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A ABSTRACT

Digital simulation of an analog filter
is one of the signal processing requirﬁgents
of ”éhipboard ASW Magnetometer Systems ‘)
HIPS-Sub-project S-F101 03 16, Task 1522).
>a simple digital simulation method utilizing
a Yecurrence relation to eliminate the need
for® summing over the infinite past of the
input data in performing the convolution is
developed. Both simple and multiple poles in
the transform of the filter's equation are
considered. Formulations of the residues used
in the partial fraction expansion of the fil-
ter transfer function are given in Appendix A.~:;§\
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DIGITAL SIMULATION OF AN ANALOG FILTER

1.0 INTRODUCTION

Shipboard antisubmarine warfare (ASW) magnetometer systems,
being developed under Sub-project S-F101 03 16, Task 1522, will
utilize analog filters of various band passes wherein signal
information is known to exist. Frequently, however, experiments
are conducted with analog data processing over considerably
lamger band passes than those operationally desirable in order
to acquire maximum information and to cooperate with other
agencies having an interest in the data. Subsequent digital
computer analysis must take this into account by processing the
data through a filter having the band-pass characteristics of -
interest.

A common characteristic of the above type of processing is that
it must correspond to the operations performed by a relatively
simple class of analog filters, those which can be described as
linear time-invariant, lumped-parameter systems. With this con-
straint, a simple method of digital simulation can be employed
and is described on the following pages.

2.0 DIGITAL SIMULATION OF AN ANALOG FILTER WITH SIMPLE POLES

It is desired to simulate a linear time-invariant, lumped-
parameter filter with simple poles. The transfer function of
such a filter may be expressed in terms of a Laplace transform
variable, s, in the form

.:1 (s + by)

H(s)= P r e <p : . seseefl)
mn (s + c4)
i=1

The reasonable criteria of realizability and stability are
assumed; thus, the cy's are constrained to be real, positive,
and distinct (as only simple poles are allowed).

o
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H(s) can be written

P
Ki

)l

1.1(' +¢1) -....(2)

by making a partial fraction expansion of Equation (1). The
weighting function of the filter, found by taking the inverse
Laplace transform of Equation (2), is

0 . £ <0

P
h(t)= zxie-cit » t20.

aent3)
=] :

Each K; is seen to be the residue of the pole at s = -c; and is
found by using the formulation given in Appendix A.

For digital simulation, h(t) is sampled at times nAt, n = 0,
1, ...., producing a weighting sequence {hn)

(0 » n <O
P
h, -< ZKiri“: n 20, ; ..:..(4)
|i=1
.
where
ry = .-ciAt

Denoting the filter input by the sequence (xn}. the output.{yn},
is given by

Yt'zhn"t-n

n=0

ceees(5)

bt
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Substituting Equation (4) in Equation (5) and interchanging the
order of summation:

p @
Yt = Z Kj ZI'? Xt-n
i=l n=0

P
- Z Kizi(t), si s AB)
i=1

where

®
n
24(¢) = ) Ti *eon-

n=0

and

(-]
n
Xe + z i Xton

n=1

z; (t)

®
n
X¢ + ry ri Xy _n-1
n=0

= Xy + rj 2 (t-l) . ...-.(7)

Thus, the calculations implied by the convolution over the
infinite past of the sequence (Xt} in Equation (5) can be
reduced to the recurrence relationship given in Equation (7)
yt is found by using the summation of Equation (6), the zj's
of which are found with Equation (7)
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The filter must, of course, be initialized with starting values,
{?i(Oj}g. If the input sequence were available into the infi-
nite past, these would be given via Equation (7) as

n
2;(0) =) rj

0

o o

ﬁ N~ 8

Since, however, we assume the input sequence {xt} begins at
t =0 (i.e., x¢ = 0, t <0), the (z;(0)); is xq.

The output sequence will now contain a starting transient whose
form may be derived by considering the impulse response of the
filter. A unit impulse input sequence would be

It =0
Xt=
0 , else,

which yields, via Equation (6), the output sequence wheyreupon yg
takes on exactly the same form as hp in Equation (4).

