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\ 20. ABSTRACT (cont.)
the simplicity of antenna feed design and ease of pattern control makes
reactive loading attractive.

The antenna arrays investigated have both linear and two dimensional
lattices. Each antenna is characterized in terms of power gain , bandwidth,
and match. Several examples of magnitude pattern synthesis are presented to
show antenna pattern limitations for a given antenna geometry and excitation.
In add ition, an example using a double—frequency synthesis procedure is given
for reshaping gain versus frequency characteristics in the endf ire direction .
In this direction , gain is higher and bandwidth lover than in other directions.

The reactive loading equations for gain and synthesis error are nonlinear
equations which normally cannot be solved analytically. Therefore, numerical
techniques (optimization algorithms) are used to find reactive loads for both
maximum gain in a specified direction and a synthesized pattern.~~A br ief
sut~~ary is given of the major computer program subroutines used i1~ generating
the calculated results.
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Chapter 1

INTR ODUCTI ON

• • 1—1. Historical Background

The concept of reactively loaded antennas with parasitic excita—

tion has been studied by several authors in recent years [1—il]. The

following is a brief summary of important papers and reports written in

this area.

In 1961 Simpson and Tiliman [1) found that sidelobe control could

be obtained by tuning a reactively loaded center element of a parasiti—

cally excited circular antenna array. In addition to the center element ,

the antenna consisted of N identical parallel dipoles spaced uniformly

around the circumference of a circle. The antenna was excited by driving

one of the ring dipoles. By commutating the excited ring dipole, the

antenna beam was steered .

In 1963 Berry, Malech, and Kennedy [21 investigated an antenna which

consisted of a surface or aperture which was characterized by a surface

impedance and a primary radiator that illuminated this surface. An ex—

• - perlinental example consisted of an array of shorted waveguides illuminated

by a waveguide in front of the array face. By moving the short positions,

the beam pattern was steered .

In 1964 Coe and Held [3] obtained endf ire radiation from a slot

equivalent of a Yagt array of magnetic current elements. The antenna

consisted of tunable parasitic directive slots (shorted waveguides), a

parasitic reflector slot to reduce backlobe radiation , and a driven slot.

• 
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In 1973 Seth and Chow [4) found a significant shift of the center

operating frequency and a widening of the bandwidth for a center re-

actively loaded parasitic array of dipoles radiating in the endfire

direction . The array consisted of unloaded reflector and feed dipoles

and capacitively loaded director di poles.

In 1974 Mathur [5) found that beam scanning could be achieved for

a cavity—backed narrow slot array by varying the cavity backing widths .

From 1974—1978 Harrington and others investigated reactively loaded

parasitically excited linear di pole arrays [6—71, circular dipole arrays

[8—9), and waveguide—backed linear aperture arrays [10—11]. The exci-

tation scheme for all of the various antenna geometries consisted of one

driven element with the other elements parasitically excited and reac-

tively loaded. By varying the reactive loading, a directive beam was

steered .

In this dissertation a study is made of the reactively loaded

parasitically excited waveguide—backed aperture antenna array . A part

of the analysis involves the calculation of a half—space admittance

matrix. The calculation of half—space admittance (mutual coupling)

between apertures in a perfectly conducting ground plane has been

studied previously by several authors [12—18].

Borg iott l [12] obtained an expression for the mutual admittance

between two identical radiating apertures in the form of a Fourier

t ransform related to the  power pattern of the element .

In the first of two papers [13—14] Mailloux found the near field

coupling between two collinear open—ended waveguide slots by formulating • - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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the problem as a set of simultaneous integral equations which he solved

approximately by expanding the aperture field in a Fourier series. In the

second pape r Mailloux found the near field coupling between two closely

spaced open—ended square waveguide slots by a first—order analysis , based

on the method of moments [15], using a single—mode approximation to the

aperture field. He also presented an improved first—order analysis which

• used a higher order mode so1u~ ion.

A paper by Cha and Hsiao [16] and a dissertation by Hidayet [17]

• investigated a finite array of waveguide—backed rectangular apertures where

the apertures were the same size as the waveguides. In both publications

the quadruple half—space admittance integral was reduced to a sum of double

integrals by a coordinate transformation and then evaluated numerically.

The method used in this report for evaluating the quadruple half—

space admittance integral was published in 118—19]. The procedure assumes

a cosine aperture electric field . For apertures that are close together ,

the normal quadruple half—space admittance integral is analytically re—

duced to a sum of single integrals , which arc then evaluated numerically.

For apertures f a r the r  apart , the quad ruple ha l f—space  admit tance  integral

is ana ly t i ca l ly  reduced to a sum of double integrals , which a re evalu a t ed

numer ica l ly .

1—2. Statemen t of the Problem

This report considers an N element array of waveguide—backed rec-

tangular apertures radiating into a half—space region bounded by an electric

conductor (see Fig. 1.1). The perfectly conducting plate covers the entire 

•
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Fig. 1.1. An array of waveguide—backed apertures radiating into
half—space bounded by an electric conductor .
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• za0 plane except for the apertures. One ap~-rture is fed while the other

• apertures are parasitically excited . The aperture can be smaller than

• the feeding wavegulde. The parasitically excited apertures are reactively

loaded by plac ing e lectr ical  short c i rcu i t s  in the backing waveguides at

• variable distances from the apertures. By varying the position of the

short circuits , a directive beam can be steered through 180° in space.

The solution uses the method of moments applied to the integral equation

• for the equivalent magnetic current in the aperture region .

In Chapter 2, a formulation is presented for analyzing the reactively

loaded waveguide—backed aperture antenna array . The formulas derived have

been used to obtain computer programs for expressing the antenna character-

istics of power gain , bandwidth , and match for both linear and two dimen—

sional reactively loaded aperture antenna arrays. Some calculated results

obtained from the computer programs for several antenna cases are given

in Chapter 3. Several examples of single and double frequency magnitude

pattern synthesis are presented in Chapter 4. Chapter 5 summarizes and

suggests further research areas for reactively loaded aperture antenna

arrays.

This report contains two appendices. The first appendix is a

mathematical supplement to the half—space admittance formulation in

Chapter 2. The second appendix contains a summary of the major computer

program subroutines used in generating the calculated results.
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Chapter 2

GENERAL FORMULATION

2—1. Introduction

In t h i s  chapter  a formulation which uses the method of moments

is presented for analyzing the r e a c t i v e l y  loaded ap e r tu re s  antenna ar ray

problem . The basic approach i s  to use the equivalence princi ple [20, Sec.

3—SI to divide the problem into two separate regions. Once this

is done , the aperture characteristics are expressed in terms of two

aperture admittance matrices , [Y ’
~~) and [~

hs
1 which are independent of

each other. A sing le expansion function is used per aperture region to

minimize the number of multi plicative operations required for analyzing

large finite arrays.

A solution is obtained for the unknown magnetic current for

each aperture region by multiplying the impressed sources in the driven

waveguide by the inverted sum of the two admittance matrices. Once the

unknown magnetic currents are found , the antenna characteristics can be

determined .

2—2. Aperture Formulation

Figure 2.1 shows the problem to be considered and defines the

coordinates and parameters to be used . The perfectly conducting plate

covers the ent i r e z = 0 plane except for the apertures which are rec-

tangular in shape with side lengths a ’ and b’ in the x and y directions ,

respectively. The apertures are centered in the wavegulde cross sections.

Note that all of the waveguides have the same dimensions (a,b) and all of

the apertures have the same dimensions (a ’,b’). Also z is less than zero
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in the waveguide region and z is greater than zero in the half—space

region.

We first consider the probl~ n of a single waveguide—fed aperture

imp Imp
excited by impressed sources ~ radiating Into a half—space region

(see Fig . 2.2a). The equivalence principle Is used to divide this problem

into two separate regions as follows (see Fig . 2.2b). The aperture is

covered by an electric conductor . The fields in the waveguide region are

produced by the impressed sources SJ imP
~ MimP and the equivalent magnetic

current M

M = n X E  (2.1)

over the aperture region with the aperture covered by an electric conductor

and n Is a unit vector normal to the aperture . The fields in the half—space

region are produced by the equivalent magnetic current , —
~~~, with the aper-

ture covered by an electric conductor . The condition that the equivalent

magnetic current in the waveguide region is +~ and in the half—space region

—M, ensures that the tangential component of electric field is continuous

across the aperture.

Another necessary boundary condition is the continuity of the

tangential component of magnetic field across the aperture. The tangential

magnetic field over the aperture on the wavegulde side, ~~~ is equal to

= Himp + H~~~(M) ( 2 . 2 )

where H~~~1’ is t he tan gen tial mag netic f ie ld  due to impressed

sources

L -• • - - -S 
- A
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Is the tangential magnetic field due to the

equ ivalent magnetic source 14.

On the half—space side of the aperture we have

H
h5 

H
hS ( M )  = — }f

hS
04) (2.3)

The last equality in (2.3) is a consequence of the linearity of the

operator . Note that 111mp, 11w~(~) and H~~(M) are all computed with

• an electric conductor covering the aperture. The true solution is ob-

tained when of (2.2) equals 11
hS 

of (2.3) or

~w~ (~ ) + Hhs (N) = — Himp (2.4)

This is the basic operator equation for determining the equivalent mag-

netic current 14. In reality, only an approx imate solution of equation

(2.4) can be obtained .

At this point In the formulation we will extend our results to

consider the multip le aperture case where one aperture is driven by

• impressed sources ~imP M
imp 

and the other apertures are parasitically

• 
S 

excited . In this case the waveguide region is considered to Include all

of the waveguides and the half—space region is as before. For this case,

(2.4) becomes

N 1 0 i#NF P

11W~~(~~i ) + ~ HhS (Mi ) = (2.5)
• 
• 

I j l  ~ ~ _H
ITM) I = NFP

• — t
i

I = 1, 2 , . . . , N 
•



11

(N is the number of apertures and NFP is the aperture number correspond-

ing to the driven port of the array.) In Eq. (2.5),M~ is the equivalent

magnetic current for the Jth aperture . The subscript I denotes magnetic

field evaluation in the ith aperture .

Let

V~ (2.6)

where V~ is a complex constant to be determined and is an expansion

function to be specified. Substituting (2.6) into (2.5), we obtain

N 1 0 I~~~ NFP
v~ ~~~~ + 

~~
:
l 

v~ ~~%) .( (2 .7 )

I = NFPt i

I = 1, 2 , . . .,  N.

Next, we define the symmetric product <A ,B> of two vectors A and B by

JJ. A • B ds (2 .8)
aper t .

where the integral is over all aperture regions. Also, we define a

set of testing functions {w1, 1=1,2,.. .,N} which may or may not be

equal to the expansion functions . Then, taking the symmetric product

of (2.7) with the testing function }~~
, we obtain

0 i~~~ NFP

V1 <W1, H~~ (M1) + 
~~~ 

V~ <W 1, H~~ (M~ )> - { (2.9)

_ < W , H mp > i - N F Pi ti
i — 1,2 , . . . ,  N.



-~~ ~~ w— __ ______
~_ 5—.-— -..p-1

~i~~
___ _— _ ‘ ‘

~~

_ _ _ _  
- — - -

12

Solution of this set of linear equations determines the coefficient V~

and , therefore, the equivalent magnetic current M~.

Equation (2.9) can be rewritten in matrix notation as follows :

Define an element of the admittance matrix for the waveguide regions as

— 

~~~ 
<—W

1
, H~~ (M~)’ (2.10)

where is the Kronecker de l ta  funct ion

( I 1 _ i

(2.11)

i~~~j

and for the half—space region as

<-w 1, ll~~ (M~ )~ . (2.12)

The minus signs are placed in (2.10) and (2.12) on the basis of

power considerations. Def ine  an element of the source vector as

NFP 
N W

1, H~~~ > (2.13)

and a coefficient vector

= . (2.14)

The resulting matrix equation which is equivalent to (2 .9 )  is

1~wg 
+ ~hs

1~ - ~ tmp (2 .15)

The physical interpretation of (2.15) is that of two generalized

admittance networks , EY ~
’5) and 1~~hS

1, in para l l e l  with the current

__-- - • - .  —--~~~~~~~~~~ ~~~~~--~~~~~~
--
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~ imn
source ~ 

r~ By inverting (2.l~ ),we obt ain the  r e s u l t i ng  vo l t age

vector V which is the  vector of i - c e l l  Icients which determines M

- 1~
wg 

+ ~hs
1
_ l  -p imp (2 .16)

The expansio n (M 1) and test ing (W
1
) functions are defined as

- - - 

~~ 
P

1
(x , y)  cos 

~
j- (x - x~) (2.17)

where

Y~ 
— Y ‘- Y 1 

+

P
1
(x,v) — (2.18)

0 a l l  other x ,  V

2-3. Determ ination ot

To evaluate the aperture admittan ce In the wavegulde region

(2.10), we consider two separate cases. The first case will be the

aperture admittance for the driven wavegu ide while the second case will

be for the shorted wavegu ide (reactive load).

2—3.1. Dr iven Wavegu ide A erture Adm Ittanc e

Consider a single expansion function on the z—0 plane in the

i th waveguide reg ion where i = NF P .  The ta nge n t i a l  f i e l d  pr oduced by

ca n be exp r essed in modal Ions as [ 20 , Sec . 8 — l i

• _____________- 
-• •- --— • - ----- ••
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~w~~(M )_  
~~A e~

’
~~~ e-t  ~ k 1k -k

(2 .19)

Y e k u X e
~ t ~~ k i k k  -z — k

where are modal amplitudes , are modal propagation

constants, 
~k 

are modal characteristic admittances, and are

normalized modal vectors. The modal vector orthogonality relation—

ship is to ~~~if e~ds — (2 .20)
guide 1 i j

where the integration Is over the wavegulde cross section. At z—0 , we

have

x 
~~~~~~~~~~~~~ 

= 

~ 
A1~u ~ 

~k 
(2.21)

Multiply each side of this equation scalarly by u X and integrate

over the wavegulde cross section obtaining

Jf ~~ 
. u x e~ds = ~ Aik if ~~z 

x 
~~~ 

• (u x e~)ds . (2.22)

guide guide

I I By orthogonality (2.20), all terms of the summation are zero except the

kj term. Hence

Aik 
— Jf ~ ~ 

~k 
ds . (2.23)

apert.

We have replaced the integral over the waveguide cross section by one
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over the aperture since H
1 
exists only in the aperture region. Sub-

stituting the second equation of (2.19) evaluated at z 0  into (2.10),

we obtain

- 

~ 
A
ik ~k JJ ~~ 

x 
~k 

ds . (2.24)

apert.

Since — W 1, (2 .24 )  becomes

~vg~~~~ 
~~A

2 Y
ii i j~~ 1k k

— 

~~~ 
{
~ [(A ~~ ) 2 ~TE + (A ~~)

2 
~~~i )  (2.25)

where A~~ and A~~ are respectively the TE and TM modal amplitudes while -

•

~TE 
and Y~~ are respectively the TE and TM characteristic admittances.

and A~~ ar e  obtained by first splitting the e
k 
into a set

of TE modes given by [20, E q u a t i o n s  (8—34 , 3—86), and (3—89) and Sec . 4—3]

/TE - I m m  n mltx
.
~rn+n(L +l) 

- j  (mb)2 ~~~~~)2 ~x h a ~ b

-

• 
— 

~y ~ sin ~~~~~~~ cos (2.26)

Is = 0, 1 , 2,..., Lm 
m + n ~~~~O

n 0 , 1, 2 , . . . , L
• n

m 0

m~~~~

and a set of TM modes given by 

—

-~~ I
. 1  _ _ _-_ _ _  •_ _  --- - _ _•-•_ _ _ _
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+ u sin m~~ cos (2.27)~ y b  a b

m — 1, 2 , 3 , . ..,  L

n = l , 2, 3,... L

Note that Eqs. (2.26) and (2.27) are valid only when the origin is at
the corner of the waveguide.

