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,~,9~~inued from Block 20.

~~~~ ~placing the nid— side nodes adjacent to the crack tip ~:t 1/9th and 4/9th locations
- The plastic singularity 1:; curstructed using the sliding node concept. These

elements have been imp i cr-er .ted in :iAS I’RAN as u ser dumm y elements.
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SYMBOLS

(x,y),(r,O) cartesian and cylindrical coordinates

(~ ,rI ) curv i l inear coord inates

~~~~~~ E~~ r~ grid point coordinates

shape function at ~,rid point i

u ,v cartesian displacements

- strain tensor
11

- stress tensor
1 .1

~~ e1~ deviatoric stress and strain tensors

strain energy density

J path independ ent integral

Jacobi an matr ix

n strain hardening exponent
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In recent y c a r s  th e re  has hcei i  a ~ id t  acceptance  of l inear

:r a c t i i i ’~ nL C I  I L ~~ ~i . I t i i ~~ in  t h u  devc l~ .i I ~nt u~ h(~ structural

all O~~S II~~ i n~ I ~~1t t I . ~ ( t : .  ‘0 t c -u ~’hnt  aJ ~~ H a  I n t iinlng yield strength
— c l ( 5 r C t o  I ’ l L ’ ~ t 1~

lU ~~ev er , j 1:. ’-t R i t y  p l a y s  a r~ )or m it- in  t h e  app l i ca t iGn  of

t h e r t .  ; , ; t t u ~ ~~~~ i t h  I ~fl t h i n  cr ess  scctior~ or under mixed mode

L~~n d i t  i c r ’ s . ‘ : I u  ~~~ .e cas 
~~~, 

to  meet the  A~,T~’ re~iuirement for

p 1an ~ st r a i l  fr ~~~t n u t -  t ughness t Cs t i r i g  , t h e  speL ir ~tn s  reau ir ed are

~~~c l a rg e  fc r  ~r~ i 1.~~’ J i  t L s t i ! i g .  H’ a l  I i - ~ ; , i t e  ~~~~~~~ of these problems

nu mber  of r L t ) f . J ~ l ’ -~ been 1)repo ~ u d , e . g . ,  I r w i n ’ s equivalent  ‘Elas t ic

Crack  l v n ~~t I  ‘ 
, ~~~~

- I ‘ ( tack O p c n i n ~ 1i 5 1  a cen ,u n t  , Rice ’ s Path

I n d cpt ’n d ent  .~ 
- I 1 up-a  I - 

~r d Noi - I inc ar [I lergy M c t h t d s  proposed by

I i t h ’ i ’ i t :  a n~ }-L ~.~~~- - i l  t - r s ’ , t t -€  l a s t  t~~c t ’ c i :~g ( I t l i t e  prom ising .

(a’nce  t t  i s  r .c . ’ - i r y  t o  trodc I rh~ r - l a s t i c  ~.‘n d i t i u i .  near the crack t i p

a . l c c L . t  ~~~~ . .- , - s i l  ~

1 lrw in , G. IL , l- r j ctId . ‘1cs ti n ~ of  h i gh - S t r e n gt h  Sheet M a t e r i a l s  Under
( unJ~~t~~on~- -\~~j H’j~ l a t u  b r  Strcs~ “ n a l y s i s , N a v a l  Research Laboratory,
P~.t . S486 . •h i ’ ’ t  C

I ‘ ‘ t ~O’~~t Cr ack  ;‘r1 ’l :~~, i t i c n  i r  Metal , Proc . Conf. Crac1~
I’ ? ~~‘;It  i r. • ~‘r t c ~~ , Ln g l a n ~ , l9ftO , p . 120 .

i c ’- ,  .1. I . , A t~ . ~n i Lp e n d e n t  l i . t e g i a l  ~~ the :.ppi oximate Analysis
‘1 t ra F i ~~~ . t  ‘ i 1— s N o t c h e s  and CT e k s .  i r a t  s . A m .  Soc . Mech.

