
00000

00000
00000
00000
00000

36000
60000
00000
00000
00000

+09
+07
+02

+12
+10

+15
+13
+09
+03

+18
+16
+12
+06

+21
+19
+15
+10
+03

~. 12700
-, 31920

-.63707
_023950
-, 84000

~ k112
-.21009
-.21974

-. 40391
-, 22479
-. 41646
-, 14400

—oh7302
-029397
-077785
-.93456

80000
00000

21280
08000
00000

21534
54240
Loooo

L4587
54508
52800
00000

87106
64065
86816
00000

00000
00000

00000
00000
00000

72000
00000
00000

87840
80000
00000
00000

24870
63840
00000
00000

00000
00000

00000
00000
00000

00000
00000
00000

00000
00000
00000
00000

40000
00000
00000
00000

+09
+05

+11
+08
+02

+14
+11
+06

+17
+14
+0¢
+03

+20
+17
+12
+06




el it i

*’
;
N =10

gk
. 28012
-375L1
. 3uL6L
217186

;

.

TABIE A.VII (Concluded)

32434 22683 29984 +2L4 -.69001 15578 85698 04800 +23
45506 33915 18720 +22 -, 46561 72008 73144 32000 +20
77850 14272 00000 +18 -, 15728 18837 99040 00000 +16
83040 00000 00000 +13 -.37378 59840 00000 00000 +10
40000 00000 00000 +07 -, 22000 00000 00000 00000 +03




APPENDIX B

COEFFICIENTS OF RATIONAL APPROXIMATIONS TO E(z)
AND REIATED INTEGRALS

Table B.I gives the coefficients of the polynomials of the main
diagonal Pade approximants of E(z), see (5.1). Displayed in Table B.II is
the absolute value of the errors associated with the approximations listed
in B.I. Similar coefficients for the main diagonal Pade approximants to
2-15i(z) , see (5.2), are given for n even in Table B.III. Table B.IV
gives the error associated with the approximations listed in B.III. Table
B.V lists the coefficients of the polynomials of the main diagonal Pade’
approximants to 42‘23(2) , see {5.3) , “or even n . Table B.VI lists the
errors associated with the approximants in B.V. Tables B.VII and B.VIII
give the coefficients which define the approximations (5.11) to E(z) , and
the corresponding error tables, respectively.
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COEFFICIENTS OF PADE APPROXIMATION TO E(z)

TABLE B.I

Note: For the definition of E(z) and its Pade'approximants, see
Section V. The coefficients are given for n = 1(1)10 .

N = 01

. 10000
=~ RPTIT

N = 02

. 10000
. 86000
. 45555

N = 03

. 10000
. 11548
. 14587
- . 85008

N = Ok

. 10000
. 15183
22174
.71679
. 10529

the pover of 10 by which the number is multiplied.

2
e.g., Ep(z) = 1+ 0.086z + 0.04555...2
1+ 0.336Z + 0.0333...z°

NUMERATOR

00000 00000
17777 77777

00000 00000
00000 00000
55555 55555

00000 00000
60120 33992
35252 04789
16740 06988

00000 00000
03075 00550
10124 06340
28213 71348
22995 L4767

00000
77778

00000
00000
55556

00000
2848
L7405
81376

00000
75001
L6892
66118
84505

+01
-01

+01
-01
-02

+01
+00
-01
-0l

+01
+00
=01
-03
-04

. 10000
22222

. 10000
. 33600
. 33000

. 10000
. 36548
. 50803
. 27277

. 10000
. 40183
.67076
. 55785
. 19778

The
expression attached to the numbers on the right indicates

DENOMINATOR

00000 00000
22222 22222

00000 00000
00000 00000
00000 00000

00000 00000
60120 33992
30004 34216
05063 78843

00000 00000
03075 00550
12256 02161
8L155 83924
97186 99680

COLUMBIA UNIVERSITY
HUDSGN LABORATORIES
CONTRACT Nonr-266(84)

00000
22222

00000
00000
00000

00000
92848
23569
33065

00000
75001
788L0
05926
64309

+01
+00

+01
+00
-01

+01
+00
-01
-02

+01
+00
=01
=02
-03

w




TABIE B.I (Continued)