Substituting (2.17), (2.26), and (2.27) into (2.23), we obtain

- JJ M1 • 

~ z ~ e
TE 

ds
apert.

= — I(m,n) (2.28)

C m = 0 , 1, 2 , . . . ,  L
k m+n(L +1) m+n~~~ 0

n = 0 , 1, 2 , .. . ,  L

and

TM ir TMAlk — Jj ~ i 1’z X 

~k ds
apert.

= 

~~~~ ~/‘i~~~, I(m,n) (2.29)

~~~~~~~~~~~~~~~~k — m+(n—l)L

I__. ~~~~1, 2,3 ,..., L
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where

lU~ 1111 ~k — ~ - )
~~ * ( (2.30)mu ~ a b

(a+.i ’ l/

1(m ,n) — dv cos 
~~~ f dx cos , (x — ‘

~ ) sin 
m tx

(b—b ’)/2 ( i t ’ l - ’ ’

sin
2 h ‘ I n nina ‘ 2 h

— — n~a~’ ~~ 
- - — sin 

-
~ cos cos - - - --

~
— ,

~
- . (2.31)

(
IS 

— - -
~~l 2b

.~~ a ’

I f  (a/ a ’ — m) In ( 2 . 11 ) .  t h e  ~~~~~~~ (mna ’ / 2 . i ) / ( m /f — l/ a ’ )  te rm is to be

replaced by its limit ~— na ’ /4). i t  n is zero in ( 2 . 3 1) , the  sin ( )/( )

term is to be r ep laced by u n i t s ’ .

character 1st Ic admit t anc ~~~~ of a rec t angu I .tr wavegu ide with

rt ’ Lit  ive d le l  ec t r li~ cc nst .mt  r and r i ’ I a t  I ye permeab I l i t  v u n i ty  ar e  c lass  I—

fled  as e i t h e r  TK admit tances Y or Th admi  t t a n c e s  g iven by 120 ,

Sec . ~‘. — l l ,
( k

— _l_ •~ ~ ~~~~~~ 
— k ~ ~- k11 \ k r r mm

= ____________ (2 .32)
I 

~ Jr  
- ( mu ) 2 k ~‘ k

( in = 0, 1 . 2 I
I is

i — m+n(L + 1) ~ m+n ~ 0
is I

n 0 , 1 , I.n

and 

~~~~ 1 
•
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(
_______ ~~ k______— - r mn

/ ( Jhi.Il )
— 

~I k 
(2.33)

~~~ ~~k
fl -~~ - - -  r mu

I —

( is — 1 . 2 , 1 1.m
I — is + (n—Ill.

is

n — 1 , 2 . 1 Ln

In ( 2 . 32 )  and (2. ii) , n is the char ac!  c r E s t  Ic impedance of f r e e  space ,

k is t he t roe spat ’ e wave number • anti k is the cu t  01 f wave number given
mu

by (2.~~0l .

2— 1 . 2 .  R t J ~o a d e L W e ~~~~~~ At~:r tu re Ad tt ane e

Consider  a s i ng l e expansion f unc t ion on the z 0  p l ane  in t he

wavegu ide rog ion for the it h wavogu Ide where I # NFl’ . A short is p laced

at z — — d
1 

with respect t o  t h e  aperture. The t angen t  Ia I f i e l d  produced

by where en Iv  t he  dominan t  mod e Is p r op ag at i n g  Is

-
~~ (2d +~~) -“ I

~w~ (~1 ) — A’ (e ° — 
° ‘1 e + A’ e k c— i  Ic — o  1k — k

( 2 .  14)
—

~~ (2d  • +..l

11
wg (~1 ) — — A’ i’ (e 0 + ~ ) u \ e

.t
1 

—i ic 0 — •‘

5’-

— V ~~‘i  e Ui k k  • z  — kk —i

• wher e the  suh s ’ c i  pt o denotes the domin ant  mod e and ‘ dis t inguishes  A
~k

I ron 
~~~~ k uset i  in the pre’v b u s  sect ion .  In (2  . 1 4) ,  d 1 is assumed to be
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s u f f ic i e n t  lv  l . I r g c  so t hat  no ~~~ s c e nt  modes ar c  ~~~ ~ i et’ ted I’v the

short.

At .‘ — 1) , we hav e

M — u -.~

- 
5
. 0

— -‘1 d
- A ’ I — e 0 I ) ~ ~ ~ + A ’ u ~ e . ( 2 .  IS)lo ~~° k ~~

Mu I t  Ip I v each side of ~~~~~ 1~~) sca I at l v  ~~~~ u ~ and i n te g r a t e  over

the w .t vt ’gu ide  cross sec t t en  oh t a a t ~~~

Jf M • - A~~~ 1 ‘ 
(u \ e l  (U \ e )ds

guide ’  gu i t I t ’

+ A ’ 
- 

(ti \ e • (u \ e Ids . ( 2 .  It) )
LI - .‘ * k - -~~

g u i d e

lIv or t hogona I I t  v , a I I  t e r m s  ot  t he summ.i C I en i n  I. —
‘ . I t-~) at e  -

. cro exc opt

the k— I t e r n t .

A ’ — - - • - 
~l • ti \ e dsio — - I  d

1 j i  — I
I — e a p er t

- -- 

A . 
(2. 37)

1 — e ~

— A ik  
— Jj ~ i 

“ 

~k ds .

iper  t(k ~~~ 0)

Sub~ t i t u t  ing (2. 17 1 and (2. 18) Into (2. t.~) and t h e n  stihst Itut ing (2. 1-e l

in to  (2 . 10)  • we obt  a in - •

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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— 

~~~~~~ 

<-44
k , 

H~~ (M~ ) ”

(i # NFl’)
-2y do i

1S (A ( i + e  
~~~ If M •u  X e  ds

ij io —2y d 1 o j j  ‘- I  z —o
(1 — e ~ ) apert.

+ 
k= 1 

Aik Y k if ~ i ~
1z ~ 

~ k ds}

• apert.

• -2y d
1

=~~~~ (A 2 
~ 

( 1 + e  ° 

~~ + v TE~ 2 TE
ij io o —2y d . ~- 1k’ ~

‘k
o i  k—i

+ (A~~ ) Y~~ ] } . (2.39)

Subs t i t u t ing j~ for  in (2 .39) , we obtain

= {— j A~ Y0 cot ~~d . + 

~ 

[( A ~~ ) 2 ~~~ + (A~~)
2Y~~ 1} . ( 2 . 4 0 )

2—4 . Determination

The f i r s t  part  of this  section wil l  derive the aperture admittance

in the half space region (Yr) while the second part will treat the singular

points of the integrand s for the single integral representation of Y~~.

2—4.1. Derivation

Since the aper tures ar e cover ed by conductors, the z=O plane is

a complete conducting plane and image theory applies. The magnetic cur—

rent expansion functions are on the surface of the z 0 plane. Their

images are equal to them and are also on the z0 plane. The result is 
I - •

.

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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‘I 
I

that [~
h5
] is the admittance matrix obtained using expansion functions

2M~ radiating into free space everywhere. Therefore, (2.12) can be

written as

Y~~ = - 2 <W1, H~~~(M~ )> (2.41)

• where H~~ (M~) is the magnetic field in the ith aperture region produced

by ~~ radiating into free space. The magnetic field H~~ (M .) can be ex—

pressed in terms of an electric vector potential and a magnetic scalar

potential as [21]

S
(~~~) = — iw~’1~ — (2.42)

where

~ r r  e
_jk

~~~~ ’ I
F . .  = — I I  M . ds (2 .43)-.
~~3 4~ ~~ ~~ ir  —

• apert. -‘

i e_j kJ E
~~’ I

~iJ 
= 

~~~~ ~r - r ’~ 
ds (2.44)

apert. - —
~~~~~~~~~~

= 
— •

1 (2.45)

where r and r ’ are respec tively the vectors to the f ield and sour ce

points, w is the angular frequency, E is the permittivity of free

space, ~j is the permeability of free space, and k is the free space

propagation constant . Substituting (2.42) into (2.41) and using (2.8),

we obtain

Lai ‘ I  
~5-—• -- - 5- — 5- 5
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= 2 if W
1 

• (j wF
1~ + V~ 1~~)ds . (2.46)  1:

apert.

Because of the i d e n t i t y

0 - if V • (~ 1~
W
1
)ds = if • V~~1~ ds + JJ ~~~V • W

1
ds , ( 2 . 4 7 )

apert .  ape r t .  ape r t .

(2.46) becomes

= 2j w if (F~~ 
. + q

11
p
1
)ds (2.48)

apert.

where
y • ~~ i

= — ----~--—- . (2.49)

Substituting (2.17), (2.43), (2.44), and (2.49) into (2.48), we obtain

•~~
y + - ---- x +~~~—1 , 2  1 , 2

hs I ( ~~ I
= 

TtJ~~~) J dv dx cos —,- (x — x 1)
5) X

~ 
—

b’
Yj  

~~~~~~ 

X
j  ~~~~~

• dy ’ dx ’ cos - - (x ’ — x ) C(~~~
’ — x , y ’ — y)

~ b ’  ‘~ a’ 
a j

Yj  T X
j  

_
~~~~~~~

b ’ a ’v - -— - x + —
- i  r 2 1 r 2

— —~~~-~~~~— J dy J dx sin ~~ (x — x~)
wtj a ’ h’ b ’ a

— 
2 “ 1 

— 

2

b’ 1’
Y j~~~~~~ 

X
j~~~~~~~~

dy ’ dx ’ sin —r (x ’ — x 1 ) (‘,(x ’.-x , y ’—y)
a j

Yj  
— 5-Tifl — 

2 (2.50)

‘

~~

5

H-

L . - 
_ _ _
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where / 2 -,
—j k V (x ’ —x ) + (v ’—y~~

G(x’-x, y ’-y) - -~~---- - - — -~~~ - --—~~~~~~~~~~ -- - - -  . ( 2 . 5 1 )

• 
.

Substituting the coordinate transformation x ’ — u + x and y ’ — v + y

into (2 .50) , in te rchanging  the  order of i n t eg rat ion  and c a r r y i n g  out

the integrations In the two variables x and y (see Appendix A .1), we

obtain

V —y

~ij 2nna ’b’ ~ d v ( K
1
+v)

— y

J du G(u ,v ) [ ( K 9+K 3
u) cos + (K

4
+K 5u) sin ~~1

x
1

—x
1

—a ’

X — x +a ’

+ J du C( u ,v) [ ( K
7
-K .1u) cos + (K

8
—K
5
u) sin ~-~- 1 1

X
j

X
1

x
1 —x 1

+ 
- f dv(K 6-.v)[ du C (u,v)I (K2+K 1u) cos + ()(

4
-4-K

5
u) s in

x I
— x 1— a ‘

x — x +a ’
+ J dii C(u ,v) (K

7
—K 3u) cci s + (K

8
—K

5
u) sin  ~-~1 I } (2 .52)

x
j

_x
j

- 

. . . (constants K
1 

— K8 
are defined En Append ix A .l). I 

-

‘5
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Equation (2.52) can be further reduced by substituting the coordinate

transformation u — p cos 0 and v — p sin B into (2.52) and integrating

out the p variable to obtain (see Append ix A.l)

02

2irna ’b ’ EK 1EK2
L
1
(0) + K

3
L

3
(0) + K

4
L
2

(O ) + K5L4(0)1
0

1

(I)

+ [K 2 L5(0) + K 3L7
(0) + K

4
L
6

(0) + K5L8(ofl ] dO

04
+ f [K

1
[K
7L1

(0) - K
3
L
3

(0) + K8L2(O) - K
5L4

(0)]
0
3

(II)
+ [K

7
L
5

(0) — K
3
L
7

(0) + K
9
L
6

(0) — K
5
L
8(0)1

j dO

05
+ J [K

6
[K
2L1

(0) + K
3L3

(O) + K
4L2

(0) + K
5L4(0)J

0
4

( I I I )

- [K
2
L
5
(0) + K

3L7
(O )  + K

4 L6
(0) + K

5L8
( 0) ] ]  dO

07
+ I [K 6[K

7
L
1
(0) - K

3
L
3

(0) + K
8
L
2

(0) - K
5

L
4

(0 ) 1

• 

. 

0
6

( IV)

— [K
7
L5

(O) — k
3

L
7

(0) + K
8L6

(0) — K
5L8

(0))]}dO (2.53)

(consta nts L1(0) — L8(0) are defined in Append ix A.1).

-5 -•~ -—- •—---- —~~~ —--- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ::55-..._~ ~~II_.~~5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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2—4.2. Singular Points of the Single In teg r al Formulation of Y~~

The integrand of the single integral representation of Y~~ (2.53)

has removable singularities when ka’ < it . When e i ther J - -  co n 0 — k~ < c

(small value) or cos 0 + k i  < c , we replace equations (A .25—A.32)

by their respective limits. For an example , consider Eq. (A .2 5 )

L (0)  =~~J~ ~~~ 
— M

2
(0) M

3
(8) — M

4
(0)

1 2 M5(0) t.Io (O)

j p  ( O ) ( — - cos 0 — k) j p  (O)( - - cos 0 — k)2 a 
— e  1 a

5) IT(— ,- cos O — k )

—jp
2

(0)( -- - cos (1 + k) —j p 1
(0)( - - -- cos 0 + k)

e — e  } . (A.25)
(
~~ cos 0 + k)

If cos 0 — k i  < ~~, then by r e t a i n ing the first three terms

of the Tay lor series for the exponerttials In the first half of (A.25),

we obtain

L
1

(B) = ( 1 + j p
2

( 0 ) (~~ cos 0 - k) - 
~ 2

(0)
~~~~ 

cos 0 - k) ) 2

—1 — j p1
( 0 ) ( — -  cos 0— k) + f [p

1
( 0 ) ( — -~~ cos 0 — k ) ] 2

—i- cos 0 — ka
M (0)-M (O )

6

If we take the limit as — -  cos 0 approaches k for the f i r s t  hal f  of

(2.54), we obtain 

- ~~~~~~~~~
• •• • • .

