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Foreword

This is part I of the final technical report for Contract No. N62269-
76-C-0378, which 1a sponsored by the Naval Air Development Center, Warminster,
Pa. The work was performed during the period of July 1, 1976 through
December 30, 1977. Mr. lLee W. Gause was the contract monitor.

The contracted atudy is under the title "Certification of Composite
Aircraft Structures under Impact, Fatigue and Environmental Conditions";
parts I and II of the s*udy are under the supervision of Dr. P.C. Chou, while

part III is uynder Dr. A.S.D, Wang, both of Drexel University,

This report concerns part I of the contract, low speed impact of plates
of composite waterials. It ia a self-contained report, including definitions
of all nomenclature used, and its own introduction and conclusions.

The authors would like to thank Dr. Edward J. McQuillen, Dr. Jates L.
Huang and Mr. Lee W. Gause for the frequent technical discussions, They
would also like to thank Mr. Frank Patota aad Mr. George Chou who helped
conducting part of the experiments.
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I, INTRODUCTION

Aerospace structures frequently undergo impacts by blunt objects, in-
cluding dropped tools, hail, and runway stones impinging on exposed aircraft
components, and foreign cbjects entering jet engines. The failure of a
component subject to such an impact is often of the structural type, rather

than due to local penetration or indentation. A number of numerical techniques

(e.g., finite-elzmant method, lumped-parameter models) are available for calcu-

lating structural respouse to jmpact, but these are typically complicated,
time-consuming, and usable only on a problem-by-problem basis. Designers need
& quick, convenient, widely applicable method for this purpose.

In a previous report [1], & method was developed for comstructing a de-
eign curve vhich predicts the response of a giver type of structure to impact
loading., This curve gives the maxivum strais in the structure, which may have
various dimensions and waterial properties, due to impacts involving a certain
rvange of impact wosses and valocities. An examplg of the bending response of
a sisply supported beau under central impact uac‘preaented in detail. Both
experimental results and numerical calculations i{unvolving scveral solutivna
of beam impact vere used in establishing the design curve. The igpac: cases
studied in (1] vere limited to large impactor mass, where the ispactor has
mass roughly equal to or greater than that of the beam.

In the present veport, the desigiu-curve approach is extended to anisotropic
plates, and impacts by small impactors. Shear fallures are also studied. The
elensntary wodsl of 1-pac; on beams presented in {1] is genevalized to embrace

all structures. -This wodel is then applied to toe cases of clamped and
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simply supported anisotropic rectangular plates and to predicting impact

failure due ;o“bhear effects in both beams and plates. Design curves are
also developed for predicting the response of beams and plates to impact

by small impactors. In each instance, both analytical methods and impact
experiments are employed in generating the design curves,

In dealing with low-velocity impact problems, it is convenient to divide
them inte two domains, based on the ratio M of the mass of the structure to
the mass of the impactor (see Fig. 1). The motion of the impactor and the
response of the structure for a large impactor differ greatly from those for a
small impacter. The two domains will be treated separately; the asaumptions
and final design curves are also different for the two domains.

In impacts where the mess ratio M is small (large impactor), it has
been observed that multiple collisions occur and that the general motion of
the impactor follows the path of the structure at the impact point (Fig. la).
The final rebound of the impactor takes place after the structure has reached
its maximum deflection. Furcher, the entire event is generally more pro-
longed than the fundamental period of structural vibrationm.

On the other hand, when M is large {small {mpactor), only a single,

‘ 7 sudden collision occurs, after which the impactor rebounds and the structure

continues to vibrate freely, reaching its waximum deflection at a later time

(Fig. 1b).  The duration of actual contact is characteristically wuch shorter
" than the fundemental period of vibration. The sudden rebound of the impactor
is due chiefly to the elastic resistance of the structure and the impactor

to iocal indentation, i.e., contact effecta between the two bodies.
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In {1], six analytical modele of impact were examined, including two
clasaical one-degree-cf-freedom models; a two-degrees-of-freedom model which
accounts for contact effects; a solution by Zlebsech (2], which assumes plastic
impact and treats the beam with attached impactor as a free-vibration problem;
a mudified Clebsch solution due to McQuillen et al. {3]; and Timoshenko's
solution {41, which couples the impactor displacement with the beam deflection
using Hertz's law for contact deformations. The dimensionless parsumeters
which determine the peak impact response according to each sclution method
vere derived,

It was shown in [1] thst, for those modele which neglect contact effects,
the maximum strain due to impact, when properly normalized to E. is a function
of the miss ratio ¥ only and is independent of any other parameters. These
soluticn mathode, however, ave generally not suited for treating problems
involving small impactors. Counversely, the two wedels that include contact
effects indicate a dependence of € on N and another paramecter, and are useful
over the entire range of N. For large impactors, it was demonstrated that the .
dependence on ;he other parsseter is veak, sc ghat & single € va, M curve |
approximately vepresents all impact situations. In addition, when data from
assorted impact experiments were plotted in coordinates of tand N, a single
curve could be drawn through all dats points, with about + 30% varilation, for
large impactors.
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I this report, several approaches are taken in extending the design-
surve concept to impacts of other structures by large impactors (Section II).
¥irst, the one-degree-of-freedom model described in [1] is generalized to
encompass all structures and is then applied to anisotropic laminated rectang-
ular plates with clamped and simply supported boundary conditions. Then, in
order to identify additional significant parameters, the structural impact
¢quations of Timoshenko are cast in a dimensionless form; the influence of
each of these parameters is appraised by a series of calculations using
Timoshenko's solution in which the values of the parameters are systematically
varied, Ne ~, we discuss two series of impact experiments performed on lam-
inated graphite /epoxy nlates; in one series, the bending strains in the plates
we.e mep~ur.d, and in the o:iaev, the plates were repeatedly impacted at grad-
ually increasig velocities unttl fallure occurred. The purpose of cliese ex—
perimente is twofold: ro verif» tha unalytically constructed design curves, and
to demorstiste now design curves may also be constructed experimentally. Finally,
design curves for pradiciing shea: failure due to impact are developed, and
the relativc importance of shear cnd bei.ing effects in impact fallure is Jiu-
cussed,

For cates in which the mass of the impactor {8 suall with respect to the
mass of the struciure (largd N), the - " ‘endence of the generalized strain ¢
ou the mass ratio M 4s not exclusive; »n_ther dicensionless parameter whiuh
involves the gecmetric and matexial properties governing the contact effezts
between the two badies can also be shown to be siynificant. Thie contact-
paramster, dencted A, and the mass ratlio M together determine tue duration of

contact betwean the strusture and impacctor (relative co the fundamental period

of vibratics), which is cypically quite short. Clearly, the duration of contact

is {afortanz in dateruining ths respouss of the structure.
5

e aene T S < Sda 0 . . . R . C e s e a——————e——.
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The most sophigticated solution method applicable to problems involving
small impactors, the Timoshenko solution, involves a nonlinear integral
equation which can only be solved numerically on a problem-by-problem basis,
and is thus not convenient for developing a design curve. However, by making
the simplifying assumption that the structure does not appreciably deflect
during the short period of actual contact, the problem uncouples into two
parts - the elastic Hertzian impact of a sphere on a semi-infinite body, and
the vibration respomse of the structure to a dynamic load (i.e., the contact
force). This leads to an approximate relationship (for each type of structure)
between the parameters €, M, and A, which may be further simplified to a
simple equation in the mass ratio M and a new generalized strain for small
impactors ¢* (Section III). By comparison with experimental data and with
calculations involving the complete Timoshenko solution, the form of this re-
lationship is shown to be useful as a design guide.

In Section IV, procedures for using the design curves presented in this
report are described, and a few examples are given. Also included are methods
for constructing new design curves for structures not treated in this report,

based on either analytical tools or impact experiments.
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II., DESIGN CURVE FOR IMPACTS BY LARGE IMPACTORS

¢ For impact cases where the mass of the structure 1s small compared to
the mass of the impactor, the structure may be assumed to behave as a simple
spring, or as a one~dggree—6f-freedom mass-8pring syatem. Details of this

approach as applied to simply supported beams were presented in Ref.[1l]; in

this section, this impact model is briefly reviewed, hecause it will be useful

in the development of parameters in plate impact problems. These parameters

RTINS o R O AR fer AN

are employed in constructing a design curve for predicting the response of

plates to impacts by large masses. Finally, by examining data from a large

=
-

number of experiments and by studying impact solutions using more sophisticated

analytical techniques, the validity of the design curve is established and the

}
Lo
; range of its usefulness is demonstrated.
; A. Generalized One-Degree~of-Freedom Model
E In this model, the impactor and the structure are considered attached to-
E gether after contact and move together as a single mass m, and the motion of
the structure is‘governed by an equivalent spring. The initial velocity of
the combined mass, Voe TAY be determined by two methods: One is based on
the conservation of momentum (Fig. 2), the other on the conservation of energy
. (Fig. 3). In the first case.
wem, + em1° )
' where m, is the impactor mass, and em, is an "equivalent" wass of the structure.

The equivalent mass may be obtained by matching the total kinstic energy of the
structure with the kinetic energy of the unknown equivalent mass traveling at the
velocity of the impact poipk in the structure, assuming thl:.ths deflaction mode .
shape is the static dnflaction.cﬁ!vo;-'!thoilbly~tuppottqd‘ﬁ;lll.
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(a) berore impact (b) immedfately after impact

Piﬂ';vc- 2#; One-degree-cf-freadom model of
ispact. wamentum conserved.

W n

2
? | -‘-‘:}
<

K

P S

<= () bofore dmpact (L) at maxiuum deflection

'l'iguré ;5- Ono-degroc-of-freedom model of ‘
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e = 17/35. By equating the momentum of the impactor before impact, m, v,
with the momentum of the combined mass m, we have

Vo " v/(1 + eM). (2)
where M= mllmz. 3)

Note that according to Eq. (2), the energy before and after impact is not

2 2
conserved, i.e., mwo <-m2v .

In the energy conserved case, we assume e = 0, 80 that
m=o,
Vo=V (%)
As a result, the kinetic emnergy in the impactor is conserved, and will be
entirely converted to strain energy in the structure. For small values of
M, the difference between these two approaches is small,
The spring constant Kl is the force per unit deflection. with respect
te a force acting at the impact point in the direction of the impactor

velocity, or

Pe K1 wl

After acquiring the initial velocity Vo! the wass-spring systen is assumed
to perform a free vibration. The maximum deflection i& them

"1‘“2 * VO | .i!; | (5)

In modeling the structure by a mass-epring system, it is impiied that ouly
the first wode of vibration is retained and that its mode shape is the same
as the static deflection distribution under a concentrated force.

| Next, wa shall coaosider the wost critical strain €, in the structure which _-

occurs at a knowa point 2. Assume that & proporticaal relation betveen €y and
v, can be found, '




NADC-78259 60

1
€, = [ )w (6)
2 (du 1
where d12 can be determined from the static deflection distribution, or from
experimental static measurements. Combining Eqs. (5) and (6), we obtain the

maximum strain as
v, —
: 01]m
€ W e | [ om— (7)
zm ?12\]-1(1

or, combining Bqs. (1), (2), and (7),

(8)
2ax lzbﬂﬂmx

l. &t Supported Beam
The next step of defining a generalized strain € is best illustrated by
considering a apecific type of atructure. For a simply supported beam of

‘ léngth L and depth h, impacted at middle span, we have

2
d12 = L"/6h (9)
- and 3
xl e 48RI/L” . (10)
Therefors,
rhAR | au

Cmax _c; x \/4 N(i+eN)
vhera oy - m. the velocity of longitudinal wvaves in a bar.
Defining the generalized etrain as |
- Sk |
b 12)

= AR I
€® Ve N(lvel) a3
which 1s the equation of the design curve for simply supported beams impacted

by large wasses, as given in (1].

10
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%v The corresponding expressions for d,,, K, and € for simply supported
3 and clamped orthotropic plates will be given in the following sections.
5 2. Simply Supported Plate
The impact design curve for simply supported, rectangular,
E_ éi orthotropic plates may be generated by applying the generalized one-degree-
} é of-freedom model. For transverse impacts at the center of the plate, we first '
é ' consider the corresponding static problem involving & centrally applied con-
é . centrated load. In thia case, the maximum deflection occurs at the ceater of
; the plate, and the maximum strain on the surface opposite the applied load.
g % It is shown in Appendix A that subject to a mild approximation, the apring
] % constant of a plate so loaded may be expressad as
£ 4
; . v D.l.!‘....
é | L (ﬁ) £,(n) ad
£ vhere
g = Lo~ s
w1,3,5 nel,3,5 “m ‘
ne (g-)z‘g-z-; - (16)
1 o
Con * w4 2-2n2n n n (17)

The strain-deflection coustant ‘12 relating the strain dus to bending in
the x-direction to the maximus deflectica v 1 '

:! 1 h f (lﬂ
Y1 "12 2 (:Jfl(n)

(18)
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where

® @ 2
£,(0) = ] I (19)
m1,3,5 1=1,3,5 %

By combining Eqs. (14) and (18) with Eq. (8), and assuming that e = 0

(conservation of energy), we obtain

1/2 £ (n)
h h
exm - fz(n) hv[ 11“ fl n)] v 173 (20)

x ALY: (n)l

1f we define the generalized strain Ex as

€ x <%’-X%:—) (21)

vhere ep - \/51'171 is the speed of flexural waves in the plate in the
x-direction, and k is the radius of gyration of the plate, then,

= o &im) (22)
€, " T__
N

8,(M) = £,(IIVETD (23)

where

This function is plotted in Pig. :. Similarly, ve have
:, - f%‘.‘_.’. @8
Bquations (22) and (24) wsy be plotted as impact design curves, as shown
in Pig. 6. Note that in this case, the gensralized straine E! nu;l_;:'y
are functions not only of the structure-to-impactor mass ratio M but also

of the asspect-orthotropy ratio n.

i CI!gﬂd Plate
V¥e may develop the design curve for clamped-edge, rectangular,

orthotzopic plates in a similer unnet The spring constant of such a phta
vith vespact to a c.mtul point load my bs upuucd lpptoxintely (see

12
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Appendix B) as

b D
K, = " N (25)

2> £,(n
The strain-deflection constant d12 relating the strain in the x-direction with

the maximum deflection is
2 £,()
- d - 2—
12 b f,.fn) (26)
where £3(n) and £,(n) are given in Appendix B.
By combining Eqs. (25) and (26) with Eq. (8), and assuming that e = 0

(conservation of energy), and defining the generalized strain according to Eq. (21)
we obtain

- 8,(n)
. . B

27
. = (27)

where

g = £ (n)//E;Tn) (28)

This. iunction is also plotted in Fig. 4. Similarly, ve have

g, (™)
5" Th
Bquations (27) snd (29) represent the impact design curves for a clamped

(29)

rectqguln plate. Again, the generalized strains ¢ 5 and Ey are functions
of both the nass ratio M and the sspect-orthotropy ratio n.
4. Comprehensive Impact Strain Curve .

