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Two Concepts of Positive Dependence, with Application .
in }lultivariate Analysis

by

Abdul-Hadi N. Abmed, Naft ali A. L~ngberg, Pem~n V. Le~ i
and Prank Pros than

ABSTRACT

We develop properties and theory for positive orthant dependence,

a imiltivariate extension of Lehin*1n’ s positive quadrant dependence, and

right tail Increasing in sequence dependence, a multiveriate extenaion

of Esary and Proseban’ s bivariate right tail increasing dependence. Ap-

plications are then Obtained in the form of inequalities and monotonicity

In a wide variety of multiveriate statistical problems, including MA3~~&~.

contingency tables, dependence measurement, competing risk ~~dels , relia-

bility of series systems , and distribution theory.
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Introduction and 5ii m~~~.~~ 

• 

•

A variety of qualitative concepts of positive dependence have been de-

fined, studied, and applied in reliability, in areas of statistics such &a- -. —

analysis of variance, multivariate tests of hypotheses, sequenti~~ testing,

and in probability inequality theory . (See, e.g., Esary , Proachan and Walkup

(1967) . S~d1k (1958) , Mallow (1968) , Brindley and !l~~~~ec,i (1972), !anagi~~to

(1972), Serfling (l;75), Barlow and Proachan (l~75) , A1~a~. and ‘!alleni us

(1976), Kemper1nan (1971)-, Tong (1977a, l 9TTb) , ~ihaked (1977), Jogdso (1977~,

1978), and. Dykatra end ~e~:ett (1~78) wi~oug others) .

In the present paper we study multivariate versions of bivariate positive

dependence, namely positive quadrant dependence ( introduced by L&~m~rn , 1966 )

and right tail increasing dependence (introduced by Esary and Pros chan , 1972).

In Section 3 we develop the basic theory for positively orthant dependent

(POD) random vectors (see Def. 2.14); POD is the multivariate version of posi-

tive quadrant dependence. We point out that POD random vectors enjoy proper-

ties analogous to the basic properties possessed by associated random varia-

bles. (See Esary, Prosehan, and Walkup, 1967.) In addition, we obtain several

basic preservation properties for POD random vectors • These permit us to cx—

tend the class of POD random vectors to include a large nuaber of cases of

• 
- practical, interest .

• In Section 14 we develop the basic theory of right tail increasing in

sequence (NTIS) random vectors ; see Def. 14.1. We point out that the NTIS pro-

perty, although s(~(la~” in concept to the earlier conditionally increasing in

s.qmsnoe (CIa) property ( see Def . 2.2), neither implies nor is implied by the

______ -. -— 
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—
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CIS property. However, both NTIS and CIB yield the useful POD inequality

(2.1) . We develop several easily checked conditions for- denon.tra~ting

that a random vector is RTIS. Finally , we show that NTIS random vecto~è

arise In certain cues of sampling when the underlying distribution p01—

scisse” a random parameter. •

In Section 5 we present a sampling of useful applications ~of the -

theory dIveloped in 8edtiOns 3 and 1 for POD and NTIS ra~dom -vectors ,

respectively. These include: 
• • 

-
.

- 

(a) -The NAEOVA problem with known coveriance matrix , 
-

(b) A characterization ~f infta~endence in 2 x 2 contingency tables ,

(c) The demonstration of NTIS for random vectors governed by - -certain
veU known distribution. or sampling schemes ~ 

- 

- 
- 

- 

- 
•

(d) - -Many yell known measures of association are . shown to be positive in - .

cc~~on3y occurring sampling situations; these include Kendall’s r ,
Spearmon ’ a p8, and Blo~~vist ’ s q. - - 

- _ .

(e) - - Competing risk model with proportional failure rates, mutual judo- -

pendence not assumed ; the model is applicable in both bft try—end -

- 

r.liabi lity, 
- 

.-- -~ - 
- -

(f) Prc’ ability Inequalities using POD, applicable to the absolute ncr~~i.
distrIb~tticn with random -means , the inultivariate noncefltral t di,t~i*à -

bution, and ~the multivariate g~~~e distribution. Additional’ áppli- - -

c*ticcs sist , but are . left for subsequent papers. 
- • 

•

-  •~
- - ‘

• - -~~~— • ~--~~~~~~~~_ -~ ~~~ -- --~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ - 
- ~~~~~~~~~~ •_, — —
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2 • Preliminaries

In this section we present definitions , notations, and basic facts

used throughout the paper.

We use “increasing” in place -~f ttnondecreselng” end “decróaalng” in

place of “ncnincreasing” throughout

2.1. DefInition (KarlIn , 1968). A function f:B2 • (0,.) is total ly

positive of order 2 (TP2) ~f

~~ ~ I
~~r

f(x~ ,y ~) t(x~~~y2)

for each choice x1 c x 2 ,y1 y2.

2 • 2. Definition. Th. random variables X1, ~~~~~~~ 
X~ are conditicns]].y

increasing in se4uence ( CIa ) if for i • 2, 3, ..., Ii, and all real

P(X1 > x1j X1 — z1, •..,  X~,1 — x~~1] 
-

is increasing In x1, ... , x~~1. _ _ ,
~

_
‘ :_ —

• 2.3. Definit±on (Nesry , Proechsn; and Walkup, 1967). The random

variables X1, ... , are associated If - ts~ ~~~~~

Cov(t(X1, •
~~~

•
~~ 

X ) ~ g(13, , • • •~~ 
1)) ~~ 0 

- -

-
‘ 

for all. Increasing real valued Bor.l a.aaurabl. fu~otio~a f , g for ymich

the me~~~iance exists. - - - -~

I - “ - ~ r - - - “ ~~ -~~~ ~~~~~ --

— • — - x ~~

H_ _ 
_ _ _  
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• 

-

2 1 . .  Definitlosi. The random variables X1
, • .., X~ ~~ ____ 

-

i~ositiv11y a t óendsnt (POD) if

n n
P( ct (X~~~ z4))~~ fl P(X4~~~x~)

i—i ~~~~ 
£

for .11 real n~~~.rs x1, ..., x~. For n - 2, POD coincides with positive

quadrant dependence (PQD) (L,hiii.-rrn, 1966). 
-

2 5 .  Definition (Barlow and Prosehan , 1975). Let n be an integer

exceeding 2. A function f:fi~ + (0 , .) is said to be totally positive of cir4a r

~~~~~~~~~~~~~~~~~ (TP~ in pair .) if for any pair of arguments Xj~ Xj~

... , x~, •.., x3, ..., x~). viewed as a-funct ion of ~~~~~ with the

r.~~4”4ng argonents fixed, is TI’2. 
-.

2 , 6. Beanrk. Def. 2 , 1. differs from the one used in the literature

(see , for example, Dyketra, Hewett , and Thompson-, - 1973) in that we mee -

the r~j it tall (survival) probabilities for our definit ion and they use

the left t.il probabilities. More precisely , Dysktra et al. (1973) defIne. 
-

•.., X1~ to be POD if

‘ - n
• (2.2) P [ n ( X  � x ) ] � n P (x � x )

i_l i i 1—l i I
- ‘ -

Thi reader should notice that (2.1) and (2.2) coincide only if V’ 2~-

L~e~.sr, for n ’  2 , the two expressions are not equivalent, for if Ye

1St Z~, X~, and be random variable. t&~i’%g values (2 , 1, 1), (1, 2 , i),

- - - — - - 
— 

~~~:~~~
-:, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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(1, 1, 2) ,  and (2 , 2 , 2) each with probability 1/4 , then simple calcula- 
tione yield 

-3 3
tt (x~ > i)) • 1/4 1/8 — n P(x l), 

, - 
- . • 

~•,i—I. i—i I

while -

3 3• P[ n (Xj �1)] _ o c l / 8 _ 1I P(xi � l).
i—i i—i

As a matter of tact, POD is introduced as a weaker concept of posi—
tive dependanc~. among random variables than association. Since associe-
tion implies both (2.1) and (2.2) (Barlow and Brosohan , 1975 , Theorem,

1975, Theorem 3.2 , p. 33) , there i. no reason to prefer one definition over
the other, except that Definition 2.1. is ~~re direct]~r ae~ningful in the
reliability context .

