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PARETO EFFICIENCY WITH COSTLY TRANSFERS

Kenneth J. Arrow

This paper is dedicated to the dist inguished Polish economist ,
Edward Lipi~ ski , scholar and man of moral in tegr i ty  and courage , on
his ninetieth birthday.

0. In t roduct ion  and Summary . -

The theoretical  notion of Pareto e f f ic i ency  has been an important

c la r i fy ing  concept in ~o.paring alternative resource allocations, both

in theory and in the formation of economic policy . In particular ,

the close link between Pareto effic~~ncy and competitive equilibrium

is the central  result  for both analysis and policy . The equivalence

of the two concepts is stated in the form of two theorems :

First Theorem of Welfare Economics. Every competitive equilibrium

is Pareto efficient.

Second Theorem of Welfare Economics. For every Pareto efficient

allocation of resources , there is a redistribution of the endowments

such that the given Pareto efficient allocation is a competitive

equilibrium for the new endowment distribution .

The Second Theorem in particular implies that problems of equity

can be separated from those of efficiency ; if the existing distribution

of welfare is judged inequitable, rectification should proceed by

redistributing endowments (“lump—sum transfers”) and then allowing

the market to work unimpeded rather than by direct interference with

the marke t in the form , say , of price controls or rationing.

I have not stated the well—known hypotheses for the validity of

the two Theorems ; these hypotheses , roughly the existence of all relevant

markets (including those for externalities) and convexity , at least on

the production side, are of course frequently violated , and the theory

of go vernment policy is an attemp t to suggest one class of remedies.

- -~~~~~~- -~ —~--~ ~~~~---- — ~~~~~~~~~~~~~~~~~~~ ~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~-.--—~~--~~~ —~ ~~~~~~~~~~~~~~~~~~~~~~~
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This literature is vast , and I will not trod that ground here.

Another objection to the application of the two Theorems is also

widely known but its analysis is not yet well explored. I refer to

the impossibility of distributing the endowments without some cost.

Apar t from poll taxes, which cer tainly have no appeal as ins trumen ts

for achieving equity, we have no effective means of transfering

endowments from one individual to another without some loss due to

incentives. Any tax that is proposed will usually fall on some margin

of t~~ individual’s choice and cause a price distortion . The redistribution

itself , then , will cause an inefficiency ; even if the market is allowed

to opera te withou t impedance af ter the transfers , the final state of

the system will be inefficient

Once it is recognized that rediatributive transfers are costly,

the conce pt of Pare to eff iciency nee ds modif ication to take accoun t of

losses during the redistribution process. Hence, whether a given

allocation is Pare to eff icien t or no t will in general depend on the

amoun t of transferr ing needed to ach ieve it and therefore on the

initial distribution of endowments. - 

-

In this paper , I seek to initiate a general discuss ion of Pare to

efficiency and its relation to competitive equilibrium when transfers

are costly. For simplicity, I conf ine discussion to a pure exchange

economy (no p roduc t ion ) .

It is necessary to specify a transfer technology, a concept that

has already appeared in the literature in connection with competitive

equilibrium in the work of Foley [1970], Hahn [1971], and others.

Ner o , it is applied to transfers through extra—market means (primarily

government compulstn) as well as through the market. For this initial
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paper , I will make the simplest possible assumption , that the losses

in tranefering a given commodity are in terms of that commodity and

proportional to the transfer.

In this model, it is then strlightforward to characterize

allocations which are Pareto efficient relative to a given endowment

allocation. We can define an allocation as being Pareto efficient

without qualification if It is Pareto efficient for some endowment

allocation. The class of Pareto efficient allocations can be character-

ized in an interesting way in terms of a cycle condition, that a

sequence of pairwise trades between successive elements of a closed

cycl, of economic agents not be advantageous.

It is easy to demonstrate that if the market transfer technology

is the same as the redistributive transfer technology , then the First

Theorem of Welfare Economics remains valid. However, the second is

clearly false, so that the trade—off between efficiency and equity

becomes unavoidable.