~~~~~~~~~~~~~~~~~
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M ( 0 ) — M ( E l )
L1

(0) — 
~~ 

— + ~ M
6
(0) ~ • (2.55)

H If 
~~~

- c~ s 0 + k i  < c , then by re tain ing the f i r s t three terms

• 
- 

of the Taylor series for the exponentials in the second half of (A.25),

we obtain

M (0) — M2
(0) 

~L
1

(O) = _~~~ 
~ 

1 
M
5

(O) ~ + ~~~ 
(p

2
(0) — P~~

( 0) )  . (2.56)

The results for app lying the preced ing procedure to Eqs. (A.26—A.32)

can be found in Append ix A .2.

2—5. Gain Formulation

2—5.1. Determination of Measurement Vector —

A linear measurement is defined as a number which depend s l inearly

on the source. Measurements made in the half—space reg ion will depend

linearly only on the equivalent current — .

Consider the measurement of a component H of magne t ic f ie ld  a tm

a point r in the half—space region for a single aperture I (see Fig . 2.3).

It is known that this component can be obtained by plac ing a magnetic

dipole K~ at r , and applying the reciprocity theorem to its field and

• to the original field [20, Sec . 3—8] or

H K Q — — 11 Mi • H
m ds . (2.57)

m m  jj
apert .

Here 11
m is the magnetic field from KQ in the presence of a complete

-m

conductor , and H is the component in the direction of K~ of the
m -m

5-— — 
~~—~~~~

-- .
~———-*—u-.
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mag ne t ic  field at  r due to —M 1 
In the presence of a comp lete conductor .

To eva luate  (2.57), substitute for and obtain

H K ~ = V
1 

<— M~ , H m S S 
. (2.58)

Now since K~ is rad ia t ing itt the presence of a comp le te conduc tor ,

image theory app lies. The result Is that the tangential component of H

over the aperture from K~ when the z=0 plane is covered by a conductor

is equal to twice what it is for the same source in free space. Hence ,

= 2 . (2.59)

mo denotes the t angen t ia l  component of ii over the aperture from KQ .

when it rad ia tes  into free space. Using th i s  fac t , (2.58) becomes

11K ~ = 2 V 1 <— M
1
, ~~~

= l~ V 1 (2 .60)

where

= -) <— M• i — 
I

’ C:
5

¶ = — 2 if . H’~° ds (2.61)

apert.

• A case of specia l interest is that of f a r — f i e l d  measurement .

This is obtained by a procedure dual to that used for rad iation and

sca t te r ing  from conduct ing  wires  [151. To obtain a component of H on

the radiation sphere , we take a source K~ perpendicular to r and let

r -
~ -‘i. At the same time we adjust KQ so that  It produces a unitm m

I-

.5= - -~
_
~-•~ - 

_ .55.. • ____________

—5-—
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plane wave in  t he v Ic i i i  i t  v ol lie r I c~ in  . Tlii’ r ( ‘qi l  I red ~1 I po I e moment

is given 1w

~ 511~I~
— 

- 
e (2 .

1’l Ill

and the  p l a n e  wav e I to  Id  i t  pr~ ’ I u t -e~ In  t he  vi I ’ in  I t s -  c ’t t h e  or ig in

is
—~ k • r

— ~ 

- 111 (2  .63 ~

Here u is a uüit vec t or in t h e  di  r ,’c ion of 11
1110

, k i s  the  prop:lg.i t ion

vector , and r is the  rad ius vector t o  - in a r b i t  i- ar ~- I t e l d  p o I n t  - Sub—

st it u t  ing (2 .  63~ Into  ( 2 . 6 1) ,  we oh t  a in the components P~ ( ~ , 4’) of the

f a r — f i e l d  measurement  v cc tot ~~ where

(0 . -~ = — 2 • u t ’ 
- 

2 
(2  . b4 )

apert

(the symbo l is used for t Ii Is p a r t  I cut .ir nc isuremen t v e c tor  to  d is—

t Ingu ish it f rom a more general m e a s u rem en t  voc t or cm 1

‘l~ o measuremen t v ect ors of I n t e r e s t  a re  (p 111) and (P~ 1
l x x

(P~ ) is fo r a w polar  1:-ed measurement  in  t i le  x 0  p lane whi l e

(em ) ,~ is for  a ii 1 p olar  L’ed measurement  i l l  the  -~‘ — constailt plane.i L, — t

m - 111(P ) is used to obta  in i — p  1 an..’ p at  t e r n  g i  I n  wh l i t ’ (P 1 is ii~ ed t oi xx 1 1 ,

obtain H—plane pattern gain.

-—
I ,  

~~~~~ --- 
.5
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(em ) = —2 11 t.t • ~ 
j k y  cos 4’

I xx jJ — i .x dxdy
aper t .

a ’ b’

= 2 JI~ç , j
’ 

dx cos~~~i- ( x— x~ ) 1f
2

e1~
(3

~~~
05

~~ d y

4 .lky1
cos -~ sIn( ~~~— cos 4’)

= ~~
- /2a ’b ’ e —

~~~~
--j—- --———-— . (2 .65 )

COS 4’

For 4’ — ~~~, sin(~-~-— con 4 ’ )/ (~-~---- con 4’) in (2.65) is to be replaced by

its limit one .

(P~ )
04’ 

= - 2 if • ~ ~i k (x c o s0 +  Y sin O cos 4’~ d xdy

ape r t .  b’ a ’

— 2 j_—~~i- sin 0 J dy ~
iky sin~~cos 4’

X 1 2 con ~~~~ 
(x_xj)e

i~~~
C0
~~dx

X~~~~~~~~~~~

ka ’ -

_____ 
jk(x~cos04- y4 sin 0 cos 4’) cos (—~-- cos 0)

— — 4iW2a’b t sin 0 e 1 

2 2 2 2
Ti —k a ’ cos 0

kb ’sin (—s-— sin 0 cos 4’)

kb ’ . (2 .66)
—~----sin 8cos 4’

For 0 — 0 or ii or 4’ ~~~, the sth ()/( ) term in (2.66) is to be replaced

by its limit one. For 0 = cos (j~—j), the cos(1— cos El)/(TT — k 5- a ’ cos 0)

term in (2.66) is to be replaced by its limit

—.5- • •~~~~~~• • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~~• . • • I 5 ~~~~~~~~~ -_-~ -._5- .5.5
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2—5.2. Determination of Pattern Cain

If we extend the preceding development to the multiple aperture

case, (2.58) becomes

N
I I K ~ = 

~ 
V~~~ _ M , Hm >m m i~~l ~ ~ t~~

-rn-’
= I V (2 .67)

where 1m is the transpose of the measurement vector

= 1<- M~ , 11
t
1

1 Nxl (2.68)

¶ If we adjust Ki so tha t it produces a unit plane wave in the vic inity

of the origin (2.62), then substituting (2.62) and (2.64) into (2.67),

we obtain the far—zone magnetic field

—jkr
H 7~~~~e 

m j m ~~ (2.69)

The usual two radiation componer.ts l1~ and are obtained by orient—

ing K~ in the 0 and 4’ directions , respectively.

The complex power P
t 

transmitted through an aperture is

*P I I  E ’ H  • u d s
C: j j  - 

apert .

if *

j J  
N • ii ds (2 .70)

apert.

(* signifies complex conjugate).

Since this transmitted power is only dependent on the tangential con— .5

ponent of H in the half—space reg ion (f l ~~~~~(— ~j ) ) ,  (2 .70)  becomes for  the

multiple aperture case

r T~~~:
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= — 

1=1 ~ V . V . 

~ff 
M

1 
• (H~~~(M

1
) ) ds

apert.

- hs ~~ -~-*V E Y I V . (2.71 )

The gain (ratio of rad iation intensity in a given direct ion to the

rad iation which would exist if the total power , ~~~ were radia ted

uniformly over the half—space region) associated with the u coin—

ponent of the magnetic f ie ld  in the half—space region (z > 0) is

given by
2 2

2irr il ~ H I
C = 

Real 
(2.72)

L
Substituting (2.69) and (2.71) in to  (2.72), we obtain

• 
- 

= — (2 73)‘ 8Tr ri Real (~~[Y hs ] *r)

The reactively loaded array gain is obtained by substituting

(2.16) into (2.73)

G 
~~~ Real [~

wg
÷1

hs
)
l*~imP*) 

. (2.74)

• The maximum array gain with all of the elements excited can be

found as follows . Using the fact that [y
hS

1 = [0
hs

1 + j[B
hs

J and that

~~hs1 is symmetric , (2.73) can be written as

2 -1m _m * - ~* 
-

~~~~~~~~ “ . (2.75)
-

• 8x~ V ( C 1’
~~1V

.5 - -5-- ——- .5 -.5 =.=I•= — . _ .~ - - ——I- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—-



— -~~~ 5- - - ——  —.5- — 
~~~~~-——, — - _ _

- - 
—

33

I f V is over the complex f i e l d , the s t a t i on a r Y  p o i n t s  of ( 2 . 7 5 )  are

eigenvalues 8m C ,k  of

~m ~m * ~* 8:ri C [C h5 p~* 
. (2 76)

hs ~~~~ - *Si nce C is pos i t ive  d e f i n i t e  and P P is posit ive se mi d e f in i t e ,

-‘rn ~al l of the eigenvalues are zero or pos i t ive .  Furthermore , since P ~p

is a one term dyad , al l  eigenvalues are ze ro except one . To f ind th is

non—zero eigenvalue , we substitute (2.75) into (2.76) and cancel the

~.* **common term P V to ob ta in

-
~ 

—‘rn
hs -.- *P = ——--

~

—-—— --

~ 
[C ]v . ( 2 . 7 7 )

~‘[C 
Is

I V

The quotient term on the right side is just a comp lex number which we

*shall denote by 1/C . The required voltage distribution is obtained

by inversion of ( 2 . 7 7 )  which is

-‘ hs _ 1 -~m*V = C [ G  I P . - ( 2 .78 )

Subst i tu t ing (2 .78)  into ( 2 . 7 5 ) ,  we obta in

= ~
m

K
hs

1~~
l ~m* ( 2 . 7 9 )

max 8Tir i

G a 
is the max imum gain tha t can be obtained by using complex

equivalent sources for  exci ta t ion .

_ _ _ _ _ _ _  -~~~ - - .~~ ~~~~~~~~~~~~~~~ 
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2—6.  D e t e r m i n a tI o n  of R e a c t i ve  Loads which Resonate Complex Equivalent
Voltages

In the nex t chap te r , reac t ive  loads which resonate the complex

equivalent voltages required for max imum gain are used as a starting

poin t in an optimization subroutine which determines the final optimum

load s for a given array rad iation requirement. The reactive loads which

resonate a vector of complex equi~’alont voltages are those load s which

minir~i~~c the  :i~ r~ ~ f t he  v e c tor  o~ s~~~r c e  cu r r e n t s  r eç u i r ed  to  n a i n —

tam V.

The current source I required to produce the complex vector of

equivalen t vo l t ages  required  f o r  maximum gain in a loaded waveguide—

fed aper ture antenna is 
.5

-‘ hs w o - ~I = [ Y  + Y ~~’1V

= [y hS + R e ( Y ’
~~I + i B~~1\ (2-80)

where [B 1 I is a d iagonal  m a t r i x  whose e l emen t s  B
L are rea l .

.5 
i

We ca n f ind the rea ct ive  loads B T b y min imiz ing  the source cu rrent
• is

norm I I I .  Since I I I  is stationary with respect to the reactive loads

at its minimum , we wri te

~I~~
2 ~~ (Y 1

~ + Re~ Y
Y
~~ + j

=

* hs -
~

= 2 BL I V .V  + 2 Imag tV . ( [ Y  + Re [Y I I V )
1

}

I I 
= 0 (2.81)

for all i where ( ) j  denotes the ith component of the enclosed vector .

Solving (2.81) for B
L • we ob tain
i

$ 

1

-

5-— • -~~—

~~ L ~~~~~
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B = — 
2 

Ima g {V*( [Y hs 
+ Re[Y~~ I]~~) 

} . (2.82)
Li iv~i i i

For all i except 1. = NFP, these loads can be realized by adjusting

d1 in (2.40) . 
1

In general , B can not be realized because (2.25) contains
~~~~

no adjustable parameter . However , since only the NFPth waveguide is

driver., B
L 

being in parallel wi th the source , has no effect on the
NFP

shape of the radiation pattern and the strength of the pattern can be

controlled by adjusting the strength of the source ~~~~~ Therefore,

control over B
L 

is not essential to pattern synthesis.
NFP

2—7. Determination of Relative Power Transmitted (RPT)

Consider the fields transverse to the z direction in the driven

waveguide j where only the dominant mode propagates

- Y z  Y z
= (e ° — e ~ )e +

3
~~~~~~~~ - r z

(e — e )e + V . ~ A . e e
° 3 k j k

[e ° + (V
1
A~0

_l)e ° 1~ 0 
+ V~ ~ 

Ajk  e 
~ k 

(2.83)

k~~~0

-Yz Yo
z

H (z) Y [e ° — (V.A . — 1)e I u X e
&t
j 

0 .1 30  -z -~o

•
— V ~ A . Y e u x e (2 .84)

k jkk ~z ~-‘k

k #  0

L 
. 5 ,  

- — — -•- - .5 -



-.5- -—-—.5 _
t
_ 

,-‘
.5-, —5-. —-.5-- - .5 - —

~~~~~~~~~ 
.5— - .5-..

-.5— - -

-5—-- --—

I h

where the index o denotes the dom i n a n t  mode , (e 
— 

0 
— c 

0 
)c  Is the

field due to impressed sourceo when he a N’ r t u n ’  i $ c I ost’d w i t  h per Icc

conductor , 
~k 

are t tie modal pr opag. t I  on ~-oiis t ant s , A 1k 
.1 re ’ t he’ mod a l

constants defined by (2 . 28) - intl  2 . • V I t he unknown ma gn et  I c  cui - rt’n

coefficient detern ~ned by ( 2  . I h) . and I he ‘1 k 
a r t ’ mod.t I i - ha ra , - t or 1st ( t ~

admittant-es defined by (2.12) and (2. I I )

I f  we del I no t he ro E a t  I ye ’ power t r ansm itt ed (RL’T ’) as the real power

transmit ted divid ed by t h e  rca I I n c  td~’t t t  power In I he ~i r ly on  wave’gu til e ’ .

we have

~,( I ( f_ f 
~ 

• ii dsI

RPT — 
0p trt. 

. (2 .85)Rea l Power Inc  Iii O u t
•

Subst Itut lug (2.81) aail (2.84) lot o (2 .$~~) • W e’ have -

RPT . = 

RO I Y (Vfj ) ( 2  \~~ A~~~) I

= Re (A ( .‘V - ~\ . V . I~
” 1~ (2.86)to •l II I

where the subscript j on Rl’T (I t’no t co t he i t  h w .ev ~~gu (di ’ (d r lv en)

Equat ion (2 .86) r ep resen t s  a paraune t en w li  i e ~ti I ud 1 -a t os how w ell t he’

wavegu ide array is matched ( how nine Ii power i s  r~td t a t  ~‘d ol t he’ I n’ I —

dent power).

_ _ _ _ _ _  .5--- —-.5- --
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2—8. Conc lusIon

In t his chapter an app r ox imat ion  to the boundary va lue  problem of

-
- an antenna a r r ay  of reactively loaded apertures has been reduced to a

- m a t r i x  f o r m u l a t i o n  using the method of moment s .  Equat ions  for determin-

ing waveguide and h a l l — s p a c e  admtttancos , power gain , r e l a t i v e  pow er

t ransmi t ted , maximu m a rr ay gai n w i t h  a l l  of t he elemen ts  ex ci ted , and

reactive loads which resonate complex equ ivalent voltages required for

.5 maximum gain have been fo rmula ted  in term s of the derived model . Some

• numerical resu l t s  are presented in the next chapter .

.5’

V 

.

.5.5 - - . 5  ---.5 .5.5— - .5-
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1 Ch ap te r I

t’t I ( ~t ’ l~~l ’Fi ) RI ~$LI 1.1’S

• 3— i. I n t r o d u ct i o n

In t h i s  chap ter  r e s ult s  i re  presented for  rear I lvt’ l y I oaded aperture

antenna a r ray s  us ing  computer programs (see AppendIx B) based on equa t ions

-
.5 I 

derived In the  pr oc-ed l ug chapter. Examp les chosen for  ( t o t a l l e d  t - om put a—

t ional effort are three  d i f f e r en t  nine’ element l i n e a r  ar ray s  and a 27 cli’—

ment two d imens iona l  a r r ay .  The r e su l t s  i l l u s t r a t e ’  the ef f e c t of d i f f e r e n t

.5 array parameters  on the ar r ay  e-h a r a t - t  cr 1sl  I -s of bandwid th , match , and

power gain.  in add i t  t o n ,  t he  e’ f fec  t. of wavegu Ide- shor t  p o s i t  I on (react  lye ’

load) pert  urba t ions on the  ga In and bandw I dt  Ii e-ha r ae - t cr1 s t i c s  of the  an—

.5 t enna ar ray  Is p resented

1—2. DefinitIons

I t  Is conven L en t  a t  t h i s  p o in t  t o  d e f I n e  several terms wh Ic Ii are ’

.5 used th roughout  the  c h a p t e r .

