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SUMMARY

A method developed for the analysis of the incompres-

sible viscous flow over circulation-controlled airfoils is

described. A surface vorticity method is used to solve the

inviscid portion of the flow and a combination of integral and

finite difference methods is used to calculate the development

of the viscous layers. An iterative process is used to arrive

at final solutions which satisfy an appropriate trailing-edge

condition and incorporate the interaction between the viscous

and potential regions of the flow. Comparisons between calcula-

ted and experimental results show good agreement for surface

pressure distributions and lift coefficients over a range of

blowing momentum coefficient from 0 to 0.12. A discussion of

the possibility of Coanda jet detachment when circulation-conti~~l-
led airfoils are operating at high subsonic Mach Numbers is in-
cluded in an Appendix. .,~
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Nomenclature

c airfoil chord length

CL lift coefficient, based on airfoil chord length

C~, static pressure coefficient

C~ blowing momentum coefficient, J/½pU,,~
2c

H boundary layer shape factor , 6~ /O

J blowing momentum flux per unit span

~ex excess momentum flux in wall jet, per unit span

K pressure gradient parameter, (e 2 /v)  (dU/ds)

9. length of panels used to represent airfoil

N number of panels used to represent airfoil

p static pressure

q surface source strength (volume efflux per unit
surface area)

R radius of curvature

R0 momentum thickness Reynolds number , UO/v

s arc length along airfoil surface

u,v flow velocity components in potential flow analysis

U local flow velocity at outer edge of viscous layer

free stream velocity

y strength per unit area of surface vorticity distribution

I’ circulation around airfoi l

6 boundary layer displacement thickness

0 boundary layer momentum-defect thickness
a

v fluid viscosity

p fluid density
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Subscripts

ins denotes laminar boundary layer instabili ty

sepl denotes separation of lower surface flow

sepu denotes separation of upper surface flow

slot denotes conditions at blowing slot

trans denotes transition
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INTRODUCTION

This report represents the results of the second
phase of the development of an analysis method for circulation—

control airfoils. During the first phase, which was reported
in March, 1975 (Ref. 1), the basic analysis procedure was assembled
and attempts were made to analyse circulation—controlled airfoils.
A major difficulty with the “Kutta” condition soon became apparent.
Because the trailing-edge is round rather than sharp, the position

of the rear stagnation point is not known a priori. Consequently

a trial and error approach was used; that is, a guess was made

as to the location of the rear stagnation point, and the trailing-

edge region was panelled in such a way that the Kutta condition

could be applied at that point. Although the approach showed

promise , it was soon apparent that a geometry lofting procedure

would be required to re-panel the trailing-edge region at each

iteration between the potential flow and viscous flow calcula-

tions. This would be required in order that the rear stagnation

point, the location of which is directly related to the locations

of the upper and lower surface separation points, could be fixed

at each iteration. At the beginning of the current phase of

work, it soon became apparent that if a relofting procedure were
adopted, it would necessitate re-inversion of the aerodynamic

influence coefficient matrix at each iteration between potential

and viscous flows. This would result in a considerable increase

in computer time, and would negate the advantages gained in using
the source method (instead of adding displacement thickr~ess

directly) to account for viscous effects. Consequently, the

lofting approach has been dropped , and an alternative procedure

chosen. It is this new method which is described in the follow-

ing sections.

j . 
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DESCRIPTION OF THE ANALYSIS METHOD

General Description

The present method is in many respects similar to

methods for the analysis of the viscous flow over conventional

airfoil sections; that is , sections having a sharp trailing-edge.
In fact, the present computer program can treat such airfoils

(with or without slot blowing) as a special case. The flow

chart in Figure 1 shows the sequence of the principal steps in

the analysis. The first step is a calculation of the potential

flow around the airfoil. Next, boundary layer and wall jet

developments are computed using pressure distributions obtained

from the potential flow analysis. Then the viscous interaction

effects are modeled and the potential flow analysis is repeated,

and so on, until a converged solution is arrived at.

~or circulation-controlled airfoils, the potential

f low analysis cannot make use of conventional forms of the Kutta

condition because there is no sharp trailing-edge of known

position to delineate between upper surface and lower surface

f lows; in effect, one does not know, a priori, where the Kutta

condition should be applied. To circumvent this difficulty ,

the Kutta condition is replaced by an equation which specifies

the value of the total circulation around the airfoil; this

value corresponds to an estimated value for the lift coefficient.

The potential flow solution gives, among other things, the posi-

tions of the forward and aft stagnation points, and these serve

as the divisions between the upper—surface flow and the lower-

surface flow.

