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I. IN’ I’ROfl L (’TIO~

It re’ . t iusis . n’ont idenn’e houn ds (si r getie r .ml ~‘otte reti t ci ru~’t ti res h.i s e been oht ,smned h~
using .i~~ mplotsc methods , siieh .is likelihood Ratio Itu l . Masimunt I skelihoo d 181. or Mudibied
M,tsiiiiuni I ikelihood II), b’. usi ng H.i~ es ian methods  I I . at h~ assum ing equal reliabilities ta r
all com ponents. Ass ’niptot ic methods nt.iv he tnac~’urate at higher percentil es unless the number
ot I .iilu res is ‘ . ct~ large 5% ii h B.i~ eslai l  m ethods  the possi hi l it i of i nadv erien h i  I nthient’ing .i

dec ision through the selection oh ,i prior distribu t ion . s~ hen the number ssb ’ t, ii lu ics is  small , i s

siell knoss n Finall~ , because the .issumptiisn .st equal re l iab t i t t i cs  s i t  thc components tiLlS T h u

ii . iss he t’u i l i l t e d ,  the  accu r , ic % .s i .i hound sshl.ii ned h~ t i s i  ng t his .sssunipt ion cotild he in
dot iht  W h at  we propose here is  i s ’  use engi neerine k no~ ledge. si hin’h can of ten he gained fron t
accelerated t Ic t e s t s , tuate r, .ml qu al i t ic . i t i on  t e s t s , or l,ihorahiir~ t e s t s  u t ~‘oth,pont ’nIc . Ihab Pro-
s ides t u f o r m, i t i on  ,ihout t h e  p,iranleter space It is bel t  th ,it h its i nte m mediate ground .is su its
sonic u t  the  oh~ect ions rac ed hi Ha~ eslj f ls cu ’ t hcn ’rnsng ‘ c I.sssi ~ ,s I s t . i t  is! cons ~ ho operate under
.in assumption at tot a l  ugnor,iiice ,ihout the par am eter sp.in’e Mo reoser , it  at t empt s to as oid the
suhiect ts iii is hi tc h often seems to hinder the .iceept.ince of I~.ii es i.s n methods

Isu r specta l s t ructure s , such is ‘.n’i In’s s tn t i c t t i res (.ind in conic ~ ases parallel and s e t l e s
p,m r.illel st r t ic tu te %) . es.ict methods IQI md addition al .ippro\tmate .ind .is~ t u m p h o t i n ’ methods

s,~ ’i’s .u i s ’ sI iii ‘ s i t  hi hi’ u s f ! i , , ’ ii \ ‘ i i  R 1 ’~~, ’ . i , II  I i i t i i s l  \i issiI l4 ‘ I’ I
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14 ” , “
~ I ta t  oht,i isis iig ‘s~ stei n con t idenee hounds h.is’~ been des eloped I tie .icctit. ici sit these

appros imate hsitiiids hi.is been studied in cpen ’ it ic s.iniple cas es ta r s t ruc ture s  s i t  order two or
t iree I” .~~ I Iii t Ii is  p.ipe r some C(IIii pam’ icssn s are made bets ccii t lie hounds obtained liv the

iseighting method des eloped here .ini1 .ippmos iniate I ,is~ mptot c )  hounds ta r specia l s t ructure s
is here suc h hounds can he calculated

2 . BlM)~ t IAI. (‘OMPONFN’I’ FAII.( RE fllS’I’RIBL”I’IONS

Sisii.’i’ the unrehi. ihihit~ of .imi~ practic a l s%sten i t hiu st he loss , t hat oh j n~ component must
he ci en loss er Ihe commonl~ used techn intue of oht.iining confidence hou mids for tie prohahil -
I t s  si t ’ su ccess t ram sequence s at l3ernou Ihi t r i a ls is ill O u t  he applicable here . because s in ual lv .ill
s i t  the  components is ill ha’ . e e sper ience d f ls l  failures dun ig their acceptance testing I ~tending
.tn de.i uhiliied hi I onii iscki 131 . sic is ill es.inhine th in’ pro h.shihit ~ ist si ste al  L,ilures esp ies s ed
iii te rms i i i the leas h mel ta ble t’ uu i h lpsi t l ethh I’he es t ima te  at this qu ,s t lt i t i  is then used to ta n’
st rt in ’t a loser cot itidence hound sifl t h e  si st i,’i l l  reI iahihit ~

A ~u.ilit ic.ition tes t  I e.k’Ih conipot ieni n i u n s l s ts  oh ’ a number sit Rernaulli tr i al s oh t iami~
to lls identic a l components (ii’ .eii there are ‘i trial s is ith fa i lures to t  t h e  component .
then i i Is  assumed th a t the numher at t , i t l t i res hj s a binomial d is t r i hut i s it i  is here j  is  the un reh t—
,ihilit’s .111th ii is the number at s ibser’ .  .itions We denote thi s h~

S ~ ~ hn  .q ) ta r  i 1 , 2 , ni

Assume Ihat s / ma~ he e spressed I sir each i

( 2  II q is here .
~ 

iil.i\ q and I) ‘

h: ss r t h e  pi e~ ei hI  ,(ss ut ne th . i t  the ,~ .ire knsus ii “ s In practice se ni.i~ ha’. e aht .iined the .i

ram re l i . ihsh i t s goals and/or prediction rel iabi l i t ies lii uii ~lei to si ht .iiti j  comi t ’idetice hound liii
.
~~

, se prssce ed is I’o lhssiss S i i l s n ’ the .ii e small the d is t r ibut ion of S nia~ he .icct irate l~
ippros imated hi Poisson distr ibu t ion is ith meat i ‘iq  I has . ,iscunhe