Examination of the design-curve equ&tidnl daveloped sbove, Egs. (22),
(24), (27), and (29), shows that a different Ex va. N curve -uct be fn‘eplted
not enly for each boundary condition but also for each value of the aipcct-
orthotropy parameter n.. These curves can be cowbined fnto & single,. com- |

prehensive design curve 1f ve introduce 8 new ¢ wensionless’ gdoumet_!

13
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strain, €, defined as

€
X

81(“) » 1=1,2 (30)

-
€ =

where gl(n) applies to simply supported plates and is given by Eq. (23) and
gz(n) applies to clamped plates and is given by Eq. (28). Thus, the
equation for the design curve in € vs. M coordinates becomes

T e /2

(31)

All impact data, regardless of the boundary condition (simply supported or ciamped)
or the value of the paramester n may be presented on a single curve. This

curve is showm in Fig. 5, ir which are included data from numerous impact

experiments which are discussed in detail in a later sectiom.

5. Critical Impact Velocity Curve

The design curves in terms of Ex“ € vs N give the maximun strair in the

plate for a given impact situvation., This strain may be compared to the

ultimate failure strain of the plate (assuming a naximum-strain failure

criterion) to determine whether the plate fails as a result of « given fwpact.
However, by {utroducing a hev pataseter, the dimmnsionlesa impact velocity,
ve can construct a&n altemate fora of the design curve vhich can be directly

used to deterwine whether a given impact causes failure of the plste. Again,

“the curve say be developed either by snalysis or by expsriment. To do this,

s dimensionless impact velocity, v, is defined as
- ’ . m
Ve : (32)
k
, cp g
vhere v is the ispact velocity, h is the plate thickness, ep {s the spesd of

flexural vaves in the plate, end k is the radius of gyration of the plate. =
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%E Then, by Eq's (21), (22) and (32) the critical dimensionless velocity 'Trc.

ié {{.e., the lowest valuas of v et which failure occurs) is related to the failure
?* strain € £ by

L

§ T, T g E-;-%i-)- (33)

; In V ve. M coordinates, the curve v = Sc(n); divides the plane into a eafe
s region (below the curve) in which failures due to impact do not oecur (according
1 to the assumed maximum-strain failure criterion) and an umsafe region (above

j— ¢ the curve) in which failures do occur. That is, 1f the point (V,M) corresponding
\:’ to a given impact situation falls above thea curve, then failure occurs; if

g the point falls below, no failure occurs. Thus, Eq. (33) is nsgf_nl as a Je~

i sign curve equation. A typical i'rc vs. M curve is shown in Fig. 12, -

% 1 Further, if we define a new dimensionless impact valocity ;auch_that

E v~ g (M v

;i then the equation of the alternate design curve, in terms of ; v, M, is

8

% ;c =& M (34)

§, This single curve, -\: - i‘ccu). may be used to predict impact-induced failure

; for all plate structures, regardless of the boundary conditions or the value

; of the aspect-orihotropy ratio n (provided these structures have the un‘e'

z - value of failure strain éf). Note that the value of €. can be taken as the

; nominal value (say, tha static ultimate strain) of the given material or can

é ' be determined by pexforming a single 1mct-to-fcilut§ test. A typical ;c

B. Timoshenko Solution of Treasverss Plate Impact
Timoshenko's approach for solving transverse impact problems on simple
beams by coupling Hevtz's law of contact vith the Buler besm equation has been

17
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extended to the case of a simply supported rectangular plate by Eringen (5]
and more recently to the case of a simply supported anisotropic laminated
plate by Sun and Chattopadhyay ([6]. . In this section we review the salient
points of the latter solution and show how it may be used to develop an impact
design curve for anisotropic plates.. In addition, a normalized form of the
equations corresponding to a special case of this solution is derived, so
that the dimensionless parameters governing the peak strain response may be
identified. Finally, a series of numerical computations is performed, in
which eacb.of the derived parameters is systematically varied in order to
demonstrate the significance of each parzmeter in describing the response to
a given -impact.

1.- Description of SoluggggAKeghod

The anisotropic plate equations of Whitney and Pagano [7] are used
to predict the plate motior. Neglacting gffecta of rotatory inertis, the
deflection of a symmetric cross-}ly laminated plate due to a centrally applied
force F(t) is
min-2
wix,y,t) = ﬁi-g g {£:£%-i¥w ItF(t)uinwna(t-t)df

nn 0

* sin ‘!‘:—"' sin ng} A0 » 1;3;5."'.. (35)
vhers u, 4 and b are the mass and planar dimensiocns of the plate, and

Uyy OF0 nstural frequancies depecudent on m snd n and rhe proparties of the

plaLa.
iaﬁt:'u law of coatact i assumed to hold
o ? ok, o2 (38)
18
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¥ -
E where k2 is a constant and o 1s the indemtation of the impactor relative
g. to the plate surface, or
5
% e -w@ b ‘
% for central impact, where v, is the impactor displacement.
§ Newton's law applied to the impactor , is
e
¢ .
vz-vt:--l;-j ]thdt .38)
g‘ 2 ‘070
¥oe
% These four equations (35-38) may be combined into a single nonlinear integral
é equation in terms of tue contact force F between the plate and the impactor,
. . F|2/3 1 (€t
i e -vt-—-JJthdt
: L2, "2 l0'0
3 @© ® t
il - 4 J F(1) sin o (t-)dt (39)
1 ©1,3,5 n=1,3,5 "mwn ‘0

which is solved numerically by spplying the small-increment method suggested

O i L

by Timoshenko, in which the contact force F is asssumed to be constant or

linearly varying during any time increment At. Expanding the above integrals

‘to calculate the force F1 during the 1‘“ time interval, we obtain

. ¥, 2/3 N . 4 . @
v w« v At == I D, . F, -~ T B 40
kz i "2 =1 1-5+1 "3 LY =1 i-341 §

where

o v, 0K o gt e

~15 eonlu (1-)a1)

B
1441
wm

I ¢
a0
- cou[wm(:l-jﬂ)dt]}. B w 1,3,5,000,0

1f the coatact force is approximated as a plecewise linear coantinuous

fnnct:l.on of time, with an averags valus of'ri during the 1“’ tims step, then
| 19
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i

! Dyjun Fy

4 = 2[-DF, + (1-2)(F,-F,)

+ (123) (F 4B+ )+ o 4 (1=1) (F j;F AL SRS RU

1 -
(Fi-l-Fi-2+Fi-3- i_Fl)] + 3(F1-F - +F1)

1-1F1-2

For computing the solution of Eq. (40), Sun and Chattopadhyay have
suggested a recursion method, but we have found that such a time-saving
approximation is unnecessary. A listing of the computer program for solving

this equation i{s presented in Appendix C.

2. Dimensionless Form of Timoshenko Solutions

a. Plate Impact

By expressing the Timoshenko solution in a particular normalized
(dimensionless) form, the parameters governing the impact response of plates

may be identified. Specifically, it is shown that the generalized strain Ex

.dependu on three dimensionless parameters: the mass ratio M, the aspect-

orthotropy ratio n, and also another paramuter which involves the geometric
and material properties governing the contact effects between the plate and
the impactor.

For a simply supported rectangular plate impacted at the center,

let us consider the governing equation (39) and the strain equation,
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e, " :::z i g;—:-z I:l'(r) sin w‘(t-t)dt 41

1f we assume that the plate is specially orthotropic in bending (i.e., D16 =

D26 = 0) and further that the flexural rigidities are related by

Dy + ge = )J”n Dyy | (42)

(see Appendix F) then the natural frequencies are

= ugy A () ‘ (43)
where
1/2
N (?—1l () '
11 ‘2 ph

2

2
A (n).n +nn

n (i:)\f_ ()

Note that this expression for the natural frequencies is a special case
of that employed in the Sun and Chattopadhyay solution, in which the
approximation of Eq. (42) is not used.

In order to uormalize Eqs. (39) and (41), the following dimensionless
variables are defined,

't' - unt
- 3
Ferla uulbnvb (45)

Recalling the definition of generalized strain,

z-—!l-!-‘—-ck (m

| then Eqs. (39) and (41) may be wricten as

L

W Wign o [y aa
% : )’ 10 IO |
- ;%-_z 3:13-7 J }3) sin A_(e-t)dt | | (46)

2




. 2 t
- 2 m J [ - e
€ W™ ——eee T L F(t)sin A (t-t)dr 47
* bam® w8 A T T “
where '
M= mllug2 (3)
and
T2
A = (—-—-—Dnb> 2 (48)
P a3 vk§

and T is a dummy variable for dimensionless time t. It can be seen from
these normalized equations that the generalized strain Ex depends only on

the mass ratio M, aspect—orthotropy ratic n, and the parameter Xp; that is

Ex - Ex(ul Ny xp) (49)

The parameter Ap defined in Eq. (48) may also be expressed as

2
A A S WA 2
" 5 <“z ,3/'«) (v)(a)lfl(n) (1+n)) (50)

Thus, the parameter Ap can be described as the product of several dimension-

less quantities.

2 ' \
- — elastic force {__wave speed "
xp (constant) x ( contact force x ' impact valocity)

plate thickness -
x ( plate length Vx {function of aspect-orthotropy ratio]

b. Beam Inpact
In Ref.{1], the equations for the Timoshenko solution of beam impact
vers presented and discussed. These equaticas may also be normalized by the

above procedure. If we define
te uil_: _
Fa n.%llaxv‘
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0O

TN - VTR SO

Fy then the equations governing the response of a beam, corresponding to

o,

i Eqs. (39) and (41) for the plate, may be written as

i _ - Tt _
¢ x%”rzﬁ-c--%f j F dt ot
T

i 0 ‘0

! ,

2 . 1 (%zz 2,5 -

§* -1 ~3 j r(t) sin 1" (t-1)dr (51)
=1 g% Jg
i

‘:. - 1 -t“ - 2 - -

§ . €= ;Ti Io F(t) sin 1°(t-1)dt (52)
g where

é S(EY L _L)z"xlhz Y 5) (53)
g. * (La 7 * (& ( 37 ) \ v \n

i vk.z kzh

E | which may be ¢xpressed as

Y o

’

2
A, = (comstant x \deﬂ'ct on forc?

countact force

I R

< / _vave spesd « (redius of gyration
impact velocity depth of bean

It can be seen from Bqs. (51) and (52) thut in this case the generalized

et on, 32 T,

strain £ depends only on the mass ratio M and the contact parameter xb, or
€= eM))
in BRef. [1] 4t wvas shown that for large impact masses (M < ~2) the
. depeadence of the generslized strain ¢ on the contact parameter A, vas only
elight; that {s _
€= e(M) for omall N.

. For the case of plate impact, the influence of the contact parameter Ap 1s E N

also relatively insignificant in determining the peak strain response tu

impacts by large masses. This vl.]_.l be_ demonstrated in dxe following section.

23
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3. Parametric Study for Large Impactors

As can be seen from Eq. (49), the response of a specilally orthotropic
plate satisfying the condition of Eq. (42) is described by several param-
aters: M, n, and xp. In this section, we examine the significance of each
of these parameters for cases where the mass of the impactor is large com-
pared to the masa of the plate. It will be demonstrated that, for plates
of given aspect-orthotropy ratio. n, the dependence of the impact response

on parameters othaer than M is weak for low values of M, so that

€ © ex(n.n) for small M.

To determine the significance of the various parameters to the impact
respouse, several plate impact problems have been calculated usiag the
Timoshenko solution method. Each problem of this series is based on an
impact situation with the impact constants listed in Appendix C. A para-
metric study was carried out by systematically varying the values of the
impact velocity v, the Hertzian contact stiffness kz. the plate flexural
stiffness matrix Dij' and the impactor mase B, A sunmary of this study,
along with the computed values of the generalized strains €y and ey and the

contact paramater Ap. is presented in Table I.

24
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TABLE 1

PARAMETRIC STUDY
PLATE IMPACT CASES CALCULATED BY THE TIMOSHENKO SOLUTION (n=0.459)

Hertz

Contact

2,0

Stiffneas

Stiffness, ' Matrix,
Kl

!
!Di /D

1

Il 1 L2
i |
_ ;
1 ! 1 i 1
0.784 N

-~
L8]]

1

| quad

1,0 .

l

]
i

Flexuralfnimenaionleas Generalized Strain

Contact

Parameter,
A xlO7
P

6.99

4.94 2.536 1.538

1.748

39,54

e e i

6.99

|
|

2.512

2.592 1.556

ot

2.339 1.440

T e R

2.770 1.702

4.94

1.748

RS e

4.94

1.748

e

39.54

ek

2.798 1.713

-——-<T«-—-- v ——t . v~
2.848 1.731 |

v ey m——— -t

P 1,635
1
3.296 | 1.983

ra
. . b
2 8
D

. 1.988
1.999

| 3.021  2.025

| 4.585 - 2.910

o461l 2,922

4.678 - 2,946

2.794

" ¢ g

’ 4.4;;‘
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10..0
N \
o ‘g_x
\\
? ;
: X
§ s
L g 2.0
1.0 .
0.1 0.2 0.5 1.0 2.0

Mass Ratio, M = ::t‘.‘lm2

®  Experiment - Gr/Ep plate

One-degree-of-freedom model , Bqe(22)

v ~{]~ - Tiwoshenko solution.

