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P re f ace

This report  log ically follows previous invest igat ions on condi t ional  probabil-

ity. The fi rs t  report , appearing in the Monthly  Weather  Review (Jul y 1972) , was

wr i t t en  for use w i th  a sing le predictor ;  the second , appear ing as AFSG No.  3~~~4 ,

provided for several predictors  that  could contr ibute i n fo rma t ion  on one p r ed ic t and

by linear regression. However , for two predictands occurr ing  jo in t l y, such as

the ceiling and the v i s ib i l i ty  at a t arget , it does not su f f i ce  to produce i n d i v i d u a l

predictions for the condi t ional  probabi l i ty  of each. To meet the addi t ional  require-

ment , this report is based on in-house work , done at the request of A i r  Weather

Service (R C S- 7 - l l) .
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Conditio nal Joint Probabi l i t ies

I. INTRODUCTION

The problem of es t imating the probabi l i ty  of concurrent events arises fre-

quently. One of the most persistent  problems is the f inding of probabi l i ty  where in

both ceiling and vis ibi l i ty  at a s ta t ion  jo in t l y wil l  have values above the i r  t h r e sh -

- • olds . In this stud y, the same predictors wi l l  serve both wea the r  e lements , al though

prior ceilings should be bet ter  than prior  v i s ib i l i ty  for the predic t ion  of subsequent

ceiling, and p r io r  visibil it ies  should serve more  e f f ic ien t l y for subsequent  v i s ib i l i t y .

The condit ional probabi l i ty  of two jo in t l y occur r ing  predicted events , g k-eri one

or more predictors , is clearly dependent upon the conditional  p robab i l i t y  of each

individual predictand.  It is also dependent on the  correlation between p red ic tands .

Generall y, the l a t t e r  correlation is condit ioned upon select ion of p r e d i c t or s .

2. FORMULA FOR CO NDh T lO~ AL PROBABILITY

Before proceeding fur ther , one takes for granted that  each v a r i a b l e  has been

t rans fo rmed  into the equivalent  normal  dev ia te  (END )  throug h i t s  c u m u l a t i v e  li-c-

quency. The variable X is t rans formed into the END , x (O , 1) , t h r o u g h the cumu-

la t ive  prob abili tyl

(Received for publication 29 September 1978)
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P(~~N ) P(~~x) - —i-— f e~~~
2
’~ d~ ( 1)

There is a convenient  a p p r o x i m a t e  fo rmula 1 for d e t e r m i n i n g the  l- ND (x)  in
t e r m s  of the  p robabi l i ty  of exceedance , EP ( �X ) I , as fo l l ows :

x k [ t  - (a a 1t ) / ( l  + b 1 t h 9 t 2 ) l  ( 2 )

where

a = 2 . 30753
0

a 1 = 0. 27061

= 0, 99229

= 0. 04481

and where

k 1 , ~~!n when p - • P(~~N ) ~ 1 - 2

k -l  , t ~~~n l / ( l  - p) 2 when p = P (�X)  > 1 2

If y
1, 

V
2 

are the predic tand E N D ’ s and x 1, .. 
~ 

x~ the p red ic to r  E N D ’~~, then
the problem becomes the f inding  of rondi t ional  probabi l i ty :

P(y
1 ~ ~ 1c’ ~ 2 ~ ~~ c~~ l’ • X

n
) P(v 1 ~ ~ lc ’ ~‘ 2

where  v v , are the threshold  END-va lues  whose  jo in t  p robab i l i ty  of exceedanceb 2c - -

is to he found , and

N )
— 1’ ‘

Correla~ ion ( - ( ( e f f i c i e n t s  ( ( V ( I~~~ ) a re  assumed to  ex i s t  be tween  each p a i r  of
var iables , w i t h  earh  CC cons tan t  t h r ou g hout the  d i st r i b u t i o n  of the  v a r i a t e s .