12 21 5 i ’ ,~. 1 ,~ Pt q 1

I b r  .j as la rge .i~ (11 , t h i s  approsinl.ition us ‘. ,sl id tar it is small ,ts I 0 ’ ) An upper confidence
hound t a r  ~ 

is obta ined in the usual  ssa~ since

~ 
~~

‘ kA 1
is here

ii i/ s/ ii ‘I

the I Oh i u t  ‘ us upper cant idence hound for A . call i t  , i s  the ‘..due u ut !‘ lust is hicti

t’ ,~ I i t  sshere ~. 
— 

~~~ S

It t i i l l s s ’ .s s  th.it tt ic 1 (to il s ’ upper hound b r  tt ie unre l i .ihsh its i/. call it q . i s

t 2  t I  ‘/ , — S 
~~~

ii ‘I.



t l l t , t t l  S RI  I t  A l i t I ‘~\ c l i  ‘t ic 155 th  ‘s I t s  2 1 S

We poiiu out that the Ps u ss u s t i  5ipprosiniat ion to the Hitisir tiij l as used above is ,isst ‘fe. i’ si.i, i tor

the calculation at th is ty pe ot ’ hound . howeser . i t  iliiec g reat l ~ 
(‘aci h i i. ite the computation

In order to obta in a loser contidence hound ta r the rel iah il it~ si t a coherent system is i t t i

component rel iabilities p — 1 i , p , - let

P 1 — q I a q b r  I I , ,  at

where .z and q are iklineil as in equation (2 , 1)  System reliability , / s ( p ) . ma now he
espressed as a function of q alo nc. Let the induced function he denoted by the equation

/~~p ) — / i ( l  — a 1q, . . .  I ~~ .L, / )

where a — to a ,,, ) the function 0 t q ~.i ) is str ict l y decreasing as a t ’unc m i on of i~~. h ence
lower conf idence hound on rehmah i h it% , b tq,u I, is ( ( q . a I where q is .in upper confidence
hound tin q

