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Ihe purpose of this paper is to clarify the relationship

between three d i f fe ren t  criteria for optimization of acoustic

signal detection . Specifically, the maximization of

array cain , the minimization of si gnal distortion , and thà’

evaluation of the NeyIMn— I ’carson likelihood ratio arc shown to

• yield equivalent results at a single frequency.

f~E~~~llftflE~I ~ APR 6 19 19 liii
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There are several criteria for optimi;ation of a processor for an

array~~f’~ cnsors. J.J. Faran and R. Hills~Jr. have used the criterion

of maxi~iizat ion of array gain to design real weightiugs for
4, 1in4ividual sensors . N. Wiener used the c r i t e r ion  of minimizing sig~a1

.C. disto~’tion to design f ilters. 2 Other authors , notably F. Bry n, have

~~ used evaluation of the Ney~an-. Pearson like1tho~d ratio to n ’inimize risk.3
•‘

___ g c ..j ~ This pa per examines the relationship, at a single frequency, between these

I I I  ~ three criteria . The fi l ters required by each of the three developments
O~~ w~~~~~~ 

—

~
j •,.. 4’

Cl are shown to be exactly the same for single frequency considerations.
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2. FOI~2’1 OF CAIb EQUATION

Let us assume that we have K hydrophones in a sonar array. These

hydrophones have output waveforms .L~t t ) ,  i~ 1,2,.. . , K . Since we may be

interested in . spectral components , we shall allow these waveforms

S 

to be complex. Let Zj ,  i l,2,..., K denote the (complex) weigh t functions

which the s are t . te nuitiplied by before sutwting and squaring. The

average power output over a time interval between — 1 and T is

T K K .

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ Z 32~tt)3 dt
— T 1.1 p.!

(l/2Ti~~~~j~~~ £ ~~~~~* )/ U) dt 

S 

S

—I i~l j~l

K K •

~~~~~~~~~~~~ ~~~ (l/2l)..f.z~
*
~t) £~~t) dt .

i~l jvl —T

Let s~(t) denote the signal component of 4~~t) ,  and n~~t) denote the

noise component of J~(t). rhus ..~~(t) n~I t)*- s1tt) . The output signal—

to—no ise ratio of the array is defined to be tI~e liiait of the ratio of

the difference between the average powe r output when signal is prese nt

and when signa l is absent to the average power output when signa l is absent ,

i.e.
/ K K T

S • A lim ½ E~ 
~~~. Z~~i~ (1/2T)~~

” 
~~~~~~~~~~~~~~~~~~~~~~~ dt

T~~~L i i  ~~1 —

- 

— 

~~ 
Zi’L~ (i/zT,,f nj*(t) fl j (t) d t ]  /~~_*

Iitf $scflsu 0

r j
~
j 

~~~ 

*: (l/2l) J’~ 
*( )  nj t t)dt 3 

~~~~~~~~~~~~~~~ 

0

iusg
iii. ~~~~ ~~~
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A . u rn  
~ 

~ Z~
’Z~ (1/2T).JIsj

*(t)s .~t)+ s~
*(t)n .(t.J*n .~(t)s .(t)ldtJ/

i~1 j~1 . —T .3

~~ z~ z. (~ /2r) f *(t) (t)dt) 3i•l j’l —T

, K K 
* 

T T

~~ 
ijn i (1/2T) J sj (t) s~ (t)dt $- Urn (1/21) ,fs1 ( t )n . ( t )d

‘i”l j’l T’#° —T T*—o —T

• T
+ Urn (1/ZT) f 

*(t) (t)dt) 3 / -

—T
~~~ K K T 

*
~~~~ ~~~, 

~ Urn (1/2T) f xi. (t)n.It)dt
( — i~l j 4  ‘ T-.°° —T ~

Assumption ill: The signal and noise waveform s are uncorrelated , i.e.,

o Urn (1/21) ~ 
*(t ) ( )d lint (l/ T) ,f n~*(t)s~(t .~dt for all

i and j.

Then if we let

u r n  (1/21)f ~~~~~~~~~~ dt

S 

and f.LJ lint (1/2?) f n. ( t)  n j (t )  dt , S

1-P .o —T ~

wc ca n write A as .

A : 
~~~~ ~~ 

