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I. Numerical Methods for Control and Identification
of Delay Systems (H.T. Biii1~s)

1. Spline-based techniques

In the past year Banks and Kappel (Universitat Graz,

Austria) have developed ideas involving the use of ~p
1 ine-based

approximations for computa tion of solutions of systems of equa-

tions with delays. Through their theoretical and numerical

investigations , they have strong evidence to support the use of

these approximations as an attractive alternative to the “averaging”

type approximations (see [1]) in optimal control and para-

meter identification problems. The basic conceptual framework

for the spline methods along with a summary of numerical results

for integration of linear delay systems can be found in a just

completed manuscript [21 . In these efforts , numerical experiments

using both piecewise linear and piecewise cubic spline bases were

carried out with excellent results. Pursuing these ideas , Banks

developed software packages to use the spline methods in optimal

control problems . Numerical experiments were made with test

examples and again it was found that the spline-based methods

appear to offer significant advantage over the “averaging” methods

for control problems. Details of some of these numerical findings

can be found in [3] . Efforts (joint with J. Burns and E. Cliff ,

an aerospace engineer at VPI) have now begun to use these ideas

• in the context of parameter estimation schemes. The early results ,

both theoretical and numerical , are extremely promising .

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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2. Approximation of nonlinear systems

In [4] Banks develøped a theory based on the averaging

approximations to treat nonlinear delay system optima l control problems.

Numerical results to demonstrate the feasibility of these methods

were also given . Banks has now made some progress in extending

these ideas to allow for more general nonlinear systems and also

to allow for spline and other type of approximation schemes as well

as the “averaging ” schemes. The theory, when comp leted , will hope-

fully also be applicable to nonlinear parameter estimation problems .

Efforts on both theoretical and numerical aspects of the work is

continuing .

3. Difference equation type techniques

D. Reber , under the direc tion of Banks , has completed his

Ph.D. thesis [5] on modifications (of the Banks-Burns theoretical

framework [1]) which result in difference equation approximations

(as opposed to the finite systems of ordinary differential equa-

tions in the Banks-Burns approach). Both theoretical and

computational efforts to study general linear nonautonomous

(time-varying) system control problems (via the “averaging” type

approximation scheme) were made . The results (which are summarized

in the recent manuscript [6]) indicate that while the methods

developed by Reber offer a viable alternative , one cannot expect

to make significant gains here unless one employs something

better than a simple first order differencing scheme on derivatives

in the problems. Banks , and another graduate student , Rosen , are

• now trying to develop ideas to handle higher-order differencing

approximations. When combined with the higher-order spline based

:~
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schemes, these ideas should yield methods considerably more

. 
- efficient than those deveipped to date.

II. Optimal Control of Diffusion-Reaction Systems (H.T. Banks)

Banks , J.P. Kernevez and M. Duban (an assistant to Kernevez

at Universit~ do Technologie de Compi&gne) are continuing their

efforts on methods for optimization of diffusion-reaction problems

3a ~
2a _

- - 0

through boundary controls. (Here v is a nonlinear reaction

velocity approximation determined by the specific reactions

considered.) Some progress in the theoretical aspects of these

investigations has been made and is partially summarized in [7].

Additional theoretical results have been obtained which reveal to

some extent how “singularities” arise in the standard numerical

procedures (i.e. conjugate-gradient methods) when applied to these

problems even though the problem itself may be theoretically well-

posed. Current efforts are centered on comparison of several

alternative procedures for efficiently finding numerical solutions .

III. Qualitative Theory of Delay Systems (J.K. Hale)

1. Effects of variations in the delay~
In many problems in the applications , one encounters

differential difference equations

.-
.-- ;- • . — .  --

~
- ----- • • • - - --

-~~- 
.~~~~- ~~~~~~
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•• (1) i(t) = f(x(t),x (t-r1),.. .,

x(t_r~ ))

and difference equations

(2) y(t) = g(y(t-r1),...,y(t-r~ ))

where 0 < r1 < r2 < ... < r~ . The vector parameter r = (r 1,. ..,r~)

is a physical parameter which is known only to belong to some

interval. It is , therefore , important to know how properties of

the solutions depend upon r.