2.7. Les.~~~ fX,~,. 1(z1, •. .,  xn) ~~ ~~2 
in pairs ~ X~, •..,

are CIS - X1, • • •~~ 
Xy~ are associat ed - X1, ...~~ are associated 4

•.., are POD.

(A proof of Leans 2.7 appears in Esary , Proschan , and Walkup, 1967.) 

-
-~~• ‘ -

~

-____ — 
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3, Positively Orthant Dependent Random Variables.

In this section we pres ent theoretical results about POD random var-

iables • Before introducing the main results of this section, let us pre-

sent some of the desirable properties of POD random variables .

It is fairly easy to prove that

(P0) Any set of independent random variables is POD.
(P1) Any subset of POD random variables is POD.

(p2) The set consisting of a single random variable is POD.

(I’3
) If X1, ..., are POD end g

~
, ..., g~ are reel. valued increasing

functions , then g1(X1) ,  ..., g11(X~) are POD.

(P1.) The union of independent sets of POD random variables are POD.

The multivariate exponential (Marshall and 0].kin , 1967), the multi-

var iate absolute value normal (~idak , 1973), the negative multinomial ,
and the multiv.riate negative hyperg*ometric (Jogdeo and Patil, 1975 )

are typical examples of distributions of POD random variables • For other

Interesting examples , see Abined, Le6n , and Proschen (1978).
Pinaliy , it may be of interest to note that pairvise POD does not

imply 
~~~~~~~~~~~~~~~~~~~~~~ 

To see this , consider the following example.

Bx ple. Let 0 be the set of equally likely integers , v , where

l~~w �  8. Then let A.~~. (1, 2 , 3, 4) , A2~ (1, 2 , 5, 6}, and

£3 — (3, Ii, 5, 6) be subset s of 0. Further , let be the random van s-

bi. defined ~~ the Indicator function of the set A~ for i — 1, 2 , and 3.

Clearly , (x~ x~) are independent , hence POD , for all 1 0

i, 3 — l, 2 , and 3. Thsn.fore , X1,X 2, and X3 sre pajrwj se POD.

-• 

- 
- ~~ -• • • •  -

- -  - ~~~~~~~~~~~~~ 
• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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3 3
However, P( n (x1 > o)] • P( n A1) P ($) — 0,

i—i i—i

where~~ denotes the empty set ,

and
• P(x1 

) C)) a 1/2 for all I = 1, 2, and 3.

It follows tha t
3 3n (x 1 > o)) — a < 1/8 • n P(x > 0).

1—1 1—1

Thus X1, X2~ and X
3 are not mutually POD. Next , we show that POD is “inher-

ited” under certain coanonly encountered mixing pr ocesses .

The proofs of the following two subsections will make considerable use
of some of the properties of positive quadrant dependence and associati on -

established in Esary , Prosehan , and Walkup (1967), and Esary and Proachan
(1972).

For convenience and ease of referen ce , the necessary definitions ,
terain olo~~ , and basic facts are listed below.

3.0.1. Definitior - A random vector Y is said to be stochastical.ly
increasing in the random vector X if

E (f(Y)IX~~~ ]

is increasing in x for every increasing reel valued Inte~~able function

f; we wrjte yfst. ln x,

3.0.2. Theorem. and are positively quadrant dependent (PQD)

if and csil.y if F
cov(f( X1), g(X2)] ~ 0

L. - -~~~ _ _ _ _ _ _ _ _ _- - - -—- -- 
~a~~~~~~~’rz -~~~~~~~~ -: 

- -
• 

- - _ -  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~—-—•- .•••---•---- • . -_ - - .-~-~-..: ~~~~ J - - - _________ _ _ _ _ _ _  _ _ _ _ _ _ _ _
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for all increasing real valued Borel measurable functions f , g for which

the covariance exists .

The following propertieL sold for associated random variables :

(P
5) The set consisting of a single random variable Is associated.

~~~ 
Increasing functions of associated random variables are associated.

We are now in a position to present the prin cipal results of this

section .

3.1. PQD Random Variables.

Although the theoretical results of this section and the section to

follow may be stated for probability distributions defined on a general

measure space with a partial ordering , for our applications it suffices

to consider probability distributions defined on a measurable rectangle

in t(n~diuiineiona1 Euclideen space) endowed with the usual component-vine

partial ordering .

3.1.1. Theorem. Let (a) X1~ X2, given Y , be condittenally PQD, (b) Xj+st.

in ! for I — 1, 2 , and (c) Y b e  associated. Then X1, X2 are PQD.

The same conclusion is true if in (b) + replaces 4.

Proof. Let t, g be increasing rca]. valued Bore]. measurable bounded

functions . In view of Theorem 3.0.2, it is enough to show that

Cov(f(X1), g(X2)] � 0.

Jot, that

(3.1) Cor(t(X~), g(x2)] • E(Cqv(f(x1) ,  g(X2))~!}

- 

- 

+ Cov(E(f(X1)I!], E(g(X2)I~
]}.1



_ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - -~~~~~~~~~ ---- --•- • - -__— -, 

Conditioned o n !, ]5, X2 are PQD. Thus , by Th. 3.0.2, the first -

ter m on the right side of (3.1) is nonnegative .

From Def. 3.0.1, the conditional expectations in the second term on
the right of (3.1) are increasing functions of !. By asmaption,! is
associated. Thus by (P~) ; - the covariance of the conditional expectations

in the second term is nonnegative. It follows that

Cov[f(x1), g(X2)] � o.

• Thus , X~, X2, are PQD. I
We now turn to a gensxalis tion of the above result for :

3.2. POD Random Variables.

Let X — (x~, ..., x~) and I (Y~ , .. •
~~ 

Y,~). We shall find the folloving

theorem useful in applications. -

3,2.1. Theorem. Let (a) ‘~ given I, be conditionally POD, (b ) X1+~t.

in !for i — 1,2, ..., n, and (c) Ybe associated. Then (1) (x , 1)-are

- - - 
POD, and (2) In particular , X is POD. The same conclusion hold if in (b)

+ replaces 4.

~ ifortuna tely, the elementary proof of Theorem 3.1.1. for the bivar-

late case(PQD) does not extend to higher dimensions (POD) . For this rea-
son we present the following lemea, which is of interest in its own right,

since it yields $ theorem of Dykstra, Hewett , and Thompson (1973, Sea s .3,

Theorem 1) and constitutes a generalization of Kimba ll’s (1951) result .

The l~~~ will play a crucial role in proving Theorem 3.2.1.
3.2.~. Law. If T~, a s s)  I are associated and if ~~~~~ •..,  ~~
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are nonnegative and increasing for I — 1, 2, ..., k, k �- 2; then

- k k 
- .

(3.2) u n  g
1

(T1, t~)i � I u(g~(y1;’ ..., y - ) ) ,  -

i_i a 
- - -

- - - - - - 
.
~~
.