Starting at the forward stagnation point, the develop-

ment of the boundary layer along the lower surface of the air-

foil is calculated, and the pressure at which it separates,

~sep1’ 
is determined. Starting again at the forward stagnation

point, the development of the boundary layer along the upper 

- ——-- . .— - - -- --- - -— - - -~ —---------— 
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COMPUTE POTENTIAL
FLOW SOLUTION

CALCULATE VISCOUS
LAYER PROPE RTIES

AND SEPARATION PRESSURE
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~sepI
-
+

DETERMINE SOURCE
DISTRI BUTION REPRESENTING

DISPLACEMENT AND
ENTRAINMENT EFFECTS
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ABOUT CONFIGURATION

INCLUDING VISCOUS EFFECTS

1. Calculation
Procedure... I PRINT RESULTS STOP 
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surface is calculated up to the position of the blowing slot.

At the slot, another flow development calculation is ini tiated
using an initial velocity profile made up of the boundary lay~’r
velocity profile and the assumed velocity distribution (essentially)

uniform) of the blowing air at the slot exit. This development

calculation proceeds until flow separation is predicted and the

separation pressure, 
~sepu’ 

i~ noted. All of the aforementioned

flow-development calculations use static pressure distributions

given by the previous potential flow analysis.

Measured static pressure distributions around circula-

tion-controlled airfoils clearly show that the separation pres-

sures of the upper and lower surf ace flows , 
~sepu’ and 1’sepl’

are equal. This observation is physically reasonable because

it merely implies that the static pressure is constant throughout

the separation bubble shown in Figure 2. Experiment (Ref. 2)

also indicates that there is a negligible static pressure dif-

ference across the wall jet at its separation position; the

equality of 
~sepu and ~sepl then implies equality of velocity

in the inviscid flow leaving the upper and lower surfaces.

This in turn implies that no net vorticity is being convected
into the wake, WhiLh is consistent with existence of a fixed