1. Allocations Pareto Efficient with Reepect to Initial Endowments.

Notation:

4 — amount of commodity k used by indidual i;

ix — allocation of commodities to individuals , with components xk;

x
~ 

commodity vector of individual i, i.e., with components

4 for fixed i;
4 — amount of commodity k in individual i’s endowment;

— endowment allocation of commodities to individuals, with

components 4;

— endowment commodity vector of individual i;
H
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U~~(x~ ) — utility of individual I from commodity vector x1. I

assume U~ di f f e r e n t i a b l e .

— ~Ut / 34.

— commodity vector of withdrawals from individual i;

u — allocation of withdrawals , with components 4;

— commodity vector of transfers -to individual I.

v — allocation of transfers to individuals , with components

i
• 

-

The two transfer vectors u1 and vt are taken to be non— negative.

From the nota t ion , f inal  and endowment al loceti , ns are related by,

— - U + v , all 1. (1)

We will have to require that x — 0,

• Definition 1. The set of admissible pairs Cu , v) of allocations

i~j 
- of withdraw als and transfers is termed the transfer technology, T.

Under the usual assumptions of costless transfer, the transfer

technology Is defined by the conditions,

U
1 
~ 0, V 1 

~ 0, all I; Z u~ ~ E v 1,
i 1

Definition 2. The transfer technology is said to be simple If,

for each k, there exists a parameter, 8k’ such that the transfer

technology T is defined by the relations,

~ 0, v~ ‘~~ 0, all i; (2)