NUMERATOR DENCMI NATOR
N = 05
. 10000 00000 00000 00000 +01 . 10000 00000 00000 00000 +01
. 16204k 1600¢ 62342 70¢75 +00 L1204 16009 62342 7075 +00
.265¢5 51845 22023 74506 -01 . 74050 36313 73224 96387 -01
. 12747 83272 L8LLE 67889 -02 . 73128 40670 01825 36777 -02
.60877 80145 04733 48711 -0L . 40061 22491 28200 19535 -03
-, 13654 L422¢6 45193 12376 -06 .98510 21164 €6373 17832 -05
N = 06 |
E . 10000 00000 00000 00000 +01 . 10000 00000 00000 00000 +01 }
4 . 17964 76037 82301 29344 +00 JL296L 76037 82301 2934k +00 |
! . 30906 3¢01L4 59549 31654 -01 .82762 73553 59746 S9458 -01
\ 16643 87594 L6735 53361 -02 .92024 26823 88873 61206 -02
3 . 11565 07429 <4841 78517 -03 .62715 69030 34069 87432 -03
| . 19803 30657 64150 50495 -05 .25037 59209 97727 L5364 -0k
3 . 12947 26971 80815 10906 -07 . 46180 7¢516 66610 03704 -06
N = 07
. 10000 00000 00000 00000 +01 . 10000 00000 00000 00000 +01
, . 18480 11227 26475 81023 +00 L 43480 11227 26475 81023 +00
1 1 .33261 21378 35356 62215 -01 . 86405 93890 95990 5¢216 -01
| ! .23552 22731 54871 76423 -02 . 10217 75619 63664 92989 -01
| i , 16377 <4153 15153 96938 -03 . 78040 02200 52063 61676 -03
o } . 43980 12290 60812 99224 -05 . 38719 75252 89L41c 77095 -0k
2 i . 11014 77035 81094 26833 -06 .11633 17088 02093 24466 -05
! { -. 12839 85657 L5606 74048 -0¢© . 16457 10741 45580 73556 -07
B




TABIE B.I (Concluded)

NUMERATOR DENOMI NATOR

N = 08
. 10000 00000 00000 00000 +01 . 10000 00000 00000 00000 +01
. 16513 36973 L8381 21416 +00 L L4513 36973 48381 21416 +00
. 36028 72455 L8033 6685 -01 .91756 59333 63431 14880 -01
. 28530 L1423 63713 82221 -02 . 11479 20657 17017 38378 -01
21463 38297 93936 23562 -03 . 95698 96347 L5946 53S74 -03
77757 97235 L7219 15163 -05 . 54679 34064 85047 10025 -O4
. 25482 33856 33725 45105 -06 .21015 17140 91386 35547 -05
.27089 12491 61763 77927 -08 . 1960 L40OBOL 95845 41256 -07
. 97825 79525 95621 €9712 -11 .5662S 36991 72465 57055 -0S

! N = 09

1

o . 10000 00000 00000 00000 +01 . 10000 00000 00000 00000 +01
k . 16823 8L189 19627 19265 +00 . bL823 84189 15627 19265 +00
! . 37482 24827 32679 61682 -01 . 93986 29744k 76192 04289 -01
P .31215 54261 10534 67154 -02 . 12132 66090 52530 81529 -01
| .25168 68581 L2141 134L:5 —03 . 10658 74645 55601 67575 -02
. 10438 66937 29114 63287 -0b .66311 9954S 82139 a4GG7 -0k
L 41779 82027 ©2798 76366 -06 .29328 17107 87334 24422 -Q5
- .72282 10040 34696 24233 -08 . 89307 3000¢ 5941 32577 -07
E | : . 11156 38762 07900 30289 -09 . 17075 36697 26887 18576 -08

-. 78469 72732 66716 L9614 -13 . 15708 67540 05828 56485 -10

3 N =10

| ! . 10000 00000 00000 00000 +01 . 10000 00000 00000 00000 +01
| : . 20502 08456 77917 06628 +00 15502 08456 77917 06628 +00

