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INTRODUCTI ON 9
~~ The expression for the single frequen spati al corr ation fimc-

tion reported im - refe~~u~v 1 ~~ rqUci U~mi as been 
-~~~~ modified by Mr. B Cron o comply with the revised gen

era]. expression given _re~~~~T1ee3 . C~The expression for the single
frequency spatial cori~1 4ion function with directional noise g(c() —
cos o~ for vertical receivers aiTgiven by reference 2 is:

~~~~~~~~~4d ~~~~~~~~~
_ _  

D D C
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—1 ~~~r~ r~n n r -~
_ _ _ _  - _ _ _  

~J6 6

A .
(1)

I I

The definitions of the terms in this expression and those in subsequent
equations are found in the glossary at the end of the memorandum. )bst
of these definitions come from references 1 and 3.
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In this memorandum the expression for the spatial. correlation for
a frequency band was obtained by forming the product of the single fre-
quency spatial. correlation function end the power spectrum and then
integrating this product over a bandwidth. ~ LbiB expression for the
spatial correlation for a frequency bend va~~sb~~~ed by letting b
approach unity and obtaining equation (i) again.

DEVIATION OF THE SPATIAL CORRElATION FOR A FREQUENCY BAND 
- 

-

~~~~~~~~

The expression for the spatial. correlation for a frequency bend,
(‘(d,r, b), as outlined in the introduction is:

~~(d~ b) 

~ ~~~~ 
L~
z

~~~ 

+ (~~~~~~~~~

j

~ E~ 
- ~~~~~~~~~ df

L(’~~ ~‘.4-J
(2)

In equation (2) (‘(a, -1, b) can be thought of as being composed of
two parts e(d,T, b) and. ~‘,..(d ,r, b) where e(d,T, b) ..ni (~ (d,T ,  b)
are given by 1~.

~(drb) - ~hZ. ~~~ .Qd ~~.(~~ c#o,-I\ C.., w r r l f r

_____  

bed) ‘
~ 

5. .t (3)

(~ (e~~~) ,f~zI (~i)~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1~)

Equation (3) has been evaluated in reference 1 and is given by~
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-4::~F~ ~-‘~1I~ 
(aii~~~ 

4~~ t’M/ 0

- ~ fi~ [~~) 
~~~~~~ 

- e4A’) ~z1T~~ - I~

~4’j I?-”) ~~~~~~ (5)

which now leaves the solution of the integral in equation~~ to be eval-
uated.

In evaluating the integral of equation (Iê ) the following notation
is used c,..

.7: (7 I~j d
) 

(~g4
3.. (6)

-~~~ —. ~ - •~~~ , W 1’ 
d I-

— I -~d ~~~~~~~~~~~~

and

~~( d r h , ~ I~L_ (8)

By 1ettin~ u — kd — 2a f d/e ; then du — 2a d/e at and ~~ = u c/d 7’ —/ .2•
Equation (6) can now be written as

(9)

where U — 2K x/b and 2E bx

Using trigonometric formulas, equation (9) becomes

~/~)\ ~~~~~~~~~~~~~~ 

ilI~4’T1 ~ L( (10)

14,

j ~ ri
c 3
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The values of the integrals are given by P
1i~ (i-i~)J S 4 -, ~

vI.ii)LiJr
~
-’ — frg) ( 4~ (i- v)du

~~ L4~~ 
(4 ~ 14

H _ _ _ _  ~ ra-~~l
— (‘

~~~)~)(dI& [ fr.~’) 
3~p~$J — JI f (i-~) .iiri4J

(u)
and ( i.j~i)41j =.