Even for the difference equation (2), this problem must be

investigated for initial data from a function space .~~~~ of func-

tions on [-b ,O1 where b r~ . Hale and some of his students

have been investigating this question for some time . The basic

difficulty centers around the fact that the solution x(l~,r)

through an initial function ~ can never be smooth in r regard-

less of the function space ~~ . The overall objective is to

determine a qualitative theory even though these smoothness

properties in r do not hold.

Specific results obtained in the past year are the following .

For a linear difference equation

n• (3) y(t) = ~ A.y(t-r.)
j=l ~

where each A~ is an N X N constant matrix , the asymptotic be-

havior of the solutions is given by the set
-Xr.

Z(r) = {Re A : det (I - E A~e 
3~ = 0]. Hale and Avellar have proved 

- .~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~



_ _ _ _ _ _ _ _ _ _  
______________________________ —.---- .-- ,—--——

5

the following :

Theorem. k There exist continuous functions a(r),p (r) such that

cl Z(r) c [p(r) ,a ( r )]

and this is the minimal interva l containing cl Z(r) if the

components of r are rationall y independent.

A method is also given for computing p (r),a(r). If T0(t,r)

is the semigroup generated by (3) on C0 
= {iP C

= E A~P(~r~)} defined by (T0(t ,r)~’)(O) = y(~P,r)(t+O),

-r < 0 < 0, and y(IP ,r) is the solution of (3) through ‘P, then

they also prove th-at y(T
0(t,r)) 

= re (T0(t,r)) < exp(a(r)t) with

• equality holding for the components of r rationall y independent .

Here y is the spectral radius and re is the radius of the

• essential spectrum .