tv
~~~ 

8k E 4 ,  sil k. (3)

The parameter , B.
~ 

is the proportion of goods taken from some

individuals which is still  available to be giv.n to others. We assume ,

of course, that



0 < B k < 1 ,

• so that transfer is possible but with some possible loss. The loss

may differ among commodities.

(In a more general transfer technology , the transfer of one

good will be at the expense of other gouds rather than itself. The

present case is treated only because of its simplicity.)

Definition 3. The allocation x is said to be attainable from w if • . 

-

there exists a pair of withdrawal and t r ans fe r  al locations, Cu , v) belong-

ing to the transfer technology for which (1) holds with,

0 . (5) L
Definition 4. The allocation x Is said to be Pareto efficient J

with respect to the endowment allocation w if x is attainable from w

and if there does not exist x ’ a t ta inable  f rom w such that

U 1(x’
t) ~ U1(x

1), all I, U~~(x’i) >U~~(xi)~ some j•

— Let ,

AC0) — Cx Ix attainable from wi .
Since T is def ined in a way independent  of w ,  we have,

A(o) — t{o} + T) fl X~ , (6)

where to ) is the set cons is t ing  of w alone , and X~ — ( x i x  ~ 0).
Pareto  e f f i c i ency  wi th  respect  to o means simply Pareto efficiency

• over A (o ) .  Then , if the utility functions are quasi—concave and satisfy

some add itional regularity properties , x is Pareto efficient over a

convex set if an only if there exist non—negative multipliers, A 1 , not

all zero, such that x maximizes,

£ A 1 U~ (x
1), (7)

i

over that set. In view of th. structure of AC.), x is Pareto efficien t
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over AC,) if there exist A~ ‘~~ 0, not all zero, u~ , v
1, which maximize

(7) subject to (2), (3) and (5), with x~ defined by (1).

Let be the Lagrange multiplier associated with the constraint

(3) and ~~~ that associated with the constraint, 4 Z 0, (5). The

• Lagrangian can then be written,

L — ~ ~\ 
U1(o~ — u~ + v

1) + E 
~k~

8k ~~ 4 - Z 4)
1 k i i

1
+ Z Z q (w ~~u

i + v 1). (8)

Since the variables 4, 4 are constrained to be non—negative , necessary

conditions for an optimal allocation are that, for all I and k,

- aL/~i4 ~ 0 , with equality if 4 > 0, (9a)

aL/a4 ~ 0, with equality if 4 > 0. (9b)

In add ition, the inequalities (3) and (5) must hold; the corresponding

Lagrange parameters must be non—negative , and , if any are positive, the

corresponding inequality must become an equality . These conditions,

together with (9), constItute a t ystem of linear equations and inequalities

in the Lagrange parameters for a given transfer; the solvability of this

system is equivalent to the Pareto optimality (id.th respect to the initial

endowment o) for the allocation x defined by the given transfers u, v

according to (1).

We now write out the sytem of inequalities explicitly. From (9a)

and (8),

_ k U 1 + 8 ~~ P~~ _ q
1~~~~ 0, alliand k,

i k

or ,

x i Uk + ~~~~ 8k ~k’ 
for all 1 and k; (lOs)
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A U1 + q 1~~ _ 8 ~~~p~~~i f 4 > O .  (lob )
1 k

Similarly, if we replace i by j in (9b), we find,

A~ U~ + 
~~ ~k’ 

all j  and k; (lla)

xi ~~~~~~~~~~~~~~~~~~~~~~~~~~~ (llb)

The inequalities on the Lagrange parameters are,

0, all 1; (l2a)

A
1 

> 0, some j. (12b)

‘~~ 0, all k. (13a)

‘~~ 0, all 1 and k. (l4a)

> 0 , then constraint (3) must hold with equality for the

corresponding k.

4 — 4 if 0. (13b)

Similarly, q~~ > 0 implies that constraint (5) must hold with equality

for  the corresponding I and k. In the contraposit ive form , thi s

statement reads ,

— 0 if 4 > 0. (14b)

Note that the marginal utilities U~ and U~ in (10) and (11) are

evaluated at x~, as defined by (1).

Let us postulate that there is no satiation in any good. That is,

‘0, all 1. and k, for all xt. (15)

From (l2b) and (15), )~ U~ > 0, for all k, for some j. Since

2 0, by (14a), it follows from (h a) that ‘ 0, for all k. 

• ‘—;- ,~ - - -~~- ••.----- • •
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Rence , (l3a, b) can be rewritten ,

all k, (16a)

£ v k .$ k t u k for all k. (16b )
i 1

Suppose for some 1 and k, we had both 4 > 0 and 4 > 0 (i.e., an

individual both gave andreceived commodity k). Then from (lOb) and

Cu b) (replacing j by 1 1. the latter), we must have — 8k

Rut this is impossible , simee ~ 0 by (l6a) and 1, by assumption (4).

For all I and k, I a ~t be that both 4 • 0 and 4 — 0 (17)

If we review the system of inequalities (2), (10), (11), (12), (14),

and (16), we observe first that the endowments w do not appear explicitly.

The primal variables appearing explicitly are x , u, and v. These

determine ., for, from (1),

— xt + u1 
— v~. (18)

This suggests that a natural rephrasing of the original question is to

start with a given x, u, v, and ask whether x is Pareto efficient for

the corresponding w. In a still further rephrasing, we can start with

a (final) allocation x and ask for the set of endowments w such that x

Is Pareto efficient with respect to o. (This set may of course be

empty.) This is equivalent to seeking the solution of the system in

the Lagrange parameters and the variables u, v. ¶

Since the endowment allocation must be non—negative, it follows

from (18) that the transfers u, v must satisfy,

+ u~ — v~ ~ 0, all 1. (19)

It is also to be observed that, except for the equation (16b) and

the inequalities (2), the variables ii , v enter only through their signs
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(in (lob ) and (llb) ). Consider f i r s t , then, the remainder of the

system, i. e.,  (lOs), (ila), (12), (14), and (16a). For fixed x, the

coeff ic ients  U~ and U~ are given. Call this the inner system. The

• variables are just the Lagrange parameters. The inner system may or

may not be solvable. If it is not , then clearly x is not Pareto

efficient for any endowment w . If it is, take any solution. Rewrite

(lOb) and (llb ) in contrapositive form:

1 1
U
k 

— 0 if 
~1 

Uk + ~~~~ > Bk ~k’ 
(20)

v~ — 0 if 
~ 
U~ + 

< 
~ 

(21)

Then , given the Lagrange parameters  which solve the inner sys tem , we

have a system of equations and inequalities in u, v, namely , (2) ,  ( 16b),

(19), (20), and (21), which may be termed the outer system. Note that

this system always has at least one solution , namely , u’ — V
1 

— 0, for

all i. In this case, we have 0 — x. Thus, if the inner system is

solvable, then x is Pareto efficient with respect to itself.

However, for any given solution of the inner system , there are

• in general many solutions of the outer system . For each solution , there

is a corresponding w, defined by (18). More detailed properties of these

solutions, and a useful  necessary and s u f f i c i e n t  condit ion fo r

solvability of the inner system will be found in the following sections.

In the meantime , the results found thus far can ~e summar ize d in the

following definition and theorems.

Definition 5. The allocation x is sCid to be Pareto e f f i c i e n t

(without qualification) if it is Pareto  e f f i c i e n t  wi th  respect to some 
~~
.

Theorem 1. The allocation x is Pareto efficient if and only if it

is Pareto e f f i c i e n t  with respect  to itself. A necessary and sufficient

condition that x be Pareto efficient is that  the fo l lowing  system of

- 
•-
~~~~ ~~~~~~~~~~~~~~~~ -~~~~ - - • -• 