Figure 6. GCeneralized strain curves for simply supported
rectangular orthotropic plates (0. 459) lubjact.ed
to central transverse impact.

26




S

e T e Caithd]

NADC-78259 60

Note that for all of these calculations the value of the aspect-orthotropy
ratio n is the same (n = 0.459)., An inspection of this table indicates that,
for any given value of the mass ratio M, the maximum difference between any
two values of Ex or of Ey is only 12%, whereas the largest value of Ap is 22.6
times the smallest. It may be coucluded, therefore, that the dependence of
the generalized strain Ex or Ey on the contact parameter xp (or on any other
parameters) is weak, and that for conatant n a single Ex ve. M curve gives

an acceptable representation of all impact cases. Furthermore, since the
poverful Timoghenko solution, which includes the effects of contact behavior,
indicates that such behavior does not significantly contribute to the impact
response, then the validity of the one-degree~of-freedom mudel, which neglects
contact sffects, is thereby substantiatéd for the range of low M,

The Timoshenko solution wmay be used to construct an impact design curve
by plotting calculated points on an Ex va. M graph (Fig. 6). These calcu-
lated points alone can be approximated by a single curve which may be used
a3 a deaign curve. Note that such a curve would cot be very different from
the curve corresponding to the one~degree-of-fresdom model diacussed in a
pravious section. Also iucluded in Fig. 6 are results of a series of impact
experiments parformsd on the graphite-epoxy laminated plate described in |
Appandix C [8 ). |

C. Impact Exparimsnta
| Several saries of impact experimente vere performed on siwply supported

and clasped-edged plates, i{ncluding strain-seasuremsnt experiments and {mpact-
to-failure tests. The plate specimans, wade of aluminum or graphite/epoxy,

" ware impacted by blunt steel projectiles using a drop~test apparatus. I the

27
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strain-neasurement experiments, the strain in the plate was recorded using
strain gages and an oscilloscope. In the impact-to-failure tests, each plate
vas impacted at graduslly increasing impact velocities umtil it failed., In
this section, these experiments are described in detail, and the vesults are
compared with the theoretically derived design cuxves.
1. Specimens

The impact specimens included both aluminum and laminated graphite/epoxy
plates. Three 6061-T6 aluminum plates were used with both simply supported
and clamped boundary conditioms. The dimensions and maas of these plates
are: (1) 125#125x6.35 mm, 0.282 kg; (2) 250x12526.35 mm, 0.561 kg; and (3)
375%125%x6.35 mm, 0.843 kg. These dimensions and masees include only the ares be~
twean the supports of the plates; an additional 10-ax margin was left along each

edge to support the plates.
Graphite-epoxy specimens, fabricated from Hercules, Inc., type AS/3501-6

pre~inmpregnated tape at various lay-ups, wers used as simply supported anl

clasped plates. The dimensicns, wmass, and lay-up of esch plate are listed in

Table 1I. These dimensions and massoes sgsin include only the srea between tho sup-

ports of the plates; a 10-wa mevgin protruded beyond the supports avound each plate
Blastic properties for the csmposite plates wers calculated frow lamina-

tion theory, using thu followiag properties for each layer:

, 6
By = 17.7x10

. 1.3x10% pet « 8.96x10"  n/wl

pai = 1.220x10%% n/w?

Ey2

23" 0.2

2 = 13

- 0.54x10° pat = 3.72210° W/m?

Y12
v

o 0.55210% pat = 3.70x30% Wl
¢
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TABLE II1I, SHEAR AND FLEXURAL STIFFNESSES OF
CGRAPHITE/EPOXY PLATE SPECIMENS
B-series, F-geries .;H-seriesf
D11 2470, 19750, 9970.
D12 710. 5089. 4710.
D22 963. 8100. 13300.
Flexural : =
Stiffuasses' D16 -73.3 -26.7 -529,
(N/m)
D26 -7303 '2607 '2670
D66 748, 5380. 4960,
AM 77700, 154000. 147000,
Shear
Stiffnesaes’| A, 0. c. 0.
(N/m)
ASS 78200. 155000. 147000.
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[}

The computed values of the flexural and shear stiffnesses of each plate are

summarized in Table III. 1In all further calculations, the D16 and D26 terms

are neglected; that is, the entire laminate is treated as zpecially orthotropir.
Calculated values of the parameter n and the functions gl(n) and 32(n)

necessary to construct the design curves are listed in Table IV for cach

graphite epoxy plate.
2. Strain-ieasursment Impact Experiments
The plates were centrally impacted by blumt (6.35 , 12.7, or 25.4 mm .
contact radius) steel cylinders of various masses at several velocities using
& grop test apparatus. The strains, € and ey were nmeasured, in directions
parallel to the plate edges, directly opposite the impact point, using a
Micro-Meagurements, Inc., type BA=13-062TT-120 metal-feoil 0°-90° rcsette
atrain gage, and reccrded on a ’fekt;mni: model 565 oscilloscope. Impact /
velocities ware calcuiated from the drop height.,
For iwpacts on clamped plates, the plates were clamped along all
edges Ly a frama of rectangular steel bars (Fig. 7). The entire ugenbly vas
fastened to a large lead plate and rested on & concrete floor,
In the axperiwents parformed on lﬁply supported aluminum plates, each piate
wee restad oo top of a fyame of rectangular-cross-saciion ateel bars. For
the composite plates, however, the clamping device mantionad abovs was wmodi-
fied to aimulats a 'a'hply supported bowmdary. Grooves to accosmodate 3.175 me |
‘ (1/8") rods wir; nr.hi#ed in esch wcsber of t.hi clanping device such that, |
wvhen 'ehn"glmins davica ves mdﬂh’é. tlii lmm plate vould be resting
on the rods, ‘ ‘ | ' o
| Expartmental results of the straiu-msasuremest tests oo both claxped
and simply awmcc_dphu‘nj are briunted in'Aiiaandix_.n 1:: both- tabular and

2
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graphical (€ vs. M) form. Also included in Appendix E are some typical strain
vs. .time oscilloscope traces. Figures 8 and 9 are typical examples of the €t vs.
M curves for the clamped plates and the simply supported plates, respectively.
In each of these figures a dashed line has been fitted by eye through the
experimental points. The maximum percentage difference (variation) between
this line and the experimental data is also shown on each figure. For both

the clamped and the simply supported cases, the largest value of this variation
is 362.

Experimental data from specimens having approximately the same value of
the parameter n have been presented on the same design curve except the three
smallest sized plates (B1,Fl, and H1). Values of ¢ for these three plates
are considerably smaller than those for larger plates with the same parameter
n. It is believed that, due to the small size of these plates, the boundary
constraint has more influence, and the deflection mode ie different from the other
plates. Perhaps thick-plate, damping, and shear effects are more pronounced.
Data from thase plates, although presented on the ¢ va. M plot of Figs. 10 and
11, vere not used in constructing the experimental design curve line nor in
calculating the variation.

Also shown in Figa. 8 and 9, and in each design curve in Appendix B, is
the theoretical (one-~degree-of-freedom) design curve. Comparison of this
curve and the one from experimental data shows an aversge discrepancy of about
40%. Note that ths theoretical curve is always ccuservative (i.e., predicts
a higher plate strain) over the range of experimental results. Howevar, the
slopes of the line drawn through the experimental data is in all cases roughly
tha same as the slope of tha theoretical curve.
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As previously discﬁssed. all impact data can be plotted on a siagle

curve, t va. M. This is done for impact data on clamped plates in Fig. 10

and on simply supported plates in Fig. 11, Note that, since € is indepandent
of both the parameter n and the boundary conditions, both cases coulti have ‘been
plotted on a singls figure. Because of the overlapping of experimental data,

the clamped and siamply supported cases, were presented separately for clarity.

3. Impact-to-Failure Experiments
In addition to the strain measuremert impact experiments, & serius of

tests were conducted in which laminated composite platds were impacted to
failure. In each of these tests, a plate was repeatedly impacted by the
same projectile using a drop-weight apparatus at gradually increasing veloci-
ties (drop heights) until failure of the specimen was detected. The specimgn
( vas exanined for failure after each impact both visually and ultrasonically,
| ; using a hand held pulse-echo transducer and reflectoscopa.

The aversge betwean the highest impact velocity, v 4 for vhich a particular
speciman did not fail, and the lovest velocity, /U for vhich any failure was

N & 2 detected, 1s regarded as the critical or failure velocity, Vo OF
t { ' v, +v
. N This welocity is used in characterizing the impact resistance of esch spacimen,
'

The results of these mﬂmtl are presented in both graphical and
;- tabular form in Appendix B, Pigure 12 1s & typical example of the ¥ ve. N

curves for the clamped plate. Again, a dashed line has been drawn toindibuﬁ
the design curve based cnly oo experimantal results. 4s can be sasn, theve
15 good agruamant betwesn the exparimental data and ths theovatical one-
dagres-of-freadom curve.

.Again, . a dasign curve indspsndent of the parameter n apd the boundary
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conditions (v vs. M) may be used to present impact data. However, from

Bq. (34), it is apparent that only those plates with the same value of €

should ba presented on this curve. For thn composite plates, therefore, a

v vs. M curve should be prapared for each different lay-up. Figure 13 is

such a plot for the experinents performsd on B-series plates. .
After damage wan datacted, several plotes wira ultrasonically C-scanned.

Transducer output was passed through ac analcg to digital anverter. Data

was than processed by Mourier tveusform tecbniquce using che firet five wave~

forus. Typical transducer rasponse is shown in Fig. 14 for an undamaged

area of a plate. The top-suxfuce and bottom-surface achoes are clearly visible

vith littla evidence of internal reflaction. Figures 15 and 16 show trans-

ducer response over damagsd sreas of tvo differunt specimens, PFigure 15
shows & damaged region extending from about one~quarter of the plate thick-
nees bdw ths surface to the midplane of the plate. This type of damage
has been cbserved by use of the hand-hell transducer in approzimataly 75X of
the failure teste. It is believed that this mode of failure is delamination.
Tigure 16 4is veprasentative of the ramsining 253 of the faillure tosts. As
can be seen, thare is little indication of damsge through the thickness of
;lu plate. ‘This, along with the absence of a bottow-surface acho indicates
that the plate has probadly besn damaged near ths top surfaces It is believed
that this mode of failure results from fidbar bdraakags, dus to bending and/ox
cootact effects.
D. Desigp for Shasr Fetlure Dys to Ispact

A strusture subjectsd to impact may also fail dus to ths high level of
shear stress produced. In this section, & theory bassd ca the ons-degres-of-
fresdon impact widel is developed for predicting ths waximm impact-induced

transverss shear stress ia sisply swpported besss and plates.
' 40
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1. Simply Supported Beam

By extending the one~degree-of-freedom, energy-conserved model previously

discussed, & design curve for predicting the pesk shear stresc in a simply

supported beam yubjected to transverse impact may be generated.
First, the maximum shear siress in the beam is related to the maximum
deflection by the static beam squation. The deflection of a simply supported )

beam subjectad to a static load st midspan is

2 -
wix) =w, X (3-8 0<x<L/2 (54)
16

vhere v, is the deflection at midapan. The shear force generated is

1
dv l

Yor a beam of reactangular crosa-section, the maximum shear stress occurs at

the neutral axis and is given by

2

(56)

®
2 B

1 o SSEI
- - AL

|

[

Lo

A The meximm deflection w, my be related to the impact velocity by \
K , 3 : )
the conservation-of-energy condition, which implies that the initisl kinetic

anergy of the impactor is antirely converted into banding-strain energy in .

the baan. 5
« yfs n
R (3
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By defining the dimensionless (generalized) shear stress as

2
tuax L a"A
vEi

and combining Eqs. (56) and (57), we obtain the equation for the shear-stress

T 3(%_ (59)

This equation is plotted in T vs. M coordinates in Pig. 17,

T= (58)

design curve.

a. Relative Importance of Shear and Bending

Depending on geometry, strength, and elastic properties, & particular
beam subjected to low-velocity impact may experience failure initiated by
bending or shear effects. The theories presented here for predicting bending
strain and shear stress due to impact are both based on the static bean
deflection curve. Therefore, the relative importance of bending and shear
effects may be estimated by considering the static relations between shear
and bending.

If a maximm-stresa failure criterion is adopted for both shear and
bending, then failure due to shear will be more likely if, for any impact

‘velocity v, va have

LI N (50)

vhere the subscript £ denotes values at failure, By cosbining this relation
O

= —> 2 _ (61)
L t¢

Basad on the approxivate theory pressnted here, this inaquality must de
satinfied for impact failure to initiate by shear effects; 4if it $e not.
satisfied, failure will initiate by bending.

&7
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b, Critical Impact Velocity Curve

The relative importance of shear and bending effects in initiating
failure of a particular beam may be illustrated by presenting the design
curve in a form similar to that presented in Section II for plate impacts.
In this alternate form, theoretical design curves and experimental data are

plotted in coordinates of a dimensionless impact velocity v or v and the mass

ratio M.

B T It TR T 4, g STR

Then, each critical velocity curve divides the plane into two regions:

above the critical bending curve is the region bending failure cccurs, and

" t
opone et

below is the no-bending-failure region. The same 18 trues for the critical

shear curve.

Specifically, if the dimensionless impact velocity for the beam is defined

ve3 (62)

then the one-degree-of-freedom energy-conserved impact model, predicts that

failure will initiate in the beam due to bending for

- ch

v, " 75- M {63)
where € is the tensile failure strain, assuming 8 maxisus-strain failure
criterion.