J n g r ’- ., ‘ cu  I I . .1 -
~~~; ci: d Mecb;u~~cs , lPt ~~, p. ~

T’~’.

- , - , ‘ - • . I , ~tn~I I j ebe~~it: , I ’ ., On Fr a  ture Toughness in
~i-’. ‘. ‘i’ j n~t a ’  ... , I n~~r .  1-m t . Me ch. • V . 1 .  , l9~ S , p. 491.

L~i~ ~~~~~~~ .
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In this paper , we implement higher order isoparametric elements

(quadratic and cub ic) in NASTRAN ’ s piecewise linear (plasticity)

module. By judicious choice of intermediate grid points , and using

proper constraints , we develop elastic and elastic-plastic singular

elements.

Spec if ic a l l y ,  the elastic singular cubic element embody ing the

square root (l//~) singularity is constructed by placing the midside

nodes , adjacent to the crack tip, at 1/9th and 4/9th locations. The

plastic singular element is constructed for the Ramberg-Osgood type of

material with zero hardening exponent (ideally plastic material) using

the ‘Sliding Node Concep t ’ of Barsoum. 5

‘Sliding Nodes ’ are simp ly achieved by collapsing one side of an

element and surrounding the crack tip w ith these elements , so that the

crack tip has multip le independent nodes at one physical location

which slide with respect to each other during deformation , due to

loading . The proper order for plasti .c singularity (i.e., l/ r )  is

achieved by locating the adjacent midside nodes at 1/9th and 4/9th

of the length of the side of the element , as done for the elastic

elemen t

After a brief review of the theory prov ing the existence of crack

tip singularities , we discuss the imp lementation of these element s in

NASTRAN as user dummy elemen ts . The resi. ~s of the analysis are

compared to a Prandtl slip-line field solution.

58arsoum , R. S., Triangular Quarter-Point Elements as h l as t ic and
Perfectly-Plastic Crack Tip E l e m ent , Tnt. 3. Num . Meth . Engrg., Vol. 11 ,

C 1977 , P . 85.
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THIS PAGE IS BEST QUALITY PBACTIC.A.BLI
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Many general  purpose f i n i t e  element codes as ~sell  as advanced

ver~ ions of  NAST RAN may have these elements. Hence , the method may he-

c1u i t e  accessible to many users .

CRAC K TIP SINGULARITI ES
- 36

Consider th e path integra l 3 developed by Race

J = f (Wdy - T . ds) (1)
F

hhere h is the s train energy density,  ~ and ~ traction and displacement

~‘ectois on the path r. Using a circular path of radius r surrounding

a crack ti p (1) reduces to,

J = r f { w cos o_ t~~~
.
~.}dO ( 2 )

ihe terms in { .  . .~ it above arc of the form:

(stress) (strain),

hence for the nonvanishing contribution to J (which is identical to

energy release rate for the elastic case), we have

o.. c. . = O(!)as r -
~ 

() (3)
1) 13 r

i tination (3) is quite familiar for the elastic case for which stress and

s t r a i n  each have a singularity of the order of one half at the crack ti p.

-~Itice , J. R. , A Path Independent Integral and the Approximate Analysis
cf ~t rairi Concentration by Notches and Cracks , Trans. Am. Soc. Mech .
1-itgi - s. , Journal of Applied Mechanics , 1968, p. 379.
6Rice , J. R. and Roscngren , G. F., Plane Strain Deformation Near a

Crack T ip  in  a Fc- i~er-I .aw l’ardening Material , J. Mech . Ph)’s . fr’o l ids ,
~ol .  16 , p. 1.
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Now consider the Ramberg-Osgood type of material given by

T = = _a y , for 
~ (4)

= l’~ (-L) , for ~ ‘

~

‘

~~ 
(5)

where T = V’l/2S
~~

S
~~ 

, y V2e.~ e.. , and T0, y0 are yield stress and

strain in shear and n is the hardening exponent . From (4), (5) and

(3), outside the elastic range , we have
-n
n+l

= O(r ) - -

1 (6)
ifn

C = O(r )

From (6) we have the familiar elastic case for n = 1. However when

n = 0, wh ich is the case of idea l ly plastic mater ial , we have from (6)

= 0(r~)
(7)

= 0(r ’)

indicating a singularity of order one for the strains.

The ex istence of such s ingular it ies for quadratic elements have

been given in ref. 5 , 7 . In the nex t section we br ie f l y  outline the

case of the cubic elements.

5Barsoum, R. S., Triangular Quarter-Point Elements as Elastic and
Perfectly-Plastic Crack Tip Element , Tn t. J .  Num . Meth . Engrg.,
\ol . 11 , 1977 , p. 85.
7Hussain , M. A. , Lorensen, W. E., and Pflegl , G., The Quarter-Point
Quadratic Isoparametric Element as a Singular Element for Crack
Problems , NASTRAN Users ’ Lxperiences , NASA TM-X-3428, Oct . 1976, p. 419.

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~
•. 