1 * . 39390 75193 16296 55245 -0t . 97590 40775 55533 66258 -01
E | : . 3858 23655 25237 91179 -02 . 13021 1563 $8519 94778 -01
| ; .29317 75506 14266 L8946 -03 . 11599 11137 74704 76100 -02
Lo} . 13754 73570 29922 39386 -OL .80015 09555 21661 45984 -0k

| ; . 60964 46174 77L55 80030 -06 .39222 83073 88575 92254 -05

| . 14447 18655 00891 74805 -07 . 14003 62118 96032 45150 -06

| . 30430 04327 31332 2468L -0S . 34984 41348 05290 45646 -08

| . 22059 38908 74765 26250 -11 . 55465 89453 73869 45817 -10

F | . k5848 28058 16872 88340 -14 . 42591 33901 24021 43020 -12
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TABIE B.II

U
ERROR OF PADE APPROXIMATIONS TO E(z)

Let Ep(z) be the nth order main diagonal Pade approximation to
E(z), see B.I, and define ¢,(2z) = |E(z) - Ey(z)| . The tables give e,(2z)
for n=2(1)10, r = 1(1)10 and 6 =0, W/2 , m where z = rei® ., The
expression in parentheses to the right of each number indicates the power of
10 by which the number is multiplied.

0
3}_ o] n/2 i m (Relative Error)
n=2 1
\
1 0.782 (- 5) 0.107 (- 4) 0.320 (- 4) 0.243 (- 4)
2 0.157 (- 3) 0,418 (- 3) 0.232 (- 2) 0.126 (- 2)
3 0.599 (- 3) 0.267 (- 2) 0.433 (- 1) 0.157 (- 1)
4 0.152 (- 2) 0.849 (- 2) 0.455 0.103
5 0.292 (- 2) 0.202 (- 1) 0.288 ( 1) 0.379
6 0.473 (- 2) 0.361 (- 1) 0.102 { 1) 0.732
7 0.686 (- 2) 0.542 (- 1) 0.247 { 2) 0.915
8 0.922 (- 2) 0.715 (- 1) 0.533 ( 2) 0.974
9 0.117 (- 1) 0.845 (- 1) 0.11¢ ( 3) 0.991
10 0.143 (- 1) 0.825 0.248 ( 3) 0.996
n=23
1 0.217 (- 7) 0.443 (- 7) 0.101 (- 6) 0.776 (- 7)
2 0.139 (- 5) 0.523 (- 5) 0.302 (- 4) 0.164 (- 4)
3 0.125 (- 4) 0.780 (- 4) 0.128 (- 2) 0.465 (- 3)
4 0.510 (- 4) 0.482 (- 3) 0.252 (- 1) 0.571 (- 2)
5 0.138 (- 3) 0.179 (- 2) 0.345 0.454 (- 1)
6 0.291 (- 3) 0.474 (- 2) 0.454 ( 1) 0.326
7 0.519 (- 3) 0.985 (- 2) 0.233 ( 3) 0.863 i
8 0.823 (- 3) 0.170 (= 1) 0.703 ( 2) 0.128 ( 1)
9 0.120 (- 2) 0.255 (- 1) 0.123 ( 3) 0.207 { 1)
10 0.164 (- 2) 0.340 (- 1) 0.254 ( 3) g.1028 { 1)
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TABLE B.II (Continued)