The same inequality is true if the g’s are decreasing Instead of increas-

ing. If k - 2, and the expectations exist , we may ~~t the require nt

thst. the 
- 
g~ are 

- 
nonnegative.

~~~~~~~~~. We shell prove the 1~~~ by Induction.

Suppose k — 2. By the definition of association (Def. 2,3), and

the fact that gj(71 . . ,., y~) is increasing in all arguments , the inequal-

ity i~~~diate1y follows from - -
- ~- :~ 

-

low e~~poae (3.2) holds for k 1; i.e.,

k—l k-i - 
-
-

(3.3) B( U g1(11,...., 
~m~

1 ~ ~~ E(g~(Y1, ..., I )1. 
-- i—1 _ - i—i

A u i nb7 
~~6~’ i~i~~~~1’ ~ Y~) and g~ (T]., 

~~~~~ 
T~ are associated .

It - follows that - -

- k—I - k-i
(3~~) l( fl~g (I”, ... , I ) 

~~ Eg~(Y , ..., I ) . BE U ~~~~~ . a.,  I ) ] e

C~~~ining (3.3) and (3. le), we obtain the conclusion of the l~~~a. U

~~~~~~ Ili~ark. :~~~~~ conclusion of Le~~~ 3.2.2. was obta ined ~~

~~skra,- ff.wett , and- Thcmpacm (1973) under the assumption that !~ , ...,

are CIB , Which is a ~~~~~~~ assumption than our assuapticn of asiocta-

ticn in- L~ 3;2.2. P~n-tharaore, if a — 1, L~~ a -3.2.2 can be used to

guneralis. Kimball ’s (1951) theorem since any real random variable is

associated.

—,—— - — - -.. -. --—-- , - -
~ - r ~~ ,-- — —  - -

- 
~~~~~~~~~~~ — ‘

—S

~~~~~~~~~~~~~~~~~~~~~~~~~~ — —~~~~~~~~~~~
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Proof Of Theorea 3.2.1.
- - f/~ .~~- - ~ ~~~~~~~~~~~~~~ ~~~ ~~~~~~ -~~~

- 
- 

- 
~

-

(1, Observe that

~ ~
-
~~:- .* ‘ -  

• _
J .~ c

_ _ _ • ’ _
_

~~~
’

_

~~~~~~~~~~~~~~~~~~~ ~ 
z~) , n ( ~f~ ‘ ~~~~~ E1(P( fl (X1 > x ~)II] . 

>

-- -
~~~~~~~~~

-
~~~~~~

-
~~~~~~~~

-
~ 

. - . ~~~~~~~~ :~~~.- : ~~~-

n
: . . :~~~~ r- ~~~ : ;  �

~S!
(UP (X 4 > x (T3 .1 ~ - -

~~
-
~~~~~~~‘

— i—i ~~. i — - 

( W 
- (~~~~-~ ~

‘
> 

-

Jui’ j If 
—

-~~ ~~ .- ~~) - _
,_ _

• -
~~~~~ _; 

~~~~ V

- 
- .

j f J~-~ ~~~~~~ 
-
~~ ~~~~~~~~~~~ ~~ � - -fl~~~~(X > x  1~

) 
~~~~~~~ 

; - -

i—i — T( 
~ 

(y > 
-

u ~s .
~~~ 

j~1- 3 .; ~~ —

.~ \ i  J 5 L . r -
~~~~~~ ~~~~~~~~~~ 

-
- C ~~ ~~~~~~~~~~~~~~~~ r

- 
.- - -. t . - ,  - 

~~~~~ 

-

~ 
. n - - - 

- 
-

- r ~~ -;~~~~~~- ~ - C ~ ~~~~~~~~~~~ - 
~~~~~~~ —

. 
if P(X ‘ x ) . 

- -

~~ 

- -

i l ~~ ‘t~W (
~~~L~~~~~~~~

0 .~A.bftQ C S~ff

-. ~~~~~ 
- - --i~Z~~G -~~~~~~&...?

• -. ., ::~i :-~~~~--
- 

- n a - ~~~~~~~~~~~~

- - - 
� II P (X4 > x )  . n p (y - y  )  - -1 

~~~~~ 
3 3 - _ _r 

‘~~~~ 
v; - f -  - -  . 1~ .C C~ ~~- - i ~~

-
~ 

- T -- . .. 

_
~-._ _ v ~

- - _ _
~~

. .~~~~e firs~- inequauty follows fxcm aseuthptfon (a) . The second and

the third Inequalities follow from assumptions (b),  (c ) ,  t~~~~~er vi~~~
L e a  2.3.2. ) Thua X1, ...~~ X~ T~ , .~.. ~L~~!.f ~~~--~ - ~

The 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

t- r4 T~

~~
- -
~ 

-~~~. ;-~ ~~~~ ~ t~ ~~~~~~~ 
-
~~

- - ( _ q ; I.(

3.2.li. CoroIlar)’. Let (a) X given Z,. a scaler remdon varImbl., b. .~ J. -

s

conditicnsU) POD, and (b) X1 + it. in Z for I — 1, ..., n. Then X ire POD.

Proof. The proof is s ni d.tate cease~Uenee óf Th. 3.2.l and (P5). fl
Can. 3.2. )

~ is of psrtihaz. interest for~èbtainLag application. of ~a1ue

-L

_____________________ _________ 
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in probability and statistical theory. In statistics mixtures of d.t.tr i-
butions ar ise in a variety of circumstances . In the area of statistic al

decision theory the varizble Z pl~~s the role of a p.r eter having a
prior distribution For most probl. in multip le cc~~eris~cm ~~~1a1Iy — -

the probability of a correct decision can be given in a 
- ~brm ( see , for

example, Tong , 197Th) defined by a mixture of distributions .

~~~ ark. 
- 

The conclusion of Cor . 3.2. le stay not hold if~the aasiap-
tion + it. in Z  for i :~~l, . .. ,  n is  dropped, as shonn by the following:

3.2.b. gZ~~~1e.-~ ~?or Z — 1, 2 , let 
-
~ 

- -

(~~l~) — o a.e. , 41) 
~~ uñitoflsl7 distributed on [0, 1]) with probability 1/2,

and ~

(~~2) be uniformly di stributed on [o~ iJ-, 42) - 0 a.sJ with probability 1/2.
Clear ly, Z1~ X~~ pjven 7 , - are conditionally independent , so that they

are conditiCna1]~ POD.
However, ~x1x2 0 and BX

1 — ZZ2.
.1/2~. Thus Cav(11, Z2) (0 .

~~~~~~~~~~~~~~~~~~~~~~~~~~ ir
Bext, we show that the property of POD ong random variables can

be created and preserved ~br1o~ujpi~ suitable combinations and trenatbrmati~n.- - 

-of random variable. . 
- -  - . ~~

- - - !  -
~~ 

- 

~~~~~~~~

~

c

~

t

~

- - -

3.3. Pra.sr ,Iitt~~~~j tj.s ofpOt ,~ 
I

- C~~~ ’~~ - -; - - - 
- 

~~~. — 
~~~~~ft. fol1owi~g itataneuti are true The proof in~ each case follows

C , 

- .  - - 
I .

fr~~ Tb. 3.1.1, (P
3), and the fact that th. pair (x , x) is PQD. t r 

~~~~~

- c

- : - ~~~~ 
- - - • .:- -~~~~-

C S

L iO i-
~~~- - 

- - - - - 4 
I .~ ~ ~~ri.L 

.r . ’ Ltt  —

- 

~-- -•-,L4A ’- 
-
~~~

- . r c  —
- -

- 
- 

C - -

c
i 

,- 
1.- 

- ———-- - -~~~~~~~~~ -- --- ~~— - - —-—.- - - —-------- --—- -~~~~~~~~ - -~~-----~~
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(1) L e t ! .g ( X ) + Z , whereZis ir&dependent of X end g: R~~ R i.an

increasing Borel neasurable function. Then Cx , !) ii PQD.

(ii) For ab > 0, (U , v) is PQD, and Z be independent of -(U, v), define s 
-

X U + a Z  end y . -V + b Z .

