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Magnetostat ic Wave Trans ducers With
Varia ble Coup ling

1. INTRODUCTION

In a previous report , 1 the characteristics of periodic magnetostatic surface
wave transducers on the surface of yt t r ium iron garnet were analyzed. Here , we
extend that analysis to include periodic transducers lifted off the surface. The
liftoff provides variable coupling between the electrom agnetic driving structure and
magnetonlatic waves. This adjustable coup lin g is needed for effective signal
processing. 2 

V

The analysis presented differs from that used in Reference 1. Here , we em-
ploy the rnagnetostatic approximation at the outset and introduce a magnetic poten-
tial. This procedure allows the same analysis to be used for investigating magneto-
static forward volume waves (MSFVWs) . For this reason , we provide a detailed
analysis for the present magnetostattc surface waves , so that the study may be V 

-

adapted In follow-on work to these volume waves. The phys ical model consists of
a thin periodic transducer separated from a YIG slab by a gap, with the entire

(Received for publication 19 September 1978)
1. Sethares , J. C., Tsai , T. • and Koltunov , I. L. (1978) Periodic \Iagnetostat ic

Surface Wave Transducers, RADC-TR-78-78,
2. Erntage , P .R .  (1978) InteractIon of magnetostatic waves with a current ,

J, .Appl. Phys. 49 :4475 .
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I

structure sandwiched between two ground planes. Our results reduce to those of

Reference I when the gap is set equal to zero. When we use the appropriate

characteristic equation and permeabilities, our results will be applicable to

MSFVWs. 3

2. BASIC THEORY 
V

2.1 Basic Espia tion s

We firs t analyze the finite s tructure with ground pla nes as shown in Figure 1.

A transd ucer in the form of a meander or grating is excited with an HF current .
Figure 2 shows how the transducer is connected to the ground plane structure and
to the input/output line. The current establishes HF magnetic fields that generate
a variety of propa gating modes within the structure .

GROUND PLANE

~1 PERIODIC ARRAY OF CONDUCTING STRIPS
y

9 4 (3)
— 

z~~~~S~
d YI G (2 )

12 
( I )

,,,J ,,, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

GROUND PLANE •

Figure 1. Geometry of the System Composed of YJG Film of
Thickness d, Conducting Strips Spaced a Distance g above
YIG Sur face, and Two Ground Planes

______  

‘ V

3. Mi l ler , N.D.J .  ( 1977) Non-reciprocal propagation of magnetostatic volume
waves , Phys. Stat. 43:593-600.
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GRATING TRANSDUCER
(A) M E

~~~~~~~~~~~~~~~~

TRANSDUCER
LEAD’IN CONDUCTOR V

GROUND LEAD 
~~~~~~~~~ _ . . . . _ . . . . . .1_ if. _ _ _ . _ _. 

I

DIELECTRIC /

/ ~~~RF IN
YIG 

— 

‘‘
~~‘~~—.LIFT-OFF SRACER

H
DIELECTRIC 

V

(B) ‘
~~GROUND AND SHIELD

Figure 2. Delay Line Configuration for Magnetostatic Waves, a. A magnetostatic
surface wave delay line configu ration showing a grating and meander line trans-
ducer structure. b. Transducer connections to ground plane structures 
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The problem is analyzed by satisf y ing Maxwell ’ s equations and tk~e gyromag-
netic equation simultaneously, along with appropriate electromagnetic boundary
condi tions. The equations which are satisfied in each of the four reg ions (Figure 1)

— 
( 1) p

are Maxwell ’s equations; the const itut iv e relations in each region

+ ~T) .

(2)
-

D~~~ E Eo r

and the gyromagnetic equation for the YIG region

aM 
~~~~

•

>~~~~~~ (3)

which is appro ximated by li nearizing to first order in small signal RF field van-
ables . We consider rnagnetostat ic waves propagating in the x direction. The
magnetostat ic  approximation is used and only TE modes are considered. Thus ,

H E~ E~ = 0 (4)

with  no variation of any quantity in the z direction. The time dependence of all
quantities is e~~t and

W E E ~~~ 0 (5)

Wi th the foregoing assumptions , the field equations (Eq. ( 1) 1 become

3H 3H
~7 y f j r O  or .‘ L , 0 (6)

aE 
.-t 

~ ~ x V

aE 
(‘fl 4 ?

~~~~~~ l I ~) B y

_ _

_ _  
- 
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V an an
= 0 (8)a x ay

with the equation V D 0 automatIcall y satisfied. In all regions except for the
YIG region, we take the relations

B~ ~~ 
H,~

(9 a)
By = M~~ 

H~,

while the linearization assumption reduces Eq. (3) for the YIG region to the form

U 0(14 11 H - i~~12 H~ )
(9b)

= 

~‘o~~~ l2 H~ ~~M 22 H~ )

Expressions for the permeability components are given by Emtage 2 for both sur-
face and volume waves .