H
./&

~
Using the same substitutions used in arriving at equation (9),

equation (7) becomes

7,r)((b- ‘/~5 
~~~~~~ 4 d L( 

(13)

Using trigonometric formulas equation (13) bec~~~s

(1 ~~ fe~’i~p~jJd k.t ?.“ i: 6-,):L d q (ile)

~~~~~ JL ~‘IIIntegrating this gives

= 
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F From equations (ii), (12), and (15) equation (8) bec~~~s

4., f~mq,(,t~cL ~~~~~~~~~~~~~~~~
1iq~- ‘/~~ L. all i(6 “71*6

I ..el~
-r) ”~

} + (it~) (4 kItv)17n
~
i
~
J_ 4’ [ ‘v 9rW6J~H

- (s-
~) f I~f ( I~~~~~~] - - j ~~Janrnfl

-4:  t ?rrbk j ~4 [ i ~~7i~J

_ 4~ U1-Y)
~~~~~my1 ~~~~~~~~~~

(16)
RegrOuping terms and u ing appropriate trigonometric torwal a,

.quation (16) can be rewritten as

(I d  
Y d )  . I [.. ~~.

2 ) 7X( 6- ’4) (
• ~4A ’~7i.~/ 1u14S’,) 1.74WA t

+
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The expression for (~ (a, T~ b) can be regrouped and written as:

4~ i b) ~ .f ~ ,.. em’a ,7,rw~ , ~~~~~
L

+ ~~~~~ T x c ~b
P7j)i b 5

H 
4~ [(,tv) 6xj-~~~~,-y)?,T~~

_ - L ~i~.sii~ri-x~aj
~~~~~~~~~ U,-~

(18)

Equations (17) and. (18) can be combined to give

(a(~ 7: = (~( d T )~) + (‘~(d 6)

j  ~ F~~~-~1 - ~~~ ~1x6(I-Irfl

~n~x(6- ’/4 L
_ _ _ _ _ _  

Z 6P ?Zr)($44

+ 4& ~~~ ~~~ - —4 a,-11I) w

(19)
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- 
- An alternate form of equation (19) Ia

9 x($- ‘/6) L ‘7~x 6

~7*’~~
- ~2 IrA 44~/ ,~ ~~~~~~~~~~~~~ ~~ ~~~~~~~~ J.a J7x4J~~

H - 
(20)

EVAlu ATION OF THE SPATIAL CORRElATION POE A PHE Qb~~~z
BAND AS b APP1~)ACHE3 UNIT!

As a check on the validity of the spatial correlation for a fre-.
-
~~~~ quency band)b was allowed to approach unity in equation (19). By letting

— A, 2xx(li4t) a B, and 2*xji~~ C equation (19) becomes

~~~~~ 

_ _ _  
C.v$~ ~~~~~~~~ ~~~~~~
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By expressing the cosine and sine integral in the following series
(References Q~) and (5))~~ 4 
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equation (21) becomes
r ,~, 
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Applying L’ Hospital’ s rule and letting b approach unity
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which can be rewritten as

~~~

I,i °(d,i;h)

(26 )

Substituting the appropriate values of A, B, and C equation (26 )
becomes

j°( d, i 
~~~~~ 

f -~--r~ ‘rx(’- g~j j  -. ( ‘{~7TX$J }.

(27)

Equation (27 ) can be written in the form

D (d1 ? 6) — ____  t- ~~ (4d-’~X)
(.- (4s)

L (28 )

Using the proper trigonometric formulas , equation (28) becomes
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Equation (29) is the desired result. Thus, equation (19) has
been verified by letting b approach unity with the expected result of
obtaining equation (1) again.
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GU)SSARY OF TER)I~
SI 

~4 is the angle between the line connecting the receiver and noise
source and the vertical line passing through the center of the

- ,  circular area of noise sour ces

• d is the distance between receivers

T is the electrical time delay

- 2K/ waven~nber

• ~
. >. — c/f wavelength

W - 2’tf angular frequency
I c is velocity of sound

• 1 
b a

x

— c/j4~~ geometric wavelength

is geometric mean frequency of flat bandwidth & to S- .

H . - . 51(x) — f~~~~~ ’~~sine integral

d

1
- 
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