Similarly, according to the theory discussed above for estimating the

shear stress due to impact, Eq. (59), failure due to shear occurs for

;) 4L

;c'm& (64)

vhere e is the shear stress at failure, assuming & maximum-stress failure

criterion in shaar.
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Equations (63) and (64), plotted in v vé. M coordinates, rcpfeunt the two

critical velocity design curves. The relative importance of shear and dbending

regarding failure of a particular structure is immediately apparent from such
a plot -- the lower curve predicts failure at a smaller impact velocity, indi-

cating that the failure mode (shear or bending) associated with the lower

curve is the critical one.
Congider, for example, the impact failure tests on 22 graphite-epoxy beams.

These beams were fabricated from Hercules AS3501 at a lay-up of [+ 65/02/-'1'- 451,

All beams have a span to thickness ratio (L/h) of 48.53. Data from all the

impact tests (with or without failure) performed on these beam specimens are
tabulated in Appendix E and plotted in v vs. M coordinates in Fig. 18. Also

included in this figure are curves representing BEqs. (63) and (64). The value

of the bending failure strain €¢ used is 0.0168; the value of the shear failure

stress T £ ugsed is the value of the interlaminar shesr strength given by the

saterial manufacturer (Hercules Product Data Sheet No. 832) as 18,900 pei

(130, WN/nd).
Note that the lower curve in Fig. 18, which represents EBq. (63), approxi-

mately divides the experimsntal ts according to vhether the points correspoad

to failure or no-fasilure tests. 80, the curve corresponding to shear failure

falls much higher on this plot than the curve for bending failure; this indicates
that for thess buams the bending is the mods in which failure initiates.
2. Simsply Supported Plate
A deaign curve for estimsting the pesk transverse shear stress at the
edge of a eimply supported, rectangular, orthotropic plate subjected to central

lateral impact may also ba developed.
It must de recognized that the edge shear s ouly a rough astimate of
the maximm shear stress occurring in the plate; mach higher stresses may be

gonsrated in the immsdiate vicinity of the impact point. However, anslysis
. 50
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of the prcblem by plate theory alone-(as is done here) leads to a singularity

in the shear at this point, due to treatment of the impact load as a concen-

.
trated force. A more sophisticated analysis would focus‘bn;ggg thres-dimen~

sicnal stress field near the impact location. Still, for design ﬁﬁipasgs,

knowledge of the edge shear can sometimes be useful. If, for a particular

impact situation, it exceeds the allowable shear stress, failure will certainly

otcur; on the other hand, a low edge shear stress does not, of course,

guarantee survival of the structure.
As in the previous case of the beam, the maximum edge shear stress in

the plate is first related to the maximum central deflection by assuming that

In terms of generalized plate forces, the maximum

the static relations hold.

values of the transverse shear stress components are
3Qx
t [P

xz 2h

oA (63)

2k

Tyz

For a specially orthotropic plate, the generalized

for a homogeneous plate,

forces are related to the deflection distribution by
Y

eofp P
%" P ay?

3 , (66)
{! Qy [ RSN -—a- u iz-—wu + D u-a-fuw..\.
- ay M2 Pl

(-1

vhere

He D12 + 2066

It is again assumed that the dynsmic deflection due to impact is the
Ia this case, the

sane as the static deflection due to a central point load.

If 4¢c 48 also assumed

saximun edge shear fovce cccurs at the middle of the edge.

that H = 11022. then : 52
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3D, . £.(n)
R LU @
WX 2h s "1 max
3, £, Y
ox " J%JE = | (68)
mx 2h b f].(" ) “max

‘ where
‘ =l
| A e
£c(n) = = (69)
i 5 w=1,3,5 n=l1,3,5 2’ + nn
and where fl(n) and n are defined in Bqs. (15) and (16), rupoctiwly.
3 . 1f we define the dimensionlass shear stress paramaters
| - | oxz ah
' 'n ° ‘u D,V
. mx 11
‘ 2
. - s ¢ bh
y kT -%z-z.;- (0)
! then Bqe. (67) aud (58) may be codtn;d h the conservation-of-energy
y conditicn, Eq. (4), to yleld the design curve sjuaticns,
‘ - gq(n) S

T ™ =) IS
' 1 : \
830 ) s
T ()
j vhere Y. () 7
¥ L N
5, = o _ Y

Bquation (71) is plotted in Fig. 19 for e fev valum of 1, and the funceion
33(!\) is presented in Mig. 20, . |

53




»gajerd opdoajoylao apn3uvloal peiicddns L{dmys 103 €IAIND ss2a3s IPays IBpa 61 2an833 ,

v ¥ rewswe w o I

L Y & g
0T e e g v ¢ - adl

v y TITTTY v v GBS SRR a1y 14A I A 143 i ciaot Lopie e
JUI i Han R AL ARLENERLE: R M WRORO N (2 L At % ri P il :

b i papn } .
. ’ - ; ettt
‘
=t i

L- 'y
. { 1
14 9]

1 A q - ] 1)

7 i1 1 A 1
L1l 1L 1 1334 4

Il ibbor % viid i 4 )1

s e ep o R ; L
T ) 3 6134 O e
0 i MY - X FI g -
31 rt . i . s
6 ) - oo resat 16891 KaTA : w#m ety [3
44 5 potie . - b v 4
44 T ARAS A% b 43 ¥
7'y ) s st : : T .
jufguy ey 1l i
2 paeing e MI- ol ) \
Y- T
oo 2
H 32 == T
™~ b 2 =0y
. 3 ; = : = e ailki =
== Z SgEES S hT oy 5 = EEEN e R #
ERoE==— 2 : 3 - ¥ Gl e i
) : == i ; eoasssnmeoo (]
" s i > b e A
bE 1Y | SPU 148 4 —. ot i P . o wdal “.
2 5 : S
Yod o T Rped
L eget oey + Freer * e R /
toms raape o 2 .
T + &
seed o 0y .

2 . =t |
£= = z = - |
= = ,,

11F [ f

> gt |

&’ L YRR 12 |

s ] t i |

L 5 |

i s R W,
T il i ¥l 4 S |
[ It ] > Vi ,,
§ PO f i |
111111 " t Tak i A e gk~ i |
H I L 1 1 1 . e é 13 3.d .
T TN 1 eI 19 T t T T "1 YA ,\
’ i

# |

|

# |

/. .

K b

|

N |

¢ !

_ |




*azerd peiaoddns Lyduys Jo 2AIND 883118 IVIUS I0¥ u ofp3wa Kdoijofiic-32Adew 3O UOCFIDUNZ ‘O 21033

LR

b

5

3,

- L - I VL - O

i
-3 h

?"Q E D X.P.V,

PN

3

sy n
B R LA ‘.\;N awx

PRI [ VA
P
Y

P
ved

)

rw
{
R

e

T
e b

;‘
Sy
and o b

—gochw §




{1 NALI, s/ 52N B

III. IMPACTS BY SMALL IMPACTORS

In this section, approximate equations for predicting the peak strain

responce of simply supported heams and plates to impacts by small impactors

are derived. The accuracy of these aquations i3 demcnatrated by comparison

vith experimental results and with the Timoshenko solutionm.

A ‘A, Simply Supported Beam .
T 1. Approximate Analysis V , .
L It has been obeerved in experiments and in calculations of the

Timoshenko 301&&10: that fc_u: tha case of small impactors (mass rotio M T
greater than about 2), the interserion between beam and impacter is a single,
gudden blow of short duration compared to, say, the fundsmental pericd of

f“. : vitcation of the beam. This is qQuite different from the large impacter case

‘ | : vhere multiple impacté occur, By assuming that the bzam does not appreciably : ,
deflect during the short pericd of coatact and by making a few other approxi-

zations, we may dorive a relation vhich is useful in gensrating deaignm curves.

The assumption thet the bean docs not deflect during contact is eguiva~

. ‘,9"7 . lent to assuming thet the impactor is much less massive then the beam, which

o , may thus be traated ss & cemi-iafinite body. An approximmte solution for the
contact force during the elestic lupact of ¢ spherical lwpactor a;unst a

flat seni-inflaite body has beea calculaied by Hunter (9] as

P ain £t U<t <ufg
F e {0 A c. > :'IE | (76)
wheke : ‘ .
Peils8vm, & - (19)
v kg 1/‘57 o
£ = 0.9763 -] e (26)

.2.
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TP s N

e L 2 )

The response of a simply supported beam to a centrally applied trans~
verse dynamic load of the gemeral form of Eq. (74) is dexrived in Appendix N.
The maximuw deflection end bending strain occur at midspzn at a time about

one~quarter of the fundamental period after impact. The peak strain may be

expressed as

s o ot S U L T

. - Blh
b €pax ~ EI £(8) n
' where
.. S - 2
B , £(B) = —1-2- ) 228 7 cos 12; {18)
'V',“; ’ a:- )4 1“.‘«-,3)5 B - 1
' g and _
© g = £ : (79)
o 3 @
b ‘ o 1 fundamental period of bqam)
f i ‘ 2y contact force duration
{ ‘ Suhstitution of the approximate value of § given ia Bg. (76) into
- Eq. (79; yields wn approximate value for f.
B (0.09897)%-—::) ("—-z- (60)
. a* \m,/ :
. F M ‘ 2
LA , This quantity Way be expressed in terms of the dimensicnless pirameters
% ' previously derived as
4 : 2 LV T
- . M
5= (0,1564)° Y‘-) .. ().

baR s . AR S

where X and xb are defined iu Eqs. (3) and (53), respectively.

57
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By substituting for P and B into Eq. (77) according to Egs. (75) and

(76), and recalling the definition of generalized straia, Eq. (12)

we obtain

© = 1.068 v £(8) & (82)

This result may itself be used to generate a series of design curves by

plotting € vs. il for different values of B , however, this equation may be

further simplified as demonstrated below.

Note that Eq. (82) shows a scrong dependence of the generalized strain

€ on both the mass ratio M and the parameter 8 . Also, observe that for a

constant value of 8 , ¢ is invercely proportional to M, rather than vM

This suggests that for small impactors

ag for the case of large impactors.

the peak strain is related tc the momentum of the impactor, rather than to

That is, large-M cuses are governed

its kinetic energy as for large impactors.

by the impulse exerted by the impactor, whereas swall-M cases are character-

ized by the work done on the bdeam.

The influence of the value of tliea parameter § on the generalized

strain € can be estimated by taking the limit of Eq. (62) as B becomes large.

In Table V, calculated values of £(8 )ara presented (see Appendix D),

Examination of this table reveals that, as 8 increases, the quantity vB £(8)

Obaerve aluo that, for § > 7, ¥B £(8) never

approachea the value 0,12412.

Since moet practical probless satisfy

differs from this value by more than 2X.

the conditicn 8 » 7, we can assume with little inaccuracy that

YT E(B) ® 0.1241 .
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TABLE V

COMPUTER~CALCULATED VALUES OF £(8)

B

3.0
7.0
10.0
13,0
20.0
30.0
50.0
£0.0
100, 0
150.0
200.0
300.¢
500,0

£(8)

0. 06466
0.04590
0.03003
0.031%0
0.02780
0.02264
0.01755
0.01388
0.m 2413
0.mo132
0.008777
0.007106
0.6G03551

$3

/B £(8)

0.11200
0.12145
0.12342
0.12356
0.12432
0.12402
0.12408
0.12414

0.12413

0.13412
0.124113
0.12412
0.12412
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Substitutivn into Eq. (82) yields

. 1.308
M

or, defining a new generalized strain for the small impactor case as

et (84)

we then have

1.308
x ———————
€ M

(85)

This simplified equation may be used as a design curve for the case of small
impactors by plotting e* ve. M. In Fig. 21, such a curve is compared with

the experimental data recorded in Appendix E. In general the experimentally
determined values of e* are roughly 60% lower than those predicted by Eq. (85).
Note, bowever, that the band of experimental points on this graph form a
relatively narrow band; for any value of M, the variation in e¢* is at most

+ 25% (at about M = 6) and much less for the higher range of M {(greater than
ebout 10)., This variation in ¢* is much smaller than the variation in ¢

alone, for the same data. Also, the slope of this band is very close to

that of the curve corresponding to Eq. (85). This suggests that the locus

of the experimental data plotted in these particular cuordinates may itself

be useful as a design curve., We may conclude that Eq. (85), while not accurate,
is significant in that it servea tc identify the form of the relationship awsong
the sevaral parameters governing beam response to impacts by small masses.

2. Timoshenko Solution

Also included in Fig. 21 are several points correspoading to calcula-
tions using the Timoshenko solution; data from these calculstions are summar-

ized ia Table VI. Note that these points form a very narrow dand, the

60
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TABLE VI

CALCULATIONS USING TIMOSHENKO

SOLUTION FOR LARGE MASS RATIO M

3
£
:
;.'
3
:
g
&
5
g_.
LN
3

Beam Mass Mass Impact Contact Generalized E
. ’ Ratio, | Velocity, j Stiffness, Strain, —_—
Dimensions, Ja
and Material 32l - 2 8
Nﬂmllm v (m/sec) | k., (N/m”" ") ¢ = €a“/hv
2 2
27.7 8.72  |2.466x10°%) 0.1807  |o0.0405
0.389 kg . . : .
10 5 ? p
197 x 16 x 16 ma  1_27:0 6,37 |2.415x10 0.1782 0416
" 13.17 " 0. 1894 412
steel 13.84 8.72 " 0.2835 0.0734
" 12.19 " 0.2909 0.0728
" 8.72 - [1.233x10%%] 0.2557 0.0757
" 1743 |2.466x107%] 0.2990 0.0720
" 8.72  |1.766:10°% 0.2896  |n.0744
6.86 $.49  {2.416:10°Y] 0.4124 0.1287
" 8.53 " 0.4240 0.1264
3. 54 5.28 " 0.5727 2,713
" 9,20 Coom 0. 5665 0.1984
0.389 kg, steel 13.84 8.72  [2.%66x10%% o0.2502  lo.0322
394 x 6 % 16 o
. " :
0.389 kg, Stoel 21.7 8.72 | _e.2r03 3,036}
394 x 16 x 16 on 6.92 8.72 " 0.9172 0.9559
0.389 kg, steel 13.84 8.72 " 0.2163 0.0789
197 ¢« 8 % 3% mn
0.1943 ks, gtecl . ) et "
197 8 orygres 6.92 8.12 ’ 0.4524 0.1192
61
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[ 1imoshenko solution X
X
0.001 - . :
1.5 | ' 10 100 360

¥asa Ratio, “1,'"2

Plgure 21, Generalized strain ¢* vs. mass ratio N for impacts
of simply supported beams by small impactor.
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variation being less than + 5%Z; again, the variation in e* for the same

data is much larger. In addition, thie band of points is much closer to the
curve corresponding to Eq. (85) than are the experimental points; these points
1lie only 15 to 452 below the curve and appear to approach the curve as M
increases. The closeness of these results implies that the lack of agree-
ment between Eq. (85) and the experimental data is not only due to the approx-
imations used in deriving the equation. Apparently, there are additional
effects which significantly influence beam respouse to impacts by small masses
which are not accounted for eve;x in the powerful Timoshenko solution. Several
researchers have modified the basic solution to include some of these effects,
but these more involved models are too cumbersome for the development of an
impact design curve, since for each effect considered, another parameter (or
pouibly‘ several) must be introduced. Such complications are surely justified
vhan one is analyszing a specific impact problem, but are of little assiatance
vhen one is designing a structure to resist potential impacts dus to a range

of masses, velocities, materials, etc.

