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ABSTRACT

This paper presents abstract error est imates for mixed methods

for the approximate solution of elliptic boundary value problems.

These estimates are then applied to obtain quasi-optimal error

estimates in the usual Sobolev norms for four examples: three

mixed methods for the biharinonie problem and a mixed method for

nd
2 order ellipt ic problems.
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SIGNIFICANCE AND EXPLANATION

This paper presents abstract error estimates for mixed methods for the

approximate solution of elliptic boundary value problems. In a mixed method ,

one introduces an auxiliary variable , usually representing another physically

important quantity, in order to write the differential equation as a lower

order system . One then considers Ritz-Galerkin approximation schemes based on

a variational formulation of this lower order system. The abstract estimates

are then applied to obtain quasi—optimal error estimates in the usual Sobolev

norms for four examples: three mixed methods for the biharmonic problem and

a mixed method for second order elliptic problems. In the biharmonic problem,

for example , one obtains by these mixed methods direct approximations to the

stream function and vorticity in hydrodynamical problems or to the displace-

ments and forces (or mcznents) in elasticity problems.
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171 are not quasi-optimal. A similar difficulty arises iii the anaLysis of the Hermann-

Johnson [13 , 14 ,151 and Ciarlet-Raviart [91 mixed methods for  the biharmonie problem . In

l a te r  work of Scholz [21 1 and Rannacher (191 quasi—opt imal error estimates Were obtained

f o r  the mixed methods of Ciarlet-Raviart and Rermann—Miyoshi , although the syst~ na t ic

approach of Brezzi  and Babu~ ka was abandoned .

In a forthcoming paper of Babu~ ka , Osborn , and P i t k~ ranta  [31 quasi-optimal error

vs;tima tes for  mixed methods for the biharmonic prob 1~~n are derived by an app l ica t ion  of

the results of R r ez z i  and Babu~ ka. In this work a new famil y of (mesh dependent) norms are

in troduced with respect to which the above mentioned mixed methods (Ciarlet-Raviart ,

H e r m a n n - M i yoshi , Hermann-,Johnson) are stable. Error estimates in these norms then follow

directly f rom the results of Brezzi  and Babugka , once the approximation propert ies of the

subspa ces V
h 

and W
h 

have been determined in these new norms. Error estimates in the

more standard norms are then obtained by using the usual duality argument.

It is th c  intent of this paper to provide an abstract approach to the analysis  of

m ixed me thods which  leads to quasi-optimal error estimates, uses only standard norms,

.11)0 is systematic. We shall assume that existence and uniqueness for the cont inuous

(inrin ite dimensional) problem has been established and develop an abstract framework under

~ i ; s s ’1s . ( i t , i s ; i - r s i ’ t i m a l  error estimates can be derived for  a v a r i e t y  of examp les which do not

f i t  w i t h i n  Uit’ ‘onVergence theory of BrezZi and Babu~ ka us ing  the usual  norms.

s~s s ’t ion .~ s’onta in s  the  abs t rac t  convergence r e s u l t s  of the paper.  In Section 3 we

N ” ” ’  u t  t . ’sir , ‘xantples p rev ious ly  anal yzed in the l it e r a t u r e  and show how error es t imates

5 ’.sn be - t , ’s svs” i  from the  theorem s in Section 2. Three of these  methods are mixed method s

for  f ’ss h iha i-mo nj c  i’roblem and the  fou r th  is a mixed method for  a second order problem

an a l~’s~s’ ,I i ”  R av i ar t —Th cx t t a s  I :tcj .

lt  is i n t e r e s t i n g  to note that  in this last exam ple the r e su l t s  of Brezzi  and Babu~ ka

app l y w i t h  t h e  choice of spaces used by Raviart—Tho inas , but f a i l  t o  yield quas i -op t ima l  error

e st i m a t e i t  in all cases due to the  way in which the variables a r e t ie d  together in the error est i-

‘itt~~’.;. In  our a n a l y si s  the error est imates for the two var iab les  are separated and quas i-

-~ I s t ’si 1 , ‘ u s  vi- est im, ’i t  ‘is aye  obtained . For th~ three mixed methods for  the hih armonic

probt tc i  • ls , i t  s i ts ’  analyzed in Section the results  oc the present paper and those obtained