The u s e f u l  handw L d t  ii of au ant e-nna depends In genera l , on both I t  s

.5 1 admittance and pat tern cha rac te r  1st ic -s .  ‘rho rela tive power t r a n s mi t t e d

.5 (RPT) over a f requen cy  range Is one- measure of t h e  bandwidth assoc ia t ed

- 
with the antenna ar r a y ,  i t  depends on both  the  d r i v i n g  wave a d m i t  lance’

and the input  adm I t t an ce  of the  ant enna a m a y  . An oth er  measure is the

pa t te rn  bandwidth , expressed in terms of t h e  3 eiB (ha l f  power) p o in t s  of

the power gain p a t t e r n  over a f r e q uen cy  range.  Bot Ii bandwid th  measures

_ _ _ _ _ _ _ _ _ _  - 
-—--5-—-
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1

(RPT tOil pat t e r n)  can be’ spec I f  ted as the rat to of f, (upper f r e q u e n - v

l i m i t )  — c I (t ow e r ~ r equen c-v l i m i t  ) to  t~ (center frequency) , or in

.5 percent as

1_ i _ I
l

~ 100 . (3. 1)
0

l’hle’ ma t d c l  ng ~-Iea r ac  ter 1St Ic of t he  a n t e n n a  can be expressed in

tonicS of the  r a t i o  of the power rad ia te -c l  I n t o  the  h a l f — s p a c e - reg ion to

the power in c i d en t  in t he  d r i v e n  wavegu ide ’ • wit ich is the’ relative power

t r a n s m I t t e d  (sot ’ e q u a t i o n  2 . 8 6 ) .

The power ga in  c~ha m a c t o m  1st Ic of the ant onna Is the rat io of the

radiation lot ensltv in  a g iven  d i r e c t i o n  to t h e  r a d i a t i o n  intensity which

would ox 1st i f  t ico t o t a l  powe r P were r a d i a t e d  over the h a l f — s p a c e

( s o t ’ e-quat Ion 2.72) . For our p rohl  em we are’ a s suming  tha t none of the

Inc j d t ’tc t  power from the impressed sou rces iii t he- d r i v en  wav egu id e  is

el i  ss I pat  e’cl In  t lie J i l t  onIi~i c on du t c t  l ug  st ir t~~~ e’S

I— !. l inea r  A1’c’ t or e ’  A nt e nn a  Ar t - av

In t h i s  sot -  t ion  t l ir e ,  d i i  f e - r en t  r-ea~-t  l v i ’! v loaded I i t t e ar  ape r tu re

.5 an tenna  a r ray s  are ’ ana l v:-~,-d The f o l l o w i n g  app 1 ies to a l l  three cases:

a) The mc ’ a re ’ 0 1  tic e l em en t  s w i  t i e  I lit ct-n t c-c e c’ment

Jr I V c ut by impressed sources

h) A l 1 of the ap e r t u re  back Lo g wavegli idc ’ d Imen s ions

arc ’ t h e same

e-)  Wi ~’t ’i~ t icle ’ separat ion it 1st t n t - c - i s  ;-oro

.5 - ---5- .5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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The aperture d tmt’ns touts are t h e  same for  .111  n I n e  ci en ee-ic t s in each

case , but di f f t — rent  f rom case ’ t o  case •

Fi gu re 3. 1 dep i c t s  the coupling coefficients (scat te r in g pa r ameter s)

with  respect t o  the dr ive- i t  por t  for  a l l  th ree  cases. Note tha t  the aper-

tures are oriented for s t rong  coupl  tu g and that  coup l i ng is g r eatest  fo r

.5 case (c), where the aperture length is O SOOA .

The antenna characteristics of bandwid th , ma tch , and powe r gai n

for these arrays are presented in t h e  fo l  lowing subsect ions .  For a l l

of the f igures other  tit an the peilar gain plots , a cubic spli ne func t ion  is

used as a curve fitting f u n c t i o n  fo r  the d i s c r e t e  da ta  po in ts  ( indicated .5

by + ‘s).  A cubic  apI  Inc fu t t c -t  Ion Is c-omposed of piecewise polynomials of

th i rd  degree sat i s f y i n g  c er t a i n  c o n t in u i t y  properties at the junctions.

3—1.1. Bandwidth

In this subsect ion a c- temp :cr I son of the  power ga in  bandwid th  for
.5

.5 three different reactivel y loaded l inear arrays is presented . In most

o f t he examp les the  handw I dt  hi oh t a I nod is Ic ’ as than  or equal  to the

bandwidth a s soc iat ed  w i t h  m a t c h i n g  (St -C FIgures  3.6 — 3.8 in the next

subsection).

.5 Figures 3.2 — 1.4 show the E—plane power ga in of three different

n ine elemen t r e a c t i v e l y  l oaded aper tu r e an tenn a arr ays as a f un c t i on of

frequency and beam s t ee r ing  angle ~~. In each example the power ga in Is

optimized at a f requency f f .  Next , the short positions (reactive

loads) obtained from t h i s  o p t im i z a t i o n  arc’ kept f ixed whi le  the f requency

is varied and power ga in  computed . The most noticeable characteristic of

— - - - -— - - .5
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the curves in these three fi gures is the  f a c t  tha t greater gain Is ob—

tam ed at a frequenc y lower than I = f , the opt imiza t  ion f ro quen cv

The main  reason fo r  t h i s  is t h a t  fo r  lower fr e q u e n c i c ’s , th e  ape r tu re s  are

closer toge ther  in term s of w a v e l e n g t h  w h i c h  increase-s  t h e  m u t u a l  coup—

ling . An increase in m u t u a l  c o u p l i n g ,  e s p e c i a l l y  a t  t he  lower  beam steer-

ing ang les  ~
- (t h e  angle  -,~ is  measured f r o m  the aperture plane), Increases

the gain (see Figure 3 . 13)

Figures  3 .5  summar i ze s  the  g a i n  and b a n d w i d t h  r e s ul t s  shown in

Figures 3.2 — 3 ! i as a funct ion ~ f beam s t e e r i n g  a n g le  fo r  a f r e q u e n cy  of

f = f - Both the gain and bandwidth curves for  a l l  three  cases have about

the same values except for beam steering ang l c s  g r e a t e r  t itan ~0° where

the b a n d w i d t h  curves d i v e r g e .  However , i f  we choose’ a f re q u en cy  of .5

f = 0 .95  f . case (c)  (a ’/ -\ = 0.500 , h ’/\  = 0.250) w o u l d  show greater gain 
.5

-~ and bandwid tlu at t h e tow beam s t eer i n g  ang les than  the o t h e r  two cases.

.5 3 — 3 . 2 .  M a tch

.5 

- Mismatch  between the  i n c i den t  wave and ap e r t u r e  a d m it t a n c e s  of the

- an tenna r ep r esents  a decrease in the  e f f e c t i v e  a n t enn a  ga in  and sy s tem

- ; efficiency . Tile relative power transmitted u- i a measure of the  m a t c h

between the source and antenna . Figures 1.6 — 3.8 show the relative

power transmitted for a nine element reactivel~ loaded aper ture antenna

array as a func t ion  of f r equency  f and beam steering angle 4.

A comparison of Figures 3.6 — 3.8 with the corresponding Figures

— 3.4 for gain shows tha t the decrc’ase in th e  r e l a t i v e  power tr im s—

.5 mitted at t he  low beam steering ang les (~~ 
= 0, 15° , and 30°) occurs  when

L ~~~~~~~~~~~~~~~~~~ 
_ _ _
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there is a correspond ing rise in the power gain curves. In effect ,

the gain increases at the expense of decreasing match.
(

The curves in Figure 3.8 show a better match at frequencies above

f , but a poorer match at frequencies below , than do the curves in

Figures 3.6 and 3.7. Besides the decrease in match associated with the

increase in gain at frequencies below f , the relative aperture size is - 
.5

reduced , which results in more energy reflected and a poorer match.

3—3.3. Power Gain

The E—plane polar gain patterns for a nine element reactively

loaded aperturi-~ array are given in Figures 3.9 — 3.11 for five frequencies

and three beam steering angles. Two different aperture size cases

(A — a ’/ A = 0.750, b ’ / X  = 0.375, and C — a ’I X  = 0.500, b’/X 0.250) are

analyzed.

In Figure 3.9 (41 = 0 ) ,  aper ture  case C has greater gain at more

frequencies than aperture case A. Above frequency f , both cases are

unusable. In Figure 3.10 (41 = 45 0 ) ,  both cases have similar patterns.

In Figure 3.11 (41 = 9 0° ) ,  both cases have similar patterns except that the

gain is slightly larger for aperture case A. The corresponding H—plane

pattern for the 41 = 900 E—plane case would show the magnitude for case

A exceeding the magnitude for case C at all frequencies and the beamwidth

for both cases vary ing between 50° — 70 ° as the frequency is changed .

The E—plane polar gain patterns at a frequency f and four beam .5

steering angles for cases A and C are given in Figure 3.12. The patterns

b _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _
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Fig. 3.9. E—plane polar gain as a function of frequency f for a nine
element reactively loaded linear aperture antenna array,
where 41 = 0, a/ -\  0. 750 , b /A — 0.375 , Dy /A 0 ,

— 0.040, case (A) — a ’ / A  — 0.750, h1/\ — 0.375, and
case (C) — a ’/ k  0.500 , b ’/ \  0 .250.
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C A I N  GAIN .5
(d) I LOS 1 (e) f = 1.10 f

Fig. 3.10. E—piane polar gain as a function of frequency f for a nine I

element reactively loaded l inear aperture antenna array, I

where 41 45° , a /A  = 0.750 , b/A — 0.375, Dr/A = 0 ,
Dt / A  = 0.04 , case (A) — a ’ / A  — 0.750, b’/A = 0 .375 , and .5

case (C) — a l / A  0 S00 , h ’ / A  — 0.250.
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Fig. 3.11. E—p lane polar gain as a function of frequency I for a
nine element reactively loaded l inear aperture antenna
array, where 41 = 9Q0

, a/A = 0.750 , h /A  = 0.375, Dy/A 0,
U t / A  0.040 , (— - - — )  a ’ / A  = 0.750, h’ /A = 0 .3 75 , and (—)
a ’IA = 0.500 , b ’/ A  = 0.250.
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20 10
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20 15 10 5 5 10 15 20 10 5 5 1CGRIN GRIN
(a) 41 = 0’ 

(b) 41 = 300
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~~ 

.5

G A I N  GRI N
(c) 41 = 600 (d) 41 = 900

Fig. 3.12. E—plane polar gain as a func t ion of beam steering
angle 41 for a nine element reactively loaded linear
aper ture an tenna array , where f = f0, a/A 0.750 ,
b/A = 0.375, Dr/A 0, Dr /A = 0.040 , ( — — — )  a ’/A = 0.750 ,
b’/X 0.375, and (—) a ’/ A  = 0.500 , b ’ / A  = 0.250. .5
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for  both cases are almost identical at every beam steering angle. The

corresponding H—plane pa t te rns  for  both cases would show almost iden-

tical patterns for all beam steering angles and the beamwidths varying

.5 between 40° — 70°  as the f requency  is changed. .5

.5 Figure 3.13 shows the E—plane power gain that is obtained by

optimizing at each of nine discrete frequencies for a nine element - 
.5

reactively loaded aperture antenna array . The gain at ,-i beam steering

angle 41 = 0 for  cases A , B (a ’/ A = 0.650 , b ’/ A  = 0.325), and C Inc rea ses

quite  rapidly  for decreasing frequencies from 1.1 f to 0.9 f , at which

time the gain levels off. The gain for case A at beam steering angles

of 45° and 90° increases more gradually as the f requency  decreases.

Si n ce Fi gure 3. 13 shows that  the gain fo r  all three aperture sizes 

—

is approximately the same for a fixed frequency and beam steering angle ,

the increase in gain for decreasing frequencies is probably due to the

inc rease in m u t u a l  c o u p l i n g  r e su l t i ng  from a decrease in e f f e c t i v e  dis-

tance between apertures. To demonst r a t e  this point , Figure 3.14 com-

pares the E—plane reactively loaded gain for two wavegulde wall thick— 
.5

ness, D
~
/X = 0.01 and = 0.04 , and for  four  beam s teer ing  ang les

for a nine element linear aper ture  antenna array at i~ f r equency  f .

- j (The distance between waveguides is  still zero — U / A  = 0 .)  In every

.5 case the gain is greater for the closer spacing without pattern degra-

dation. The wnvcguide w a l l  t h i ckness  D r /A  = 004 was chosen for the

examples En this chapter because i t  approxim ates  the w a l l  th ickness  of

commerci a l ly ava i l ab le wavegu ide.

-

- 5
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G R I N  GAIN(c) 41 = 60° (d) 41 = 90°

Fig. 3.14. A comparison between E—plane optimum excited (OE) and
reactively loaded (RL) gains for two different waveguide
spacings fo r a nine element l inea r ape r tu re antenna
arrays , where f = f 0, a /A = a’/A = 0.750, b/A = b’/X = 0.375 ,
Dr /A = 0 , case (A) — RL , Dt/A = 0.040 , case (B) — OE ,
D t /A = 0.040 , case (C) — RL , U t /A = 0.010 , an d case (D) — OE ,
Ut /A = 0.010.
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3—3.4.  Reactive Loads

Table 3.1 lists the reactive loads required for some of the results

presen ted in the preceding subsections. No specific trend is obvious

from the values presented except that the reactive load values given for

a bea m steer ing ang l e of 0° are close in magnitude for corresponding .5

elemen ts in ape r tu re cases A , B , and C. Also , fo r a bea m steer ing angle

of 90° , the reactive loads are approximately the same for  corresponding

positions about the dr iven port (elements - one and nine , two and eight ,

etc.).

Table 3.2 lists the corr~-~ponding waveguide short positions for

the reactive loads given in Table 3.1.

Table 3.1. Reactive loads for a nine element reactively loaded linear
aperture antenna array, where I = f0, a / A  = 0.750, b/A = 0.375,
DV /A 0, D~/\ = 0.040, case (A) — a ’/ A  = 0.750, b’/X = 0.37 5 ,
case (B ) — a ’/ A  — 0.650, b ’/-\ = 0.325, case (C) — a ’/A = 0.500 ,

= 0.2 50 , and -~ is the beam steering angle.

.5 Case A B C A A A

41 O 0° 0° 30 ° 60° 90°

BLOAD (1) —1.68 m~ —1.42 m~ —0.74  m~$ —0.60 mlj —1.50 m~J —1.36 m$J

BLOAD (2) — 2 . 5 6  — 2 . 2 1  — 1 . 3 2  — 1 . 6 3  — 5 . 2 2  64 .10

BLOAD (3) -3.00 -2.58 -1. S7 -2 .25  6.57 -2.00

BLOAD (4) —3.24  —2.78  — 1 . 7 0  — 2 . 7 1  —1.20 11.75

BLOAD (6) — 3.68 —3.17 —1.98 — 4 . 7 3  —21.53  12.38

BLOAD (7) — 3 . 7 3  — 3 . 2 1  —2.00  — 6 . 2 6  2 .69 —1.99

BLOAD (8) —3.55 — 1.06  — 1 .91 —10.47 —1.26 132.8

BLOAD (9) -2.86 -2.42 -1.42 19.42 -2.82 -1.42 

- - --5- —-~~~~~~~~~~ .5 - - .5- -  -5 
- 
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Table 3.2. Waveguide short positions (for corresponding reactive loads
in Table 3.1) for a nine element reactively loaded linear
aperture antenna array, where I = f 0, a / A  = 0.750, b/A 0.375 ,
Dy /A = 0 , D r / A  = 0.040 , case (A) — a ’/A = 0.750, b’/A 0.375
case (B) — a ’ / X  = 0.650 , b ’ / A  = 0 .325 , case (C) — a ’/ A  = 0.500,
b ’/A = 0.250 , E r = 1.0 , and 41 is the beam s teer ing ang le.