to il lustrate these ns i t hn ’ep t c . consider the b’olloss ing esa mp les

t samp le . I the fol Ios ing bridge structure at f ive independent components is  given

~~~~~~~~
If the component reliabilities .ire p I sir i I. , ~ t hen t tie ss s te in rel iahml it ~ i s  given by

/i (p h l’ t i’’ ‘ I’ /‘ .
~ * I ’ , P t  (i ., i 

~
i . 1’ p

F 11 I - P P~ P I’ I t  / ‘ , /i
~ 

Ji . p j i , j i~ /1 /!~

1’ ’ 1’ P4 P.  s 2~s I’ Pt  P4 I’ ’
Rewrit ing in terms at the unre hi ,ih ihit ics I p — q — 0 1/ tot  , — I , , , , ,~ y ields

5 ’ ( q . a )  — I ~ ~~ I’1 ‘~~ it 4i1 ~) — q ‘ (a  ‘ 1  1 ,~ .1 -a a’

a a i i • a a ~i si • a a -a ~a. ’ a a i ~a +  a ..i a 4 0 5 )

( a  
~ 

.a a ~.; ~
(

From engineering ,inal’. ses i t  is kiios ii that component s I . 2 . 4 and S has e t h e  s .inhe
unreli.i hih itv h (owes er, it is also .issu iiicd that component 3 is tutihi 3/1 0 as unreliable .ic the
other components Assume the b’ollowing seights .Iiinl test results

csuiih panesit 
I

I I 10 0
2 I It) (1
3 3 20 (1
4 I (0 (1

I hO 0~~

Suppose ~ 
q~ conf idence hound is desired Since A ‘

~ 0, A is the value of 1’ Is ur

w hich e “ — 10, so 
~ 

— 2 303 1 lence an upper hound on t t ic unreliahili t i q. at t he q0’ ~ 

- r n-  . . ,
~

,, 
_ _ _ _ _  _ _ _ _ _
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le s e h . is gisen hi q,  A ,,/ ~~~ i, ’s — 2 3 ( b3 / 4 C u — ~ I(~~
( h’in.ilR , the desired ~b(1 ’ ass et

co it f idcnce hound on reh ia hi h its is g i ’ .c i i  hi h I  ~i a I — 0 t)t) S

I so sucfi bridge structur es i t  is lu s t pss s sih te to n’ssii ipUli’ e it her ‘Spprsis iniate ly Optimum
14 1 s i r I’ aiss s iii Spprtss ini .ition 1~fl hounds Ms reos er , .is s r i tptat i c methods are getiL ’rally h u t

applicable unless t ’,iilures a te o hser se d  A csumnient is l b s  in orde i concerning an empirical
relationship hetseen the a ,,itiit ~z . l:s ur industrial problems se lh. ise oblen ts iund tt i,it sample
si/es genera lls .ii e no t equal hut are roughly pi oportion,tl iii the unreh iahihi i ies w i t t i  the iii ii! nit

,~~‘! iNs - , ‘, ,‘ j s ’ s fs ’ is t  1, 11 ‘ i S~ !~ II i s i I s n Y u ’%! i a ’i i / i ls ’ i,;s ’ ( in c i’ e , i s si iu I to this u .s’. he t hi.it spn’~’s.iliied .
cs s ii iples equipnient often tends hi t  hi’ bu i l t  iiiirchi.ihhe ,iisd est iet isi ’ .  e hi s te s t

1 sa m p le —
• -\sstit iue a series structure u l )  uiide i t u e  hi.is kiusss ii seig hiung Lii’(o is a and s .sn i

pie s I ’e s  ‘1 is lucre . — I 1, -

cs i ih i l ia i het it  .1 It

I 1 / 2  40
j i()

3 1 / 4  80
4 1/ 2  40

112 40

.‘Sssunhin g s u It ’ ba i l u re  sin cs inipsment 2 , — S~
) 

~ t the 00’ conb idence Ic’. el I sing 2 3 ( is e

(Intl th a t  ~(3~) Suite h 1,/ I O  i i  I i  — a u’) . 15115 n’ssithik’n&’i’ b,iunsl ~i5) Sis b i ’ii) ri’liahih it i is

(q ,~ .t

i lie hss utid s suht .iii ietl hi .ippra\ inu.it e i t t  .ss i i hh pt s i t t c  methods I4 ,’,~ I .ire niuchi la iset thi.it i thus
hsisui is l , t i i i  u. sa t iup le

Si  iut . i tel i I ipi nh L i l t !  I ‘\ ( I) Its ui i i id — 820
\Isun bi t ’ies t \ t . i ’ n itu t ut it  I ikehih i s ad Riuuiint (51511 l~ S l~
I’s iisss i th Ap l i rti\ i lui.i t iuuti (I’ ‘5 . (  IIsiuihd — SOtI

s i t  t u t u  s n i t  u u i i u ,’ . is s t imhhes i l h s i t e  - so t e s tis ii i lsl n’ s iun’ tt iiln’ tu to rs,’ so t l t t ’se p.iiti~’uI.ir dsf ls ,’ t s ,’iis ’ n’s 1)1.1’ .

mu s t hi’ is i uupell in g

1 , si ‘5~’iI lI~ I l’~ 01’ (‘ ‘\ iuIl)h,’M’F 1301’NflS
(‘0 ,-~SSt ~1F U %% FI( ,  III’S

I tie ques t is l tt  t t t . i l  . i r is es is , is hi. it is lie real ihitiereiicc het iseeiu the hounds ohtai iued
pr ess i i l t i i ig  t t i a t  t is k i us is  it is hen iii t . i c i  i t  mi i . ii h u t  he A nie,isure tub thin ’ t ’ i i  at caused hi ( h iss
su pps is i t is i tu ti ps hh t t te  hs iuiud s ibt .i i i led should he bound I et the u.’s%inl,i tes tiiade tip hi the
c ’ . p n’ i i f h l c i l t c i  t s u i  t h e  s. i lues at a — ( a  I’  , a , he denoted hi ii — I’  , , ) I he n’st i
mate at ihe tipper hsiund c s uiu str u i t ’tctl using s iii equatls in (2 3 ) ii ill he denoted hi

t I~ ‘1 ~ ~~~~~~

/ ~a ‘‘:;‘ s I I ~ib~ e m en,,’es bets ccii h u n ’ e~ .ict htiuiiuds oht.ii ned sn esatuiple 2 2 and hound”
si ht.iiflL’d usin g s at  isius ~ are gi’ .en hehsuss I he correspond itig A t ) , Ysi St I I and P 5 hauiids s i n ’
.ilss i g isen I l’fue . iste risk hi the a s it 1 indic.ites the 5 ’ s s t h i ps in t ’ t l t  on ii Inch the failure is
assumed hi ’ bias c s’c i’u rred I

-

~ 

-- - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~ .4
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(‘omponent a a I I~~~5 i i i  4 1  S i

I 40 1,2 I 1/2 1 1/5 1/100
2 2 ( 1 1 1/2 114 I 1* 1
3 80 1/4 114 1 1 I / t O  1/100
4 40 1/ 2 1 1/2 I 1/5 1/ 100
5 40 1/2 I 1/2 I 1/5 1/100

,t3i)1I ,P J h J f s

Weight ing Method .897 .906 928 .915 ,878 .8 17
AO 820 .871 .88 2 .882 .820 .820

MMLI 819 .916 .950 .950 .819 .8 ) 9
PA .806 .806 806 .806 .806 .806

Na t e the weighting in case 5 which must he assumed in order to obtain confidence bounds
wh ich are close to the AO or M M L I  methods. In general , we would not expect Ihe engineer ing
estimates of the ratios of t he unrel iabihit ies of the components to be ofi’ h~ a l’actor of 25 from
the correct weights f or a s er ies  structure.

We nos introduce the hollowing notation for subsequent use:

a = a / ~~ a 0 5 a = La a / La

/~ i i / ~~~ Ii ,I ~~ I5 Pt ~~Lis~~i ’ Lus

it , = mm (n , , , ,,  it ,,, )

T II E O RE tI  ,i’ . I Let h (q , : a )  denote the true lower confidence bound t’or a series system
of order iii . and let 0 (

~ .i s )  be the estimated lower hound. Then the absolute difference . ‘is.
between the t rue and estimated confidence bounds for a series systeni ot’ binom ial components
of order in s a t is t i~ s

i — s  “ ‘ i A ,( 3 2 )  ‘.1 = [ h ( q , ~~~ ) — ) , ( t
~~~,s s ) ~ < — — — - — - where ’. = - -

— ,i 
~~I I I

and it ’

(3 .3 )  =

then

(3 . 4) b ( q,5~a)  — ~(4 ,~&I < ~ ~~~~ ~ -
~
— (I — t ” 

