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Preface

This thesis is intended as a source document for further

research in system identification processes. Specifically,
• this research concentrated on efficiently finding the inverse

~of confluent (i.e., repeated eigenvalue) Vandermonde matrices,

which is an important part of the component matrix approach

to system identification. However, in order to provide a

broader understanding of system identification in general,

and the component matrix approach in particular the back-

ground and theory sections are more comprehensive than might

otherwise be needed. Several supplementary mathematical

developments and some example problems are included to aid

U this broad understanding, but they are placed in appendices to

preserve the continuity of the text, and referenced as appro—

priate. A list of special symbols and abbreviations is also

included, to give the reader a ready reference for those that

may be unfamiliar.

I wish to give special thanks to Maj. 7. Gary Reid , my

thesis advisor , for his support and encouragement in this

endeavor. Professor Charles W. Richard and Dr. Peter S.

Maybeck , who read the manuscript , gave many helpful sugges-

tions. For their pat ient consultation regarding the computer

programming and example problems used in the course of the

research, I wish to thank Maj . Edward Reeves and Lt. Paul

Verges. I am also deeply indebted to a close personal friend

of mine, Rev. Roy Dorsett, for his understanding support
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throughout the entire pxo~ect. There are many others like
• him who “cheere d f rom the sidelines,” but are too numerous

to mention. Finally I want to thank Mrs. Evelyn Shaw for

her perseverance in the final days while she was typing the

final draft .

Donald P. Seyler
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( Symbols and Abbreviations

CLDE = Coupled Linear Differential Equation

CM = Component Matrix

n = System order

p = Number of system parameters

P/O = “Part Of”

q = Number of system outputs

r = Number of system contro l inputs

STM = State Transition Matrix

w.r.t .  “With Respect To ”

Augmented vector and augmented matrix

1. Lower case denotes a vector

2. Upper case denotes a matrix

3. Underscore denotes “vector” or
“matrix” as appropriate ; used in

• addition to 1 and 2 if confusion
• with scalars is likely

4. Overscore denotes “augmented” in either
case

•~ (.1 Partial derivatives of the system state
and system matrix w r.t. the i’th

(“1 system parameter, O~

0. = i’th parameter component of a state space
system
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Efficient inversion of a 2n x 2n Vandermonde matrix is

a key requirement of a new algorithm developed by 7. Gary

Reid (Ref 10 , 11) for parameter identification in linear

time— invariant systems . It has features very desirable for
• application to large systems with many unknown parameters,

such as adaptive flight control systems.

A generalized algorithm for inverting the Vandermonde

matrix was proposed• by F. G. Cs~ki (Ref 1) . It was chosen

for study because its structure paral lels that of Reid ’s

algorithm. Cs~ki’s algorithm was coded into a computer sub-

rout ine called “VANINV,” and 43 eigensystems were used to

test its computational accuracy and efficiency. Four po—

• tential problem areas tested were ; (1.1 large system orders ,

(2) eigenvalues near each other, (3L eigenvalues near zero,

and 14) eigenvalues with large magnitude differences. For

a comparison, the Vandermonde matrix for each system was

also inverted using routines from the International Mathe-

matical & Statistical Library (IMSL).

Test results indicated that VANINV is not quite as fast

or as accurate as the IMSL routines. However , the tests were

limited to systems with real distinct eigenvalues because the

IMSL routines cannot handle other types . VANINV in its

present form can handle systems having any combination of

complex and/or repeated eigenvalues . Therefore , recommen-

dations for further research and several possible means of

improving VANINV are outlined .

ix
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INVESTIGATION OF INVERSE VANDERMONDE MATRIX
CALCULATION FOR LINEAR SYSTEM APPLICATIONS

I Introduction

Fundamental quantities needed for iterative computation

of a quasi—linear estimate of unknown parameters in a linear

dynamic system are the “ parameter sensitivity variables. ”

Finding these variables is a basic part of a “ system

identification process,” as is shown in the background sub-

section on system identification.

Section II develops the process for finding the parameter

sensitivity variables and shows that a basic part of the

L process is the inversion of a 2n x 2n Vandermonde matrix.

The development of an efficient computer program to invert

the Vanderinonde matrix, the major emphasis of this thesis

effort , is presented in Section III. Section IV explains

some test procedures used for determining the accuracy and

efficiency of the program. The concluding two section s give

the results of the research and reccimnendations for further

research.

As an aid in understan ding the concept s and processes

presented in the theory sections of the thesis , several

• example problems and supplementary mathematical develop-

ments are worked out . However , because of their length

they are placed in appendices and referenced as appropriate .

The computer program developed to invert the Vandermonde

1
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matrix and the programs used to test its computational

speed and accuracy are also placed in appendices.

Motivational Background

If all systems were linear and time-invariant, the

linear system model (noise-free):

~c = A x + Bu (la)

y = C x + D u  (ib)

would suffice. However, control systems for other than

very simple applications are not linear or time-invariant:

depending on operating conditions,1 the contro l laws must

change to maintain adequate system control. For example,

the Wright Brothers didn ’t have to concern themselves with

large changes in operating conditions. Their first powered

flight, 120 feet in 12 seconds (Ref 2:Vol 29:557; l4:Vol 7:

388)., was not even as fast as a man can run , and didn’t

last long enough for the environment to change much.

On the other hand, engineers designing flight control

systems for modern high performance aircraft do need to

concern themselves with larg e changes in operating condi-

tions. As aircraft flight envelopes are extended over

broader operating ranges (for example, a high performance

11n this study, “operating conditions” is used to
encompass both system configuration and environment.
Each has definite effects on system response, and may

• 
~~~

- 
- also affect the other. For convenience however, the term

“operating conditions” ii used to refer to both when it is
~ot necessary to distinguish between them.

2
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U 
aircraf t may be required to have a Vertical or Short Take-

off and Landing (V/STOL) capability) , more and alternate

loops must be added to the flight control system to handle

all the various operating conditions. The increased re-

quirement for control system flexibility often results in

an overall system that is nonlinear and/or time-varying,

and to maintain adequate control, some means of adjusting

the control system parame ters is necessary . This capac ity

to change the modes of the control system according to the

aircraft flight operating conditions is the essence of an

• “adaptive” flight control system. Of course every time

the operating conditions change, the control system vari-

ables must change accordingly. Thus the control problem

becomes one of identifying the system parameters (the

process is called “system identification”) in order to

determine the proper system model and match an appropriate

control law to it.

The flight control system design engineer could try

to think of a collection of representative types of oper-

atirtg conditions which would, hopefully, cover the con—

• tinuum of possible operating conditions. A control loop

could then be designed to handle each different represen-

tative operating condition. That would require an a priori

identification of the system model i~nd parameter values

and a corresponding collection of hardware to implement

• the design. Then some type of master controller would be

needed to choose w~hich model and parame ter values to use

1
3
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for the given operating conditions .

In terms of an entirely analog flight control system,

the increased flexibility required to handle the adaptive

par t of the control func tion resu lts in a confusing mass

of hardware and interconnecting links . Also, each new

piece of hardware poses a possible reliability problem.

These are some of the reasons for the trend toward digital

flight control systems. Instead of having a discrete

• piece of hardware for each required control function, a

• digital controller need be simply reprogrammed to accom-

modate the new control system parameters. These parameters

provide the relation between the system inputs, states,

and outputs for the control variable calculations.

( The overall control system can be visualized as shown

in Figure 1. Upon starting the system, some nominal system

model and control are used. However, as shown , the model

must change to account for significant variations in the

system operating conditions. Referring back to the high

performance aircraft mentioned before, an example of a

change in the system configuration is the change from a

vertical takeoff to “conventional” horizontal flight. An

example of an environmental change affecting the system

model is the change in air density with altitude (eg: the

air at 40,000 feet is much less dense than at sea level,

so the control surface actuator gains must be changed ac-

cordingly to maintain the same performance relative to

pilot inputs). The digital control system can be given

L 
____ 
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the task of identifying the present system parameters ,

updating the system model with them, and then deter-

mining what adaptations must be made in the control to

ach ieve the desired overa ll performance. The first two

steps are what distinguish an adaptive control system
from a fixed control system.

System Identification Process Background

A conceptually simple method for the system identifi-
cation process is the use of a first order Taylor series

approximation to update the system model according to:

y Ct ) ~ ( t) + (2)
a priori.
model

• where :

y(t l = physically measured system output

~ (t) = calculated output based on an a priori
model (or in an iterative process , the
last updated model)

— system output “ sensitivity” with respect
to the system parame ters

• — change in the system parameters from those
of the a priori model (or the change since
the last model update, for an iterative
process)

Notice that since ~y — t~8, Eq (2) is equivalent to

y( t )  — ~(t) + ~y(t) (3)
(_ )

6
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which appeals to the intuitive relation ‘ new output equals

old output plus the change in the output .”

It is seen , then , that finding these sensitivity variables

is a significant part of the system identification process .

Therefore , real-time adaptive control applications, such as

• the adaptive flight control system mentioned earlier, require

an efficient means of computing the sensitivity variables.

However , even when using minimal order sensitivity models ,

the computational requirements can be quite large for even

modest size systems. For example, the complete solution of

a sensitivity system of order n , with p unknown parame ter s,

may require the solution of n(p+l) coupled linear differential

equations (Ref 8:1241. The basis for this number is pre-

sented in Section II.

An alternate method has been proposed by 7. G. Reid

in his dissertation (Ref ll:Section III) which may have

significant computational advantages because it avoids the

‘ need to solve a collection of coupled linear differential

equations (CLDE). This method is explained in more detail

in Section II.

However, this alternate method also involves the in-

version of a 2n x 2n Vandermonde matrix , as is shown in

Section II. (Vandermonde matrices are defined in App ndix C ,

Eqs (C2-2 through C2-6)I .  This pro cess can be computationally

quite costly (Ref 5:817) . Therefore , a critical part of the

proposed alternate method is th. efficient inversion of the
)• Vandermonde matrix. Thus the •ffort of this investigation

7
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( 
concentrates on implementing and evaluating a proposed

method (Re f 1:154—157) of efficiently computing the in-

verse Vandermonde matrix. The inversion method used forms

polynomials from the system eigenvalues and uses the poly-

• nomials to determine the elements of the inverse Vander-

monde matrix. Section III amplifies this method and shows

• its parallel computation structure. The significance of

this parallel structure is explained in terms of its poten-

tial application to on-line flight controllers. Section IV

explains the tests used to evaluate the computation time

and accuracy of the computer subroutine written to implement

the method. The subroutine was called VANINV. Sections V

and VI give the test results and resulting conclusions and

resulting recommendations for further research.

( )
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U II Parameter Sensitivity Calculations

Section I showed that calculation of the parameter

sensitivities is an essential part of the system identif i-

cation process. In this section, a theoretical comparison

• is made between the coupled linear differential equations

(~LDE) approach to finding parameter sensitivities and the

alternate component method (CM) approach proposed by Reid.

Since the CLDE approach is already developed and documented

(eg: Ref 13) , it is merely outlined here to serve as a

reference base for the CM approach.

Although the CLDE method is more straightforward, it

has several drawbacks (Ref 8:124) . Perhaps the most

obvious difficulty is the computational burden . As is

illustrated later in this section, the solution of the

sensitivity system requires solving as many as n(p+l)

coupled linear differential equations , where n is the sys-

tern dimension and p is the number of parameters whose
) I

sensitivities are to be found. Attempts to reduce this

computational burden with low—order sensitivity models

have resulted in some other problems, such as: (1) require—
It ment for special forms of the plant matrix , (2) numerical

sensiti’~’ity of calculations performed with the reduced

task grow s increasingly formidable as n and p
increase . Each new variable not only adds another CLDE,
it may contribute to the compl.xity of any or all of the

• other equations .

-

• 
9
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• order models, and (3) diff iculty of obtaining the original

state variable sensitivities from the calculated low—order

sensitivities. In addition , physical insight is impaired

when using the transformed coordinate systems resulting

from the low—order models.

Among the advantages of the CM method are: C]. ) poten-

tial reduction in computational burden, (2) retention of

physical system insight (the modes are visible throughout

the calculation procedure) , and essentially “ free ” avail-

ability of the eigenvalue sensitivities themselves

(Ref 11:79—80). The entire set of parameter sensitivities

may be found f rom, at most , 2nr “quadrature integrals”

(where n is the system dimension and r is the number of

control inputs), plus some matrix operations (Ref 8:1331 .

The last part of this section shows that the CM method

requires the inversion of a 2n x 2n Vandermonde matrix.

Since this inversion is potentially very costly , Section
• III is devoted to investigating the possible method that

was referenced in the introduction for efficiently computing

the inverse. At this point, some system defini tions are

needed .

Most control systems other than very simple ones are

not time-invariant. However, assuming that the variations

are slow w.r . t .  the identification process (as would be the

case for flight control systems) , the system may be considered

to be pseudo time-invariant (or “quasi-static” ) .  Thus , for
C this discussion, the linear time— invariant state system is

used:
• 10

— •
~~ 
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• ( *(t) = A (0)  X (t) + B(0)u(t) (4a)

y(t) = C(0)  x Ct) + D(8)u(t) (4b)

The relation of the initial conditions to the parameter

sensitivities is defined by the vector

x(O) = $( 0)  (5)

This shows that the system matrices and the initial states

are a function of the “parameter vector , ” 0 , of which

there are p elements , designated 0
~~

, i = 1, 2 , ... p. The

nominal value , 0~~
, of the parameter vector is used for all

evaluat ions . Furthermore, it is assumed that A , B, C, D

and • are real , bounded and continuously differentiable

w.r.t. the parameter component ej  at its nominal value.
The “state sensitivities” of this system are defined

as the partial derivative of the system state fector w.r.t.

the parameter components 
~~ 

and are written as

ax(t;e)

~(i) 
t) = (6)

Coupled Linear Differential Equations Method

With the assumptions made in the introduction for

this section , the system parameter sensitivities may be

found by augmenting the original system with the desired 
• 

-

state sensitivities (from Eq (6)) as follows (Ref 8:124) :

C )

11
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A .  . . .

~ ~I : : I : 1 ( 8)

~ 
° .

n(p+1) xn(p+l) n(p+1) xr

H r~i r~—( 1) —( 1)

~~~~~~~~~~~ 
: 

I ~~~~~~~~~~~ 
:

L~!j n (p+ll X q  n (p+1) x r

where q is the cystem output dimension and r is the system

input (control) dimension. This augmentation gives a

“s.nsitivity system” which contains all the original states

plus the desired parameter sensitivities expressed as

states. From Eq (7) it is evident that the complete

solution of this sensitivity system involves solving up

to n(p+l) coupled linear differential equations.

12
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• Component Matrix Method

The CM method of finding the parameter sensitivities

seems at first to be much more indirect than the CLDE method.

However , after all the development of the theory is complete,
it turns out that some steps can be eliminated because they

serve only as convenient dividing points for the problem

when solved manually. In a computer solution process , once

the inverse Vandermonde matrix is found , all the sensi-
• tivities of the parameters and the original system can be

• determined using the elements of the matrix.

Eq ( 4b ) ,  the system output equation , has a time domain

solution (Ref 12:373)

y( t) _Ce t ) x( 0 ) +fe~~
t_T } B u (t )dt +D u Ct) (10)

For simplicity of discussion , the initial t ime, to , and

the feed forward matrix, D , may be set to zero . Since the

system is t ime— invariant , the output matrix, C, can be

taken outside of the integral . Thus Eq (1) becomes

• y (t )  — Ce~
tx (o) + cJ>~

(t_T)
Bu (t)dr (11)

The state transition matrix (STM) , e~~, is not a function

of the variable of integration , so it may be removed from

the integral . Therefore

y(t) — CeAtx (o) + CeAtfe~~tB u (t)dt (12)

Notice that the integral is now only a function of one

variable and is therefore simple to compute. Such single

- 
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u variable integrals are called “quadrature integrals. ”

Notice that there are a total of nr quadrature integrals

since e~~t is an n x n matrix and B is an n x r matrix.
Eq (2) established the ~ed to find the system out-

put parameter sensitivities, so differentiating Eq (12) w.r.t.