2.2 Magnetic Potential

Since Eq. (6) is satisfied in each of the four regions, we can find a potential
function ~ in each region such that

H V~i (l0a)

All the quantities of interest are now assumed to be functionally constituted in the
form

f(x , y, t) = F(y) e~~~” e~~t (lOb)

Suppressing the time dependence, we assume the ~‘ dependence in each region to
be of the form

a.y -a.y 
~~~(A

3 
e 1 + B

3 
e ) e a

3 
> 0; j 1, 2, 3, 4 (11) V

where the aj . j  = 1, 2, 3, 4 are to be determ ined so that the basic equations, Eqs. (6)
V to (9) , are satisfied while the A~. B~. j 1, 2, 3, 4 will be determined to satis fy the

boundary condit ions which will be presented in the follow ing section.

9
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From Eq. ( lOa ) we find , for each of the four regions

a.y -a.y
H~~~

= _ i K e t (A~~e
3 + B . e  3 )

= 1, 2 , 3, 4 ( 12)

Hy • a
3 

e~~’~” (A e
a

3Y 
- B3 

e~~~~ )

Thus Eq. (6) is automatically satisfied.
Now , in regions 1, 3, and 4 we have from Eq. (9a)

B~ 
= -i K e t~<~C (A~ e

aj~ + B~ e
a
~~

= 1, 3, 4 (13)

B~ = M 0 a
3 

e t
~~ (A

3 
e

aj~ - B
3 

c i )

while In region 2 we have from Eq. (9b)

-iKx a2y -a2y -iKxB~ 
-~s0 1~11 i K e  (A 2 e + B 2 e ) - i M 0 U 12 a2 e

a2y -a2y
(A 2 e — B 2 e ) (14)

a2y -a2y -iKxB~ = ~ 0~~12 K e  (.A 2 e + B 2 e ) + M M 22 a2 e

a2y -a2y
(A 2 e - B 2 e )

We now attempt to satisfy Eq. (8) for each of the four regions. In regions 1, 3, 4
we have, from Eq. ( 13)

*

10
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I

ri_a = -~~~~ K2 e ’ 1
~~ (A

3 
e~~

’ 
+ B

3
.1 1, 3, 4 (15)

= 

~~ 
a~ ~~~~ (A~ e

ajY 
+ B~ e~~~

3’)

so that Eq. (8) is satisfied if

a3 = I K J  j = 1 , 3, 4 ( 16)

In region 2 we have, from Eq. (14)

aB
2 -iKx a2y -a2y

~~~~
— =  -M~~M~~1 K e (.A 2 e + B 2 e ) - ~ 10 !A 12 a2 K e

a2y -a2y
(A 2 e - B 2 e

(17)

y2 -lKx a2y -a2y 2 -iKx
1 = p 0 u 12 a2 K e  (.A2 e - B 2 e ) + p . ~22 a2 e

a2y -a2y
(.A 2 e + B 2 e ) V

so that Eq. (8) Is satisfied is

V 2 2
~ 22 a2 = K (18)

Defining f
~~~

= (19)

we require

a2 ~ I K I  (20)

for Eq. (8) to be satisfied in region 2.

Il

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V - ~~ V V  V I V S ’ 
~~~~~~~~~~~~~~~~~~~ 1V ~C’~~~



By integrating both Eqs . (7) in each region and uti l izing Eqs. (13) and ( 14) ,
we have in regions 1, 3, 4

E~ 
= l~~~[ i M 0 .~~ e

_ t
~~~ (A~ e

aj Y 
- n~

= 1, 3, 4 (21)

E~ 
= i ~ p 

~~~~~ 
~~~~~ (A~ e

aj Y 
- B~ e

3Y
)]

which are equal if Eq. ( 16) is satisfied; and in region 2

E = - i  ~ ~~~~~ [_i ~~~~
- p0 I4 11 (A 2 e

a2Y 
- 

-a2y 
- P 0 14 12

a2y -a2y
(A 2 e + 1 32 e

(22 )

‘tKx a2y -a2y a2E = ~~ ~~ ~ l2 (A 2 e + 132 e + 
~~~ ~ 22

a2y -a2y]
(A 2 e - B 2 e )]

which are equal If Eqs. ( 19) and (20) are satisfied.
We have thus determined the constants aj . = 1, 2 , 3, 4 for each of the four

regions , in order that , Eqs. (6) to (9) , the basic equations~ are satisfied.

2.3 Boundary Coaditions V

The physical quantities which are specified due to continuity and boundary
conditions (Figure 1) are:

V 

B~ 0 at y -(I + d) (23)

~~~ By are cont inuous at Y • -d (24)

Hx~ 
By are continuous at ~i = 0 (25)

By is continuous at Y • g (26)

V B~ • 0 at y~~~t 1 + g  (27 ) V

12 
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The physical quantities H~ . H~ B~, B~ are actually to be found in each region
by employing the of Eq. ( 11) and integrating in K. For the purpose of determin-

V Ing the constants A
3
, B

3
, we shall write these quantities temporarily ’ without the K

integrations .
We now have from Eqs. ( 12) and ( 13) using Eqs. (16) and (20)

-1 K e4
~~ (A.  e~~~~’ + B~

= 1, 3, 4 (28)

H’ = -i K e iK
~ (A e~~ 

K Iy  + B e’
~~ 

K I Y )
x 2

and

B~, = M 0 I K I  e 1
~~ (A

3 
e 1

~~~ ’ - B
~ 

e t~~~Y~ j

(29)

B~, p 0 p 12 Ke tK~ (A 2 e~~~~~’ + B2 e~~~~~’) 
~~~~~~~ 

13 1K 1 e’t
~~

(A 2 e~~’~k~’ - B2 ~
_
~3 I K ~y)

The prime lad cates that the quantity has been written without the K integration.
By writing

01 = 

~~~~~~~~~~~~~~ T~1 
= 

‘~22~~~~~~~l2

(30)