: *
! i3  ~~~ 

~~~~~ j~i 

• : ~~~~~~~~~ ~~~

Let S denote the signal power present in a standard hyd rophone and

N denote the noise power present in the same hyd rophone. The array gain

i* defined to be thc signal—to—noise ratio of the array divided by the

signal—to—noise ratio of the standard hydrophone , i:e.,

C :  A/(3/N) ::~. ~~~~~~~~~ ~ 9 J .u/~(i’l ~ l isi J.1 ~



-5- 
5 SS~~~~~~~~~~~

Let p~~ ~Gjj /~ and q1f~~~/N . Thus

K K K ~ *
- 

~ ~~ z.~z ~p. / ~ ~~ Z. 3.. q.
i~1 j 4 i~l j ’l 1 .3. 13

- To simplify this notation- further, let

~1 
P11 P3.2 ~~ P1I~ qi2~

S ~~~~~~~~ ~22 • • •  ~~~ , and Q q22 ,,,
S • .•

~~~~~ • • •  P~K 9K1 ~~~ •.. 9KK

Note that P and Q are correlation matrices and thus are positive definite

hermitian. We can now write

c z*Tp3. / 1*TQ?

S 

Irequently the noise and signal fields are assumed to be homogezicous,

i.e. , the same noise powe z4 and signal power are observed by all hydrophoncs.

Then if the standard . hydrophonc is an element of the array, this implies
S 

that p1~~ ~~~~ 1. This assumption is not needed , however , in the present

development. 
S

3. MAXI MIZATION OF GAIN

To”optirnize ” our system , we shall choose the vector I which , for

given P and ~~, will maximize C. . 
S

dC~~1(Z*T
~Z)d( T PZ) — (Z*TPZ)4(Z*T~Z)~~/ (Z*T~Z) 2

~ i,z~
T
~z~ CZ*lPdZ+ (dZ)*TPZ) _(1*T p1) [ Z~~ gd. 4 ( d . ) T ~z2 3 / (1*T~1)2

C will have an extremal value only where dO 0 for all choices of dZ ,

S hence the numerator must be zero for all choices of dZ.

S ~(Z*lt~Z)Z*?P _ (_*Tpz)z*T~~ dZ + (dZ) *~~~(Z* aZ~ PZ — (z
*Tr~) 1z } 0.

(dz) 1’ ~(_ *I~_)p*?z _ (Z*TPZ)~*TZ)* 4 (dz~T~(z*~~Z)PZ — (Z*T P ) ’~~~ 0.

Since P and .~ are hennitian

(dz) 1~ (:‘~~Z)PZ — (Z*Tr) ~:) : (dz)*T~~(Z*T~Z)PZ — (~*Tr)QzJ .

- 
.~~~

T:5- 
5- i5-..~~~~~ -5~~~~~~~~~~~~~ -5 _ _ _
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The only way this can be true for all possible choices of dZ is for

the quantity in braces to be the zero vector , i.e.,

(2
* TZ . 

(z*Tp:)Qz ,

or P3. ((z P3.) / (r T QZ)~ QZ

S 

Assumption //2: The matrix Q is nonsi,i~u 1ar.

• 

- 

= ~ z*T t)z) /(_ *T~~)3~ Z

Let G~ (Z*I PZ)/(Z5t T QZ) . Then ~~
1P Z = 003.1 i.e., the opt~ntunt gain ,

is the largest cigenvalue of the matrix Q 1P and the set of filter

weights which produce this gain form the corresponding eigcnvector.

Clearly , for large K, a precise investigation of the general nature

of O~ is not possible. However, by proper choice of-P we can simplify

the problem considerably.

Assumption #3: The signal field is produced by a ntonochromatic wave—

fr.ont moving across the hydrophone array.