- - 
- .._ ,__ .__ s__ A
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i can tie’ esst . i I’l i t s l s , ’d in various ways .  We now give a proof based on the

,i - so ’,ssi-t S, ’i5~s made si’t-s.sv,’ ,

Thv , ’r,’sus i . , \,-su rn s ’ I tt.it s v;’,’t Is , , -. (112) , ( 113) , and (1-15) are val id . Then problem 
~ h

ti nt i - ;us ’ ts:’ lot is ’!)

l i st  Si n,’,’ V and W at- ,’ finite diniensional, it s u f f i c e s  to show tha t ifhi h

s it  iss f is ’ s ;

N.-’’ .1(0 , v)  + h(v ,-, ) 0 V ~‘ ,
h is I-s

10) h I s s 5 .,’) 0 V •‘ W~

t ht ’n ~1 = 0. s’h oos;inq V — u
1 in ( 2 . ’)) and ,‘ = — l’ ~ in (2 .10 )  and adding the

,‘,~~
i,i I 501s t ; , we get  a ( u

h .u
I

) = 0

Not ing fr ~~n ( 2  . i s ’) I ~s,it U
1 

. S~ and s i t s i iso ( H ) )  we have II U~ II 
11 

o~ ‘ sOlve U
h 0

Os ’t t inq it = 5,1 in ( 0 . ’~
) we oi l,, iss

h

(2 .11)  i ’(v , ,  ) ft V v , V .
is h 

S
N 

10 ,.
( 2 .  1.’) II , H

ii s. 
‘~ ~~~

‘ 
0

L _______  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -— ~~~~~~~
--—-

~~~~~~~
- - •—

~~~ ~~

‘

~~

- ---

~~~~~~ ~~~~~~~~~~~~
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‘•1

1”. ,o : t  . n, ’i ,5i ~~hs d e s, ’ , t he te  ex iSt , ,  
“d 

1 ‘S such t h a t  for all ,,‘ w

Cd ,.’) •

Thus i,1 .,, — 1-’~~’~’

h(
~~t

t’ j ..
h

) (applying KS)

— 0 iusing (2,ll)).

I to ut 1 ’ , N~ t hen sni p l i e  ~“ 5 ,  
hi 

— 0

~ s in m a s t s  i , ’. ; s s l t  in th is section are ‘i’hoor~~ns 2 and whi ch presen t abs t ract estimates

I ‘n t ti,~ , ~ .‘i ~ ° ° h 
and -‘

. i t
~~
’s ’ ’iTt

~~~~~~~~~~~~~~ 1i1’1- s
~~
..,’ ls1’~’~’t Is,’s, ’ss ( H I )  - (H 5 )  are v a l i d  and tha t (u ,~~) and Cu

b . ~~ ) are the’

,“,i’ .’,- I i v , , ’ .’ ~S i s t  i s ’ nss of problems P and Then (with defined by ~~5))

