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~~ This r~ A1QraIidum is a continuatj cn of refer-enee ~~ which
discusser. the ef f e c t s  of the transducer internal inq edance(z~, or Z~~ ) upon the behavior of unsteered planar arrays , A
dctailcd discussion of the effects o~ the co~~onents qf the
transducer equivalent circuit upon Z~ is contained in~ refer-
ence .(b)-~ Results are presented in this memoranctwn showing
the effects of beam steering and Z~ upon the behavior of 80element planar arrays. Three main criteria vi].]. be used in
evaluating the behavior of the arrays : cavitation-limited
power, velocity-limited power, and the occurrence of negative
radiation resistances.

ARRAYS CONSIDEI~ED

The arrays were all 8 rows by 10 columns , as shown in
figure 1.
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They were coii~posed of identical close -packed circular pistons
i.n ~i.n infinite rigid baffle. Three values of the piston ka
were used: 0.5 ( )‘/6 approximate diameter), 1.0 ( A/3 approxi-
mate diwneter) and 1.5 ( )/2 approximate diameter). The resis-
tive part of Z1,R1,was taken to be zero, but seven different
values of the reactive part of ZI,X’, were used. The values of
X’ are given in terms of the ratio XI/X11, where X11 is the self
radiation reactance of the piston alone in the baffle. The ratio

was taken as +1, 0, -1, -2 , -3, -5, and. 00. For the jth
element of an array , the Thevenin equivalent driving force (Gj ),
the velocity (vi) , the radiation iu~ edance (Zn), and Z1 are
related by

Gj = Vj(Zrj+Z
1). (1)

The driving forces were all taken equal, so that an XI of 00
caused equal velocity magnitudes. The arrays were steered in
the direction of the longer side of the array , by keeping a
constant phase difference between the driving forces in adjacent
columns. Due to the mutual coupling, the velocity phases do not
neces~arlly ma! ~1r ~ this phase ~ ;‘ference , ~o ti~~t t h e  ma~ imux41
response of the transmitted i eam is n~t necessarily at the desired
steering ~nCle. Figure 2 shows a portion of the pattern for the
ease of X /X~~=-1, ka=1.0, and 9st (steering angle away from
1~roadsjde)=6OO. Ttie con~uter results from which figure 2 wastaken show that the maximum response occur s at about 9=570, but
tk~e response at the desired steering angle is only 0.1 d.b ~kwn
from the maximum.

CAVITATIOIi-LD4rrED 1~ WER

• Figures 3a, 3b , and 3c show the effect of steering on
cavitation-limited power. With a few minor except ions, cavi-
t(ttiOfl-limited power steadily decreases as the steering angle
increases. The cavitation—1imit~ : powers are normalized to the
cav!tation-lixIIitat jon power for the unsteered. case with equal
veiccities. As shown In reference (a) for the uristeered case,
cav~tatj on-1imj ted power is higher for the cases with ZLO than
for the equal vclccity cases 5 Table I ~ives a sw~u~~ry of the
advantages in cavitation-limited power of Z1=O over the equal
velocity . ‘ases.
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Table I

4 Advantage in Cavitation-Limited Power (Db)
c.~ Z’=O over Equal Velocities

ka Qst=0°(Broadzide) Qst=90°(End.fire)

2.2
1.0 2.1 3.9

1.t~ 2.I~

As is shown in Appendix B of reference (a), tl~e peak pressure
on a ~iston ~ cl3zely related to the acoustic force on the
piston . The acoustic force is obtained from

Acoustic Force = (Radiat~orL Iu~ped.ance)x( Velocity) (2)