B, Siaply Supported Plate
In this section is developed a design curve for pradicting the response

of a einply supported plate to impact by a suall mass using the sams approach
as applied above to a beam,

1. Approxiwate Analysis

As in the case of the beam, we sssume that the plate does not apprecisbly

deflect during the short pericd when the impsctor is actually Sn contsct with

the plate. Again, this sssumption 1s equivalent to supposing that the impactor
s much less massive than the plate, Thus, the contsct force is roughly given
by the approximate soluticn for a sphere elastically striking a flat seai-
infinite body, Eqs. (74), (75), and (72%.
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The dynamic response of a simply supported plate to a central transverse

load F(t) 1s given by [ 6]

(min-2)/2
- A (=1) nrx n
v mllzn); i sin = sm-;ﬂ-
t
Io F(1) sin wm(t-t)dt (86)

For a thin specially orthotropic plate, the natural frequencies are given

by [10]
4 1. 2 2 4
2 n n
“m ™ oh [ 11 :. =5+ 2Dy, +2¢e) zbz + Dyy ba] (87
1f ve again assume that

D12 + 2:)66 - 1,011022 (43)

“an © %11 T 1vn

then we have

in which
2.0
n 1)
‘z(ph (1+n) (88)

Substicution of the assumed form of the contact force, Eq. (76).- into

Eq. (86) and integration yields
mine2

'lllnn uz+nn

L

2p
E(l-m IE

z;- »in o (t+2/E) cos -ﬂu— (89)

Ia the corresponding formuls for the beam, all terms in the series reach
their maxisum values at exactly the same ting, dus to a sisple ralaticanship
which exists among the natural frequencies (ses Appendix D, Eq.. (D1)).

L o

e ——————— ————
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In the present case of the plate, the terms in Eq. (89) do not, in general,
reach their peak values simultaneously; however, we can estimate an upper

bound for the deflection (and also the bending strain) by letting

sin wm(t + n/E) =1 (90)
for all m and n.
The maximum strain in the x-direction due to bending occurs at the

center of the plate,

€ " T %'a_% (51)
ox [x y 1
abdb2
so that the upper bound on the strain is given by
2 8 A
4 Pha o p mn
e - cos (92)
xX,Bax 2 z z A 2 _,2 28
t xp ;b (l+n) 58 Ymo g - A P
vhere
Bp = &lwyy 93)
and
m2 + an
Amn " T (94)

Subastitution of the approximate value of £ given in Eq, (76) iato

Eq. (93) yields an approximate value for 6 » 8iven by
1 1,5

= 8, = 0.09897 (—-} —P--( ) (95)

This quantity may be expressed in tarms of dimensicunless parameters previously

T\
. _
B_ = 0.1564 - (96)
P Ap(1+n)

65
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Now, if we substitute for P in Eq. (92) according to Eq. (75), we

obtain

]
€y max " 4(1:068)hv ,Dn (1+n\ I
2 B TA
):z m P cos mn
mn Anm 82 - A 2 ZBp
P m

(97)

Finally, if we define the generalized strain for impact of a simply supported

plate by a small mass as

*® ex,mx J 11/Dh (98)

€x " %(1.068)hv R g(ep.ni

where

B T A

2

m P

A 7 _, 2% 7
mn Bp Am p

8m =g I ] (99)
then the equation for the design curve gccording to this approximate solution
is : .
ey = 1M (100)
Note that the functica s(BP.n), plotted in Fig. 22, is practically
independent of the value of Bp. at least for realistic values of ap(ap > 7).
In Plg. 22a, s(Bp.n) is plotted over n for two widely differeat values of
Bé.? and 500; the two curves are alwost the same. In Fig, 22b, the unml
and minimum values of g(ap.n) for Bp in the range 7 < Bp ,5_' 500 are plotted
for each value of n; again, the tvwo éurvu are quite close, indicating that

g(Bp.n) does not vary such with ep.
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Figure 23. Strain Curve for Impact nf Simply Supported
Rectangular Plate by a Small Nass.
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2. Comnarison with Fiperimental Results

RO N

In Fig. 23, the design curve for impact of plates by small masses is
presented along with the results from experiments performed at Drexel. Two
graphite-epoxy plates which were also used in the large {mpactor experiments,

Fl and F2, were impacted by aluminum projectiles. These experiments were

et e e Y

performed using an air gun with the projectile velocity recordsd by a photo-
diode system. Data from these experiments are tabulated in Appendix E. As
can be seen in Fig. 23, the agrecment between the theoretical desigp curve and
the design curve based on experimental results is of the same order as in the
large impactor case; that is, the experimental curve is about 40% below the
theoretical curve and has approximstely the same slope. |

Also tabuiated in Appendix E are experimental data found in Schwieger
{11).- Thesu experirents were parformed on a square Duraluminum A1CuMgl) ’
plete, 530 x 530 x 4.97 um, centrally impncced_by steel spherez of 20- aund
30- wa radius. These dats, vhan plotted I e* v, N coorﬂina;g&. do nptAcowpa:a
vell vith either the Drexel experiments or the 'theory. One explanetion of this
discrepancy 'ies in the size 6f the plate tested by Schuieger., In thoe bDrexel
experiments, tha rvacio of the plete span to thickness (L/h) has a valuc of 18
whereas in the 2:uperisents perforwed by thviager. this ratio hes & value of 110,
“Thus, according to Zener [12), the raspohéa of the plate used by Schwieger is
-|pvnrned by meubrane and wave propagation affects. Since these effects are
not treated by the curraut th&pty. the data from Schuieger are not included

ca the desic: curve.

an“'”“‘:‘p‘w SN T A X1t SO Qe 150V G 7 oy 2 vt s
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IV. DESIGN PROCEDULE

In this section, procedures are recommendedrfor usiug the design curves
presented in this veport and for constructing new design curves for structures
not treated hers basged cither on analytical calculations or on experimental
data. It is emphasizsd that these design curves are limited to predicting
ouly the maximum sﬁfuctural respoase to low-velocity impact.

A. Use of Design Curves in This Report

The design curves in this report predict the peak bending strain in ainply
supported and clamped plates impacted by large impactors, and in simply supported
beams and plates impactoed by small impactors. Also, in [1], simply supported
beams impacted by large massss were treated in detail., Matheods for the use of
each of these design curves will be digcussed separately hers.

1. Sioply Supported Besm

Design curves for simply Supported boama impacted by large impaators snd
by sasll {mpactors are repeated here four couvenienca (Figa. 24 snd 25, respec-
tively). Iu each case, we have selected s design curve fit by eye to the
experimsntal vesults as the one we wiil use,

The first step in using these curves 1s to tozpute the mass ratio

o]

oo} o BSZustucal wass (101)
¥, ispactor wass o -

If ¥ 46 less thau 2, che impact case falle into the domain of laxge

impactors; if M > 2. small impacrors,

"8 Laxge lspactorsy

Frow Fig. 24, read the value of the generalized straim ¢ corre-
sponding to the value of M. Then, ueing this value ¢, coupute the maximun
impact etrain,

i0
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Figure 25. Selected design curve for impacts of simply supported
beans by amall impactors.
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5l

€ = g

max (102)

where h = beam depth

k = radius of gyration of beam
cross-gection

v = impact velocity

¢ = VE/p = gpeed of flexural waves
in the beam

The use of this curve will be illustrated by an example.

Example #1
For a simply supported steel (density, 7.9 g/cm3) beam of rectangular
cross-section with dimensions L x h x b = 500x25x20 mm impacted at 10 m/s

by a mass of 4.0 kg, we have

Mol Lbh _ (7900)(.50)(0.025)(0.020
u, m, 4.0

= 0,494 _
From Fig. 24, the value of ¢ corresponding to M « 0,494 18 £ = 1.20, Then,

by Bq. (102), we have

. (0.025
€oay ™ (1+20) —————)—‘%

0.025 210x10”
/12 \7900
= 0,0081

t. Seall Impactors

From Fig. 25, read the value of the generalized strain ¢* corres~

ponding to the value of M. Then compute the maximum of impact strain,

N\
Caax " & B (103)
i/8
LZ _'vkg
whers 8 = (0.09897) =
: ck \ 2
",
and kz a Hertzian contact stiffncas.
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Example #2
Consider the besm of Example #1 impacted by a steel sphere of radius
20 mm at 20 m/s. Then, by Bq. (101), we have

W = oL . £7900) (0.50) (0.025) (0,020
"2 'g'v (0.020)* (7900)

= 7,46
From Fig. 25, the value of ¢* corresponding to M = 7,46 is e* = 0,060, The
Hertzian contact stiffness is

k, = __ (1-\: +f l-vz) -1
Er / bean \ En impactor

- —- \’0 020 x 2]
4 210:10

3/2

- 2,176x10*° N/m
80 that

10,274/
8 = (0,09897) [20(2.176:10 ) ]

0.265°

- 28.1

Therefore, the maximum bending strain ia

< ™ (0.060) V25.1 =
210x10° (0.025)
“7900 /i3

= .00427

74




NADC-78259.60

2. Simply Supported and Clamped Plates

The procedures for using the design curves for vectangular plates is
aimilar to those outiined above for the beam, For convenience, we have re-

peated here the design curves for simply supported and clamped plates impacted

by large impactors (Figs. 26 and 27), and for eimply supported plates impacted
N by small impactors (Fig. 28), The first step in using any of these curves is

to compute the mass ratio M according to Eq. (101) and the aspect-orthotropy

- - ratio,

v (8) o
where a and b are the plate dimenaions in the x and y directions. For the
plates treated here, impact cases in which M < 4 fall into the domain of

\ large impactors, while cases where M > 4 are in the domain of small impactors.

The use of the design curves in each of these domains will be discussed

separately hare.

a, Large Impactors
The procedures for the clamped and simply supported plates are the

same but different curves are employed. For simply supported plates, read

al(n) from the lower curve of Fig., 4 and E'correaponding tc the value of M

: from Fig. 26; for clamped plates, read 32(n) from the upper curva of Fig. 4
and ¥ from Fig., 27. 7hen, the maximum strain may be computed from the formula

i ’ vh

€y oax " 31(“) T 1]5: (105)
oh

vhera v = impact velocity
h = plate thickness
¢ = plate density
Dll = plate flexural rigidity

. o - . AT e N SRS " u
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0.2

0.1

Selected

Design e A
Curve 0.05

0.02

0.01

0.005

4.0

10.0 20,0 50,0 100.9
Mass Ratio, i = nlln2

Figure 28. Selected Design Curve for Impact
of Simply Supported Rectangular
Plate by a Small Impactor,
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This procedure will be illustrated by an example.

Example #3
For a rsctangular simply supported plate with the following properties

Dy, 680, N-m h=7m

Dy, * 2490, N-m p=1.7 g/cn3
a=170 mm E = 8.96 Gpa
b= 350 mm v= 0,3

impactad by a projectile with the following properties

R-25ﬂ \J-0033
nz-l.ltZkg ve 3.0 n/s
E = 2,1x102 Gpa

we first compute the values of tha mass ratio and aspect-orthotropy ratio
M= 0,5 n= 0.451
Prom Fig. 4, ve find 31(0.&51) = 0.26, and from Pig. 26, T = 0.91 corresponds

to M= (0,5, The maximum strain in the x~direction is

. 3,0) (0.007
€, nax (0.26) ¢0.91) 50 172
(1700) (0.007)
- 6.57 x 10~

b, Small Iwpactoxrs
The design curve for impact of plates by small impactors can handle
ounly simply supported boundary counditions. To use the design curve, read the
valus of ganeralized strain e: from Pig, 28 , and the valus of ;(Bp.n) from
Pig. 22. (Note that g(Bp.n) does not depand significantly on ﬂp for Bp >N
Then, the maximum etrain may ba computed from the formula

hv '
€ mux " e; 4(1.068) 8(8‘,.1\)8‘, m (196)

"
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1/5
where 2
2 vk ‘\
8, = 0.09897 11:; Vg"_ 22
11 m2 /

This procedure is illustrated by an example.

Example #4
Consider the same impact situation as in Example #3 but change the

impactor mass to m, = 0.035 kg. Now we have M=20, a amall impactor case,
From Fig. 28, we read e: = 0.025; and from Fig. 22, g(ﬁp.o.asn = 0.35.

Computing Bp. we get

(0.170)  {(17003(0,007)
140,451 y 680

= (0.09897
By (0.09897)

1/3
(3.0) (2.008 xl.o 2
(0. 035)
= 6,54
Therefore, the maximum strain is
(0,007)(3.0)
€y, max = 4(0.025)(1.068) (0.35)(6.54) l =5
(1700) (0.007)
. 6.79 x 107

B. Construction of New Design Curves by Expsrizente

For beams and plates with boundary conditions different from those con-
sidered in this report, design curves way also be conastructed based on impact
expariments. For these structures, the parameters governing the impact re-

sponse have the sams form, but the relationships (and thus the desigr curves)
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are different. For still other structures (e.g., shells, rods), new param-

eters may have to be defined.