l i t  s i — i s  I] -
~ III h((S (h) II -

~ —‘~‘(t 4’ (h aIl + si) l u — n  ull I f o r  a l l  ,,‘ , WIs it — ,i W h H h

i ’ . 14 1 ( s i - s i !, ( Iu_ S
h

uH
’S, + ~~-~-‘~~-~‘ (I( b(IS (h) II sj’~~lt~ + ( ( a ( ( I Iu

~
.n

h
u ((

H ) f o r  a l l  ,‘

i s  i i  ,isid ’& t  i s sut

— v , V t  1’ (s,’ ,‘.‘) — 0 V ‘,i • w )  ,

‘h,’n

- ‘
~~~~Is

1
H ‘ ‘  [1 + hlu• S’ h

UhI
H

t u s h

S ( h) II alli.’. I - ’  ( ( u—u
1

Ii 5,, s u _ --
1

s0!~ , + —— Ilu_Tu
h
uIl

K

r~~,’s.! - ~
‘ 5 t ! ls ~ i 2 .  11 we s,’,’ (‘sat

i , ’ , 17’ • i (~~1 u .v i + b(v ,’,) — .i(u ,v) + h(v ,5,’) + a ( w
hu

~ u , v)

— ( f ,v) + a ( n
h

u_ u ,v )  V V ,. V
1

to ts  I.’ , 4) and (} t ” t  we’ see that

— (q, .,’) V .‘

,‘si S’ I u s , ’! is i s ( 2 .  ‘)  frets ( 2 .  17) we’ find

( ,‘ . t - i 5  ,i(” s i— i s  , s.’) + h ( v , -~- — ’, I — a (u i  u— u , s,’) V s, Vli I’, h h

u s - h  - - t d ’ I  u . I Inst i,’, 9)  f t  u ( 2 .  18) we obtain

- 7 —

_____ _  ____________ 
_ _  _ _ _ _ _  ~~~~~~
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is . 2 0 1 1’ ~ .i — ft is , , 4.’ 
-

s.’i,. ’, s ,  i its~ ~‘ — ‘
~~

55 .i u s  i 2 ,  1 ~~~ 5,5~~’ lt .ivs ’

- i i  “ , u ii 5~~ 5 0 5 5
15

1 b~~ lt~~~~
’ ls ‘ ‘ ‘ Is ~~ ~~~~~~ b ° U)

iv us~i s , .  .‘ ~- I  s- . .1,1

.ti ’ O — S i  ,‘ s s — t  5 .s s - t s - - t s , ’i i t — t i  I h’(u~~~~~ u ,, -- . 1,- is i l l ,h It Is ‘s 5 hi t s hi ls

L’s I:i.u i .‘ . It , t .~, . 5 ill 5 )  
• s i  4’ . t  tO s ‘1 t i ’ s  i s  5 sts i .~ .

‘.‘ 5 ’ . ! . s ’. ‘- 
hi

ss —is , , O , , i. 5 t, - ’ ~~. -~ u o t t ;

( i  s i _ u !  1 5 ’ -  ‘~~~5i (I t4i  0 Li) ! si — -- s il l ~Is Ii 11 - hi II Is It H It Is Ii N

s s . h t s , s s . ,

t 2 . .’ :~ ~ ‘h0 ~‘s H  
~ Ihl .~ (( u- ’- ,u1~~ + N 1 ’ l s i l s tIL~~ ” I  I s  ,ill

is..

(( u— u II i i - -  uS e f l ’  ss - ~s ~~ ~~i t s ) h ( ~~~~’ (j  4 ill s , ~t s ~ — i iiihi H - - It H It ts Ii — , N )s

I- -u ,‘ l  .‘ - , S.’i s t u s  s ’ n . ’s,’ ,’s ( ,~~,
‘1 5 ) .

I t  ‘s I,- :  Iv u - ‘v, I.’ . 5 4 ’  w,’ I t u  ‘I s o t , ’ I ls ,it

V “ s i- is : ‘ S ( Id ) !  5
~~

5
~~5 st .

1) 

~~ , I s ~~I , t ) t s .  I u w i t s  s s l

tIen~’,’ C ,  . 0 1 5  5 5 5 5 1 5 ’ !  5 5 5 , ’ ; 1

2 - :4 ’  .i -- s s — t s  , “ is— u ) — .t s “ u—u , t i— s i  .
Is Is Is hi Is ls ti

5\ I ! ’ i’s i ISsl s , l~ a” ( 1 1 5 5  1’ ’ 12,04) v ie l ,t .

(( .5 ’ -— ,l 
h

° 1 5
! II 

— - ( ( “ 5 si si . 
~

N, I “I I v i  los- .. l~v Its , ’ Ii s,ius , u Sc ’  sn,’s)u,i l i t s ,

‘ .1 it’  i s  s t .  i.’~ lu ’S  s’,’ Ni i t ,’

si— us 1 ‘— ( ( s i — ’  s s ’  (I - , s i — s i  II .t s ‘S hi V Is Is ‘S

li i i — ”  is5  is l b s t II i s — s i  il’s,’ H45

( ( i s -  ~~~~ 
~~~~ - “,si! !  