Case A B C A A A

41 0° o° 0° 30° 60° 900 )
Short Position (1) —0.486A —O.480A —0.405A —0 .398A -~0.474A -0.464X

Short Position (2) —0.530 —0.529 —0.484 —0.483 —0.593 —0.007

Short Position (3) —0.546 —0.545 —0.509 —0.517 —0.062 —0.504

Short Position (4) —0.554 —0.552 —0.519 —0.536 —0.452 —0.036

.5 Short Position (6) —0.566 —0.565 —0.539 —0.586 —0.651 —0.034

Short Position (7) —0.567 —0.566 —0 .540 —0.606 —0.135 —0.504

Short Position (8) —0.562 —0.562 —0.534 —0.631 —0.457 —0.003

Short PosItion (9) —0.542 —0.538 —0.495 —0.022 —0.540 —0.468

3—4. Two Dimensional Aperture Antenna Array

In this section a 27 element two dimensional (three columns of

nine elements) reactively loaded aperture antenna array is analyzed.

The aperture dimensions are the same as case C (a’/X = 0.500, b’/A = 0.250) .5

in the previous section. The backing waveguides all have the same dimen-

sions and the separation distance between waveguides is zero.

Figure 3.15 shows the coupling coefficients of the two dimensional

array with respect to the driven center port. Note that coupling is

greater in the vertical direction than the horizontal direction . Since

it was shown in the last section that gain is dependent on mutual coup—

ling , a two dimensional reactively loaded aperture antenna array will

.5 -H
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usually be of rectangular shape as shown in Figure 3.15. In the following

sections the array is analyzed in terms of i ts  characteristics of band—

.5 width , match , and gain.

3—4.1. Bandwidth

Figure 3.16 shows the E—p la ne power gain for  a 27 element two

dim ensional react ively loaded aper ture  an tenna array as a func tion of

frequency and beam steering angle 4 1 .  In the previous section it was

observed that the gain always peaked at a frequency lower than the de—

sign frequency f .  An attempt can be made to remed y this situation by

optimizing the gain at a frequency higher than I = f .  In Figure 3.16,

the dashed lines represent an optimization at frequencies f = 1.05

and 1 1.10 f for a beam steering angle of 00 . If these resul ts  are

compa red to that obtained for an opt imizat ion frequency f , one observes

that for f = 1.05 f there is a slight shift of the gain curve towards

.5 the I = I axis at the expense of gain , but for f = 1.10 f the gain

curve is degraded . The f requency  I = 1.05 f is , there fore , the upper

limit for obtaining an acceptable curve . If one optimizes at a frequency

higher than a desired center frequency , bu t equal to or below I = 1.05 f ,

a more centered gain pattern results at the expense of gain . The rest of

the curves in Figure 3.16, which are optimized at a frequency f = I , are

.5 

- 
very similar In shape to those for a nine element linear aperture antenna

-~ .5 array (Figur e 3.4), excep t tha t a ll  o f the curves in Fi gu r e 3.16 have a

pronounced peak. This peak d e f i n e s  ai -i operating region where increased

gain can be obtained .

.5 --- ~~~~- - -  ~~~~~— - -~~~~~~ -—.5---_ .5-
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Figure 3.17 summarizes the gain and bandwidth shown in Figure 3.16

for frequencies f = 0.95 f~ and f = f .  The curves i~ Figure 3.17 are

similar for both frequencies except that the curves at frequency

f = 0.95 f 0 exhibit a higher gain—bandwidth product .

)
3—4.2 .  Match

- C  .5

Figure 3.18 shows the relative power transmitted for a 27 ele—

ment two dimensional reactively loaded aperture antenna array as a

f un ction of f r equenc y and beam steer ing angle 41 . The curves are similar

to those for the nine element linear reactively loaded aperture antenna

array (Figure 3.8). For both linear and two dimensional cases, the

matching characteristics are acceptable above a frequency f , but de-

grade noticeably below that frequency.

3—4.3. Power Gain

E—plane polar gain patterns for a 27 element reactively loaded

aperture antenna array are given in Figures 3.19 — 3.21 for five fre—

quencies and three beam steering angles. If one compares Figure 3.19 .5

.5 1 with Figure 3.9 for the linear array (41 = 0) ,  one observes a small in— - .5

crease in gain but a better mainbeam to backlobe ratio for tb two

dimensional array . One might expect on ly a small gain increase since

the number of elements in the column containing the driven element is

still nine and the adjacent columns couple only a small amount of energy

which can be reradiated in the 41 0 direction . If a comparison is made 

.5 
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Fig. 3.19. E—plane polar ga in  as a fu n c t i o n  of f requency  f for a 27
element reactively loaded two dimensional aperture
antenna array , where 41 = 0 , a/A = 0.750, a ’/ A = 0.500 ,
b /A  = 0.375 , b ’ / A  = 0.250, D /A = D /A = 0 and D /A = 0.040. C
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GRIN GRIN
(a) f = 0.90 f (b) I = 0 .95 f

0 0

1~ GA I N

(e) I = f
t~)

1: 

1~G R I N  GR I N
.5 (d)  f = 1.05 f (

~-) f = 1.10 f

- 
- 

Fi g. 3.20.  E—pl ane polar ga in  as ~ function of frequency I for a 2 7
element reactively l oaded two d imens iona l  aperture
an tenna array, where 41 45 °, a/A = 0.750, a ’/A = 0.500 ,
h/A = 0.375, h’/A = 0.250, n /A  = n / A  0 , and D

~
/ \  = 0 .040. 
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between FI gures 3.20 — 3.21 with FIgures 3.10 — 3.11 for the linear

array (41 45° and 90°), a large improvement in the gain pattern can

be observed . The corresponding H—plane pa tt ern for  the 41 90° E—plane

C - ca se would show the pattern be amwidth v a ry i n g  between 20 ° and 30 ° as

the frequency is changed . Note that the beamwidth obtained is approxi-

mately one—half the value for the nine element reactively loaded linear

aperture antenna array discussed in the last section.

The E—plane polar gain patterns at f r equenc i e s  f = 0.95 I and

f f and four  beam s teer ing  angles are given In Figure 3.22. At th r ee

of the four beam s t e e r i n g  angles  (41  = 0, 60°, and 90°) ,  the  curves cor—

.5 responding to a f r e q uen cy  i’f f = 0.95 f art- more acceptable than those

curves cor re sp onding  to a f r e q u e n cy  of f = f .  This  fac t re in forces  the

previous ly  men t io ned s t r a tegy  of opt i m t z  ing at a f requency  hi gher than

the desired operating f r e q u e n cy .  The c o r re s p o n d i n g  H — p l a n e  patterns for

both cases would show more aci- ep t ab i c  pat t ern s  at all four  beam s tee r ing

ang les for  the cu rves corresponding to a f requency  ( If  f = 0.95 f . For
- 0

both cases , the p a t t e r n  beamwidth varies between 20° and 30° as the beam

is steered from 41 = 0 to 41 = 90°.

3-5. Ef f ect o f Wa ve~ u ide Short P o s i t i o n  (Rea ct  ive Load) P e r t u r b a t i o n s
on Antenna  o v e r s F r ~~~t en cv P a tt e r ns

In the p revious sect ion one observed the e f f e c t  on the antenna gain

- 
versus f requency  n a tt e r n s  when a l l  of the  waveguide short p o s i t i o n s  were

C changed by a f i x e d  amount  In the  same d i r e c t  Ion ( f requent -v s c a l i ng)  -

These results corresponded t o  a s h i f t  t og of the gain versus f requency

curves.

----—.5 - -~~~~~~ -.-— ~~~~~~~~~~~ --~~~~~~~~~ — -- -~~~~~~~~--—--~~~~~~- .5, —- .5 .
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(a) 41 0 

(b) 41 = 30°
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Fig. 3.22. E—plane polar gain as a function of beam steering angle 41 fora 27 element relatively loaded two dimensional aperture antennaarray , where a/A = 0.750 , a ’/A = 0.500 , b/A 0 .375 ,b’/A = 0.250 , D /A = D /A = 0 , D IA = 0.040, (---) f = 0 .9 5  f ,and (—)f=f ’~. 
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In Figures 3.23 — 3.25 a fixed percentage change in waveguide

short positions Is made for a nine element reactively loaded aperture

antenna array . This change alternated from waveguide to waveguide

.5 ( for the f i r s t  waveguide , a f i x ed pe r cen tage change i n the short posi-

tion is made toward the aper ture  while in the second wavegulde, the

same percentage change is made away from the aperture , e t c .) .  For all

three figures the degradation in the polar gain and gain versus frequency

patterns at a frequency f is relatively small for both 5¼ and 10% short

position changes. The greatest pattern degradation occurs in Fi gure 3.23

where the gain values are the largest .

3—6 . Conclusion

In this chapter both linear and two dimensional reactively loaded

ape r tu re  antenna arrays were ana l y zed in terms of their  antenna character—

istics of bandwidth , match , and power gain . For the linear array examples

the array corresponding to aper ture  dimensions a ’/ A = 0.500, b’/A = 0.250 .5

exhibited more acceptable gain pattern characteristics over a larger fre—

quency range than the other cases. The two dimensional array had improved

.5 gain pattern characteristics over the linear array examples, especially at

beam steer in g angles ot her than 0. Finally, i t was shown that  al t ern a ti ng

.5 waveguide short positions by 5~ and 10% did not s ign i f i can t ly  a l te r  the

gain versus frequency patterns for a linear array example.
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~ Chapter  4

.5 MAGNITUDE PATTERN SYNTH ES I S EXAMPLES

4—1. Introduction

In the previous chapter the an ten na character i s t i cs  of several

reactively loaded aperture antenna array examp les were calculated sub-

jec t to the  condition of maximum reactivel y loaded gain at a specified

beam stee ring angle  ~ and f requency .  In th is  chapter  we wi l l  invest i—

gate through the use of magnitude pattern synthesis the antenna patterns

which are most e a s i ly  realized subjec t  to antenna geometry and exci ta— .5

.5 tion constraints.

In many physical cases only the far field power pattern is spec i-

fied . This, in effect , specifies the far field magnitude and leaves the

f a r  field phase arbitrary. Normally, the far field phase does not affect

system performance. The synthesis procedure used in this  chapter  requires

a s p e c i f i c a t i o n  of the magni tude  of the far f i el d  e lec t r ic  f ie ld  wi th  no

. 4  r e s t r i c t i o n s  on the  phase.  Since we are assuming dominan t mode exci tation

.5 for the waveguide—f e d ape r tu re  antenna array , the f a r el ect r ic f i e l d  is

l inearl y polarized . Therefore , the square of the magn i tude  of the far
.5 

field electric field Is proportional to the f a r  field power pattern.

I n a d d i t i on to find ing antenna pattern limitations , we will attempt

to change the gain versus bandwidth characteristics of the antenna in

the 41 0 direc t ion . I f  th is  ca n he done , we wi l l  a t t a in  more uniform

gain and bandwidth values as the a r r ay  is scanned from 41 = 0 to 41 = 90° .

.5 .5 --
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4—2 .  General Formulation

Consider a source v and the field g it produces on the radiation

sphere. Also , let T be a known operator representing the antenna

• system .

The anal ysis problem is concerned wit h de terminat ion  of the rad i-

ation character is t ics  g fo r a given voltage d i s t r ibu t ion  v of an antenna T,

that is,

.5 T v = g  (4.1)

where this is an exact relationship.

The synthesis problem is concerned with determining the voltage

distribution v of an antenna T given a specified field pattern g ,

that is ,

T v ~~~~g ( 4 . 2 )  .5

where this is usually an inexact relationship .

In order to use matrix operations in the synthesis problem (4.2) 
C

is discret ized as fol lows . Let

N
-~~~ v v . e . (4 .3)

i=l

where v are constants and e . are basis elements. Since the source is
i 1

continuous , the e~ are functions and (4.3) is an approximation to the

true source. Define V to be the vector having the components v~ , that is,

V = [v .J ~~< 1 
( 4 .4 )

Next, substitute (4.3) into (4.2) and evaluate (4.2) at P points

- -_ .5 ---- - -
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77 .5
4 1 ) ,  p = 1,2 ,. ..,P on the radiation sphere. In matrix notation ,

we have
4- 4-

[T J v  g (4 .5 )

I 4-
.5 where the pth element of the g vec tor is given by

= g
0 (41~ ) ( 4 . 6 )  I

C and [T] is the matrix 
C

[TI = [(T e . ) ] PXN - ( 4 . 7 )  .5

- Her e (T e.) denotes the pattern of e • evaluated at the point (0 , 4 1 ) .

Next  we consider an array of N wavegulde—fed apertures in the x— y

- plane (see Figure 2.1). To find the electric field for a single aper— I

If Iture centered at (x ,y.), we apply both the equivalence principle and

• image theory to obtain a s t r ip  of magnetic current  -2M .~ radiating into

.5 half—space p roducing the original f ields in the half—space region. The

far electr ic field in the 0 = ir/2 p lane can then be expressed in terms

of an electr ic vecto r pot en tial as

= - jk  F1
(41) (4 .8)

whece

M1 
~~~~~~~~~~~

F~~(41) = — .1.1 ! r—r ’l 
—  ds (4 .9)

aper t - - -

(r and r’ are respectively the vectors to the field and source points and

k is the free space propagation constant).

For our problem 
- 

-

L 
I

I ] -

.— 1~~
__  - ~~~- -~ —~ -
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i I
M = u  x u  E
•... ..~z — y  y a pe r t .

— V~ P i (x ,y) cos - -  (x_x j )
~

1
~ 

(4. 10)

.5 where

)
P .( x , v) 7 (4 .11)

0 all other x ,y .

Substituting the far—field approx imation

—jkj r—r ’I —jkre T 
~~~~~~~~~~~~ e~~~

’ cos ~ (4.12)

and (4.10) — (4.11) into (4.9), we ob tain

b ’

F
1
(41) = - ~~~~~~~~ — V . J d y

t eJ~~~~10 5 4 1  J dx ’cos ~~ (x ’-x1
)

y1 2

kb ’
_ _ _ _ _  

—j k r j ky cos 41 sin(--—— cos 41)
= — —i 12a ’b t -

~~
-----— V~ e —

~~~~~

-

~

- —--- . (4 .13)
IT —

~~
—- cos 41

.5 
Subst i tu t ing (4.13) into (4 .8 ) , we obtain

kb ’
k _ _ _ _ _ _  

— ikr —jkv ~~~I i S  ,
~~ s [n (— ~- - cos

E (41) = — 

2 
p’2a ’b ’ ~~

—----— V 1
e

cos 41

= K Ct(41) (4 .14 )

where
_ _ _ _ _  

—j kr
K = — /2a ’b ’ ~~—--- (4 . 15) 

.5

--5 —-.5 - -~~~-~~~~~~~ —~~~~~~~ 
A
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kb ’
jky~cos 41 sin(—~--- cos 41)

V1 e kb ’ (6 .16)
cos 41

(when 41 a the sin (
~~

-
~~
—- cos 41)/(~-~- cos 41) In (4 .16)  is to be replaced

by its limit 1) . SInce we are in teres ted  only in pa t t e rn  shape , the fa r

.5 
electric field can be represented by G 1

(41) or for N apertures I 
-

- .5 N
C(41) = 

~ C t (41) . (4.17)
-.5 i=1

The pattern magnitude synthesis pr ocedu r e uses N f 
frequencies and

4-.5 P points from the desired pattern 1 s t  and finds a source V such that the

pattern error

N
f 

P

n~ i p~~l 
Wnp 

—

N f 
~T) 

N
= w ~ V T I — ls (4i ) 11 2 (4 . 18)

n=1 p=l ~P 1=1 ni nI_ C l ° P

Is min imized . Here w is a weight ing f un& -t l o n (w ~‘ 0) ,  Gn (41p ) is

equal to G(41 ) at the nth  f requency ,  and

kj ky cos 41 sin(—- ç-- co s 41 )
T te I ~~~ (4.19) .5

npi kb n
2 p

({ } means that the quantity in brackets is evaluated at the nth

frequency). .5

.5 .5 - 
- —-—-

~~
=•- —— - . 5 -
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4—2.1. Reactively Loaded Array

For the r eact ivel y loaded array, the V~~ in (4.18) is equal to

= [~ws 
+ ~hS

1
_ 1 

~ imP (4 .20 )
iii ni

({ }~~~ indicates the it h element of the column matrix [ywg + ~hs
1
_l iimp

is evaluated at the nth f requency) . S u b s t i t u t i n g  (4 .20)  Into (4 .18), we obtai n

= ~~~~~ ~~~~ 
{[Y ~~ + 

~~hS
1
~~~~ TimP }~~1 Tnp i l - I~0 (41~) II 2 

- (4 .2 1)
n 1  p l i l

There are N unknowns in (4.21), namely, N—i unknown short circuit distances

d 1 which enter through (2.40) and one unknown exci ta tion coef f ic ient ~~~~~ .5

It is assumed tha t ~~~~ does not depe nd on n. The error (4.21 ) is a corn—

plicated func tion  of d . involving a cota ngent and an inverse matrix . The

only recourse is to an optimization technique .