— the parameter vector , 0 , yields

= C e~
t ~x(o) + c ~ At () + c eAtx ( o)

+ Cf
t
eAT -h— B u (t)dr

0

+ cf
t

fr_ e~
t B u ( t ) d r

+ .~~~~~— Cf e~~ B u (t)dt (13)
i 0

Note that none of the parameter sensitivity deriva-

tives in Eq (13) are functions of time except that of the

• 
- state transition matrix:

At - 9 Ate ,it = .
~~~~~

— e (1
. i auj

The sensitivity derivative of the state transition matrix

is potentially very costly to obtain because , in the form

shown in Eq (14), it must be reevaluated for each desired

point in time.

It can be shown (see Appendix C , Section 1), that the

sensitivity derivative of the original state transition

matrix , e~~ )~ is contained in the evaluation of the state

transition matrix of the augmented sensitivity system , i.e:
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e~~ 

= 

e ~~~~ 
Aj  ~ (15)

2nx2n

• By an application of the Cayley-Hamilton theorem (see

Appendix C, section 2) the state transition matrix of the

augmented sensitivity system is found to be a suzmuation

of products of the remainder polynomial coefficients and

powers of the sensitivity system matrix:

1~ L~1t 2n 1
~~~~~~~~~~~~~~ 

~~~~~~~~ I 

a~~(t) (16)
e j=l 

{~~(i)
’ AJ

liowever

I I 

= 
— I  

( 17)

[~~ i)~ AJ • 

~ (i)i A~J

that is: the power of a matrix can be brought inside and

applied to each element (Ref 11:64; 3:241—248 ) . There—

• fore applying Eqs . (15) and (17) to Eq (16) results in

I-
Ie~

t 0 I I .A_ Jj _~It 2n IA ~~
’ I 0

LWu -~-E I a~ (t)

~

• 

[ (j ) eli C j l  A~~
1 (18)

• Eq (18) shows that the scalar multiplication and sum-

mation operations can be applied separately to each section

15
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of the partitioned state transition matrix of the aug-

mented sensitivity system. So the partial derivative

— of the original state transition matrix, which is needed

to find the parameter sensitivities according to Eq (13),

• can be evaluated simply as

e(~) = ~0~0
At 

= ~~~ ~~~~ aj(t) (19)
1

At this point, it is still necessary to find the partial deri-

vative of 2n powers of the original system matrix, A , and

solve 2n differential equations to find the remainder poly-

nomial coefficients, a) (t). The sensitivity problem ap-

pears to have become even more complicated.

However, Reid shows (Ref 11:70) that the partial deri-

vative of the system state transition matrix can be found

from a summation of products of partial derivatives of the

system “component matrices ” and the system modes:

e~~) Eiz~ ,0 
e
)
~
jt+E(Zj o )t(Xj) 

~ 
e~i~ (20)

j—l

Eq (20) is a simplification of Reid’s formulation and

applies for the case of distinct eigenvalues . It is used

here for clarity.

• Eq (20) can be extended to the augmented system:
I

(

16
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~~~~~~ 

AJ ~~~ 
_ e~ j~

j =1 (Z ) z.
j~~

0 (i)p

nE0 0

+ 
~~~~~~~~ I ~(A ~)(~)

e~J
t (21)

j = l l z  i 0
—

It is evident from Eq (21) that for every mode , eXi t, in
the original system, there is an additional mode, te

))t,

in the augmented system. However, the additional modes

occur only in the sensitivity derivative of the STM. Thus

the STh of the original matrix is preserved by the CM

method. Only the original modes appear in the STM for

the original system, e.g.:

n
• eAt — E(Zj,o)e~~

t (22)

Thus the CM method is seen to have a physical insight ad-

vantage in comparison to the CLDE method: the modes of

the system are clearly visible throughout the CM solution

process , whereas usually they are not in the CLDE process.

But there is now a total of 2n modes , so the Vandermonde

matrix which must be inverted to find the component
• 

~ (~ matrices for the sensitivity system is 2n x 2n . (See

~ 
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Appendix C, Section 3 for a discussion of how the com-

• ponent matrices are formed.) And , a total of 2nr quad-

rature integrals must be found.

This section theoretically compared the CLDE method

of computing system parameter sensitivities to the a].-

ternate CM method proposed by Reid. It showed that when

the state system is augmented to include the parameter

sensitivities, the CLDE method requires the solution of

up to n(p+1) coupled linear differential equations. To

• reduce this computational burden, reduced order models

are sometimes used, but the required coordinate transfor-

mations often impair physical insight into the system and

make it difficult to obtain the original system sensi-

tivities from the reduced order sensitivities. The alter-

nate procedure, the CM method, was shown to retain the

physical significance of the system variables throughout

the calculation process, and to exchange the formidable

task of solving n(p+l) coupled linear differential

equations for 2nr much simpler quadrature integrals, plus

some matrix operations. However, the potentially costly

process of inverting a 2n x 2n Vandermonde matrix was

also shown to be part of the ~M method. Thus Section III

deals with the subject of efficiently inverting the Vander—

I - -I monde matrix.

(I)

18
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III Vandermonde Matrix Inversion

Preceding sections established the need to calculate

parameter sensitivities as part of a system identification

process. Two methods for finding those parameter sensi-

tivities were compared: the CLDE method and the CM method.

The latter was chosen for further study based on theoretical

• comparisons in Section II. However , a key issue associated

with this method is the need to invert a 2n x 2n Vandermonde

matrix. This section addresses a number of problems

associated with inverting the Vandermonde matrix, and

investigates a generalized method of Vandermonde inversion

proposed by F. G. Cs~ki (Ref 1:154-157). A special feature

of Csáki*s generalized algorithm is also discussed. That

feature is that the algorithm can be implemented on a

parallel architecture processor , which for a real—time

flight control system in particular, is significant.

Potential Problem Sources

There are bisically five sources of problems asso-

ciated with computing the inverse of the Vandermonde matrix,

all of them related to the characteristics of the eigenvalues.

They are :

(1) Complex eigenvalues

(2) Repeated eigenvalues

(3) Eigenvalues close to each other
(

19
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(4). Eigenvalues close to the origin

(5) Combinations of very large and very small
eigenvalues

Each of these potential problems is addressed in turn.

• Complex Eigenvalues. Vandermonde matrices formed

from complex variables may be handled three ways: (1)

conversion of the complex matrix to a real one (Re f 9:

Problem 6.8), (2) use of two separate sets of real vari-

ables for all calculations——one set for the real parts

and the other for the imaginary parts of the complex

variables, and (31 use of complex variables directly.

Investigation of Cs1ki~s generalized algorithm was de-

sirable because of its parallel implementation capability,

as is discussed later in this section. The algorithm has

an inherent capability for handling complex eigenvalues,

so conversion of the complex Vandermonde to a real one was

unnecessary. Few control systems have entirely complex

eigenvalues, so with this in mind the second method of

handling complex variables was chosen. In this way, tests

for complexity can be performed, and for calculations

involving only real quantities, the complex part of the

calculations can be omitted to save computation time.

Re~peated Eigenvalues. For systems with repeated eigen—

values, the derivative equations (Eqs (C2—4, C2-5)) must be

used in the formation of the Vandermonde matrix. If the

Vandermonde matrix was not defined this way , any system

( having repeated .igsnvalu. would have a singular , and thus

20
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uninvertable, Vandermonde matrix. Cs~ki’s generalized al—

gorithm never forms the Vandermonde matrix, but incorporates

the derivative feature directly in the formation of the

inverse Vandermonde matrix.

Nearly Identical or Nearly Zero Eigenvalues. Eigen—

values that are close to each other or close to the origin

may cause numerical instability because of the finite word

length of digital computers. Algorithms using differences

of eigenvalues, which Cagki’s generalized algorithm does,

are especially susceptible to this problem. The accuracy

tests of this thesis therefore include some systems with

close eigenvalues and some nearly zero eigenvalues.

Eigenvalues With Large Magnitude Differences. Combi-

nations of eigenvalues with large differences in magnitude

may cause scaling problems in the calculations. Some

tests to investigate this problem are also included in

the thesis.

Cs~ki’s Generalized Algorithm

F. G. Cs&ki proposed (Re f 1:154—157) an algorithm for

• finding the inverse of a Vandermonde matrix directly from

a collection of eigenvalues and their multiplicities. The

• Vandermonde matrix itself is never formed by the algorithm.

Since the algorithm finds each element of the inverse Vender-

monde matrix independently, it may be implemented on a

parallel, architecture computer to increase the real-time

computation speed . This is discussed in more detail in the

21
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• next part of this section. Many inversion techniques can-

not be implemented in parallel fashion because they do

simple row or volumn operations rather than operations

involving individual elements.

Csáki’s generalized algorithm partitions the inverse

Vandermonde matrix into m blocks, Wi,, (i = 1, 2, ....
with one block for each distinct eigenvalue. Each block

is dimensioned k~ rows by n columns, where k~ is the eigen-

value multiplicity and n is the system order. The Vander-

monde inverse may thus be represented by

Wi

W2

w3

: 
(23)

W,u’ nxn
T( i)

• Wi
T(i) H

where Wi (24)

Wk
T(i

k~xn

~~~~~~~ 

in which W
1
T(~~ (j  — 1, 2, . ., ki

) are the row vectors

• 
I 

of th. block W~.
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( With this formulation and nomenclature, each element

of the inverse Vandermonde matrix may be determined from

- - (k . —~ )

d (k~~i) D1(s)5 s_X
i

in which ~~~~ represents the element in the j’th row and

L’th column of the i’th block, Wi,. The fraction terms are

defined as follows:

Di(s) 
D(s) 

~~ = 1, 2 , ... m) (26)
(s—X1) i

and

Nt (s) = s~~
1+a s~~’~’~~+ ... +a~~,1s + a

~
; (27)

CR. = l , 2 , ...
D(s) is the system characteristic equation, which may be

represented as

D(s) — + a~~1s~~
1+ ... + a1s + a0

(28)

Eq (261 , the i’th denominator polynomial,” is therefore

the characteristic equation with the i’th eigenvalue

divided out completely. The terms def ined by Eq (27) are

called “truncated polynomials TM and are formed by itera—

tively reducing by one the power of each term of the

characteristic equation, Eq (28), and deleting the right—

23

L~ III :~i~~T:~ I~T ~~~~~~~~~~ ~ 
-

——-~~~:‘~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—



F ~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

_ _ _ _ _ _ _ _

- -

most term until a total of n truncated polynomials are found .

For example, suppose a third order system has the charac-

teristic polynomial

D(s) = + 4~2 — 

~ + 3 (29)

The n = 3 truncated polynomials are

= 
2 

+ 48 — 1. ( 30a)

N2 (S) = S + 4 (30b)

N 3(s) 1 (30c)

Ucte that the final truncated polynomial is always the

integer one because of the form of D(s) used. Also

notice from Eq (25) that the derivative procedure which

is part of the definition of the Vandermonde matrix

(see Appendix C, Section 2) is included in the formula

for the elements of the inverse matrix.

In order to draw the foregoing together, suppose a

sixth order system has three eigenvalues, having multi-

plicities of three, two, and one, respectively. Substi-

tuting Eq (25) into Eq (4), and the result into Eq (23)

yields the following structure for the inverse Vandermonde

matrix: I
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1
~ W~

1
~1 21 22 23 24 25 2

~~~~ 
(1) ~~ (1)

31 32 33 W 34 W 35 W 36

• V~~~~W = 
— — 

= 
~~~~~~ ~~~~ 

— 

(2 )  w~
2
~ 

- 

(2) 
~~~ 

(31)
11 12 Wi3 14 Wi5 16

W2 
~~~ 

(2) (2) (2) (2) (2)
21 W22 W23 W24 W25 W26

w ~~ (3) (3) (3) ~~ (3)
• — 

3 Wj,], W3,2 W~,3 W14 W15 W16

A simple numerical example of the application of this

algorithm is in Appendix D, Example 3.

• Parallel Architecture Processors and Csáki ’s
Generalized Algorithm

If a large problem can be broken up into a number of

mnaller independent ones , parallel processing can be used

a 
to reduce the real process t ime. No computational ad-

vantage is realized, but since several calculations can

be done simultaneously, the clock time from start to

finish of the large problem is less than if each calcu—

lation were done serially. This is particularly impor-

tant for flight control applications where real processing

time may be critical.

For a comparison between serial and parallel process

times, suppose a third order system has two eigenvalues,

one with a multiplicity of two. A serial processor would

perform the Vandermonde inversion with Cslki’s algorithm

23
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as shown in Figure 2a. If each calculation takes p seconds

of processing time, the minimum total time is 15p because

a calculation cannot begin until the preceding one is

finished. Figure 2b shows the same calculations as a

parallel processor could perform them. Notice that the

total time from start to finish of the group of calculations

is a third of the amount of time the serial processing took

because the parallel processing system has three times as

many processors to do the job. More information on parallel

processing is found in Ref 4.

Not only does Csáki’s method for finding the inverse

of the Vandermonde matrix lend itself to parallel processing ,

so does the component matrix approach itself, as Figure 3

shows. At the top of the figure is ~~, the current estimate

of the system parameter vector. From that estimate, the

system plant model, a(A), can be found, and from it, the

current eigenvalues, 
~~~ .

‘ “2’ ~~~~~ 
can be determined.

As shown, each eigenvalue can be used in parallel to com—

• puts the 1 x 2nr vector , F, of quadrature integrals, while

at the same time computing the elements of the inverse

Vandermonde matrix which correspond to that eigenvalue.

At this point, the value of the parallel computation struc-

ture of Cs~ki’s algorithm is readily visible. If the

• algorithm to find the inverse Vandermonde matrix did not

have a paral lel structure , none of the calculations using

the elements of the inverse Vandermonde matrix could pro—

ceed until the entire matrix was computed in serial form.

• 26
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That could stretch out the overall computation cycle t ime

considerably , as Figure 2 showed. However, with the

parallel structure of Cs~ki’s algorithm, each eigenvalue

branch of Figure 2 may find the elements of the inverse

Vandermonde matrix pertaining to that eigenvalue and

continue with the next calculations immediately . From

the calculated inverse Vandermonde matrix elements, the

vector of component matrices, Y , and matrix of component

sensitivities, G, can be computed. A change in the system

parameters, ~O, can then be computed from (Ref 10)

Y =[F). [GI
T
~e (32)

where Y, IF], and IG] are defined as in Figure 3.

It is now possible to use ~O to update the estimate of the

parameter vector, e. This closes the computational loop,

making the system identification process iterative, and

thereby capable of applications in on-line flight controllers.

All of this sounds nice in theory. The immediate

questioii that arises concerns whether or not the method

actually works when implemented on a computer with a prac-

tical problem like limited word length which causes

truncation and round off errors in the calculations per-

formed. Therefore Csáki’s algorithm was encoded in Fortram

and some tests were run to evaluate its accuracy and

efficiency. Those tests are the subject of the next

section.
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IV Tests Run on the Coded Version of

Csáki’s Algorithm

Previous sections of this thesis dealt with the theory

behind a system identification process. The CM method for

system identifications was shown to have theoretical compu-

tational advantages over the more straightforward CLDE

method. However, part of the CM method is the inversion

of a 2n ‘c 2n Vandermonde matrix, which can be computa-

tionally costly. Cs~ki’s generalized algorithm for finding

the inverse Vandermonde matrix was chosen for its parallel

• computation structure. This structure gives the algorithm

the capability of operating much faster in real time than

algorithms which must perform all the calculations in serial

form. Also, the particular parallel structure of Cslki’s

algorithm is very compatible with the parallel structure

of the CM method of system identification.

Cs~ki’s generalized algorithm was coded in Fortran in

a subroutine called “VANINV” , and is hereafter referred to

as such. Appendix A contains descriptions and flowcharts

of VANINV and the subroutines associated with it. Part I

of Appendix B contains source listings of all the sub-

routines in Appendix A. This section describes tests done

subroutines. Source listings of the test programs, though

not flowcharted, are found in Appendix B, Part II.

( --
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Types of Tests

Two types of tests were performed on VANINV. The first

was actually a combination of four separate tests to deter-

mine VANINV’s computational accuracy . The second type of

test measured how long it took VANINV to find the total

inverse Vandermonde matrix for a given system. These two

types of tests were run on a number of different systems

to determine what happens to the computation time and

accuracy when: (1) the system order increases, (2) two

eigenvalues become very close, causing the Vandermonde matrix

to become more nearly singular and therefore harder to in-

vert, (3) one eigenvalue approaches zero, which also makes

the Vandermonde matrix more nearly singular , and ~41 the

difference between the magnitudes of the largest and smallest

eigenvalue increases. The ratio, C = IX m~I, in (4) isAm.tn
called the “condition index ”

In order to obtain a relative measure of VANINV’s

performance , the same tests with the same systems were run

using a standard matrix inversion routine contained in the

International Mathematical & Statistical Library (IMSL).

• 
• Early tests were done with IMSL subroutine LINV1P, but it

did not have sufficient accuracy, so the final tests were

done using IMSL subroutine LINV2F, which has a capability

for iterative improvement of the solution.

Accuracy Tests

( • The first accuracy test is actually only a test of the

IMSL routine. It simply involves feeding the inverse

31
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Vandermonde matrix back into the routine, and comparing

• the reinverted matrix to the original Vandermonde matrix.

It is unlikely that the accuracy of the reinverted matrix

is better than that of the first inversion. Thus a lower

accuracy bound on the inversion is the minimum number of

decimal places in the reinverted matrix that are identical

to the original matrix.
P originally a second accuracy test was set up to

multiply the Vandermonde matrix by the calculated inverse

and subtract the identity matrix:

V V ~~~— I E  (33)

in which the subscript “c” means “calculated.” Theo-

retically, E should always be a null matrix. The extent

to which it is not zero gives an indication of the ac-

curacy of the calculation of the inverse, V 1. However,

E is typically composed of numbers so small that the errors

caused by the computational characteristics of the algo-

rithm cannot be distinguished from the truncation and

round off errors resulting from the finite word length of

• the computer.

The following analysis may be made of the problem

(Ref 6:61—64). What is really desired is the error

between the true inverse and the actual inverse, defined

as:

(
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1 1A0 
- A = Error (34)

Now

A (AC~
A 1) = —AA~~=AA~~-I=  E (35)

from Eq (331 . Then Eq (34) can be expressed

(A
~
1—A 1) = Error = A 1(AA ~~-I) = A 1E (36)

Tests with matrices having known inverses show that the abso-

lute value of the smallest negative exponent in the elements

of A 1E approximates the minimum number of decimal places

in A 1 that are accurate. For example, if the elements in

A 1E are .xxxxxE-lO , the elements of A 1 may be considered

accurate to at least ten decimal places. This may be ex—

pressed as follows:

let be the elements of

e.j be the elements of E

be the elements of

Therefore 6ij — 
~ik 

eki
k—l

and a bound on the error of is given by
n

I 8i~ 
I ~~~ ~~~~~~~~ I 

~ik 
I I eki I (38)

k 1

(. However , 
~ik e A 1 is not available; so use ?ik ~ A~~ and

use the following approximation for the error bound:
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n

‘P u ’ •~E’ ‘
~ik ’ eki l

k~1

hoping that the actual error of the element is bounded by

I 

~ik 
— 

“ik < I ~~~~. 
I (40)

When this test was applied to systems with known solutions,

Eq (40) predicted inversion accuracy to within three

• decimal places for systems whose condition index was less

than about 100, unless there were two eigenvalues closer

than .2 units to each other.