value of circulation and lift on the airfoil (Ref. 3). There is

thus ample justification for assuming that the analysis has

arrived at the correct solution for any particular set of con-

ditions if 
~sepu and ~sepl are equal for that solution. The goal

of the iteration process is thus to find that solution which gives

~sepu equal to ~sep1
Of course, the values of 

~sepu 
and 

~sep1 
calculated

during the first pass through the analysis will normally not be

equal to one another , and even if they were , it would be neces-
sary to repeat the analysis in order to incorporate the viscous ! 

~~~~-- - -- - - - -  -- .-- -~~~~ - --- _ _
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potential flow interaction effects. To proceed then, a new
value of the lift or circulation around the airfoil is estimated

on the basis of the current values of lift and 
~~sepu - ~sepi~~

A surface source distribution is generated to model the displace-

ment and entrainment effects due to the viscous layers. The

source distribution is incorporated into the potential flow

analysis, which is then repeated with the circulation specified
at the new value. The viscous flow development calculations are

then repeated using the pressure distributions from the potential

flow analysis, and so on. The solution is deemed to have con-

verged to the correct result when the lift coef ficient remains
essentially unchanged between iterations, and at the same time

~~sepu - ~sepi~ 
is essentially zero.

Description of the Major Elements of the Method

The following paragraphs describe in outline form , the
major elements in the analysis method. Full details of the indi-

vidual analysis procedures can be found in Reference 1.

Potential Flow Analysis

The airfoil geometry data is supplied to the program

in the form of coordinates of a large number (about 60) of points
on the surface. These points serve as junction points between

planar panels used to represent the airfoil in the analysis. A

junction point must be located at the blowing slot position.

Figure 3 illustrates the paneling scheme and the notation used to

describe it in this report.

- p
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The potential flow over the airfoil is modeled by

distributing vorticity along the panels. The strength, y, of
the vortex panels or sheets is made to vary linearly along each
panel, and is continuous at all junction points . Thus , if there
are N panels on the airfoil, there are N unknown strengths,

to 
~N’ 

since the vorticity values, and 
~n+l 

will be equal.

The boundary condition of zero net velocity normal to the panel
surface is applied at a total of N control points, one at the mid-

point of every panel. This gives a set of N equations in N unknowns.

In addition , however , it is necessary to introduce an equation to
specify the value of the total circulation, r, around the airfoil,
as mentioned earlier. This equation takes the form

j~ 
(i~ + y

~ + 
= r (1)

i~l

where is the length of the jth panel. To avoid having a

greater number of equations than unknowns, an additional unknown
is provided by adding the influence of a uniform strength source
distributed around the inside çf the airfoil surface. It should

be noted that the solution obtained for this unknown source

strength is always very close to zero.

The equations are set up in matrix form with to

and the uniform source strength as unknowns. The influence coef-
ficients of the unknowns are computed on the first pass through
the analySis method and their matrix is inverted. On subsequent
passes through the analysis, a surface source distribution is
introduced to model viscous/potential flow interaction effects.
The strength variation of this source distribution is, however,
determined by the results of the viscous flow analySis so that
it only introduces an additional known induced velocity on the
right-hand side of each boundary condition. The total circula-
tion r also appears only on the right-hand side. Therefore, the

- -~~~~~~ ~~~~~~~~~~~~~~~~~~
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matrix of influence coefficients is not altered, and only matrix
multiplication is required to obtain the potential flow solution
for the second and later iterations. A later subsection gives
details of the method used to model viscous/potential flow inter-
action effects.

Pressure coefficients on the surface are calculated
using

C~~ = l — u 2 — v 2 , ( 2)

where u and v are the non-dimensional velocity components parallel
and normal to the surface at the control points. Pressure coef-

ficients are also calculated for a grid of off-body points in the
trailing—edge region downstream of the blowing slot. The static

pressure in this region varies rapidly along both tangents and
normals to the airfoi l  surface and the information is required
for the finite-difference f low development calculation used down-
stream of the slot . To speed convergence of the iteration pro-
cess , it has been found advantageous to use a weighted average
of the newly computed and previous values of the pressure coef-
ficients in the continuing calculations.

Before proceeding to the viscous flow calculations,

the potential flow solution is sought for the forward and aft
stagnation points. These are considered to be located where the
vorticity y changes sign. The static pressure data generated by
the potential flow analysis is then rearranged into two arrays.
Each of these begins at the junction point nearest to the for-
ward stagnation point and runs downstream, one along the upper
surface and the other along the lower surface of the airfoil.
Each array is terminated two junction points past the position
of the rear stagnation point. These arrays are used for the
viscous flow calculations which must, of course, begin essentially
at the forward stagnation point for both the upper- and lower-
surface flows. 
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The potential flow analysis method has been extensively
tested in this and other applications, and it generally gives
very good agreement with exact solutions. A detailed descrip-
tion of the basic method is available in References 1 and 4.

Boundary Layer Development Calculation Along Lower Surface

The boundary layer development calculation begins es-
sentially at the forward stagnation point with the Heimenz stag-
nation flow solution (Ref. 5). As mentioned above, an array
giving the static pressure distribution along the surface is
provided by the potential flow analysis. Curle’s (Ref. 6) exten-
sion of Thwaj te s’ method is used for calculation of the laminar
boundary layer development downstream of the stagnation point.
The calculation proceeds until either transition or laminar
separation is indicated.

Empirical correlations are of necessity used to pre-
dict transition. The procedure of Granville (Ref. 7) is used
for this purpose. The laminar boundary layer flow becomes un-
stable to small disturbances when the Reynolds number based on

the local momentum thickness, 0 , and the local flow properties
attains some critical value, R0 Schlichting and Ulrich

ins
(Ref. 8) have shown that R0 can be correlated with the local

ins
pressure gradient parameter, (02/v)(dU/ds). Analytical expres-
sions are used to represent the correlations. Once R0 exceeds

the critical value, R0 , the transition process is assumed to
ins

begin, and Granville has been able to show that a correlation
similar to that for the instability process can be used to
determine the additional distance to the transition position.

----

~

---- -----—-- --- -- - - - -- -— 
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With transition predicted, the turbulent boundary
layer calculation is begun. The value at transition is used

as the initial turbulent momentum thickness. The initial tur-

bulent value of H is determined from the following empirical

relation developed from data obtained by Coles (Ref. 9):

H = 
1.4754 + 0.9698. (3)

log10 R0trans

In some cases, the pressure gradient is sufficiently adverse to
cause separation of the laminar boundary layer prior to transi-
tion. The flow will then usually quickly become turbulent and
reattach as a turbulent boundary layer. From the measurements

of Gaster (Ref. 10) and others, a correlation is formed which

can predict the occurrence of both separation with subsequent
reattachment and separation without reattachment. This correla-
tion is shown in Figure 4. If separation with turbulent reattach—
ment is predicted, the initial turbulent values of 0 and H are
chosen as for ordinary transition.

The turbulent boundary layer development is calculated

using the Nash-Hicks method (Ref .  11). This integral method has
been found to be as good as the best finite-difference methods

in predicting the development of conventional boundary layers
in a wide variety of pressure distributions (Ref. 12) The tur-
bulent boundary layer calculation is continued until separation
occurs, at which time its position and pressure, 1’sepl’ are noted.

Viscous Flow Development Calculation Along Upper Surface

This calculation begins at the forward stagnation point
and proceeds along the upper surface to the blowing slot position
using the same subroutines as the lower surface boundary layer

h_ . 
-—-5—
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calculations. Normally , separation without reattachment does not
occur upstream of the blowing slot, but if it does, the calcula-
ted separation position and pressure, 

~sepu’ 
are stored and

the iteration process is continued in the usual way. Normally,
the flow at the slot is attached, and it is necessary to cal-
culate the development of the rather complex viscous flow down-
stream of the slot. Here , the air f rom the previously developed
boundary layer begins mixing with the high velocity jet issuing
from the slot. The flow proceeds around a highly curved surface
in very strong pressure gradients, and eventually separates at
some pressure, 

~sepu
Accurate predictions of the static pressure rise sus-

tainable by the upper surface flow are crucial to the overall
accuracy of the analysis method. The physical function of the
blowing air on a circulation-controlled airfoil is to enable the
upper surface flow to negotiate the static pressure rise between
the aft  suction peak and the final separation pressure .

The separation pressure varies weakly with the cir-
culation due primarily to the manner in which the lower surface
pressure varies. Increasing circulation typically results in
a gradually decreasing adverse pressure gradient on the. lower
surface which allows the boundary layer to remain attached to
a higher pressure level. However , the suction peak rises as
the circulation around the airfoil increases . Thus stronger
blowing is required to sustain the increased static pressure
rise associated with increased circulation, and the circulation
is directly and strongly dependent on the pressure rise that can
be sustained.

As illustrated in Figure 5, a wide variety of velocity
profile shapes can occur between the slot and separation; the
profile shape also tends to change quite rapidly. Integral
methods are not well suited to dealing with such complex and

- — 
j
~~~_ 