Thus, the output sequence, y., may be treated as the steady-
state filter response as soon as the terms of the impulse
response become negligibly small. Such a calculation can be
automatically programmed into the computer together with an
error criteria and a number of time increments derived for each
filter corresponding to the time it takes for filter transients
to die out. It is clear, of course, from this development that
the filter transient difficulties are in no way different from
those encotitered with simulated filtering by straightforward
convolution.

3.0 EXTENSION TO SECOND ORDER FILTERS

Project requirements dictated that attention be given to
the case where the ci's of Equation (1) are not distinct. 1In
particular, it was desired to study the case of repeated roots
of Order two. Such a filter would possess a transfer function
of the form

S R Y AR T T

{
|

LIS PR AR
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{ § r
" S m (B+bi)
i=1
1 I H(s) = - E r r<p+2q,
A . " (s+cy) °n (s+c,)2
IJ I- j-l i J) ‘-1 z)~ --.-.(8)
.1 ‘ with the same assumption as before.
iﬁ i. A partial fraction expansion yields
i P q
- K. M M
1 o /
| Ha-Z‘(—l—.y* (s + c,)? +T—+LY.
i ; (=) o 8 + Cy 251 s +c, 8 +c,
‘ ' ceess (9)
The inverse Laplace transform of Equation (10) yields
Vo ’ t<0
P q
- -C,t
h(t)= ¢ ije S5t + ) (Most + Myg) e 25, ¢ 20,
gl o s il 30)
* :
where Ky, M_,, and M;, are calculable by the formations given in
Appendix A.
3
Once again for sampled systems we have the equation analogous '
to Equation (4)
ro ¥ » n <0
P q ‘
hn-JZK' 1”.‘+ Z(Mot“At+Mll) r'},nzo. j
=1 o =1 ' |
eesss(11)
"

A
e T W

ol S L




MEL Report 75/66

Applying Equation (5), reversing the order summation, and break-

ing up the sums, an equation analogous to Equation (6) is
arrived at

P q g
Ye = ) Kj 25 + ) My 204 +) Moy bt 2y,

i=1 =1 2=
1 .....(12)
where
n=0
ZoL = Z Ty X¢on
n=0
Zyy = z n rr; X¢on
n=0
As before,
zg3(t) = x(t) + ry zg4(t - 1) esusiliD)
Zoa(t) = x(t) + r, zo4(t - 1) | ceean(14)

and applying similar analysis to Zyy which contains the time
tem,

Sl uiia
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n
z1,(t) = z nr, X" Z n r} %y o
n=0 n=1

@®
T (n+ 1) G xenn
n=0

[
n
el Z T4 ¥tanal * g“ rh Xt ono1
n=0 n=0

Ty Zo, (t ~1) + 29, (t - 1)

isessl 15}

Clearly, the calculation of the z's must be done in the
order of their numerical subscripts as zj4(t) (Equation (15))
depends not only upon zj,(t - 1) but also z,,(t - 1). As
before, the initial values of the sets, {zsj(O)} g and

(?oL(OX)? » will be x, and the set, (zlL(O)}g , will be zero,

assuming the input sequence x(t) begins at t = 0 and is zero
before. The time for the starting transient to become negli-
gible may be calculated as before, now by using the impulse
respanse of Equation (10). Thus the formulations of Equations
(12), (13), (14), and (15) along with the initial values are
all that is required to perform the simulation of a filter con-
taining poles up to order two.

4.0 EXTENSION TO HIGHER ORDER SYSTEMS

The presence of a single pole of order m in the transfer
function, H(s), gives rise to terms in the partial fraction

expansion as follows.

o P Mo + M1 N Mmol
(') (. + cj)m (g + cj)m'Ii (l + ?j) .....(16)

i i
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where H'(s) denotes only that part of the transfer function
arising from the pole of order m at s = -c., and the M coeffij-

cients are calculable from the general expression in Appendix A.