For the optimization of (4.21),

~wg 
+ 1

hs ~hs 
+ 

~~~~~ 1(y W~~) + 
~

8L 
(4.22)

where B
L 

Imag (~w5
)• With B held constant , (4 .21)  is optimized

LNFP
with respec t to the d 1 

appearing in (2.40) for all i except NFP. For

the single frequency case, d. can be restricted so that

0 < d . <- -j - - 
(4.23)

However , for the multi ple frequency case , d 1 
can take on values

0 < d . < c’
~ - 

( 4 .2 4 )

_ _  .5 .5 LA
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The upper limit of infinity for d
1 in Eq. (4.24) can be explained as

follows . The argument of the cotangent func t ion in (2 .40)  can be

- written as ~ d or I-~ d + niT where n Is a positive integer . If we
o i  o i

-~ . choose the latter argument , we can write

cot ( 1~~d 1 + niT ) = D (4 .25 )

or —l
cot (D ) — niT

.5 d i 
= o~

° (4 .26)

(t he constant 
~ 

was determined at  a f requency  of f ) .  At a f requency

¶ other than f , the argument of the cotangent function becomes

.5 ~~~
I .5

1~’d + n-n = --p - (cot ’(D ) — i-i n)  + nIT .5

I -  o i  1- 0
0

= cot 1 ( f l )  + ( 1 — 
~~~) 

nii ( 4 . 2 7 )  .5

where is B determined at the new frequency. As n is varied in (4.27),

the cotangent of this argument will vary . 
C

The optimization algo r i thm chosen to  m i n i m i z e  ( 4 . 2 1)  was tha t of

Rosenbrock [221. The Rosenbrock algorithm uses a set of N mutually

orthogonal direc tions in each cycle of searches (stage) . After each

stage a new set of orthogona l directions are obtained by rotating the

former direc t ion vectors.

C - 
For the calculated results illustrated In the next two sections,

(4.3) and (4.4), N variables are used in the Rosenbrock algorithm (N—i

short circuit distances d
1 
and the excitation coefficient ~~~~~ It

should be mentioned that (4.21) does not depend on the phase of

--- .5 - .5
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imp .5
so that I can be taken as real and positive. When this is done ,

~~r r

(4.21) becomes a simple quadratic func t ion  In ~~~~~ From this quadratic

the optimum value of ~~~ can be easily obtained for  fixed short circuit

distances d~ . If this optimum value of ~~~ were substituted back into

(4.21), only the N—i short circuit distances d 1 would en te r in to the

Ro senbrock search.

4 — 2 . 2 .  ~ pt imum Excitation

In this subsection a solution is given for the same array analyzed

in the preced ing subsection but with all the elements driven . In the  next

section (4 .3 )  a comparison of the synthesized patterns wil l  be made between

the reactively loaded array and the optimum excited array to ind icate the

degr ee of deg ra d a t io n  d u e to the restricted excitation for the reactively

.5 loaded array .

The far electric field magnitude at a poin t p in the 0 = ii/2 plane

has the same form as the single frequency (T
1 

= T 1) r eac t ive ly  loaded

case, that is, 

N
I C ( 4 1  )I = I Y v~ T - (4 .28)

1=1 p

Here , v~ can take on any complex value in contrast to the restricted

.5 values for the reactively loaded case. A solution for the pattern

magnitude synthesis problem using (4.28) can be found In [231, and the

following is a summary of the formulation .

The error function to be minimized for the general synthesis problem

where both magnitude and phase of the desired pattern are specified is

—

~ 

——--- -—------- ——--
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I’ N
= w v . T — g (41 ) 1 2 

• (4 .29 )
=1 p 1=1 

1 p o p

Note that Eq. (4.29) is evaluated at only one frequency while Eq. (4.18)

for  the reac t ive ly  loaded case is evaluated at many frequencies up to N
f
.

M u l t i — f requency synthes i s  is used for the reactively loaded case to both

broaden and s h i f t  the  d i s p l a c e d  g a i n  versus  f r e q u e n c y  curve ’. For the

optimum excited case the  ga in  versus f r e q u e ncy  cu rve was centered at  the

design f r equency .  The vector  v of the coe f f i c i e n ts v . wh ich  m i n i m i z e

(4 . 2 9 )  (see sect ion  V of [23 1  w i t h  a = 0) Is

— l * ÷v = (T W T] [T W i g  (4 .30 )

where * s i g n i f ie s  complex  c o n j u gat e , = s i g n i f i e s  t ranspose , and [W ] is a

wei gh t i n g  m a t r i x .

When the p a t ter n  magni tude  o n l y  is s p e c i f i e d , the err or f u n c t i o n

becomes

P N -)

= ~ W~~ ti ~: ~~~ 
Tj  — k0(41~)I! • (4 .31)

p 1  1 1

To circumvent  the inne r  m a g n i t u d e  o per a t i o n  in ( - ‘~. 3 l ) ,  we considet the

fo l lowing  more general e r ro r  f u n c t i o n  .5

P N
= W I v~ T 1_ C1 

— I~0(41~)I ~L - ( 4 . 3 2 )
1= l

In other words we ar e specif y ing  a phase for the p at t e r n  magn i tude  In

order to obtain a more easily so l ved expression . For v 1 fix ed , a mi n im um

is obtained when both terms w i t h i n  the outer magnitude sign of (4.32) are

in phase , that Is,

.5 

-

~ 
- - 

—.5 U
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113 v~ T 1 .5
e N (4.33)

(~~~ v 1 T 1I

Since substi tution of (4.33 ) into (4 .32)  gives (4.31) ,  the minimum of

(4. 32) with respect to and is equal to the minimum of (4.31) with -

-~

respect to v.

To find the minimum of (4 . 3 2 ) ,  the following iterative procedure .5

is used:

.5 - 1. Assume starting values for 13,~, ~2’” ’ ~

.5 2. Keep the 13 fixed and calculate the v
1 
which minimizes C .5

using (4.30) 1.

3. Keep the v1 f i xed and calculate  the 13 which minimizes £

using (4 .33) .

4. Go to step (2 ) .

This procedure converges to a stationary point because steps (2) and (3) 
- .5

cannot increase C .

.5 

- 

- 
4—2.3. Normalized Synthesis Error and Q—Factor

Two figures of merit will be used in the next section to evaluate

.5 
the synthesis results. The first figure of merit is the normalized syn-

thesis error which Is defined as

11t should be noted that if [~~*WTi is ill—conditioned , the procedure
will fail since small rounding errors that occur in its inversion can
cause large errors in its inverse [?*WT] ’. To use this procedure , the
ratio of the largest eigenvalue to the smallest of [~ *WT] should be on

.5 the order of 103 or less. - 

-

.5— - .5 ~~~~~ ~ --.-5~~~
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W II C (~ I - I ( -~~ I 2

SVII  
= - ( 4 . 3 4 )

- 
w I g~, 

~~~ 
I

p=l

The smal i cr the  v a l u e  o1 c , the  cl o ser  the  syn t he s i z e d  pat t e rn  is tosyn -

the desired I~attern . 
)

The second figure of mci -it is the Q or q u a l i t y  f ac t o r .  The Q—

C factor is a measure of the  m ag n i t u d e  of the element cxc i  t a t  Ion requ ired

to p roduce a g iven pat  t er n .  The l a r g e r  the  va 1 tie of Q , the  more im—

pract lea 1 the  pat t erti rca ii za t ion become- s due to the  l a rger  clement

exc itation required. Lo , I. ee , and Lee [24 1  d e f in e d  the  Q— f a c t o r  as

.5

- 

~~ Iv~~
- 

- 

Q = - - - ‘- -
~ 

( 4 . 3 S )  C

( ~p (~~~) j
2 1 ’ ,

!4 f l  
.5

.5 where V is the I th  e I ernent vo l  t age cxc I tat ion va 1 tie and P (~~ , ~~) is the  .5

pattern due to the  set of v o i t a ~~- s V .

An expression s i m i l a r  to (- ‘I . 1 ’
~~) i s

N

.~~~ 

“
~~~~~

= ~ ~-~~L_  
. (4 3(s)

~ ~~~ 

2

i~
= I

.5 The mu it I p l i  er P is  introduced to make Q re I at iv  e 1 v I nsens it lye to the

number of f !e11 p o in t s  ch o sen.  The ma i n  d i f f e re n c e  between the Q expr es—

sions of (4 .  3S) and (4 .3 6)  Is tha t  t he  den o min a t o r  of  (4 .  iS)  is an l ot  eg ral

over the whole rad iat ton sphere wli t i e  the  den tin~ I nator of (4 - 36) Is a

summ.-~t Ion over P p0 tnt s In the v:~ ~ l anc.

_ _ _ _ _ _ _  

I.
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4— 3. Single  Freguenc~ S vn t h e ~~is R e s u lt s

In t h i s  sect ton three k-os Inc squared electr ic f i e l d  pat  t er n s  are

syn thes ized  us i ng both react  lye 1 v loaded and opt imum cxc i t  ed nine ci e—

mcnt l in e ar  a per t u re  an t e n n a  arrays. in cat-h fi gure a p o la r  p a t t e r n

compar ison  Is made between the  pat t e rn  to be syn t h e s i z e d  and the  svn—

thesL~ed patterns obtained f rom r e ac t  i v e l v  loaded and opt inium excited

ar ray s  - A I so in each f i g u r e , a comparison is made between the ga in

versus  f req u e ncy  cu rves  o b t a i ne d  h u s i n g  r eac t  lye I oacl s der ived f rom

max [mum ga in  and s o t  he’~ is proc cdii ri-s . Tb is c ompar i son Is nec es sarv to

determine gain  versus f re q u e n cy  degradat  ion w h i c h  results from sat isf\- —

ing an error cr It er ion a t  a 5 l o g I c  I req t t en t -v

Figtn-es 4 - 1— 4 .4 i l l u s t r a t e  the s i n g l e  f r equenc v (f  = f )  s y n t h es i s

resu I ts for cos Inc squared N it  t e m s  wit ii ha I f—power b eamw Id t u s  of ~ 
0

30 0 , and 45 0 and beam stee r I ng a n~ I es of -~ = 0, 100 
* 60° , and 90 0

(The ha l  f— p o w er  beamw idtli of an ant enna is d e f i n e d  ;ls the a n g u l a r  sepa r a—

t Ion between two d tr ee  I ions on each s i de  of t lie main beam m a x i m u m  at wh I ci)

C t he  powe r dens i tv  I s reduced by h a l  t . ) In a l l  f o u r  f t  gures the  p a t t er n

w I t h  a beamw E d t  Ii of 4 50  was svn t hes i :cd w i t h  t he  lowest error fo r  bo th

react ive l v loaded and opt m u m  ext- i  t ed a r r ay s

Using the  rL -ac t Eve loads oh t a i ned I~ rorn a l l  t hree pat  t em cases in

Fi gure 4 - 1 , t he  resti I t tug gain v~ rsus frequency curves sli l I t  ed toward  a

lower f requencv with a s m a l l  change in  the  gene ra l  shape of the  curves  in

comparison to the  m a x i m u m  reat - t i ye I v l oaded g.i in  cu rve .  In  Fi gures 4 . 2—4 .4

the gain versus  frequt’ncy curves for case (c)  show the  great est t Iegradat  ion

__ _
.5- --~~~~ .5 -
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from the maximum reactively loaded gain curves . The degradation cor-

responds to a broadening of the gain versus frequency curve with re-

duced gain.

The values of Q obtained for all of the synthesis examples were

• rather low in relation to the values obtained from the indicated

bandwidth (gain versus frequency curves) for the reactively loaded

array examples. The main reason for this was the fact that equation (4.36)

was used to compute Q instead of the more accurate equation (4.35).

Therefore, the Q values calculated can be used for comparison purposes

in determining which antenna example requires greater excitation but

should not be used for bandwidth predictions.

4—4. Double Frequency Synthesis Results

In the previous section we found tha t by using the reactive loads

• obtained from the single frequency synthesis procedure at a beam steering

angle of j 0 (see Figure 4.1), the resulting gain versus frequency curve

shifted toward lower frequencies without much change in the shape of the

• curve in comparison to the maximum reactively loaded gain curve. In this

sectio t for a beam steering angle of 4 = 0, an attempt is made to both

center the gain versus frequency curve at a frequency of f = f and to

increase the bandwidth while decreasing the gain. If the latter is

accomplished, a more uniform gain versus bandwidth characteristic will

be obtained as the array is scanned from c~ = 0 to • = 900 .

Figures 4.5 and 4.6 show the results of both single and double

frequency synthesis for a 20° beainvidth sector pattern in the 4” 0



-
,

...4
~~~

0 ~uIF~ 4J

•0
(
~~~ O

Ij) ,4

0 Q~.—~ i a .c - o
0 •

• 0
Ii •

~~~ U ) W
~~~~~

o 1-~ •~ 0
~) OIñ

z ~., r1 C~~ F~ .~~

‘-4 ~~~c~~~~ _ 4 J

-~~ 
). •~~~~~~~~~

‘.-~ 0~~~~~~ •-4
iJ v *

a U) ~ ~ II ~f —. .• .4 • OJ 0
U) - $ — . >  ~~~~~~~~~—4 (1)

I 
~_) ~~~~ .~~

.c: • 
I z

.—‘ I ~
‘~ :,

(I) m c ,  ~~ 0.~4 O
• ~~~L~J ~~~~~~~~~~~• 0 If~ 0 In ~~~ .—4 

• a ~~ • U

(~J -.4 4 I I
In S ‘~

‘11 • —~ I H~~~~~ C~
~ 

_ c~ ~.
a U~”-~ .0 LU 0 - - . ~
—ø 

.••- I 0 t~.1 ~~~ •~— ~~ 0

— — 
•.