The implications of this result for stability are clear. Hale

and Avellar also show how this result can be used to obtain con-

tinuous dependence on r of solutions of the neutral equation

~~~~~ 
[x(t) - E A~x(t~r.)J = B0x(t) 

+ Z B.x(t-r.).

These results have appeared in the thesis of Avellar and are being

prepared for publication.

• In an attempt to discover the essential elements of a

qualitative theory for (1) as a function of r, Hale has discovered

how to prove that a smooth Hopf bifurcation with respect to r
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occurs for (1) even though the solutions are not differentiable

- 

- in r ([81). This has import~int implications to the existence

of periodic solutions for equations with several delays. The

methods should be applicable to other problems.

2. Dissipative systems

Cooperman [9 1,  a studen t of Hale , has completed his

dissertation on a-contractions and dissi pative processes. The

results have imp lications to the asymptotic behavior of the solu-

tions for retarded and neutral functional differential equations.

In addition , he has shown an intimate conn~ction between

dissipative systems and Liapunov functions .

IV. Nonlinear Oscillations and Bifurcation Theory (J.K. Hale)

1. Multiple parameter bifurcation problems

Hale and T~boas [10, 11] have completed their work on

harmonic and subharinonic bifurcation in the equation

x + G (x) = ?~~~ + pg(t)

where X ,p are small independent parameters , g(t+l) = g(t) and

the nonlinear equation x + G(x) = 0 has a nonconstant periodic

solution of period k, an integer. The methods have new applica-

tions to homoclinic orbits , but the results are not complete at

this time .

2. Reaction-diffusion equations

Alikakos [12 , 13) a student of Hale and Mallet-Paret , has

completed his dissertation on asymptotic behavior in parabolic

• •
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equations. lie obtained results on a scalar parabolic equation

- 

• with nonlinear boundary conditions , generalizing results of Aronson ,

• Peletier and Ball. He also obtained results on system s of equations

with food pyramid conditions , generalizing results of Chow and

Williams . In addition to showing that the methods of dynamical

systems are more powerful than maximum princip le arguments , he

was able to obtain uniform bounds on the solutions rather than L1’

bounds with 1 < p < ~~.

V. Control Systems (J.P. LaSalle)

1. Stable feedback generators

An initial effort on this problem by LaSalle and Palmer

has been discontinued. Some progress was made on attempting to

extend the concept of solutions of differential equations with

• discontinuous right-hand sides. Earlier work of Fillipov , Hermes ,

Hajek , and others was extended . However , recent work by Aizerman

and one of his colleagues at the Institute of Control Sciences ,

Moscow , in this same direction indicates it does not provide the

necessary mathematical framework for the problem of investigating

stable feedback generators.

2. Learning, identification and adaptation

The concept of eventual stability for nonautonomous ordinary

differential equations was introduced by LaSalle around 1958 and

studied by P.. Rath in his Notre Dame Ph.D. dissertation , 1962. An

application was made in 1963 (R. Rath and J.P. LaSalle, “Eventual

Stability ”, Proceedings of Second IFAC Congress , Basel , 1963) to

prove the convergence -of a scheme for adaptive control. It is clear

• • •
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today that the concept of eventua l stability is , and should be ,

-- related to the limiting equations of nonautonomous systems. Last

fall , LaSalle and Zvi Artstein , Weizmann Institute of Science ,

Israel , began a joint investigation of the relationship of ques-

tions of stability, adaptation , identification , and learning to

the limiting equations of control systems . This research is into

its initial stages , and it is hoped that Artstein can visit

Brown next spring to continue these efforts.

3. Stability

a. functional difference equations

Under the direction of LaSalle , Palmer has comp le ted

his thesis [14] on an extension of Liapunov ’s direct me thod for

the study of the stability of nonautonomous functional (delay-

differential) equations.

b . stabili ty of nonautonomous difference equations

M. Latina , R.I . Jr. College , under the direction of

LaSalle has completed an extension of the invariance principle

and Liapunov ’s direc t method for nonautonomous discrete systems

(time-varying difference equations) . LaSalle gave , in outline ,

the development of this theory in his lectures at an NSF-CBMS

Regional Conference on Applied Mathematics , Mississipp i State ,

Augus t 1975. Improvemen ts in the theory have been made that

extend the range of applica tions .

4. Stability and control of discrete processes

LaSalle spent most of his time this summer working on a

two-volume exposition on the control and stability of discrete-time

processes. A final draft of Volume I on linear systems is

• 
]

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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almost completed. Volume II , w h i c h  w i l l  be d i rec ted  towards  the

more general nonl inear the9ry of both stabili ty and control , w i l l

be compl eted by the end of thi~: year. Much of our knowledg e of

discrete systems appears within many different contexts (numerical

a n a l y s i s , engineer s ’ studies  of sampled da ta sys tems , p r o b a b i l i ty

and s t a t i s t i c s, e t c . ) ,  and th i s  expos i t i on  provides  throug h the

use of the language and concept s of dynamic al system bo th a uni ty

and ex tens ion  of the  theory  and i s  a good p r e p a r a t i o n  for  the  s tud y

of c o n t i n u o u s - t i m e  sys tems  ( o r d i n a r y  and f u n c t i o n a l  d i f f e r e n t i a l

equa t ions , e t c . ) .

~
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F OR

FUNCTIONAL DIFFERENTIAL EQUAT IONS

II. T. B a n k s  and F. Kapp cl

Abstract: We develop an approximation framework for linear hereditary

systems which includes as special cases approxima tion schemes employ ing

splines of arbi trary order. Num erical resul ts for firs t and third

order spline based method s are presented and compared with results

obtained using a previously developed scheme based on averag ing ide as.
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APPROXIMAT ION OF DELAY SYSTEMS WITH APPLICATIONS

TO CONTROL AN D T D f l N T I F I C A T I O N

i i .  T .  Bank s

Abs tract: We discuss approximation ideas for functional differential

equa tions and how these ideas can be employed in optimal control and

parame ter estimation problems. Two specific schemes are described ,

one based on in tegral averages of the function being approximated ,

the other based on best L2 spline approxima tions . An examp le

illus trating numerical behavior of these schemes app lied to an optima l

control problem is presented .
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OPTIMAL CONTROL OF DI1TUSION-RE1~CTION SYSTEMS

by

U. T. Banks , ~1. C. Duban and J. p . Kernevez

lkbstract: We discuss several formulations of optimization

problems which arise in a natural way in the investigation of

transport properties of artificial membranes and general dif—

fusion-reaction media. Nonlinear reaction velocity approxima-

tions dictated by reactions of interest to biochemists place

the problems in a class to which one cannot apply the usual

computational techniques (e.g. gradient , conjugate—gradient)

in a straightforward manner . The inherent difficulties , how

one might circumvent them, and some of our initial efforts

towards development of feasible computational schemes are dis—

cussed.
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APPROXIMATION TECHNIQUE S FOr CONTROL SYSTEMS WITH DELAYS