-• -~~~~- —— • - ~~~~~~~-— ~~~~- .~~~ •—~~~~- -
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equations and inequal ities have a solu tion in the var iables ,

~~~ ~k’ 
q1~

:

~~~~~~~~~~~~~ Bk Pk~ 
(a)

A
1 
U~ + 

~k’ (b )

~ 0, all 1, (c)

A
1 

> 0, some j, Cd)

0, Ce)

q1~~
m O i f4> 0 , ( f )

- 

~k
> 0  (g)

Here , U~ is evaluated at x
1. The system (a—g) will be referred to as

• the inner system (for x).

Theorem 2. Let x be Pareto efficient. For any solution , A~~, 
~k’

q~~ to the corresponding inner system , let u , v satisfy the following

• system of equations and inequalities: -

1 >u — 0 , (a)

I >v — 0 , (b )

i II vk — Bk I U
k 

, (r)

xi + u i _ v i u~~o , (d)

4 — 0 if a
lk 

> Ce)

‘1 vt — 0 if a
ik 

( 1,

where,

a ik a (A 1~~~~ +~~~j~~~
) ‘~~k 

(g)
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Then if (~)i — + ut — v~ , x is Pare to e f f icien t f or w . The system

(a)—(f) will be referred to as the outer system.

It is interesting to note that the outer system depends on the

solution of the inner system only through (e) and (f), which designate

zero values for certain transfers.

2. Simplification of the Outer System.

For a given solution of the inner system , the outer system can be

given a somewhat simplified form. Let ,

ak 
— m~~ Aik’ Ak mm aik

. (22)

Fr om Theorem 1(a) and (b ) ,  ak ~ 1, ~~~~~~

>
‘ ~~, so that Ak/~ k 

8k

Suppose the strict inequality holds . Then either ak> 8
K 

or ak 
< 1.

In the first case , alk 
> 8k~ 

all 1, so that 4 — 0 for all 1, by Theorem

2(e). Therefore , X v — 0, from Theorem 2(c); since v — 0 by Theorem
i ~

- —

2 (b ) ,  we must have 4 — 0 for all I. In the second case , 4 — 0 f or all

1, by Theorem 2( f ) ,  50 that by corresponding reasoning 4 = 0 for all I.

In either case,

if Ak/ak 
8k’ then 4 — 4 0 for all 1. (23)

Now suppose 8kISk — ~~~~. Then ak — 
~~~~‘ 

— 1. From the definitions

(2 2) ,  this means there is at least one individual i for whom aik takes

on its least possible value , ~~, and at least one for whom It takes on

its greatest possible value , 1. Let ,

k ~~~~~~~ la lk — 8k ~~‘ Sk —~{iJ alk 
— 1). (24)

From Theorem 2(e— f),

4— O ifi  I !k , ’k °1
~~

i 
• / ‘~ 

(25)

Theorem 2(c) now becomes,

- -— —
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I ~~~~~~~ ~~ 4. 
- 

(26)
- 1

~~~
1k

If i ~ S~~, then Theorem 2(4 )  reduces to the statement , 4 + 4 2
which is automatically satisfied. For 1 a Theorem 2(d, b) become

• the statement ,

< i <  i —

0 v~ xk for i 
~~
5k• 

(27)