Tben (X , !) ia PQD. 
-,

(iii) Let (U , V) be PQD, Z be independent of . (U , v) , and f , g~ R2 + B .‘ : - r t~~

be Borel astwable functions . Define: - 

- - - 
~~~~~~ 

- 
-~~~~ . - -

- 
. - :- . 

~~~~~~ -

I .  f(U , 7) ,  1 — g(V , z). -

Let f , g be increasing in Z but otherwise arbitrary . Then Cx , !) ii-~~D. -

(iv) Let X .  (Xi, ..., X~ ) be POD, ç:~ B + B be Borel measurable In~~- -
C creasing function. for i — 1, 2 , ..., n. Let 7 be independent oft . - 

~:— :v

Define !~ — + Z, i 1, ..., n. Then 
~l’ 

•
~~~

•
~~ 

are POD.

-  
-

I  - J

- 

- - -- -:-

- 

- - - - -s - -

;~~ 
- - C  ,

~
- 

~~~~ - .

- 
-~~~~~~~C~~~~~~~~ ~ ;-

- - “I - C - 
- - -

~~
- f - c

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -—

~~~~~~ 
_______ -
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t.~ An Extension of p Concept of Positive Dependence.

In this section we extend a useful concept of bivariat. positive 4..
pendence to its multivariate version. We develop sufficient conditions
for thi s type of dependence, and derive some inequalities and monotonicity
of conditional survival functions that result from it. The inequalities 

- 

-

can be used to determine whether over—(or under-) estimates occur when
one - acts as - if positive ly dependent random variables are Independent . 

- — -

Esary and Proschan (1972) define a random variable I to be riqht tail
I~nar.asin g (UTI ) in a randouL variable X if 

-,

is Increasing in x for all real numbers ~r . -
- 

-

In the multiviriat. case it is somewhat surprising that nc~ analog of
this concept has ~et been proposed. In this 

- 
section we define a n*tur.l

multjvsriat. version of ETI , namely , right tail increasing in sequence

(ETIS ). We give sufficient conditi ons 
- 
for its existence, end show how

it relate, to other k~ovn mu1tivaria-~e dependence notions.

li.l. Definition. A sequence of random vpriab1~~ X~~ - ... , -X~-. is said

to be right tail increasix~~ in sec~ue~ce (RTI$) if

1’~ t~.+~ ‘ xi.,i~~
n (X

3 
> xi

)) 
I A

is increas ing in ...~~ x1~ for i — 1, 2 , ..., n — 1.

I..2, Esmerk. It is easy to verify that RTIS -es POD. Thus , showing
that a random vector is ETIS i~~~diately yields Inequality (2.1).

~~~~~~- - 
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Since X2. s at. ‘in 11 P RTI in I1 (See, Esary, end P r ct h , 1972),

it..a~~b. te~pting to ocujecture that X2~ 
..., X~ CiB~~~~X1, ..., X~~ETI8.

- 
E~javar, --this is ~ot always true. To see this , consider the folloving.

“.3 ~~ample. 
- 
Let X3, given (x1, x2) - (x1, x~~~be dist~ibuted

according to the normal N(x1+ x2, 1), and let (xi, x2) be joint ly dir.’-.

tributed accord ing to 
- 

- - -

\X2 a b c
_ _  

- - 
,.i i

- 
- - -

- a .1 .2 .0 - -

b - . 1  .0 .2 - -

- .~~~_ .O .1 .3 - -

where a ~~ b ‘ c. - .  

-
~ 

- - -

c:L .triy , 13 .+ -at. in (x1, x~) arid X
2 

+ at. in X1. Thus, X1, X~, and .

13 are CIS. However, it is easy to check that - 
- -~~ - - - -

P(x3 ‘ a~X,3 - b , > a] c > ajx ,~ > a, 1~~> a],

i.e., X1, 1a~ 
and 13 are ~~~ RTIS. 

I

A similar example can easily be constructed t9 show that RTIS 74S C18

Thus neither concept ll.jpl4ee the other. -

Nptivsted by Example b. 2, we present easily qb.ck.d .uffiotent

conditions for a sequence of random variables to be RTI8

Tb. X~ollowing theorem can be applied (see Subsection 5.3) in a very

g~~sra1 ontsxt to deduce aonotcnicity of the coutional survival probabil-

ities and to obtain gsn.r’sl inequalities for a wide variety of standard

—~~~ — — -~~~~-- -- ~~~~~ —--~-- - - -- - — — M k  ~~~ -~
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aultivariate distributions and poc.sai~s. -t - - -

k,14. - Theorem. Let 
~n~~1’ 

..., x )  P[ n(X~ > •-z~)~] be TP2 In each Imir 
-
~~~

of arg~asnts for fixad values of the r~~~Aning arguments. Then X~ , .-~~~. ,-

are ETIS Noreover, every permutation of X1, .., is RTIS

Proof. Let x3, ..., x~ be fixed at -~~. Then P2(x1, x2) is TP2 in

-~ ‘C ~1, z2 ‘C.. By a result of -Barlow and Proachen (1975, Tb. 14.2, p. 1143),

X2 is ETI in I1. - - 
-

For fixed Z2~ ~3~~1’ 
z21 x3) 1~ TI 2 in < X ~~~~ K

3 

‘C —. Thus

> 13112 > x 2, x1] is I in x.j for~~ll x3.
- By ~~~~try, P(13 > z31X2 > x2, X1 > ~‘ for all x3. ’It toil . 

-
~

that - - -

P[X3 ’x3IX2 > x2,X1 >x~]ia+in x1,x2 for ail choices of x3, so

13 is R21 in (Xi, 12). Repetition of this argument yields the 4.— 
- - -

sired result that is RTI in (x,~, ..., Xj_~
) for i .2, .... n. Thus

Xl, . .,  ~~ are RTIS. ~y sy etry, every peniUta~Xdn-øf ’ X1, ..., Z~ is--

~~~~~~~
. II 

- 
-
~ - - . - - - - -

~~~~~~~~~~~~~~~~~~~~~~~~~ It is true that the hypothesis of Tb. le. 3, togst~~ ’ with en

additional condition (See Kempermen , 1977, Sec. 6,~Ass.rttc~s Ci) ad

(iii)) also yield CIS which implies POD. ~~~~~~~~ it is important to

not, that the inequalities based cc as R’lIS coco~ipt are different in

nature from 
- 
those obtained using the CIS ccncs~t. Ni~.f.o~~r, ft ~~

from Definition Ii.1 that the ~~~mt of lntcwuatiá n e e d  t(~ d4”4in~trLt

FI!IS is anch les, than that needed to ‘emonstrate CIS • In addition ,
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ther. are situation ., particularly Là -reliability theory end biological
studies (see Subsection. 5.3 and 5.5), in which WflB and not CIS is the
relevant concept. 

- - -

Another interesting sufficient condition f o r X1, ... , I~ to be ~~‘IS

is contained in:

14.6. Theorem. Let X~, ... , X~ , given A , a scaler random variable, ~- - :

be conditiicna]]y i.i.d -with cc ion TP2 density f(x
~, A). Then I~, ...,

a~e Els. Noreover, every permutation of 
~~~ 

X~ is RTIS.

Before we prove Tb. 14.5., we present the forilowing notation and de-
finition . 

- 

-

it~~~~ .(x~,, ..., x~ 1,x1~1,- ..., x~) ,  ~.e., -the vector obtained from

~~ by deleting x1. We define I to be totally poeitiyà by deleti~ i 
- 
(tTD) 

- .- -

if ~ has a density h satisfying 
- 

- - 
- 

- -

•.., x~) h(Xi,...,xi_1, Xj~ ~~~~ ..., - 
- - . 