9
5} o] n/2 n m (Relative Error)
n=4
1 0.593 (-10) 0.128 (- 9) 0.302 (- 9) 0.229 (- 9)
2 0.144 (- 7) 0.610 (- 7) 0.375 (- 6) 0.204 (- 6)
3 0.273 (- 6) 0.209 (- 5) 0.366 (- 4) 0.133 (- 4)
4 0.186 (- 5) 0.236 (- 4) 0.130 (- 2) 0.294 (- 3)
5 0.738 (- S) 0.141 (- 3) 0.271 (- 1) 0.366 (- 2)
6 0.209 (- 4) 0.558 (- 3) 0.401 0.288 (- 1)
7 0.474 (- 4) 0.162 (- 2) 0.428 ( 1) 0.159
8 0.920 (- 4) 0.375 (- 2) o215 ({ 2) 0.499
9 0.159 (- 3) 0.720 (- 2) 0.945 ( 2) 0.822
10 0.251 (- 3) 0.119 (- 1) 0.237 ( 3) 0.952
ns=95
4 1 0.837 (-13) 0.187 (-12) 0.451 (-12) 0.342 (-12)
. 2 0.781 (-10) 0.362 (- 9) 0.227 (- 8) 0.123 (- 8)
3 0.319 (- 8) 0.284 (- 7) 0.502 (- 6) 0.182 (- 6)
4 0.368 (- 7) 0.588 (- 6) 0.316 (- 4) 0.715 (- 5)
5 0.206 (- 6) 0.574 (- 5) 0.102 (- 2) 0.134 (- 3)
k| 6 0.834 (- 6) 0.342 (- 4) 0.217 (- 1) 0.156 (- 2)
7 0.243 (- 5) 0.143 (- 3) 0.355 0.151 (- 1}
8 0.579 (- 5) 0.457 (- 3) 0515 { 1) 0.937 (- 1)
9 0.119 (- 4) 0.117 (- 2) 0.104 ( 3) 0.904
i 10 0.218 (- 4) 0.250 (- 2) 0.442 ( 3) 0.178 ( 1)
" n=6
j i 1 0.117 (-15) 0.268 (-15) 0.658 (-15) 0.499 (-15)
| i 2 0.423 (-12) 0.209 (-11) 0.135 (-10) 0.733 (-11)
b | : 3 0.376 (-10) 0.373 (- 9) 0.677 (- 8) 0.246 (- 6)
f 4 0.746 (- 9) 0.139 (- 7) 0.763 (- 6) 0.173 (- 6)
| : 5 0.658 (- 8) 0.217 (- 6) 0.384 (- 4) 0.505 (- 5)
| 6 0.352 (- 7) 0.192 (- 5) 0.118 (- 2) 0.847 (- 4)
| 7 0.134 (- 6) 0.113 (- 4) 0.258 (- 1) 0.956 (- 3)
E | 8 0.399 (- 6) 0.489 (- 4) 0.445 0.813 (- 2)
9 0.993 (- 6) 0.165 (- 3) 0.620 ( 1) 0.539 (- 1)
: 10 0.215 (- 5) 0.455 (- 3) 0.627 ( 2) 0.252




26

=
L}
-~

W O~NO U WM

)
o

=
]
@

O OO U & W

=
o

=
[}
[{e]

O®NOU s W

=
o

10

0.900 (-19)
0.140 (-14)
0.272 (-12)
0.932 (-11)
0.125 (- 9)
0.925 (- 9)
.462 (- 8)
173 (- 7)
524 (- 17)

0
0
0
0.134 (- 6)

.370 (-20)
.459 (-17)
.197 (-14)
.118 (-12)
.239 (-11)
.249 (-10)
.165 (- 9)
.784 (- 9)
.291 (- 8)
.895 (- 8)

OO 000000 O0OOo

.367 (-20)
.500 (-20)
.950 (-17)
.998 (-15)
.311 (-13)
.456 (-12)
.400 (-11)
.242 (-10)
111 (- 9)
.408 (- 9)

O 00000 0OO0OO0O0

TABLE B.II (Continued)

n/2

.233 (-18)
722 (-14)
.294 (-11)
.198 (- 9)
.493 (- 8)
.644 (- 7)
.534 (- 8)
.314 (- 5)
.141 (- 4)
.336

OO0 0000000 O0

.100 (-19)
.246 (-16)
.227 (-13)
275 (-11)
.108 (- 9)
.207 (- 8)
.238 (- 7)
.187 (- 6)
.109 (- 5)
.500 (- 5)

OO0 0000000 O

0.100 (-19)
0.500 (-19)
0.117 (-15)
0.254 (-13)
0.106 (-10)
0.442 (-10)
0.707 (- 9)
0.743 (- 8)
0.564 (- 7)
0.329 (- 6)

OO0 O0O0OO0O0D0DO0OOCOO0O OO0 0000000 O

OO0 000000 O0OO

=

.580 (-18)
.472 (-13)
.536 (-10)
107 (- 7)
.840 (- 6)
.367 (- 4)
.108 (- 2)
241 (- 1)
.436

.686 (1)

.100 (-19)
.164 (-15)
421 (-12)
.150 (- 9)
.184 (- 7)
115 (- 5)
.461 (- 4)
133 (- 2)
.301 (- 1)
.565

.100 (-19)
.377 (-18)
217 (-14)
.138 (-11)
.263 (- 9)
236 (- 7)
.127 (- 5)<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>