I .  N a t i o n a l  f lu r e a u  of S tandards  ( I  iH4 ) I l a f ld b ( I ok  (I f  :~1z i t h e n i a t i c a l  1- u n c t i u n s ,
A pp lied M at h e l i at i r s  Ser ies , 55 , G o v e r n m e n t  I~ r i n t L n g  o f f i c e , W a sh i n g t o n ,
D. C. 20402 , pp (l~~ 2 — 9 3 ~~.
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As in previous work, 2 each predictand is assumed to be l inear ly  dependent

on ‘he predic tors .  Hence ,

= a 1~~x 1 + ‘.‘  + a 1 x b 1 r~1 (3)

= a 91x 1 
+ • . .  + a 2~ x~ + b2 q

2

where 
~~~ 

are normal ly dis t r ibuted and random except for the i r  intercorrela-
tion . The a ’ s are part ial  regression coeff ic ients  and the b ’s are of such magni tude
that the normal i ty  of y 1, y2 are preserved.

Introducing the vectors , we wr i te

a 11 a21~~ x 1
• A1 - - A2 - - -

a a I xin 2n ,  fl

Equation (3) becomes

= A 1 ~ + b 1ri 1 (4)

T .y 2 ~~~~2 N + b 2~~2

Let r
~1 

be the CC between the i th  p redic tor  and the  j t h  predictor .  Let be the
CC between the i th predic tand and the 1th predic tor .  Then the coeff ic ients  (A 1,
A 2, b 1, b2

) can be obtained in t e rms  of the m a t r i x :

/ r 11, r 12 ‘ ‘. , r ln~~~

f r 2 1, r 22 
. . ., r 2~ç =  ( 1 (5)

r 2 ‘ ‘ ‘, r
on)

p 11 ‘~2 b
- -~~2 — (6)

~~ln ~ 2n

2 . Gr ingor ten , I rv ing  I . (1976)  M u l t i -P r e d i c t o r  Condi t ional  Probabi l i t ies ,  AFSG
No. 354 , AF.S(’ (A F’GL) , USA F, Hanscom A FI3, 24 pp.
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In t e r m s of C, 
~~~~~~ 

E 2. we have

~~i ~~~~~~

. — 1
- 

~~~

where

~ c/I c - I (81

where  C is the ad jo in t  m a t r i x  of C , and C is the i l - t e r n u n a n t  i ( . T i n -  a d i l

m a t r i x  of C is a ma t r i x  of cofactors  (p .) as l IllI w s :

= I

where  M~ is the  subm at r ix  of o rder  ( n — i )  ob t a ined  b b Ie I tu  ~he - ‘I ’  I ‘ 0

j th  column of C. Also

b 1 
= 1 ~-A 1 ‘~ i 

1( 0

= ~~7A T H

Hence, from Eq. (4)

= 
~~l 

- a 11 x 1 
- a 1

x )  h 1 
( 1 1 )

= (y 2 
- a2 1x 1 

- a 2 x )  H 9

C lear l y,

~ ~ lc ’ ~
‘2 ~ ~ 2c 1 -~ -~ 

P (q l ~ ~l ’  ~2 ~

Since 
~ l’ ~ 2 have Gaussian d i s t r i b u t i o n s , t I ) e i r 1(Iint pL - I ( b ah i l i t v  is dependent  upon

the  C C  (p )  between them in

— +

• 
~~~~ ~ 

6 bc ’ ~2 ~2c~ -~~~ f f e 2 ( 1  - 
2 ) 

d~ d~ ( 12)

2~ 1 - p  
~~~l I -  ‘~2c

10
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To find p. one needs to r ecogn ize  it as the  expected value of }~ pro du -t of

and 
~~~ 

F i l I a l  Eq. ( 1 1 ) :