by

H. T. Banks and J. A. Burns

Abstract

We present a theoretical framework for approximation

techniques for nonlinear system optimal control problems. Two

particular approximation schemes that may be used in the context

of this framework are discussed and typical numerical results for

two examples to which we have applied these schemes are given . We

conclude with a brief survey of related investigations.
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HEREDITARY CONTROL PROBLEMS : NUMERICAL METHODS

- 
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. 
BASED ON .AVEpT~GING APPROXIMATIONS

by

H . T. Banks and J. A. Burns

Abstract: An approximation scheme involving approx imation of linear

functional differential equations by systems of high order ordinary

differential equations is formulated and convergence is established

in the context of known results from linear semigroup theory.

Applications to optimal control problems are discussed and a summary

of numerical results is given. The paper is concluded with a brief

survey of previous literature on this class of approximations for

systems with delays.
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a-CONDENSING MAPS AND DISSIPATIVE SYSTEMS

by Gene David Cooperman , Ph.C., Brown University , June 1978

Dissipative systems are a g’neralization of differential equa-

tions with Lyapunov functions. The main idea is that solutions should

enter a given bounded set and stay there for all further time. It

was first studied by N. Levinson in 1944. The concept is intimately

connected with the existence of a maximal , compact , invariant set.

Thi s is impor t an t,  since any maxima l , compact , invar i an t  set must

contain all equilibrium solutions , periodic solutions, and almost

periodic solutions. Its role is analogous to the role of the

maximal , invariant set in the LaSalle Invariance Principle.

In Euclidean space, the various possible definitions of a

dissipative system are degenerate. In a Banach space, this is not

so. Since the natural setting for delay differential equations is

in a Banach space, it is important to identif y which defini t ion of

dissipative systems should be used i•n a particular application .

Counterexamples are given to indicate where the best possible result

has been obtained. Applications include Lyapunov and stability

theory, a continuous dependence result for invariant sets, and a

demonstration of the use of these methods in facilitating work with

skew product flows.

In Chapter II , a theorem is proven which allows us to extend the

results on a-contractions to a—condensing maps. This is important,

since u-condensing maps are very general solution operators of delay

- - 
differential equations, which include a-contractions. Additional

applications of the theorem include a generalization of a fixed

point theorem , and of a continuous dependence theorem for fixed

points, to the a-condensing case.
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• N O N L I N E A R  O S C r I L A T I O N S  IN EQUATIONS W I T h  DELAYS

Jack  K. h!ale

A b s t r a c t :  These  l e c tu r e s  a r e  c o n c e r n e d  on l y with some aspects of

bi f urcation theory in the local theory of nonline ar oscillations in

equations with delays; that is , behavior of solutions near an

equilibrium . In par t icu lar , we study how the qualitative behavior

of solutions change as parameters vary. A detailed study of the

local theory is important in order to know the types of solutions to

expect in a global problem . Of course , there is no reason to only

stud y local theory near an equilibrium . One should study how the

qualitative behavior changes near any invarian t set - for example ,

behavior near a periodic orbit , behavior near an orbi t which connects

a saddle poin t to itself , etc . More complica ted behavior is expected

near these large invariant sets. One can obtain invariant ton i ,

homoclines points which exhibit a chaotic behavior , etc. We restrict

ourselves in these lectures to behavior near equilibrium .

The simp lest type of smooth bifurcation is from an equilibrium to

a periodic orbi t - the so-called hlop f bifurca tion. In Section 2 , we

discuss the llopf bifurca tion in equations with finite delays per-

mi tting the bifurcation parameters to be the delays themselves . At

- - - firs t glance , such a result does not seem possible because the vec tor

field in the equation is not differentiable in-the parameters. The

theorem does require some new ideas and , for this reason , the proof

is given in some detail. Several examples are given in Section 3.

- — -



- - - — -~~~r -- —• -- 
- -

• - 2 -

In  S e c t i o n  4 , s i m i l a r  r e s u l t s  ar e  p r e s cn t e d  fo r  e q u a t i o n s  w i t h

infinite delays. In Sec tion 5, we give an example in two dimensions

for which stable Ihop f bifurcat ion occurs with decreasing delay. In

Section 6, we give an introduction to some of the methods available

for nonau tonomous equai tons.
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RETARDED EQUATIONS WITH INFINITE DELAYS

Jai~k K. Hale

Abstract: It is the ~urpose of these notes to describe the theory

of Hale and Kato for functional differential equations based on a

space of initial data which satisfy some very reasonable axioms. We

also indicate some recent results of Naito showing how extensive

the theory of linear systems can be developed in an abstract setting

in particular , the characterization of the spectrum of the in-

finitesimal generator together with the decomposition theory and

exponential estimates of solutions. 



_____________

SOME RECENT RESULTS ON DISSIPATIVE PROCESSES

Jack K . h al e

Abs tract: A detailed study of dissipative processes has obvious

implica tions in the asymptotic behavior of solutions of differ ential

e q u a t i o n s .  The p r o p e r t i e s  of su ch map s has be en e x t e n s i v e l y

studied over the past y e a r s  w i t h  the  base  space b e i n g  a Banach space

r a t h e r  t h a n  lR~~. The r e s u l t s  on a s y m p t o t i c  b e h a v i o r  p e r t a i n  to the

prop erties of solu tions of func tional differ en tia l equa tions of

reta rded and neu tral type as well as certain types of par ti al

diff erential equa tions. I t is the purpo se of this lec ture to pre sent

some recent  deve lopments  in  t h i s  t heo ry ,  e s p e c i a l ly  the  ones due to

C000perman . A br ief discussion of the history of the subject may

be found in Chap ter 4 of Theory of Functional Differential

Equations by J .K. h ale. 
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T O P I C S  T N  LOCAL I 3 T F U R CA T I O N  THEORY

by

Jack K. Hale

Abs ti-act

Suppose A ,X,Z are Banach spaces, M :A x X -
~~ Z is a

mapping continuous together with derivatives up through some

order r. A bifurcation surface for the equation (1)

M(A ,x) = 0 is a surface in parameter space A for which

the number of solutions x of (1) changes as A crosses

this surface. Under certain generic hypotheses on M, the

author and his colleagues have shown that one can systematic-

ally determine the bifurcation surfaces by elementary scaling

techniques and the implicit function theorem. This talk gives

a summary of these results for the case of bifurcation near

an isolated solution or families of solutions of the equation

M(A 0,x) = 0. The results have applications to the buckling

theory of plates and shells under the effect of external forces,

imperfections, curvature and variations in shape. The results

on bifurcation near families has applications in nonlinear

- - - - oscillations and the theory of homoclinic orbits. 

__________ — _ _ _ _ _ _ ____ __;__ _ - _ _ _ •  • - ~~~-- - -- — -  - —- •------- — —~-- —-—- -—---- ~—~-.— ~~~~~~ _~~~~~~~ __ . - 
- 

.

- ~a~ • - •- __ 
~~~~~~~~~~~~~~~~~~