~~~~~~~~~~~~~~~~~~~~~~~ 

- ~~~~~~ 
— 

.~~~~ - - __ I
..,.



: - —-
~-~~~~~~~~~~~~~~~~~~~~~~

- .  
~~~~~~~~~~~~~~~~

SINGULARITIES OF CUBIC ELEMENTS

Following the notation of r e f .  8 , the geometry of a 12-point cubic

element is mapped into a normal ized  square in ~~~ plane (-1 < < 1 ,

-l < n < 1) throug h the t r ans fo rm at ion

12
x = ~ \~ (~ ,r)x1 ,

i= 1
- (8)

12
y = N~~(~~,n )y 1

1=1

where the shape function is given by

N1 = (1 + ~~~~~ + r f l . ) [ - l O  + 9(~~2 + n 2 ) ] [ 1 O  + 9(~~ + fl~)J

+ 
256 

(1 + 
~~~~~~ 

(1 + (1 - ~~~ (1 - ~~2 )

+ 
_
~.~L~:; (1 + + 9~~ .)(1 - ~ 2 ) ( l  - q) (9)

(x 1, y1 and 
~~~ n~ are the grid poin t s . )

Col lapsing the quadr i la te ra l  element as shown in Fi gure 1 and

placing the midside nodes at 1/9th and 4/ 9th locat ion , we have

x 1 = x 10 = x 11 = x12 = 0 , x 2 = x 9 = h/9 , x 3 = x 8 = 4h/ 9 ,

x 4 = x 5 = x 6 x 7 = h  ,

y l = = ~ l2 
= ~~ > 2 = > 9 

= ~~~ = = -4~ /9

y4 = = ~~~~ ~5 = >‘6 = (10)

8Zienkiewic : , C . O . ,  The F i n i t e  L i em en t  Method in Eng ineering Science ,
McGraw lu l l , London , 1971.

5
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Substituting (10) into equation (8) we have

x = ~ — (1 +
4

y = (1 + ~)2 ( 11)

Any point at a radial distance , -
‘ (x2 + y 2 ) , from the crack t ip

is given by
h 1/2

r = ~~
- (1 + F) 2

~~( ) 2 +

or

(1 + 
~

) = 
1 (12)

+ ~2~ l/2 }l/2 
-

The Jacobian [J} is given by

-

~~~~~~ ~~ ~~(l ~
) ~~:(1 

+

[3] = = (13)

and the determinant is

det JI = (1 ~)3 (14)

For the inverse functions , we have

2 -4~ 
‘

-l ~,x ~~ h ( l  ÷ E) h ( 1 + ~~)
Z

[
~1 = = ( 15)

2~ ~~~ 4
0

6
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The displacement components of the point (~,n) for an isoparametric 
trans-

formation are,
12

u = 
~ 

N
~(~,n)u~1=]

(16)
12

v = 
~ 

N
~
(
~
,n)v.

i=l

The derivatives of u, v with respect to E , n are
12 12
v Q lj  3u _

~~

~~ 

=
i~1 

