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ABSTRACT

It is shown that for almost every system of n polynomial equations

in n complex variables, the number of so1utions~ is equal -to----q ~~- fl-----q .,
i=l 

1

where q. is the degree of equation i. ~~The proof of this result is done

in such a way that all q solutions can be explicitly calculated for

almost all such systems.

It is further shown that if the polynomial system obtained by retain-

ing only the terms of degree q. in each equation i has only the trivi al

solution, then the number of solutions is equal to q.
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SIGNIFICANCE AND EX PLANATION

The existence and uniqueness of the solution of systems of linear

algebraic equations Ax = b depends on the ranks of A and the augmented

matrix (A,b). The theory is particularly simple when A is ~ square

matrix: a unique solution exists in “most” cases, namely when Ax 0

has the trivial solution x = 0.

Although of obvious practical and theoretical importance, analogous

questions for systems of n polynomial equations in n unknowns do not

seem to have been settled definitively, except for the case n = 1, which

is the classical theorem that every polynomial equation of degree q has

exactly q complex roots. This paper shows (as one might expect) that

for “almost all” systems of n polynomials in n complex variables, the

number of solutions is equal to the product of the powers of the highest

•) r J ( ’r J terms in each of the n equations.  A sufficient condition is

given for this situation to occur. In this case the solutions can be

caieuiated by a path—following procedure.
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ON THE NUMBER OF SOLUTIONS TO POLYNOMIAL SYSTEM S OF EQUAT I ONS

* **C. B. Garcia and T. Y. Li

1. D~rRODUC1’ION

The fundamental theorem of algebra states that every polynomial e’quat cu ~‘f one

complex variable has q roots, coun t ing mul tip l ic it ies , where q is the icurt e ci

the polynomial. This paper generalizes this theorem to systems of n pulynomial

equations in n complex variables. It is shown that for ‘almost all” s c t Ins , t he

n umber of solut ions is equal to q 11 q . , where q . is the deqte, (the powet of

the highest ordered tenS) of the ith equation. ~~iphasis is made on b eing  able to

calculate all solutions. Hence, the proof is written such that these q solutions

can be calculated if desired by the path-following method first described in 171 .

(Extensions of this approach may be found in (3 , 5, 8).) Moreover , the met h,d of

proo f -an  be used to f ur n i s h  a new const ruct i ve and topo log i c t  1 j rco ci the  c I i. .; cal

a I ~ ,‘bt at theorems o I Sezout I l l  I , and Noet hey and van ler Waerden (9 1

By “a lmost a l l ’ , we mean that  the property is  “ typ ica l”  or “gene r ic ,  a l t h c uq h

the re  may be “e x c e p t ion a l”  cases. However , t h i s  does not necessa r i ly  mean that the

except iona l  cases are un impor t an t .  For example , for l inea r  systems , our theorem would

redyt -, to a ~t it em e nt  t h a t  the so lu t ion  is almost a lways  un ique .  Yet , this does not

mean tha t  one can ignore the special cases when there is no s o l u t i o n  or an i n f i n i t e

numbe r of  s o l u t i o n s .  Hence , because the “except ional”  cases are  impel t a u t , Wi’ St t t d \ ’

i n  sect ion c c n d it  ions where  one can s t at t ’  w i t h  c er t a in t 1  the n umber of eel ut ien.-.

to a part  icul ir  problem. Fh~ e , a s u f f ic i e n t  condi t ion  is i i  v~ n for  the n umber of

el ut ions to he e x a c t l y  q.
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§ 2 .  GEN EKICI’ i ’Y

l~~t P : C~ C ’t be i i~ t l yn o mi a l  system, .11 ’  re C~ is the n—dimensional complex

spa ce . By a polynomial e y e t e m , we mean t h a t  each term in every equation is of th ,- form

az~~~~
r

2 , , ~~~~~~ ( 2 . 1 )
I .~ n

where  a i. ; a complex n umber , z , a comp lex va r iable , and r . a nonnega t ive  integer.