-~ -

- 
-

b(xj , ... , x~_1, Xi, xj ,~ ,...., - x’s) h(xj , ..., x~) 
- 

-

fOr all x~ �X j, i — 1, ..., n. (This notion iscalled m’—positive by

Alan and Wellenius , 1976). 
- 

- - - 
- 

-

We iili. k~e.k the proilt of Tb. 14.5 into a seqnsnàe of . ~~~~~ as t i~~s~~

~~1. Li. Let L~)X1o ...,X~,5ivllI A,sren4cm nzi .b]a,b. -

independent r— &m variables with ~ C{ tP2 density f(x~, A). Than ~

is TPD.

~~~~~~ Since f(z1~~A~ is~~~2, tbsn

- — a r t  ~_r flLtSr ~~~~~~ -—
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:~~~~~ ‘~~~
-
~~~~ - :  - 

~~~~~~~~~~~~~~~~ 
-
~~~~~~

- - 1  

-

~~ 
- - - - 

- -J ~~~~~~~~~~~~~~~~ - - - - - :  -

- - ~~z~~~~) f(z~, A) -

- -~~~: , ~~~~~~

A’) f(xl, A ’) -

- - - - - -
- - - - - - - - - - - 

~~
_

-~~_ ‘ - r  - 
~~~~

- -~~ -~~~~‘-
- - , -- -

whenever Xj  S x~ end A S A’.
n

1Iultip~ying the top rov Of (14.2) bY 11 f(x 4, A) end the battd~~rdv
-

- 
. -

~~~~~~
- -

~~
- : -  ~jsi, i—i 

u~ 
- -

n 
- - 

-

~~ 

by 11 f( x ’, A ’) , !bsre z �z i fo r a l lj l, ..., n ,j * i , we obt*in
- 3111i ,i.l . -J .s _ J - - j  

-‘ ~~~~~
-

- : - : ~~~~~:~~~‘ - - -

...~~ ..., x~~; A) h( x1, •. .,  ~~~~~~ X~~, Xj+l~ ~~~~~~ x~; X1
- 

- 
- - 

-  - - — - -  
- 

- - ~-, ~~
—

~~~
- - ~ � 0

b(xj . ... xj_ 11 Z
j  xj,.~~ ..., x~;. A) h( xj~ ..., x~; A ’) 

- 
- 

~
-
~
y- _

_
_ •~~‘~~~~~; 

~~~~ - 
- - 

- 

- 
- — 

— -

ftr evsr7xj S xjs i l~ ...,n,and A � A ’ . ThusI ie ’TPD. fl
~~Tr - -~~~--  :- - 

- - - -  
- -

Iext we need the follow ing: - 

-  

- -

14.8. D.finiticn (Harris , 1970). A aCt of rLnàom varis~~eI 
-‘ ;  ‘ - - -

X~, ... , X~ is said to be ri~ lt cornpr s~~ increu 4fl& (acat.) if - 

-

n — — - • -. n - 
- - 

- -

- 

P( n (x~ > n (X~. > xj )1 -
‘ - - 

- - :  
- -

is]. 
- 

is].

is increasing in xj . ..., x~ for c-vary choice of x1, ~~~~~~ 
- 

-  
- ‘

- ,_
__ J
~~~ - —

I 14~9&-: 11
~~~ t. ~~~~~ ..., X.~ are RCSI, then Z~. ~~~~~~~ X~ are *18. -

lSuri~~~~~~~~~’ .~At.tiob of ~~~~~ ~~~~ ~‘ ~~~~~~~ • ~~-‘- -
- 

~~~~

-
-. :- -~ 

- 
•- 

-
-

~~~~~~~~~~~~~~~~~~ Tr -- ~~~ ScSI Thus - ‘- - - ‘
. -

~~~~~~~~~~~~~

‘ -

p( n (X~ z~-)t n, (Ii- > j )~~ : ~~~~~~ 
- - : - -  -

i.l is]. 
- -

-~~~~ 
- -~~~~ ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ___
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is incressing in xj, ..., r~ for all choices of x1, .. ., x1~. Therefore ,

for fixedj, 
- 

n 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - - P(x4 > x4, n (x~ > x i)] - 
- 

- - - 
- 

-

- 
- .1 . d  j ] .  

-

U
Pt n ( X j xj )3

- - 
- i—i - 

- -

is increasing inxj , ...~~ for all choices of Xj~ 
- 

- 

-
~ 

-
- -

Row letting 1! +~~~~ for all i • 1, •.., j — 1 , we obtain - - 
— - -

- -~ P(X
3 > x31X3_1 ). x~~1, ... , x,1> xj j - :~~

is incrsssin~ in xj , ...~~ xj _ 1 for a].]. choices of Xj . Since J is arbi-

tr ar y, X~, ..., are RTIS. By eyanetry , øvery pea~mztsttcsa of X1, ~~~~~~~~~ 
Xn

is II 
:- -

Proof of Theorem 14.6. By L~~~a 14.7, A is TPD. By Cor.. 3.1~ of Alan 
-

ád- Wallenius (1976), X1~ 
..., X~ are R081. B y L ~~~a 14.9 , the proof -

follows. I I
- - FOr onr next result we need the following definition . - 

-

14.10. Definition. A set of n distribution functions , ...,

,(A) is said to have conditional proportional basard functions if

I)  
—Ac R(x)

~~~~~~~~~ Cx) • 1 — e , i • 1, ...,

where C1, ..., C~ are positive constants , A is nonnegative, and R(z) is - -

an increasing function with R(0- ) - 0 and BC.) -..

-

~

--I-

~ 

-

~~~~~~



____ 
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~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -- 

- 

- 

: 
r

When- R(x) ~ 
- x°, ~ ‘ 0, we obtain the familiar Welbull family which - ócn - 

- 
-

- - - - 

taine the exponential family for u — 1. - - 
-

The following theorem has interesting mpplicaticms involving competing
— risks or fatigue models ; see Subsect ion 5 .5 .

14.u. Theorem. Let ~~~~~ ~ ‘ 
?n
W have conditional proportional

hazard functions , where A is distributed according to G. Then - 
— 

- - 

-

Ci) ~~~~~ . . , x ) — ii P~~ (x~)dG(A) is TP~ in pairs, and (2) A i s  RTIS.
— i—]_ i - -

Proof. (1) For fixed i ,3 ,  let xk be fixed for sil k � i , , k  � 3,

andk l,2,...,n. We maywrite
- - ) - r _ _J ~r

- Px(1~* 
... i~~i~ . ., x~, ... , ~

) • ~~~~~~~~~~~~~~~~~~~~~~~~~~~
k l

8inàe~~~~ i sT i n O < x , X < . , e n dP~~~ iBTP in 0 ’ C X , A ( ” , Ve

use the c~~~ositicc theorem (len in , 1968, p. 17) to obtain -the desired 
- 

-

ccnclusic . 
- 

- 
- 

-. 
- -

(2 ) Th~ desired conclusion is en i~~~diate consequence of Tb. 143. 
- 

I I

-~~ s _~~~~ ( _ 
- 

- - _ ; 
- - - -

- - 

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 
- 

- -  

-

~~
— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - 
- - - -
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5. Applications To Statistics and Probability. -

- 5.le: The -KAJOVA Problem With Known Covanience Matrix.

In this type of probl em, one observes a normally distributed p~~ ran-

dom matrix CX ] with E(X] • (a]. The columns of the matr ix are independent

with comon coverience 
- ~ which can be taken , without any loss of generality ,

The problem is to test the hypothesis :

H0: hi] — [a]

L
)
: (P] ~~ (0]

The s&vl el Invariant test statistic for this type of problem is 
-

£-~~~~ 
(L1, ..., L~

) ,  
-

where t — min(p, r) and - ... � > 0 are the nonzero characteris-

tic roots of XX’.

To study the diStribution of ~~, one can assume that Cu ) — D~ (-a di.— 
- -  -

agonel matrix with the A’s on its main diagonal), since Z is. invariant.

Then U’ - has the same distribution as I’I , where ~~~~ is ~ow a

lower triangular matrix whose elements Ci ~ j) are mutually independent 
- 

- 
- -  -

with the following distributions: - -

r 2, ~i1/2 - 
~~~