The third test used was simply a summation of the

elements, ~~~~~~ 
of the check matrix, A 1E, from test two.

It was an attempt to quantify in a single number the ac-

curacy of the inversion method being tested. In this thesis

it is referred to as an “Accuracy Merit Figure” (ANT) . The

problem with it is that it is very dependent on how many

• 1 elements of A 1 are nonzero. It tends, therefore, to be a

cumulative, rather than an absolute (i.e.: “decimal place”)

accuracy test. Note, however, that the AMF can be used in

conjunction with the largest element of the check matrix to

carry the information contained in the matrix in two numbers

rather than the n2 elements of the matrix. Tests showed

that if the AN? is much larger than the largest element of

• the check matrix (i.e.: AMP > > ( B j j ) mex) ’  it indicates that

many elements of the matrix are nearly the same size as

~
8ij~max 

and probably all the elements of the inverse matrix,

are accurate to the same number of decimal places.
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However, if AMP 
~
8i~~m~~’ 

one element of the check matrix
(

‘
I

is dominant, and most of the other elements of V 1 are more

accurate than (
~ ij

)IUax indicates. In this situation,

~
8jj~max is definitely a worst case error indicator .

• Fourth and final of the accuracy tests used was a

subjective comparison of the inverse Vandermonde matrix

calculated by VANINV and the IMSL routine. A number of

the systems used in the tests had known solutions, or had

repeating decimals in the solution. The decimal place

accuracy of each inversion was therefore estimated on the

basis of these characteristics of the solutions.

A total of 43 different systems were designed in

order to test VANINY and the IMSL routines. The tests were

run on a CDC 6600 computer using single precision arithme-

tic. Results of the tests are given in the next section.
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V Results of Tests

The total of 43 test systems (see Table I) which were

run were divided among the following five application

• categories:

1. Computation time as a function of system order

(Tests 1 through 43).

2. Accuracy as a function of system order (Tests 1

through 11).

3. Accuracy as a function of the distance between

• the closest two eigenvalues of the system,

?tx~~y I min (Tests 12 through 20).

4. Accuracy as a function of the condition index,

C = (Tests 21 through 27).
- ‘ m m ’

5. Accuracy as a function of increasing condition

index, C, as the smallest eigenvalue, ‘~min’’

of the system approaches zero (Tests 28 through

43). -

Table II contains all the data from the tests, and

the results are explained according to the categories above.

Computation Time

• Tests 1 through 11 indicate that the computation time

for finding the inverse Vandermonde matrix is proportional

to a number between n2 and n3. This is to be expected

since the number of elements to be computed is n2 and some

elements take more calculations than others. Figure 4

shows this relation (computation time between n — 8 and

36
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Table I

P 
Test Systsas

Test No. Syitsa Order £iqenvalu s

A — .5+10.
1 2 1

12

11*
2 3 A 2~ 

.S+jO.
13S 0.

A • 1. +10. 1 • .54- SO.
3 1 3

1. +jO . 14 —

4 6 
li. 1.5.10.  13 — 1. +~0. A~ — .S+jO.

14 —— 1. +j O. 1~ — — .5+10.

5 
A~~. 2. •j O . A 3~~~ 1.S.j O. A~ 1. .jO . L~ — .S.jO.
A 2~~~2. +j O. 14 —l.S.jO. 16 —1. •jO . A~ — — .5+3 0.

A~
s 2.5+30. 14 •— Z. +3 0. A~~ s 1. +3 0. )

,~~~ — .5+30.
6 10 A 2~~ 2.5+j0. A~ • 1.5+30. 17 •—1. +30.

• 13• 2. +30. A~ — l . 5 +30. 1~ — .5+30.

3. I-jO . — 2.5+30. 17 • 1.5.30. A 10~~ 1. ‘~~~~•
7 12 12 3. .jO . A~ — 2. +30. X~ — 1.S+ 3 0.  111 .3+30.

13 2.5+30. A~ —— 2. +3 0.  19 — 1. +30. A 12a — .5+10.

X~ . 3.3+30 .  A~ — 2.5.30. A~ — 2 . 5 +30. 1135 .5+30.
8 14 12 3.5+10 . 1s 2 . 5 + jO. 110 _ L . 5 + j 0. 114s _ .5+j0.

3. •3 0. 17 — 2. +3 0.  Iii
. 1. +10.

A 4~~~3. +3 0. ——2. +30. 112.1 .  +10.

I i
. 4. +30. — 3. .30. 1~ — 2 .  .30. A t3~ 1. +30.

-

• 9 16 1a 4 ~~~~~ 16 ~3. +10. 1to 2. ~~~~~ l j4~~~1. +10.
A 3~ 3 .5+3 0 .  17 • 2.5+30.  A 1l~ 1.5 +30. l ISa .5~~30.
l4~~~3.5+30. A . —2.5 +30. I12~~~

]..5+j0. A i~
s — .5+30.

1i 4.5+30. 14 a—3.5.j0. 111* 2. +30. A 14~~ 1. +3 0.
13 —4.5 +3 0. 17 — 3. +30. A 12s

~2. +30. 117• .5+10.
10 14 13 4• +3 0. A~ 3• +3 0. 1j 3* 1 5+10• Aie — .5+10.

14S 4 .  +30. A, — 2.5+30 . A l4
a

~
L.S+j0.

1~ 3.S+jO. 1,o. 2.5+jO. A
i’

s 1. +10.

5. +10. A~ • 4. +30. l
~~
. 2.5+30. 114 _ 1.3+30.

A 2 ——5 . +10. 17 — 3.5+30. ).L2*~2 .S+j0.  l17• 1. +10.
11 20 13 4. 5+30. 1~ 3 .5+3 0 .  113* 2. +3 0. 11S 1 +10 .

A 4~~ 4. 5+jQ. 19 — 3. .30. hii *~ 2. +10. 11,5 .5+10.
4. +30. 110 3. +10. 113* 1.5+30 .  1165 — .5+10.
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Table t-—coatinu.d

T*,t No. syst ~~ Order Sigenvaluss

12 4 A i.—L0 .+j0. X 3
a~5.+30.

12 —9.+j0. A4~~4.+jO.

13 4 A i —10.+j0. A 3•~5.+3O.
13• —9 .+j0. A 4•~4.2+j0.

14 4 A i~~10.+30. A 3•~5.+30.
A~
. —,.+j0. A4~~4.4+30.

15 lL~
_l0.+j0. A 3~~S.+30.

13 —9.+jO . )I4~~4.6+j0.

16 4 X~~—10.+j0. A 3•~S~+3O•
A 2— —9.+30. A 4~~4.S+30.

17 
— 

4 A i~~~10. +jO.  1f 5
~~~

j O
~12 ~~~ )

4~~~4.9+ j0 .

14 4 A l~~10.+jO.
A2~ —9.+j0. X4•~4.99+j0.

19 A 1
__10.+j0.

X~— —9.+j0. )4
a~4.99~+j0.

20 4 A L~~
10.+j0. Af

~
S.+jO.

12 L43 0. A4~~4.9999+j0.

22 4 Ai
._100.+j0. Af_5 .+30.

A 3 —9.+jO. A4•~4.+i0.

22 4 ll~~
100O .+3O. A 3~~5.+30.

13 —9.+jO. A 4~~4.+30.

23 4 A I•~
10000.+jO. A 3~~S.+30.

13 •~.+j0 . A4~~4.+30.

24 4 A~.—1OO000.+j0. A 3•~S.+j0.
A~ — 9.+jQ.

25 4 A I~
_1000000.+j0. A 3

S~5.+30.
—9.+j0. A 4~~4.+30.

26 4 I2 _10000000.+j0. A 3~~5.+j0.
—,.+jO. A 4~~4.+jO.

27 4 li
.
~
100000000 +jO. 13

_5 .+30.

• l~. —~.+3O. A 4*~4.+30.

24 4 A i~— 10.+j0. A 3•~5.+30.

13 —I.+j0. X 4S~1•+j0 •
— 

29 4 A L~~1O.+j0. A 3•~5 +30•
13 —9. +j0 .
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( 1 Table I—continued

Test No. Systea Order Eig.nvsluei

30 4 A is—10.+j0. A 3
5~S.+30.

- 12• 9~~ 30 A 4~~~.6+30.

31 4 1
i
.
~
1O.+j0. 1

3~~
5.+3O.

12 9.+j0. 14 . 4+j0.

32 
— 

I Ai.—L0 .+j0. Af_ 5.+j0.

13
S ~9.+j0.

33 4 A~.—1O. +jO. A 3•~5.+30.
13• ‘‘~o. A 4~~.l+30.

34 4 A i.—10.+j0.

12• —9 .+30. A 4~~~.01+30.

35 4 
X~ ——lO .+30. A 3~~ S• ij0~
A 3~ —9.+j0. A 4— .001+j0.

36 4 A i.—10 .+j0. A 3~~ 5~ +j0~
12• —9 .+30. A

4~~~.OOO3 +j0.

37 4 A 1.—10.4.j0. A 3
5~5..I-jQ.

1
3
S —9.+jO. A 4~ 0~+j0~

38 4 11 —1000.4jO.

- A
3~ 

—9 .+30.

39 4 1t 1000.+jO. A 3•~S.+30.

X3~ — 9.+ jO.

40 4 A t.~1O00.+j0. A 3~~S.+30.
13 —9.+j0. A 4~~.O1+30.

41 4 li.—1000.+jO. A 3~~ S. +3 0.
12• —9.+30. A 4~~.00i+30.

42 4 A l—~LOOO~+jO•
13 —9.+j0. A 4~~~0001+30~

43 4 A i~
—1000.+j0. 13 5.+30.

A 2~ —9.+jO. A~ — 0.+30.

F

(
~)
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Table II

Teat Results

( ,

0*c=sey

5.. ”.-
I so. oI NO. Of NO . of
Istootit— -L~~ t f t  $L~~*t t—

. ~ouputottso AccUocy I soot O~~t L.fl..C I~~ —$Sro 0.-I ~~~~ — —

I T*aS NOrIt q 10 tqI~~ 10 I~~~~t 10 U Iltaso —

~ ~ 
•C P140*0 

~~
1 • 

~
°

• ~~~~~~~~ .4 ~~~~~~~.lii —

~~~~~~~~~~~ ! a ;! a ! $ a 
_ _ _  

a a ~~~~~~
L 2 3 0 . 0 7 .04 0. 0. 4~~~~~~~~~ 0. 0. •/s N/~~~~~~~~~~~~~S . S

3 30 .00 0. 0. 14 14 14 0. 0. U/A N/A — .5 .0

3 4 . 30 ~~I I .  0. 14 14 13 0. 0. N/A N/A 3 ~~~~~~ 
P

P 

-

~~~ 
; ; 

~~~~~~~ ~~~~ ~~~~~~~~1T~~~ ~ r ~r ~~~~~ 1.63.10~~~ ~~~ ~~~~ 
—— — ---

- . -_ -__ “ 3
_ _ _

S S 30 1.14 .50 6.31 1.34 14 14 U. L .03i1 0 14 i.o~iio 1’ 13 ~~

I so ti. 1.40 2.5$ z .s~ 14 to 12 3.1o.io~~~ 2.14.lO~~~ 12 U s .s .s
_~~~~~~~~~~~~~~~~~~~~~~ 2~~~~~~~~~~~~_

12 30 3 .07 2.05 1.1$ 5.54 14 14 0 6.4S L0 13 6 .4 4.10— 13 12 12 4 .~~ .s

$ 14 30 4.13 3.07 2 . 04  3 .07 14 14 10 1.32.10~~ z 1.3 7g10~ 12 ii 11 7 .s .s
_~~~~~~~~~~~~~~~~~~~~~~

1 - -_
, 16 3* 5.54 4.05 l U  1.5$ 13 13 5 3.lOi ,30 12 4.3 k10 12 11 11 S .5  .5

10 ii 30 7.43 7.43 5.33 2.34 13 13 0 7.14.30~~ 7 .53.10~~~ o t i • .i •~~

1 I 11 20 30 5.60 1.12 5.17 5.33 10 12 6 3.5SitL0 ~~ 2.02.10.11 4 10 10 .5 .5
-~~~ _~~~~~~~~~~~~~~ 9±~~~~~~~~~~

°
~~~~~~~~~~~~~~~

_

12 4 100 .56 .52 1.4I 1.04, 14 14 12 5.37i.10 12 5~ 3 7 3 ~~ L2 U 11 2.3 1. 4.0
• - - - — -~~~~~~~~~~~~~~~~~~~~~~

.- -—13 4 100 .57 .1* 4 .21 2 .04 12 14 12 ?.oS,iII tI ~~~~~~~~~~ 0 11 3.4 .5 4 .2

14 4 100 .04 .77 1.5$ 2.05 14 13 11 ~~•~~ j~~ 10 ,.43010 13 , a 2.3  .0 4 .4

15 4 100 .56 .00 0 . 72  1.5$ 12 12 U 3.75xtI ~~ 2 .15zi, 11 S 10 2 .2 .4 4 .4
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

10 4 100 .60 .0* 1.00 S.U 14 13 11 2.14 10 L.S4.10 h0 7 l 2.1 .2 4.0

•. . ~.30 .~O .31 0.10 5.37 13 11 10 1.5I,iL0~~ ~.S0.1S 0 3 2.0 .1 4.4
_~~~~

__ _
~~~ 2. iAP~:L_ _ _