-- -
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varied velocity profile shapes. The present analysis method
accordingly utilizes a finite-difference method to calculate
development of the viscous flow downstream of the slot. Of
course, the closure assumptions used to model the Reynolds shear
stress behavior are crucially important to the success of the
method. The closure model must give reasonably realistic results
for the types of flow being calculated , and at the same time

must not be so demanding of computertime that the overall analy-

sis method is rendered impractical. An eddy viscosity model

is used in the finite-difference method employed in the present

work . This method is described in References 1 and 13; it was

developed for two—dimensional turbulent boundary layers and wall

jets over curved surfaces , and is well suited to the present

application.

The finite—difference calculation is started at the

slot with an initial velocity profile consisting of the final

prof ile from the Nash-Hicks boundary layer calcula tion under
which is placed a nearly uniform velocity profile to represent

the blowing air issuing from the slot. The shape of the initial
profile is illustrated in Figure 5. The slot air is assumed to

have the same density as the ambient air, and its velocity is

determined such that it has the correct momentum flux assuming

isentropic expansion to local static pressure determined by

potential flow at the slot exit.

The surface of a circulation—control airfoil gei~erally

has a strong convex curvature downstream of the blowing slot; it

is therefore necessary to account for curvature effects in the
finite-difference calculations. The equations of motion are

formulated with the required curvature terms , and are solved for
static pressure fields which include the radial variation of

static pressure due to flow curvature . The potential flow analy-

sis gives the radial variation of static pressure where the

- -5--
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flow stagnation pressure is approximately equal to the free-

stream value. When the free—stream value is exceeded, an addi-

tional variation is superimposed ; this is assumed to vary linear-

ly from 
~~ex”~ 

at the solid surface to zero at the minimum in

the velocity profile. This superimposed variation represents the

extra radial pressure difference required to balance the excess

momentum flux , sex ’ in the wall-jet portion of the flow; the as-

sumption of linearity is approximately justified on the basis of

Reference 14. Th~ convex curvature also has a pronounced
effect on the turbulence structure because the flow is radially
unstable where its velocity decreases with increasing radial
distance from the surface.

In the original program , the Reynolds stress term was
represented by the eddy viscosity using the expression

r/p = —u ’v ’ = v t (~ u/~y 
— uk/(l + ky)) (4)

where

v~ = eddy viscosity , and
uk/(l + ky) = effect of curvature on shear stress.

This expression was first generated by Prandtl (Ref. 15),
and later by Sawyer (Ref. 16). Sawyer suggested that Eqn. (4)
should be written as

—u ’v’ v~ (~ u/3y 
— C1uk/(l + ky)) (5)

IL _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _  
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where for curved wall jets C1 can take a value in the range

5 < C1 < 9. In the original program , a brief investigation of

the impact of C1 on the downstream velocity profile development

had indicated little or no change for values of C1 < 9; conse-

quently, C1 = 1.0 had been used. However , a more recent investi-

gation by Wilson and Goldstein (Ref. 17) suggests that C1 can

take on much higher values , such as C1 = 25 when the radi’is of
curvature is small.

The discussion to this point has centered around the

value of C1 in the outer region of the wall jet, 
that is, beyond

the position of In the region near the wall , where the

shear stress must take on a positive value , it is difficult to
estimate from experiment just what value of C1 is appropriate .

The experimental data of Wilson and Goldstein does, however,
indicate that the region of positive shear stress is very much
smaller for a curved wall jet than for a planar one. Because
the velocity gradient, au/ay, in Eqn. (5) is positive and large
close to the wall , the implication is that C1 must also be large

in order that the shear stress will become negative a small dis-
tance away from the wall. In the region near the laminar sub-
layer where the velocity and shear stress fields must again be
directly related , C1 must reduce to a value approaching one.