We are  in te te, ; t ~ d in the n umber of solutions z (z , z , . .., z ) to
1 2  n

P ( z )  • 0

For each term (of  the form ( 2 . 1 ) )  in  each equation i ,  consider the sum

r
1 
+ r , + ... + r .  Let q .  be the maximum sum in equation i .  We assume q .  0,

for a l l  i .  We cal l  q .  the degree of P . . We show that  for a lmost  all  P ,
n

q • fl q ,  is the number u~ solut ions to P l z )  = 0.

By “almost a l l” , we mean that  the property is generic. In other words , imagine a

class of problems

P ( z , w )  = 0 ( 2 . 2 )

where w is a parameter vector ranging over some complex space ~
m
. To each poly—

nomial system is associated a parameter vector w, the correspondence to be made

precise in a moment. It is best to t h i n k  of w as a random vector governed by some

probability measure on ~
m
. An “exceptional” ~et is then a set whose probability of

occurrence is 0. A condition holds g~ nerical1~ i f  i t  holds wi th  probabi l i ty  1. The

theorem we show is

Theorem 2 . 1 .  For a l l  w except in a sot of measure zero in ~
m

, the system
n

P(z,w) 0 has exactly q — TI q, distinc t solutions.

Let p ~
n 

C~ be g i v e n .  We d e f i n e  the parameter  w to be the vector of

coefficients that uniquely defines P. Given w , P is uniquely  de f ined ,  and vice

versa .  The vector w belongs to some complex space ~
m
, for  some in. The integer

m is determined by t hi - leg ree,; q. , a l l  i.

We also distinguish certain coefthiente of P. First , let  a (a ..) c

be t i n ’  entries of w such tha t

— 2 —

__________ 

~~~~~~~---— -- 
~~~~~~~
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~ t “ ~~t. l i i , -, tj n t  ~‘1 I , i t t  u~iUat  ict i

lIt ~ - it , l et  I’ be the c ut  i 1 , - c ’ n .c~~-h that 1’ t C ~ the - , ‘,c; t , t l , t  t t ’ t m  ci I’
I 1

t i  a f t  . F ,n.i I )  y ,  l et  ~
- in ’  those cut t, ’,~ ci I’ w h t c h  ats the coet t i - t s  lilt . s ’t

t e, ms s t  - I c — i t cc -I s s ~~t t i t  i,n, i , i t  a l l  t ‘‘ ‘~~‘‘~i I tint t h. .m ‘ i l l  J I
I i i

I , ’ . t t - i t s ~t \ .  . I. .1 , I - , , dl h i t  I ‘pi e I v  1~. I i ne s s  P t : , w 1 —

-
~ i” ;s ’ ( ‘I  00 i s i  shown t’~ I s~ I lowing t h .  p.it t i n  si, - ~~~~ t t~’nl t’y the honistcj ’~

‘ni itII S ‘ Si 5 - i s  Ii i S le t  m ost by

‘i iIt t : , t , w l  — (I — t i~~: — I) + t i ’  t ;’ ,~.l • ( ‘ t i
1 1 i

i 1 , . ’ , . . . , n .

i~~’t .t i t  \s ’l w e ~
m 

s t a r t  t u g  f rom t h e  ‘1 fl q .  t m i t ’ t a l  ss ’I U t  i s ’t t ~ i wheli I —

we I s ’ I 1 ow t hi ’ so I n  t t e ns as t i si m .-tdua I I y le fot-mesi t e sn t s - ,s ls- .e t vi ’ I h a t  i i i ,

t i iv  t a  Set  hit  t~ ’t tS  t,,’sel not be as chosen, but could he s -he set i  a t  1’ I t  i i ?  t l v ’ . i t  w i l l

i’ m ’ hews ;  t h a t  t c t  a lnwms t  . i l l  W , the sd Ut 1 ~‘tI n et

• ~~~~, i t  l i f t ,  t .w t — i~~, ;‘ t i i  t . . 4 1 I -w — —

-~~i s i - i -; ci  - i l i nt  tn,-t paths, wh e t , ’ ,‘,i5 -h p a t h  st am t s at  a t i ,  v i i i  solut  tOn at t •

mis t , - se l - - a t  .t nd lit ion te  1’ ( z  , w l  — 0 at  t I ,  tl , ’nce , l e t  .-m l nw ’st .ml  1 w , I’ (t , w l  0

c- -I t t - t i e  I - e t t i t  t s ’t . s .