_ _ _ _ _  
-

BIFURCATION NEAR DEGENERATE FAMILIES

by

• Jack K. Hale and Placido T~boas

Abstract: Suppose X, A ,z are Banach space, H: x x A -
~~ z is a

smooth function and the equation

M(x,X) = 0 , (1)

for A = 0, has a one parameter family of smooth solutions p (s),

o < s < 1, p(0) = p(l) with dp(s)/ds ~ 0. If r = fp(s) , 0 s <

the objective is to discuss the solutions of (1) near E for A in

a neighborhood of zero. Assuming A(s) = ~fl (p(s),0)/3s is

Fredhoim of index zero and dim W(A(s)) = 1, for 0 < s < 1, the

authors have previously given a solution to this problem under natural

hypotheses on M. In this paper, the case where dim A’(A(s)) = 2

is considered. Applications are given to the effect of small damping

and small forcing on the existence of periodic solutions near a

periodic solution of an autonomous Hamiltonian system.

L 
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BIFURCATION NEAR FAMILIES OF SOLUTIONS

.Jack K. Hale

Abstract: Many investigations in bifurcation theory are concerned

with the following problem . If H(0,0) = 0 and ~M(0,0)/~x has

a nontrivial null space, find all solutions of the equation

M(x ,A ) = 0 (1.1)

for (x,X) in a neighborhood of (0,0) r- x ~~ I ’.