~ 
(us 5 1 5 , 5  i : , :“t i ,
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-

I :  , -~~o .s S s t y  ( _ ‘ . I ’ S  ts ; ’ l s t s .  w L I h~~ut assust p t 5 : 1 1 4 ’

at  5iSs~~’ps’t i5’ 
,‘s~~- .’t h,’ ’se ’ . sIl l~~, ilL’ ’ , (H’), ansi (H’ - ) ,II,’ i’t,1 s O at ,b t h~~I

,s s , I It,’ i ‘‘ ‘S I ~~~~~ ii’ .- ‘s ,’ l tt I  s ’ ,ri s; - ‘1 i s O ’ S  s ’s’ 1’ .us . i I’ . Then s s s  I t s  (y , k 5 5 ,,st ,.i ass

,‘r i :;’ ’.b in i t t ,’) .its, 1 iIit’~ , .‘.;I- s ’.l t v ,  1’~~

H , - 

~~~~ ~
, 

— 
~~J Is~~d

’ ‘
~~~~ 

+ ,i s s s , -u . - , -

~~

‘

~~~

) ~ 
~~~~~~~~~~ ~1 ~ 

t / ll 0 
•

t , ’t . 51 1  .‘ , , ‘  , 5’! .

P’ It t o  ,i,i, ’, it 5 .‘u s s bU 5 ls s~ 1 s’s (,‘ ~~
) , t t , ’t’,

( 2 .2 7 )  t ’ s~i-~i , s - ‘- I t ’ ( s s - -  u , - . 1  V e N
Is .1 hi

t W ,’ ! s s s u t t , ’’. Isis,’,’ 1 . 1

~It S’ lss ’S, ’ 5 ” .ilt o1’ ,’~~,it ‘ ‘~ s N s i t  5 . 5  V i  15s5 i S i s , ’ , \ \ i 0 1, ’! , , 5 I  i’ - V , , t s , i

. i . l  .~ ‘.• t . s , ‘ — ‘.) .i t t  s t  
~~~ 

‘ j - 
• .1 . I 5 5 • • 5 .  I i , ’.,’ i . t t ,‘ t i  vI 5 5 - ‘ I ’ S  - s tt

~d’ 
I 5 : , ‘ - ‘ S , ,  i ,‘ u s , ’r i _ ’ , “‘ — i. i ’ ,- ,,  u . - -~ ‘,,. ,!. t o  I,’ -1 ~~~

‘ , l It ,

—

,eu t , b

5 2 ,  ~“° h i s s - u, , ~~~~ ~~~~~~ — s. s , 
~. 1 h ’S si

I t  . ‘ . ‘ I - S s ,‘es ( 2 .  ~~ We’ tssiv ,’

s o . ’” fl ,- -,
1~~~~ — ~ss p Lb ,, - -,5

) F! d!! , sup t ’ s y ~~,~~- ,, ) ,ll s i

s ’ t s l t s , i . t s ,s ni ‘1 1 2 , ”)  Ii,-,ll s 10 , 5 )  .j uid (_ ‘ ii) 1 5 . -ins i.5 ,4~ v s , ’t ,l t .

( 2 .  S1~ .t (u_u
h~~

’S  + t ’ sv ,~~- ,, ) ft V ‘ ‘

1’ i t t — s i 5 , ‘‘ t  — ft V .‘ -

N’ s  . . ‘ ,~~ h’ iSi s 5 .5 N .  , i l ls)  , i O  . ii’ , ,ius,1 N , 5 .’ I we ,‘I’t t o t

. i \~~~. , ,~~1 — ‘ ‘
~~ d h ~~d ’ ~~~‘ls~ 

+ ~~ 
~ is~~si ’ ~~~~~

— h i .5 ’~~— 
bs~~d ‘ ‘~ 1’

~ Is~~~~
’ bs~~1

• i’( y 1 1~~~1 ’ ~~‘S ~ a is s ,~~u, 
~~~~~~~ ,~~ 

‘ “S o it
_O •

— l ’ t y  — “ , V , -.‘-
~~~‘ • a u s 5 —u , - v —~~‘ 1 I - i s i s — t i , , \ ,~.1 .s ~t 5 ,t ,1 ,) .s

— 1-’ 1 — “ 
‘ “ i ‘

~ 
“ V’ ~~~ ‘ t~

’o .5 ,~ ~ ‘ ° — ~ , ‘,i - - t ‘ ‘t - t s.’ ,

_ _ _ _ _ _  -~~ ---~~~- _ _ _ _



s ; s s l -  1 s I t s 5  is ’ u ;  ‘ 1  t h i s  s s i s ’ u s t i t y in (2 . 3 0 )  y ields ( 2.2 6 ) .

If Z ft i i i  is
is Ii

5 
h(”~~’ i—si 5 ..’i 0 V ~ . W (see ( 2 . 2 3 )  above)

and so (2 .~~7 ) f ol  low., im m i - s i s . i t s ’ i ’ ’ ,

i f  in  ,s , ls i it is ui (117) holds , then

b(y j
_ t

Is id
, ‘~~

-!
5

- )  = b (y~~, N~ h~~ 
= (d , 