— s ’ F p 
- 

s is, ’ a s l it  t e t i ’ l t  I i ~ l’ le  inSI’ . I ‘c i  an y  x ( P. I’I ~ I ci I i  ic net e

t i , . - i s  s s ( s l . i i t  . 1  F at x - i t  x • u , v t  .av • I’ F ~ 1 w i l l  ~ti’i,ot e t h e  pat I t t l  .Iei t
u

i iv, - ~‘I t- w t t i t  i ~- - ; l - s ’s - t  I , ’ U. Il t . I i I k  Pt-’~ x 1 .;, is-,, i n; a e ,t  I t S - a l  t n t

I - t  F .  s ’l hs - t  ~~ t - s . ~ t - - a t s - - i ; , i . t t  15 5 1 1 , 1  t e l  F - i t  v — F ~~ 1 5 ’t ns ’n ts t I t  i i l  l’.’t t t t

~~ P V t - - i t l  I - - tn a s i i  .1 v.i I t , , - c i  1’ ‘1 t ;~~t -s’ , y a t ,‘~i , t l  m l v i i  us ’ ci I -

In s t  i - i  t h . i t II t i ’ l  is , - ‘. ‘ii s- , n t  i n g  ,‘I ~ at l s. , we -.h a ll t , ’sp i t  i s ’ a t s ’. t t t l a t  i t  V

l i t  I - ‘ii ‘it II i t i , l  ~ ti I’ . l e t  I 1t. ’t t  WO C i tt  h i ’5 t , e  i s ’ 11 ow IIi.~ t t i , ’,’i em ~~~~~ in 1 ‘1 1

t s .  ; t t I . t t t 1 ~~ _ -~~s t s ~ f t t  s it i  l t s ’ I s t

2 . .’ . c t V , ’fl w t •~~
, 1, - i  0 1’,’ - i t s ’ s t . i l a t  v a l t i , ’ ot t V  , W l  .at,,i 0 a t e g u l a t

h , l t s -  ci ll, - , 5 1 l u s t ;  t S  , ‘ t - i l ! ,  I~~ i s~~1t Scu ll i s - I ,  i f l  II ~~~ ~0l  at

it t P s t  I — I i s  au s ’ i , s l i \ ’ l i t I  , st th,’ )‘~ t I i .  Met • ‘s ’ V ” %  • t I -  Il~~’tt, ’t , ’It i ~ .t I  l v

1100 1 1, 1 5 5  - t t s ~ I ‘ t e t S s t - _ t 1 ’ 5 1’  ,‘a , l i  1’.i t  l s .

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
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The mono ton ic ity  of t in T h ’- o i . u n  2 . 2  imp lies tha t  no path can be hcsm€-omorphie 
—

to a c x r c l s - . Therefore . each so lu t ion  of 8
1
(O) starting at t 0 (or  t 11

w i l l  O i t - -s  go to in fini t or ~~ to ~ soluti:n of H 1 ( i s )  at t = 1 ( t  = 0 ) .

I t will now be shown that for almost all w, no patti of H
1
(0) diverges; to

inftni ty on {(z,t)I0 t ‘ 11. Ik-ts c c- , for almost ill w , H
1 (0) consists of -~

paths. Ea4 h path connects a trivial solution at t 0 to a solution of P(z,W) 0

at  t — I. Hence P(z,w) = 0 has q solutions.