02 ~ “ i i  ~‘22 - 

~ l2 ‘j~j = 

~ 22 ~ 
- 

~~~12

we simplify Eq. (29) as

B~, = ~.i0l K I  ~~~~~ (A~ e
t K t ~’ - B~ e~ t K ’Y ) • 1, 3, 4

(31)

• 1401K1 ~~~~~ ~~ 
A 2 ~~~~~~ - 02 B2 e~~~~~~

’)

V 

13
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The eight constants A
3
, B

3
, j  = 1, 2, 3, 4 will be found in terms of one remaining

constant by using Eqs. (28) and (3 1) in satisfying the seven boundary conditions in

Eqs. (23) to (27). The last constant will then be found by satisfying the additional
boundary condition

H - H = J(x) at y = g (32)
X

4 
x~

where J(x) is a prescribed current distribution function.
Proceeding with boundary conditions [Eqs. (23) to (27 ) 1 systematically from

region I t o  region 4 and employing EqS. (28) and (31) , we have

A 1 e
k~~’~~~ - B1 e I K ~~~

+d) 
= o

(33)

A 1 e~~~~~ + B1 e
h 1~~d 

= A 2 ~
_
~3kld + B2

(34)

A3 + B3 = A 2 + B2
(3 5)

A 3 - B3 0~ A 2 - 02 B2

( 36)
IKI(t 1+g) —I K I ( t 1+g)

A4e - B4 e = 0

Solving Eq. (33) , we obtain

e ’~~~~(A 2 e~~~~
d + B ~~~~~A 1 = 2

(37)

e ’~~~~(A e tKk ÷B e~IKId )
2 c o e h I K t l

14
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Solving Eq. (36) we obtain

A = 

~~~~~~~~~~~~~~~~~~~~~~~~~~

2 sinh I K I  t 1
(38)

B = 

I K I ( t 1+~)
(~~~~I K I g ~~~~~~ l K I g )

2 s i n h I K l t 1

Solving Eq. (35) , we obtain

A 3 = -
~~ (A 2 (l + oi ) + B2(l  - 0

2
) 1

( 39)
B3 = 

~~~ 

[A 2(1 - o~
) + B2 (l  + 02) 1

By writ ing

02 + tanh Ku
(40)

01 - tanh ( K u

we write Eq. (34) as, employing Eq. (37) ,

A 2 = B2 T e2~~~~1d 
V

The remaining constants are then obtained in terms of B2. From Eq. (37) we
obtain

A 1 
B2 ( l  + T) (~ + 1) I K J d

(1 + e_ 2 1K 1 1 )
(42 ) V

B1 
B2(1 + T) 

e~~~1)I ~(ld
V (1 +

15
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By writing

V U = (1 02
) ~~~ 

K I d + (1 + a i
) T e~ ’K t ~

(43)

V 
V = (1 + 02 ) e _ $I K I d  + (1 - 01) T e~ I K I d

we have from Eq. (39)

.A3
(44)

B3 =~~~ B2 V e 1

and from Eq. (36)

B
A = 

2 (V ~_ 2 I K l g  
-

2 ( K ( t
2(e L 1)

(45)

B ~I K I d
B4 = 

2 e 
(V - U ~2 l K I g )

— 2 I K I t
2 ( 1 — c

We now have A 1, B 1, A 2, A 3, B3, A 4, and B4 defined in terms of the remaining
constant B2 which is to be determined by satisfying the remaining boundary condi-

t ion [Eq. (32)J where the 
~~~~~~ 

j = 3, 4 is taken as, using Eq. (28).

= -i f Ke~~~~~[A 3
(K) e~~~Y + B~(K) e_k1

~~] dK 3, 4 (46)

The A 3, B3, A 4, B4 appearing in Eq. (46) are now written as functions of K. The 
V

boundary condition [Eq. (32)) thus implies

16
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- I f  K ~~~~~ [A4(K) ~h 1(t~ + B4(K) ~_ f K f g  
V

- A 3(K) ~l K I g  
- B3(K) e’~~~~~] dK J(x) (47)

The integration in Eq. (47) can be accomplished by mult iplying both sides of
the expression by etK’~C and integrat ing with respect to x from -~o to ~ and noting
that

f ~~~~~~~ dx = 2W6(K ’ - K) (48)

where 6(K) is the Dirac delta function . The expression then becomes

f K [A 4 K ~I K ( g + B4(K) e 1
~~ 

g 
- A 3(K) ~I K I g 

- B3(K) ~~~~~~

6(K ’ - K) dK = J(x) et~~~C dx (49)

Defining, as the Fourier transform

1 k
3’( K’) f J(x) ciKI x dx (50)

-
~~~

and then replacing K’ by K, one notes that expression (49) becomes

K[A4(K)e ÷B4(K)e .A 3(K)e
k~~ _ B

3(K)e
’k~~] • 

t~~(K) (51)

17
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Utilizing Eqs. (43) to (45), we note that the preceding expression becomes

_~~ K e ~~1~l C1 [coth ( K I t 1 (V ~- I K l g  
- ~ ~~~~~ - (U e +VE k1

~]

= 
i~~’(K) (5 2)

2w

or

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

= 
i~~(K) (53)

2w V

Defining

~I K I d  I - K  K 1
F(K) = 

e 
2 LV e g (coth ki t 1 - 1) - U e g (coth I K I t 1 + l)j (54)

we have

- i7~K)B2 - 2w K F(K)

The other constants are now found (Eq. (41) to (45)) as

- i i(K)Te2~~
Kk

2 2w K F(K)

= 
i Y ~~~(i + T ) e~~~

1
~~~~~

2w K F(K)(1 + ~_2IKi~ )
(57)

B1 = 
ir (K)(1+T~e~

_1)I1d11
~

2 w K F ( K )(1+ e 2h 1
~
1)

18
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$

A - ___________
3 4,rKF(K)

(58)

- i~~( K ) V e ~~1~~d
B3 - 4w K F (K)

A - ~~~~~~~~~~~~~~~~~~~~
- 

2 ( K I t 14w K F(K)(e - 1)
(59)