~~~~~~ 
(by ( 2 . 6 ) )

and

b( u—u
1
, ‘ j~~~i~~d~ 

t i ( u , = (g.A~
_i :
~ A~ )

Thus ( 2 . 2 8 )  and ( 2 . 2 9 )  ar e established .

Remark. Note that inequality (2.15) in Theorem 2 and all the results of Theorem 3 hold

without assumption (2.2) . This observation is used in subsection 3c.

We end this section with several remarks on the hypotheses (H3)— (H7) . We assume here

that V and W are Hilbert spaces .

I) It is c’ls’ar that if

(2.33) a(v,v) > y
0 

(1v0 for all v c Z
h

then hypotheses (1 .3) in Br ezz i’ s theorem is valid. In the applications we cons ider in

section 3,, (2.33) is nest true (with independent of h ) but is valid when (lv(( ,,,,

is replaced by ((vU
H
. This accounts for (H3) (and (H4)).

2) In hypotheses (H5)—(H7) it appears that we are not making use of conditions

similar to (1.4). in fact , in applications the operator described in (H5) is often

constructed in order to verify (1.4) . A more precise relationship is g iven below in

Propositions 1 and 2. For further ideas in this direction , consult the work of Fortin

(11 1.

Proposi t ion 1. Suppose

(2 .  34) 55h 1b 1~11~ I k0
(( ~~)( V ~ W

h 
and V Is

V s V
h 

V

where k
0 

‘ 0 . Then there is an operator V V
h 

that satisfies

b (v_ls
h
v ftP) = 0 V v ~ V and V ~ 5

and

- s  -10- 
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((vil V v , V .

t i  ,.,‘i ,, ‘s s ’ ,id,’i l i v , ,‘) on W wIsest’ ‘Z~ — (v  , ‘S t v j a  V - s ’s I Its~~ s ’nal I s ’  •‘

)i It • h

N.’ in~ tes t 5 it s ’t  ~
‘ “  t hat

~ 
k (( s~t’hl~,~ V +‘

‘I,’ ,)

h’(v ,~ ‘) I ~
t V ~‘t ~ V ,

It 5 ‘ iii - l s ’ t  I ‘ ‘w -  i s~s it  , 0 I I hat I stt  ,‘As ’it v , V t hei e 1 a a sin H qtiu ’ n ‘ ‘s at  (a1~ ’ H

t ’ (  ‘s ~‘ ,s ’~ — ls( i’  ,o)  V +‘ , W
Ii Ii

i”tii I Is . ’ i 55, ’

(I tS)I 
Ii vl( .

— k ‘S

l I s t  - ‘ t ’ u . ’ v , ’ - , I’ s ’ ’j ’. Us i I ii ‘ii 1 .

N,’ il ‘.~~‘ ut•  ‘I , ‘ t h at it lot IoWa I S’ s~5 (1  ,2) t hat lot can t +‘ N H hate cx I at a a
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‘S’ S IS~5
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Is
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~
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I. a s  1 .5 5’

I t s  ‘s’
l i v  O~ It

II v i’ 
“i’ l( ‘s i’ll 

-

S , 5 s’ ‘0 1 I’