10 4 10* .07 .32 1.~~ $. 7~ to r t , a 5.24.10~~ 1. 34.10~~ 3 ~ 2 .0  .0 1 4.04

— — — — — aI2~ ..~1I2~. _ 1_ — 
- _______ — — — —

21 4 100 .00 .03 1.9 3.~~3 I I I  14 11 2.S2.10’~~ 1.32.10 12 12 11 25 1. 4 .
~~~~~ 

2 ,10 1 
j • _  _________•

~
;• j~~ ~~ 2~ ~ S.67.10 13 ~~~~~~~~~~ ~~ ~~ 1. 4.

23 4 100 .S7 .00 1.14 1.14 
~ 

7 ~~~~~~~~~ s.t,.irt3  i~ u i. 4.

- - - — - .10- 2 ~~~~~~~~~~_

24 4 104 .04 1.13 1.9 1.9 • S.P6i1O~~~ 0.N.L0~~ ’ 12 12 1. ~

_ _  

“~~ _~~~~~~~~ f u i

20 4 100 .01 3.04 .411 114. P 0 • .210 04.6 0 0

f l 4 1 0 0~~~~~~~~~~ 334 2 7 ~~~~~~~~~~~~ ? G ~~~~~~~~~~~ 5.05.1O~~ ~~24

• Op S~~ 5$0tLVS . sotostt ~~ • Isol. Sod I 10,0*041 •rror.
Op .. id .osor.oy LOSS .
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Table II

Test Results

Table It—-continued

28 4 100 .84 .~~3 7.40 2.12 14 14 10 1.13.10.13 ~•1810 1j 12 12 10 1. 1.

25 4 100 .57 .77 a~j~jl. Jg~~ 
12 14 11 S.66o10~ L~ 7 .26010 13 10 12 12 1. .0

4 100 .00 . 78 2 .09 1.09 12 14 11 3.02x1 0 11 2.~~4.1O~~~3 10 12 16 1. .6
_ _-~~~~~~!u~~

_ _ _ _
4 100 .04 .70 1.01 1.73 12 14 10 3.~ So%0~ ll 1.33i.10 13 10 12 23 1. .4

32 4 100 .80 •7~ 1.34 4 . 7 4  13 [4 ~ Z .OSx LO ht i .11.lO~~~ 10 13 30 1. .2

33 4 100 .00 .15 1.70 4.02 10 14 I 3.70010 h1 1.35.10—1 3 10 12 1. .1_ a11~i a ~~~~~~~~~_ ____--
14 4 100 .54 .15 5.3k 7.33 5 12 $ 3 ,7130 11 2.01xi0 t

~ 10 13 1. .0 1.

35 4 100 .07 .77 1.25 3.45 S U S 3.$3.10 11 1.44.10.13 10 13 ‘ T  .001

--
31 4 100 .85 .80 4 .3 4 0.37 S 10 3 ~•,~~ j~~~h1 t . 74010 13 10 12 1. .000]

37 4 100 .05 .30 2.04 1.54 13 13 12 6.20.10 ’ ’~° S.3 1.10 1 13 13 — 1. 0.

38 4 100 .00 .15 3 .44 3.6 7 14 14 5 L.Z4.Z0~~ Z.lOj .10 14 13 13 IO~ 4. 1.

3~ 4 100 .00 .7S 5.03 1.84 P U. 4•00010 U 4.42i.10 t0 s is 1o~ o . 1.- - - — -~~~~~~~~~~~~~~~~~~~~~~~~ --—_ _ _ _

40 4 100 iS .80 1.43 5.74 7 7 5 7 .0S.10~~~ 4 .4 7 z10 15 , 14 4. .01
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — —41 4 100 .57 .50 1.15 4.43 7 7 6 5.S1.10~ 10 1 .o3ut10 ~ 13 4 14 4 .  .00 1

42 4 L0O - .87 .00 1.39 4.13 7 7 4 l. 47.10~~~ t.63010 1! ~ 14 10~ 4. .000

43 4 00 .07 .72 1.9 1.14 14 14 10 L.01s10 15 à.0 2 510 1 14 14 — 4. 0.
‘4

By subject ive observation . • Z?SL had a terain.al error.

By second accuracy test.
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a = 16 is proportional to about n2~
5) and also shows that

the IMSL routines tended to run only slightly faster than

VANINV. The remaining tests were all done with fourth order

systems, and computation times remained nearly constant in

• every case for VANINV.

Accuracy as a Function of System Order

Figure 5 shows graphically what the results of Tests 1

through 11 indicate——accuracy is essentially constant at the

maximum machine capability (14 decimal places for a CDC 6600

machine) over the range of system orders tested.

The second accuracy bound test indicates that although

the full 14 decimal place accuracy is present up through

• the 14th order system, the probability of this being so is

diminished as the system order increases. This may be ex-

plained as follows. The number of calculations done to find

each element of the inverse Vandermonde matrix increases

approximately to the a2 to n3 power with system order, as

was shown in the preceding result. c~ith the increase in

the number of calculations, truncation and round off errors

from the calculations may accumulate sufficiently to ap-

pear to propagate into the more significant decimal places.

Since the second accuracy test uses absolute values of

error quantities in determining a lower found on the ac-

curacy , the test is actually a calculation of the worst

possible accuracy, not the most probable accuracy. This

hypothesis would be supported if these tests were run in

double precision arithmetic and the accuracy tracked along

43

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ - - 

- • - -~ _~~;~~~~ 
—



F - - —-I-— ---. — 
— .I.—- ——--.-.— -—.-- - __________________

C
C

~ 1

0

I—C

=9
(ID

z
— oC

S . .  p

H 
_

* —  VP NIN V
L)

— V RN I NV LOWER BOUND

CC x — INSL LOWER BOUND
(JO

0

~~ co
z 

I I‘O.OO 4.00 8.00 12.00 16.00 20.00
SY STEM OROER

Figure 5. Computation accuracy as a function of
system order (real eigenvalues).
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at the higher level. The reason for the sudden drop in the

minimum bound for VANINV beginning with the 18th order

system is not intuitively obvious, but it is interesting to

note that it seems to be indicative of a trend as the eye—

tern order continues to increase.

Accuracy as a. Function of

From Figure 6 it can be seen that the accuracy for both

VANINV and the IMSL routine drops off as the minimum distance

between two eigenvalues goes to zero. Neither routine is

significantly better than the other , as the results of

Tests 12 through 20 show.

Apparently the second accuracy bound test does not work

very well for systems having two eigenvalues close to each

other. The closer the eigenvalues become, the less realistic

the accuracy bound is.

It is interesting to note that although the accuracy

of the IMSL routine decreases as IA x~
Xy Imin decreases, the

resulting inverse is stable . In each test the inverse and

the inverse of the inverse have about the same accuracy , so

the solution of the inverse matrix is termed 0stable5 for

this discussion.

Accuracy as a Function of Condition Index

Tests 2]. through 27 hold the min imum eigenvalue ,

and the closest distance, IX x~
Xy l mins between two

( eigenvaluee constant as the condition index, C —

I )IImin I
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increased. The reinversion of the inverse by the IMSL

routine indicates that the inversion accuracy decreases as

the condition index increases. The actual inversion ac—

curacy could not be determined by inspection of the data ,

though VMINV and the IMSL routine gave identical results

up through a condition index of twenty-five thousand. Be-

yong that point both inversion routines became unstable,

as indicated by the large fluctuations in the elements of

the check matrix and the Accuracy Merit Figure. Plots were

not made of this test series because of the small amount of

plotable data.

Accuracy as a Function of Increasing Condition Index
Caused by an ~igen l~xe Approaching~ 7ero

• These tests were run in two series. The first series,

Tests 28 through 37, allowed one eigenvalue to go to zero,

thereby causing the eigenvalue condition index, C, to in-

crease. The minimum distance between any two eigenvalues

was held constant. As seen in Figure 7, the accuracy of

both inversion routines dropped as the condition number

increased.

In the second series of tests, numbers 38 through 43,

the minimum distance between any two eigenvalues was again

held constant, but at a larger value in order to determine

if it has any effect on the inversion accuracy. The ‘accuracy

could not be determined by inspecting the inverse matrices

found. However, based on the accuracy of the reinverted
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Figure 7. Logarithm of condition

index (1ogIX~~~I/I X~j~ I).
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matrix , the accuracy and stability of the IMSL routines

dropped as the condition index grew in each series.

From the results of both series of tests, a high con-

dition index resulting from an eigenvalue near zero is not

as detrimental to inversion accuracy or stability as a high

condition index caused by a large eigenvalue. In addition,

the combination of close eigenva].ues and a high condition

index has more of a degrading effect on accuracy than either

of the two by themselves. It may also be observed that when

the eigenvalue actually reaches zero , thereby driving the

condition index to infinity, the accuracy rises sharply back

to the level realized for small condition indices. This is

probably because the computer can represent zero exactly,

whereas numbers near zero can only be approximated.

All of the findings of the tests are summarized in the

several conclusions of the next section. In addition,

recommendations are given for possible improvements to

VANINV and for its use in further research regarding system

identification processes. -
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U VI Conclusions and Recommendations

Several conclusions were drawn from the results

reported in Section V. Based on those conclusions it is

recommended that subroutine VANINV, which implements

Cs~ki’s generalized algorithm for finding the inverse of

a Vandermonde matrix, be refined for computational speed

and tested in its intended application, that of finding

component matrices for a system identification process.

The conclusions and the recommendations are explained

further in the remainder of this section. The method of

presentation is a listing of the conclusions/recommendations,

followed by some comments regarding them.
)

Conclusions

The following conclusions were made:

1. The IMSL routines are generally slightly faster,

and about as accurate or somewhat more accurate

than VANINV is in its present form.

2. The accuracy of both routines is reduced by high

condition indices, particularly if the high con-

dition indices are caused by large eigenvalues,

as opposed to being caused by one eigenvalue near

zero.

In regard to computation speed, it should be noted

that VANINV is compiled to optimization level two, whereas

the IMSL routines are only compiled to optimization level

50 1 .
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one. This means that IMSL could possibly run significantly

fast~-r than VANINV. However, these tests were restricted

to real distinct eigensyatens. VANINV has the capability

of computing the inverse of Vandermonde matrices with coin-

binations of repeated and/or complex eigenva].ues. A fair

test of this property would necessitate special conversions

to turn the Vandermonde matrix into a purely real matrix

that the IMSL routines could handle. This conversion time

would then be considered part of the IMSL computation time.
- 

It would be interesting to determine VANINV’ s accuracy

if double precision arithmetic was used. Of course, for

any intended application a trade—off analysis should be per-

formed between any increase in accuracy and the cost in

terms of additional memory requirements.

Recommendations

It is recommended that VANINV be developed further and

implemented in a component matrix approach for system iden—

tification. In this way, VANINV’s accuracy can be checked

in the more meaningful environment of its intended appli-

cation. An accuracy check is built right into the component

matrix approach to system identification : all of the com-

ponent matrices of the pseudo modes should be null. Also,

the computational accuracy should be tested on computers

with shorter word length than possessed by the CDC 6600

computer used for these tests. Computers used for on-line

control applications probably wouldn’t have word lengths

with 48 bits of data storage like the CDC 6600 has.
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The following procedures are therefore recommended for
(—) VANINV itself:

1. Test VANINV with repeated and/or complex eigen—

values to determine their effect on computation

time and accuracy.

2. Determine where most of the computation time is

used on VANINV and improve the efficiency where

practical.

3. Eliminate the calls to subroutines that are made

only one or two places in VANINV and replace them

with the coded subroutines, since a].]. the sub-

routines have been debugged .

4. Streamline VANINV by using vector array addressing

to reduce array index computation time.

5. Incorporate a row j umping capability into VANINV

to eliminate duplicated calculations for repeated

and/or complex eigenvalues. This is illustrated

- :  in Figure 8, which shows a very common occurrence

for the component matr ix approach. Every complex

conjugate pair of aigenvalues in the original

• system will be repeated in the 2n x 2n Vandermonde

matrix of the augmented system. The resulting —

calculations that VANINV would perform for these

eigenvalues is shown by Figure 8 • Note that the

lower half of the matrix shown in Figure 8 is

simply the complex conjugate of the upper half.

Thus considerable computation time could be saved
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d N1(S) d N2(S) d N3(S) d N4(S) 
—

~i D1 (Si ~~ D (SI ~~ D ($1 ~~ D (5)
- 71. 71. 1. 

A
1. 1. 1 1

N1(SL N2 ($) N3IS) N4(S)
D1 (SI D1 (Si D (ST D (SI

.1. 1 1
1. 1 1 1

d N1(s) d N2(S1 d N3(S). d N4(S1

~~1 D2 (5) ~i D (SI D CS) ds D CS)
2 2 2 2

N1 (SI 
1 . N2 (SI N3 (Si N4 CS)

D CS1 D ISL D (S1 D (SI2 2 2 2 x2 - 2 2 2_

Figure 8. Example of VANINV calculations
applied to a fourth order
system with a repeated complex
conjugate pair of eigenvalues.
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by incorporating a row jumper which would simply

store the complex conjugate of

(1) 
— d N t (S)

W
1~~ 

~1 D1(S~

directly into

(2) 
— 

d Nt (S)
W ] &  a~~D2cs)

and thus eliminate half the calculations. Also

note.that a repeated eigenvalue in the original

system would occur four times in the 2n x 2n Vander-

moncle matrix, as Figure 9 shows. Each column is

composed of identical elements except for the

number of derivatives that must be taken for

evaluation. If a row jumper with some memory were

added to the routine, successive derivatives could

be taken to evaluate the elements of each column.

This would require only 1+1+1 = 3 derivatives for

each column shown rather than 3+2+1 6 derivatives

as VANINV must do presently. (Without the row

jumper, VANINV simply evaluates each element as

it comes to it, without regard for any calculations

done previously.)

In addition to the recommended procedures for VANINV

described above, two comments are made regarding the corn—

ponent matrix approach to system identification:

ii. 
. 54
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~~ N1(S) d3 N2 CS} d3 N3(~ } d 3 N4 (S) 
—

~~~ D1(S1 ~~~ D1(SJ - 

! D
1

(S) ~~~~~~3 D1(S) 
~A1 A] A 1 i

- d 2 N1CS1 d2 N2 (S} d2 N 3(S1 d2 N4(s)
7 D (Si 7 D ~S) 7 Dr (S) 2 0 CS)ds 1 ~~ds 1 .~ S A“1 “1 1 1

d N1(S) d N2(S) d N3(S}. d N4(S)

~~ 0 (SI ~~T 0 (SI ~~T D CS) ~~~~~~~~~~ DJ (S)A
1 

1 A 1

N1(S) N2(S1 N3(S) N4(S)

D (SI 0 (Si [Si D1(S)A 7. 7.1 1 1 1

Figure 9L. Example of VANINV calcula—
tions applied to a fourth
order system with like
eigenvalues.
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1. Many of the matrices resulting from the corn—

ponent matrix approach are very sparse leg: Eqs

(D2—l3] , (D2—l4)), and thus the method lends

itself readily to sparse matrix operations such

as those available with SOFE (Ref 7).

2. The calculation structure of both the component

matrix approach and VANINV lend themselves to

parallel calculations. An implementation of

these methods on a parallel architecture corn-

puter has the potential for being very fast in

real time.

Thus it may be seen that a refinement of VANINV may

well have a pisce in future system identification processes .

~

( I
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‘3 Preface for Appendix A

This appendix contains the subroutines written to implement the

generalized method for finding an inverse Vendermonde matr ix that is

described in the body of the report. The appendix i. formatted to

- serve as a combination user/progra~~~r guide for further investigation

of the proposed alternate method of system identification which is

outlined in the main text.
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Contents and Subroutine Cross—reference

Subroutines Called

Subroutine g
•14 4)
4) 14

~~~~~~~~~~~~~~~~ 

-

~~~ 

Z Ii

_ _ _ _ _  

II ~k
~ I ~GAIN A-4 A-5

COPYPOL A-6 A-7

ssoi~r 
A 8  A-b

_________  
A-9 A-Il

EVAL X A-l2 A—13

EXPANDC X A-14 A—IS

FRAt DIP X X X A-18

NFACr A-19 A-19

OUT2C A—20 A—21

POLYADD X A-22

POLYDIP X A-25 A-26

POLYNC X A-27 A-28

POLYSUB X A-29 A-30

PAT A—31 A—32

~~)OTAY A-33 A-34

-
~ 

- UNITY A-35 A-36

A—37 A—40
VANINV X X X X X  X X  thru thru

_ _ _ _ _ _  — 
A-39 A~~6

t Not used by any of the subroutines listed, but pertinent to the
use of VP.NINV.

t Function subprogram.
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Subroutine CGAIN

Subroutine CGAIN multiplies each. coefficient of a polynomial by a

specif ied gain. The coefficients and the gain may be complex.

Subroutine statement: SUBROUTINE CGAIN (AR, Al NSA, A1(R,AKI )

Subroutines called : None

Variables:

~R1 Arrays containing the real and imaginary parts of
All the polynomial coefficients

NSA — Nimber of storage locations required for the
polynomial coefficients

— Real. and imaginary parts of the polynomial gain

( /
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U ~~~~~~outi~~ CGAIN (AR ,AI .NSA.AxR .Ai~~)

Is the gain re&l?

Close Yes

? Is the GAIN
unity?

No . . .  Multiply by
complex gain . -

10 

~~~~~~ ~~~~~~~~~

- i 

__
No ...Mult i~l~by real GAIN.

AR(I )  - TR*AXR~TI*AXI 2~~j
AI(I) — TR*AXI+TI*IucR

Done? 
___________

15

~~~~~~~~ 

_ _ _ _ _ _

26 Update GAIN .

H
1AK I —

30~~~

(I Return

Figure A—i. Flowchart for subroutine CGAIN.
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) Subroutine COPYPOL

Subroutine COPYPOL copies the coefficients of the input polynomial

into the storage locations for the coefficients of the output polynomial.

Also, the input gain is copied into the output gain storage. The coef-

ficients and gains may be complex .

Subroutine statement: SUBROUTINE COPYPOL (PIR,PII ,GIR ,GII ,N POR ,POI ,
GOB, 0011

Subroutines called : None

Variables:

FIR)
P111 Arrays containing the real and imaginary parts of the
POR1 coefficients of the input (PIxi and output (Pox). polynomials
FOIl.

N — Number of storage locations needed for the polynomial
coefficients. (Note that N is one integer value larger
than the polynomial order.).

GIRl.
CII) Real and imaginary parts of the gains of the input (GIzi
GOR1 and output (00*1 polynomials
001).
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(~~broutine COPYPOL (PIR ,PII,GI R ,GII ,N ,POR ,POI ~G0R.00I)~~~

Copy the Coefficients.

L;~I1

POR(I) ’PIR(I)

POI(I)—PII(I)

Done?
I 1+l

1

No I�N

Yes

Copy the gain.

GOR—GIR
001—Gil

C~~turn 
~~~~~~~~~

Figure A-2. Flowchart for subroutine COPYPOL.
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Subroutine ESORT

Subroutine ESORT sorts a collection of real and complex eigenvalues

according to the following specifications :

1. Put in order of decreasing complexness; i.e., complex before
real.

2. Order each section in decreasing order of multiplicity.

3. Order complex conjugates with the eigenvalue having the
positive imaginary part.

4. For equal multiplicities, order in terms of decreasing
magnitude of the real part; or if equal, place eigenvalues
with positive real parts before those with. negative real
parts • and order in terms of the imaginary part .

Subroutine ESORT sweeps through the collection and compares each pair

of adjacent eigenvalues to determine whether or not they need to be

swapped to get them in the proper relative order. Each time a swap is

performed, a “swap counter” is- incremented. At the end of each sweep

through the eigenvalue array, the swap counter is tested to see if any

swaps were made on that sweep. If there were swaps, the counter is

reset to zero and another sweep through the array is started. Zero

swaps during any sweep through the array indicates that all the sigen-

values are in the proper order, so the subroutine returns the rearranged

eigenvalue array.

Subroutine statement : SUB~~UTINE ESORT (EIGR,EIGI ,KI ,M)

Subroutines called: None

Variables:

EIGR) 
— 

Arrays containing the real. and imaginary parts of
EIGI ) the collection of eigenvalues -

KI - Array containing th. corresponding eigenvalue
usiltiplicities

~~~ 
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- M — Number of different eigenvalues in the array (complex
() conjugates are considered to be different)

MDIS — “Message DISable” flag , passed in blank comeon • ESORT
normally prints an informative diagnostic if two identical
eigenvalues are encountered. If the user doesn ’t want the
message printed , setting I.E)IS equal to any positive integer
will disable the printer. Setting MDIS to zero or a
negative integer enables the printer.
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( )  ~~b~~ utine ESORT (EIGRP EIGI ,KI ,MJ~~

~ ~~ Zero the Swap Counter

ISWAP—0

Point to the I’th Eigenvalue

LI-l i
_____________ Point to the next Eigenvalue

L~ —1+1
Are there Two Eigenvalues
to Compare?

_ _ _ _ _  

Sweep.

Test I’th. and In ’th N~~? ,/
I Eigenvalueg to

determine if they No
should be swapped.t 999

(Jeturn~~~)
SWAP Yes

l30~~,

EIGRT—EIGR(I)No 
EIGIT-EIGI (.1)
KIT—KI(I)
EIGR(I)—EIGR(.IN)
EIGI (I) —EIGI (IN)
KI(I)—KI (IN)
EIGR(IN)—EIGRT

(IN)
KI(IN)—KIT

140 Look at Next Eigenvalue Pair

page A-il for flowchart.

Figure A—3 • Flowchart for subroutine ESORT.
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Subroutine EVAL

Subroutine EVAL finds the value of the input polynomial at the

specified value of the variable. The input polynomial coefficients and

the value of the variable may be complex.