~
) where — -

~~~~2 in 1— ,

PROOF : By definition we obtain for the reliability of a series system

( 3 . 5 )  fl l t (p)  = [J It~~~—a q ) = 1 — s~ i
~’ + s. , ,q ± , , , ± s , ,. c] ”

where

S 
~~ 

= 
~::,a s 

•
,,, — ~~,

a ~ = h a

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ .TTT~T:..
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I”roni $

( 3 6 )  
~~ 

‘
‘. ,i ‘. ~ ,~ H ’ q ‘. ,~ S i 5 , ~/ 

S ., , ,

Recalling ( 2  3) atid ( 3 1) , (3 6 ( becomes

~,,. si 

a a o u s

0 ’  - — . • 55 ’ , ‘ *
- ta rt t t i i  ‘~~La ,i1’ (Li i i) ’ ,

lIi l i s t
• 

I L ;  a I ” ( Lit 1 -
Ia establish ( 3 2 ) , se note (h,it i f a ‘

~~ 0 b r  .tll ,, thet i
a a . a

( 3 8 ~ 
~ / ‘ ‘ - - 

1
I La ‘i ) ‘ ‘i ii

Bs ( 3 8) and the fact t hat tar posit ive s and s . ‘.=i ~ tnas ( ‘.. i ) . ex pre s smot b ( 3 ‘
~ ) ma~ he

hounded .ihos e

A ‘. “ ‘ i  5
= 

~~ 
v u h e r e s —

..Sssumsng (3 3 1 w e  note thai (3 0 heconues

( A  ~~ a a — ,t • ‘ ( 
~~

“ j ii” I i s
‘1 -

Let t — A (a, then 03 QI hccsin ues j
(3 10) i’ ~ r L’ ,; ~~ s t ,~ ‘ ‘ ‘ l b  I l~

I ‘ sing the tuiethod of I..m (irat ige multipliers on the fit si tern i of (3 .10) . the t isasim um s alue at

a , ~uhtect to the res t rsct ion that ~~ a I. is oht.imned at a = I a; t’or , — 1, 2,  . , ii;

T hus

( 3 .11 )  Za a ~ nias L’ a . ~ ~ ‘~ ,~~

The tither diff erence s hetwee n the corresponding symmetric polvnotiiials are ce rta mn l~ less

than unity Theret ’ore . •issumitbg them to he ut b it y and perb ’orming the geot iietrsc sum . Z~ 
=

(, 5 — “ ‘ ‘1/ (1 — ) , we obtain .i hound on the retibaining te rt ibs Assuming ( 3 3) , se obtain

1) ~ 
i i  

+ L thus establishing ( 3 .4 ) . Q I I)

For small 17 I ’ ’ 
the hound obtained from ( 3 2) ni.i~ he too large . particularI~ if one sir

more t’atl ure s have been observed For esa mple t he absolute error hound oh ,itned for the data
in Examples 2 2 and 3 .1 is  24 In pract ice. howes er . when .i sampling scheme such .s s th,it

given in Example 2 2 is used , t here Is adequate engineering ktios ledge beh ind the choice tub ’ the

_ _ _  - 

..—

~~

-- —‘-., -
~~~~~~~~~~~~~

—

~~~~~~~

‘—

~~~ 

.-- —
- —- - - -

~~~~~~~~~

.- -~~~~-~~- - .- -‘.—- —- -
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s i  so that errors si t ’ such large magnitude are not encountered. If litt le is known about the
weighting then equal coniponent sample s i/es are recommended .

E ’.wnplt ’ 3 2 Consider .5 series s~sten1 with equal sample si/es tar each conuponent:

component a a

1 2 1) 1/2
2 i / bOO 20 I
3 1/ 100 20 (/4

Assume no failures , then for .u c]0’ . con fidence level A = 2 3026 .

The actual error in computing the series system confidence bound is

- ~ (q ~~a 0 ~ 
= .889 - .885 1 = .004

For thi s example . the A() bound is .892, a difference tub ’ 007 (‘rom the correct bound. blow-
eser . by Theorem 3.l an absolute bound on the error t’or the weighting factor method would be

~ 2 ~~~~ + L~
_
~_ _  = .0059

2w 1 — i

where

~~~ , 2 .3026
I = — = and in = 3,

n 20

Obviously if the true bound s’ere higher , say .8 87 , then the A() would differ from the true by
only .005 and the actual error would be only .002 . However , the point to he made is that s-c

ot’ten have more information ava,Iable than simply the structure and the sample site and when
we do . it s hould be used.

Al so it should be noted that if the order in of the structure were increased to 20 the abso-
lute error bound would still he only .0080.

We now wis h to extend this error determin ation to a parallel structure of a, components.
In general . we denot e the reliability of a parallel structure oh binomial components by’

h Ip )  — I - f l ( 1 — p ) .

Writ ing h i ( p )  in terms oh’ q we obtain

6 ( p ) — h t ( q ~a)  I - fla q.

THEOREM 3 .2 Let / i ( q ;a) denote the true lower confidence bound for h i ( p ) , and let
h ( s ~,~u) denote the estimated lower confidence bound for h i ( p ) . We obta in

(A ( r n ) ”
‘is — I~s (q,, , ) - . 

‘~ (‘~,,,~_‘)l ~ fl~i(3.12)

L ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .T 
_ _ _  

,~~~~~
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PROOF ( 3 1 2 0  is proved by noting that

flu flu
)3 13) is f l a q ,  — I 1’~ ~~~ (A . . (

~ 
, 

.