Then s3.(t)  = S~ ~ , where 7s~j  is the time for the wave—

front to reach t h e  ~th hydrophone from some arbitra ry point in space.

p Urn (~1
4

~3~/2Th) ~~~ ~- j~~ (t-~~ ) 5jw ( t-~~) dt
~~ T4.’o —

litn ~~~~~~~~~~~~~~~~~~~~~~~~~ dt 

T .

S : (s~~~.~/s) ~~~~ 
j Ij) Urn (l/2T)

.f 
dt

~ (s.&~~/s) 0i~c1(1’1~ ’j ) ~~~ 
-

Let Cj  : . Define V = . Then P V VET.

eKe

- i  

.

.

-

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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- 
This implies that P is of rdnk 1, and hence Q~~P is of rank 1.

Thus Q 1P has only one nonzero eigenvalue which must be %. further ,
we can sec tha ~ 1~V and = ~~~~ , for •

S 
- 

S 4 1P1 0~i

(RP) (nv) (V~
Tl~V) (MV)

S 
- 

‘th VV~~ MV (V *Tk V )  .~LV
S 

VV itV - (V ‘i.V) V S S

VV*

~

hV 
S VV*IRY . 

. 
.5

In this way we can arrive at the transfez~ functions of a set

of filters which will give the greatest possible array gain at each
S frequency under the four assumptions given a bove . This will be done

by repeating the process for each frequency of concern, to get a

vector Z ( f ) ,  where (f )  ~ Z 1t f)
z2 ( f)

• • 
- • 0 •

S ZK(f)

- Then the desired system is

. 

-. —.5-— —.5 -5- -5--- —- -. - -
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This analysis , however , says nothing about the relative weighting

S 
of the frequencies , since any multiple of these filters will produce

the same signal—to—noise ratio in the output. Thus , a frequency weighting

S 
filter is also desired at the output.

S - • F. Bryn indicates that a desirable fi1~er is the Eckart fi~~~r. 4• .

¼ The transfer

funct ion of this f i l ter  isJ~
( f)/ 7Z( f), -where4 (f)  and~~ ( fj  are the

signa l and noise power , respectively, at the stunmed output of the Z s

Note that S

• 
J(f) = S ( f )  Z*l(f) P(f) Z ( f )

S~f)~ f t~f)  V(f) 1~ T P~f) ( i . ( f ) Y ~ f)~ • 
S

• s(f) V*f~f) i((f) V ( f ) V*I (f)  i t f )  V’~ f)

s(f) 00
2(f), 

•

and ~~~f) �~(f )  ::•t
~
1(f)  ~~f) Z( f )  

-

N ( f ) ( K ( f ) V ( f )~*1 Q(f)(~~f)V( f) )  
S

t~i.r) V*~\ f)  R ( f)  af R ( f )  ~~f )

~ N(f) V~T1.f) ht(f) V~f)

N( f )  G0( f )  .

Thus tJ(f)/7~~f) ) ( G~
2(f )  s(r)/ 00

2(f) ~2(f) ) s(f)/N 2
~f)

however, as will be seen later , it appears that a better system for

- detection nay be4 f)/~~j (f) (J (f)+~~ f) )4~ . Note that this

could also be written as 
-

.~~~ I f)/(~~~f) -  (l+(J~f)/ ~~ x k ] )~J ~ .~
4( f ) / t N I f )  (1+ £S(f)/N( f)] GCf)) 43.

4c. Eckart, Sit) Ref. 52—11, University of California , kariqe Physical
Laboratory, Scripps Institution of Occanography(1952). 