~~~~~~~~ 

u1 , 

~~~~~ ~j~1 
.-~~— u1

(17)

av _ ç  i v av =~~ i v ~
~t~~ 1 ~ 1 ‘ a~-~ i=1

where

= (1 + nri.)1-lO + 9(~~ + fli)~~
(_b 0

~ 1 + + l8~ + 27
~~

E 2)

+ 
256 

(1 - ru~)~~~(l + 9r~~. ) (l  - r~ )

+ 
~~~~~~ 

(1 + (1 - 
~~

) (9g . - 2~ - 27~~~ 2 ) (18)

3N• 
~= (1 + 

~~~.) [-10 + 9(~~ + ru~~)]  (-10~ . + + l8Th + 27rh.fl2)

+ 
256 

(1 + ~~j(l - ~~)(9~1 
- 2~ - 27~ .~

2)

+ ~~ (1 — ~~)r~.(1 + 9~~~) (1 - ~2)

Substituting for nodal values and collecting terms, using MACSYMA ,
9

equations (17) become

9MACSYMA : Math Lab Group, MIT Laboratory for Computer Science (Symbolic
Manipulation System), November 1975.

7
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au 2
~~~~

- =  a~ + a1(l 
+ 

~
) + a2(l +

. = b0 + b1(1 + 
~

) + b2(1 + ~~) 2 + b3(l + ~~) 3 (19)

where

a0 
= ~~~~ [9(-3u 12 + 3u11 

- u10 
+ u

7 
- 3u6 + 3u

5 
- u4 + u1)~

3

+ 9(u12 
+ u

11 
- u10 

+ u7 
- u

6 
- u

5 
+ u

4 
- u

1
)ru 2

+ (27u12 
— 27u 11 

— 35u10 
+ 9u

9 
- 9u8 

- u7

+ 27u
5 

- 27u
5 

+ u
4 

+ 9u
3 

- 9u
2 

+ 35u
1)n

+ (-9u12 
- 9u

11 
- 35u10 + 9u

9 
- 9u8 

- u7 
+ 9u

6

+ 9u5 - u4 — 9u3 + 9u2 
- 35u1)] (20)

a1 
= ~~~ [(2u10 

- 5u
9 

+ 4u
8 

- u
7
)(l + fl) - (u

4 
- 4u

3 
+ 5u

2 
- 2u1)(1 

- n) j

a2 
= - ~~

. [Cu 10 - 3u9 + 3u8 
- u

7
)(1 + n)  - (u

4 
- 3u3 

+ 3u
2 

- u1)(1 
- n)1

b0 = ~~~~~ [27(3u
12 

- 3u11 + u
10 

- u1)~
2 

- l8(u12 + u11 
- u10 

- u
1)n

+ u
1 

- 271112 27u 11 
— u

10J (21)