The foregoing discussion argues for a value for C1
which is a function of the distance from the wall. Typically,
the minimum in shear stress occurs at a value of y slightly
greater than that for the position of t

~max 
Consequently, a

cubic expression for C1 of the form 

—-5—- --- - - -5— - -5—-- -
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C1 = l82.n — 339.r~ + l90.ri 3 (6)

where
=

was used for the region y 
~~
. i’m ’ while a linear expression was

used for C1 in the outer region.

C1 = 33. — 32.n (7)

where

~ = ~~~~~~~~~~~~~~~~~~~~

Unfortunately , no measured shear stress profiles on
a complete circulation-controlled airfoil are available for

direct comparison with calculated profiles. Calculated pro-

files are , however , qualitatively and quantatively similar to
those measured by Jones (Ref. 18) on a quasi-circulation-con-

trolled airfoil. The calculated velocity and shear stress pro-

files for a 29% ellipse having a circular arc trailing—edge are

shown in Figure 6. The constants used in Eqns. (6) and (7) re-

sulted f rom a numerical experiment to determine which approxi-
mate values gave the best comparison with the experimental
results of Kind (pressure distributions, velocity profi les and
lift coefficients). There is a great need for velocity and tur-

bulent shear stress profile measurements on a representative cir-
culation-controlled airfoil so that more detailed comparisons

with experiment can be made for the individual calculation

methods which , together, make up program CIRCON. At the moment,( evaluation of the method is based on comparison of global proper-

ties of the circulation-controlled airfoils; that is, pressure

distributions, lif t, drag and moment coefficients.

-~~~~~~~~~~~ —-~~~~~~~~~~~~~~~ - ——-- -—- ——-— -- -—~~~ _ _
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Modeling Viscous/Potential Flow Interaction

Effects

As previously mentioned, surface source distributions
are used to model viscous/potential flow interaction effects.
This approach has two major advantages over the addition of a

displacement thickness to the original airfoil geometry. First,

as pointed out earlier , the matrix of aerodynamic influence
coefficient remains the same for all iterations with attendant
savings in computer time. Second, as pointed out in Reference
19, the addition of displacement thicknesses tends to produce

peculiar surface geometries, especially in the trailing-edge
region , with attendant difficulties in obtaining correct values
for lift and pressure distribution ; such di f f i cu lties are com-
pletely avoided when surface source distributions are used.

The source distribution is placed on the planar panels
which are used to represent the airfoil. The source strength,
q, varies linearly between junction points and is continuous
at the junction points. At any junction point, it is given the
value

= (U6~~) (8)

where s denotes arc length , U is the local external (inviscid)
flow velocity, and 6* is the local boundary layer displacement
thickness, determined by the viscous flow analysis.

In the next pass through the potential flow analysis,
the source distribution specified by Eqn. (8) produces a velocity
normal to the original airfoil surface equal to that which would
be produced by the addition of a displacement thickness distri-
bution to the original airfoil contour. The effect on the in-

viscid flow beyond the edge of tb-s boundary layers is thus iden-
tical. In the potential flow analysis, the boundary condition

k - - - - —- - - - - - ‘~~~~~~~~~ - - - - —-~~ - -
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equations ensure tha t the net normal velocity induced by the
free stream, and by the vorticity , the uniform internal source
and the specified surface source distribution is zero just in-

side the panel surface at every control point. With the excep-

tion of the local surface source strength at any given point,

all contributions to the normal velocity are the same both just

inside and just outside the panel. The only net normal velocity

just outside the panel at any control point is therefore an out-

ward velocity equal to the local surface source strength.

No special methods are needed to deal with the entrain-

ment effects due to the wall jet downstream of the blowing slot;

the product, UcS* tends to decccase here and the source strengths
then simply become negative (i.e., sinks).

The Iteration Scheme

The main features of the iteration scheme have already
been outlined in a previous section. Briefly , the scheme invol-
yes estimation of lift or circulation around the airfoil, solu-
tion of the potential flow for this circulation , calculation of
the viscous layer development and of the upper— and lower—surface
flow separation pressures, 

~sepu 
and 

~sepl~ 
If 

~sepu and ~sep1
are equal , the analysis is considered to have converged to the
correct result; if not, a new estimate of circulation is genera-
ted, the surface source distribution is updated and the whole
analysis is repeated.

The analysis begins with a rough estimate of the cir-
culation. The second and subsequent estimates of circulation
are obtained using

= “n + k (C~ 
- C~ (9)

\ sepu sepl 1,

‘4 ~

,~~ where the numerical constant, k, has a value in the range
0.1 < k < 0.3. This relation follows from two assumptions :

L - - ---5’--- --- - - -  -- - --5 --
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( i )  At f ixed angle-of-attack, an increase in circulation
or in CL corresponds to an approximately uniform in-

crease in suction on the upper surface and little pres-

sure change on the lower surface.