- 
i ~(K)(V - ~ ~

2IK (g~ e1~ 1<1 t
~ 

- 
-

4 
- V 

- 2 I K I t 1 V

4w K F(K)(1-e )

2.4 Field Equations

With the determination of all the constants , we have the time dependence
suppressed expressions for H~ . and Br.. j  = 1, 2, 3, 4 in term s of integration in

K, from Eqs. (28) and (31) usir~g Eqs. ~55) to (59) , as

H j ° e~~~~ i(r + 1) ~(K) cosh [ I K I ( I  + d + ~‘~1 
~~~~ dKx 1 2w F(K) cosh KII

V (60) V

- ‘~‘o P s e~~~~~~ (T + l )~~ (K) Sthh [(Kill +d + y)) -iKxBy 1 
- 

~~~ ‘F( K) cosh I K I I V 
e dK

= f e ’~~ ~(K) [T ~ i Ki (d+y) 
+ e~~ 

KI (d+Y)] 
~~~~ dK

( 61)

By2 
= ....~~2. J a ~~~~~ ~~K) T e~ 1 KI (d+y ) 

- 02 e
1 C

~
4
~’)] ~~~~ dK

-

~~~ I
19

_________ - _____________________________________________________________



= 
1 f e~~~~~~~ (K 

~U e I K 1Y  + v e 1’(IY ] e ’~~ dK

(62)

B~ —~~~ ° ~ ~~~~ [u e ’~~~’ - v e_ k I  31] ~~~~ 
dK

H f  ~~~~~~~~~~~~~~~~ + t 1 ~~ (U ~I K I g  
- V ~~I K I g )~~iKx dK

-~~~ 2F(K) sinh K i t 1
(63)

- 
i p  p s ~~ ~~~~~~~~~~~~~~~~~~~ - y) 1

B
3’ 

- 
2w 2F(K) slnh Kit 1

(U e 1’
~~ - V ~_ I K I g ) e t~~ dK

where a = K / {K I  and writing

FT
(K) e 2

~~
(1
~ F(K) (64)

we have from Eqs. (54) and (43)

FT
(K)= ~-~~(coth Kit 1 

— 1)[(1 +o2)e
_21

~~
Cld +(l _ o 1)T]

~_ i K I g  
- (coth I K I t 1 + 1){(l 02

) e-2~ i K I d + (1 + 01 T] ~
I 1(I g~

(65)

The Integrals In Eqs. (60) to (63) are evaluated by contour Integratlon. The
integrals are assumed to vanish on the infinite upper and lower semicircles due to

the behavior of ~ (K) . There are residues at the two real simple zeros of F (K) V

which we denote by 
T 

V 
~ I

FT(K.) • 0 a —1 , 1 (66)
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The residue is then the remaining portion of the integrand evaluated at K5 m u l t i -  
V

p l ied by t he r ec ip roc a l of  [(a/aK) FT(K) J K~K8 
which we wri te  as

F~~~(K 5) 

~ ~~~~ 

FT ( K)] (67 )

The value of each integral is then 2 w i  multiplied by the residues at K8, s = -1, 1.
Defining

~~

J(K ) e
G = (68)

F’ ’(K )T s

02 + tanh (K I i
T5 = (69)

01 
— tanh ( K 5 ?! V

we can rewrite Eqs. (60) to (64) , using one pole at a time, as

= 

1 G (T + 1) cosh 11K 5 ( ( t  + d t!~ e
_
~~5

X

cosh (K I~l 
V

5

s = - l , 1 (70)

~~~ = 
13o 8 G5(T5 + 1) s tnh [ 1 K 5 1 ( I  + d + ~ 1 

e
tKs~

C

1 cosh 1K 8 ? .

(~) 131 K5 1 (d+ y) -131 K5 1 (d+y) iK
H = i G  (T e + e  ) e  ~x2 5 s S

I

V 
V

a • — 1 , 1 (71) .

(
~) 13I K5 i (d+y) -131K (d+y) -iK3xBy2 

= -~0 s G 5 (o 1 T5 e - a 2 e ~ ) e  V

Il
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$

i G 1K 1y - ( K  (y  -iK5x
H~

8 —~—~. ( U 5 e ~ + V 5 e ~
s = — l , 1 (72 )

~~~ = 

-s G5 (U 9 
I K 5 I y 

- v~ e
_k

sk’) ~~~~~

~~~ = 
~iG 5 cosh [(K5((g + - ~~ (U e 5 

- v e
IK5~~) e 9

X4 2 sinh iI (51t 1
S —1 , 1 (73)

-pu s G5 sinh[(K51(g + t 1 - ~~ (U e’
~~~~ - v e~~~~~~) e

_
~
K5~

C

y4 2 sinh IK5 I t 1

where, from Eq. (43)

-131K ( d
U5 = (1 — 02) e + (1 + a1)T 5 e

(74)

-13( K ( d  13iK5 ld
V5 = (1 + 02) e + (1 - a1)T 9 e

There remains to find 8/8K EF T(K) l which is F~~~(K) where FT(K) Is given by

Eq. (65) . When differentiating, we can consider 01 and 02 to be independent of K.

Then from Eq. (40) we find

~~ s t ( o 1 + a 2) sech2
~~Kf!

a (a~ - tanh I K I !)