1. Impact Strain Curves

To construct new design curves for large impactors, one may perform a
series of impact experiments and measure the maximum bending strain which
occurs in the structure during each impact. Then, compute the value of the

generalized strain according to the appropriate formula:

- cb k

€= €ux hy for beams
_ ¢ k

€. "€ £ for plates

x r,aax hv

Plot one point for each impact in € vs. M coordinates, Logarithmic scales

are most convenient.~ Finally, estimate a curve to fit these points. This
design curve may then be used to predict the rasponse of similar structures
having differant dimensions subject o various impact conditious, as described

in Saction A above.

2. Crittical Impact Velocity Curves

In simple impact-to~failure experiments whan the strain is not simul-
taneously weasured, all that is determined is the lowast impact velocity (or
critical velocity) at which the structure fails, However, this is sufficient
to construct a desigu curve useful in predicting fuilures due to other lmpect
situations.

For each exparimeat, the dimensionless critical velocity 3. defived
for plates iu Bq. (33) and for beams ia Eq. (62), is plotted vs. the mass

ratic N. Then these points may be connected to form the design curve.

8l
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Note that for different impact conditions, different mechanisms (bending,
shear, torsion, etc.) may be responaible for failure; consequently, several
design curves may be required, especially to completely descrite a series of
widely varying impact experiments.

Finally, note that since the contact effects depend on the impact velocity,
through a non-linear relation, this approach is not useful in the swall im—

pactor domain.,

C. Construction of New Design Curves by Analytical Tools

Using analy+tical methods, design curves for some structures which are
not treated in this report may be constructed., We can cffer a few suggestious

on appioaches to follow in order to construct such curves.

1. Design Curves Based on Generalized One-Degree-of-Freedom Model

Por impacts of other atryctures in the large-impactor regime, the gener-

alized one~degrec~of-freedom model pressnted im Section 11 may be applied.

To follow this approgch, the équtﬁtlent structural stiffness K, and the strain-
displacement factor “12 wust be found; these way be either derived from the
exact golution of the corresponding etatic problea or computed numerically
using soms approximate solution (such as the finite~differance or finite-
elemant lnthodn). Then the equation of the design curve may be derived
directly from Bq, (8). For beams, the fore of the generalized strain will be
the same as in Bq. (12); for platas, tha generalized strain defined in Eq. (21)

can be employed. For other structures, &4 uev form may have to be definud,
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2. Design Curves Based on Impact Calculations

Several dynamic solution methods arxe available for determining impa-t
response of structures on a problem-hy-problea basis. These include the
finite-element method (in particular, NASTRAN; see Ref, [1]), Timoshenko-
type solution methods (application of this apprcach to several beam and plate
structures is outlined in [5]), and possibiy some approximate solutions based
on the Timoshenko method (similar to those presented in this report for small
impactors), Design curves may be constructed by plotting the resulta of &
few calculations using one of these methods in coordinates of the appropriate
generalized strain (¢ for large impactors, €* for small impactors) vs. the
mass ratio M over the range of M of interest. Theae plotted points may then

be connected to form the design curve,
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V.  SUMMARY

In this report, a method for generating a design curve which predicts
the peak response of a structure subjected to low~velocity impact has been
presented. Only a few experiments or analytical‘calculations are required
to comnstruct such a curve for a given type of structure. The importance of
guch a curve is that all impact cases, involving various impact velocities,
structural dimensions, and material properties, fall on the same curve within
a variation tolerable to the designer.

To facilitate our study, we have divided all impacts into two regimes,
large and awall impactors, each of which exhibits different kinematic behavipt.
Specifically, masaeive impactors have been observed to produce multiple impacts,
the peak response of the structure depending on the initisl kinetic euérgy of
the impactor; in contrast, small impactors strike the structute only once,
the maximum response being governed chiefly by the impactor's iaftisl moraen-
tun and by coutact effects at the impact point. These.differences in imééc;ai
response are accounted for in the distinct forus of tha design curves for each
domain. |

Design curves have been developed here for predicting the_impac: respouse
of 6ieply supported beams and simply supported and clamped-edge anléa&ropié
plates. These curves have been constructed using borth results of analytical

solutions and data from impact experiwents. Ihaddition, detailed procedures

" have been described for using the deaign curves presented in this teport, as

vall as for generating new curves for structures not treated here.
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fz APPENDIX A

STATIC SOLUTION OF A

SIMPLY SUPPORTED ORTHOTROPIC PLATE

- In this appendix, we will present the details of the de-
rivation of the constants K; and dl2 for the central transverse
impact of a simply suppurted orthotropic plate, As explained in
the main text, these constants are needed for developing the design
curve,

The static deflection of such a pla‘e due to an arbitvary

load distribution p (x,y) is, asccording to Timoshenko snd Woinowsky-

Krieger 713] .,

(i

1V
o Stn L s E7L

wik,y) = Z Z m“?r‘“ piute?t }7"??"’
i an
ki " where ZD
YWD, *
g =Y D /
% ) and
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The maximum deflection occuring at the center of the plate is,

2/ ¢ ) Z ;:i: 4/”44 /é )25',,,/,,

’/35‘0-/2;'
where .
I SR 3/4)?-/7’ ¢/_._4 * Dy
Cory = 17+ Zinn 7/ o 5 A

Ye will assume that

A=900 )

Comn = 1%+ 2»;’»9‘7 +/7?2

(Y

Therefore, recalling that

so that

(A3)

vhere

(Ad)

Kl = Pluy
we¢ have
. _ 74
= A\2 / . '
fa J/Z) ”/(/7) @s)
where

Aé)
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The tensile strain in the x-direction due to bending is

2w
é?}(==' -Z Tz

ox*

which will have its maximum value at
(x,y,2) = (a/2, b/2, h/2)
We will derive the relationship between the strain at this point 52

and the maximum deflection.
2
L O w
E,=— 5 o2
2 2 27X x=a/2, y=4/2

- 25 /f)fs/z)

(A7)
where
£(y) = z > 2
m&b 13,8
Substituting for P, we obtain .
.2/(é
£,= 2, /é ) R W
' (A8)

4o = W‘sz
27 2Kk4 (a/6)%(y)

The approximation assumption used above, eq. (A2), has been

suggested by Timoshenks and woinowsky-Kriéger [13] for simplifying

the mathematics of several plate-bending problems and is exact for the
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.case of an isotropic plate. The advantage of this assumption is to
reduce the parameters for describing the geometry and anisotropy of
the plate to a single quantity, n . For the composite plate on which
the impact experiments were performed, the computed values‘ are
H= Dy, + 2 Dgg = 1484.6 N-m
ﬁg?%; - /5;;555" 1301.2 N-m

a difference of 14%.

90
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APPENDIX B

STATIC DEFLECTION QF A CLAMPED RECTANGULAR

ORTHOTROPIC PLATE DUE TO A CENTRAL POINT LOAD

In constructing an impact design curve for a particular
structure according to the generalized one-degree~of-freedom model
presented in the moin text, it is necessary to know the relation-
ships between load, deflection, and strain in the parallel static
problem for the structure of interest., However, in the case of a
clamped rectangular orthotropic plate, a review of recent literature
indicates that an exact solution for the static deflection due to
a centrally applied concentrated load does not exist. In fact, the
wost advanced volated solutions found in the literatur: include a
single-ternm Ritz sclution cf the case with uniform load (see
Lekhuitswid [10) or Ashton and Whituney [16) ) and an exact so-
lutdion of the simply supported case witi ;. .t ‘vad {sue Ambartsumyan
[15] or Advanced Composites Desigh Guide tjé} ).

Therefore, in this appondix, the deflection and bending
strain of a centrally loaded‘clnnpad-edae rectangular orthotropic
plate arc derived from the solution for a similarly loaded and
supported isotropic plate due to Young [}i] . This 18 accomplished

by recducing the governing equations for both probless to the same

921
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dimensionless form by making a simplifying assumption suggested by
Tgmoshenko and Woinowsky-Krieger {13] , and then transforming the
isotropic solution into terms of the dimensionless variables corres-

ponding to the orthotropic case.

Young's Solution

In Young's solution for the static deflection of a clamped
isotropic plate, the solution for a simply supported plate with a
central concentrated load is combined with that for a simply supported
plate with distributed bending moments along the edges. The edge
moments are then chosen so that the deflection slope vanishes at the
boundaries. The superimposed solution consists of three parts,

v wy oty + Wq (1)

where the firat term is the solution for a simply supported roctan-

gular plate.

Pa? 'g‘" { AKm may
W/’ = 3 -3 Larnd oo = > Losh 2
2”’ D»,:a;ls-m &J‘O“l, dM

WRalr IV v ) MTY | Ay i
-Sla»‘—:’-z"faaéa(,, 7Z.>m4 a g P4 4’3:171

(82)

where

m7é
2a

mira
fom = 57

The other tvo teraes are the deflections of a simply supported plate

¢9€q,==

vith moments applied along the pairs of ¢dges y « + b/2 and x = + a/2,

respectively.
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-1
Z A ) = cos 27X

Wy = 27D
277" b 2cosho,, 4
mImwy ., M
[715/»4 2 — o lanh ot 054 = ]
®3)

and
J!r-I

W= = 2 ';_.‘5 ) 2 s 5
£ ;E;;7.da£> - ] P ¢zﬂJ1£A£; ‘f

[ sk 225 Zand o5ty 2]
. (»4)

The edge wowents corresponding to vy and w4 are

//%}a.tx/z =P ? ~/) ?4»: s ff"{

(83)

. V- L34
»R - al A I I kil d
(M")x:: La/z ’PZ (- /) By C05 7
~) T .
. (89)
ig which the coofficiqnts An and B, are @etorainéd fron the condition

that the slope at the boundaries is tero. Young has computed approxi-

wate values of the first few of these cocfiicients for several values

of the aspect ratio (b/a).
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Modified Young's Solution

In using the solution for.static deflection to construct a

design curve for impact response, we are interested in the relation-

ship between strain and deflection. In Young's solution as described
? above, differentiation of the term w; (twice) to obtain an expression
for bending strain leads to an infinite series which is divergent.

To avoid this difficulty, an alternate solution, Navier's solution,

which yields a bounded value of bending strain, is substitu'ed for wj.

Thus, we instead let

. 4/9&4/_‘?_, 3-.»-—' ”’”.X 71
oo EF LT
®7)

Tranafbrma:!on to Ovthotropic Plate

“,

The governing differcntial equation for the deflection w of

< an isotropic plate subjected to a lateral distributed load q(x,y) is

4 4 £
19454’ ¢ ‘23 ;; _k@’ '2; w 52(‘*3:!
xt ox 22/3 ?/ D

=Ygy Mt Fath
TR T

(33)
Letting x = %/a, ¥y = y/b, and v = w/a, this equation may be expressed

a8

oW +2 a2 2% *?4 :_,j‘fj
r} A Y, 9;;‘-9*‘- D

®9)
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Likewise, the governing equation for an orthotropic plate

? aw ?4‘” + ‘.2_.4_’.‘./_ = 2/% V)

D .2# i p . ¢ - /
% 3x? :a”:zfay ',)' '?a}’ éfi //},
B10)

nay be expressed in terms of the same dimensionless variables as

- /dfp:

and vhere it is assumed that H e ny~

Note the similarity between eqs. (BJ) and (311). The so-

{B12)

lution of Eq. (B9) is of the form

v £ {a/b) 3, anIDx. %,3)
(B13)

“and the solution of eq. (811) 1s the same function but involving

diffevont dimensionless pavametiers,

; bd f( ﬂg qaslaxg ;\;)
' (814)

Now eq. (B13) may be obtained by simply writing the known solution,
eqs. (81), (B3), (84), and (82), of the isotropic case in terms of

the dimensionless vatriables X, y and v. Then, substitution of n for
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(a/b)2 and of qa3/Dx for q33/D yields eq. (Bl4), which i{s the solution
of eq. (Bll). Finally, by returning eq. (Bl4) so obtained to dimen-
sional variables x, y, and w, we obtain the solution of the orthotrepic
equation. (Bl0).

" The terms to the right of the equals signs in eqs. (B9) and
(BL1l) vepresent dimensionless forcing func;ions for an arbitrary dis-
tributed load q(x,y), and have the form q = qa3ID. In the case of a
uniformly distributed load, q(x,y) = q,, we would have q- q0a3/D. or,
in terms of total load P = guab, q = Pa2/bD. This suggests that in
the case of a concentrated load P the dimensionless forcing function is
also q = Pa?/bb for the {sotropic case, or q = Paszbx for the ortho-
tropic case. Therefore, in obtaining eq. (Bl4) from eq. (B13), Pazlbbx
1s substituted for Pa?/uD. .

For example, equation (BY) may be written in terms of dimen~

sfonless variables as

= _ W 4/94'2 CoS MTE oS #TY
W= L o LA
I a ﬂ"éD /',,,84,, /)]
(81%)

This represents a portiow of the solution to eq. (Bl3).

Substitute n fox (llb)z and (Pazlbﬂx) for (Pazibno to obtain

.  4Fa‘t goS mwE_coshwy
W, = — Z
7180, m [m?2 ¢+ ﬂ""7.72'

(a16)

.*

vhich repreosents a protion of eq. (Blé). Rewriting this cquatiocu in
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terms of dimensional variables yields the final solution for the ortho-

tropic case.