b 1b 2 9 117 9 y
1

y
2 

- 
~~ a 1. x . y 9 - ~ a 9 x v 1 - ~~ a F x .x  

~~~~~~~~~ 
( 13)

Hence

h 1b9p p _ A
1
T 

•~~2 ~~2 ~~~ 
- 

~-~~2 
(14 )

where  p ~~ he un l - I ( ( ( b i t  j onal  ( 1. between ‘1 and v 9. F ina l l \ ,

• p - (P~1 - A 1
’ CA 2 ) H 1b 9 t I S)

or , in pui’el y a l2c -h  -a i r  e l m s

- 
~~ 

a~~a 2 1 r~
p 

1 , 1 - ( l h )
1 — a 0 ~ b i  

— 
~ 

a 2i ~ 2 i

Equation (15) or (16)  can be recognized  as the p a r t i a l  c o r r e l a t i o n  b l O t - v e I n and

a result  that  is a consequence (If  the  absence of obse rva t iona l  x - v a lu e s  in t h e

computa t ion  of p .
3 In this  t -epor t , t he re fo re , the  t e r m s  c o n d i t i o n a l  CC and

par t ia l  CC are in te rchangeab le .

3. S-t~IPLF STIJI)IES

3.1 (:eil iti g and Visihilit in Southern (,erman~

This case concerns  p r o b a b i l i t y  at N u r n b e i g  ( 49 °30 I N , l l °5 E ) , given observa-

t ions  at K i t z ingen  ( 4 P °4 2 N , 10 °6 ’E ) .  The d i s t a n c e  between s t 1 ( t i o n s  is 7 4 . 2 1  km.

In Model B, the C C s  be tween cei l ing or v i s i b i l i t y  at  one s ta t ion  and c e i l i n g  or

v i s i b i l i ty  at ano the r  s t a t ion  are given by the  f o r m u l a :

p ( s ’) p . ~~ ~sin
_ l  

~~l - 
2 

- ~ - 
2 ] = l9 8 r  

( 1 7 )

3. L a w r a n c e , A. I . ( 1 9 7 6 )  On c o n d i t i o n a l  and p a r t i a l  c o r r e l a t i o n , The A t i ’ e r i c a n
S t a t i s t i c i a n  3 0 : 1 4 P - l 4 9

4. ( ;r in go -ten , l i v i n g  I . (1978)  M o deH in g j~~ _ the  P r ob ab i l i t y  Dist  r ih u t i o n  I r
ifl&an(l v i s t b i l i t v _a t a P ~~~ I i  l i ne  of T r a v e l , ( 0  in  an A r e p~ in the
S out h e r n  Hegion  of V, est Ge1 (  , I npub l i s  bed Hop e i’t , 5Ul ~(fl i t t e d  to  I lq .
A W S , 2 ;  A pr i l  1973 .
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where  s ’ is the d i s tance  between s ta t ions , r is the  pa ramete r  known as the  scale

dis tance , and p is a correct ion fac tor , mainl y due to observational  errors , equal

to 0. 83 for ceil ing versus ceiling, and 0, 85 for v is ib i l i ty  versus v is ib i l i ty.  For
• ce i l ing  ~-ei-sus  v i s i b i l i ty , the value of p~1 is 0. 17.

F’or the  German moun ta in  s t a t i o n s , r -: (
~ 24 km in w i n t e r .  I- Ience , for

= 74 . 21 km , Eq. (17 )  gives the January  CC’ s that  compose the  m a t r i x  C and

vectors  H 11 and R~ . fom cei l ing hei ght (I - I) and v i s ib i l i ty  (V) as fol lows:

0 .85  0. 17 0 . 7 5  0. 15

0. 17 0. 85 0. 15 0. 75

From Eqs . (7)  to (11) , we find

C I  = 0. P7 1 1

- 0. 85 -0 . 17 1. 2 2 5 5  -0. 2451
C =  C =

—0 . 17 0 .85 —0. 2451 1 . 2 2 5 5

0. 8824\  / 0
= ) ~~V 

=

b11 0. 582 , ~~ = 0. 582

Finally,

(y 11 
- 0. 8824 x FT )/ 0 . 382 ( 18a)

6V 
= - 0. 8824 xv

) / O . 582 (18b)

Fortuitously,  ceiling depends on ceiling predictor only; v i s i b i l i t y  depends on vis i-

bi l i ty  predictor only. From Eq. ( 15) or Eq. ( 16)

p = 0.118

To find the joint  probabili ty,  Eqs. ( l8a  and b) must  be used: the  values of