We recall the Transvei-sa lity Theorem I l l .

Theorem 2. 3. For D C R~ , let F : 0 R Ps-  r-continuously lifferen tiable ,

where r -‘ m ax t o ,p — sL  Suppose r RS is a rssyulor value of F. T~~ -n for s1I

U e R k except in a set of measure zero in R
k
, y is a r i - ; u l a r  value I :  F ( , U ) .

Let us apply this theorem to P(z,w )  = 0 . Recal l  that w is part itions- I into

w = (a ,b,c,d).

Lemma 2.4. For all a,c. and d, and for all b s-x :s-t~t in a Se -~ t rite tire’ S’s : :  - ,

0 is a regular value of P(•,w) and 0 is a regular value of H (,~~,w).

Proof :  Clearly. 0 is a regular value of PV, a ,’, - ,d) ins - t
1 P = I is of f u l l

rank. Hence, by Theorem 2. 3, 0 is a re-;ula r v s t l ’ ; s - of P (~ ,a ,l , s- , fl for lt :ns5 - t  ~l l

b. St un; larly, 0 is a regular value of H(~~, 
. , m , , c , I) . Pen - f i r  almc s a l l  I ,

0 is a regular value of U (, - ,a,b,c,d).

Next, given w let 
~ 

consist of the te r ms  of ) ( z , w) ‘s i t l t  ( i s s 3 r  - -

lb: ;erve that the entries (a ,c) of w uniquely identifies -p . In Ia- - s - -~ e ~~sHt e  2

as (.~( z , a , c)  — 0. Now define
q~

G . (z , t , a, c) = (1 — t ) z .
1 
+ tQ. (z,a,c) = 0 (~~ • 5 )

1 1 1

1
2

Lemma 2 . 5 .  For arbitrary c and for all a ~ s~~ except in a eel of rs- 5lnil re i i  s ; ;

2n - -C , C) i s  a regular value of G (~~,~~, a , c) on the domain s - f  {(z,i- jz ~ 4~~.

Proof :  I f  t — 0, then z 0 is tlts- o n l y  so lu t ion  for  5 ; ( ~~, 0 , a , c t  0 . Ss- , I c ’

t ~ 0 and z ~ 0. Choose ~ such tha t 2 . ~ 0. Thee , di tter ers t i -iting G wit

rcs 1sf s t to a = (a
1 

, a~~. a~~ ) we q s -  I P G i s -u  to  a d i  t o n i  I m a t i  i x  i ,  t i

— 4 —
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~~ ‘i t t i t  bed I , l~ ’ 1 w be cut S i sle thts net s s i moasut-~’ tO i s ’ - C l, ’,t~ 1 t i 5  s . ’ r \ 5  l w ’ s
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t~t t  , a , ci — II: t. i i 
~~~~~ 
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I?  t - I l • t 151 t s . % . 5 ’t

— j 1 1 5 1 i~~ is t:i .ti ,t h l ,a, ,’l — 11 t .i s 5 , t t i a \ , w r-
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‘l~ 

I 1 - t ,., t • I l 
~~~ , : 1 ,t • . i ,  ~O 
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u, ’ns~,’ , w i  I t t  I : ,  i i  .a ,‘i t i n t , ’, I \ ’ t t t t ,,~ 
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§3.  SU F F I C I E N C Y  CONDIT IONS.

Suppose we a s s -  given a particular polynomial system P ( z , w) = 0. How many so lu t ions

w i l l  t ? : , - i s - be to thins j -c l ynomial  system?

The an swer , as shown in Section 2, is: “q, wi th probability one” where q is

t h e  i rodu -t ci  the degrees of the equations. The problem with this answer, however,

is that oftentimes , when faced with a particular polynomial system, we need an uncon-

di tional answer.

This section shows a sufficient condition for a given polynomial system to have

exactly q solutions. Then, we show how the condition can be applied to certain

non trivial polynomial systems.