(ii) For any particular value of C~ , an approximately fixed

pressure rise, (C~ - C~, \ , can be sustained by
~ slot sepu!

the flow downstream of the blowing slot.

If the estimated circulation is too low relative to

the correct value, a problem tends to arise. That is, the static
pressure rise seen by the flow development calculation downstream

of the slot is too low , and separation fron the surface is not

necessarily predicted. The calculation then tends to predict

reverse flow away from the wall in the boundary between the wall

jet and the remnant of the upstream boundary layer. In such

cases , the iteration process is continued using an estimate for
the separation position and pressure based on an extrapolation

to zero skin friction coefficient from the point of mid-stream

reversal. The value of C~, given by the extrapolation will
s epu

generally be greater than C , and it is only used for obtain-
~sep1

ing the next estimate for the circulation r. Such external flow

separation is a real but uncommon possibility on circulation—
controlled airfoils. When it occurs in the calculations, it is

usually only because the current estimate of circulation around

the airfoil is too low.
The calculations are not allowed to stop unless at

least two iterations have been completed. This ensures that the
viscous/potential flow interaction effects are accounted for in

the final results. The calculations are terminated when the lift

coefficient remains essentially unchanged between iterations and

at the same time ( c ~ - c~, ) is essentially zero.
sepu sepl

L -
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Aerodynamic Forces

The lift and pitching moment coefficient calculations
remain the same as those described in Reference 1; that is,

they are determined directly from the calculated pressure dis-
tribution. The drag calculation has been considerably modified

in the present program. Instead of using the Squire and Young

formula (Ref. 20), which is unable to directly account for base

pressure drag due to separation , the drag is determined through

direct integration of the skin friction and pressure distribu-

tions around the contour of the airfoil, corrected for the

thrust due to the jet, by subtracting the blowing coefficient,

C1~
, from the results. Experience with conventional sharp

trailing-edge airfoils suggests that drag determined from pres-

sure integration will be consistently higher than experiment,

particularly for airfoils at low angles-of-attack . The procedure

will , however , be capable of predicting incremental changes in
drag due to changes in configuration.

_ _ _  - -‘-5- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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DISCUSSION OF RESULTS

The calculation method has been applied to the analysis

of circulation-controlled airfoils of interest to the U.S. Navy .
The case of zero momentum coefficient is of special interest in
the event of blowing power loss. An example of this is shown

in Figure 7 , where measured and calculated pressure distribution
are compared for a 29% ellipse (Ref. 21) having a circular trail-

ing—edge. The agreement for the zero bthwing case is excellent

and demonstrates a capability not heretofore published in the

literature.
Further calculations were made for the 29% ellipse over

a range of momentum coefficients. Calculated and measured pressure

distributions for a momentum coefficient of 0.088 are compared in

Figure 8. The calculated and measured lift coefficient character-

istics of this airfoil for a range of momentum coefficients at an
angle-of—attack of -5 degrees are given on Figure 9. In general,

the results for this airfoil are very encouraging .

Additional computations were made for comparison with

experimental data obtained on a cambered 20% ellipse (Ref. 22),
and these are shown on Figures 10 through 12. The calculated

and experimental pressure distributions for momentum coeff icients
of 0.02 and 0.0811 are in good agreement. The lift—momentum coef-

ficient characteristics of the cambered ellipse for an angle-of-

attack range from 0 to -10 degrees are quite well reproduced as

indicated on Figure 12.

Two airfoils having the same basic cambered 15% ellipti-
cal forebody, but with different trailing-edge shapes have been
analysed. The airfoil designated Model 100 (NCCR 1510 - 7067N)

has a circular trailing-edge, while Model 100A (NCCR 1510 — 7567S)

has an inverse logarithmic spiral trailing—edge. The results

shown on Figure 13 indicate excellent agreement with experiment

for the circular trailing-edge model. The agreement for the
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DO DATA: 29% ELLIPSE
RE = 5.5 x io~; C~~= 0
C9, = -.477 ; CM = -.011