and XV corresponding to the observations of ce il ing  and v i s ib i l i t y  at Ki tz ingen

must  be known , and the threshold values of y
11 and y

~ 
at Nu r n b e r g  be selected.

For t h i s  report , the END ’s are found th roug h the cumula t ive  frequencies of the

12 
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ceilings and the visibi l i t ies at the two s ta t ions , Ki tz ingen  and N u m n h e r g  (F i gures 1
and 2) .

Suppose that the ceiling and v is ib i l i ty  at the p red ic tor  s ta t ion , I—~i t z i n g e n , a t e
known to be 300 meters  and 1 km , respectively. Then , f rom Figures 1 and 2 ,

-1 . 00 and X V 
= -1. 60 . The ref o re Eq. ( 1 8 )  becomes

0 11 = 1. 719 y 0 
+ 1.339

= 1.719 + 2 . 4 2 7

Table 1 gives values of y~ and y \T 
for several  t h r e sho ld  values of ce i l i ng  and v i s i -

b i l i t v  at N u r n b e r g ,  the p red ic tand  s t a t i o n .  The e n t r i e s  for- ( l i n t  condO ( 1 1 1 1 1 ( 1  I I I  I I  —

abil i ty were  found by numer ica l  solut ion of Eq. ( 1 2 )  (In a I l e w l e t t - P a c k a t - d  t I 8 l Q A .

3.2 Joint Conditional Proba bilit y ot 24-hour Rain fall  in \ei~ I- ng luiid

The selected example is that  of the  o int  pr ol~a h i l i t y  ol 24 —ho u r  r a i n f a l l  I I

Boston , Massachuset ts , and Port land , \ I a i n e . The q u e s t i o n  ( - r l n c e t - n +  whet he r  or
not there has been rain , and how much , at the  m l I m e  w 1 -~ f er lv  s t a t  in n  : Pt-n vi i l e tn -e  -

Flart ford , and Bur l ington.  The f ive  s t a t i o n s  ar -c l ocat ed  as fo l l o w s :

Boston 42 °2 2 ’N  71°02 ’W
Portland 43°3 ll l \  70 t1 19’ W
Providence 4 1°44 ’N  7 l °2 O T W

H a r t f o r d  4 l °56 ’N 72 °4 b ’ \ V

Burl ington 44 °2 8 ’N 73 °0fl ’W

From the formula  for d i s t a n c e  •s ‘ ( k i l o m e t e r s )  be tween  t h e  i t i t  and It st  l i t  H l1~~

= 111 .12 b (b in degrees and t e n t h s )

where

cos b = sin sin - 00.5 ( 0 ( 5  0~~ I l l s  (A
~ 

—

and where  ó represents  la t i tude  and ~ long i tude .  For d i s tances  bet~~ct - n = l~~’ i , n , .
see Table 2.

3 . 2 . 1  J A N U A f l Y

Previous records gave the p robab i l i ty  d i s t r i b ut i o n  111 2 4 — I O U I f i l l  i l l I H i t ( 0 ! l  in
New England ( J a n u a r y) , p ro duc ing  the  cu rve  of r a i n f a l l  ve r sus  E N D  ( l - i L ’ u l - v  3) .
The 20 -y ea  i- r ecord  ( 1 P 32 - 1 97 7 )  yielded an average  f requency  of 0 . 3801 I c
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Table 1. Threshold Ceiling and Vis ib i l i t y .  Cor respondmg values ( V
1 1.  

v \ ) , un-
conditional probabilities [P(~~y 1j ) , P(

~~
y

~~
) 1 , resu l t ing  values (3~ j , ~~~~ -) or the

spec i f ic  predictors at Ki tz ingen (ce i l ing  300 m , v i s ib i l i ty  1 km) , and the condi-
t ional  probabil i t ies  [P(~~n~~) , P(

~~I)v ) 1 (E s t i m a t e s  are  shown of the lo in t  cond i -
tional probabili t ies when Ihe condit ional  correlat ion coeff ic ient  is 0. 118)

V i s i b i l i t y  1 km ~~5 km
— 1 , 50 0 .31

P(~~v~ 1) 0 . ¶ 0 3 3  0 . 378

— 0 . 15 2 . ¶ 1 6

Ceil ing 
~~~~~ 