b1 = - [27(3u12 - 3u11 + u10 
- u7 + 3u6 

- 3u5 
+ u4 

- u1)n
3

- 18(u12 + u11 - u10 + u7 - u6 - u5 + u4 - u1)~
2

+ (-27u 12 + 27u
11 

+ 35u
10 

- 72u 9 
+ 36u

8 
+ u

7

- 27u
6 

+ 27li~ - u
4 

- 36u
3 

+ 72u
2 

- 35u
1
)] (22)

~~~~~~~~~
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9b 2 = — ( 2 u 10 - 5u9 +4u8 - u 7 + u 4 -4u 3 +5u 2 - 2u1)

h 3 = - ..2_ (u 10 - 3u9 ÷ 3u8 - u7 + u ,4 - 3u 3 + 3u 2 - u1 )

The derivatives av/ a~, av/ a~ are the same except for replacing u1 by v~.
[bc derivatives of u with respect to x,y are obtained from

au _ a u a~~÷ au a n
ax a~~ ax a~~ ax

4flb~ 2a Ø - 4flb i 1 1
- 

lt(1 + ~~) 2 + 
h(l + 

~
) + ~~~ (2a~ — 4nb2) + j— (1 + ~) (2a 2 - 4nb 3)

(23)

3u _~~u 9 ~ a u a ~a >’ a~~a>~ a~~ay

4b0 4b1 4h2 4b3
+ +— + — — —— (l + f) (24)

941 + ~~) 2 941 + ~
) 9. 9.

n~ lar cxpressic.ns are obtained for av / ax  and 3v/~ y w i t h  t ; . repl~ ccd

L v  v in a ’ s ~i i . c  L ’ s .

The stresses and strains are singular when the Jacobian determinant

‘~ uiishes at ~ = — 1. From (23), (24) and (12), the singularity is 0(1/r)

i f  ~ 1) and is 0( 1/v’~) if b~ = 0. A carefu l study of (21) indicates  that

b0 depends on the displacements of nodal points at the crack tip. If

the nodal points at the crack tip are tied together , i.e.,

u1 = u10 = u11 = u12 and V
1 

= v10 = V
U 

= v 12 (25)
-N

tben h0 0 and the strain field has the inverse square root of r

-; ingularity, the correct singularity of linear fracture mechanics. On

the other hand if the nodal points at the crack tip are allowed to move

i nd ependently to one another , the strain field has the (1/r) singulari ty,

a characteristic of perfect plastic ity.

9
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NASTRAN IMPLEMENTATION

The NASTRAN implementation for the quadratic element follows the

steps outlined in section 6.8.3.12 of reference 12 . The following

routines require modif ication: PLA 1 , which creates the ECPT’s and

EST’s for the linear and non—linear elements; PLA31 and PLA32 , which

recover stresses for the non-linear elements; and PLAYBD , PLA4 1 and

PLA42 which control generation of the updated stiffness matrix. The

following new routines are required : PSDUM 1, a dr iver for stress da ta

recovery in PLA3; PSDM11 and PSDM12, phase I and II stress recovery

routines; PKDUM 1, a driver for stiffness generation for the non-linear

elements; PKDMI J and PKDM I2 , stress recovery routines which generate

stresses for the computation of the non-linear material matrix; and

PKDM 1S, the stiffness matrix generation routine for non-linear elements.

The two driver routines, PSDUM1 and PKDUM 1 can be modelled af ter the

corresponding routines for the QIJAD1 element . The remaining routines

are modifications of the stiffness and stress recovery routines7 required

for ri gid format 1, statics. The major mod ifications to switch from

statics to piecewise linear include chang ing the labelled common areas,

building the non-linear material matrix’0 and calculating incremen tal

stress rather than total stresses.

7Hussain , M. A., Lorensen , [‘ . E . ,  and Pf l eg l , G., The Quarter-Point Quad-
ratic Isoparametric Element as a Singular Element for Crack Problems,
NASTRAN Users ’ Experiences , NASA TM-X-3428, Oct . 1976, p. 419.

10The NASTRAN Theore tical Manual , Edi tor , MacNeal , R. EL , NASA SP-221 ,
Sep . 1970, p. 104. —

i,
The NAST RAN Programmer ’s Manual , NASA S P -2 2 3 ( O l ) ,  Sep. 1972.
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N U MER iCAL EXAMPLE

Consider the problem of small scale yielding. The problem is

governed by the elastic field at points far away from the crack ti p and

asymptotically has the elastic singular field . Near the crack tip we

have the plastic zone . This is s c h e m a t i c a l l y  represented ill I i gure 2 . The

pl ane strain slip line field is also shown.

The problem is modelled in a fashion similar to Barsoum ’s~ . Flie

geometry is shown in Figure 3. The crack tip elemen ts, 1-12, are the

~ingu 1ar elemen ts wh ich can ei ther be quadratic or cubic elemen ts. For

the symmetric case the corner nodes of the elements are placed on

concent ric semi -circles , 0 < 0 < ri , at r/ 12 intervals , of rad ii , r = 0,

.5, 1.0, 1.625, 1.52 , 22 , 2.52 , 32 42 ~~~~~

The method of solution , for the plas tic problem , is based on

Swedlow ’s piece-wise linear analysis and is well documented in the

NAST RAN theoretical manual. ’°
The pro cedure for the presen t problem is accomp l ished via two

ri gid formats. The static rigid format is first used to obtain the

stress distribution and the equivalent stresses at the integration

point (
~ = n = 0) for the elastic increment . This solution is performed

wi th  a l l  the colla psed nodes at the crack tip having the same d isplacemen t

5Barsoum , R. S., Triangular Quarter-Point Elements as Elastic and
Perfectly-Plastic Crack Tip Element , m t. J. Num. Meth. Engrg.,
Vo l .  11 , 1977 , p. 85.

‘°The NASTRAN Theore ti cal Manual , Editor , MacNeal , R. IL , NASA SP-221 ,
Sept. 1970, p. 104.
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v~-ct~ir (see equat ion 25). This is accomp lished with mult ipoint

cons t ra in ts . The outermost nodes are subjected to the displacements

gove rned by Wes tergaard ’ s sol ution , with K = 1,

- 1/ ’ -. E cos 0/21

LvJ 

= 