For a 0 . the quant ity

1’ fla
‘1 — — -—-

~~~
- 

. — e x p In
(L a , , ) ’  (L a ,, ) ”

is max imized when Lln a — in In (La  a I is maximized, This maximum occurs at

a — ~~~a a ) / mn for i— I .  2 , . . . ,  in, Thus the maximum val ue of ~? is b/(,n ” l Iim 1 Since

each term in the difference

lIa liii
( L a n) ”  (L i t  a ) ”

is positive , the absolute value at ’ the difference cannot exceed I/h i, “ l b I. From this (3 .13) is
established:

(A - a t) ”
n ~~ 

‘- ~ . Q.E.D.
fj n

E~ .4MPI, E 3.3: Consider a parallel structure of order two where no b’ai lures occur in test-
m ng

component a ii ~

1 1/2 40 1
2 I 20 1/ 10

For a 90, , confidence bound A = 2 .3026. The 90’’ lower confidence hounds for system relia-
bility are:

= I — q , ” flu — . 99834

hI(~~~ , s i )  I - 
~~~ lb .99970

The actual difference between these bounds is 1 ,36 x 10 From Theorem 3 2  the maximum
poss ible error due to incorrectly choosing the weights is 1.66 ~ 10 ~. But in this instance the
A0 bound is .99829 with a difference from the correct bound oh’ 0.5 “ 10 ~

It should he noted that the weighting method hounds are easier to compute than the At )
bounds.

• —‘•----— ‘ , —‘— -
=~~—~~ ~~- — •— -~~~~~— —5- --,-

~ ~_4
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~~~ flsi5 ~u u t t s i d er .i se t te s p,st ,mll e l s t i u c t t l r e  s u t  i’t , lc ; ‘ ‘ ‘  — a; ~~~tiJi ~ , ‘ t 1 s t s is s i t  A parallel

s t ru c tu res  it i series . the i ’ ’  parallel s t r uc t i c t e  h,is ‘‘: tompu ’ utc i l is  P,m rt tt mon p
t j ’  J ’ : , p. ) into p — ;‘ p . . . p, t usheR’ p — i i ’ . . . . p I hi.’ reliahil-

i i ’ . ‘‘I the s isten i us ~t sen hi 6 i j s ) — i p 1 s t hu i; Ip S being .i parallel s i t  ucture i .s ins is t ing

oh “ ; conipone rt is \~~uss let q max ( 
~
‘ . . . I ‘.s he re .ig.iin q — st i/ ta r , — I, . . at

r ise corresponding partition at a is a — Ia  . . a .. . . , a , I huere bore expressing the reliahilit~
in term s at q s e ssht, iin

I, t ,~, a I

I’he refore use establis h the error on tt ie ass et i.’onb idet uce hound est mn ia t e I so .i series parallel
s i stem hi

1’IU’ORb M 3 3 le t  i’ Ic ] . a t he the true loser conhIdence hound tat  t h e i~~ ( 1 .2 .
i l p.ir.sllel structure u I  order a: , . i t i c t  le t  5 ( i ~ ‘ i 1 he the , issu u c i , i i ed estimate oh the loser

con f idence houn d I’henu an .sh s olu te hound on error in es t iiui.mting the contidence hound for .i

‘ .ermes p.srallel 5% s (efl5 is gi’. en hs

( 3 14 ) s q .  1 (
~~ 

(~ . -~ 
(
~ ~

w here

‘I

hat is ~ i s  the hound on error of the u ’5 parallel struct tire I he ‘ ; are the s.tmple st ,‘es of the
compu unents made du ring the quali iic.it ion i es s

PROOFS lii induction I s u t  t t u e c,sse s l ieu I , seu ,’ 1 tieoretii 3 2

I et k 2 For convenie nce sC i

— ~ ( q .  a ) ,ind ( — i, (‘1 °

— r / ( 1 .  .~ ( I 1 ~ ( I  I’ ‘t I’

~ I’ : I’ :l~~ ‘ ‘
~

•\ s su n ue e Spression ( 3 14 ) is true for ~. a It holds for ~ it I s i  t tcc

11 ’ — I I ’ H — (~ r ( ( i ’ f . - , ~ ( l b  ‘ . i  ( i t

- [ ~~/ ‘ (~~~, ,  . 1 + ~~ u t  -“
~~1

~ : I I l  ~ ‘ ,t  ~~~~~ ~ 1 . .  ‘ I~ i 
J~

L- — ‘----- -. ---

~~ 
- ‘ 

. - ---- - -
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- I 1 . i II ‘ (~~ t ~ (h~ iiiduction)

1~~ ~~~~~~~~~
‘
~~~~~~~~~

‘ ( ‘ — ~~~~~~~P t I — ~~~~ 
Q b I )

I sing .s s mn uml ar p.uri mtion m ng procedure bar .i parallel ser ies s t ruc tu re  s i b order s~i — ‘it

then this si s tem cu uns i s is  at series s t ructures in p,trallel . us here the /~~ i s er ies  s t r uc tu re  h.is

order ‘it l’hen p — ( p .  L’ . ~~, (p ) — I 
~~ 

I (p  I )  .mmu d / t (q~ a )  — I (
~

I I i ( q  - a > 1 The t usaxuru i urn error made h~ es t i m a t i n g  the loser conb idence hou tid is

obtained from

rIIEORb M 3 4  Let 5 ( q . il  — I (
~ 

( 1 s 0~ j , . a ( 1 he th ue true confidence hound

on the reliabi l ity of .i parallel serie s structure u t  uui der ‘a — ‘ii -~nd let I, ( i ’ ,~ 
u s )  1 — 11

( I — 
~, 

(~ , , s  1) he the , is sui c ia t ed es t ima te  s i t  this loser confide m ice htiuiid I hen

3 1(i ) ‘5~ — ( i l i , a)  I ,~~i ~

us here — — I 
.itsd is def ined in I tseoreni 3 1

PR( )0b I x panding t~ use obtain

— ~~ ~‘ ~q ,  ‘ I)  L I I I  — 0 I ~ s 0

Hs rbiesu reni 3 3

~ II )~ (~~ i ,~~t ) )  — ( 1  t, ( i~~ , s t  ~

= ( q , : a ) t t i ~ - ~ 1 1

where for the branch of this p.mr.i llel structure we def ine (hy Theoreni 3 1)

i , (q . a )

flusis ‘s~ ~ r . Q F 1

I sa si t j ’ I ~ 3 4 (‘onsider the t’ol lowm ng structure

1~ 
~~~ 