• • (I) ‘.~~~C-.1
U, • .‘.4 — •‘.4 ~<—. 1A

1 ~~ 0 E 0
o m -~~~~ ‘~~
(.J /

o c-I i - ~~I mn~~~~ ~~~~~~~~~~0 ~
ç

S.- /
\ ,

\/ 
,

/ 4J -~~~0
/ C,

-
c 

~~ 

In 
- 

~~~ 

~~~ • t~If
’

II I 1. ‘•~~ -O
I 

0 
~0 ~._. C N  N

Z 0) c Qjp. U)
~~~4’ °~

~1) 0
m

• 0) ~~~~~~~~
• a —S C) ~~~ 0)0~~~ s

f ~~ IJ~-‘-4 
--S

U)
0) .-.
.c -S. .0 0 )

• 
5_.. $1)

V %
‘ ~~ O ) ~~ U~~~

-. -,~--1 ~~. c; •~‘ I-~ 0
U)

O In 0 in , 
~~~~~~~~ ~~~~~~~

(U
In • \ .‘-~ ~~~~~~~

o ~~~•—~~II ~~~~
a • ~. ~~~ 

-~

• 0) 0 ~~~~ —. a j 0

~~~fl ~-4~~~ ~~~~ H
IJ~ ~-0  i-4

0)
C.,

‘- “ C d

Cd ‘.4
5— 1’.

• -- --



~~~~~~~~~~~~~~~~~~~~

e r •  , ._—~~
_ _ _

~ 
,._.___. ._ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5. —.-. —5- ~--- ~~~~~~~~~~~~~~~~

93
0

• CD

0
0o • ~

_ _. Ir, I~4)
‘-4 ~~~c’•~ i

• 0
O .-4 0 •~~~~.

(U 4) 0
Z 

)~• Cu _ S C u ’ - 4
In ’-’ ~~—a: ~~~~~~~ 

i.. - .~~

d 
(j.4 ~J 4)0

( ~-4 H ‘00

(~ 0 ) 0  • ~9 ’ - 0
• ~~~~ 

~~~~~~~~~~~~~~~~

in 4.~~~1--~ ‘-‘ .0 0
4)

_______ LU W 0 0 ) I .~=) ~~~Lr~~~ 5 W
0 U) 0 in :- . .-~~ 

In ç3 --4 ~
s. .

~ 4

(U —, -4  i .—~ (U ~ 
•

I in • 0 0 C u
- Cu

• o I.) $ 0 )
0 ~.

t —, ~~ o~~- 0
LU ~~~~~~~~ ~~

-° 2” U ) C0~~~~~ Q)
4) r ’  

5-’ 
• 

‘ -‘.4 .1-4 U)
• . 1  ... ___ •I ( f l u  ~

• O 
. 0 1 1  a: o~
0 )~0 1 4~J - . U)

c~~~
t.-. C’

,‘i Z U ) Q ) $

.0 0 i. -o
5—

4.) ‘- U ~I 0) ~( u C u ’ - _~~~0

~~~~~
- --

~~~~~~~~~~~~~~~~~~~~~~~~ 9 0)
C) IA C) .-. -o ~~ U) Q)

-, P —

4 4J~~~ 4) •,-4
-4

4-1 C~ DC’
I).) in u~~~
1-1 •

0) ~~- 
• r._ C

0 . 4 ) ( f l  ~~~•55 ._ )-• 0)
• ~~~~~~~$$

In’-’ ~‘ ‘. .~~~~ ø-1 e-~~ c
—* Cr -I ~-. ~~. ‘-I‘, ) C) \ ‘ - ‘ ‘ -

, C 3  I
1 ~JC’  t~,

I • ‘ -(0 4) tu • 4)
I in •rl ,-4 0 ) C’  4)

0 I 
~~~~~~~~ •~~~~~
0 .1-4 11 ~~~0)

I’. in 0 ,—4 .. •r4 •‘.i
-, • I 1-4

C) in 0 In .
~ 

4-’ bO 3
(U ~~~~

• 0)~~~

O “ 
0 ) 0 0  O.I - ~-4

• r-4 4) .0
—ø 4) C

~~ 4 1 4 ~4 •
IA r 4 0  ~~~~~~~

II Lf) .-4~~~ U).0

* “-4
(1) 4-4

a 
C)

• “
Cd

5--

•1-4

• 

•~~~~~~~~~~~~~~~ ••



94

direction for two different nine element reactively loaded linear aperture

antenna arrays. For the double frequency results in these two figures .

• d
i 
was restricted to vary between 0 and l i/ B . (Better results might be

obtained if d
1 
can vary between 0 and “,) in the following analysis of

the two figures , the results described arc compared to maximum reactively

loaded gain curves.

• In Figure 4.5 (a ’IA = 0.500, b’/.\ 0.250) the single frequency

synthesis results show lower gain and ~i h igher  mainbeam to hacklobe ratio

on the polar gain plot and a frequency shift of the gain versus frequency

• curve (toward lower frequencies) with a minor shape change. The double

frequency synthesis restilts show a lower mainbeam to backlobe ratio on

the polar gain plot and a slight broadening of the gain versus frequency

curve.

in contrast , the results presented in Figure 4.6 (a’/\ = 0.750,

b’/A — 0.375) art’ much be t ter  than tha t  of Figure 4 .5  (a ’/ X  — 0.500,

• b ’/A 0.250). In Figure 4 .6  the single frequency synthesis resul ts

show a slight decrease in gain and a higher mainbeam to backlobe ratio

on the polar gain plot and a broadened gain versus frequency curve . The

• double frequency synthesis re’-mlts show a lower gain and a higher main—

beam to backlobe ratio on the polar gain plot while the gain versus

frequency curve is broadened and shifted so that it is centered at a

frequency of f — f 0.



• ‘V - I’I~~~~~~~~~~~~~~~ ’1-~~~~~~ SS~~~~~~~~~ 5-,~—.. 5—. 
-

- —  _ _ _  _ _ _ _ _ _

qs

4 — S . C on c l u s i on

Figur es  •‘e • 1 to •‘e . 4 show t h a t  t t ’ i hot to r e .u’ t (vol v 1 oaded anti

opt (mum cxc (ted n (l it ’  t’ 1 emen 1 1 1 ne~u r .o pc r t t i r t ’  ant  cnn.1 a t  r ay s  , a c I’S t n t ’

squared p a t t e r n  w i t h  a beamw i d t h  i t t  45 0 was 1;vntht . s I ~cd w i t  to t hi to~~t’st

error for  beam s tee r i ng  angles  of 4’ — 0 , 30°, 60°, and 90 ° .

in the 4o — 0 dIr ec t i on  the doub Ic f re quenc y  syn thes i s  procedure

• worked sat i sf ac to ry  in real t~ tug lowe r gain and incr eased bandwid th

w h i t e  centerin g  the galii versus I rt-quency curve for 1w east’ shown in

Ftgure 4.6 hut gave unacceptable restu l ts for  i to t ’ reson ant s l ot ea se

shown in Figure 4. 5.
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Chapter 5

CONCLUSI ONS AND RECOMMENDAT IONS

5—1. Summary with Conclusions

A method of moments formulation has been presented for the analysis

of the reactively loaded , parasitically excited , waveguide—backed aper-

ture antenna array. A major part of this formulation is the half—space

admittance solution , where the aperture dimensions can be less than the

backing waveguide dimensions. Several examples are given to illustrate

the effect of antenna geometry (aperture dimensions and array lattice

type) on the antenna characteristics of power gain , bandwidth , and match.

In addition, pattern magnitude synthesis results are presented to illus-

trate pattern limitations for a given l inear array as a function of beam

steering angle and excitation .

The type of antenna array consldcred in this report has several

advantages over the more conventional types of arrays (complete exci-

tation):

a) There is no complex feed system to all of the

apertures. The excitation is accomp lished by electro-

magnetic interaction .

b) Only one element is externally fed which simplifies the

problem of matching to the transmitter—receiver .

c) Variable reactive loads provide a means for beam steering.

The results presented in Chapter 3 show that even though there is

incomplete control of the radiation characteristics for the antenna , the

TT

~

. 5-
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values obtained are still satisfat tory in many applications. One appli—

cation is that for which the antenna (radiating structure plus feed

system) is extremely limited in size. Since mutual coupling is the domi-

nant factor for parasitic excitation , a reactively loaded aperture antenna

array design consists of rectangular cells of possibly 3 x 9 elements ,

with one externally driven element and the other elements reactively

loaded.

5—2. Recommendations for Further Research

Several areas of research still exist for further work in reactively

loaded antennas . One experimental area is reactive load realization. Two

possibilities for reactive loads which should be investigated are a shorted

waveguide transmission line in the form of a waveguide—to—microstrip tran-

sition [261 followed by p—i—n diodes imbedded in a microstrip transmission

line and a ferrite slab with a variable dc magnetic biasing field in a

waveguide terminated in a short circuit [27].

Another area for research is pattern and match improvement for the

reactively loaded antenna array at the low beam steering angles (
~ — 0 — 3Ø*)•

In Chapter 3, it is observed that the antenna pattern beamwidth is large at

low beam steering angles. One method of producing a narrower beam at low

• beam steering angles is to place a dielectric sheet over the apertures.

The function of the dielectric sheet is to transform the emanating elec—

tromagnetic wave into a surface wave which results in increased direc—

tivity. Villeneuve , Behnkc , and Kummer of Hugh es Aircr aft [281 used a

surface wave structure , which co ns ist e d  of 3 Livers of S—m U th i ck  glass

• •. *ø - 1 - ’* ’~~~’-’ -’fl~~~ - ‘  — •
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tape for an eight element comp letely excited aperture antenna array ,

to obtain an improved antenna beam shape with a higher pat tern level

at low beam steering angles with almost no pattern change in the

broad side direction. Matching over a range of scan ang les  can also

he improved by the  add it  ion of a d i e l e c t r i c  sheet in f ron t ot the

array [ 2 9 ) .  F u r t h e r  anal  sis should be made to f i n d  out if a compro-

mise dielectric sheet exists for improving both pattern shape and

match at these low beam steering angles.

Another ar t ’.I of research would be to reduce the number of phase

s h i f t e rs requ i red  for  a phased ar r ay  wh i l e  improving the array char-

ac ter is t ics .  This might  be accomp lished by using phase sh if ters to

feed some of the elements of an array and react ive loads to cont ro l  the

excit a t i on  of the other elements.  Amit av , Calindo , and Wu [301 con-

sidered periodic shorted waveguides (terminal  admit tances)  In an in f i n i t e

array environment to both e l imina te  surface  wave effects and to improve

the overall match.

Finally, further research should include the construction of a

reactively loaded aperture antenna array to verify the results predicted

by the mathematical formulation used in this report.
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APPENDIX A

HALF- SPACE ADMITTANCE Y~~

A—l . Evaluation of Y~~

Starting with

23w if (F~~ ‘ + ~13
p
1
)ds , (2.48)

apert.

we define Y~~ by

- 23w • ds • (A.l)

apert.

Substituting (2,17) into ( A . l) ,  we obtain

b ’ a ’y +—  x + —

— dy 

x~~— ~~ 

dx cos (x - x~)

x
j
÷-~-

J dy ’ J dx ’cos - -  (x ’—x ) G(x ’—x ,y ’—y)
b ’ a ’ 

a 3

Y3 7

where

e
jk~~~x

t _
~~

2 
+ (y ’-y) 2

G(x ’ — x, y ’ — y) — —
___________________  

(A.3)

~~~_X) 2 + (y ’—y) 2 ‘

-- 5 ”



- ~~~
- -

~~
-
~~
-

I 00

Consider
It ,

Y 1 ~ 
‘

~ :
1 ’ (x ’ — x) dv dv ’ C(x ’ — x , v ’ — v) . (A.4)ii j I- I ’ .~ it ’

v
i 

— 

.
, v~ —

Suhst I t n t  ing the t r,lnst ornoa t ion v ‘ • + V int o I. A. •~ • we oht . i i  n

it ’ it ’
V + v -f , — vi~~~~. I t .

1 ’ (x ’ — x ~~ - dv J dv t (x ’ — x .~~’~i i  
1’ ’

V
1 

— —

I n t er ch an g i n g  the order ~ t tnt t’~ rat Ion , WI ’ t’hta in (see F i g .  A. 1

h
V -v - V +

l i t
1 (x ’ — dv ~ x ’ — x . v~ i dvL I  

• 
‘ 

i t., ,
V —v - — t t  —1 i

\- —v - +h ‘ v + - —

.1 .1 ~:
F dv C(x ’—x , v~ dv (A.t~

~
_

j
•_ V

i “ 1 
—

(‘onsider

a ‘ ax + x +

J dx cos , ( x-x .~~ I d~~’ ~-os , ~x ’—x
1~~

l~~~x ’-x~ .

Suhst it ut  lug the t r . i n sfor ma t  Ion x ’ to + x Into (A. we oht a in

a ’ a ’x + x 4- , — x

• I LX 
- I dx i-o s  , (x -x  

~ 
do cos 

l~ (u+x-x
1~ 

l~~ (u~ . (A.S ~
-
~~ 

X
I t — x

In t er c h an g in g  lit ’ order  of tnt  egr at  ion , we obtain
I
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x-x x

f du I~~ (u) J dx cos (x—x
1
) c is 4 (u+x—x

3
)

x
3
—X

1—a x
3 

— -i-- — u

a’x .—x +a x +— —u

+ J du I~3
(u) J dx cos 4 (x-x1) cos 4 (u4,c—x

1
) . (A.9)

x
3~
X
1 x

1 
— —i--

In view of (A.4) and (A.7), (A.2) becomes

J~ç 1
1x

ij ira ’b’ jj (A.10)

Next define by

Y~ 1 
2Jw if ds . 

(A.ll)

apert.

Substituting (2.17) into (A.ll), we obtain

b ’ a ’y +—  x . +~~
_

i r 2  i r 2
= J dy j dx sin —

~~~
- (x—x

wt ia ’ b ’ b ’ a ’ a I

~i T  X j _ T

a ’y +—  
~~~~~~~j ç 2

I dy ’ dx ’ sin —
~
j- (x ’—x ) G(x’—x , y ’—y )  . (A. 12)

~~b ’ ~~a ’ a 3
X
j T

Substituting the transformations x ’ = u + x and y ’ = v + y into (A.12)

and interchanging the order of integration, we obtain

= —jir 
~

2x 
(A.13)

~ wpa ’3b’ ~

- - - 
. - - - - —‘- - . 5- -
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where
a ’

I~~ = f du I~~. (u) J dx sin 4 (x—x
1
) sin 4 (u+x—x

3
)

x
3
—X
1—a X

j 
- —u

a’
x — x +a x +— —u

+ J du I~~.(u)  J dx sin 4 (x-x .) sin 4 (u+x-x .) .  (A.14)
x
j
—x

i 
x
i

_ _i
~

After a tedious but straightforward evaluation o f two in tegrations f or

each of the quadruple integrals I~~ and ~~~~ we obtain

~hs~~~~l ~~~~13 13 iJ

= 
2~fla ’b’ 

[
~~f’dv(K1~~

) 

x
3Jx l 

G(u,v) [ (K
2
+K

3
u)cos ~~ + (K4+K 5u)sin ~~

]
y

3
—y~ —b ’ x .—X .--a ’

x —x +a’

+ 
~ f 1 

du C(u ,v) [ (K 7 —K 3u) cos + (K 8—K 5u) sin 1]
X

3
X~

y~
—y +b’ x .—x .