P(�v 11
) ~~ P C ’ 11

) ~~~~~~~ 0. 300 0 .0013

~~l 5 0 m  -1 .40  0. 32 -1, 07 0. 81; 0 .483  0 .0015

~~300 m -0. 72 0 , 76 0. 10 0 . 4 I ;  . - . 0. 27 T ,  0 .00 10

~~i;oo m -0 . 18 0. 57 1. 03 0 , ~~~ 
. ‘ ‘  0.09 5  0. 00041

~~
- :500 m 0.35 0 . 30 1. ¶ 4  0 . 02 ) ;  . . .  0 .017  0 . 000084

~~9000 m 0. ¶ 0 4  0 . 17 2. 95 0. 001 1; . • 0 .0012 0. 000007

Table 2 . D i s t a n ce s  Between Ne w England S ta t ions
( in  k i l o m e t e r s )

Stat ion Boston Por t land  Providence h a r t ford

Portland 154 . 1 ... ...
Providence 77. 8 231. 7 . .. . .
h a r t f o r d  144 . 3 271. 3 103 .9

Burlington 289. 1 243. 7 334 . 1 284 . 1

- 
-

•
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Figure 3. Trans format ion  of New England 24 -hour  Prec ip i t a t i o n  (J a n u a ry )

ra infa l l  ~~0. 25 mm . The frequencies and jo in t  f r equenc ies  of r a i n  ~-O . 23 mm  were

as shown (Table 3). The distances between s tat ions , coupled w i t h  a prev ious ly

determined 5 scale distance of r 2 .4 5  km for 24 -hour  preci p it a t i on  gave CC ’ s be-

tween stations (Table 4) . These , in tu rn , together  wi th  the m a r g i n a l  f requencies

(Table 3) , as used in Eq. (12) , gave the es timates  of jo in t  p robab i l i t i e s .  On the

whole , the es t imates  are low by an average of  0. 02 , suggest ing tha t  th e  pa r ame te r

size (r = 9 .45  krn ) could have been chosen somewhat  larger , at least  for  w i n t e r

precip itat ion equal to or greater  than  0 . 2 5  mm.

For prec ip i ta t ion  ~~2 l .  84 mm , the m a r g inal and mint  f r equenc ies  were as

shown (Table 5) . If , again , the CC’ s , as e s t i m a t e d  f rom Model  13 w i t h  r = 45 knt ,

are used in Eq. (12 )  the es t imates  of joint  probabi l i ty  become the  f igures  in pai’en —

theses (Table 5) . This  t ime  the average bias is less than  0. 001.

3 . 2 , 2  J U L Y

Previous records gave the p r o b a b i l i t y  d i s t r i b u t i o n  of 2 4 - h o u r  r a in fa l l  in Jul y

as shown (Figure 4) .  The average fr equency is 0,305 of ra infa l l  ~~0. 2 5 mm .  The

marg inal and jo in t  f requencies  -0. 25 mm were  as ~llown (Table 0) .

5 . Gringor ten , I rv ing  1. (11170) Area l (‘overage  E s t i m a t e s  by S tochas t i c  M o d e l l i n g ,
E H P No. 573 , AFSC (A F G L ) , I S A  F, I f an s c o n i  A F E , 56 PP .
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Table 3 . Marg inal and Jo in t  Frequencies of 24-hour  J anua ry  p r e c i p i t a t ion
• - -0 . 25 mm.  (M arg inal  or s ing le-s ta t ion  frequencies  are shown on the  d iagona l )

Stat ion Boston Portland Providence  h a r tfo rd  Bur l ing ton

131 I s t O l t  0 .383 0. 300 0. 328 0 .318 0. 2 t 4
(0 . 2 8) (0. 31) ( 0 . 2 9 )  (0 . 28)

Por t land ‘~~~~‘ 0 .354 0. 279 0 . 275 0. 284
(0 , 2 5) (0. 24) (0. 27 )

Providence ... . . . 0, 307 0.313 0. 259
( 0 . 2 9 )  (0 . 26)

H ar t fo rd  . . . .. . . . . 0 .3 04  0.273
(0 . 27)

Bur l ington ... ... ... ~~~~~ 0. 438

Numbers  in parentheses  are Model B probab i l i ty  es t imates .

Table 4 . Model 13 Es t imates  of Corre la t ion  Coef f i c i en t s  of 24-hour J a n u a ry
• Preci p i tat ion Between Pai rs  of Stations

_ _ __ _ _ __ _  - -

Station Boston Portland Prov idence Hartford Burl ington

Bo ston 1. 000 0 .838 0. 918 0 . 848 0 .698

Port l and  ... 1. 000 0. 738 0 . 717 0. 745

Providence . .. . ‘.  1. 000 0 , 889 0 . 652

l- l a r t fo rd  . .. ... . .. 1. 000 0. 704

Burl ington ... ... ... ‘ ‘  1. 000

17
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Table 5. Ma~’ginal and Joint  Frequencies of 24-hour  January  Precip i t a t ion
~~2l . 84 mm.  -- (Single-s ta t ion frequencies are shown on the diagonal)

Station Boston Port land Providence Har t fo rd  Bur l ingt on

Boston 0 .0347  0. 0099 0. 0236 0 . 0136 0 . 00124
(0 . 011) (0, 020) (0 , 011) (0 . 0020)

Port land ... 0.0298 0 , 0136 0 , 00868 0 , 00124
(0 . 012) (0. 0068) (0. 00248)

Providence .. .  ‘‘.  0 .0422 0 , 0136 0. 00248
(0 .014)  (0 . 0019)

Har t ford . . . ... ... 0. 0223 0. 00248
(0 . 0016)

Bur l ing ton  . . .  ... ... ... 0. 0037

N u m b e r s  in parentheses are Model B es t imates .