- - - ~~~ ——----

~ 
‘ ~f’

- 
_ .- — -. ______-

‘

~~~~~~~ 

_
‘_ j  -

~~ 

.. -

~~~~~~ 

‘ .

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- ----
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component a, n, a ,
1/4 100 1

2 1/4 100 1
3 1/4 100 1
4 1/4 100 1
5 1/4 100 1
6 1 150 3/4
7 1 150 3/4
8 I 150 3/4
9 3/4 250 1/4
10 3/4 250 1/4

We assume LX , = I and we desire an 80% confidence level, This will yield A 1, 2.99, Simple
calcu lations show us

Lan , = 950 q,, = 00315

Lan = 962.5 ~ 
= .00311

~‘ ( q , ~ a )  ( I — ( . 25q 55 ) 5) (1 — q~ ) (1 — ( . 75q 4 ) 2) = .999994

~ (i~ ,, ; cx) = (I — ~,~)( 1 — (.75s~i)~
)( 1 (,25 7,~) 2 )  = ,999999,

We realize an actual error of 5.38 x 10-6, and based on Theorem 3,3, a maximum possible er-
of 3.6 x l0~ ,

I
4. EXPONENTIAL COMPONENT FAILURE DISTRIBUTIONS

We now examine components whose life lengths are known to be exponential. If the
qualification test time for the j

ih component is T,, where i=1 ,2,.. . , m, then the number of
failures during the interval [O , T,J follows a Poisson distribution with mean A T .  Define

(4.1) A , = a,A where A = max A , and 0 < a, ~ 1.

Le t X , denote the number of observed failures during [0 , T, ] ,  then X, P (a ,X T , i .  If all m
components are independent , LX , — P (AL a , T,) .

The upper confidence bound obtained here is completely analogous to the bound obtained
in (2.3), i.e., the upper I00f3°h confidence bound on A , say A , is

X = A~/La,T,.

Reliabili ty at time t, R(t; A 1 . . . ,  A ,,,), may be written as h (At . a) where A and a are
defined in (4.1 ) . If follows that a lower 100/3% confidence bound on system reliability is given
by h Ot ’;  ~

) where a is the vector of true weights.

5. SENSITIVITY OF CONFIDENCE BOUNDS
TO ASSUMED WEIGHTS

When the true weights a are estimated by a then the estimated 1001~%u lower confidence
bound for system reliability becomes
(5.1) $~(Xt ; a )  w here A = A ,,/La T,.
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For t t ie exponential ser ies  case use measure error by means of I lie rat i t i

( ‘, ‘1 ‘b~ ~~~~ ~i )

We sill slios that ii i the case sit equal component tes t  t i t uu e s  ba r series svst t ’ iuus , the abase
rat io  i s identicall y title I’hat is , the e s t i m a te is equal to the t rue i.’ont idenc e houtud ba r an’,
weightit ug

Ill 1:1 )R IM S I I-or .s series system of order in,

I I I I
( 5 ,1 )  exp A t  —

‘ 
— — . ~ is ~ C \~~ A . ! -

‘i i i  ‘t ’ iu i ‘iii li,,, i

where 1’ — tuui i i ( l’
~
, , . , I ,, and I’~ ., , 

— imix ( 1 , . . ., 1’.,. If for  i — I in, I’ I’
then

A , !
( 5 4 )  6W.  ~t )  h ( A t , , )  — ex p

PROO l: Us’ exp~tnditig the ratio i t s IS 2)  us e obs ers e

A , t
e’sp , 

‘ 
, ~~~

- 
0, ( A t . sL~ ~~ ~..a Lii
- . — . — u,’x p A I

I~ A t ,,,) A t  . 
‘L.si 1’ L~ 1’