S

S -5 -5 5 -5-5 5 - S S- . -~~~~~~~



S - . _ _  
S~~~~~~ S~~~~~~~~~~~~~~~ S 5 ~~~~~~~~~ _ _ _ _ _

B 
•

~~~~~~~~~~~~~

- The system could then be represented as

_ _  

S

. 

.

~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

S 

S • 

S

4. F. BhIYN ’ S •~Pi’MOACI1

S F. Uryn views the basic problem as deciding the answer to the question,

“~veve~.’ these s produced by random variation in a noise field , or by th~

sum of a signal and random variations in the noise field?”

To answer this question , IIryn considers each frequency separately. ~e

• 
. shall use the notation in the previous sections to abridge thyn’s derivation 

S

and avoid a small signal assumption. Let us assume tha t the /f $ arc observed

- S over a ti~ie interval 0 to T and have no frequency components above f
~
. Then

we can represent 1. as 
5 

5

1 
- 

f 5T j 2V~tt/T
S /-1(t) = 

~~~~~~~~~~, 
x~(n) e S

• Th~~ all of the available information Is contained in a set of vectors

X(n) x1(n) . 

. S 
S

[X2 fl.~
S 

• 
I...
I i s .

jx~..t n)

Assumption la: The components of the _c’s at different frequencies are

sta tistically independent. 
•

This means tl~at the probability of a particular X(n) is not affected S

by any X(n) , n ~ ±m.

Let s~tt) denote a hypothetical signal component of the output from

the jtl~ hydrophone. shall decompose s~ as S

S $j(t) : yj(n) ej~~~
t1T .

• ~~~T~T
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and define Y(n) r~1I,~) . The ~~
(

~~~
)

I5~~ will be assumed statistically
- 

S

independent also.

We must noti choose between two hypotheses:

- . 
5 A) The vectors 1(n), ii ~ _f u T,..., f u T were produced by the random

noise field .

B) The vectors X(n), n _fuT,...,ful were produced by a combination

of signal field and noise field.

Let Fj~(~’(,n)~ dcnote the probability density function of X when only noise

is prcsc~.t, and F5(X,n) the probability density func tion of X when signal

plus noise is present. Since X~n) X*~_ n ) ,  we shall use n

for our testing.

( . It can be shown from game theory that the best criterion to use on

X to decide whether a signal is present is the Neyman— Pearson likelihood

S ratio ,5
f1~T 

- f.T
LR (11 F~(X ,n) )/ ( ifr FN (X ,n) )

ii~l

S 
Assumption 2a: The Xl n) ’ s are sampled front a random process which is

stationary and ergodic. -

Assumption 3a: The x~(n) ’ s indica te an equal distribution of power

between their real and imaginary components, i.e.,

where ( ) dcnotcs an ensemble avera ge, whether the ensemble is over

S 
signal plus noise or over noise only.

~~~~~~~ Davenport and .i.L. Root , ~~ Introduct ion ~~ the Iheory of handom
Siznai~ ~~~ Noise ,(~1cGra w— Hill doo~~~o~npany, Inc., New fork, 1939) Chap. 14.

.

L. S~ -~ - 
S

S ____  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ A
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~sstvitption 4a: The 1(n) ’ s have Gaussian distributions in either the

signal plus noise case or in the noise only case. In other words , both

noise and signal fields are assumed to be Gaussian noise sources.

Under the ergodic assumption the matrixQ in the third section is

related to this section by

QT ( )  %~~(n) (< X(fl) X*1(fl)>~ ~ 
i~l/N)

So T *~l
IN(X,n) const 0—U/N) X” (n ) Q (n) 1(n)

Under the signal assumptions in the thir4 section we can font the

correlation matrix for the signal plus noise situation by using the

X(n) ’ s from the noise field and adding vectors !(n).

<~
X
~
n) + i (n) 3 ~X~n) f~(n) *5 < 1(n)X *T~n)> ~~1(fl) ~~ T~fl)>

S 
1(n) Q*()+ .() P~(~) 

-

Thus
. 