Consideration of only H'(s) shows the form which the recur-
rence relations arising from the higher order pole will take.
The inverse Laplace transform of H'(s) yields:

Oy cyt c4it
PR TR T g T g

h'(t) = Mot(m;l)

a1

which is readily extended to the sampled data case by the sub-
stitutions t = nit and rj = e~®jit

Applying Equation (5), inverting the order of the summation,
and summing according to the exponent of nAt

m-1
Mp_1-4 :
y(t) = z _-T}—_ (At)l zi ’ 0.0.0(18)
i=0

where
@©

n
zo(t) = z ¥y Xt.n
n=0

z (t) = z " r’; Xt-n
n=0

2ot)= L (M)* =5 xe.n

n=0

2z} _1(t)= z (n)™-1 r’j‘ -
n=0

+ I e g AR L

A=
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As before,
Zo(t) = x. + TR LB BN SRS RN SR (19)
zi(t) = ry [zo(t - 1) + z3(t - l)]; ..... (20)
Similarily, |

zp(t) = ry [zo(t - 1) +2z(t - 1) + z5(t - 1)]. eeese(21)

For the general xth termm, k=0, 1, ....m-1,

zZe(t) = ) % p

n=1
n
- tj Zo(n -+ l)k l'j xt_n_l .
Nes!

and recalling

: k k :
(n + l)k- 1 +(k 5 l)n *(k i 2) n® + +(’1‘) nk -1 ok

where

(k).'A k! -(k)‘
r] = rl (k - r)! K ow g

ik

T ——r T

" St
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then

zk(t)-?j Z r;’ Xt_n.1 + (ktl) znx_'? B o] * seva

n=0 n=0

® -

k| k-1 n k

+ (2) Z n %3 * Z = r’;' Kie sl
n=0 n=0

= rj zo(t - 1) + (k t 1) zl(t - 1) 4 e
k
+ (2) Zea(t = 1) +z,.(t - 1)

X
- Y (’i‘) z(t - 1) . veeee(22)

As before, the z!'s can be calculated only in the order of
increasing subscripts. As initial conditions, the set of z's

is taken to be zero. Settling time is computed using Equa-
tion (17).

The result developed ﬁara applies only to the restricted
transfer function, H'(s). However, as

H(s) = H'(8) + F(s)

and the inverse Laplace transform is a linear operator, the
result is generally applicable. Thus, any filter having the
form of Equation (1), wherein the c,;'s are not distinct and,

in fact, poles of arbitrary order m are allowed, may be simu-
lated on the digital computer.

10
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5.0 SUMMARY AND CONCLUSION

e

The method described above permits easy simulation of sig-
nal filtering when input signals are sampled and subsequent
computations are to be carried out in a digital computer. It
is only necessary that the equation describing the filters be
known in Laplace transform notation. Errors introduced by this
‘A method are calculable and can be kept as small as desired by
: using sufficiently small sample times.
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Appendix A

Formulation of Ky, Mgy, and My,

For a transfer function H(s) of the form given in Equation
(1) of the text, the residue, Kj, of any simple pole at s = -c4
is derived from the relation

Ky = (8 + c4) H(s)

8 = —Cj

which, using Equation (1), can be written as

" )
L1 -C: + b.
i=]1 J -

Kj =
o (-ey + cy)
i=1

i}

As the above formulation is valid for H(s) containing nondis-
tinct c;'s (i.e., higher order poles) as long as c4 itself ig
distinct, the transfer function expressed in Equat;on (8) of
the text may be evaluated for this case in an identical manner.

My, and M,, are calculated using the relations

My, = (8 + c,)® H(s)

B’—Cl

Moy = a5 (8 + c,)? H(s)

Sl‘-c‘

A clearer formulation can be arrived at by rewriting Equation (8)

PR

PRI o
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m (B + bi)
H(s) = =

i m=p +2(q - 1),

- (s + cz)’ iEI (s + ¢;)

Wherein the Cij's are not distinct but do not contain c,

We obtain
r
o (—c‘ + bi)
i=]
Moy =
i=1

-

r 3 m N |

the general expres-

M

For a multiple gole of order n at s = —cj,
sion for the jth M temm is:

my = (2 v e #(s)]

s = -cj

the formulation for H'(s) (Equation 16) and h'(t) (Equation 17)

shown in section 4.0 consist of only one ggle of order m for the
entire function H'(s); hence, only the M, " term has a non-zero

value. For a more general transfer function, H(s), which

includes H'(s), a complete set of M as derived from the above
relationship will appear.

T —_—
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