We now obtain , by differentiating Eq. (65) and utilizing Eq. (43)

2 ~~~ FT(K) = e~~~~
1’
~ (U ~IKlg - ~ ~

-(Kig) a t 1 csch2 i K i t 1

- [(coth I K I  
~1 + 1) U ~ l K I g  + (coth ( K i t 1 - 1) V ~_ ) K I g j sge~~~~~~

+ ((coth JKJ 11 +1) 
(KIg (1 

~°2~ 
— (coth (Kit j —1) ~

—lK (g(1 + 02) )

2 1 3 s d e
_ 213’~~~

C
~
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I

+ [(coth ( K i t 1 - 1)~~_ I K l g ( 1 a
~~

) - (coth ( K i t 1 + 1)

K ~ ‘~ °1 + 02) sech 2 ( K ? !
e g ( 1÷ 01) 1 2 (76 )

- tanh j K ( i )

enabling the computation of F~~~(K 8) in Eq. (68) .

2.5 Magneto.tatic Wave Power

The magnetostatic wave power for each K3 value and for a width is given
by

+g

n
(s) 

~~ 
)• E~~~ H~~~dy (7 7)

- (1 - *-d)

where ~~~ denotes the complex conjugate of ~~~~
From Eq. (7) we obtain , for all regions ,

E z = ~~~~~ = -s -j
~;~:~i~ 

By~ 1,2.3,4 (78)

From Eq. (9) we have

B
3’ ~~ H

3’ 
j  = 1, 3, 4 (79)

B~ 2 
= 

~o 14 12 ~ x~~~~~22 Hy2
)

(80) V
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Equation (77) is then separated by regions as

p(S) = !~[ f
d 

E~~~ H~~~ d y +  J E  ~~ d y +  
f

E~~~~~~~~dy

-U+ d)  -d

t 1 +g

+ r E~~~ H~~~ dy (81)
•1 ~4g

We evaluate each of the integrals in Eq. (81) using Eqs. (78) to (80).
In region 1, we have f r o m  E qs. (78) and ( 79)

— S1 )p  2
~~~ H(S) 

= (82)z1 y1 1K3 1 Yl

Thus, utilizing Eqs. (70) and (79), we obtain

-sup G2 (T + 1)2 ?
d.

J E~~ H
(s) dy = 

0 
2 J sinh2 ((K IU + d + y)l dy

-(l+d) 1 (K 5! cosh (K (! —(i-4-d)

(83)

V Since

sinh2 u = 4 (cosh 2U - 1) (84)

we have

f

d 

~~~~~~~~ dy = 

- su p 0 G~~(T Ø + 1) 2 
(sinh 2 1K 5 ?! 

~4-’~I (85)
-(1÷d) ~ 

y 1 1K 5 ( cosh ( K 5 ( ,  \ 4 ( K 3 ( )
In region 4, we also have from Eqs. (78) and ( 79)

-Su p 0 ( f l ( 8 ) ( 2 
( 86)

4 ~“4 ( K 5 ! ~4 )
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and from Eqs. (74) and (79)

2
t 1+g 2 ( K  ( g  - ( K  gf E~~ ~~~ dy 

- su p 0 o~ (u e 
2 

- V5 e 
~ 

)
g ~ ~~~~ 4 f K 5 ( s inh

t 1+g

V f si n h~ E ( K 5 ( ( g  + t~ - y ) dy (8 7)

and u t i l i z ing  Eq. (84) we have

/t 1+g 2 ( K  g

~ E~~~ H~~~ dy = 

- s up 0 G , ~U 5 e 
2 

- V5 e
j  Z

4 ~~~~ 4 ( I<~ l si nh ( K 5 ( t 1

( s i n h 2 ( K 5 ( t 1 t 1I -— (88)
t 4 ( K (

S

In region 3, we again have from Eqs. (78) and (79 )

~~~~~~~~ = ° i H ~~~( 
V 

(89)
3 3’3 lI(~ I 3’3 -

4. . V

and from Eqs. (72) and (79) 
-

V 

j E~~) H~~~ dy 
4 K :!! 

~~ e
2
~~
(
sIY

+ V~ e
i sk’ -2 U5 dy

(9 0)

Thus

fE ~~~}1r dY 
~ 

[u
2 (~~~lg 

~~~ 
V~ I~~l g 

~~
- 2 U 5 V5 ( K 5 ig]  (9 1)
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In region 2, we have from Eqs. (78) and (80)

_

~~
:

~~
0 

(1 13 2 ii s~~i~~i+ 1322 I H ~7~i )  (92)

Now, from Eqs. (71) and (80)

(
~

) 1 1 ( 13(K ( d+y) -(3(K ( d+y
H S =— I - sG to T e -a e
“2 ~ 22 L s 1 s 2

( j~(i~5~~
i+y -13(K5j(d +y) 1 -iK 5x

~~~12 
G5 \T2 

e +e J e (93 )

which simplifies to

~~ 
C5 f ,3iK5kd+y) -13iK ((d+y) 1 -iK x
— LT8 e ~~12 

- + e 
~~i2 

+ 02 s)j e

- (94 )

No w from Eq. (30)

- 018 = 

~ 12 - 

~~22 ~ 
+ p 12

) = -s p22 13
(95)

~‘12 
+ 02 5 = 

~ 12 
+ (p 22 ~ - ~‘l2~ “22 ~

and

I 131K I ( d + y ) - 131K ( (d+y) \ -iK
y2 s 13 G5 k _  T5 e 4 e / e (96)

Since from Eq. (92) V 
V

J E H ~~~ dY = 

k t  [‘14 12 1 H~~
)
Hr dy + u 22 f ( H ~~~I dY] 

V
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we have first, from Eq. (96)

~22 f H~~~)d y  ~22~~ 
G~~
f 

(_
~ 

e
13 5 +3’)

+ e
13 5 I~~~~ ) 2

dy

(98)

or

~ 22 f H(5) (
2 

dy = 
~22 

(32 o2 
~~~~~~~~~~ (e~~~