~ ~~~~~~~~~~~~~ 4~ ~ 
fT(n)f~~(n)Q *(fl)+~~ n)p*(fl)}_l X(n) 3 /nrl

S 

S 

~ const fr ~~.~
*TUl.1 ~ N(n)~*(n)3~~ X(n) 

S 

•

• .:~~onst ~~~~~~~ e~~
*T * T

(n
l 1(n) 

~~~~ 

/ 
5 5I L e

_1*T
~~~~~~~~~~

*
~~ 4_ 1 x(n)

n~l S

Kecalling from matrix algebra that
—1= (l/S)~~~~— /%2)(~*

_ly*) (yT~*1~3/j~ .4

we can simplify the expression for L.a. (This equation is a special

case of (~+UV T)~~ = - _ {t ~~Li)(V ’~i ”~~) /tl,-V
Tt_1U)J., where it is a

• square matrix, U and V are column vectors , and A and (~~UV
T) are 

-

S

- - - — --—-———-- ---.S---- -— 5—- —-- - - --- -----
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assu~ned non sin~u lar . This equation is readily verified by

(~ +UV ’){~~~— (l / i+V’A~~ U) ( I . J)$~V’ 1 i ))

I - (l/ V i : L ) U V T.~~~.+ ~~~~~ (1/l4 v l _ 1 U)~~ (v h,~~~U ) V i ta)
1+ — (l/l+v~.~~-U) ~ uV’.~—i +

~+ ~~“~—l — (1/i+v~~*j £~~~~~
l 4..y!~~lu)}

= I ) Using this expression .tnd assuming -~~ and N~*+~V*V~ to be

non singuLt r , • 

- S

LR~~onst / 
—

.
~
. ~~ 

_X ’~
Ttn) ~*_l(~) 1(u))

/~~~~~~~e j
(-1 ~“ *.._l * ‘I 3(~4

fuT (S(~n)/N
2(n)) X (r ~)Q ~n ) V  ~n ) V (ii )

coust —
j
-
~

— e • 1 ~ (S(n)/~ tn))V (nN ~~~t n)V (n)
n-i f l

or ~~LI~~ C~~~e
14 *.~1 - i *_•l .

5 5

. — ~jj~j  X (n)Q (n )V ~ (. n ) V  1nN (n)X~n)
~ ~ere a(n, — —1 *S N (n) 1 + (.~~n)/N(n)) V (n)~~ (nj  V (n)

To see how a filter set can develop ~(ni, we can re—write this as

~~
S 

— 
S(n) 1*T~~ ( ‘(n)V(nfl* (yT(fl)~*_l(fl))\(fl1

S I ~U~
) — i *N2(n) l-t--~~~(n)/ N(n))V (n)~ i~njV ~’(n)

~ s(nk (~f~ (n ) V ( n ) ) ~
T 
X*(n) XT( nQ

*I_
n)~iflJj

• . N~(n) 1+ (~~n)/~ (n)) V n, f~ ’(n)V ~’tn)

~~n) (Q
_l
(n)v(~))*T~~(n) .~

T. )  (Q4(n)V(nLL

N2(n) l+ (~(n)/N(n)) 
~*f (~ )~ _ i (f l )  V (n)

Recall from the third section that G0(n) v*T(fl)q_l (fl)v( fl ) ,  and

• Z0(n) ~
4(n) V(n), so

W( n) (S(n)/ 12 (n))  ( 1/ l+( S(n)/N (n))G0(n) ) Zo
*T(n)X*(n)XT(n)Z0tn)

• S

-~~~~~~~~ SS —- -- - - 5-- —5--- - - -—- - -5- 5— - —
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This- can also be written as

= (4(”)/21(n) f l ) S +~~~~~ (f l~~~~ ) Z *I(n)X*(njXI(n)2 0(n)

A dete ction is said to occur when the likelihood ratio exceeds a certain
f  I

value,A. This is equivale nt to saying that ~(n) exceeds the logS n4
S of ,/1/ C~~. The desired filter syst~ 

-

-

S

/ 
S

5. OUSEl~V.~TI~Ns 
-

The reader will note the simi larity between the t ransfer  func tion

and the Lckart f ilt e rJ~(n)/ 7Z (n)  . This

deve lopment , howeve r , did not re~juire the use of a small signal apprpx—

im ation.  The f i l t e r s  remain the same as those developed in the third

section.  Thus we have shown tha t at  one fre.iucncy the prob 1e~i of evaluating

the Neymari— Pearson likelihood ratio is equivalent to the problem of

maxinii~ in g the si gnal—to—noise ratio at the output of a set of linear f i l ters .