ex p
~- “ /

It us suiiuple io seC t t i a t

I a , I
I ., ‘ Lu: r -

~ ‘iii

I’hus

( 5  5 0 I I 
— 

Li I 
— 

I
I .,~ I .. ‘ La ~~

‘ 
~~~ 1’ 1 , i ,..

th erefor e based on I ~
I I , I I

e’ip A I , - ~ ‘Is ‘ exp 5 t
‘ I i i  I , .., , 1 ’ l ~ ~~~~

If ta r  all . I 1. t h en Oie u i u e q u . i l i t s expressed in (S ~ 1 becomes

~~s i I
La 1’ L, 1 1 i i i  I

Iher c ho re the r. i i io u t ’ 1~ 2) i s idet itical ls tine l’iuat is

A t  A , , !
s , ( k I , a )  — exp  ~.a — cxi ’ . ii —

I) , a

exp 5 ,/i’ Q I I)

I ieherman atid Ru ss 121 li ii c derived .i method for obtaining t’onb idence hounds to i sc i ics

s u st i, ’ i l ls us hose ~‘s’tuu pone i its h a v e  an exponenti a l bite d is tr ih ut u i i t t  I he t est s t . t t i s t i i . ’ used in thut ’ir 

-. ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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t uet t is isi is bused ~s fl  the stint s s t  siittulsuled s s s is ’t l l b .uulu i i c  t i n t s ’s l iii I’. i’e I s’ t usu u t tn g th t~’
I ts ’t ui’i i tua i t  Ross Ies ’ tt t i iq t i e sill , in ge neisu l , itoh uuu i h i : i ’ all at t he t C s t  5t uua iii liii ’ s i ls u l a i uu ’ u i  o l

t bii,’ui s s ’ i i l i s t i i u s s ’ huouiusl lii t t i t ’ .ise iii ito obs~ t s i.~1h lau hut i es the I iet ’ei t i t a n Rs ’ s s method is i lu s i

,it ’t ’ lui .it ’ ls ’ ‘~‘,s shs suu it u s  i bi s ’ t ohls iss ui i ~ exa i t ip l e , thu s ’ in s ’s s ’ s t i i i  i’ use pi uu $ i i ~ ss ’ is i ns t t isu inpeis ’d b’s
,iii af ’se i i te  oh u l t isuh i hus. i ius iii t Cs t  iai lt i is ’s

1 S. : ’ ’ i ; ’ , I -~ss1ttilt’ t t ~ tt %~~t’ t i.i~~c’ i s s e t i t s  s ’ Ou l l I ’ u l t ic i i t s  iii sei is ’ s . iuist  t t ia t ni Ia i lsu ies t t , i s  s’

beau e xpei uens ’s ’ st  sbu i tug tCs l i ul g ~ s is tilts ’ii s’ iis ’ i i t i i i t e i t ’ sI iii ~~~~~~~~ th is ’ t s ’ s t  ( t i l l s ’ s i i i ’ nsa ill
s ’i,~ i. ib

.1 /
I I 10

1 t hu oug ht 20 I It) lOt)

~~~~~~ I — 201) a i ut t  ~~ ,u — 2 ‘1 \ t  th is ’ S O - u 5’s s i t b I~bs’iii s’ leve l — I til I ci r — I. th ieui

h ( 5 1 , ) — ~~~ 
I c~l ( 2 s)) — I)’

lo t)

I t ie 511 hot itist us S ‘2 t tie P’S l i t i titti l is S W

\ss ( It l iC tt i ; u t  ibie .s 5% c i i ’ flat eb ioset ) i s O  i s ’ c  i t s  but s s e t e  s h u s ’s c i i .is’ s ’ u’ it hung to  i ’ i i s ’ s i t  ibis ’
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I 1 
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I - 1/ 10  Ii)
2 th i t t iugh 10 1/ 1(1(1 I/I I I 100
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bound is S S 2 1  Agsui ii , t t te point is’ be m atte tw ie is th iui t use sub ten h1is e muta te i t i lo t  t l ta t i t i n  than
si mpl~ t tii’ s t i  ii, t i l l s ’ .uu i~l th is ’ s~t itpIs ’ s u:s ’ u%flu t us t )s ’ i i use t f t , , it s h is ’ i i hub  lit’ u~s ’tl I 01 h i ts s’ \ . t i l i~’ lC

using thi s ’ i,iiia si t  I t ieui tet u \ I, it us possible to shios t t i a t  i s ’g.ii ~ t l es s  si t  thi s ’ u s s ’ t g t u t i u ig  t i lt ’ t i l l s’
biouuisi is .uu lea st is l .s ige as the ‘St hound ( i s ’  t uso s i g i i u h t s .iiit b ig tu i s ’ s )

lii th i s’ ass ’ at equal test t lnis’s , sas 100 , th i e seig hting i us ’ l hs ’ th bs s u t id s .tie s ’ S k i  ,unst eqti.uI
~
,, i)54 I lii’ 511 bs ’tiui d IS si l sO 5)54

h I l t  (RI SI s I ai .i pa u .ut lel  s %sh t ’ i I I  s it ‘a expoui enti .uI ,inipoiln’uits us ith 0 • A —
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t’R( It ’ll b r  .i p.o ,iIIel ss s t e in t u b s’x ps ’ iiei itia l s ’ oui i p t ’ t i e l l ts