F

_ _ _  
CALCULATIONS: a = 50

-2 - 

= -.483 ; CM = .007
C 4c

~~~~

X/ C

Figure 7. Comparison Between Calculated and
Measured Pressure Distributions for a
29% Ellipse, C

M 
= 0.
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O D DATA : 29% ELLIPSE
RE = 5,5 x 10~

= .088
a = -5°

C9, 2.96; C = - .937
-8 

_ _ _ _ _ _ _  

F M4 _ _ _ _ _ _  0
CALCULATIONS

C9, = 3.05; CM = -.883
C 4 c 

_ _ _ _ _-6 - _______  _______  _______  _____

Cp

- 4 —  -

x/C

Figure 8. Comparison Between Calculated and
Mcasured Pressure Distributions for a
29% Ellipse , CM = .088.
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0 DATA : 29% ELLIPSE , a = _50

4 CALCU LATIONS _ _ _ _ _ _ _
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Figure 9. Comparison Between Calculated and Measured
Lift Coefficients for a Range of Momentum
Coefficients.
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0 0 DATA : 20/5 AIRFOIL
R E 5.07x 10~
Cu .0195
a =

C = 1.416 : CM = -.504

CALCU LAT IONS
Co 1.451 ; CM = .485

-3 1

-
-

- ~~ .2 .4 .6 .8 1~o
x/c

Figure 10. Comparison Between Calculated and Measured
Pressure Distributions for a 20% Cambered
Ellipse , C = .02.
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—12 — 00 DATA : 20/5 AIRFOIL I
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~~~~~ Figure ¶ 11. Comparison Between Calculated and
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0 0 ~ DATA : 20/5 AIRFOIL
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Figure 12. Comparison Between Calculated and Measured
Lift Coefficients for a Range of Momentum
Coefficients .
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inverse logarithmic spiral model, however , as shown on Figure 14,
is not good and, in fact, the theoretical analysis predicts much
greater lift capability than was found experimentally. A com-

parison of Figures 13 and 14 show that while the analysis sug-

gests an improved C~ - C
1~ 
curve for Model lOOA beyond a C~ > 0.02,

comparison of the experimental results indicates no improvement

in performance of Model lOOA over Model 100. No explanation is

currently available to account for the lack of agreement between
theory and experiment for the non-circular trailing-edge model.

It does, however , indicate the need for further correlational
work for non-circular trailing-edge airfoils .

Figure 15 is shown to indicate that a difficulty still

exists in the prediction of drag forces. That the drag predicted

by the Squire and Young drag formula is in better agreement with

experiment than that predicted by the integration method is sur-

prising since separation effects are not included in the Squire

and Young method . Other correlations not shown here display the

same trend as shown on Figure 15 for the pressure and skin friction

integration procedure. At first this lack of correlation was

blamed on the experimental data, since the program was correlating
well with overall pressures , particularly the base pressure as

well as with overall circulation levels. After some thought it

was realized however that good correlation on overall pressure

distributions by no means guarantees good drag predictions . For

example , a difference between calculated and experimental lift

coefficient, say of 0.05 at a moderate blowing coefficient , would

be considered insignificant, while the same increment for drag

would be totally unacceptable . It appears that the entire drag

preidction methodology should be evaluated in much more detail in

order that a satisfactory procedure may be developed. For drag

purposes , pressures should be displayed against a much more sen-
- - - sitive surface parameter than x/c. Similarly , the ir1tegrat~on

.
~~ 
, procedure whould be thoroughly investigated to determine its

role in the drag prediction process.
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0 DATA MODEL 100 ; a —4°
CALCULATIONS : CIRCON
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Fi’gure 13. Comparison Between Calculated and Measured
Lift Coefficients for a Range of Momentum
Coefficients.
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0 DATA MODEL 100A ; cx = —4°
— CALCULATIONS : CIRCON
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Figure 14. Comparison Between Calculated and Measured
Lif t Coefficien ts for a Range of Momentum
Coefficients.
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0 DATA MODEL 100; cx = -4°
- CALCULATIONS : CIRCON
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Figure 15. Comparison Between Calculated and Measured
* P Drag Coefficients for a Range of Momentum

Coefficients.
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CONCLUS IONS

The initial results of comparisons with experiment are

very encouraging. The method was successfully applied over a

wide range of momentum coeff icients including the zero blowing
case. A current lack of measured shear stress distributions

- 

has precluded the correlation between theory and experiment, and
the question remains , is the shear stress closure model the best
possible one , or should improved or alternative models be con-
sidered. Airfoils with trailing-edges other than circular need

to be investigated in considerably more detail than has currently

been accomplished . Much more drag correlation work must also

be carried out before a particular drag prediction procedure

can be recommended .
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.
‘ APPENDIX “A”

COANDA JET DETACHMENT

Introduction

A circulation-controlled airfoil operating in a high

subsonic Mach Number free stream may or may not experience the
phenomenon of Coanda jet detachment. The Coanda jet nozzles are

convergent by design so that when they operate choked, the jet

flow downstream of the nozzle exit plane can reach very high fully
expanded Mach Numbers of the order of 1.8 or more . At these
Mach Numbers, shock-induced separation of the Coanda jet is pos-
sible. Experiments demonstrating such a phenomenon have been

conducted by Honeywell (Ref. 23) for jets expanding over a cir-