Subroutin, statement: SUBROUT INE EVAL (AR ,AI , AXR, AKI • EIGR , EIGI ,
NS ,BR, BI)

Subroutines caUed : C(~sIN

Variables:

AR) 
— 

Arrays containing the real and imaginary parts
AX) of th. coefficients of the input polynomial

AIR) 
— 

Real and imaginary parts of the gain of the input
ALt) polynomial

EIGR) 
- 

Real and imaginary parts of the value at which the poly-
£101) nasial is to be evaluated (must be chosen by the

calling routine)

NS — Number of storage locations required for the input
polynomial; NS-N+l, where N is the order of the
polynomial

- Real and imaginary parts of the returned value

I ’
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Subroutine £ VRL (A R.  At .AXR ,AXI .EIGR ,EIGI • NS , BR , 31)

Find Polynomial order.

u constint term in output storage .

t—AI(NS)

Check for more t.rms .

7

More terms found ... Continue
evaluation .

L a N

Cc.plU .iqenvalue?

£1G1 0

7 
No ...Ue. real
evaluation

Yes ... Uss comp lex
evaluatio n .

J 1
SI~~Ct I

Ja’
Add next higher
order tar. to output.

N
II . Sl+AR (N) e~~~

next higher
order t.r. to output.

II-II.A~~~IX~AX~ ’tR
s e N _ i

N • 5— 1. Updat. evaluation
te .valuation term. • tsr.

ZaTI Any more terms?
Ray more term s?

3 — 2 .1 3 .34 1

J ’ L  J C L
as 5$

7 7
Mo

ealtiply by c~~~lux gain.

Cali  C~~ JN I $I $1

Motiarn

Figure A-S. Flowchart for subroutine EVAL.
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Subroutine EXP~NDC

Subroutine EXPANDC finds the coefficients for the polynomial expan-

sion of a collection of root factors. EXP~NDC reads the roots from a

root array and returns the coefficients in a polynomial coefficient

array. The coefficient for the highest power of the variable is the first

element in the coefficient array. The routine handles both real and

complex roots and does not require that comp lex roots have conjugate

pairs . The maximum size of the polynomial found is limited only by the

storage allocated for CR and CI in the calling program.

Subroutine statement: SUBROUTINE EXPANDC ( ROOTR,RCOTI ,NS, BR,BI ,CR, CI ,
• CXR ,CXI )

Subroutines called: POLY)C

Variables:

ROOTR) Arrays containing the real and imaginary parts of the
— roots whose factors are to be expanded into a

polynomial

NS — The number of storage locations required for the output
polynomial : equal to NF+l where HF is the niz~ber of

• factors

BR) NS—dimensioned temporary storage for intermediate
BT) results of the polynomial expansion

CR) 
— 

NS-dimensioned arrays containing the real and imaginary
CI) parts of the coefficients of the output polynomial

OCR) 
- 

Real and imaginary parts of the output polynomial gain
CLI) altipli.r; always equal to 1. and 0., respectively

CLOSE — User specified value used as a null tester. If the
magnitude of any value tested ii less than CLOSE, that
value is set to zero • CLOSE is stored in blank
common and must be specified in the main program.
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Subroutine FRACDXF

Subroutine FRACDIF accepts a polynomial fraction and finds its

derivative using the quotient rule:

dv du
d u 

_ _ _ _ _ _ _

The coefficients of the input numerator and/or denominator polynomial

may be complex .

Subroutine statement: FRACDIF (PUR ,PUI ,PVR,PVI ,NUS ,NVS ,PNR PNI, PDR ,
- 

PDI ,NN S,NDS,NT ,UR ,UI ,VR,VI ,P.NR,RNI DR,DI ,
TEMP lR, TEMPII , TEMP2R, TEMP 21, TEMP3R,TEMP3 I)

Subroutines called : POLYDIF, POLYIC, POLYSUB

Variables:

PUR, PUI) 
= 

Arrays containing the real and imaginary parts of the
PVR,PVI) coefficients of the input polynomials, U and V

NUS) 
— 

Number of storage locations needed to store the
NVS) coefficients of the input polynomials

Pt~R, PNI) Arrays containing the real and imaginary parts of
PDR,PDI) the coefficients of the output numerator polynomial

(PNx) and denominator polynomial (PDx)

NNS) 
— 

Number of storage locations needed to store the
NDS) coefficients of the output numerator and denominator

polynomials, where:

V - NNS - NUS + NVS

NDS 2NVS-l

NT — Number of temporary storage locations needed for the
numerator calculations

NT NON (L) + NOD (I)

where: NON(L) is storage required for L’th numerator
polynomial

NOD(I) is storage required for ±~th demoninator
polynomial
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- UR,UI)( v’R,vI ) 
— 

Real and imaginary parts of the gains associated with
g~R,RNI) polynomials U, V1 PNx, PDx

DR , DI)

TEMP1R,TE?’WlIl
TEMP2R, TEMP2I) — Temporary storage locations for numerator calculations
TEMP 3R,TEMP3I) V s
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Subroutine FRACDIF tPUR ,PUI ,PVR ,PVI ,NUS ,NVS ,PNR ,PNI , PDR,PDI ,

f NNS,NDS,NT ,UR,UI ,VR,VI ,RNR,RNI ,DR,DI,
TEMP1R ,TEMP1I ,TEMP 2R ,TEMP2I ,TEMP3R ,TEMP 3I)

I Find the derivative of V.
_ _ _ _ _ _ _ _ _  

Initialize the gain for V.
VRD = VR
VID = VI

~~~~VS-l

~ 
Call POLYDIF(PVR ,PVI ,NVS ,TEMP 1R ,IEMP1I ,N ,VRD ,VID)

Multiply by U.

V 

l 

INS NUS+NVS~]j
V 

-[I Call POLYMC(PUR,PUI,TEMP1R,TEMP1I,TEMP2R,TENP2I,NUS,N,NSC ,
II UR, UI,VRD ,VID,T2R,T21)

j Find the derivative of U.
V Initialize the gain for U.

UID—Ul

1~ 
NUS ij

Call POLYDIF( PUR ,PUI,NUS,TEMP1R,TEMP1I,N D URD,UID) I

Multiply by V.

tall POLYMC ( PVR ,PVI ,TEMP1R ,TEMP1I ,TEMP3R ,TEMP3I ,NVS,N ,NSC ,
VR,VI,URD,UID,T3R,T31)

I Subtract VQU trom UDV to get
numerator derivative .

Call POLYSUB(TEMP3R,TEMP3I,TEMP2R,TEMP2I ,PNR,PNI ,NSC,NSC,NSC,
T3R,T31 ,T2R ,T21 ,1~~R, RNI)

I Square V to get denominator
V 4, derivative.

— 2~NVS—l ~

~~ 
— Nsc j

4,
hall POLY14C(PVR S PVI I PVR 1PVI I PDR ,PDI V NVS .NVS .NV D VR D VI ,VR.VI I DR .D]fl

1’INU5~~~14?
:- 

Eli 
Return 

I)

Figure A-7. Flowchart for subroutine FRACDIF .
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Function NFACT(J
Function NFACT finds the facto~ia1 ,al.ue of the argument (IF),

entered . Negative arguments cause an error message to be printed and

cause the program to terminate.

Function statement: FUNCTION NFACT(IF)

Subroutine called: None

Variables:

IF — The integer for which the factorial value is desired.

(~~~ ction NFACT(~~~)
Test the sign of the argument.

H 
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ +

_

1 ~ ~~~~~~~~~~~~~~ 3 
Calculate (IF) ~

f~rint I I lIFT”].]
/ Error j SET Ot—l -

/ Message / I 
_ _ _ _

4 2J~ 
_ _NFACTw!J 
I IFT_Irr *3 I  

Calculating? 

V

lNFAC~” IFr JH I

(II
RETURN

D

Figure A— 8. Flowchart for function

(
_ subprogram NFACT.
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Subroutine Ot.T~2C

Subroutine OUT2C prints out the elements of a two-dimensional

array and labels each element with the array name and its position in

the array. The real and imaginary parts of the complex array are

treated separate ly .

Subroutine statement: SUBROUTINE OUT2C (NR,NC ,AR,AI, IDR, IDI)

Subroutines called: None

Variables:

HR — Number of rows to be printed out
V 

NC — Number of columns to be printed out

AR) 
- 

Arrays containing the real and imaginary parts of
All the array to be printed V

V 
IDR1 Ilollerith labels for the real and imaginary parts of each
IDI) element printed~ these must be specified in Mollerith.

format by the calling program

A-20

____________ ____ -
‘
~~~~~~~~ -- -‘-~~



V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~outine OUT2C CNR SNC,AR ,AI ,IDR,ID
~
i
D

I’,
IPi l

• 

_

T print Label !
V I and element!

/ value /
• ~~~~~~ j Done with row?

_ _ _ _  
Yes ... Done with matrix?

4’ No
I IR

Yes

C Return I)

(H

Figure A-9 . Flowchart for subroutine OUT2C.
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( Subroutine POLYADD

Subroutine POLYADD adds two polynomials, POLYA and POLYB, and

stores the result in POLYC. The coefficients of the polynomials may

be complex. After the addition is complete , the first coefficient of

the output is tested to determine if it is unity . If it is not , subroutine

UNITY is called to unitize it.

Subroutine statement: SUBROUTINE POLYADD (AR ,AI ,BR, SI ,CR,CI ,NSA ,NSB,NSC ,
AXR ,A1(I,B1~R,BK•I ,C1cR,CIcI)

Subroutines called: CGAIN , UNITY
V 

Variables:

ARL
All
BR) 

— 
Arrays containing the real and imaginary parts of

BI) the coefficients of PQLYA, POLYR , and POLYC
CR1
C”

— 
Number of storage locations required for the coefficients

NSC1 of POLYA , POLYB, and POLYC

AKRL
V AKI)

= 
Real and imaginary parts of the gain terms for

BKI] POLYA, POLYB, and POLYC - 
-

cKR)

I
1~

•
~’

-’

4 ’
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f (subroutine POLYADD (AR ,AI ,BR ,BI I CR ,CI ,NSA ,NSB ,NS~~\A.KR,AKI,BKR I BXI ,CKR ,CKIL _J
4 Set output gain .

IcKR 1.
IQ(I” 0.

4, Multiply POLIA by its gain if not Unity.

{J Call CGAIN (AR ,AI,NSA ,AKR,AKI)II

4, Multiply POLYB by its gain if not Unity.
Cal]. CGAINLBR,BI,NSS1BXR,BKI)I1

4 Zero the output array.
It— li

CR (I I =0.
CICfl=0. -

I z=- i+iJ 1 
Done?

+ No
~~~~~~ Ns:

I Add POLYA tO the I I
I Output Array J I

Add POLYB to the
Output Array

If first coefficient of output is not
Unity , unitize it. V

Real part equal to one?

CR( l) No
—1.

?

- 

- 

50 
Yes ... Imaginary part egue.
to zero?

CI(ll No
— 0. 60
? Call tJNITY(CR,CI,NSC,CKP,Q(I)

Yes

70

Return -
~See page A-24 for flowcharts.

Figure A-lO . Flowchart for subroutine POLYADD.
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U 
_ _ _ _ _ _

Add Polyn~~~.als to
the -)utput Array

p V Q  POLYAD D)

Add POL.YA to the Output Array .

Mac first coefficient of POI.YA to proper
location in Output Array .

~ST~RT—NS C-N tA. 1
• Point &t the first coefficient of POLYA .

1— 1.

Add each coefficient of POtYA to its proper
location in the Output Array .

J—N S AR’r

CR(S) AR( i)
Cl( S) ‘A t ( I )

I — 1+1

Done addutg?
.7— Si-i

Mo J NSC

Yes ... Add POl.YB to the Output Array .

Map first coefficien t of POLYB to prope r
location irs Output Array.

NS~rAR~r — MSC—N SB+l
Point at the first coefficient of POLYB .

I— i
Add each coeff ic ient  of POLYB to its proper
Location in the Output Array .

.J.NSTART

+
CI(S)—CI(J)+BX(I)

I • 1+1.

Don, adding?
3

No

Yes.

0
noeials to the

• Ou tput A rray

L

Figure A-il. Flowchart for addition steps of subroutine POLYADD .
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_________________________Subroutine POLYDIF

Subroutine POLYDIF accepts a polynomial input and returns the

derivative. The coefficients of the input polynomial may be complex.

Subroutine statement: SUBROUTINE POLYDIF(POLYR ,POLYI,NS,DPOLYR,
DPOLYI,N,PI(~R,PKI)

Subroutines called: CGAIN

Variables:

POLYR1 Arrays containing the real and imaginary part s of the
POLYI) coefficients of the input polynomial

DPOLYR1 Arrays containing the real and imaginary parts of the
DPOLYI) coefficients of the output (derivatis - polynomial

NS) Number of storage locations required for the
N ) coefficients of POLY and DPOLY (Note that :

NS = NI+i , N — NI; where NI is the order of the
input polynomiall

Real and imaginary parts of the polynomial gain

r

( )

A- 25
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~~ a11 CGAIN (POLYR D POLYI,NS ,PKR ,PK4 j

E~ED
Differentiate term by term .

(3 I — 1

DPOLYR CIL~POLYR (II *~p
DPOLYI (I1IIIPOLYI (I1*NP

NP—~~-1

Done?
1=1+1

No

Yes

Return

• Figur. A-U • Flowchart for subroutine POLYDIF.
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(3 Subroutin e POLYMC

Subroutine POLYI4C find s the coefficients of the product of two

polynomials. The routin e handles all combination s of real and complex

input coefficients . The order of the polynomials involved i~ limited

only by the storage allocate d for them by the calling progr em .

Subroutine statement : SUB RO~7FINE POLYNC (AR ,AI ,BR,BI,CR, CI ,NSA NSB ,NSC ,
AKR,AKI ,BICR,BKI ,C1(B,CICIt

Subroutines called : UNITY

Variables :

AR) 
— 

Arrays containing the real and imaginary parts of the coef-
All ficients of the first polynamial multiplicand , POLYA

BR) Arrays containing the real and imaginary part s of the coef-
BI) ficients of the second polynomial multiplicand , POLYB

( ) CR) Arrays conta ining the real and imaginary parts of the coef-
CI) ficients of the polynomial product , POLYC

NSA1 Numb er of storage locations required for the coefficients
NSR) • of POLYA, POLYB, POLYC; each is one integer larger than
NSC1 the correspon ding polynomial order (Note : NSC — NSA+NSB-l)

AK~~
AXI1
BKRI Peal and imaginary parts of the gains associated
BKI ) with POLYA, POLYB, POLYC

cxii

i
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Figure A—13 . Flowchar t for subroutine POLYIC.
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- - Subroutine POLYSUB
— •

Subroutine POLYSUB subtracts POLYB from POLY A by changing the sign

of the gain of POLYB and calling subroutine POLYADD. The coefficients

of the polynomials may be complex.

Subroutine statement: SUB~ )UTINE POLYSUB (AR ,AI ,BR ,BI ,CR ,CI ,NSA ,NSB ,NSC ,

Subroutine s called: POLY ADD

Variables:

AR)

Arrays conta~.ning the real and imaginary parts of the
— coefficients of the polynomials operated upon according

to POLYC POLYA-POLYB

CI)

NSA) Nuirber of storage locations required for the coefficients- • NSB) - of POLYA, PQLYB, and POLYC, respectivel y . Note that NSC
NSC1 equale the larger of the two value s NSA and NSB.

AKR)
MI)
BXR) I~~al and imaginary parts of the gain mul tipliers for
BKI]. POLYA, POLYB , and POLYC, respectively.
CICRI

a cx’)

• - •
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rsub rout ine POLYSUB LAR ,AZ , BR, 3I ,CR ,CI ,NSA ,NSB ,NSC ,
AICR,Aj CI ,BKR,31(I ,CXR ,CKI)

Change the sign of the gain
in POLYB.

IBXRU’-BKR
I_—BK’

Call POLYADD (AR ,AX, BR ,BI ,CR,CI ,NSA,NSB ,NSC ,
AICR AXI BKR ,CXR , CXI)

• C
rn

D

~~~
•

Figure A-14 • Flowchart for subroutin. POLYSUB .
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- • Subroutin e RAT
• U

Subroutine RAT rational izes a complex fraction by multiplying and

dividing the fraction by the complex conjugate of the denominator. The

denominator co.fficienta are tested for nullity prior to the last step

of rationalization , and if th .y are null , an error message is printed

and execution is terminated .

Subroutine statement : SUB~~~7~INE RAT (RNR, ~~I , DR , DI , PR , RI )

• Subroutines called: None

Variables :

— Real and imaginary parts of the input numerator

- Real and imaginary parts of th. input denominator

— Real and imaginary parts of th. rationalized output

~ C)
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(• • )

(~Subroutine RAT (~~lR , RNI ,
DR~DI .RR ,RT)

Find magnitude of denominator .

IDSQ1 DR *DR+DI*DI
]

-~~~~~~~~~~~ 

-

I Print te rmi-
• 1~~ / nation message

C~~T)
Find real and imaginary parts of

- ration alized output.

RR. (RNR*DR+RNI *DI1/DSQ I
R1 (~~ I*DR_RNR *DIl/DSQj

Eli 
Return 

1)

( )

Figure A-15 . Flowchart for subroutin e RAT.
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Subrout ine ROOTAY

Subroutine ROOTAY expan ds a collection of eigenva lues with their

• associate d multip licities into an array containing one root for each

occurrence of each eigenva lue . Both real and complex eigenvalues may

be used. The routine forms the root array beginning with the 13 ‘tb.

eigenvalue in the input array and uses all the remaining eigenvalues

in the array . Thus the input array must have the eigenvalues arranged

so that any eigenva lues to be exclude d from the expansion pre cede the

IB’th eigenvalue .