If we r efer back to the def inition of in (18) and make use of

(25 ) ,  we see that ,

Uk 
— 0k 

- xk for 1 a Sk~ ‘k 
— Xk 

- 0k 
f or i a . (2 )

Formulas (23) — (28) together can be restated as the following theorem.
I i

Theorem 3. Let x be Pareto efficient, and le t T (x)  be the set of
— solutions (A 1, 

~k ’ ~1~~) to the inner system for  x. For any element of

T(x ) ,  let,
I

aik 
— 

~~~ 
+ ~~~~~~~~ 

(a)

• ~k 
— ~~~~~~ aik — Bk

) S~ { ~ I aik — l} . (b)

— Define fl Cx , A 1, 
~k’ ~1~

) to be the set of endowment allocations

- 
- 

o satisfying the following conditions (c—c):

for any commod ity k f~ r which mm alk 
> max aik, 

— 4i - 1 k

for all individuals I; (c)

for all other commod ities ,

i’ 1 — < i<  1 —
— for ~ £ 0 — ‘k 

— xk for i C 8
k’

1
— 4 if I belongs to ne ither no t (d)
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1 1 1 1
I W~~+ B ~ E _ °k I X

k +$ .
~ £ _ X

k~ 
Ce)

~ ~ ~‘k 
1 £S~ ~ £$~ i a S

k

Then x is Pare to ef f icien t f or w if and only if w a ~ Cx , A~ , 
~k’ ~~~

for some solution (A
1
, 
~k’ ~~~ 

£ T(x).

3. Simplification of the Inner System and a Criterion for Pareto
Efficiency.

We now analyze the inequality system of Theorem 1. In particular,

it can be reduced to a system of inequalities In the utility weights , A1,

alone. Since ~ 0 by Theorem 1(e),

A
1 
U~ 

~ ~k’ 
all j and k (29)

From The orem l(a, f ) ,

A1 U~ 
‘

~~ 

8k ~
‘k 

if 4 > 0. (30)

It will be useful to distinguish those individuals , if any , for

whom x~ — 0. These individuals are excluded in effect from all goods.

In particular , th e r e f o re, (30)does not apply to them for any commodity k.

E — t i x~ — 0). (31)

If i ~ N, then 4 > 0, some k, and therefore , from (30 ) ,

A1 > 0 if 1 ~ N. (32)

If we assume that j ~ E, then we can divide (30) by (29)  to f in d,

( A 1 Uk/ A
1 

U~) ~ if xk > 0, j ~ E. (33)

Let ~ (x) be the projection of T(x) on the subapace of variables

(1 ~ E ) ,  that is,

ft (x) — (A ., 1 ~ E I ( A~~ p , 
~1~) a T(x)  for some

A1 
(i £ E ) ,  some 

~k’ 
and some (34)

I— -



Then we have shown that any element of A Cx) satisfies (33). Conversely ,

however , we shall show that for any solution of (33), with A 1 > 0,

all 1 d E, we can find A 1 (I a E), 
~k
’ ~~~ such that the inner system is

satisfied. For given A~ Ci d E), satisfying (33), we have to show that

Theorem l(a, b , e, f. g) can be satisfied. We exhibit such a solution,

namely,

A
~ 

— 0 i.r I a N, - (35)

p .ax A U~ , (36)
• k jdE j k

— max (Bk ~k 
— 

~1 0). (37)

Prom (37), it is immediately obvious that Theorem 1 Ce) holds; from

(36), Theorem 1(g) is true. Suppose 4 > 0. From (33),

A
~ 

U~ ~ 
Bk A 1 

U~ for all j ~ E.

In particular , choose j to maximize A
1 ~4; from (36),

1>
A U — B  p ,

so that, from (37), q~~ — 0 when 4 > 0, verifying Theorem 1(f).

~~ Add A~ U~ to both sides of (37).

x i U~ + q1~~ max (Bk ~k’ A~ Ut). (38)

It follows immediately that Theorem 1(a) is verified.

If A 1 U~ > 8k ~k’ 
then 1 ~ N, from (35), and ,

I 1 <

by (38) and (36). If A 1 U~ ‘
~~ 

B
k ~~k’ then , 

- -~~______ - -
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from (38) and the fact that 8k 
<1. Thus Theorem 1(b) also holds, and

we have verified that ,

A Cx) is characterized by (33). (39)

We now restate (33).