’
~~~

1 - 1) - (e~~ ’~~~
t 

- 1)

-d ~ 2( 3( K (  2(3I }(~I

- 2 T 5 d ] (99)

We next have, from Eqs. (96) and (7 1)

~~~12 fH ~~~ H~~~ dY = 

~ l2 G~ s ( 3  f (T 5 ~~~~~~~~ +

( ( 3 ( K5 ( (d4-y) _ 13 1K5 ( (d-1-y) \
+e / dy (100)

or

I 
~ 12 f ~~~ H~~ dy = -p 12 G~ S (3 J (e

2 K 5 I
~~~~

’
~ - T~ e

213 5 i (d+~ )) dy

(101)

wh ich becomes

i~ i 12 f H~
8) H~;:dy = 

2 I I (~ I [(1 
_ 2 ( 3I K5 ld) - T~ (

~
213k8k _

1) ]

(102)
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Thus the integral in Eq. (97) becomes, using Eqs. (9 9) and (102)

f E~~ Hr dY = 

~r:~ 
[ T~ (e~~~~

1 
-

-2 13 1K ( d  2+ (e - l) ( -( 3  
~22 ~~~i2 ~ - 4 13 

~22 ( K 2 1 T d

(103 )

Uti l izing Eq. (30) , we have

j

O 

~~~ H~~~ dy = 

- Su p0 “
~~~ [~ T2 (e

1
~~~

1 
- 1) 02 (e~~~~

1
~~~

’ - 1)
-d 2 ~2 2 ( i (~ (

4 ( 32 iK s l T 5 d] (104)

Finally, placing Eqs. (85) , ( 88) , (91) and (104) into Eq. (81) , we obtain

- 

- su p ~~ !~ 2 (T 5 + 1)2 sinh 2 ( K 9 (I  V

2 1K 5 1 2 cosh 1K 5 1!

I
V ( I K 5 I g — I K 5 I g I  , 

-

\U5 e - V 5 e / ( s i n h 2 l K 5 I t 1+ 2 — I 2 K t 14 sin h ( K 5 ( t 1 .-

~ 
[U 2 2 I K 8 l g  V2 -2 I K 5 j g

+ j~.j
9 (e - l)- .-t (e - l ) _ 2 U 5 V5 l K 3 I g

1 2 2j 3 ( K1( d -2 131K1( d 2 1
+ 1°l T5 (e - 1) - 02 (e - 1) ~ ~ ~ 22 1K 8 1 T3 dJ

(105)
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V — 
- -  

- ~— - -

Defining

2 ~ 
( li’~ig

A (S) 
- 

(T . + 1 )  (slim 2 j K 5 j 1  
- 

( K 5 !! ) 
+ 

~ U5 e - V5 e )
- 

cos h2 K ( .  4 2 / 4 sinh 2 I K 5 I t 1

( s i n h 2 l K  I t
l 

iK j t 1
4

1 1u 2 2(K g V~ -2jK (g
~ -1 ) -— ~—(e ~ - 1 ) - 2 U 5 V5 1K 5(g

1° l 2 2(3 1K d °2 -2j 3 IK 5 I d 2+ [_ ~. T ( e  ~ — 1 ) — — ~-- (e - i ) — 2 j 3 
~ 22 1K ~ i T d

(106)

we can write

n(s) = 

- su p  1 1 G~ 
~~~~ (107)

2( K~ I

V 
for the magnetostatic surface wave power due to each K8, s~= -1, 1. By writin g

n
(s)  + I~~~ (K

5
)I

2 
~~~~~~~~ +[~

(1(
~

) 1 2 , 1 

- 

( 108)

where

- .
0 

- 
V 1 - 1

we obtain , using Eqs. (88) and (107) V

-2$3(K 5 1d

I K ~
I 2 (F ~?~

(K )I 2 ~~~~ ( 109)
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It is to be noted that all the results obtained here reduce to the results obtained in
Reference 1 when the gap region, region 3, is removed and g is set to 0. We will V

constder Eq. (109) , the radiation resistance, aga in in more detail in Section 4.

3. FREE SPACE CASE: NO GROUND PLANES

In this section we determine the results for the case of infinite free space

where the ! in region I and the t 1 in region 4 are permitted to become 
infinitely

large.
We first find that boundary conditions [Eqs. (23 ) and (27) ) need to be modified

to

B 0  y— . øo (110)

B~~~ 0 y—  oo (111)

This causes Eqs . (33) and (36) to change to

B1 = 0  V

(112)

A 1 = A 2 e
(1
~~~

h 1
~~
d + B2 e

(1+
~~k~~

And

A4 = 0  V

(113)

B4 
= B3 

- A 3 ~
2 (KIg

Now redef in ing

V 02 + 1
T= _

~~~ 

(114)
01

We again have, from Eqs. (34) , (35) , (39) and (43) , as in (41) and (44)

A 2 e2 13I K ( d  T B2 
(115)

V - 
(
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- U I 3 i K I d B2
( 116)

B3 =
~~~~~~ 

e~ 1’~~~~B2

and from Eqs . (112) and (113 )

A 1 = B2 (1 + T) e(1 ) u 1~k (117)

B4 = $ e13h 1<~
1 (V - u ~2IK Ig ) (118)

Now ut i l iz ing boundary condition (32) in a similar manner as was done earlier , we

obtain

~~~~~~~ e13kk ’ = ~!~j~(K) (119)

The complete set of constants , with

F(K) = ~~ ~ ( K ~g e13kld ( 120)

are given as

A - ~~K ) e ( 1+13)~~~k (1 + T)
2w K F(K~V ( 121)

B1 = 0

- 
i r(K) T e213l~~

j d  -
~~~A 2 - 