4P’ s Z o5 T zys ;Z/

W =
4

776l m [m2 4 4 7]
(B17)

) Similarly, from eqs. (B3) and (B4}, we obtain

, D3 ]

—-Fa (1) 2 mrx
e0s 4

W2* omiL D ;7 2, A 7 m2asho,
. 7’-@45&4 '2# —afméhéﬁ’aM4 ](am
. M 2
. _/) ; M7,
2T 2r3 0 917 < < Sm m° coshin “ é/
. .____L"”a Sind ----?—5./5 Lo ‘%AC&D{*—-‘L]

\B19)
By assombling eqs. (Bl7), (Bi8) and (B19) according to
eg. (Bl), we obtain the solution for the deflection of a rectanguiar
clamped-odge orthotropic plate subjected to a centrally applied con-
centrated load. The coofficients A, and Em, vhich are functions of
{a/b) in the {sotropic cuse, rre now functions of J?.
BEvaluating the deflecticn solution at the center of the

plate (x = o, y * 0), we obtain the maxioun deilecéian of the plste

La el L et oa e

wvhich may bo expressed as

Woax = épx {;/7) P (820)

A It AU N, HIW. oo
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so that

_ 6Dk
“Tesp
(821)

where

cash [om ®22)
and where we now have
Rkl
Xm= 299
M
./8 m= 2 f (B23)

The maximum bending strain occurs at the point directly opposite the

load and may be exprressed as

6"»: x ';5; /7)/0

. where ;"/7) = -‘g-z- Z Z mz[”!z*h 27]-2

J’ém

3»; 2= (5w Z‘ané/,,
7 4’54/». ]

(B24)

®25)
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TR g n AR o

R

Combining eqs. (B20) and (B24) we obtain

.l
d = WM@ X =
2

at 406
A

(/? (B26)

5
N—

&
N

&max

o e PN
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APPENDIX ¢

COMPUTER PROGRAM FOR CALCULATING

TIMOSHENKO SOLUTION OF PLATE IMPACT

This appendix presents a listing of the FORTRAN computer program,
-named SMINC3, for calculating the Timoshenko small-increment solution

of the central transverse impact of a rectangular orthotropic plate,
Bq, (40).

The program as listed is set up to solve an impact problem having
the following parameters:

v = 2.45 m/sec
axbxh=171 x 349 x 7.1 mm
? - 0.660 kg
w, - 0,816 kg

The plate bending stiffnessee, computed according to the Whitney-
Pagano (1970) anisotropic plate theory, are:

Dy ™ 473.2 N-n

022 w 2488.8 N-m

D66 w 505.7 N-o

D,, =D 6" «49.1 N

16 2 9
A“4 - ASS « 2,687 x 10" N/a

12

The plate ia trested as specially orthotropic in bending and the Dys
and 026 terms are neglected.
The program {tself calculates the value 0f the Hertzian coatact

stiffness constant 32 based on supplied values of isotropic elastic

100
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properties of the plate and impactor. The values used are:
. £« 9.8 x 10° N/n®
plate (Gr/Ep) '
ve=0.3
£ = 2.1 x 10" §/m
impactor (steel)
v = 0.33

The contact radius of the impactor is 25.4 mm.

° oo
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SMINC3 == PLATE IMPACT ,
ONPUTATION OF TIMOSHENKO=TYPE SMALL=INCREMENT SQLUTION OF HERTZIAN
IMPACT OF A SIMPLY SUPPORTED ORTHOTROPIC RECTANGULAR PLATE
MODIFIED SUN & CHATTOPADHYAY METHQD
DT @ TIME INCREMENT
NDT = NO. OF TIME INCREMENTS CALCULATED
TOL ~ TOLERANCE OF ERROR IN NONLINEAR SOLUTION
V = IMPACT VELOCITY
XAe YBe H = DIMENSIONS OF PLATE IN Xe Yy Z DIRECTIONS
Ml, M2 = MASS OF PLATE, IMPACTOR
Ely E2 = ELASTIC MODULUS OF PLATE, IMPACTOR
PR1, PR2 = POISSON'S RATID OF PLATE, IMPACTOR
NHM, NHM = NUMBER OF VIBRATION MODES CONSIDERED
K2 = HERTZIAN CONTACT STIFFNESS
XNX, YNY = INITIAL STRESSES IN X,Y DIRECTIONS
REAL LoML,M2,K24L11¢L12,L1340L22,123,L33
DIMENSION F(5000),GW(5000)+GXX{5000),6YY{5000)
Ct““t‘* PROBLEM DA'A SRR AR E TR RN EE R R R SRR kR h kR kR kg Rk Rk k k&
NHM=25
NHN=25
NDT=100
TOL=1.0E=05
DT=1.0E=06
XNX!O.
YNY=0,
D112680.4
D123473.2
s 02222488.8
b 0662505, 7
: Aed=2,687€ 07
A55=A44
ANX=20Q,
YNYz0.
XA=0.171
: YB=0,349
E H=0,0071
3 M1=0,8660
N2=0,816
o R1x0, 0254
i PR12043
PR220.33
E129.8E 09
€2%2,10E 11
V2,65 -
CoP 23RN R k00 R ¢ EB QL CE B BE RS ER R UL S E R B SR KE S LR RS L BE U R S SR LR RGeS R R
1uN/2
Pl=3,14159265398
1001 FORMAT(&Xy®N® »8Xy S TINE® ¢ 14Xy YFORCE o 12X *APPROACH?® ¢ 10X¢ *DEFLECT [ON
1°510Xe*STRATN X9 10X, ' STRAIN Y9 410X *STRAIN XV*)
"DEL1={1.=PR1**2}7E17P1
DEL2x{ 1, =PR2*¢2)/E2/PK
K2s4.*SQRTIR1) 7 {DELL4DEL2)/P1 /3.
CAYsPl®#2/12,
AGhnAGasCAY
ASSEASSECAY
BuDTe82/3,0/N2
Cn 4.0/N1 102
PaN1/XA/YE =

OO GOOOODOOONOO
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PRINTLOOL
CALCULATE NATURAL FREQUENCIES OF PLATE
DO90K=1,NDT .
GHIK) =04
GXX{K)=0.,
90 GYY{K)=0.
DO24TM=1 o NHM,» 2
TERMA=MEP | /XA
TERMA2=TERMA%X2
L13=A55¢TERMA
DO24TN=14NHNs2
TERMB=N*P1/YB
TERMB2=T ERMB#%2
L11=DLL*TERMA2+ D66*TERMB24A55
L12=(D12+4D66) *TERMAXTERMB
L222D66%TERMA2+ D22 *TERNB2 +A4 6
L23=A44*TERMB
L33={A55+XNX) *TERMA2+({ A44 +YNY ) ¥TERMB2
Q=L11%L22=L12%%2
DETERM=Q¥L 3342, #L1 2% 23%L 1 3=l 2241 1 3642wl | 1 #L23%%2
AC={L12#L23=0L22+L13) /Q*TERMA
BC={L12%L13=L11%L23)/Q¢TERMB
OMEGA2=DETERM/Q/P
MEGA=SQRT {OMEGA2)
IF{(MeEQel) «AND+{N<EQa1) )PRINT1002,0MEGA
1002 FORMAT(' OMEGA¢lel = 'oE15.8)
| TERML=DT*OMEGA
C2=1.0
D024TK=1,NDT
C1=C2
C2=COS{K*TERM1)
AAA={Cl=C2)/OMEGA2
CONSTRUCT TABLES OF SUMMATION FUNCTIONS
GWIK)=GWIK) +AAA
GXX(K)=GXX(K)+AAARAC
247 GYY(K)=GYY(K)+AAA*BC
P=B+C*GH{1)
0‘10,3.
$%24/3,
DO10ON=14NOT
CREATE MEADINGS FOR DATA AT TOP OF EVERY PAGE
IF{MOD(Ny 611 .NELO)GOTQTO
1003 FORMAT(1H1)
; PRINT1003
PRINT1001
70 TaN#DT
Azyey
1F(N.EQ.1)GOTOL4
BU".OC
NM1=Nel
SUMI=0,
SU"'OQ
0054=1,NML
KaNwd ‘
R=K
SUMT=F { J)=SUNT
SUM=SUMSR®SUNI

5 BUN=BUMSF [ J)*GHIK+1) .
103
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A=A=C*BUM

A=AmDT*R2%{ 2, kSUN=SUNT /3. ) /M2
COMPUTE SOLUTION FOR F{N) USING NEWTON'S [TERATIVE METHOD
607013 )
14 FNEN=SQRT{A%%3) /K2
13 FN=FNEW
B=SIGN{Le0sFN)/K2%%2m3 ,0%A%P%%2
FEN=PERXRIRFNEFI +BXFNRE2
1  #3.0%A%X2%PkFNmAX%]3 A
FPEN=3 0%Px¥JEFEN®X 242, 0B RFN 3. QXA 24P
82 FNEW=FN=FFN/FPFN
ERROR=ABS ( (FNEW=FN}/FN)
IF(ERRORGT-TOLIGOTOL3
IF{N.GT«1)GOTO10
CHECK THAT F(1) 1S POSITIVE
IF{FNEW.GT.0.)GOTOL0
FNEN==FNEW
GOT013
10 FIN)=FNEW
IF{FNEWLLT.0a)F(N)=0a
CALCULATE STRAIN AND DEFLECTION
W=0.
PSIXX=0.
PSIYY=Q,
D021J=1,N.
KaN=j+]1
WaWeF( J)*GWIK)
PSIXX=PSIXX®F{ J)EGXX{K]
21 PSIYY=PSIYYeFL{J)®GYY KD
W=WeC
EPSX==pPSIXX®(*Z
EPSY==pPSIYV®(C*2
GAMMA=(Q,
ALPHA=SIGN( 1.0 FNEW)*{ABSIFNEW) /K2)eeS
PRINTLIO00 N ToF(N) g ALPHA oW ¢EPSXoEPSY o GANNA
100 CONTINUE
stTop
1000 :03HAT(1X01§07(3X051508!l
‘N ‘
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APPENDIX D

SIMPLY SUPPORTED BEAM

CENTRALLY LOADED BY HALF-SINE PULSE

In this appendix are derived expressions for the deflection
and bending strain in a siwmply supported beam subjected to a half-
sine pulse laterally applied at midspan.

The deflection of a simply supported beam due to an arbitrary
force F(t) applied at midspan is

‘4/(3( zt} 'ﬂquél ;:E:: (/’1A) .57*' (X

el 3§ dd‘ L (D1)

f Fle) sin bl (#-2) AT
0

vhere 2.2 2 2
& = (imra’/L
We yill consider the case whexe the applied force is repre-

sented by a half-sine pulse with raspect to tims.

Psin 5 A o<t<n/f

/:-'('l')= o _ | ,),{OJ" Z"?.' ”./f ) (éz)

105




?
]

s e e e TN o T VTSI

R I M 1 ot et e et =

NADC-7£259 .60

Then the solution for each time domain (during and after the pulse)

may be written in terms of the convolution integral

_ 2P 2 {"/) Sin tz-’x

2,35 Wi

t
/ sin§r Sindl; (¢-7)d, v 0<t<T/f (03)

9
d @ = :
N _ 2P % COr g, i
wik t) = )- ,_'%-r 7L

/¢
/ Sin§z Sin bl (¢ TIAT, tor &z n/E o0

0

Evaluating the integral, the deflection during the pulse is given by

3 oe
wie) = < 2L = f—’-)—“—sm-{-?*
WOET o (5

/.Sin ff‘" .é. Sin by 1917‘5;'- Octe Tt
seti,

Ifg» 12. however, the denomivator of this expression is zero, and
the result is undefined. In this case, Wy - 12ul = Buy = & for a
steady-state vibration problem, this would correspond to a resonant

fovcing function. For ;hia special case, the following term must be

substituted.
277 X / /) 0y
W= rier ML (o'

~ i) tcos ft- 4 oS ft‘:z:».?fz'-)
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After the pulse, the deflection is iLL

fsinwit+ sinye-/g)f A 277

unless B = 12, in which case the ith term must be replaced by

I+l
2 .
vvﬂ - ;EZ ;DZL ‘3309 (77?( /c) moos i’iﬁ
(el érc ya
w7 2/3 (©8)

The strain due to bending is

LW

£=-2 37z

(09)
The waximum value of this strain is reached at midspan. If we define

a dimensionless strain as

2
{\- mEL £

Y /7771— xzL/2
(p10)
thup the solution ih terus of this quantity is
& 2 (__
Z. ~—3 s ftt - .fmwi' d<t<n/s

{b11)

._é.._./q,,”‘ fﬁ' o by [z‘-lf/iﬂ z,‘:»?)‘/f

{D12)

<
[
o
Rl |
“®
‘bs
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unless B = 12. in which case the ith term must be replaced by

rzl.-,: /.;/b 35"2‘- T oS Ft+ f—c‘o: Ftsin2 ff)/ g< t< 77/5
A (013)
€= 3
-3 Y I o5 7z, &> /%
(D14)

For most problems involving small impactors (large M), the contact
duration is short compared with the fundamental period of beam vi-
bration. Therefore, it is of interest to determine the peak bending
strain when the pulse duration is short. It is observed in this case
that the peak atrain occurs after the pulse, that is, in the domain

of eq. (D12), which may be written as

<2 20 o i b 72

=l3,$

This quantity teaches its maximum at

4= 2+ I

q———

4 ¥

when it has the value

g,ggc Vi W 5"5 ﬁ

which s a function of 8 only. This function is plotted in Fig. Dl.
THen

 §F1{‘3);= '3;:3: é?i.gx
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] APPENDIX E
DETAILED RESULTS OF IMPACT BXPERIMENTS

In this appendix, data from all impact experiments conducted at
Drexel and also some reported in the literature are presented in both

tabular and graphical form. Xor completeness, several figures which
appsar in the text have baen included in this appendix,
1. Results of Larpe-Impactor Strain Measurement Euperiments

Strain measuring impact tests have been performed on both aluminum
and composite ( graphite-epoxy ) plates. A total of 475 experiments
vare performed on specimens with clumped edges and 573 on specimens with
almply supported edgess

Index to Large Impactor Design Qurves

Glamped Plates Siaply Supported Plates
U Bauwe M, Fgre
0.074 B12 0.074% B3
Cet 1 B5 .11t S%
0,166 4] 166 EX
0.189 B15 0.189  &¥
0.227 521 0,227 )
025 _ R3 0.25 E25
X0 B8 0.% B4
0.i17 591 Oeti1? % X)
0.64 ] 0.54 E2B
0.80 B1? 0.80 )]
1225 A6 s 5%
. 1.25 %
1o 56 4 156 59
2o Z10 24 B2
3o . B9 3.3 )
4.0 <4 4,0 | vl
4,41 320 bl B2
3029 il , 5029 £¥%
9.0 | 9.0 R26
13.51 3 13. 51 £
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2. Results of Impact-to~Failure Experiments

Each specimen was impacted at a gradually increasing velocity
until damage was detected either by inspection or by use of a hand held
ultrasonic transducer and oscilloscope system,

The theoretical failure strain, € £ used in constructing the one-
degree~of-freedom model design curve is the surface strain obtained
vhen the strain in the outermost 0  lamina reaches the failure strain

supplied by the manufacturer (0.0112).