+ J dv (K 6-v) [ Jj du G(u ,v) [ (K 2+K3u) cos ~~~~~ + (K4+K5u) sin
y . —y~ x

3
—x 1—a ’

x — x +a’

+ J d u  G( u ,v) [ (K
7 —K 3u) cos ~~

-
~~

- +  (K
8
—K
5
u) sin ~~] ] }  (A .15)

where

K1 
= y

~ 
- 

y~ + b’ (A.l6)

e
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— — —
~~

---
~~~~

-‘-) (x~ — X
j 
+ a’) ens [ii- (X

j 
— x~ ) I

2 

+ -
~~~~

- (1 + i—
~ 

s in [
~~i~ 

(x~ — x~) 1 (A.l7)

— (‘ — 

ic~a’~~ 

con [ti- (x~ — x~) l  (A.18)

1(4 — (1 — 

2 ,~~~~~~ 

(x~ — X
j 
+ a’) sin Iii- (X

j 
— x i ) )

2 

- (1 + COS (4 (x~ - x
1fl (A.19)

K~ — (1 — 

k’a~
2 

sin ~~ (x~ — x~ ) 1 (A.2 0)

- 
Y
j 

- + b ’ (A . 2 l )

5 - (1 - 
~~~~~~~~~~~~~~ 

(x~ - x~ + a’) con [~~~i (x~ - x
~
)I

ka  -

- i + ~~~~~~~~~~~~~~ 
sin [

~~ (X
j 

- x 1fl (A.22)
k it

— — 

k~:’
2 (x

3 
— + .o’) sin [4 (x3 

—

24 + ~~~~
- (I + ~~~~ con 1;~i (X

j 
— x~) 1 . (A.23)

H kit

Substituting the coord inate transformations u — p ens 0 and v — p sin 0 into
(A.15) and integrating out the p variable , we obtain (ow e Fig . A . 2)

I~~ % ,

- - -5 - - -
.
- , -~~~~~~~ — - ~~~~~T ~~ — 

----

~~~~~~~~~~~~~~~~
~ .
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it

~jJ 
- 

2vr ia ’b~~ J 1 2 L1(0) + K
3
1.~ (0) + K4 L2 (0) + K 5L4 ( 0 ) J

01
(I)

+ [K 2 L5 (0) + K 3L7 (0) + K4 L6 (0) + K~ I.~ (0)  I

04
+ J [K

1
[K
7L1

(0) - K
3

L
3

( 0 )  + K
8

L 2 (0)  - 1(
514

(0))
03
( I I )

+ [1(715 (0)  — K
3L7

( I ~) + K 8L6 (0) — K 5L8 ( 0 ) J J d O

05
+ J [1(

6
11(
211

(0) + K
3
L
3

(0) + K4 L 7 (0) + K
5
L
4
(0)1

04
( I I I )  - [K 2 L5(~~) + K

3L7
(0) + K4 L6 (0) + K

5
L
8
(0)1]dO

07
+ [K 6 [5L 1

(0) - K 3L3 ( 0 ) + K8L 7 (0) - K
5

L
4

( 0 ) 1

06 I -

(Iv)
— [K

7
L

5
(0)  — K

3
L

7
(0) + K8L6 ( 0 ) — K 5L8 ( 0 ) ] ] d O }  (A.24 )

where

M (0) — H (t ) )  H (0) — N (0)

1 (0) ~L { 1 2 
— (A ~5)1 2 M5 ( 0) M6 (0)

M ( 0 ) — H ( 0 )  M ( 0 )  — M (0)
L2 (0) — — ~ 

~ 2 
+ ~ 

M (0)
4 

~ (A .26)

p (0 )M (0) — p (0)M (0) p (0 )M (€1) — p (0) M (0)
13(0) — c°~ ~ 2 

- 

M5(0) — 

M6 (0)

~ 
M1

(0 ) — M
2

(0)  M (0)  — M4 (0)

2 -f 
2 1) (A.27)

(M 5(0) )  (M 6 ( 0) )

I I

-- --
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p (0 )74  (0) — p (Q)M (0) p (0)71 (0) — p (0 ) 74 (0)

— 

L
4
(0) — con (1 — -

~~ 
( 

M~ (0) 
- + 

M6
(0) —1

M (0) — N (0)  N (0 )  — M (0)
— 

~ 

1 
2

2 
— 

3 11 (A.28)
(M 5 (0) )  (M 6

(0))

1
5

(0) — L
3
(0) tan 0 (A.29)

16
(0) — L4(0) tan 0 (A.30)

• p2 (0)M (0) — 
~
)2(O)M (0) p 2 ( 0) M (0) — p 2 (0)M (0)

L7
(0) sin 0 cos 0 — 

2 H~ (O) —

p2 (0 )M 1
( 0 ) — p1(0)t ’12 (0 ) p 2 (O) !43(O) — p

1
(O) !4

4
(O)

(M 5 (0 ) )  (146 (0))

M (0) — M
2

(0) M
3

(0) — M
4

(0)

+ 
~ 

1 
— 

3 U (A.31)
— (M

5
(0))

p 2 (0)M (0) — p 2 (0)M (0) p 2 (0)M (0) — p 2 (0)M (0)
18(0) ~t h 0  con 0 — 

M5
(0) + M6(0)

• p2
(0)M

1
(0) — p

1(0)M 2
(0) p2 (0)M 3

(0) — p
1

(0)M
4

(0)

2 
- 

2(M 5
(0)) (M6 (0))

M (0) — M (0) M (0) — M (0)
+ -~~ + — 

3 1 (A.32)
(M5(0)) 3 (M6(0))

I
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j p ,(0) (
fl~ con (~ — k) (A.33)

— - tt

jp
1
(tI) (~~j- con P — k) (A .34)

• 
M 2 ( 0 ) — e  .0

—j i ~~., (~~) ( -~j - con I) + k) (A .35)
M
3
(0) e a

• ~~~ ( e) ( ~ ( O S  P + k) (A .36)
M
4

(0) — e

14
5

(0) = 4 con P — k (A .37)

14 (0) — — -  C~OS P + k (A.38)
6 a

The variables p1
(O) and p

2
(0) are respectively the l ower and upper limits

of integration for  the p integrat ion in (A.15) after the transformations

u — p con 0 and v p sin 0 are used . They are dependent on the 0 vari-

able and the Integration subarea . For instance , when Integrating over

region IV between 0, and 07 
(see Fig . A.2~ , p1

(0) — (X
3 

— x
1
)/cos 0 and

p
2

(0) = (y
3 
- y 1 + b’)/sth 0.

A—2 . Limiting Expressions for L2(0) — L8
(0)

U we apply the procedure used In Section (2.4.2) to L,(0) — 18(0)

(A.26-A.32) , we obtain

N (0) — 14
4
(0)

L
2

(0) a — 
~~~ 
(02

(0) - 

~~~~~ 
— 

~ M6 (0) 
•5-

~~ 
(A.39)

1 2 -) p,,(0)M
3
(CI) — p

1 
(0)14

4
(0)

13
(0) — con 0 {

~- (p 2
(O) — o7(0)) + 4 e-.~--- i~ç (o)

N (0) — M (0)
+ 

~~
- (- -

~
-------——-‘

~~~~ 
— - ) I (A .40)
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-) -) 1 ~2 
M
3
(0) —

L4
(0) — con P 1— 

~~ 

( p ( 0 ) — p (P)) — 

~~~~~~

11 (0) — 14
4

(0)
+ ( 

~~~
— -)}  (A.41)

• -

• L5
(0) — 13

(0) tan 0 (A.42)

16
(0) - L

4
(0) tan 0 (A.43)

1 3 3 
p
~ (0)14 

(0) — p (0)M (0)

L~(0) sin C con 0 
~~ 

(02
(0) — (0)) + M6 (0) 
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l
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4

( i i )  N (0) - M
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(0)
+ —a--- — — i (~~~~~~~~
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(M
6

(0) )

3 ~ 
p~ (0) M3

(0 ) — p~ (0)M
4
(0) —

18
( 0)  = sin 0 con 0 1:— 

~~ 
(02(0) — 

~~(P)) 
— 

2~~~~~~~~~~ M 6 (0)

p,,(P) M (0) — p (0)14 (0) M (0) — N (0)
+ -‘ ~ 2 

~ + ~ I (A.45)
(M 6

(0))  (N 6
( 0 ))

for 
~

- -  con P — k i  < C , and

14 (0) — 142 (0)
L2(0) — 

1 
14~(0) ~ ~~~~~~~ ~~~~~~ 

— p
1
(O)) (A.46)

p (0)14 (0) — p (0)14 (0) 14 (0) — M (0)

L3
(0 )—c os0 2~~ M ( 0) 2

5 (t4~ (0))

+ ~~
- (p~~(0) — p~(0))} 

(A.47)
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p (0) 14 (0) - p (0)M (0) M (0)  - 14 (0)
L
4
(~) — con 0 — 

~ 
(- 
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+ ~ (p~, (0) - p~~(0 ) )}  (A.48)
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Appendix B

COMPUTF.R PROGRAM SUMMARY

The following Is a summary of the major computer program sub—

routines used to compute the results in thin report. All of these

subroutines can be found in a referenced report or can be programmed

directly from referenced equations.

8—1. Waveguide Admittance —

The computer program subroutine A? which calculates the waveguide

admittance for the driven waveguide

(driven) = 

~~ k=0 
(A~~)

2
Y~~ + 

k~l 
(A~~)

2
Y~~} (B.1)

can be found in report [19]. To calculate ~
tig (driven), we have to

choose the total number of m (LM) and n (LN) modes required to compute

the modal amplitudes A~~ (2.28) and AT~ (2.29) In (B.1) 
(only odd

m starting with m = 1 and even n starting with n = 0 (TE) or n = 2 (TM)
mi~ niT

are considered due to the sin —i- cos —
~~--- factor appearing in Eq. (2.31)). LM

which represents the contribution of the mth waveguide mode in (B.1)

should be chosen so that the contribution of the (l/(m
2
a
2 

— 1/a’2))

TE TM
cos (mr a /2a) factor in (2.31) results in very small Aik 

and A
ik 

values.

LN which represents the contribution of the nth mode in (B.l) should be

chosen so that the argument nfl b ’/2b of the sin ( ) / (  ) factor in Eq. (2.31)

is greater than fl.  

- - . - - - -—-——-—————• “— . 

‘It
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We can find the short circuit distances d
1 

(given B
L 

) by
I

solving

Y’~ (parasitic) = 
~ 
8
L ~ij

= 6
13 
~k~1 

A
’
~~)

2Y~~ + (A~~)
2y~~ ] — 3 A~ Y cot 8d ~ } (B.2)

where the first term is calculated in (B.1) minus (A~~)
2 ~TE

B—2. Half—Space Admittance —

The computer program subroutine YHSP which calculates one column of

the half—space admittance matrix 1~
hs

1 can be found in report [19].

To calculate the self—admittance term , an eight point Gaussian

quadrature numerical integration is used on the single integrals Eq. (2.53).

The same method of solution Is used for calculating the half—space mutual

admittance for apertures which are close together (centers of any two

given apertures are separated by less than 4a’). For greater aperture

separations a six point double numerical integration (six points in

each variable for a total of 36 points) is performed on the double

integrals in Eq. (2 .52) .

B— 3. Measurement Vector — P

-‘Th
• - The measurement vector P can be programmed directly from derived

equations in Chapter 2.

~~E—plane~ i ~~~~~~XX 
— — Eq. (2.65). For ~t = ~-, the

sin ( )/( ) term in Eq. (2.65) is to be replaced

by its limit cone .

I

—-5 .. _ _ __ _ __ _
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~~H—pline~ i 
= (P~)0~ — — Eq. (2.66). For 0 = 0 or iT or 4~ =

the sin ( ) / (  ) term in Eq. (2.66) is to be replaced

—l ±TTby its limit one. For 0 = cos (ç—~-). the

cos (~~~~~
— cos 0)/(ir2 — k

2
a~

2cos20) in Eq. (2.66) is to

be replaced by its limit 1/4~i .

8—4 . Univaria te Optimization Al g o r i t h m

The Univariate procedure is a nongradient algorithm that uses a

fixed step size and repetively divides the step size by two when the

neighborhood of the local maximum ( m i n i mum) has been found . The

search technique can be described as follows. First , one variable is

a d j u s t e d  us ing  a one d imens iona l search u n t i l  no f u r t h e r  impr ovemen t

i s gained . Then another parameter is a d j u s t e d  u n t i l  no add i t iona l

improvement r e s u l t s , and so on.  A f t e r  ea ch parame ter ha s been adjus ted

once , the process is repeated returning to the first parameter and

proceeding as before. If the parameters are non—interacting , which is

not very l i ke ly , once through the above cyc le  is enough . If strong

interactions and ridges or ravines exist , many cycles may be required .

The Univarlate optimization subroutine can be found in report [8].

It was used to maximize power gain in a spec i f i ed  d i r ec t ion .  The un i—

variate algorithm is very efficient in react ively loaded problems (see

report [7j) since an inverse operation was necessary only once for a

complete search in one variable. In other  words , for a given set of

reactive loads and a search in the variable the solution to Eq. (2.16)

can be written as

_::

~

----

~

- - —  
-5— -— — — - 5
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i —  i
— ( [ I ]  — 

[\ I [U I } IY 1r’ -fimp (B.3)
_j/1I

L 
+

I
where

~~~ — 1~
hs 

+ ~
wg

1 — j B~ (U t ]
“i

[I] E i d e n t i ty  m at r i x

I
[U I — 1 for the 11th element

0 for all other elements

I ~ NFP (a search is made in N—I variables).

For our problem the function f — 1/ G A I N  is min imized  by f i r s t

varying 8
L 

until f was minimized , then B
1 

, and so on.  After all of
I

the loads were var ied once , the sequence Is repeated . There is no

assurance that the minimum achieved is the a b s o l u t e  min imum .

B—S. Rosenhrock Opt imization Al~~Lrithm

The Roscnhrock search technique [221 uses N mutuall y orthogona l

directions during each search eve I t ’ t o  f i n d  a r e l a t i v e  minimum . This

strategy differs from a steepest descent technique which uses succes-

sive orthogonal directions, but these successive directions do not

necessarily form a mutually orthogonal set. A new set of orthogonal

direc tions for the Rosenbrock algorithm for each sea rch cyc le a r e

obtained from Eqs. (A) and (~I~ of Rosenhrock’s paper [22].

The Rosenhrock opt imization subroutine can be found in report 191 .

It was used in the synthesis procedure for minimizing the synthesis

- - 5  - - -5 - - . • - -
~~~~~~~~~

- ---
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“I

error function. The Rosenbrock algorithm which changes all of the

loads and the excitation for each step In a search cycle was used

instead of the univariate procedure in orLr to minim ize the number of

multiplicative operations required to evaluate the synthesis error

function at P points.

The Rosenbrock subroutine ROSIEM given in (9] was originally

used in conjunction with an impedance matrix formulation . Since the

synthesis problem in this report was formulated in terms of admit—

tances, a modification should be made to the four IF statements in

DO loop 20. These four IF statements should be changed so that when

a load susceptance decreases below an arbitrary specified magnitude ,

a new predetermined susceptance value is substituted with a sign

opposite to that of the original susceptance.

5—6. Magnitude Pattern Synthesis (Op t imum)

The computer program subroutine for the optimum magnitude

pattern synthesis algorithm described in Chapter 4 can be found in

report [25].

I

________________  - 
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