2IT K V F(Kr
V

( 122)

B i7~K)
2 2 ,r KF (K )

_ 
VS 
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I

i Y(K)e13l~~
d U

A 3 - 4irKF(K)
(123)

B - 
i Y ( K ) e V

3 
- 4 i r K F ( K )

A4 = 0
(124)

- 
i~~(K) e13k~~ ~~~~~~2IK (g

4 - 4ir K F(K)

which lead to the modified field equations in regions 1 and 4

- 1 1’ ( T +  1) e13 I d~ (K) ~ i K i ( d+y )  e~~~~~dK
x 1 

~~ J F(K)
-

~~~

( 125)

~ ( s(T + 1) e~~~~~~Y~K) ej K
~~~÷~~ e ’~~~ dK

y i 2 w )  F(K) V

= 
1 f 3~(K) e~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 

( 126)

By4 
—~~~~~~ / ~ ~~~~~~~~~ (U - ~ ~~~~~~ JK I (g-y) e 1

~~ dK

while for the other regions the expressions remain as in Eqs. (61) and (62) .
Defining as before and using Eq. (120), we have

FT(K) e 2131}
~~~ F(K) = ~~P ( K l d ~~I K I g~~ ( 127)

We perform the contour integrations as before.
We denote the two real simple zeros of FT(K) by K9, a = -1, 1 so tha t here

U5~~ 0 (128)
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I

where  I l V ~ as ea r l i e r  de f ined  in Eq. (74 ) and , by Eq. ( 114)

T . ( 129)

A g a i n  denot ing

[~~g FT(K)
~ K = K , 

( 130) 
V

and def in i ng

-13 ( K  d

G5 ‘ 
( 1)  (131) V

FT (K s)

we have, as the result of the contour integrations , for regions 1 and 4

(~ ) ( K (d+y) -iK 5x
= i C5 (T 5 + 1) e e

s = — 1 , 1 (132)

(~) 1K 5 1 (d+y) -iK x
B~ = - s p

~ 
G 5 (T5 + 1) e e

V and

~~ 
- i G ~ 1K I g  - ( K 5 j g  1K ( (g -y ) -(K x

H~ 2 (U 5 e - V5 e ) e e -

s = — 1 , 1 (133)

- sp  G (K (g  - 1K 3 ( g  ( K  ( g-y -iK 5x
B1

~ = .~ ~ (U e - V e ) e ey4 S 5

with the expressions for the other regions being the same as Eqs. (71) and (72).
Writing out FT(K) as

FT(K) ~ I K I g  
[i 

~ °2~ 
e~2 ( 3 I K l d  + (1 + ai)T] (134)
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I

and notin g from ( 114) that here

- 0 ( 135)

we obtain for the derivative

~~g FT(K) - sg ~(KIg [u 02) e
2
~~<k + (1 + ai)T]

÷ 2 ( 3 5~~~ I K I g ( 1 _ 0 ) ~~_ 2 ( 3 I K I d  ( 136)

Setting K = K8 in Eq. (136) and noting Eq. ( 128) , we obtain

(1) 1K I g -2j 3 1K 5 ( d
FT (K 8) 2 s t 3 d e  ~ ( 1 — c r 2)e (137)

The magnetostatic surface wave power for each K3 value and width ~ is now given
by

p(s) 

~~~~~~~ 

f E~~~ H~7~ dy (138)

wh ich when broken down by regions, becomes - 
-

p(s)
L [J

E s)~~~~) dy + f E ;
)

d y +j E ~s)Z~~~dy

÷1 E~5)’If~~~dY] 
(139)

We employ the relations (Eqs . (78) to (80) 1 for E and -fl , j  = 1, 2, 3, 4 wh ich
enter into Eq. (139),

t

34

V - -—— .- -.

- - 
4 , ~~~~~~~~~~~~~~~~~~ ,~~~ _ — ~~~~~j  .- —



$

In region 1, we have the analogous relation to Eq. (83) by ut i l iz ing Eq. ( 125)

r 
~~~~~~~~ dy = 

-sup 0 G2(T5 + 1)2 f e
2 5~ 

+y) 
dy (140) 

- p

I’ ~1 (K ! ~ 
—00 5 00

Thus

-d 2 2
f• ~~~~~~ 

-sup G (T~ + 1)

J E~ H dy = ° ~ ( 141)

-00 
1 ~“ l 2 ( K5 (

Simi l a r ly ,  in region 4 we have analogous to Eq. (87) , ut i l izing Eq. ( 126)

fE ~
s
~~~~~~dY = 

-s up 0 G~ 
(U 8 

~ I K s !~ 
- v5 e

~~Ks~~)2 J ~2 !K s I ( ~ _Y)~~y
4 4 1 K !g 5 g

( 142)

which  becomes , employing Eq. (128)

00 2 2 -2 1 K5 ( g

f E~~ H~~ dy = 

-s u p 0 S S  ( 143)

In region 3, Eq. (91) obtained earlier holds subject to Eq. ( 128) . Thus

2 2 -2~ K l g  V

r ~~~ fl
(~~ dy 

sup 0 G~ ~ 
(e 

2 
(144)