A word of caution is in order concerning the assumption of an i - ~t iuite  ~~~~~~

integration time . This assumption is implicit in the assumption that the

frequency components are statistically independent. Thus thi s development

must be used with caution unless lo ng integration times are used .

• 6. N. 1iIENER ’ . APPRO .tCH

• . The approach of .~icner is to minimize the distortion ’of the signal.

We shall consider a single frequency f i rs t .  ~tore precisely, if the
K

f i l ter  weight s a r c Z~, and the output -is ~~ Z~,L~(t), and s(t) is the
S i~l

.

_ _  
•

— -5-- — -  - — - - - - 5_S ~~~~~~~~~~~~~~~~~~
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signal at  som e point in space , the distortion or error in the output

of the f ilt e r s  is defined as
• T

— Urn (l/2r)~J~~ s(t)—� ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ dt
.T-*~~ —1’ i=l i~l

= U r n  (1/21’))” s(t s~(t)dt 
_ _i* iirn (1/21’)f s(t)Jj

*( t)d t

~~~ u n  (1/2T)JSs*(t)_~~,
i=l T->~~ —T

+ 
•
. lint (1/21)] ,ti *(tLLj (t)  dt
ibi j~l T~’~~ — 1’

- 
- The assump t ion  that signal and noise are uncorrelated implies that

T 
* 2l)f~~lint (1/21’) ~f  s( t)  _€~ (t )dt Se 3 1 ,

— f

~ince si gnal is now present along with the noise ,

u r n  u/2T)~f 2. (tLe .(t ) dt e. .1-
I 3 5

S In the previous notation , then, we can wr ite

E u r n  ( l/2r ) fs(t ) s *(t ) dt  _ SZ*LV_ S V* + *h i.. P4.NQ) l
— 1

In Wiener’ s formulation, the op tim um £‘ s are those which give the minimum

E. To find them

= _s(d:) *IV — ~v*T
(d;)+(d:)

*S1 
(~~P1~N~,~) Z +~~~T(~~~~ z) (dz) 0 VWz)

(dZ .*l 
~ (~ r÷N 5~):,1 — ~vJ :~~

T I~sr+N .~) — ~v*T
3 (d .) ~ 

-

or Re ( ~~~~~~~~~~~~~~~ — 0.

The only way tha t this can be true for all possible d~ is

(.sPf~~) Z .  .~,V -

Z~r (~ PtNQ) ’~V
— *1 

5

Recall that P — VV ~ so

(N ~+.wv*I ) _l j~
,

= ç(l/N N— ’ _ 1(d/N 2)(u/ 1~ (~/N)V*1~f 1v)2 rlv y*T _s
9 

,,~

.

-
~~~~~ rn - — -
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or ,
• 
Z~. ~(1/N)i~ — (S/N2)(i/1+ (s/N) V~~i%V ) KY V*51i~)SV

= RI 
~ ~~~~~ + (~/ 1)v~T1~V.) v*Tr~~

• 
- 

- Recall that Co v*lKv ~o

s _ / S 2 \ ,’ C 
_ _ _ _ _

S 
• z~ = Iwf~N ç~

2
~ ~TT6 (s/N)

Since is a multiple of 
~~~~

, ~.he array gain of the ~icner filters is

Co.

z~~= ~~~~~~~~~~~~~ 5 
-

( ~N s- S2C —
— 5~
— 0 ~~

- 

~~~~~ 
(s/NiSG0)

- 

: z0( s/N ) (1/1 •~~ (S/.\’) Go )

z0 (l/G~,) ~J/~/j) (i/i+S/?2 )

( 
. 