The theorem we show is

Theorem 3.1. Let P(z,w) = 0 be given, and let Q(z,a,c) = 0 be its corresponding

highest ordered system of equations. If Q(z,a,e) = 0 has only the trivial solution
n

z • 0 , then P(z,w) = 0 has q IT q .  solutions, where q.  is the degree of P . .
i=l

Our method of proof of Theorem 3.1 can be used to prove the classical theorem of

Bezout [111 and the theorem of Noether and van der Waerden (9]. The f i r s t  theorem

states that an arbitrary P(z,w ) = 0 has at most q isolated solutions. The second

theorem states that under the hypothesis of Theorem 3.1. P(z,w) = 0 has at most q

distinct solutions. (This theorem was rediscovered by S. Friedland 161). These classi-

cal theorems were proved by algebraic approaches.

Let us introduce a definition for multiplicity . Consider an isolated solution

of P(z,w) = 0. Let N be an open neighborhood of ~ 0 
containing no other

solution of P(z,w) = 0. Let deg(P(.,w),N,O) be the Brouwer degree, where P(.,w)

is regarded on the space R2n
, the space induced by in a natural fashion. (2)

states that deg(P,N,0) is always a positive integer. We say is a solution of

multiplicity k if deg(P,N,O) = k. Thus in Theorem 3.1, every solution is counted

k > 1 times .

To prove Theorem 3.1, we need a couple of lemmas.

-6-
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Lemma 3.2. Let P(z,w) = 0 be g iven . I f  Q ( z , a , c) = 0 has only the tr iv ia l  so lu t ion ,

ttn5 n there is a f i n i te, nonzero number of solutions to P(z,w) = 0.

Proof: By Theorem 2.1 , fo r almos t a l l  e f ?, P(z,w + e) = 0 has exactly q

solution s, Let 2(e) be a solution of P(z,w + e) = 0. We show that the sequence

iz (e) i remains in a bounded set as e approaches ~t .

For con tr ad ic t ion, suppose 
~
z(e)IJ -

~ as e -• 0. Then

a.c) = Iz ( e )  
~~~
‘ Q (z(e),a,c)

= I I z (e ) I I  1 EQ. (z(e) ,a,c) — P.(z(e),w + e ) ]

= ~~~~~~~~~~~~~~~~ (Q
~~

( z (
~~~~~~~

) - P (z(e),w) - P . (z(e),e)1

- 0  as e - ~~O

Hence , if z is a cluster point of 

~~ 
we have Q(z,a,c) = 0, li z I l = 1, a

con tradiction .

Thus , each z(e) remains bounded as e approaches zero. By continuity, all

cluster points of the sequence {z(e)} are solutions of P(z,w) = 0.

• Hence, the solution set of P(z,w) = 0 is nonempty and bounded. But from [10,

Corollary 2.21, this implies that each solution is isolated. Therefore , there must be

a f i n i te, nonzero number of solutions for p(z,w) 0

Lemma 3.3. Let z° be an isolated solution of P(z,w i = 0 of multiplicity k. Let

N be an open neighborhood of z° containing no other solution of P(z,w) = 0. Then,

for all sufficiently small e f C
tm 

such that 0 is a regular value of p (.,~q + e),
r

P(z,w + e) = 0 has k distinct solutions in N.

Proof: Since the Brouwer degree is invariant under small perturbations , for a l l

s u f f i c i e ntly small e, deg(P (’,w + e ) , N,0) = k. Since D P(- ,w + e), regarded on

the space R2°, has nor.negative determinant [4], and since 0 is a regular value of

P(•,w + e ) ,  we have that the number of solutions for P(z,w + e) = 0 in N equals

the Brouwer degree, namely k.

We are now ready to prove Theorem 3,1.

—7— 
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Proo f of Theorem 3.1.

From Lemma 3.2, the solutions for P(z,w) 0 are {z
1
,z
2 

~1 ), fo r some

integer p > 1. Let z
t 

have mul tiplicity k., for i = 1,2 p. By Theorem 2.1 ,

for almost all e, P (z ,w + e) = 0 has q distinct solutions.