~ 
y3 8(K51

while in region 2, Eq. (104) holds exactly as before.
The insertion of Eqs. (141) , ( 143) , ( 144) and (104) into Eq. (139) gives , after

cancellation V

= ~~ G~ [(T5 + 1)2 + + 01 T~ 
(e~~

1
~~~

1 
- 1)

-2 ,3 1K (d
(e 8 - 1) - 4 132 

~ 22 KØ ( T5 d 
- 

(145)
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By making use of Eqs. (74) and ( 114) , one obtains after considerable algebra

V 2 V2 2 +2 (31 K I d  -2(3 1K jd U~
(T5 

+ 1) + 

~ 
+ 01 T5 (e - 1) - 02 

(e - 1) = —i— (146)

which vanishes by virtue of Eq. ( 128) . Thus we have

l1~ I 
~ G~ 132 T5 d (147)

- 2 I K 5 I g
By noting Eqs. ( 131) and ( 137) , we observe that e is a factor in

Eq. ( 147) , as expec ted.
D ef i n in g

~~~ = - 2(32 1322 l E t  T d (148)

we wr i t e

n
(s) 

= 
-s u p 0

! 1 G~ 
~~~~ ( 149)

2 (  K~!

Writing

= ~ .(~~K ) J 2 
~~~ (150) 

V

we have

-2(31K5 I d
= 

— sup
0! 

2 ~~~ 
V (151)

1K 8 1 (FT (K8)I

which agrees with our previous result, Eq. (109). V

The free space case Is useful because 1K8 I can be writ ten as a function of u
and solved directly. It provides ins ights and serves as a check on the more
general case. V
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.4 R-uHA T l ( ) r ~ lthSI STANCl ~

In t h i s  s~~ction , exp ressions are given for radia t i on  r es i s t ance  along ~~ i th

( - o lop u t e r  resul ts  for s c v c r a l  cases of i n t e i o s t .  V

-1.1 Isolated Independent Conductors

Consider  a t r ansducer  made up of N thin ( (Inducting s t r i p s  each c a r r y i n g  a

~ patia 11y u nI for m  current 1(~ When the str ips are connected in ser ies , the to ta l

current ‘T f lowing  in t o  the  t ransducer  is 1T ~~ I -o r  s t r i ps connected in parallel ,
forming a grat ing, 1T N . Following a previous  anal ysis 1’ ~ one ob t a i n s

- ~~~~ ~)N 2] ~st n c  
~~~K~~

]2 
1- ~~~~ :~~~ 

~2 

( 1 V ~2)

where  is given by Eq. (109) . It is independent of t r a n sd u cer  geomet ry .

Equat ion (152)  gives the radiat ion r es ist ance  for a meander  or grating ar r ay  w h i r h

is made up of N independent conducting s t r ips .
Figure 3 shows plots obtained from Eq. (152)  of (Ia ’ r ad ia t ion  r es i s t ance  per

uni t  wid th  for grat ing t ransducers  of 1, 2 , 3 , and 4 independent  conduc t ing  s t r i p s .

It gives the radiation resistance for a wave propagating in the U / n  d i re ct i o n ,
where n is normal to the surface.  The local max ima  near  3n50 \ l I l z  corresponds

to the longest wavelengt h w h i c h  matches the g ra t ing  per iodi c i ty .
The effects of l i f to f f  are shown in Figure 4 where radiat ion resistance for a

fou r element grating transducer is plotted for three values of g. The decay is
nearl y exponential when the ground planes are many  wavelengths away .  When they

are close, the decay is a comp lica ted funct ion of transducer geometry and ground
plane spacing.

Figure 5 shows radiation resistance for a meander l ine.  Note the change in

vertic al scale, There are eight conducting str ips connected in series. This
produces higher values of resistance than when they are connected in paral lel .
Radiation resistance for both posit ive and negative going waves are shown wi th  the
nonreci proci ty evident. The successive peaks correspond to MSSW wavelengths~
A = n p w i t h  n 1, 3, 5 and 7.

Figure 5 was obtained from Eq. (152).  In the next section a normal mode
approach is employed to obtain radiat ion resistance for the same transducer for
the n = 1, 3 normal modes . 

V

4 . Sethares , .J.C. ( 1978) Magnetostat ic Sur face Wave Transducers , 78 IEEE MTT
MTT-S , Cat. No. 78 CH 1355-7 , 444.
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4.2 Truncated Infinite Array V V

Again , fol lowin g the an al ysis of Reference I we have V

~~~ 
I4~ i N

2(l + f l  ( ‘ ( I5 l~~ 

fsinc (L~_)1 2 
sinc 2 [ K 5 ~i~!)N ]~~ 

(153)V Ill (1 - rI) ( 1 ~)N V L 2
~ j - 

IT

fm the  rad ia t ion  resis tance of the normal  modes ~i f a t runcated infinite array . For
fi-equen ( Ies near each space harmonic, Eqs. (152) and (153) provide nearly identi-
cal curves as seen in Figures 5 and 6. Those fami l ia r  wi th  surface acoustic wave V

V t r a n 4 d u ( - ( ’ t -  theo ry wi l l  note a basic difference here between SAW and MSSWs. For
SAWs , subsequent peaks in radiation resistance over practical frequency ranges
(> (~(~t 1f~ at u n whereas for MSSWs , they occur at K n K where n is an Integer. V

This means that a fixed MSSW transducer structure can provide spatial filtering at
almost any frequency. This Is not possible with SAWs.
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5. CONCLUSION

Periodic ma gnetostati c surface wave t ran sducer  theory has been exte nded to

include var iable  coup ling between M SSW and EM waves. Variable coup li ng was
achieved by int roducing a gap betwee n the YIG surface and t r ansducer .  The
anal ysis is give n in su f l ’ic ie n( detai l  to allow one to follow the approach used and
assumptions  made , p rov id ing  a basis fo r’ f u r t h e r  ex tens ions  of the theory .  The
technology has appl ica t ion  in signal processing direct l y at m i c r o w a v e  frequencies.
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