(( i’ll
iI ’s ’s ’ s0~~ 

V he
— 

~~~~~ lv i  , ii ., , 
- 

, 
((~ ‘(( V +‘ • N

‘. Is ‘S

~ ‘ ls. ’ I.t . w i t  It I, , 
— Is, 5 ’

- 5,- , - , ’, 5 I s O  u s ”  t ’ s . t s ” s ”  1.5’ t , ‘ t . ’t t ,‘sl I s ’ ( ,‘ , 14) , w l t i ’ h s  i’  ( Is, ’ ’ .,tsst s ’ - s ’ s  i t  - 3 ’

Si  1 5 i 5 - - ’ S Is , ’ ’ ’ ’ s 5 5 t ~ ,,ut ,I iIl ’~ .isc i t’ ,’ s ’I, ’’;,’ ,l I , ’ ) , a I nO u ’ 5,’ , , , ’, l’.5’ t h e  I I  t . ’ s , s s s - s  s , - - - , s t t

l ’s  ‘
~~

‘
~ 

- ~~ ~~~~~ ‘ It i’!
5 

- s b , ’ I s i t e d i t ,  11s’Ifl .ii Is .~ , il ~~~

~~
‘ 5 5 , 5  I - s i ’  — t ’ lV  . ‘ ‘~ V ‘s’ 5s~~

t t  , s s - ~ . ‘ s s l ’ s  ~~ l

i,’ . S i ’ )  )so l . b ’ . . t . c t  ~‘ , - ‘t ’Iteii

i s v  ,~~ u — i ii’ , — ft V c’ . W

‘V - .‘ . I t s ’ ’ ’ - 5’ ‘ ft

“ “Ii’ ” - ,
~ 

- ) ‘ ) t , ’ t t  • ii “ we’ (5,15’ ,’ i O ,  it.~ I’y t )s, ’  ts ’l t , s s i  i,’is ‘I

es. l , it  s, , s, ‘,,u~ ’ ,’ t , ’ , l i t  ‘ s t , i , - , ’ t ’,st It I,’ s its’, i t , ’ .‘,‘i ,‘ i t s ,  s ’ 5,’ — ,‘ its ,‘
It is Is

‘ - u s i t ,  t 2  - 5 ’ ’ ~ I ‘i -i t 1 v ,
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I

t j ,  t I  i ii’ .

Iii t lii 5 ‘ ,,‘ , ‘ I  i s ’ u s  we 
~ i’t’1v t Is.’ result  ‘s s s f  t tp , - l  ii’is 0 l.~ ‘ s ’s’ s ’ i t !  ,‘‘s sts s , 1 - s .

,i~ S - 1~~t I ,‘i —Hss v ca t  t method

1,1,’ i t Ii,’ t’iharmon i, ~-ii s’ l’I em

I ~~ ‘I in 5 !
( 1 . 1 )

— - -:~ 
— ft on I’

wh ere ~S i t s  a ,‘ s ’uivs’x Isolyclon anti g is a qivt ’ n fiiiii’t ion . I t  , II ’ 1 5 s is  I s i ‘ s -

a Un ique ’;.s I sit i, ‘ti ~ 
, I i ’ ( 53 )  sa t’ ( 1 . 1) . Iii nih i t (ott  I lie I ‘ ‘ I l s s w  its,i i s  ‘ s s t  lii ii 

~
‘ i , - - 5 ’ 5 i -

kn,’wsi t s ’ S  I I t s  - - ‘rstlsl,iit s I f  q II 
1

( 5 !) , I hen , hI~ is -’) - - il i - )  ‘ t i  i i i , i s ’  5

I ,iutt i,’ t ss t s ’ t t t hint

( 1 ,, ’) 
I ~ cU 11( 1 V si ‘ H

i 
(s ! )

t 55 i uis ~ Its,’ s’,’ ii — knriwts s ’vsi’ re spondenne bet wes’ it t tin hi i hit nissus is ’ l ’is’h’ I  .‘ni , s s s . b  lit ,’ ‘i l’s - s s  i ’  ‘ Is ) ,

thi t tt  u ,‘,iis l,ii i ty ts ’s sisl t eats b~ ,ie,tunod fs ’ s sin t bse reqiilsii- it 
~
‘ i s ’ t s i s l  t I s ’i t I ’ S  - ‘¼ - - - i  ‘ I - I  em

t’r~~Vs ’ s1 ju s  (it-i l (ef . ,i lt ;ss ( 1 2 ) )

W, ’ n,’w ‘sn’ ’k ,-ut ,‘spprs’xs mat ion I,’ Its .’ s; , l i s t  ion ‘it ( I , t )  Isy .5 m t x l  is, I Ii, ,,t , , . - , ,