Table 6. l \larginal  and Joint  Frequencies of 24 -hour  Jul y R a i n f a l l  ~~0. 25 mm

Station Boston Port land Providence H a r t f o r d  Bur l i ngt on

Boston 0. 292 0. 196 0. 208 0. 220 0. 177
(0 . 19) (0. 23) (0 . 20) (0 . 18)

Port land . . . 0. 303 0. 173 0, 1119 0 . 213
(0 . 17) (0. 10) (0. 19)

Providence .. . ... 0. 324 0. 205 0 . 159
(0. 23) (0 , 18)

Har t ford  ... ‘‘  . .. 0, 324 0. 197
(0 . 1°)

Burl ington ... ... ... ... 0. :it ~i

18
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Fi gure 4 . T r a n s f o r m a t i o n  of N e w  England 24—hou r R a i n fa l l  ( Ju l y)

The previously de te rmined
t 

scale d i s t a n c e  for - J u ly  2 4 - h o u r  r a i n f a l l  i.s

r = 5 . 19 km. Coupled w i t h  the  d is tances  b etween  s t a t i o n s  as de te rm ined ahr ’ve ,

the CC’s between s t a t ions  are as e s t i n t a t e d  (Table  7) . The C i ’ s , in t u r n , t o g e t h e r

w i t h  the marg ina l  f requencies  in Table 0 , when u sed in Eq. ( 1 2 ) , y i e l ded  t h e  l i n t

p robabi l i t i es  in parentheses (Table  1) ,  T h e  n t ’ o - r  show a b ia s  of only 0. 003 I r

3/ 10 of 1 percent ,

For ra infa l l  — 2 7 .  94 m m  ( E N D  >2 . 0) , the  m a r g i n a l  and j o i n t  f r equenc i e s  w e r e

as shown (Table 8). The Model 13 e st i n i a t e s  of j o i n t  p r o b a b i l i t y  are the  b racket ed

figures . They show a bias of -0 . 001 , and an l ( \ l S l -  ( 1 ) 0 .001 .

This supports  our rel iance upon Model 13 . The se ale  d i st a n c e s  of Model  13

were used to es t imate  the CC’ s tha t  were  used in Eqs . (4)  0’ ( 1 5 )  in order  I I  f ind

the pa r t i a l  regression coef f ic ien t s  and o t h e r  pa r a m e t e r s  (h 1, - h ,) , and f i n a l l y t h e

condi t ional  probabil i t ies  (Section 3 . 2 . 3).
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Table 7 . Model B Es t imates  of Cor re la t ion  C o e f f i c i e n ts  of 24 -hour  Ju ly  R a i n f a l l

Station Boston Port land Providence i l a r f o r d  Bu r l i n g t o n

Boston 1. 000 0. 707 0 .85 1 0, 72 5  0 . 4 94

Port land . .. 1.000 0. 505 0. 494 0. 543

Providence . . .  . ‘ . 1. 000 0. 798 0 . 387

Har t fo rd  ... ... ... 1. 000 0 . 472

Burlington ... ... ... • ..  1. 000

Table 8. Margina l  and Joint  Frequencies  of 24-hour  Jul y R a i n f a l l  ~~27 . ¶ 4  mm *

Station Boston Por t land  Providence h a r t f o r d  B u r l i n g t o n

Boston 0. 0174 0. 000775 0 .00374 0. 00320 . .
(0. 0031) (0 . 0064) (0 , 0047) (0 . 0015)

Por t land  ‘ ‘ ‘  0. 0149 0.00078 0 . 00320 0 . 000775
(0 . 0027) (0 , 0023) (0 . 0017)

Providence .. ... 0. 0223 0 , 00374 ...
(0 . 0069) (0 . 0014)

Har t fo rd  . . . . .. ... 0. 0 2 3 (  0 .00202
(0 . 0019)