If dim A = 1; that is, there is only one parameter involved

then the existence of more than one solution in a neighborhood of

zero can be proved by making assumptions only about ~M(0,0)/~x and

~M(0,0)/~x a A  . However , if dim A > 2, then the problem is much more

difficult and more detailed information is needed about the function

1. A carefu l  examination of the existing literature for dim A > 2

reveals that the additional conditions imposed on H imply, in

particular , that the solution x = 0 of the equation

M(x,0) = 0 (1.2)

is isolated (see, for example, the papers on catastrophe theory).

These hypotheses eliminate the possibility that Equation (1.2) has

a family of solutions containing x = 0. Such a situation occurs,

for example, for M (x,X) = Ax + N(x,X), where A is linear with a

nontrivial null space and N(x,O) 0 for all x. There also are

interesting applications where Equation (1.2) is nonlinear and there

exists a family of solutions. For example, Equation (1.2) could be

an autonomous ordinary differential equation with a nonconstant

periodic orbit of period 2 fl with the family of solutions being

—-
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Abstract (continued) Page 2

obtained by a phase shift. — When the differential equation in the

• latter situation is a Hamiltonian system, the parameters (A 1,A 2 )

could correspond to a small damping term and a small forcing term of

period 211. To the author ’s knowledge, the first complete investiga-

tions of special problems of each of these latter types are contained

in papers by Hale, Tgboas and Rodrigues.