s’s tu f t  rexliis ’,’ suit au x i l i a r y  v i i  Sal’),’ (is — \ ‘ 0  I ‘i the met his’sI ‘ ‘I t h i t  ‘ - , I ’ - -- ’ , I i ‘ s ’ S  s ,s i t , ’ ( I , I )

,i., 5 ls’w,’r ‘ ‘u st , ’i s;yu,I Pius , ‘ ‘s i t s1  I Is i s ;  t I’S’ uSI em iii ‘s’ .s u j u t  j , ’ s s , t l  term , st uss i  t ) ss ’ t s  - s i t  - s , t , ’ s i t s ,  I,i

s ; , s l t’ i kt n  m.’ths’sI ,‘,s i  t , ’’ s p s s s t , h i s s s ;  I s ’ t h is ‘s’Oi t , i b  ( i n t l  fss iu i is it , t t  5 , 5 5 5 , lii i’, i it  1 ’ s S (  5 ’  . l’ s, ’ tit u s , ,  ,~

met list.] we ‘study w i l l  be hits, ’ ,) s its the  l~~’l low j nsi vii i Sal i ,’ is ,s I f ’ss imt i l . it ss s ss ‘ i  5 , 1 5  , ‘ ii - - I

‘ ‘u s ’  I s h,’test  Ity i’ s ii t ,‘t an,) ll,uv (art  ( ‘ 5

s : s v , ’ t s  , s  II ~ (i , f l it s)  ( t t ,~~ ) , it
1 

(f t )  ‘s hI~~( s : )  , . i t  i ’ s b . 5 ’ i t t s i

I uv ‘ix — f ‘ S ’ s  • V~ dx = ft V ‘s’ - hI~ ( s O

( 1 , 1)

— f \ s t . ’ s ’s lx — - - I ~~~ six V , tl~~u - )

tS_ 
5 ’ 1’

t ’ t s i t t s i  t t t ,’  t s ’s i is l .u i it y resu l t  ( S . .0 ( I  i t;  iisft si l It  is ’ut I I ,‘ ts l s , sw I ’ - . - s ’ ‘S ’ Is , ’. ’ s . 555 ( ,,i ( ‘ ‘ 5 ~

h a t  if 
~ 

i. I ti,’ ts ’ I  s s l  (sin I s ’  ( I . 1) ,tnd u - — .\~~- , I lien (si , ) t ’ , , , , ’ ) u t s ’ ’ s s , ’ I 1 , 1) -

,Ifl,l i f  (t i , t~ ) l ’s .1 ‘ s s ’ h u i l  (sar i ,‘ f  ( 1 . t ) , Ili,’ui ~ ‘ i t s  ,s ‘ ., ‘ ) s s l  s i t s  vi i t , It  , i ’ s ,I is 5 , ,

It i ’ s  s ’ le i is t h a t  ( I I )  ( ‘ t  .11) .‘xa mt ’t ,’  s it t ’ s s t t s l s ’ m  I’ ‘I lls’s ’1 is ’ut 0 s , I ’ s .5’ II I’ -

W - Il
1

( s ’) , It — I , ( 3 , ,i( ut ,v) I iiv six , inst h ’ i s s , ~
) — -J ‘SIt ‘ ‘ S  lx , i . t s s - ~ , ,t l  Ii i ,

t n t , ’ I lie’ ‘ s i t h’, ’ I , s ’ - , I) “I s l i t..  I, ’i w l s i s ’h ( I t t )  i - s i t “ b t i  s i  i s ’ s ’ , ”- 1- ’

— I i —

-, — — - ‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ,,,S ~~~~~ 0 — ‘  ‘.~~~



1

P — 0 ‘ N’ , Since the t sim a i t ,  syuuunet rfl’, t his,’ ad joint problem (2.5) , (2 . t ~) , wi t is

— w H1
L-) , is l b s ,  sits,- ~t~~s - i t  i ris I’ sins3 t hus i t s  uni quel y solvable fur all d s N’

Hence (i-i2) i t s  t a t  s -  I i s” i , Uss uis ;  ( 5 . ,
~~ 

we ,i l’s is  have

(5 .4) Uy ,1 ‘ II
~~~