- -
-A11 ‘V L~~~~~A

1
1J ~ - 

- - - -~~~
- 

~
- 

- 
-
~

T ~1/2 2 � i <  v -  - -

~~ 
LX~~~.j ~~1J -

-

T13 ~ 1(0 , 1) , 
~~ 

- 
- - , - - 

- -



~~~~--~~~~~ ---~~~~~~ ------ - -- --- ---- - ---— — ---- -- --- -
--

----- ---- - - -- - ---- ---- -- -
L~..M... ~~~~~ . —

t

—~~2 —

P~~ p — 2, if rank (u) � 2 , i.e., i A 1, A2 
) 0, one ha~ explicit

expressions for the two characteristic roots -4~, £2 of TT’ - in; term s of

i~he el~~~nts of ~T’ in t r m s  of the - element s of T. It can eüily be shown
that L~, t2, given (A..~, A2 ) ,  are conditionally PQD Purthermore, £~ is

at. + I n  (A1, A2), for i — 1, 2 , and (A 1, A2) is associated. Appealing

to Th. 3.1.1 , we obtain the following: 
- - - - - - -

5 1.1. Result. Let (Li, £2) be constructe d as described Just above .

Then CL1, £2) is PQD , i.e. 
- - -

~~~~~~~~~~ ‘‘~~ 
t2 ~ P (L1 ~ u~) • P (L2 � u2)

— 
~~~~111:W . ; ,~~ - L . - -for all positive rea]. n*anbe~s u1, U2. 

-

5.2. Characterization of Independence - in 2 x 2 Contingency Tables.

- 
In a 2 * 2 contingency table, the experimenter . ma,~r v~~1ne the a— -

Vsi].able data as to the occurrence or nonoccuren ce of the events t x.1 � 
-

where X.1, X2 are random variables and a1, 2 are fixed real nusbex~ .

Jogdeo (1968) determines a suitable family of biveriats. distributions
such that the independence of the events above is equivalent to the 

- 
iipde-. 

-

pendence of the paired random variables , end introduces a multivariate
analog- of the bivsriate case. - - - - - - - 

-

~~ecra. (Jo1deo, 1968) . Let (X.~, X2, X3)b e  P0]). The~~X~~~X2, 13) ~ - 1

be POD. Then X1~ X2~ 13 are independent if and only it

(1) Z11X3 — U~1X31.i • 3, 3 — 1, 2, 3, and

(2) Any one pair, u.y (x~ ‘2~’ satisfies 1(x1x~ X3) - I(X11X3)K(121x3). 

- 
~~~~~~~ - 1111111 :_ _j

— - - ~~~~~~~ - -~~~~ ~~~~~~~ - ~~~~~~~~ - ~~~~~~~~~~~~~~~~~ - -
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We extend the above result to the case when the data are observed

in a random envirnnmi’nt; i.e., when 111 X
2~, and are only conditionally

POD. Au imeediate consequen ce of Tb . 3.1.1 and Jogd eo ’s result is the

following: - - - -

5.2.1. Result. Let 111 X2~ and 13, gIven A , be conditionally POD .

Then X~, I2, and 13 are Independent if and only if

Ci) Z(XiX3 IA ) E[X
i

IA ]E [X

3

I A ],  1 j ;  i , 3 1., 2 , 3 , and

(2) One of the pairs, say (x~, 1
2

) ,  satis fies - - :-- -

E[X,~.X2I A , x3] — EIX1I A , X
3 IE [X2(A , -131.

5.3. McnotcnicLty ln Conditional Distributio ns.

A number of inequalities have been derived recently for various mul—
tiva niate distributions and then used to obtain conservative simul.taneou~
confidence or prediction regions. See , for example , Broeme3.ing (3.969),

Folks and Antic (1967), Jensen (1969 , 1970), Q~atr I (1967) , Shaked (1975),

~idak (1973), Jogdeo (1977 , 1978) , Tong (1970 , 1977) , and Ahmed , Ledn ,
and Proschan (1978). A simple ~mifled method of obtaining such inequali-
ties is by shoving that the random variables treated - are fffls .

In this subsection we- show that RTIS exists among the random varia-
bles, end among certain functions of them that are governed by certain C’OI)

additional aultivariate distributions • We rely on Th. 4.6 to demonstrate 
- - —-

this RTIS. 4

(it - The )tultivaniate legative Binomial (Negative Miltin~~ial1.
This distribution a~ be generated as follows • Let X~, ...,

~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- -
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given A , be independent random variables with comon Poisson density - -.

- z — A - 

- 
- - . -~ 

- -

f (x IA ) ,- A.. , - x - O , 1, . . . ; .A ) 0 , - 
- - - - 

-

whereAhas the ginm~~ density 
- 

- 

~~~~~~~~~~~~~~~~

~( A) — A~~~e’
~ A > 0, a > 0. 

- 

- 
— 

-

~~~~‘ Tb. 4.6 , we imeediately obtain: 
- 

-

5.3.1. Result. Let X be constructed as described just above. Then

X i s  RTIS . -

(ii) The P61ya Urn Scheme Random Variables.

Suppose that repeated drawings are made from an urn which contains

red and black bails , say. Suppose that altter each drawing, -~hè bell is

replaced, along with c > 0 baIls of the same color • Further , aa~ume that 
-

there are r > 0 red balls and b > 0 black balls in the urn at the time of -

the first drawing. - 
- 

- 
- 

- -

- 
3. if the i~~ drawing Is red 

- - - -

Let ‘ _
_ X -  - 

- . - : - - - -

0 if the i~~ drawing is black,

i — 1, ..., n. It can be shown that the random variables X j - •.. ~~ - X4 are 
- -

stochastisally equivalent to a mixture of independent Bernoulli ) ran- - -

4cm variables with A 1b O~~~1.~11(~~, ~ ). By Th. 4.6, we imeediately obtain

~~~~ Reeult Let ~ be constructed as Just above. Then I is I~TI8.

(iii) Positivel~r Dependent by Mixture (PDM) Random Vsri&les.

An i~~)Ortant ~OviUve dependence property can be dCfifled throu gh the

- 
- ~~~~~ -r- 

~~
. -

— - — — - — - —- - - 
-- . -;__ - _.~

- _ .7 c— - -  -~~ ~~~~~~ -

- - -~ - -- ~~~~~~~~~~~~~~~~~~~ ~  -- - ----~~ 
- ~~~
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- 

_ _ _

mixtur e of distribution functions. Let F
~

(x) denote the cdt of -

-

- .~Lz1 , 
- ,..,. ~~~~ F -is celled a mixture - -of diat~ibutiona if there an

diatnibutj c~i functions G
~~~

(xi)(vhich depend on A and ~i-) and R CA ) such that
F admits the repres entation - - -

Fjx.
3 .,  

..., x~) - J II
— A i—1

In particular , if 0~(x1) does not depend on i i.e., X~ , ..., X~~~~, given

- 
A , are conditionally i • i .d , then 

- 

the unconditional random variables
X.~, ..., In will be P1*!. An excellent exposition of this subject , in— 

-

eluding related inte resting results in probability theory end statistics ,
appears in Shaked (1977). 