Burl ington . ... . .. ... . .. 0 . 013 ;

N u m b e r s  in parentheses  are 311001 13 e s t i m a t e s .

f~~~~~ ::~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
--



— T~~’~~~— --- --- - 
- -

Table °. Marg ina l  and Jo in t  C ondi t iona l  Probabi l i t ies  of 24-hour  Prec ip itation
at Boston and Por t land  (J anuary )

A mou~ t 
~~ 6B P (Y 13 y,1i N) IJ p P(v~~ � 

~T N )  P ( Jo in t ’ N)

On 1 Jan 1952 x 1 x 2 = x3 
= —0 . 44 ’~

T-0 . 25 0. 4 2 .2 3  0 . 013 1. 52 0. 064 0. 0039

�4 . 2 1. 0 3 , 84 0. 000002 2 . 59 0. 0048 0. 0000083

~- 2 l . 8 2 . 0  6 . 52 ~~‘ •  4 .37  0.000000

A c t u a l  pr-eci p i t a t ion :  None at Boston , 0 . 25 mm at Por t land

On 3 Jan 1953 x - 2 . 24 x , - 1. 97 x . = 1. 51 *
1 2 ‘

~~0. 25 0. 4 -4 . 46 0. 9999939 —2 . 79 0 . 9974 0. 10974

�4. 2 1. 0 —2 . 85 0. 9978 -1 . 72 0 . 9:37 0. 955

~- 2 l .  8 2 .0 -0 .17  0. 57 0. 07 0. 47 0. 342

L A c t u a l  p r ec ip i t a t i on : 30 . 5 mm at Boston and at P o r t l a n d

*See tex t

Table 10 . M arg inal and Jo in t  Condi t iona l  P r o b a b i l i t i e s  of 2 4 - b o o r  R a i n f a l l
at Boston and Por t land  (July)

Amoun t  
~~~~ ~~~~ ~ ~~~ 

N )  P)~ V 1 N )  P (Jo in t ’ N )

On 1 Jul y 1932 x 1 x 2 x 3 -0 . 40

a-0 . 25 0. 51 1. 53 0. 003 1. 10 0 . 14 0 . 02 0 ;

~~:3 , 6 1. 0 2 , 51 0. 006 l.~ 0. 0 1  ( 1 . 001

~-27 . 9 2. 0 4 . 50 0. 000003 3 . 10 t) . 1) 11 10

A c t u a l  r a i n f a l l :  No ne at I l l  s O n  I l r  P o r t l a n d

On 2 July 1953 , x 1 = 0. 70 , x 2 = 0. 81 , x . , 1. 0 
—

-- - 0 . 2 5  0 . 51 - 0 . 43 9  0, 08 -0 . 2 0 ~~, 9 0 . 47

>3 , 0 1. 0 0. 535 0 .30 0. 40 0 , ;4 0 , 19

-2 7 , 9 2 . 0  2 . 52 o . Ooi ; 1. 74 0. 041 0. 0015

A c t u a l  r a i n f a l l :  None at Boston, 1 • 0 mm at Po r t l a n d

I - o r  ‘ b e t z o t l - o  ~,n t h e  values of x 1, X ?.  X
3 ,  

see d i s c u s s i o n in ‘ ox ° .
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3 . 2 .3  J A N U A R Y  PARAMETERS A N D  CONDITIONA L
PROBABILITIES

Using B, P as subscripts for Boston and Portland , respectively, and 1, 2 , 3 for

Providence, Hartford, and Burlington respectively, one finds that  the solutions of

Eqs. (5) to (16) produce the following results:

1 r 12 r 13 1 0. 889 0. 652

C = r 21 1 r 23 = 0. 889 1 0.704

r 31 r 32 1 0. 652 0 .704 1

~ B1 0.918 P p 1 0. 758

= ‘~B2 = 0 .848 = P p~ = 0 .717

~ B3 0. 698 P p3 0. 745

from which

id  = 0. 1051 0. 5044 -0.4300 -0 . 0261

C = -0. 4300 0. 5749 -0 . 1244

-0 . 0261 -0. 1244 0. 2097

4 . 799 -4 . 091 -0. 248

= -4. 091 5 .470 -1. 184

—0. 248 -1. 184 1.995

0. 763 0. 520

-~~B = 0. 0566 = -0. 0611

0 . 161 0 .449

b~~~= O . 373

b~~~= 0 . 50l

From Eqs. ( 11) the END ’s become

= 
~~~ 