Equations (i) and (2) show that when Z~=0, the driving forces
become equal to the acoustic forces. When the acoustic forces
arc cqual , the pressure distribution on the array becomes nearly
uni~orin, as is shown in figure Gb of re~crcnce (a). h owever,
for the equal-vc.locity “ase, the ~woust5 forces are directly
nre rui t..onr.1 to the radiation ii.~pedance~ , vhleh va.rrj  consider—
~~~ c’ r th~’ arrs.:, , an~ ~~U 1rur y to c. ~r~at er extent for
!~~~~r steerthr angles. The cavitation—limited power for all
valuez of Z’ also decreases as 9st increases because the acous-
tic load on t~-~e pistons becomes more and more reactive as Q

~tincreases. Table II gives the average radiation resistances
(R/ ..cA) - hat ‘~:ere con~uted, and Tablo 11 gives the average

• r~’~Uc’~tior. reacta.nces (X/1i cA) . Note that the average radiation
reactance increases muth more rapidly than the resistance as
9~t increases.

The cavitation-limited power index I was presented in
reference (c) by Sherman. In reference (ci), Chin con~uted ~
fcr some rectangular radiators with traveling waves Iiçosed
or. them in such a way as to simulate steered arrays of’ small
close-pai:!ted. pistons (with velocities equal). As would be ex-
pected , Chin ’s graphs of V versus ~st have the same shape as
the graphs ~~~~~~~~~~~~~~~~~~~~~~~~~~~ and 3c.
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VELOCITY-LflvIITED POWER

Piç~.res i-a, ~~~~, and 4c show th~ effects of steering onvclocity-lis itec: power. Strai~~t line se~~~nts were used to
connect the discrete points for which the computations were
done. As would b~ expected, the equal-velocity cases (X1=oo)
have the greates- velocity-limited, power , as all of their
pistons arc at the ir.aximum permissable velocity. The powers
in fi gures !4a , - 

~~, and t~c are again normalized to the equal-
velocity, unsteered cases. The Z1=0 cases have much less
velocity-limited power than the equal-velocity cases, as the
Z1=C cases force their pistons to maintain a constant product
of vole city and radiation impedance , so that many pistons will
be operating far below the pe~~issab].e limit. As 

~6t 
increases,

the variation in radiation impedances grows worse, so that the
upstream end of the ar ray has high velocities and l.ow radiation
i~~edarces, and the downstream end of the array has low veloci-
ties and ‘!•1 radiation impedanc~c, and neither end is able to
radiate a Lar~e amour.t of acoustic power.

For the cases where X1/X L~ was -l or -2, poor velocitycontrol was usually present, so that velocity-limited power
was 10%:. For these c.ases, velocity-limited power generally
continued to decrease as 

~at 
increased. However, for the

equal velocity cases and the other cases where velocity con-
trol wa~ generally hood (X1/X11=+1, -3, and -5), velocity—
limitel power reach.~d a n~axirauni for some sizeable steering
angle. ~~ st~ “~~ ti ~u~i” steering angles appeared to be near

~~~1’ 
~~~~~~~~~~~~~~~~ 

:c~ ka—l .0 , and 750 for ka=l.5, However,
~ “.is o~tirs~ ~~ring angle is siainly ~1c~ttri~ined by the sizec~’ Y.L ar~’~-- , r.r~~~ t~.e s~zc of the pistons in it. In reference (d),

i~. ~~~ ca’~~ ~esi.ts for the rt~disticn i’e~istance for the icc—
~an~-’slar rad±atcr rr~od~’j of ~ rt~ ered array . When the velocity
le~ici is fxe~, the radiation resistance then determines the
a~~ustic po~er. Therefore, Chin’s results for the radiation

~~ the steered rect,angJ.e are closely related to the
ve.~ocit~i-.’.irnited power of a close-packed array of the sante
~~~~~ cAimer.sions as the recta3 gle. Unfortunately, Chin did
n~t :-~ave a rectangle of the saai~e outer dimensions as the 80elem’~nt array in this report. However, his figures 5 arid 6

- .~.c. show rectangles with maximum radiation resistances at large
steeriij,~ angles.
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0CCURR1~.’NCE OF NEGATIVE RADIATION RESISTANCES

Table IV gives the ziu~ber of elements having negative
radiation resistances in each of the arrays considered.
~lemez~ts having negative radiation resistances are absorbing
pa’.~ cc from the rest of the array, and are evidence of badly
bc:iave1 ro~~. The worst of the arrays considered had 38
elexaentz with negative radiation resistances, nearly half of
l~~~ er~tire a~ra ,’. As was expected , the bad cases occurred
i~ostlj for X t’/X11=-l and -2 , and more often for the sma]J. ka
z~:a~ for the 3ar~ er ka. For ka~O.5, negative radiation re-
~i~tancc~ occ’~rre~ over a wider band of XI/X11 at small steer—
~n , uigles than for large steering angles. However , for ka=l.5,
the only occurrences of negative radiation resistances were at
la-he stee ring angles. I~ okin~ at Table IV as a whole , negative
raiiatior resistances occurred slightli more often at larger
.3teerirlt, angles.

~ON~LUSIONS

Cai ttatioc limited power is maxiisum for broadside steering
and Z1=O. It gro~ts worse as the steering angle increases.
Velocity limited power is maximum for ZI=’OO, and occurred at
some optimum steering angle which was dependent upon the size
of the array, with the larg~ arrays having a greater optimum
~tecrin~ angle . Negative radiation resistances occurred
slightly more often for larger steering angles; and for kaaL5,
they only occurred for large steering angles.

‘
~ ~--2

- --I - ~~~ .~/ I

David P. Porter
Mathematician
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