1%0
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TABLE B5-
IMPACT FAILURE EXPERIMENTS PERFORMED ON

COMPOSITE BEAM SPECIMENS

Impact R:g:i,s Impact Failure Dim;::iz:lcsi
Oy -
Mass, Mo, / Velocity, § o curred Velocity,
w, (kg) P12 | v (n/sec) 3 = vh/al
5.63 No 0.00333
0.1095 0.0562
6.32 No 0.00374
6.77 K3 0.00400
6.95 No 0.00411
7.90 No 0.00467
7.00 Yes 0.00414
7.35 Yes 0.004535
7.53 Yes 0.00445
7.65 Yas 0.00452
8.25 | Yes | 0.00488
8.66 Yes 0.00512
0.0566 0.1089 9.31 Yo 0.00550
' . , 9.62 No 0.00557
10.30 Yo 0.00609
; 11,20 | ve | 0,00662
11.13 Yes 0.00658
11.27 Yes 0.000666
1147 Yes 0.00678
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g e g "

TABLEBS (continucd)

Impact Mass Impact Failure Dimensionlesi
Mass, Ratie, |Velocity, Impact
) Mea. / (a/see) Cccurred | velocity,
m =, /M v (m/sec -—
2 8 172 vm Vh/az
0.0566 0.1089 11.72 Yes 0.00693
12.97 Yes 0.00767
13.03 No 0.00770
0.0280 0.220
15.45 No 0.00913
17,59 Yes 0.01040
19.17 Yas 0.01133
20,12 Yes 0.01190
3 23,07 Yes 0.013584
24.07 Yes 0.01423
24.10 ies | 0.01425
19,05 No 0.01126
0.01434 0,429 — ;
237 | N 0.01252
21.97 Ko ©0.01299
: 22.66 Yes 0.01340
: 23.39 Yos 0.0138)
: 26.24 Yes 0.01551
§ 28.42  Yes 0.01680
£ 33,63 Ves 0.01976
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3. Results of Small Impactor Strain Measuring Experiments

Plate specimens vere impacted by 1"(25mm) radii aluminum projectiies
fired from an air gun, Impactor velocities were recorded using a photo-
diode system. Plate strain was recorded using type EA-13~062TT rosettes

and a type 565 dual beam oscilloscope.
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TABLE §7

< MM&M\#P - .

DATA FROM EXPERIMENTS ON SIMPLY SUPPORTED

BEAMS IMPACTED BY SMALL MASSES

Hass Impact Contact |Generalized | ¢ _
Bean lj!ass. Ratio, |Velocity, [Stiffness,| Strain, /8- )
Dimensions, 3721 2
and Material H=m1/m2 v (m/sec) kz(N/m e = ea®/hv
0.389 kg 27.0 6.37 22666x1010 0.0795 0.0184
" 13.17 " 0.0814 0.0175
197 x 16.x 16 wm — .

. 13.8 8.72 " 0.1229 0.0315

steel " 12.19 " 0.1489 0,0369

6.85 5.49 " 0.2388 0.0739

" 8.53 " 0.2512 0.0743

3,54 6.28 " 6.3224 0.1123

" 9.33 " 0f3593 70.1171

305 x 16 x 16 ca o 14.87 " . 0.0790 0.01092
' : 723‘8 1.92 " 0.1033 0.01703
steel v | .06 " 0.107%6 | 0.0an4

11,2 7.50 " _0.1766 0.03451

" 12.3% n 9.1800 0.0330

5.83 6.16 ! 0.2678 0.0554

X 8.11 " 0.2662 0.0579
152 %20 x12.7 | ¥ 6.92 v 0.462 0.1569 |
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TABLEE? (continued)

B Mass Mass Impact Contact |Generalized Py
ean !’ Ratio, Velocity,| Stiffness Strain, —
Dimensions, _ JE:
and Material Mhmllmz v (a/sec) kz(N/mslz)‘E - cazlhv
10

0.601 kg 4178 10.58 |1.744x10 0.0760 0.01166

[1] " [
305 x 16 x 16 mn 12.71 0.0761 0.01146
23.8 9,42 " 0.1242 0.0216

ateel " 12.53 " 0.1235 0.0208

11,2 5.33 " 0.1534 0.0328

" 12.01 " 0,1611 0.0317

5.88 5.39 " 0.2345 0.0570

" 7.71 " { 0.2199 0.0656

0.360 kg 25,0 1.3 12.466x10'?] 0.0368 0.0203

" ]
xss x 16 x 16 m - 11‘662 o ¢ 0-0978 0-0223
12.8 8.1 " 0.1523 0.0421
steel

.— 10,70} 0.1647 . 10.0442

6,34 8,20 . 0.2563 0.0814

w1 10,52 W 0.2436 0.0754%

. 573 | " 0.3252 0.122i

, v 8.60 .o 0.3203 0.1155
0.1074 kg, ateel | 1.89 § 3,60 " 0.458 0.2222
Mx15x%m " 640 | v ! 0.8 0.214
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TABLE E8 .

DATA FROM GOLDSMITH (}960)

Beaw Mass, Mass Impact Contact ‘Generalized ry
Dimensions, Ratio, } Velocity,} Stiffnessy Strain, o —
and Material /2. | = 2 /ae.
l'l-mllm2 v (m/sec) k.‘,(Nlm M T WA 4
6.44 0.405 |[3.487x10'% o0.262  |0.0563
3.66 kg : : : 9 :
» . .
762 x 25.4 x 25.4 " 1.338 ! 0.286 0.0500
7] " 2.54 " 0.311 0.0510
steel 2.12 0.408 " 0.520 0.1278
) " 1.271 " 0.564 0.123%7
" 1077 " 0.586  |0.1239
10
, , 4.894x10 0.148  [0.00932
( 56.9 kg 57.0 2.40 o
23.7 2.47 " 0.247 0.01855
| 2900 x 50 x 50 mn
' ) " 3.00 " 0.23? 0.0)740
stesl ,
: " 3.40 " 0.260 0.01886
" 4.75 " 0.239 0.01626
11.41 2.40 u 0.265 | 0.0317
6.3 2.40 w 0.420 0.04107
3.66 kg, steel 10 - e
2.170 kg, steel 10
267x19x18 o 266. 45,7 |1.233020 0.0268 |0.001486
1.447 kg, steel . , 1
762x19x12.7 £ 177.2 45.7 M 0.0359 10.001625
v 0.965 kg, steal
263512 7000 7 an | 218.2 | #5.7 " €.0713 . |0.003228
0. A - .
ngzii?atfé.;tfil 39.1 45.7 . 0.1578 10.007143
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TABLE E9
Impact of Composite Plates by Small Masses

Sagmew] M e xn'l aays 2B ™

— =

8 4000 26.8 4,38 oox?!

/.9 )
300 | 269 | 4.38 | coves

3000 24.8 3.7 | o045

F1 /600 VA 3.50 | 0.0859

’ 09 oo | a7 330 | o.0247

5000 268 | 380 | 0.948

3w 297 375 | eo.06%

3000 | 268 | 463 | 0,008/

/oo | 183 | ss9 | o.0r03

2% | 183 | 5351 | owoio
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TABLE E10

Data Fr:» Schwieger

M |G| s | B e”
- 170 0.25 /8.7 0. 0428
35% C.80 2,8 0,0388
33/ 0,75 23.3 0.0358
4.67 730 2.00 25,0 00344
7/ /25 25.8 0.033/
i /80 /.40 26:1 0.03217
/1283 175 27.6 8.03/13
! 148e 2.0 28.3 0,038
332 8.50 348 a.oz?‘?
486 0.7% 345 0,022 |
663 /.00 36.4 0,0213
58w | es 282 | 0,0090
973 /.80 3?.77 0.0/92

77 ’75 .9 0.0167
Vg4 2.0 42.0 0.0067
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4, Typlcal Strain va, Time Oscilloscope Traces for lmpact of Clamped and

Simply Supported Orthotropic Plates by Large Impactors.
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Figure E53: Impact of Specimen B3, M = 0.21, Impact Velocity = 1.73 m/s
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Figure E54: Impact of Specimen B3, M = 0.21, Impact Velocity = 2.45 m/sec
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Figure E55: Impact of Specimen B7, M = 2,38, Ispact Velocicy = 1.73
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Figure BS6: Impact of Specimen B7, M = 2.38, Impact Velocity = 2,49 m/sec.
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Appendix F

The Effect of the Approximation H = 11D22 on the

Predicted Impact Raapoﬁae of an Orthotropic Plate

To simplify the analysis of the bending and vibration of specially ortho-
tropic plates, Timoshenko and Woinowsky-Krieger {13] have suggested the approx-

imation

He 1’”11”22 (F1)

where H 18 defined as

H = D12 + 2D66

An advantage of using this assumption is that the equation governing bending

of an orthotropic plate may be transformed, through a aimple change in variables,
1nt6 an equation similar to the equation governing bending of an isotropic plate.
By reversing the traneformacion, a solution for the deflection of an isotropic
plate may be converted into the corresponding solution for an orthotropic plate.
This is done in Appendix B for a centrally loaded ractangulsar plate with clamped
boundary conditions; the approximation (Fl) is instrumental in this instance
because no general solution exiets for the orthotropic case.

Like all approximations, however, application of Bq. (Fl) introduces sows
error into the solution. In this Appendix, we investigate the influence of this
approximation on the strain predicted by the one~degrea-of-frsedom model of
impact of a simply supported rectanguiar orthotropic plate. This is dons by
deriving the relationship between the gencralized strain € 5 30d the sass ratio K,
both with and without the use of Rq. (Fl), and then comparing the results.
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The static deflection of a eimply supported rectangular orthotropic plate

due to a central concentrated load P is [10]

orx n on an
4P 2 z ainTtin—g-xsinTain-b—
atmA nn nz 2n2 nl‘
S0 YT T Dy
a azb b

v(x,y) =

vhere a and b are the plate dimensions in the x and y directions. If we define
n as in Bq. (16) aad

g=_ 8 __
ﬂ”u”zz

then the maximm deflection, which occurs at the center of the plate, may be

cxpressed as
‘ux " 13"‘:].
wvhere
4
¥ D, b
11 1
ll ° h3 PI(C.“) (FZ)
,1(c0h) - z I 'ﬁé- m,0 odd
Bmn al
- wt 2 2 - 42
B-‘ a +2an nttan

Similarly, the maximm x-direction bending strain, which also occurs at
the plate canter, may be expressed as

c - 2 Pha
1, max 'zn b

”z“-“)
1

h a K,
\‘2 Du

b pz(t'“) an

2
vhare r(em =] ] 3~ wmo odd
. nn |+ .
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Therefore, the strain-deflection constant, defined in Eq. (6), is

2
™ Dllb 1

d
12 Zha xl Fz(c.n)

(r3)

To apply the one-degree~of-freedom impact model to this case, we gubstitute
Eqs. (F2) and (F3) into Eq. (8) with e = 0 and define the generalized atrain Ex
as in Eq. (21) to obtain

G (C.ﬂ)
1
= le (F4)
where
Co et
" Vi (Can)

Note that the approximation (Fl) corresponds to setting ¢ = 1. Thus, if
this asaumption is usgd.Athen the spproximate relation between Ex and.u,

correaponding to Eq. (22), is

G (liﬁ)
1 ]
€, " -‘-f—ﬁ——--» (Ps) .

Therefore, the correction required to adjust the approximate generalized sivain

Ex given by Eq. (F5) to the exact vaiu§>3iven by Bq. (PF4) s

This error is plotted va. { for a few values of n in Plg. Fl. Note that

the magnitude of this error does not excead 172 for the range of ¢ values

calculated and is less than 9% for most lay-ups commonly used in actual nitcraft
structures, which lia in the vange 0.60 < ¢ < 1.6, | (Lay-ups having ¢ valuaea‘
outside this range (e.g., ¢ = 0.31 for unidirectional AS/3501-5] rarely have
practical application ss plate structures,) Further, for the range of t valuss
of the plate spacimens used in t:hu Mct oxpcrmnu. this error is alvays less
than 6.5%.
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In Table Fl, the actual values of 3, n, and the eiror in predicted generalized
strain B(Ex) for the plate specimens are symmarized. The largest value of error
among all of the plates is onl& 5.4X. Therefore, we conclude that the approxi-
eation of Eq. (Fl) does not contribute a significant error to the design curve
for impact of eimpiy supported plates by large impactors. We may infer thag a
similarly emall correction is required fot orthotropic plates with other boundary

conditions.
Table F1
Error in Predicted Geuneralizad Strain
for the Plate ;upact Specimens
2 D
Flate H & 22 -
e nw @ == B(e))

Nusbex | 11%22 R L% x
B 1430 9.625 ~3.61
B2 0,164 4,2
B3 - 2.38 -3.7
B84 8 0.625 =3.6
26 ' 5.29 -5.4
B? 1-38 "302
B8 0.282 -§.1
B9 0.625 -3.6
Fl 1-252 0‘“1 "2.2
¥2 . 0.168 ~2.6
3 2.45 -2.3
£ , 0.641 -2.2
al 1.270 1-1.50 ‘2.1
32 00”2 "‘207
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