But as e approaches zero, these q solutions will tend towards s o l u t i o n s  of

P ( z ,w )  = 0. Hence , we have from Lennt,a 3.3 that q = k . .

Remarks:

I. If 0 is a regular value of P(~~,w) in Theorem 3.1, then a l l  q s o l u t i o n s

w i l l  be dis t inct .

2 . Given an arbitrary system P(z,w) = 0, by Lemm a 3.3 and Theorem 2.1 , the

n umber of isolated solutions of P (z ,;) = 0 is at most q. This is the classical

theorem of Bezout.

3. If Q(z,a,c) = 0 has only the trivial solution , then by ~emma 3 .2  and

Bezout s  theorem above , there are at most q distinct solutions of P(z,w) = 0.

This is the classical theorem of Noether and van der Waerden [91.

4. Given an arbitrary P ( z ,w) = 0, all Isolated solutions can be generated by

the method in [ 7] .

5. The hypothesis of Theorem 3.1 can be constructively ver i f ied .  For there  is

a classical procedure [11) for determining whether or not a homogeneous system Q = 0

has nontrivial solutions.

6. Note that the condition : Q(z,a,c) = 0 only has a trivial solution , is a

condition on the forms in which P(z,w) = 0 is written. For example , the system

2z
1
z
2

+ z
1

l

z
1
Z
2

+ z
2

2

has only two solutions, so that Q = 0 must have nontr ivial solutions, as indeed i t

does. The equivalent system, however ,

21 
— 2z 2 =

z
1
z
2

+ z
2
= 2

— 8—
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i o n l y  t i u s - u m I  s o l u t i o n s  for  ç- = 0 , so that th is  form of the equa t ions  reveals  t h a t

t h e  sys tem t s a r -  on ly  two solutions.

Finally, let us show some applications of Theorem 3.1 to certain systems .

Theorem 3.4. Let PCz ,w ) = 0 be such that Q(z,a ,c)  = 0 is of the form

e . z~ , i = 1,2 n (3 .1)
j=l 13 3

where are complex numbers, and r a positive integer. Then, it e = (e . )  is

r ions ingular , P(z,w) = 0 has r~ so lu t ions .

Proof: The system ey = 0 where y = (y
1 

y )  are complex variables has only the

t r i v i a l  solut ion.  Thus, the system ~ e . . z~ = 0 all i, has only the trivial
j= l  ~

solution, a

Let e (e . . )  t C
T1 

A principal submatrix of e is a submatrix formed by

deletinq row i and colutut-i 1, for  i~~ I , where I {1,2 n} (I = $ is

poss ib le) .

Theorem 3.5. Let P(z,w) = 0 be such that Q(z,a ,c) = 0 has the form

s~ ma— —  1 rI Is Q. (z,a,c) = z . ( ~ e , . z .) . ( 3 ,~~l$ 1 1 , _ 1]J

I f  e = Ce . , )  has nonsingular principal submatrices , then P(z,w) = 0 has TI (r+s . l
I 

i=l
solutions.

Proof: Consider any z satisfying Q(z,a,c) = 0. If z ~ 0 , then let z = ( z
1
,0)

where z ~ 0, all i t I . Since Q, (z, ,c) = 0 , all I € I, we must have
1 1

~ e .z~
’ 

= 0, all  i E 1, i.e., e11y 1 = 0 where e11 is the pr inc ipal  submatrix

fo~~ ed by deleting row i and col~~~ i , for i f I , and y.  = z~~, ~ € I. Since

is nonsinguj ar , y 1 0, a contradiction.

— 
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in such a way that all q solutions can be explicitly calculated for almost all
such systems.

It is further shown that if the polynomial system obtained by retaining only
the terms of degree q. in each equation I has only the trivial solution , then
the ntm~ber of solutions is equal to q.