l
~~ ,,, cU d))

1.

Next 5 -  di as s ist ;  t lie f in it , ’ dimensional subspaces used in t Iss ’ approximat iors sc he me’ .

For 0 ‘ Is ‘- I , l e t  
1 be a t r iangulat ion of w i t h  triang les T of djajits’ts,’r 1s’s ;t ;

than ‘s ,‘,l s s , s l  Isa ls . We as;sinne the family ( T
b

) s a t i s f i e s  the minimal angle ,‘ s i is . I st  i sis

i.e. • t bsi ’r , ’  is a constant o ‘S 0 sud s tha t
hi
T

max — ‘ Y b
T t t

h 
‘ T

where h
T 

is the diameter of T and is the diameter of the largest circle contained

in T , and is quasi-uniform . i.e., there is a constant t “ 0 such that

max h
T

‘ 1  V h .m m h —

T 
T

For k 1 a fixed integer we define

(3.5) S
h 

= {v , C°(ii :vI T ‘ 
15
k 

V T ,

where is the space of polynomials  of degree k or less in the variables  x
1 

and x
2
.

We then consider the approximate problem with V
h 

= S
b 

and W
h 

= S
h 

0 H~~(s !) . Note

that this scheme yields direct approximations to ~s and U = - -\~ ( the  st ream f unct ion and

vorticity in hydrod ynamical  problems) .

To apply our theorems we must check that hypotheses (H3)—(H5) are valid. (H3) ~s

clear ly valid with ,s=1 and since our family of triangulations is quasi-uniform , (H4 )  is

satisfied with s(h )  = c/h for some constant C . It remains to check (H5). For

v H~
’(jl) define 5

h” 
by:

s
h
y I V

h
,

V ( uu ~ v ) . V ~ dx = f Vv~V~ dx V ~ s V
h

and

f, )i
h
v d x  f v d x , i.e.,
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We are now ready to apply Theorems 2 and 3, Suppose that k ‘ 1 and ‘ H
r

(IS)

r ‘ 3. Frczii (2.15) and (3,17) we obtain

(3.23) 0
~~~~h

1
O — 

C

C h~ II~ ~

C h~ IIssI0 ~~~2

where iS = ntirs (k ,r—2) .

To obtain estimates for ,P_IJs
h 

we shall apply Theorem 3 in several different ways.

Choosing G H~~(I1), 
~ 

, and n = l
h
A
d 

(where 1
h~ 

denotes the standard Lagrange

interpolant of ~ in 
~h~~’ 

we get frcsti Theorem 3(a)- Ib)  that

ks “h” l 
= sup (b(~~ — ‘s

~h~d ’ ~ 
— ‘h~~

dcl’I (uI)

+ a(
~ h 

- 

~~
‘5h~ d 

- 

~~~ 
+ b (~~ — 5

h~~
.A
d 

— I
h
)
~d
}
~
’h0t5U

To esti,jmmate the terms in the above expression , we introduce the affine transforsiatiot;

x = F(x) = Bx + b

mapping the reference triangle T with vertjces (0 ,0), (1,0) and (0 ,1) onto T, and ~
pt-

v (x) = B ’ y Fl;) (B~~ )
T

V V V V11 12 11 12where v - - and = , andV
21 

V
22 V

21 
V

I
,

~~(x) = 
~ o F(x).

ShOing the standard change of variables argument , we have that if ~ ( t-’~~( T ) ]
4 

and

C H~~(T) , where 1 < I and 2 ‘ t , then

2 ~v , , 2 ~v ‘f 
‘ ~ ~~~~~ dx = det B I f 

~ ~“s.~~- ~Z— dx - IT i ,j = 1 j i , i,j=1 j i,
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App lying the regularity result
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5555- i

(3. 5 2 )  II s:s - -,1 1I
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(3.40) lv — 
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b
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We are now ready to derive the error estimates. Assume that ~ , H” ( lS) , r ‘S .1, f’ii sirs

(2.15) and (3.40) we obtain for k > 0
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t

where t = min(r-l ,k+1).

Now applying Theoretu 3(a)-(b) we get
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~~~h 
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~~~ 
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~d 
t i) h/IIdhh

0
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. Using (3.41) and standard approxisnatilit y F - s s s l ’ s ’x I  less ‘ ‘I
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) 11
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O 
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where ~i = m i n ( r ,k+ 1) • and choosing m = ~s — 2 in (:5,5-2)
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~~~1~
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