Subroutine statem ent: SUBRO YflNE ROOTAY (E.IGR , EIGI ,K ,M, IS , 13,

~~OTR, ROOTI)

Subroutines called : None

Variables :

• EIGRI Arrays containirg the real and imagina ry parts of the
EIGI) input collectioIA of eigenvalues

K — An array containing the multiplicities of the eigenvalues

N — The number of different eigenval.ues

IS — The number of storage locations needed to contain the
result ing array of roots;

note that IS — i~ (i), the sam ation of the eigenvalue

i—i
multiplicities

~~OTR) Arrays containing the real and imaginary parts of the
~~OTI) roots in the output array

lB - The number of the eig.nvalue with which to begin forming
the root array .
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~~

ubroutine 
~~~~

AY(EIGR IE G I S X IM ,IS D IB PRO
~~

R.
~~~~I)D

• 
Point at the IR th location of the

‘
~~~ root array.

IR—l

¶1? Start with the IB’th eigenvalue .

IE—I~
Determine the multiplicity of the

_____________________ I~~ th eigenvalue .

IL ”K(IEfl

~~ 
Copy the eigenvalue into the

W rqot array L times.

~~J - l  
~

~~OTRLIRI —EIGRCIE 1
ROOTI CIRI—EIGI (13).

C
- - )

IR’sIR+l

Done with root?
.7 — .7+1

.7 > L
NO —

Yes

13—13+1 Done with array?

$ No IE~~~ x

Yes

(II Return 1)
(~~‘)

• 
Figure A- 16. Flowchart for subroutine ~~OTAY.
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Sub routine UNITY

Subroutine UNITY operates on the input polynomial to unitize the

coefficient of the highest order variable . This is accomplished by

extracting the coefficient of the highest orde r term as a gain multi-

plier. The polynomial gain is then updated to reflect the extraction.

The input coefficients may be real or complex . In the event that the

first coefficient of the input polynomial is zero , it is ignored and

the next one is tested . If all the coefficients are zero , the gain

and constant te rm are set to zero , and a warning message is printed

if the printer has not been disabled .

Subroutine statement: SUBRZ)UTINE UNITY (AR , Al ,NS, AKR I AXI1

Subroutines called : None

Variables:

AR) 
— 

Arrays containing the real and imaginary parts of the
All coefficients of the input polynomial

NS — Number of storage locations required for the coefficients
of the input polynomial

— Real and imaginary parts of the polynomial gain

CLOSE — User specified magnitude used in testing the significance
of variables . If the magnitude of the tested variable is
less than CLOSE, it is assumed to be zero . CLOSE is stored
in blank comon .

I.fl)IS — User specified printer disable flag . If tU)IS is greater
than zero all print steps using the flag are disabled .
I’VIS is stored in blank comeon .
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~~ITY

un ~~sck for uro first cosffie~iot of output.

J~~*— aa (L)
(‘rAz e Az(2~

Zszo7

Ci... 
~~

I. it c~~~ Lsr?

— ...j..~’-~~y part . _________________

20 7 6~..&15 it uix’rr,

~.. bu~ ~ ~~~~~~~~~~~~~~ _ _ _ _ _

Afty aecs uosffLc4.ntsP •
~N_~ /0.i.t. th. first ‘Ya o  ... us. r.s.

s..ffLcAaat SM updtt. 
_______________ 

t
stoz.~s spec. ) 0 I

7
I • I.. ... rIM o.sfficisr~~7

• tud, of fIrst 64
es.ffici.et .

.7. 1.1 I~~~~’rJi*a’r~~~m1’rt.1 J 
No $1 - i

I tulUpiy .s~~ co.f-

• • IAIW.sac.7 I I ~~~~~~~~~~~~~~ -• IAz (X)~~ 1(.h) I i cc.fucisnt SM U
_______ 

j  divld. by aaqnitud. I 2
[ x • z•~ ~ ~~~~~~~ 4~~ef Hr.t cosffLci—

A ~~~~ 
___________

• L_~ .( I L15 
> ~.*(I)-A&( ) flM

I
’ ~~ 

‘ 4%~ ‘~ ‘P ~z az(n/ma

_ _ _ _  ~~~ I
_ _  

_ _ _ _ _ _ _  ‘~~~~*/~~~~I Ar. ~~~r . y  FAst! ) .(M ’?AA$4AX’~~.I) /~~~ce.tfLcis.ts L.ft1 (Ut!) (-(MrflI) +551 D.A) /C5I

i!i I
~ oi _ _ _ _

AI(1).O.I

_ _ _ _  
tut fir.t oSMficl.at

*..s.e for
I ~~~~

~~1

Figure A—17 . Flowchart for subroutine UNITY.
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Subroutine VANINV

Sub routine VANINV is an implementati on of Cs~ki ’ s generalized

algorithm for finding the inverse of the Vande rmonde matrix. It accepts

an ordered array of real and complex eigenvalues and their multiplicit ies ,

and returns the inverse Vandermoride matrix. Prior to calling VANINV , the

eigenvalues must be arranged in the order described for subroutine ESORT.

Subroutine statement: SUBROUT INE VANINV (EIGR ,EIGI ,KI,N ,M ,NS,MS ,WR,WI ,
NW1,NW2 ,AR,AI,FR,FI,NR ,NI,DR ,DI,GR,GI,NOD,NON ,
PNR,PNI,PDR,PDI,PUR ,PUI,PVR ,PVI,T1R ,TlI,T2R ,T21,
T3R,T31,D1(R,DKI1

Subroutines called : COPYPOL,EVAL,EXPANDC ,FRACDIF,RAT,ROOTAY

Function subprograms called: NFACT

Variables:

11 Formal parameters

E IGR) 
— 

Arrays containing the real and imagina ry parts of the N
EI GI) different eigenva lues of the N ’th order system

KI = Array containing the multiplicitie s corre sponding to the
system elgenva lues M

N = System order (no te that N — KU)

N — Number of different eigenva lues (complex conjugate s are
considered to be different )

NS) 
— 

Storage size parameters , equal to N+l and M+l ,
14S1 respectively

WR) 
— 

N X N arrays into which the real and imaginary parts of
WI) the inverse Vandermonde matrix are placed by VANINV

NWl ) 
— 

Storage size parameters, equal. to
NW2) (2**(KImex

_l) ) *(N_KImex)+l and 2N , resp ectively

AR) 
— 

N-dimensioned arrays used for intermediate polynomial
Al) calculations (short form of POLIA )
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FR)
Fl] 

— 
NS-dimensioned arrays used for intermediate polynomial

GR) calculations (short forms for POLY F and POLYG)
GIl

NR} 
— 

(N x N] -dimensioned arrays used to store the real and
NI) imagina ry parts of the N truncated numerator polynomials

DR) 
— 

CM )( MS) -dimensioned arrays used to store the real and
DI) imaginary parts of the N denominator polynomials

NOD = N-dimensioned array used to store the polynomial orde r
associated with each of the M denominator polynomials

NON = N—dimensioned array used to store the polynomial order
associated with each of the N numerator polynomials

PNR,PNI) Working storage for polynomials used in differentiating
PDR, PDII a polynomial fraction by means of the quotient rule :
PUR, PUt )
PVR,PVI). dv (~~1%

d u dx - v ‘dxi POLYN— C—)_ — =
dx V POLYD

Note that all of these must be dimensioned at least NW1

T1R,T1T)
T2R,T2I] — NW2—dimensioned arrays used fQr temporary storage
T3R,T311

~~~~,AKI1
FKR, FKI1

— Real and imagina ry parts of the gains associated with

va vi ~i 
POLYA , POLYF , POLYG, POLYU , POLYV, POLYN , POLYD

i~~R, RNI)
RDR, RDI 1

(~~LR1 
- 

Real and imaginary parts of the gains associated with

~ ILI) each of the N denominator polynomials. Since in all
cases: Q4LIb’l. and (~4LI=O., they are defined with a
data statement.

NDIV — Number of derivatives that must be taken of the current
inverse Vande rmonde element , W(J ,L I ,  before evaluation .

NDIVS — Storage for NDIV so initial value can be recal led

— Row coefficient for 3 ‘th row of I ‘th block of the inverse 
-

Vandermonde matrix
1. 1.

Note that RC — (y~ (I] - J )~ (NDIVS) t

1
, 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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NUS)
- 

— 
Duamy variables used to pass between subrout ines the cur-

NDs) rent size of the storage location s of POLYN and POLYD

NT)

RNUMR , RNUMI ) 
— 

Real and imaginary parts of the polynomial fraction for an
DENR,DENI ) element of the inverse Vandermonde prior to ration alization

ZR) 
— Real and imaginary parts of an element of the inverse• ZI) Vandermonde matrix after rationalization of the fraction

but prior to multiplication by the row coefficient
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/4ubroutine VAN INV(EIGR ,EIGI ,KI ,N ,M,NS ,MS ,WR,WI 1NWl ,NW2~AR,AI ,FR ,F~~
’\

( NR ,NI ,DR ,DI ,GR ,GI ,NQD,NCN ,PNR ,PNI ,PDR, PDI ,PUR ,PUI , J
PVR ,PVI , T1R ,T1I ,T2R T2 I ,T3R, T31 ,DKR P DKI)

che ck for trivial solution (only
one eigenvalue) .

M — l  Yes ... Trivial

Set output

20 
__________ 

___________

Set up N Denominator
Polynomials, D(I1 t

I I Print war ningj
for only One

Set up N Numerator / Eigenvalue
Polynomials, N CL1 1

Solve for Inverse
Vandermonde
Elements~ WR(J ,L) ,WI(J ,L]*

999

(I__
Return

iSee page A-4l for f lowchart.

tS.e page A-42 for flowchart .
) 4See page A-4 3 for flowchart .

Figure A-18. Flowchart for subro utine VPNINV.

A—40



I Set up K DenosinSter
PoLys~~Lais far Subteutizis
v~j iziv, 06(I) .Dz Lfl.NO0(X~(Pie VP.NflIV):

~~ 2

Set up root ~~~~~ f~~ ~ ~~

I rr .II-6!(!) I
• IIc.i. ~~OrAY(IIGLLIGI .61 .11. !~~. Z1,A*,AI) jJ

I F4n4 0(X ) poIyn~~La1 fr~~ root stray .

II C..11 EXPAIIO C (ALAz.XS.t6.rX106.GI,om.~~ I) (
~rs~uxnsd polyn..i. .i .. D ( f l ,  end it. q~ 4.n .

IDACI.i)~~~~(AJ I
I ~ xt x.rn .oztz ~J

-n ~••_J•• •••. 0005?

~~~~~Po
6 ~ Xi

7
r.. ... Stat. cain .

~~I I ~~~~

stor. th. order of th. Vtt pei~n..Le.i.
~ ~~~~~~~~~~~ I

• Sotats .iqenv.inea to find next pe1y~~~isi.
LI

I*IGlP.CIG U)
•

Fi- s-’ I

f Le t .)

I BIG! (Z) 6101 C
61(Z) .61 CL )

• 
_ _

II ~~~(LI .6L~~~6101(L) .6zGrr

SO Dons f indLnq 4.no.tnator peiynosts!.s?

L~~~~~~~~~~~~’

Figure A—li. Flowchart for denominator polynomial
setup steps for subroutine VANINV.
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Setup N Numerator
Polynomials for Subroutine
VAN INV ; NR ( I ) ,N I ( I ) ,NON (I )

(P/O VAN INV)

Find characteristics equation.

Call ROOTAY(EIGR ,EIGI ,KI ,M,N ,l ,AR ,AI) fl
Call EXPANDC (AR ,AI ,NS ,FR,FI ,GR,GI ,GKR ,GKI) 11?

~ Begin polynomial truncation .

I NLI N]

I~~1

[3- 1 I

I NR (L ,J) GR (J )
I N I (L ,J ) 0 .

Done truncating L’ th polynomial?
3 — J+l

No J > N L

____ ____ 
Yes ... Store polynomial order .

L — L+l NON (L ) —NL

4
with truncations?

End Setup of
Numerator
olynomials

Figure h— 20 . Flowchart of numerator polynomial setup
steps for subroutine VANINV.
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Soive for £1a.snta a WR (LL ) .

• I!R~~~)I
Find dsrjvat.tro order SM row oo.fficinst.

r mzv .Z—JI

I’c 1,sn! ~~~~zvrnl

[it 
_Dili.rnstt. ~ - rSqMgsd7

• (~~pscLIy Stomp. B.qa.tt .d Sec Did flro.tLatins H IJSpe~isv Sterop. tep.*.gsd for I,sLsatios and
—

~ ~
nsd copy PzOpsr Poiy ’-’ for o SM ~ II I loopy Piper PsLy .4a1. ~~~ V~~~xsnsr end

‘~t~ ~~~wi.p Array.. t II Late n~~ ( p  Arrays.

L~ 4
~ II

~ LJPUiI 
.jp..,a.Lns of .,aluattos .

~ 
LI—BIG! (I)]

4 LvaL~ate the
II caU SVAZ.(?S*.PPI • det, 51 .fl.ZZ.*I.~~~~S ~~~ U) II

4 rvaisat. t~~ ds.ongaator
IJ(aU IthL(Pt .PDI.SO6.SOI.L*.61.JS$.~~~I,~~~Z) II

4 C~~~ia. ~~~~ratsc • ~—onmn at. SM row cnsff iciest to put P

U Cmli ~~~~~~~~~~~~~~~~~~~~~~~ II
4 

Dos. vitA row?

LID vitA row?

• . p.
l•z p

7.0 ... Pi. with bArth?

p.
• ________________

P
flu ... Doss with souLs?

so
S

7

I 7.5 505 ps5. A 4 5  fut finvthart.
~~~~~Io)vinq for Biassoti , ~~~W!~~J 50 pep. A.44 fur fiOi~~~.zt .

• lee pope A—SB fir S Lswth.rt .

Figure A-2l . Flowchart for matrix element computation
steps for subroutine VANINV.

— - - --~~~~~~~~~~~~~ —--- ~~~ - -• • 43
A ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ -~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~ —



Specify Storage Required for
Evaluation and Copy Proper

• Polynomials for Numerator and
Denominator into Working Arrays .

100 Specify storage .
NNS—NON (L) •
NDS.NOD (I)

For Numerator

1 icoPY — ii

PNR(I~0PY) -IIR (L, ICOPY )
PNI CICO PY] N1 (J. ,  ICOPY)

Dane?I ICOPY ICOPY +l 1 10

No

ICOPY

Yes ... For denominator .
ICOPY — 1

PDR (ICOPY) —DR (I, ICOPY)
PDI(ICOPY) —DI (I,ICOPY)

106 Done?
IICOPY—I COP Y+ l I

D S >No

• ?
Yes ... Set gains .

RNR 1.
RNI O.
RDRaDKR(I)
RDI DK I( I )

4
End of Storag e Specification

Figure A-22 . Flowchart of polynomial tr ans fer steps for
subroutine VANINV (if no differentiation required) .
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INUS ON0N (LL
INVS NOD(I)
INT NUS+NVS
INN S NT-2
I S.2*WS 1

4

I ICOPY—l

IPUR(ICOPY) (L , ICOPY)IP~fl C ICOPY) —NI (L,

113+ Done?
I icoPY=icoPY+i I

4 No

Yes ... For v

I ICOPY—1

‘~1~PVR(ICOPY) DR(I , ICOPY)
PV I (I COPY ) D I ( I , ICOP Y)

______________  
Done?

I ICOPY—ICOPY+l I
A N VS .�~I ICOPY

?

Yes ... Set gains.
FURU l.
I U t ”O.

• . I VR”DKR(I)
• 1 V1°’DKI(I)

L~f ldP ~~~~~ l P Y ~~ .

Figure A—23. Flowchart of polynomial transfer steps for subroutine
VPININV (if differentiation required).
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Find Derivative

Call FRAcDIF (PUR ,PUI ,PVR ,PVI,NUS,NVS,PNR ,Pt41,PDR,
PDI,NNS ,NDS,NT,UR,UI,VR,VI ,RNR,RNI ,
RDR P RD I ,TIR ,T1I,T2R,T21,T3R,T31)

‘II

I~~ 1V~~~I V i

More derivative s needed?

No
çNDIV > 0

I Yes ... Setup for
I next derivative .

Specif y new

125 4 storage.
130

NUS—NN S 
________ ________

NVSWNDS End Finding
NT —NUS+NVS Derivative
NNS NT- 2
NDS 2 *~ J~~ 1

For new u

Call COPYPOL(PNR ,PNI,RNR,RNI.NUS,PUR,PUI,UR ,UI)

For new v

fl Call COPYPOL (PDR ,PDI ,R R ,RDI ,NVS,P’~~,PVI ,VR,VI)

Figure A—24. Flowchart of differentiation steps for
subroutine VAN INV .
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U Preface for Appendix B

Two types of programs are contained in this appendix . Part I

contains all the subroutines described in Appendix A. They are

listed in alphabetical orde r and form a complete package of sub-

routines for implementing Cs~ki’s generalized algorithm as described

in Section III of the main text . Part II contains programs and sub-

routines needed to dimension the arrays for the subroutine s of Part I .

They also perform input and output operations , and the tests that

are described in Section IV of the main text . Since the programs in

Part II are not flowaharted, a word description of each is included

at the beginning of Part II.
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Part I

Contents

Subroutine CG~&IN  B-4

Subroutine COPYPOL B-S

Subroutine ESORT B—6

Subrout ine EVAL 3—8

Subroutine EXPANDC 3-10

Subroutine FRACDIF B-12

Function NFACT B13

Subroutine OT.JT2C 3—14

Subroutine POLYADD B-is

Subroutine POLYDIF B-16

Subroutine POLY~~ B-l7

Subroutine POLYST.JB B—19

Subroutine RAT 8-20

Subroutine ROQTAY B—fl

Subroutine UNITY 8—22

Subroutine VANINV B—24
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Program READER contains the dimension statements needed to test

subroutine VANINV ’ s computational time and accuracy . After

reading in the system eigenva].ues , READER calls subroutine

CATEST to perform the tests . In the form shown, READER works

only with real, distinct eigenvalues . Some simple modi fi—

cations would enable it to accomsodate complex and/or repeated

eigenva].ues.