— o~ 763x 1 - 0. 0566x 2 - 0 , 161x 3) ‘0. 373

22
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rI p = (y~ - 0.  520 x 1 - 0. 06 1lx 2 - 0. 449x 3
) -‘0. 561

From Eq. (16)

p = (0 . 838 — 0 .739)  (0 . 373)(0 .  561) = 0 .473

which makes the conditional CC substant ia l ly reduced from the uncond i t iona l  of

0. 838.
When 1B’ ~~ are found , from the above equations , for several END’ s of

threshold  rainfal l  
~~B’ Yp ) . for specific END’ s of predictor  informat ion (x 1, x2,

x 3
) , the results are as shown (Table 9) . On 1 January 1952 , there was no rain

at Providence , Har t ford  or Bur l ington.  Since the probability of no ra in  at a single

station is 0. 66 , the END was chosen f o r  half this  probabil i ty ( tha t  is , x 1 = x2 
=

x3 = -0. 44). On 3 January 1953 , there was 27 . 9 mm of preci pi ta t ion  at Providence,

24. 1 mm at Hart ford , 11. 9 mm at Burlington (wh ich Figure 3 converts  to x 1 = 2 . 24 ,

x 2 = 1. 97 , x3 = 1.51).

3 . 2 . 4  JULY PARAMETERS AND CONDITIONA L PROBABILITIES

In similar procedure, the calculations g ive:

= (y~ - 0. 746 x 1 
- 0. 060 - 0. 147 x 3

) ’ O . 503

Ti p  
= (Y p  - 0 .459  X

1 
4 0. 058 - 0.393 x3

) ,f O . 746

and

p = 0, 469

Again the condit ional  CC is reduced but s ti l l  s ign i f ican t .

On 1 July 1952 , there  was no rain at the three predictor s ta t ions .  Since the

probability of no rain is 0. 69 , the END is taken at one half the probabil i ty.  Thus

x 1 = x 2 = x 3 = -0.40 .

On 2 July 1953 there were 0. 76 mm of rain at Providence, 1. 5 mm at Har t ford ,

and 3. 1 mm at Burlington. Hence x 1 = 0. 70 , x2 = 0.81 , x 3 = 1. 09 .
Table 10 shows the results on the condi t ional  probabili t ies, s i m i l a r  to those in

Table 9.
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4. CONCLUS1Or~S

The conditional joint  probabil i ty of two events that  are condit ional  upon one or

more pieces of predic tor  informat ion  can be related to the condit ional  probabil i t ies
of each event separately, given the condit ional  CC between them . To find the
individual condit ional  probabi l i ty  of each predictand , the corresponding equivalent
normal deviate is determined, using an equat ion involving the deviates of predic-
tand and predictors . The condit ional  CC in this work  is synonymous wi th  par t ia l
correlation coefficient;  it is found in t e rms  of the uncondit ional  Cd corrected by
terms involving Cd’ s between predictand and p red ic to r s , and also between pre-
dictors  and predic tors .

While the conditional Cd’s have proved smal ler  in the exam ples ci ted , it is
conceivable that they could have remained unchanged. C on s i d e r  the f i r s t  exam ple ,
ceiling and v is ib i l i ty  in the mountain regions of Southern Germany.  The effect on

• the joint  condit ional  probabi l i ty  has been that  of e s t imat ing  onl y a slight improve-
ment in the joint  probabi l i ty  over the product of the two separate probabil it ies.
These es t imates  cannot be ver i f ied  by sampling.

In the case of New Eng land ra in fa l l, the viabil i ty of Model B was f i r s t  estab-
lished by its es t imates  of joint  uneondi t iona l  probabilities . The Model B es t imates
of the CC’ s produced subs tan t i a l ly reduced condi t ional  CC’ s between the  pred ic tands .
The r e su l t i ng  e s t ima tes  of jo in t  condit ional  probabil i ty,  howeve r , in some instances
were  substant ia l l y higher  than the product  of the separate condit ional  probabi l i t ies .
The most  s ign i f i can t  result  can be seen in the wide  variat ions in es t imates  of con-
di t ion al  probabili t ies both separate and jo in t , depending on the predic tor  values;
that  is , depending on what  the observers see at the  predictor  s tat ions.
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