~~~~~ 
~ ~~~~ - cos 0) 

~ ~~~ j  
(26)

where E = 30 x 10~ psi and v = .3. The va lu e of 2K0 is established

from the e las t ic  solut ion based on the yield stress (a n ) of 20 x

psi for the hi ghest stressed element. For the plas ti c analys is the

s t ress-s t ra in  curve is provided with the above constants and yield strain

at .2°c and hardening exponent n .3 It h i s  should be close to zero for

perfect plasticity) . The nodes at the crack t ip  are then released for

sliding in order to obtain h r  singularity at the crack tip . The load

is incremented by K0/4 t ill the plastic zone has reached the first layer

of elements.

P r e l in . i n a r y  r e su l t s  of the problem are indicated in Fi gures 4a-c

and compared with those of r e f .  11 . From the s tat ic solut ion it was

found that the inception of yielding occurs at 0 = 68 ° compared to the

theoretical value of 0 70 ° .

In Figures 4a-e we have also plotted the slip line (plane s t r a in)

s o l u t i o n  for comparison . The p l a s t i c  zone also cor responds w e l l  w i t h

ref. 11.

t1
llutchinson , 3. ~~~., Singular Behavior at the End of a Tensile Crack
in 1 Ilardening Material , .1. Mech . Phys . Solids , 1968, Vol. 16 , p. 13.
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CONCLUSION

Higher order isoparametric elements can be effectively used for

modell ing singular elastic as well as plastic problems that arise in

the field of fracture mechanics. The procedure in obtaining these do

not requ ire any special crack tip elements but are simply constructed

by adjusting the adjacen t nodes at proper locations and proper

constraints. The locations of these nodes should be adhered to as

closely as possible for stable answers. Since many general purpose

f in ite elements may have these elemen ts in their library the method ,

for crack problems , may be accessible to many users .
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~~~ FIGURE i. (a) 12-NODE CUBIC ELEMENT COLLAPSED TO FORM A SINGULAR ELEMENT ;
- (b) THE PARENT ELEMENT .
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12-NODE QUADRILATERAL
ELEMENTS

CRACK TIP COLLAPSED TRIANGULAR ELEMENT S
NODES 1-37 AROUN D A CRACK TIP

• FIGURE 3. FINITE ELEMENT IDEALIZATION OF THE CRACK TIP NEAR FIELD.
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