Subroutine CATEST performs computation accuracy and time tests on

subroutine VANINV and the Il-EL subroutine LINV2F -

Subroutine OUT2 prints out , in column form , a two dimensional array .

It is similar to OUT2C shown in Part I.

( ) Subroutine T.JE~~ ST disables the warning messages from the IMSL routines.

Terminal errors (XER > 1281 are not suppressed .

Subroutine VAN? forms the Vandermonde matrix from a collection of

eigenvaluew . In its present form, it cannot handle complex

or repeated eigenvalues

•
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(j Three mathematical developments are included here to aid in under-

standing some concepts which were stated in the text. They are placed

hare in order to avoid long interruptions in the main text . The

concepts are :

Cl. Sensitivity Derivatives as Part of the

Augmented System State Transition

Matrix — 
c 3

C2. Dete rminati on of State Transition

Matrices Using the Cayley—Mamilton

Theorem C—4

C3. Definition and Construction of Ccii~~onent

Matrices C—9

— 

~1

C-2

— 

— 
I 

~~~~ -~~~~~- -_— .- -
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Cl. Sensitivity Derivatives as Part of the Auqmented System
U State Transition Matrix

Using Eq(8~ , the system plant matrix may be augmented to find the

sensitivities of the i’ th parameter as

A 0

~~~

Notice that the eigenvalues, and hence the system modes, have not

changed. The augmented system has n pseudo modes in addition to the

original n modes, but they are entirely independent of the original

modes in the component matrix approach, and the augmentation there-

fore does not actually change the system. This desirable feature of

the component matrix approach is illustrated in Appendix D, Example 3.

‘1 From Eq (Cl—lI the state transition matrix for the augmented

system can be defined . For time-invariant systems, the exponential

can be applied to each section of the partitioned matrix. Thus

r At : oi
t — i — — — - — — - l  (.Cl-2)

L~J A] L~~: ~
a 2n X 2n

which shows that th. sensitivity derivative of the original state

transition matrix is one of the partitioned sections of th. state

transition matrix for ths aug ntsd system.
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C2. Determination of State Transition Matrices
Using the Cayley-Hamilton Theorem

This section shows how the Cayley-Hamilton theorem can be applied

in order to determine a state transition matrix (STM). The use of the

Vandermonde matrix and remainder polynomial coefficients is described

for this application . Finally, the method is extended to show how it

P can be used to find the partitioned STh for system sensitivity calcu-

lations. Numerical examples of the concepts presented here are included

in Appendix D, Examples 1 and 2.

- Basic Cayley-Hamilton Theorem Application. The Cayley-Hamilton

theorem states that any square matrix satisfies its own characteristic

equation . From it, the S~~ can be shown to be a a~~~ ati on of products

of the “ remainder polynomial” coefficients, a~ (It ) ,  and powers of the

system matrix, A , (Ref 9:V-llO through V-ll5b)~

e~
t 

— 
~~~ 

A~~
1 
a~ Ct1 (C2—ll

The remainder polynomial coefficients can be uniquely determined from

n linear “modal” equations (Ref 9 sV—ll5bl :

2 n—i
a 1 )Pol ~~ a1(t)

a 

— 

2 2 2 

1C2-21

~~~~~ - 

i A A~ a~~(t) 

- ~~~
- •‘, ~~~~~~~~~~~ -....- -

~~~~~~
-
~~:-~~

-

- ~~~~~~~~~~~~ - - -~~~~ ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — -
~~~~

-- ‘ _- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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A t
where a are system “modes ’ and are system eigenvalues . Eq (C2 2)

is equivalent to

A t
e~~ 

_ V T
;(t) (C2—3)

where ! is the “Vandermonde” matrix. Since vT must be inverted to find

the remainder polynomial coefficients, it must not be singular. There-

fore , if the system matrix does not have n distinct eigenval ues (ie :

if at least one eigenvalue , ~~~ has a multiplicity, m
j~ greate r than

onel, vT is not directly invertable if defined as shown in Eq (C2-2) .

Thus for systems having repeated eigenvalues, the Vandermonde matrix

is defined by taking repeated derivatives , w.r . t. the eigenvalue , of

the modal equation for that eigenvalu e until there is one independent

equation for each occurrence of the eigenvalue (Ref 9:V—116). For

example, in a system having an eigenvalue with multiplicity m~—3, the

original modal equation must be differentiated twice to get three in-

dependent equations :

~~~~
— e~~ — te — -/--.. ... a1

(t)

j  a2 (t)

(C2—41

1~~. :
a tti 

L

• and

C-S
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U 
e~~ a t~e~~ a A~ A~ ~~~~~ :~;

j a2 (t}

(C2—5)

a (tJn

— Assuming A1 
is the repeated eigenvalue in the example , Eq (C2—2) is

then

1 A1

te 0 1 • • C n— ] ) A ’~
2 

a2 (It).

A t
t 2e 1 0 0 2 • n—2I n—l1A

1~~
3 a3(tl

a (C2—61

e 1 A2 ~~ 
~~ n—l a4 (ti

A t
a X~ A~ •. .  A~~~

1 a (tL

For simplicity, only systems with. distinct eigenvalues are used in the

remainder of this discussion .

By defining ~~~ to be the element in the i’ th row and ‘th column

of the inverse of the transposed Vandermonde matrix , the remainder

• polynomial coefficients may be determined by

n

- 

-
~ C—6
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. 
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Al

•
~
•

a
1
(t) v11 v

12 
• - v1~ e

a
2
(t) v21 V

22 • • ‘ v2~ e

= . . . . . (C2—7)

A t
a (t) v V • . .  V e r
n ni n2 nn

Eq (C2-1) may be expanded to

e~’~ — a1
Ct).I + a2(tIA + a3

(t) A2 
+ ... + a (t)A’~~ (C2—8)

Applying the results of Eq (C2-7l. to Eq (C2-8) results in

A t  A t  A t
.

At _~~~~~~~~
l
ii +ür 

2
)1 + ...+ (y1

e~~~LI

X1t A 2t A t
+ 

~
‘2l e ~A + (Y22 e 1A 1. 

~~~ + (v~~ e ~~

+ . . . .
+ 

~
‘n1 a l it + 

~~n2 
e
)
~2
t
lA~

_1 
+ ... + (v e

Ant ) A
n_1

(C2—9)

• Notice that in Eq (C2-9~ the state transition matrix is expressed in

terms of products of: Cli elements of the inverse transposed Vender-

monde matrix, (2 1 the system modes , and (3) powers of the original

system matrix. The remainder polynomial coefficients, though they

were uiad in the theoretical formulation of the solution, do not even

appear in it and thus it is never necessary to actually calculate

th em. A vary significant result of this formulation is that the

C—7
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original system modes are comple tely separate and visible , thus

physical insight into the system is preserved . This decoupling of

modes makes it possible to represent the state transition matrix in

terms of the modes, each with a “component matrix ” multiplier. An

explanation of component matrix formation is given in section C3 .

Extended Application of the Cayley-Hemilton Theorem. The pro-

cedure outlined .Ln the preceding discussion can be very simply cx-

tended to the augmented system state transition matrix, Eq (16) ,

which is used in the sensitivity parameter calculations for the system

identification process . Eq (161 is repeated here for the reader ’s

benefit:

1~~~~~~~ I~~~~~~l 
2n fT I~~~~~l__

~
__ l t —

~~~~~~ ~
— — f — —

~ 
a~~~ CtL (C2—lOl

L.~cni ~
j  ~

e

Note from Eq CC2-1Qi that the augmented system has the same eigenvalues

as the original system since the augmented system matr ix is triangular.

The only dif ference is that the aigenvalue multiplicities of the aug-

mented system are double those of the original system. This means

that the Vandermonde matrix for the augmented system is 2n X 2n there

are 2n remainder polynomial coefficients, and there are 2n modes.

However, half of the modes are simply derivative modes resulting from

the doubled eigenvalue multiplicity which came from augmenting the

system . These extra modes ultimately have null, component matrices H

(Ref 9:V-l221 and may be thought of as placeholders or “pseudo” modes.

Thus it is seen how the Cayley-Baniilton theorem can be applied to

( )  determine the state transition matrices of both the original and aug-

mented (sensitivity ) systems . The next step is to determine how to

C-S

~~ .~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~

~~~~~~ ~~~ ~~z .  ~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~
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find the “ component matrice s” which were revealed as part of Cay ley-

Hamilton theorem application . That determination is the subject of

the next section .

C3. Definition and Construction of Component Matrice s. Several

references have been made to “component matrices” in other sections of

this thesis . The purpose of this section is to show what component

matrices are and how they are formed.

A component matrix may be defined as a matrix which shows the

contribution of a given system mode to the state transition matrix

(Ref 15:6101. Thus it can be seen from Eq (C2-9) that each column

of terms constitutes a component matrix, multiplied by its corres-

ponding mode.

Component matrices are comDonly labeled with a double subscript ,

e.g.: Z
10

. The first subscript identifies which eigenvalue made the

mode with which the componen t matrix belongs. The second subscript

can he nonzero only when the system has repeated eigenvalues. It then

identifies the number of derivatives which must be taken of the

associated primary mode to obtain the pseudo mode with which the

component matrix belongs . (This derivative process is described in

Section C2.) Two examples should help clarify this . First consider

Z • This is the component matrix associated with the primary mode of
10

eigenvalu e numb er one : e . Next consider Z82 . This is the component

matrix associated with one of the pseudo modes of eigenvalue number

eight . Specifically, it is for the pseudo mode found by taking two
A t  X8ttime derivatives of the primary mode : d2 e a t2e

dt2

Note that this implies elgenvalue eight baa a multiplicity of at least

three .
C-9

a- ~~~~~~~~~~~~~ 
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Applying the observations made and the subscript conventions just

-
~ described results in a component matrix formula:

Z
jk = 

~~~ 
vL ,cAt l ; c:[~~~ mj ]  

_zn~+k+l (C3—lI
i~i

where 0 ~ k ~~. fl~ - 1; m
3 

being the multi plicity of the j ’th  eigenvalue.

The state transition matrix may then be found from

14 m .-l
e
Ata ~~~ ~~~~(Zj  k)t k e~~ (C3—2)

in which 14 is the number of different eigenvalues. Some numerical

examples of the formation of component matrices are given in

Appendix D , Examples I. and ~~.
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Several numerical examples are provided here to help clarify the

application of concepts presented in the text. Examples 1 and 2 work

with systems whose eigenvaluas were carefully selected for illustrative

purposes. Each starts with a set of eigenvalues, X i, , and a plant

matrix, A, which contains a set of system parameters, 6~, . For the

system identification process outlined in the text, the quantities

sought are the output sensitivities, ‘a’, as defined by Eq (13).

Example 4 illustrates the use of Csiki’s generalized algorithm. This

is also the process used by subroutine VANINV.

D-2
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Example 1 - Distinct Eigenvalue System

Suppose n 3, and

A~~
a 4 0

1
=_ i  I—:~ 0 01

12 
a —3 02 

a —2 A a I 01 12 0 (P1—i)

13
= 1  

[~,2 
0 x2j

The solution is presented in f our steps:

1. Determination of inverse Vandermonde matrix and (n-i) powers

of the plant matrix.

2. Calculation of the state transition matrix, e
At
.

3. Calculation of the parameter sensitivity derivatives, en).

of the state transit ion matr ix .

4. Determination of eAt and e~~~ by means of component matrices

rat her than the solution of n linear equations as done for

steps 2 and 3.

Inverse Vandermonde Matrix. For distinct eigenvalues, no deriva-

tives need be taken to find the Vandermonde matrix:

1 4 1 6

vT a 1 A2 ~~ 
a 1 —3 9 (Dl—2)

- I L A 3 A
~ 

i l l

which has an inverse

1/7 1

Iv I — 2/21 —5/28 1/12 (Dl—3)

(J L..~/21 1/28 -1/12

D—3
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Powers of Plant Matrix. Since n —3, only powers of A through

n—l — 2 need be found. If A is multiplied out, the element in the

i’th row and j’th column of the product may be represented by

IA
2
]~~~~ ~~~~ a~~ Ct, (Dl—4)

where the Ci’s represent the elements of the orig inal matrix . For

this example:

A2 
— e1 ~

‘2 ° I 1 e
~ 

1
2 

a 10 1(1
1+121 A~ 0

0 

~J L~2 0 
[~~~Ai+131 0

(P1—51

or

f l o~~~~~~~~~~~~~o f l~~~~~~~6 o ~~~~~
A
2 — —l —3 a 

J ) 
‘-1 —3 0 — —l 9 0 (Dl—61

L 2 o .~ i L ~~~~~~J o~~~~J

State Transition Matrix. Eq (C2—8) for this example is

eAt a
1
(t)I + ~2

(t}A + a
3(t)A

2 (P1—i)

The remainder polynomial coefficients, (ti , may be found by apply ing

Eq (C2—71 :

[ 1  
(tT~ ~~~ vI:1 

~~~~a2
(tl — vfl V

22 v23 I 1 1 ~ I (p1—B)

L~1J ~~~l 
V~~ V3~

J L 
3

]

D-4
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This results in
U

a1
Lt~ 

a —1/7 e
4t 

+ 1/7 e 3t 
+ e

t

a2
(t) — 2/21 e

4t 
— 512~~

—3t 
+ l/l2e~ (Dl—9)

a3
(tl — 1/21 e

4t 
+ 112~~

—3t 
— 1/l2et

Substituting into Eq (P2—7)

e
At 

— (-1/7 e
4t 

+ 1/7 e 3t 
+ et ) ri 0

1 0 1

L 2 ° ~~J
+ (2/21 e4

~ — 5/28 e
3t + 1/12 et)r4 0

( O i — 3 0 1

L2~~~~~J

+ (1/21 e4t 
+ 1/28 e

3t 
- 1/12 et)~~~ o

01 9 0 ( (D1— 1O)

~~ O 2 O 

~J
(The parameter sensitivities, 0~ , are left in for the present so the

part.tals of the state transition matrix w.r . t .  the parameter sensi-

tivities can be taken later.)

Adding everything up results in

1~
4t 

0 o

•
At 

— (~.4e4t 
— 

81 —3t ~ •
—3t 0 (P1—il)

e2 4 ~ 2t(-j-e — -ye ) 0
I ’  — —

D— 5
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Which. when evaluated at the values of 0~ yields

4t
e 0 0

At 
— (_l/7e

4t 
+ 1~75

3t ~—3t 0 (D1 l2)

1 2/3e4t 
+ 2/3et) 0 et

Parameter Sensitivity Derivatives. The par amete r sensitiv ity

derivatives, of the state transition matrix can be found by

differentiating Eq (p1-il) w.r. t .  the parameters , O~ . For

0 a a

— i/7e 3t
) 0 0 (D1—13)

a 0 0

And for 8
2
:

0 0 0

a 0 0 0 (P1—14)

- 1,,3,
t
1 ~

Use of Cce~ onent Matrices. There exists one component matrix

j for each system mode or pseudo mode , therefore it is necessary to find

three component matrices for this system. Eq CC3-2),, which ii re-

peated here as Eq (P1-15) may be used to find the state transition

matrix .

~ 
m~-l

A t
•
At 

— (Z 4 )~) tk e (p1—15)
jal k.0 ‘‘

-
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u 
For this example, there are !~~3 distinct eigenvalues. There are no

pseudo modes, therefore ka 0 always. The three component matrices

to be found are Z
10
, Z

20 
and Z30, which are found by using Eq CC3-l),

repeated here as (P1—16):

Zj,k _EvL,c
A
~~~

; C a[.~ 1
m~~

_m
j
+k+l (Dl-l6)

Therefore , substituting from previous calculations;

U~~~~~~~ V~~ 1A

H 1  P O o l
1 0

~~
+
~~~ I 0~~—3 0

L2. 0 ± i  ~~ 2~~~~]j

r o 1
i i  I

+ ~j 
~ 

O~ 9- 0 (D1—17b1

r~~~~° f lI i  I
— ly e 0 cpl—l7c)

1 1 2

* 
L!02 0 QJ

n— 3

Z 2~ a~~~~ vt 2 A& l  (Dl—18a)

2— 1

(
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1 a 0 4 a 0

1 5— 0 1 a —— 0 —3 07 28 1

0 0 1 02 0 1

+ O~ 9 0 (Dl—lSb)

~~~ 2 0~~~~J
-

~~~~~~~~ ( o  o~~~~~ 
-

-

— 1 0 (D1—lSc)

L° o~~~~~~J

z
30 _Ev& 3 A”

~~ 
(Dl—19a)

[ a a l
— l  1° ~ 0 I + ~~l 0 l _3 

0 1

~~~~~O l J

~~ ~ 
(Dl—]9b)

— o o o f  (D1-19c)

L~~~
2

Substituting the component matrices into Eq (P1 —15) results in the

state transition matr ix:

1~i 
eAt 

—~~~~~ 
j  

(Z~~0
)t 0e~~ 

(Dl-~Oa)

- - j—i k0

D—8

A 
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~~

-

11t 12t 13t
— Z10

e + Z
20

e + Z
30

e (D1—20b)

- 0 0 e4t + 1 e 3t

+ F~~a 0 e
t 

(Dl—20c)

b02 0~~J
[7~~4t ) a

— I ~i~1 #01
e
3t e 3

~ 0 (D1~ 2Od)

[
~~ 0 4t 

— 402
et1 0 

~:1i_I
Comparing Eq (Dl-20d) with Eq LDl—lll shows that the same answer comes

out either way. Note from Eq (Pl-20c) how clearly visible the modes

are. Their individual influence on the state transition matrix is easily

discernable. Also, the influence of the parameters , O~ , on both. the

modes and the state transition matrix are easily seen from this

formulation.

Note that in actual practice the parameters are numbers rather

than variables as shown in this exampl e. They were carried as variables

in the example to show how they influence the modes and component

matrices. Another important point to note is how direct the component

matrix approach turns out to be in the end . Although the developemnt

may seem to follow several independent paths, the application is very

direct. Once th. component matrice s are found from the inverse Vender-

C) monde matrix , all the •ffects of the modes and parameter sensitivities

are related to the system by Eq (21).

0—9
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Example 2 - Auqmented System

(

I f n— 2 , and

2 
~~~~~~ [~i 0 J

A a  
I (P 2—i)

2
[~i 

12J
the solution is found as shown below, following the same procedure as

Example 1. Before proceeding, however, the augmented system must be

formed — —
1 If l  2

— 1 1 A
A j_ ... .j . _

[‘~j J  AJ 
0 0 0

20i 0 01 12

Notice that the eigenvalues of the augmented system are the same as

those of the original system. The only difference is that the multi-

plicity of each is doubled .