Zo (1/Ge) ~~~~~~~
The system indicated by this development would be

(l/G
~
) 

7
1t ~~~~~ S f )~~~~~~~~~~~ 
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- - 4~pPl~N aI X 1. GAU SSIAN DrsmL .3u110s

- OF CO~I1’LEX VARI ~BLI 5

The purpose here is to develop thc form which a mul tivariable

Gaussian dis t r ibut ion of complex variables must take. To do this ,
5 conside r a COi~tp .lcX random varia ble x a + i b , where a and b arc real

numbers . ;IC shall assune that a and b are Gaussian random variables

with zero mean, i.e., if < > denotes the ensemble average , <a> <b> 0.

The probability dis t r ibut ion functions for a and b, respectively, are

• 
P(a) (l/~~~~~) 

a2/~O~~ 
and P(b) - 

~~~~~~~ ~
_b2/2

~~
2

where O 2
~~a2� , and~~’~

2 (b 2
~>

h’e shall make two more assumptions about a and b:

- 1. a and b are statistically uncorrela ted, i.e. (ab> 0.

2. a and b have the sante variance, i.e., ~a
2>- 62,,> •

~
‘e shall define

S o,2 
<x x> = <a2 ~ . b2> <~a 

2,.,<~
2> = ~~~2 ~

5 

Under these asumptions we can write ?~x) as
i 2 2-~,t.....2 .~~~* ~,2

P(x) = P(a)P~b) (l/O~~Th ~
_
~
a+b ,,

~~~~~ U//?a~
2) e WX

Now let 4 x2,.. . ,x ,~ denote K independent complex var iables ,i.e.,

<x1xf> 0 if i ~ j , and <x~x~’> 0 ~~~~~~~~~~~ Let I x1 • Then we can
S S 

. 
x2
S . .
x

write i’~X) as - * 2
~~~~~~ Xjd&’ )

PtX) (u/ rc ’  ~ycr~
2 ) e 1

2 * 
i•l

wh~ re~~ :<x1x1 > . 5

S This can be simplif ied by defining tI~c .(xX Matrices

— 

~~~~~~ 0 ... ~ and • 1IJ’~
2 o ...

- - 
• 

~ 
~~2 •••  o L  

• o •.. o
5 I..

S o
S ’ S  

0 ... dil . 0 0 ... 1,t~
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Then we can write l’(X) as 
- 

- 
S

K *TS X
S P(X ) (i/fr I~xf 

) ~~~

- Now consider a second set of random variables, y1,y2,.. .,Y~, hl~ich

- 
- are linear combinations of the x1,x2, . . . ,x~. ~e can define Y 

~ 
y~ ~

• 
y
l

S S . .

and write Y AX , where A is a non singular matrix whose dimensioa is i~*X.

To relate the ensemble averages ~ Y .Yj ~) to the x ’ s, we shall form the
S square matrix~fl~~~. Note that the ensemble avera ges in question are the

e1c~~ nts of<’f’> 
— 

dut<U T.>< ~~\
*lA*.~= A <~x~5 *T *T Thus

we can define 
~y 

— <H > — AQ , and will always be positive definite

hern t i tian .

- 
~e are now in a position to write the probability density function of

1, for it is the probability density function of the corresponding X,i.e.,

- i ~~~~~~ —1.• -P(~ ) = (N/sii~ 1~~I /

- ~N/~~ J~~f ) e~~~ 
(~ _l )*IR %_l 1

where N is a normalizing factor to assure tha t the integra l of RUt) over

all y~ c~iua1s ]•.

Then we can define R~= (A~~)
*ILLxf~, noting that Kf ~~

1
• *e can now

write . 
- 

•

P(Y) = ~~~~~ J~J ) ~ 1 •

• Ihus we can expect that under assumptions 1 and 2, the Gaussian distribution

for co~.p1ex variables should take the form of a constant times e to a

quadratic form in 1, and that the matrix in this quadratic form will be

• the inverse of the positive definite hern~itian matrix • Note tha t

the argument is reversible since any hermitian matrix can be diagonalized.
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