A ~/A 1 ~ 
Bk

(U
~
/U
~
) if 4 > 0, j ~ E. (40)

Let,

Ki — { k I  4 > 0). (41)

If I ~ N, the K1 is non—empty. Since k appears only on the right—hand

side of (40), the Inequalities (40) can b e expressed by replacing the

right—hand side by Its maximum over k.

A 1/ A J ~~‘ max 8k (U~ /U~) if I, j d N. (42)
- k

1
aK

1
Now take logarithms of both sides of (42). Let,

p
1 

— log A 1, (43)

- b~1 
log sax 8k (U~ /U~). (44)

k e K 1
(42) bec omes ,

ii — u  ~‘b  (45)1 1 if •

The conditions for solvability of the system of linear inequalities

(45) have already been obtained by Afriat [1963]. They are conditions

4 on the numb ers b
11
. To state them we need some new terminology .

By a chain a of indiv idu als of length n will be mean t an assignmen t

-• 
of an individual to each of the numbers 0,...,n; thus, oCr) is the

individual numbered r in the chain. If the chain has length 1, its

coefficient will be b~ 1 
with 1 — o(O), j — o(l). For longer chains ,

the chain coefficient will be the sum of the coefficients of the

I _
~-__+-~~~~~ - —--- - - -—-•~•- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -
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successive links. Thus ,

- - v(a) — 

r~1 
ba(r_l), a(r)’

is the chain coefficient for a chain a of length n.

A particular kind of chain i* a ~~~~ 
where the beginning and

end of the chilu are the same , i.e., where a(0) • a(n), where n is the

length of ~~. Then Afriat has shown ([19631, Theorem 7.2, p. 131,

slightly restated) that a necessary and sufficient condition for the

solvability of (45) is that v(a) ~ 0 for all cycles a.

It is useful  to interpret this condition. First of all , the term ,

(U 1 /U~~)

k :~ 1~~~ 
k k ’

indicates the most efficient way of improving individual j’s welfare

by t r ans fe r r ing  from individual 1. Let k(i, j) denote the commodity

permit t ing of the most e f f i c i en t  transfer. Then, by using the definition

- - 

- of v(a) and taking antilogarithms, the condition that v(a) ~ 0 become s,

n

r l  
Bk(a(r_l), a(r)) U:~a~r l), d(r) )~

’
~ k ( a (r — l ) ,  a(r)~~~ ~ 6)

If (46) were violated for a cycle a, then there would be a successive

• sets of transfers around a cycle which would improve the lot of the

initial individual and not hurt anyone else, a clear violation of Pareto

efficiency.

Theorem 4. A necessary and sufficient condition that x be Pareto

efficient is that condition (46) hold for any cycle of individuals.

If it holds , then all solutions of the inner system of Theorem 1 can

be obtained as follows : Let N — C i  x~ — 0 }. Then find A1 
(1 j N)

a. the solutions of the system of inequalities,

CL



~1 ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~c~-•~ ~~~~~~~~~ 

~~~ ~~~
:-  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— 1 7 — 
-

.

A IA ~ max 
~k 

(U~/U~), A 1 > 0, for 1, j ~ N. (a)
k e K i

Then for any given solution of (a), choose A~ (i c E), 
~k
’ ~~~~~ to

satisfy Theorem 1 (a, b, e, f, g).

4. Pareto Efficiency and Competitive Equilibrium Under Costly Transfer.

Suppose there is a market , rather than direct redistribution .

Suppose however the costs of transfer are the same , i.e., a sale of

commod ity k to the market permits purchases of a proportion of only

Bk
. Then buying and selling prices must be related correspondingly.

The cond itions for competitive equilibr ium are obvious and coincide •

with those for Pareto efficiency.

Thaor~ m 5. Suppose tha t  in a competitive marke t only a frac tion

B
k of the sales of commodity k are available for  purchase. Then a

competitive equilibrium for a given endowment allocation o is Pareto

off  icient for  that endowment .
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