-

Now suppq~e. -G~(x1) — G~(z) , where G possesse8 a 
~~~ 

densi ty-in (A , x) .

By Th. 4.6 , we immediately obtain : 
- - 

- , -

- 

5.3.3. Result . Let I be PDM such that X,JA has a 
~~~~~ 2 

density. Then

X i s RTIS ,

- 
- 

- ~54.4. ~ ~~~~~~ The result - is of particular interest In- -reliability
— 

theory, for if X~~~~, •
~~~

•
~~ 

In- are the random life lengths of n -identical

ccmpc
~
ents of a ccmpiex system which operates in a random environment,

and if, given the environment in which the system operates, X~ ,~~ ~~~

gi-ve,* p, are--i • t .4, random -variables , - -where p is a measure of the sei~erity
of the ~nviro~~~nt. -It j s c~~~on practic. to compute- the system iii.- - 

~~
-

distribution under the assumption that the ~cmponent. life lengths az~ , in-~- - :-

dependent . Bow.v.z’, if X1, given p, has a 
~
‘

~~~2 
density in (x ,p )  (si. 

-, r~e~~

- ~?L ~~

- - -- 
— - - 

~~
--

~~

-- p. 

~~~~~ 

- 
- 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



OS~~~~~~~~ Cs, d)~~ then the ccmpon.n t~1if ~. lengths are - I~ IS Hence, -

it becomes possible to determine whether under -estiMte. or ovsi’~estIsmtø. - - - - 
~~~~~ .

- 
~ -

result from the assumption of component independence , when in tact the - - -

component life lengths are RTIS. - 
-

5.4. An Extension to L~~—snn’a Bes it Concerning A Class of Positive
Dependence )(eaaures. - - - 

— - - - - 
- 

- - 
-

An important - d M a  of distr ibutions with positive quadrant dependence
is furnished by Theorem 5.4 ,i below . This class is essential ly an exten—
d on  of a similar class considered by L~~msn (1966 , Th. 1), namely , the
class containing the measures of association , Kendall’. r, Spearman ’ a
and the qu.~rsnt measure q considered by Blomoqvist (1950), since we allow
the pairs of random variables tà be conditionally PQD (e.g., dependent -

on a random environment), i.e., F~(x~, Yj ) — 
~~~~~ 7i-~~

(s) ’ vh~re~O ,~ 
-

- 
- -

is a probability measu re defined on (~ c R. - - - - - - - - 
- -

Before stating this theor em,ve find it convenient to introduce the 
- 

- 

-

following definition • We say that real ‘wlalued functions f End g of n - .

anguments sr-s concordan$ if, considered as functions of the i~~. coordinate-- - 
—

(with all other coordinates held fixed) ~ thsy are monotone In the - same 
- --

direction; i.e... either both increasing or both decreasing, i - 1, ..., u.
5.b.1. Theo1im~ Let (x1, Y1)J v , ••

~~~~ 
(xv , Y~)I . be independent 

- 

~~~~~~

— 

pain, of ren6~~variab1.s satisfying the conditions of Corollary 3.2.4, with

Joint distributioss 
~~~~~~~~ 

...
~~ 

1 . z’e.pectivsly. Let f , g - :  • B-b. 5CO~ -

oordsnt fenetjcms. flmal1i~~l e t X — f I3, ..., I~) e n d T .g ( t1, ..~ ,~~~).

Then (z, T) an. PQD.

~~ --- 

~~~~~~~~~~~~~~

- 
-

~
- -

~~:..;.~~~~
-
.
- 
;-~~ 

- -- 

- - -- 

- - 
- 

- - 

_i
.

— — 
-. 

—..-‘ 
—~~- — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~

p,y - - - -. ..p •~~
__ - t1• - ‘~- - . - . - -~- .~~~- ,- ,. ~~~

_. 
~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~--~~
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Proof. Using Th . 3.1.1,, we may prove Th. 5J &.i by argumente similar - — 
-,

to those used in the proof of Theorem 1 of Lehmenn (1966). 1 I
Cemaider

t Cov[sgn(X~ - ]5), sgu(Y2 —

and - 
- - 

- - 
- -

• 

- 
! 3covlsgn(X2 — x1), egn(13 — i~~~ )] ,  

-

where the X’s and Vs are as described in Th . 5.4.~i Just above. ‘r- and p

are. known as Kendall’ a and Spearman ’ a meaaureè of associati on, respectively.
Let p and v denote the median of the marginal distributio ns of X and - 

/ -

I , end let f(x) end g(Y) denote the indicat or functions of the events
(z~~. p )  end Y~~ ~i) respectively. Then 

-

- q — E(fg + Cl - f)( i - g) - f (1  - g)  - g(l — f ) ]

is known as Blomqvist ‘s asure of association.

We Dot. here that L.)~~—in ( 1966 ) baa shown ‘that if (X1, Y~) is PQD,

i — l ,2, •..,n,tbse T,p , anaqare au nonnegatjve. We asy now- ex-

tied L~ ’- .~-- ’s conclusion to: 
- 

- 
-

~~~~ Bepit. Usdsr the hypothesis of Th. 5.4.1, the measures g~~~ - -

positive dependence of X end Y , Kendall ’s t,Spear.sn ’. p
•
, and Blc.qvist’s

q, an. all sciesgative.

5.5. • Ucamstiaa Bilks with Prcvcrt~ceal, Failure Mtis. -

The results of this subsection apply to two medals, the e~~~eting
risk med.l Lu bi~.stry, end the series syste, in reliability. - -

ii) Coametima Biak $~d*l. An organiam ii subject to k o uaes of
death. If c~~~s i alone were operating, the random lifelsngth of th. or-

_ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
_____ ~~~~ _~~~~~=~~~~~~~~~~~~~~~~~ _ -----

---
~~~--~~~----- -~~ — — _________- -  - _ _ _ _ _ _ _  _ _ _ _ _ _
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~~niem wa~ld a. T~~, i — 1 , . . . ,  k. Prom dat a obt~4ns4 wbei .fl ~~~~~,j 
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ the problem is to estimate the joint survival function of
Ti, .. ., T~~~~, the asrginal distributions of the T1, •. . ,  T~, as veil as 

• - 
-

various other distri butions of intere st. Bee Gail (1975), Sethuraman : ~rt-~
(1956), Benjamin and Raycocks (1970), Mo schbergar and David (1971) , and
David (1976). 

- - •

(2) $eries Sy~te, Model. The ~~~ component of a series syst em has 
- - - - 

-

~~

random lifelength T~. i - 1, .. , k. Pros data obtained on system ).if.-

length P - min(-T1, ... ~ t~ ) and the component causing system failure , 
- - -

the proble, is to estimate the joint survival function of T1, . . 
-
. , 

- 
T~~ ,the -: - - —

(aar~ nal) distributions of the k components , and the distribu tion of
system lifelength. -

In the literature, it is often assumed that the random variable, - - - 
-

T1, •.., T~ are mutually independent . In this subaectjo~ we- derive, bounds -

on the joint survival function of T1, ..., T~ 
- 

when the assumption of

Ludepádamc. is Invalid. (8.. Zlandt-Jchnaon , 1976, for a discussion of , - - _ _) - - - - - -

the biometric case and Cohen, 1968, and Lengberg, Pros chan , 
- 

and Quinsi, 
— - 

~ 

- 

-

1977, for discussion, ot the reliability ess.). To derive these bounds,
vs use the tbeog’eücel result, est.bli~hed In 8ec ii.

?bz’ s1~~1icity vs use the language of the reliability model; the 
- - -

~

results , however , apply ~~~~~~ to thi biometric model. Let ~~~ 
-

- - 
- - - - - - - - 

-7~(t) — P(T
J ~ t J , p

3
(t) a p (p~ • t J ,  P

1

(t1, •.,, ~~) — P(T~ � t1, •.., T~ ~~tk ]
~

.id P~(t1. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- , - - - ‘ -  ~- - — - - a ’ - -~~~~~~~~~ - ~~~~~~~~~~~~ 
-
~~ 

- 
• -

- r ’ -
- - -

_ _  

- - 
_ _ _

— p.— ~~ — —~-•—- — —•--—-.
~
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r3
(t) —

the failur e rate of component 3 at time t given the system is still fume- - 
-

tL~~ing. Since the system is a series system , then the corresponding - -

system failure l ate r (t) is given by - ‘ --

k - ~~~~~~~~~~~~~~~~~~~~
- r (t ) I r ( - t ) .

j 1  
- ~; -  

- - 

- 

-

In scam practical situations it is reasonable to assume proportional

failure rate fuflcticns -which depend on a ~sndáà environment (Baril s and - . -

Singpmvalla-, 1968). More specifically , - - - 
- - 

— -

r3(t IA ) * a3r(t I~), 
- 

- - - 
- - 

~~; -

• where each a
3 > 0 and ~ a~ - 1, and X is the random par eter representing

- i—i -

the severity of the environment. By Iii. 4.31 we iamedistely obtain:

~.5.l. Result . Let T1, ..., T~ be the lifelengths of the components

of a series syst~m with failure rate functions as described Just abovó~
Then 1a) IL~, .. , T~ are ETIS , and (b) ‘Pt~1~ > t3, 3 — 1, ..., ku z

11 P(T4 ‘ t 4 ). - 
- - - - -

3—1 ~~~~~~~~-
-
~~~~ 