It is the purpose of this paper to begin the investigation of

the abstract problem for Equation (1.1), especially to extend the

results in the paper by Hale and T~boas.

- ~~~~~~~~~~~~~~~~ _ _
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. INTERACTION OF DAMPING AND FORCING IN A SECOND ORDER EQUATION

- 

- 
- 

- 

by 
-

Jack K. Hale and Pl~cido T~boas

~ynopsis. Suppose X ,ii are real parameters, f is a scalar func-

tion which is 2ir—periodic , xg(x) ~ 0 for x ~ 0 and consider the

equation

x + g(x) = —x cc + p f ( t ) .  ( 1 )

For A = p = 0, every solution has the form x (t) = ~~~(a)t + a ,a)

• for some constants a,a and 4 (0+2-rr ,a) = ~,(0 ,a ) .  If there is an

a0 such that ~~(a0
) = 1 (i.e., there is a 2ir—periodic orbit F

in (x,~~)—space) and w ’(a0) ~ 0, the problem is to characterize

the number of 2ir-periodic solutions of rcrnation (1) which lie in

a neighborhood of 1’ for ( A , p )  in a small neighborhood of (0,0).

A complete solution of this problem is given under the hypothesis that

the function h(cL) = J (~~(t,a0)/~tJf(t_cz)dt/f [aq (t,a0)/~tJ
2dt has a nonzero

derivative except at a finite number of points and h” (ct~ ) ~‘ 0.

The bifurcation curves in (A,ij)—space are determined by the

and are tangent to the straight lines A = h(c*~ )ii at (A,p) = (0,0).

In general, the 2ir-periodic solutions of (1) are not continuous at

(X,p) = (0,0). The nature of this discontinuity is discussed in

detail. jt is also shown that a necessary and sufficient condition

for a 2w—periodic solution x(A ,p) to be continuous at (A ,~~) = (0,0)

is that A/v • constant as A -‘ 0, ~
+O.
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GENERIC BIFURCATION WITH APPLICATIONS

J .  K .  Hale

Abstract: This paper is a set of lecture notes on generic

bifurcation and its applications with the emphasis on equations

involving more than one independent parameter. The general

theory is discussed for problems which are degenerate to order

one or two. Applications are given primarily to the buckling

of plates and shells with the parameters representing external

forces, loading , imperfections, curvature and dimension .
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RESTRICTED GENERIC BIFURCATION

Jack K . Hale

Abstrac t: In the past few years , there has been considerable attention

devoted to the existence of bifurcation for one-parameter families of

mappings. Concurrent with this development has been the extensive

theory of universal unfolding of mappings or generic bifurcation for

families of mappings which depend on a sufficientl y large number of

parame ters. The purpose of this paper is to discuss methods for

de termining the nature of bifurcation when the family of mapping s has

k > I parame ters hut k is generally smaller than the number of

parame ters necessary to describe the universal unfolding .
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NEW STABILITY RESULTS FOR NONAUTONOMOUS SYSTEMS

J.P. LaSalle

Abstract 
-

The new invariance properties that have been established

for nonautonomous ordinary differential equations greatly extend

the range and power of Liapunov ’s direct method for the study of

the stability of time—varying systems. An essential feature of

the method is the establishment of a relationship between Liapunov

functions and the location of the positive limit sets of solutions.

The principal contribution of this paper is a theorem connecting

Liapunov functions and positive limit sets of sufficient generality

to close a gap in the present theory. 
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STABILITY THEORY FOR DIFFERENCE EQUATIONS

by

J. P. LaSalle

Abstract: This article is designed to give through the study of

difference equation (d iscrete dynamical systems) a view of and an

introduction to the general theory of the stability of dynamical

systems in its most modern aspect. Much of what is presented

here is known , although not perhaps as well known as it should be,

and there are some things that are new. One of these has to do

with a connectedness property of the positive limit sets of the

solutions of difference equations which provides a means through

the use of Liapunov functions of establishing the existence of

equilibriur points (fixed points) and oscillations (periodic points).

~nother is the generalization of the usual concept of a vector

Liapunov function, and this leads to a possible method of designing

control systems where the measure of the error or the performance

cri terion is a vector rather than a scalar. Applications of the

theory are. illustrated by simple e~amp1es.

The article was written for undergraduate teachers of

• mathematics but it should also serve as a good introduction for

engineers and scientists to the latest results in the theory of

the stability of dynamical systems.
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LI2’tPUNOV ST’\BILITY THEORY FOR
NONAUTONOMOUS FUNCTIONAL DflFERENTIAL EQUATIONS

• 
John William Palmer

Ahstract

It I ~; a ~;t:.1n(1;1r (I I ’~ch ,i ciii- ~ in a 1.1 arr~nr; ol ,ii~iiIir~i,iaf i cs L()

rr( I (
~

v-. a T-t ()r (’ coInJ)1 i r~~~r~1 prnh ~ -rn f r ~ n t n~ that; 1i~1~; a 1 r~~i’~v !)een

so 1 ved . Aside [ran providing a ‘in  I Lv to m at l i ena  L , th  i •; idea pr o—

r~1)L5 u~; - i i  Lh t)(~’/ ~~~~ 
)~1(21)OS ~ iifl~

(
~1V(’(1 ~)ffll)1(’i i~ . ‘1 11(’ ;ir(’ii Of

‘ii flerr� t ial oqu-~ t i o n : ;  hd! ; 1I1 ) t i ~ m l  i’’~~ l i U ~~ d~ ) - ~ l i l d I  i ( ) i % ~~; ~~!

r”’~L1px1 , d l v)  il: Ji ~ ~~~~~~~~~~~ ~i Un t ’ ; i J ) r ’ r I() ( ‘ ‘ ) ‘ ) ‘~~~~ ~~fl

f lj  )~ ‘or L t in  .i 1: y t o I I . h i idea ! ; i  r~> t r ~nr 1 L i  apnno’i ’ s ( I i  m c :  IL met: 1)0( 1

f o r  stud ying st ahi  l i t : ’,’ . ~peci1 i cnl  ] v , ~.;o sh a l l  he i nt er e s t e d  in

e xt : e i i r l i n q  the [a Sa l l e  tn v ar i a n c e  l’ r in c i ple ~32 1 to the context  of

T 1 O l ) 1 i i~~OflO’11OhlS f u n c t i o n i 1 d i f f e r e n t i  dl. (‘uUat : i  nn:~ ( F T ) f l )

We 1)0(1 j f l  OU) (11 ~ ( : l 1  s i  on 1w q i v i n q  I-ho h i  t om i ra 1 ‘loVe 1 Opiiir ’ii I:

of invarianco j)rincJp 1o s i n  ChapLer IT . Thon , i n  (~h n p L o r  I T T , •~e

construct a 50Th) t Ii ow fmor- the solutions of non.iutonocnon:; func—

ti.onal differential equations. From this senifiow an in—

variance principle can be obtained. In Chapters IV and V we weaken

the requirements on the vector field necessary for obtaining an

invariance property . rirst , in Chanter IV , •~e use an extension of

t h e  concept of di ficrciitial equation clue to t~ur~ weii [31). The

ii~~~~’’ ~~~f 1~ui~~’’e i 1 s concopi of a ci ifferent : i al equation a l l o w s  us to

(
~~~i)s iolcr l: ’ir s t a h i  I i f-y iiroblo:n for a class of T’1)!~ larger t han  th a t