cular cylinder in a quiescent stream.

A brief study was undertaken to see if the phenomenon
of jet detachment could be studied using a method of character-
istics program available through Boeing Computer Services. Un-

fortunately , the program is completely inviscid in nature, and
while viscous effects may be dominant, they have not been con-
sidered.

The nozzle pressure ratios of interest in this study
are greater than three, assuring an Initially supersonic plume.
The origin of the plume is a choked convergent nozzle. The con-

figuration is generally illustrated in Figure Al. Note that since

the analysis is inviscid, there are two key parameters; (1) the
nozzle pressure ratio, 

~~TN/
~~c~~’ 

and (2)  the nozzle exit height

to Coanda surface radius, b/a. All studies to date consider

a plume exhausting into a quiescent atmosphere. For this problem,

a constant pressure boundary, at ambient pressure, may be speci-
fied as the boundary between the supersonic plume and the quiescent

ambient in the MOCHA Program . The solution of a subsonic ambient
flow would require some coupling with an external flow solution

‘4 ,  

_
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~f
a = BODY RADIU S :

AT NOZZLE %
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Figure Al. Schematic of Honeywell Test Apparatus for
Coanda Blowing Jet Tests.
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to determine plume—edge pressure. That was not considered at
this time . Edge mixing effects , which may be very important in
the real flowfield, are neglected, as are all viscous effects
including surface boundary layer development. The purpose of the

study is to investigate the effects of Coanda expansion surface
shape on the pressure distribution on that surface . The hope
is that the inviscid solution will at least demonstrate the trends
of surface shape effects.

Results

A moderate pressure ratio case from the Honeywell data

was selected for comparison with the MOCHA Program. This case

has a nozzle pressure ratio of about 3.61 and b/a = 0.16. The

surface pressures, both calculated and experimental , are shown in
Figure A2 . The agreement between analysis and data is not par-

ticularly good. Experimentally, subsonic flow was detected in

the plume after turning about 75 degrees around the cylindrical
surface from che exit.

The pressure ratio for this case is in the region of
interest for circulation—controlled airfoils. In an attempt to

investigate the effects of surface curvature on the plume develop-

ment, a simple 2:1 ellipse oriented with the major axis along the
exit flow direction was chosen as the next step. The results are

shown in Figure A2 , together with the baseline circular cylinder
(P~~ /P,~ = 3.61, b/a = 0. 16 for both cases).  The compressing of
the pressure curve in Figure A2 for the ellipse case is in part
due to the fact that it is plotted against surface angle, and the

ellipse has less turning for a given length initially than a
circle with the same exit radius. Although had the comparisons

been plotted against surface distance, the conclusions would
remain the same.
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More important, however , is that with less surface
turning (ellipse), the surface and plume edge are in closer

proximity (and there is less overexpansion on the surface) so

that the expansion reflected from the surface interacts with the
constant pressure plume edge sooner , producing a ref lected com-
pression which interacts with the surface sooner than if the
surface had been turned further (circular cylinder).

Discussion

The primary problem area for these underexpanded plumes

with constant pressure boundaries is that the outer edge expan—

sion is independent of body shape . The body shape affects  the
plume edge shape downstream of the initial expansion. The plume

edge expansion reflects from the body surface , then interacts
with the constant pressure boundary , and is reflected as a corn-
pression. This is (neglecting mixing effects which may be very

important) the primary expansion—compression system in the plume.

Considering the case of a convergent nozzle, the control

that may be exerted using Coanda expansion surface shape as the

variable is simply to turn the surface away from the compression
more rapidly. This delays the impingement of the compression on

the surface and produces surface expansion to counter the com-

pression effect.

The role of viscosity in modifying the flow pattern is

a complicated one, but from the results of Figure A2 , essential

to any analysis if an accurate representation of the flow field

is to be expected. If a mixing layer model could be employed,

it would result in less initial expansion of the flow, and con-

sequently, not as strong a subsequent compression-—more in line

with the observed data. In the circulation-control airfoil
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application , the absence of viscous effects in the analysis would
probably lead to a grossly innaccurate representation of the flow

field.

Because viscous effects have been excluded in the analy-
sis , no further comparisons were made using the MOCHA Program .
Indications are, however , that increased surface curvature away
from the nozzle exit plane (with the surface acting like one-half

of a divergent nozzle) increases the ability of the jet plume to

stay attached.

Recommendations

A thorough analysis of circulation—controlled airfoils

at high subsonic Mach numbers much include viscous effects. It

is believed that this can be accomplished by replacing the in-

viscid calculation in Program CIRCON by a transonic method

(Garabedian and Korn , or Jameson) capable of predicting shock
waves anywhere on the airfoil surface, and particularly on the

Coanda surface in the trailing-edge region of the airfoil. In

addition, compressibility effects must be included in the finite-

difference wall jet calculation if accurate predictions of sepa-

ration are to be expected.