- - -

~~~~~~ i*~k. Theorems 4.4 and ls.U ~~~ also be used to show that 
— -

random vVisbl.s -Zr’ . . .‘
~
, Z~ having thi property thit mm (a1X~ } bu a 

- - 
- - 

~

- -

~Weibull distribution fur every choice ~~~ 0 , .., a~~’ 0 are ~flB ; i.e.,

‘I) /



- — - , —  ----~~~~ ~~ —~~ .---~ 

-

.

P( am (a~Z~} t ] — exp(—k(a1-, ..., s~)t~]
1~i~h - 

- 
- - - - - -

for ali t ~ :O an4 -som. a ~ 0 and k(a1, ..., a~ ) • 0.  (See Lee, 1971, 
- -

for $ detailed analysis of this o3.mss of random variables.) Xote that
the multivariate ezpcn,en,tia.I. distri bution of lbrshsll and 01km , 1967, - - -

- 
governs random variables in this class . 

-

3.6. Probability- In.oumjiti.s Using POD.

In thu iubs.ctIcn , by using the PCi) property , vs show how to obtain
a maber of p bility inequalities ,fcr random variables - governed by - 

- - --

well ~ io’im distributions , We rely on th* theory developed In Section ~~~ 
- - -

to obtain these Inequalities. - - 
- - - -

Lii - The Absolute Icrmsl_with fiandom Means. -

Let (Z1, X2) hsve the bivariate noemal. distribution,

I 

1Jj
~~ lA

1. M~~~~~~~~ 

~~~~~

vbsreO p �k 1/aj2 1/p or l / p �U 11u2 % p c O .  Then for z1~~~O, x2 > O ,

Das O~pta St al. (1971) b~Eve shown that ( lxii, 112 1) is PQD. In fact, this
- - -

result is the first of it. kind for the cane of nc~sero means . -

Is

An Interesting extension of the above result , based on Th. 3.1.1, 1.. -~~~~ -

the f o l .  
- 

- ‘  
- , :

- - - - 

- - - p ; - - - - 
-

5.6.1. J ~sia3t. Iat (x1, X~) have ta. bivariate ~~~~~~~~~~~~~~~~ -

-
~ — ill., a8), (

~ ~
]j
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where 0 <
p ~ a < 1/p or 1/p ~ a £ p < 0 and e i. a r ’v. Then for

- 
Z~~~

) 0, 2 2 ) 0, 
~‘xi ’ �x 1, Ix~1~~ zj V� P[ IX1I � x1JP( 1X2 1 � xe].

- - 
lii) *gtivsriat. loncaptr.1 t: Distribution,. 

- - 
- 

- - - - - - 

-

Let — (U
3 + l

3
) (8

3 / v~~’~~
1, 3 — 1, ..., m, where the U’s and the -

~~

S’s az. eu aztu&uy independent, each U
3 has a umit normal distributián ,

a~d 8,~ has a X distribution with degrees of freedom . Then the joint

distribution, of 13$ 
~~~~~~ 

1~ is ft -noncentral multivariste t distrib ution.
There are two vsys - in which positive dependence can be introduced

~~ong the random -variables: -.

(a) Rsplaói~~ 83 by th. same S and V
1 

b y v , with S distributed as

* vith~ degrees of freedom , so that
- 

1~ — (U~ + ~)( s/ / ) , j  •1, ..., a. - - - T

(b) Rstsi~g~g different end independent 5,”, but requiring
(U1, ..., U~) to hay, an equi -oorra ~~s~~ joint stend..rdj~~~ ~~1tInc~~~~

- -distribution with a positive correlation coeffioie~t. 
IIn each case, the quentjtj .s - -added to the- U’s in the n’~~ratcrs are

call.d ncncentr.3jty psr ,ters . I~ every nancentrality parenstey- is
asro the di$t~ibuti~n, is celled a c ntr.1 a~ltivsriate t distribution; - -

M 4 diate ~~~~~~~~~ of Th. 3.2.1 is the following;

~~~~~~~ (1) ~e1ch of the anitivariat. none ntral t 
- 

random 
- 

-

veotors described Jant shove in (a) end (b) is POD; i.e., - 
-
~

_ _ _  -i- - -- - 

-

_ _ _- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~-~~~~ —
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. ; . . n , ~~~~~~~~~~~~ .$2 - r ; ~~~~~

- P ( f l  (!:‘~ Z ):1 �~~(y~:.~ y , ’kt4l, 
- IIll—i ~ J £ - 

~~~ - - 
- 

-
~~~~ 

- - 
~~
. ( 

-~
- - I 

~~ - - 
-

where the 1e’~ 
are nonempty subsets ot -(1, 2, .-

~~., 
a)~ whose ~~icn is

(1, 2, .•., a). - 

- -  
- - 

- 
- 

1 - - -

(2) The same conclusion is true if in (i) , A~ — A , where A Is a ran—
dcm variable. 2 - -

- - -
~~ 

- -

liii) - Ilultivariate Gamea Distributions. - -

A distribution with a marginal distribution. ariess naturally in
the following way-. Coflsider a random sample of size n determined. by a
independent vectors (X~~~, ..., i - 1, ..., n, each vector having

the sans aultinormal distribution with - riaflee-covariance matri x V with
each diagonal element equal to 1. Then the statistics - 

- -

- ~~~~ j  — 1, ..., a, each have a X~~,1 distrib ution. The

joint distrjbutj on, of 8
~
, .. ., S may, f lowing ltrishnàiih ( 1963) , be

called $ aal.tL-vazjate cbj -.sojar. distribution, it is also called a
1~~~~~~~~~~~~l!iiJir~distributicn (ese llillor, 1958). For a - 2, the ~
ccn,diticn,al distr~b~tign, of (X

~~ir i.., Z~j7 given (X~~, ..., X~~~~~~ ) is that

of n Independent noIMl ven’Isbl.s with expected values (Z~, .
~~~~

-+ —

~~~~~ 

T h .  3.1.1 , vs i sdiately obtain: 
I - 

- -:

~~~~~~~~~~~~ Let 8~, 
~2 be constructed as just above • Then

(81, 8
2

) is

~
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