1i~~~ i~~scd in Cliaptei: 1 1. In Chapter V the invariance property is

- -
~~ oh I d i ned di moct ly f roi.i ,1 Con t I1UOIIS (1ej)Ofl(1CI)CC remi it w i t h o u t

formally- constructing a scmifio~-,. This allows us to consider

ecuations with nonun ique solut ions. Also, in Chapter V , we intro-

duce the integral-like operator equations of Neustadt 143J . These
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e o~’er ato r  e q u at i ons  a l  l (~w f o r  ye t  a n o t h e r  enlargement of the class

of ~DE f o r  which  an 1 n v a r i ~1nCe ~~~~ flC~ 1)1 e can be obtained .

(*hi)T~,~;r1. VT cont :a i n n  r c: :ults 0!) ~ fl i f o r m  asymptotic stabi I i ty , total

s t a b i l i t y ,  an d  eventua l n t - ab i l  i Ly. All of these results are

shown to ho i n t i m a t e l y  connec tod  IC) the St r i h i l  il : y p r o p e r t i e s  of

the  i im.i  t in q  e q u a t i o ns  of FOP . l x amp ies i l l u s t r at i n g  the  st ahi i i ty

theorems are aiv on . r i n a l l y ,  i n  C hap t er  V I I  we ~n d i c a t c  the

ex t e n si o n  ol the  ,Thove r e n i i l  I s  t o  l-I ) 1 w i  I i i  j i l l  m i  f d i ’ I , i y  , i i id  I .o

liP!! I; ma 1. IIJE . T~ppe nd i x A and  TI S l I l f l i T ) d i ize  menu i t n I tom 101)0 l ogy  and

top o log ica l  d y n a m i c s , r e s p e c t i v e l y ,  t ha t  are  of impor tance  for  the

bod y of the t e x t .

Throughou t , we n h d l l  he concerned w i t h  w o r k i n g  d i rec t ly wi t h

the d i f f e r e n t i a l  equa tions .  Pa fe rmos  111.5)  has  s tud ied  the

s t a h i  i i  tV p r o b l e m  1w w o i - 1 :inq  d i r e ct l y wi  I -h t h e  s o l u t i o ns .

A comment  on n o t at i o n  is in ord er .  We abu se  t:wO symbols .  The

symbol w va r ious ly  stands for  the w— l im i t  set in dynamical .  systems

and for  the maximal right hand end point of the domain of d e f i n i ti o n

of a solution of a differential equation . The symbol 
- var ious ly

stands for the closure operator in topology and for the operation of

taking a one sided limi t from below . In either case the particular

usage of the symbol i.n the text eliminates any ambiguity.
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A FiNITE DI FTH’J f l ( L  TLCIT N I ’) i~ l O P  SOi,V i flfl OP TI M I ZA’I J ON I’POIILEMS

~OVERNF;D BY LINEAR FUNCI IONAL DIFFERENTIAL EQUATIONS

by

DOnri~~ C. Reh”r

Abstract: Aspec ts of the dpproxima t ion and optimal con t:ro.1. of systems governed

t ’v iJ near retarded nonatitonomous functional differen t i r i l equations (FDE) are

considered . First , cer ta in  FDE are shown to he equivalent to corresponding

ibstract ordinary differential. equations (ODE). Next , i t is demonstrated that

these abstract ODE may he approximated by d i f fe rence  equa t ions  in f i n i t e

lim en:~iona L spaces. The optima l control problem for sy’~tems governed b y FDE is

then reduced to a sequence of m a t h e m a t i c a l  programming prob l ems . rinall y ,

numerical results for two examples are presented and discussed .
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