Inverse Vendermonde Matrix. Since the eig.nvalues of the aug-

mented system are not distinct, derivative s must be taken to form the

transp osed Vandermonde matrix :

H 1 11 A~ A~ 1 2 4 8

T 0 1 21i 3X~ 0 1 4 12
V — — (P2—3)

1 A~ 12 
1

2 
1 —i 1 —1

0 1 212 3A~~ 0 1 —2 3

( which has an inverse

0-10
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~
- ...‘-- 

~~~~
— — —

( 21/81 —18/81 60/81 36/81

—l 36/81 —27/81 —36/81 0.
[VT) — (D2—4)

9/81. 0. —9/81 —27/81

—6/81 9/81 6/81 9/81

Powers of Plant Matrix. For this system with n—4 , powers of A

through A3 must be taken:

A~ o~~~~ o a 
~~~ 

o~~~~o

~
2 A ’ 0 a 02 A ’ 0 0

_~~.._ !I
_ _ _ _  

~~_.J!_ __ .._ . (D2-Sa)
O 0~~ X~ a a o~~ 11 a

~~l ~ e~ ~~ 201 0 8~ 
•

~~~

12 0 Q Q
1 I

0
2 (X +1~~ 1

2 I

a _L.l_2_ — .-L-. — — — — Cp 2 5b1
0. a I 0

201(11+121 ~ i 
0~~A~+A~1 A~

or

2 0 1 0 0 2 0 1 0 0
I I

9 —1~~~~~~ 0 0 9 —l~~ 0 0
~ 2 

— — — — — — — — — — — — — — — — (~2—Sa)
0 ° I  2 0 0 a t  2 0

—6 O~~~~~—3 —l —6 O j — 3  —i

4 a l a a

9 l~~~~0 0
a — — — — — (P2-Gb)

0 0 1 4  a
( )  I

— 
-6 ° I ~~ ~• - —

0-11

L . 
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and

A
1 

a o 0 A~ 0~~~~0 a

3 ~~~~~
+X
2
) 

— 
~~~~~ A2 I 0 

-

~~ 

-
0 0~~~ A~ 0 0 0 l 1  o

201(11+12
) 0 I 0

~
(A 1+A 21 12 

0 O~ A2

(D2-7a)

a I a o

_L L 2~~
_ L 4- — — — — — -- (02-7b)

0 0 ,  A~ 
Q

or 

2 8 ) ~ +A1X 2+A~L ~ i 0~ U~+A1A 2+A~
) 

~~

4 o l a  ~~ a l a

3 9 i i  0 0 9 —l 0 0
A a — — — ~

_ — — — — .1—. — — — (D2-8a)
0 0~~~~4 0 0 0 1 2  0

—6 0 1 9  1 —6 0 — 3  —l

~

27 —1 0 0
- (D2-Bb)

0 0 1  8 0

—18 O
~~~~

27 —1

* Notice from Eqs (02— 2, D2— 5, D2-7) that the parameter and its sensi—

tivity remain in their respective positions for all the powers of the

augmented matrix . This is an impor tant prop erty because it causes all

(
~ 

the modes to remain visible throughout the component matrix process of

system identification.

0—12
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State Transition Matrix. For this example, Eq (.C2-8) is

U -

At 
— a

1
(t)I + a2

(t) A + a3
(t )A 2 + a

4
(t)A3 (02—9)

Eq (C2—7) results in the following system of linear equations , from

which the remainder polynomial coefficients, a. Ct), may be found:

11t
a1
(tl v11 

V 12 v
13 

v
14 

e

a2 (t)~ 
— 

v21 V 22 v23 V 24 (02 lO)
a3 (t} v31 V

32 V33 v34 e

a4(tl V41 v42 v43 V44 te

By applying Eq (P2-4)., the following coefficients are found :

a1
(tI — ~~~~~~~ — 18181te

2t 
+ 60/81e + 36/8lte~~

— 36/8le2t — 271,81~~
2t 

— 36/8le t

(P2—il)
a3(tl — 9/81e2t 

— 9/8le t 
— 27/8ite

a4(tl 
a _6/81e2t 

+ 9/8lte
2t 

+ 6/8le
t 

+ 9/8lte~~

Substituting into Eq (D3—9 1 :

e~~ — (21/81e2t — 18/Slte
2t 

+ 60/81e
_t 

+ 36/8lte~~ ).

0 1 1 0  0

0 o h  a

~ o ! o  i.

( ‘)

D—l3

_ _ _ _ _  - 

‘
V 

~~~~~~~~ 
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+ (36/8le2t 
- 27/Blte2t 

— 36/Ble
t)

2 0 0 0

—1 0 0

0 0 1 2  0

~~ 
a l

e _ i

+ (9/8le
2t 

~9/81e
t 

- 27/8lte tl

~ o~~~o ~
e2 1 a a

0 0 j 4 0

~~1 ~~~~~~ ~~

+ 16181
2t 

+ 9,,8i~~
2t 

+ 6/Ble + 9/8lte~~ )

-

~~ 
0 1 0  ?5~

30
2 —l a o1 

— (02—12)

601 : ~S~m~ning up all the terms yields

e2t a. I

8~~27/8le~~~- 27/8le~~~~~e~~~~ 0 
— — - —

C — 
0~~~541~81~ 2t 

— 54/$1~~
t
) 0 0~ (27/8le

2t 
- 27/81e t) e t

(02—13)

If Eq (02—13) is evaluated at 0 a — 3 , the result is
( )  1

0-14
p .
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2t Ie 0 0 0
2t —t _t

eAt 
= 

~~ ~H e~~ 
—:= (P2-14)

(— 2e + 2e 0 (3e — 3e ) e

Parameter Sensitivity Derivatives. This system has only one parameter

sensitivity derivative , e (1)~ and it can be found by applying Eq (19) ,

which for this example is

2n=4
e~~ 1 ~~~ 

A~1~ a~ (t) (P2—15)

From Eq (D2-15J it is evident that powers of the original system matrix

are needed up through the third power. Therefore

r1 ~1[~ °1 r~A2 

L_2 A_~j  L~ 
= 

[~~ c1l+A 21 A~j  
(02-16)

or

r~~~nA2 
= — (D2—17)

L a - ~J L ~~~~
-

~J L a U
and

3 f l R lA — 

[~~ol+x 2 xJj 
~ 

x~j

c 1
— 

1 (02—18)
e~:A~+x lx2+x~

) A~

A 3 — I I I — I I (02—19 )

L~~~ J L ~~-!J
0—15
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Applying these to Eq (02-151:

e ) = ( 2/8le2
~ - i8181te 2t 

+ 60/81e
_t 

+ 36/8ite
_t

)

+ 
~~~~~~~~r 1 

(36/8le
2t 

- 27/8lte
2
~ - 36/81e

_t
l

+ ~r 1 ~~ 9/Ble2t - 9/81e
_t 

— 27/Slth
_t

)

T h U
+ (—6/8le2

~ + g,,81~~
2t 

+ 6/81e
_t 

+ 9/Olte
_t

)

(D2—20 a)

r-~~ 1
— I I (36/8le2t + 27/Blte — 36/8le

_t
)

L~!1.~J
+ I I ~ 9/8le

2t 
— 9/8ie~~ — 27/8lte

_t
i

L!!i~ Jp~~1
+ I I (_6/81e2t + 9/Slte2t + 6/81e

_t 
+ 9/8ite tl

~ i !J
(D 2—20b )

Finally ,

e~~ 1 - 
[ 

0 

~~~~1 
(p2-21)

- 54/810~t) o
___j

1~ 

-

)

0—16
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A comparison of Eq (02-21) and Eq (P2-13) shows that the parameter

sensitivity of the original state transition matrix is in fact the

lower left block of the partitioned state transition matrix for the

augmented (sensitivity) system. Thus the validity of Eq (15) is

demonstrated.

Use of Component Matrices. Since the augmented system has two

distinct modes and two pseudo modes , a total of four component matrices

must be found : Z
10
, Z11

, Z
20
, Z21. The augmented system state tran-

sition matrix and the component matrices may be found using Eqs (C3-2)

and (C3—ll , respectively. They are repeated here as Eqs (02-221 and

(02—23)
m -l

e~t a ~~j , kl t Q  (D2—22 )
— 1 k—0

,k — VL , c ~~ u{~~~~~mj~
] 

— m~+k+l (02-23)

Applying previous calculations:

z10 v~ ,1 
~L—l 

— 

(D2—25a)

i. a l e  a 2 a l a  a

o l ’ o o ~2 i b o 0
— 21/81 — — — I—— — — + 36/81 ~~~~~~~~~~~~~ H — —

0 0 1 0 0 0 2 0

a a 0 1 201 ~ I ~ —l

4 Q I Q  0 8 0~~~~O 0

1 0 0 302 — 1 I o 0
+ 9/81 —f — — — - 6/81 ~.J — - -j . — —

0 0 4 0 0 0 8 0
I I

a o ~ 39~ -1

0-17 (02- 25b)

t ~ I 

j  
— - 

~~~~~~~~~~~~~ - - - r~
-- - ~~~~~ .
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~~
---

~
--

— U o l o
27

~~
2 0 I 0

~~~ _~~~~~ ~~~~~~~ — — — — — (D2-25c)

e 0

(D2—26a)

1 o l o  o 2 o f  a 0

0 1 1 0  0 ~2 1 1 0  0
a -18/81 — — 1— — — - 27/81 —~~ — — —: :~: 

~~~~. 

;
‘ I

30~ — i f  a a
+ 9/81 — — 

~•1~ 
— — (02—26b)

6:~ o~~3:: :
0 0 1 0  0

o 0 1 0  ~— —— t— — —  (D2—26c)
0 0 0 0

0 o~~ 0 0

— vt 3  ~
:L—1 (D2-27a)

L-l

0-18
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U ~~~~~~~~~~~~~~ T o l o T

a 1 ) 0  a 0~~~l I a 0
— 60/81 — — — — — — — 36/81 — — —I— — —

-

~~ o f o T  7 o ~~~ o~~~~~
e
2 i l o  a 30

2 
~1 1 0 0

— 9/81 _l 
— .

~~
-_. — — + 6/81 __! — _~~~... — —

0 0 4 0 0 0 8 0

‘ 2 ‘ 2
~ 1 01 1 ° ~~l 

1

(D2—27b)

a ~ I a 0
27 2

1 0 0
— — t_— — — —g- — — — — (P2— 27c1

o 0. 0 a
54 2 7 2
81 1 81 1

f ) z
21 

a v~~ 4 

-

Lal

1. 0 ) 0  0 4 0 1 0  0

O 1 0 0 8
2 

1 ~ 0
— 36/81 — — —I — — — 2 7/81 —i — 4— — —

o o~~ 1 0 0 0 4 0

‘ 2
0 0 , 0 1 

.
~~~~~~ ° i °~ _~.

8 0 I a  a

382 — i i  0 0
+ 9/81 —~~ — t— — — (D2—28b)(3 o 0~~~~8 0

60~ O~~~30~~~— 1

0-19
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~~~~o l o ~~~~

~ ~~~ 0
— - • .  — (D2—28c)

a a
~~~~

O a

o o~~~~o 0 -

It can be seen frost the above that if the component matrices are cal-

culated in order of increasing value of the subscript, the calculation

of c, the column index for v
L~~~ 

need not be computed . It can be

simply initialized to one for the first component matrix , and there-

after incremented by one for each new component matrix calculation.

Substituting the component matrices into Eq (D2—22 ) yields the

state transition matr ix for the augmented system:
m -1

e~
t a (

~ j ,klte C02-29a).

j al k—0
* A t  11t ~~~ 

12t
a Z

10
e + Z11

te + Z~~~e + Z21
te (D2—29b)

Q~~~~~~~~~0.

27 92 0 f a o
— . _ . L — _j.... — — — e2t 

+ LO] te
2t

:
8 1 1  I 811

-

~~ 
a j o  -a-

_~~~~~~~~ 2 1 0 0

+ 
811  — — — — e~~ + I01 te

t (D2-29c)
0 0 1 0  0

o I 27 92
81 1 81 1

0—20
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-- - - -

C) 
~
2t I o

— 27/81e
_t

) e t 1 0 0
-

0 (54,181e2t — 54/8le
t
) 0 0~(27/81e

2t 
— 27/8la

t
) e~~

(D2—29d)

Ccmparin~j  Eq (D2- 29d) with Eq (P2-13) shows that the sane solution is

found by either method. Again the influence of the system modes and

parameters is clearly visible th.roughout the component matrix method

solution process.

Example 3 - Use of Cs~k.i’s Genera lized Algorithm

An explanation of Cs~ki’s generalized algorithm is found in

Section III of the main text . Suppose for this example that a fourth

order system has one distinct eigenvalue and one eigenvalue repeated

three times: A1 — 1 with multiplicity It
1 

— 3, and A 2 — —l with

multiplicity k
2 

a ~~ The Vandermonde matrix can then be written

1 0 0 1 1 0 0 1

i a A 2 1 1 0 —l
V 2 2 *

A1 2A
1 

1/2(21 A2 1 2 1 1

3X~ l/2 C6A 11 1 3 3 —1

(03—1)

fl)

0—21
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which has an inverse

7/8 3/8 —3/8

~~ 
—6/8 2/8 6/8 —2/8

V — (D3—2)
4/8 —4/8 —4/8 4/8

—3/8 3/8 _ l/~,_j

The characteristic polynomial is

0(S) — (S-113(S+l) — S
4 

- 2S
3 

+ OS2 + 2S —i (03—3)

There are two denominator polynomials—-one for each. eigenvalue . They

are

D1(S1 
~~~~~~~~ 

a S4—2S 3i~0S2
~ 2S -l — s + 1 03—41

U -

D2(S1 — (.S—A 2 ).1~2 = 
S4—2S

3
+0S2+2S—l 

~S1L
3
S
3
3S2+~~~1

(03—5)

For every application of Cs~ki’s algorithm there are n truncated poly-

nomials , N p, (S) . In this example they are:

— — 2S2 
+ OS + 2 (D3—6)

14
2

(5) — S2 
— 2S a 0 (03—7)

N3 (S} — S — 2 (D3—8)

N 4 (S1 — 1 (03—9)

0—22
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The following structure describes the inverse Vandermonde for this

U example:

~ (~ ) 
~~~~~~~~~ w

t
~~ WU)11 12 13 14

w 
(1) (1) (1) (1)

— 
1. ~2l W 23 W 24

(11 (.11 (1) (1)
* 

w31 W
33 W34 (03— 10)

(2) (2) (2)
W13 W14

Each. element ~s evaluated as follows, using Eq (251, repeated he re as

Eq (P3 11) :

~~~~~~~~~~~~~~~~ 

d~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~ (03-111

1 ~~ 
14i~~

1 
= ~ .~~

!_ S3—2S 2+2 
_ 
7

1]. (3—1) ~ ~~2 D
~
(S1 2 ~~2 S+l 8

s—A 1—l s—i.
- (D3—l2a)

(1) 1 d2 ~2~-
~~

- _ I. d2 s2_25 3
— (3—11 t ~~2 D1(SL 2 ~~2 8+1 

a —

-- S”A1
.l - s—i

(D3— 12b)

(11 1 
- d2 N3 (S1 

— 1. d2 S—2 3
— (3—l) t ~~ 2 

~~~~~ 
2~ 352 S+1 — 

B
- 

. 
5~~ l h1

(D3—12c)

1 d2 N4(S) 1 d2 1 1
14 (3—1) ~ ~~ Di (S) 

~ 
s+l — j

. S—A 1
l s—i.

- (D3-12d)

etc.

0-23
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After evaluating each element , the matrix formed f rom Eqs (D3— 1O)
U

and (03-11) is the same as the matrix , Eq (D3-2), found by inverting

the Vandermonde matrix. Note , however , that g k 5  method does not

need to work with the Vandermonde matrix at all. It only needs the
- 

system eigenvalues and their multiplicities .
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adaptive flight control systems. 

.
- .—‘ A generalized algorithm for inverting the Vandermcnde matrix was prop osed

P.—~~. Geiki (P I—~)-. It was chosen for study because its structure parallel
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‘)th at of l~~~.~ lgorithm. ..CaAkLs~~’1gorithm was coded into a computer sub-
routine called YMINy,~ -and 43 eigeneystei s were used to test its ccm~u-
tational accuracy and efficiency . Four potential problem areas tested were :

~~J!)’ large system orders, (4T eigenvalues near each other, ~~~~~~ eigenvalues
near zero, and ~t*) eigenvalues with large magnitude diffet~ ices. For a
comparison, the Vandermonde mat rix for each system was also invert ed using
routines from the International Mathematical & Statistical Library (IMSL) .

Test results indicated that VANINV is not quite as fast or as accurate
as the IMSL routines. However , the tests were limited to~systems with real
distinct eigenva lues because the INSL routines cannot handle other types .
VANINV in its present form can handle systems having any combination of
complex and/or repeated eigenva lues . Therefore , recommenda tions for furthe r
research and several possible means of improving VANINV are outlined.
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