— I t ’ I (
~ ~ I

lb 5I~ I t i it ’ut S i  ‘ I s I )iu, ’ i i , ’ t s s i e

0’ ‘= 
~~~~ 

A la  S ( i t  — -~ 
,,, ,: ,t 

-

- ~~ a / 1 ’ ’  it ,, I ) ’ ’ ’

I’hien lit I heor em 3 1, 1) us appi s’xu i iia ielu less t hi.tn or equal is ’

I 5 ,.! “.- ) -
Q F I )

/ ‘  /

b. t~~~~(’ l.t~~lO~

I lie su e igf itung met f iot h des eloped in u t t  is paper ,ull sss s euugi t iee r ing ktiow ledge t(i he ti sed in
a s e t s  simple .uuisl te.isihle nua iitue t It l i t t le is kiusisii about the weighting t , i c t s s t s , then use knos
that t u s i  cotuiponent sanip lc siz es s i t  as sntall as 20 , if th iere a is ’  no tat lure s , the absolute err oi
hound ta r .i sc u is ’ s 55 stem sit intinits ’ order is s i t l l  less than (‘lOS lii pr ac t ice the ,uct ual errors
induced due Isi t u i t - s’rret’t t’fiouce s i t t u e  seighting l , t e t s i t s  arc nitichu less than th is ’ absolute
houtst bs

Se ns i tus i t ’ , studies s hots that .is qs t al t f i ca t is sui lest sample sites (test times) iuI~’us ’ase . t h e
et l’ect of I tie us eights on t h e  estimated conf idence hound dcc i eases If l i t t le is knos ii about I he
us eigh t ut i g I .k t s i i s . the hound sin t he uuiax iniu tui passih ie error induced k ~ti ffe ret ut s eu g tu is t1ia~
he restucesl signut is’a nt ls liv imposing equal s .iiiuple s i z es ( tes t  t imes )  liii the cotuupone nts during
t e s t  i t i g NI s i r e s ’ s  t ’ r , tinder I t i e assumpt tot s s ib etlui s ,ils’ii t co mpotset ut test t t nt’s in the commonl~
en co t in tere s t  e lse s ib e ‘s potuent i,tl se t i s ’s ss s u e t t i s , t h e  conf idence hound siht~t i t sed us s’ x . te t  I’he
.ids .suu t .igt ’s s it t h e  se ightit ig metod proposed here is ’ in the simp lici t y sit  the e.iL’tilations , the
app l icahi hits to aiiu coherent stru cture ushen fes or no failur es oc c ur , this’ ahi hi t s to use in .in
t iti cs ’ mp h ic .u t et i  tashion cer t a in  u~ ~es of et igitseering knos-ledge to compensate tor small sample
si t s ’s (test l imes ) , ,iiid - for larger s. u t u i  pie s i t s ’ s , the demonstrated i u i s e u i s i t i s  i t s  to the choice oh’
we ighting t ’ac t o rs

‘
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APPROXIMATIONS TO THE R ELIABILITY
OF PHASED MISSIO NS

Harald Ziehms

Au sa l Postgraduat e Sc/usia!
,%fo,ulers ”u’. ( ‘al / or nua

ABSTRACT

‘5 ,ss iem whose configuration (block diagram or fault ree l changes during
consecutive u ume periods f pbas es) per forms ,i ‘phased nuissuon ‘ Recenily . E’,iurs
,sri d / ue hms h,ise s t ) (sWfl  that any muliiph~sse mission can be iranst ’ormed mo

,un equu v a l en u . ssni h e i i c . si ng k ’-p hase ,~siem . and thus ihai ihe phased mission
problem can in principle be -,uu)ved in stan dard rctu,ubiIui~ mcihods We employ
ihese ideas here io st udy - upprox uma iions io mu ss/ s ri re liabi lut ~ and io develop
,un .ulgoruihm ~ huch m.us he of pr.uct uc.i l sn ieresi In ,tddut ion . w e extend the re-
tuahut i tu  calculus of Ruhunsi cun . an d l s, ur~ m d  t iayne , b used on an approxu n laie
h,u,ard urans iorn i , in phase d mus ,uuun , , and w e  show how ibis ex ten ded calculus
can he used in suiua iuons w here ph uses are nou of known f ixed dur aus on

1. INTRODUCTION

The technological development of the last two decades , particularly in t he are as of space
flight , nuclear power generation , and weapons systems , has forced reliability analysts to con-
sider systems whose configurations change over time. “Phased missions ” have received atten-
tion in the basic papers of Rubin (5) and Weisberg and Schmidt 19) , w hich present computa-
t ional procedures to approximately predict mission re liability and crew safet y for manned space
craft , and in the United States Navy reliability manual NAVORD OD 29304 Revision A 181.

Recently, Esary and Ziehms (4) have investi gated a phased mission of the following form:
A system consists of several independently performing components , eac h of which functions
continuously in time until failure occurs, and remains failed there after; repair or replacement is
not possible. The system performs a mission which is divided into consecutive time periods, or

phases, of known duration. The system confi guration , defined as a sub set of the components
and their functional organization , c hanges from phase to phase , As is the case with individual
components , only two states of the system are recognized , functioning or failed. The mission is
successful if the system functions throughout all phases,

Their main result is that any multiphase mission of this type can be transformed into an
equivalent , synthetic , s ingle-phase system , and thus that the phased mission problem can be
solved in principle by standard reliability methods, They point out , however , that a direct
implementation of their transformation could be frustrated by a large number of components in
t he equivalent system.

‘This research w,is par u uall ~ supported (is the Office of N.us,, l Research (MR 042- 3000 and iiue Sirut iegic A us ’
lems Proj eci Office (TA 19422 )
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In this paper we employ the ideas of Esa rs and Ziehms to study sonic approximations to
mis sion reliability and to develop an algorithm which may be of practical interest. In addition .
we extend t he reliability calculus of Rubinstein 16 .71 and Esaiy and Hayne III. based on an
approx imate hazard transforns . to phased missions , and demonstrate how the extend ed calculus
can be used in situations where phases are not of known fixed duration,

2. PROBLEM FORMULATION AND PREVIOUS RESULTS

Suppose t hat the system under consideration has ,u components , labe led C~ . . ,  C’ ,,. ss t t h
independent times to failure T 1 . . . .  T,,. For all times i ~ 0. define the pt ’rlo r,Pza,uc ’e ‘it Oh ’ /Fuu/u -
cOlo r sector of the set ot ’ components V (,) = ( .V 1 ( t )  , . . ,  V ,, ( r )  ) by ~‘~( t )  I i l l  1,>.’. and
.V, ( t )  — 0 otherwise , A = I ,u. Assume t hat the mission is divided into ,,u phases , and
that phase I starts at t ime I, and ends at time t ,, i = I nu, with t u = 0. Finally , let ~
be the structure funct ion which describes the configuration (assumed to be coherent ) of the
system in phase ,‘ , / I. ... , m. Then the event that the mission is successful is
{~ 1 1.V (t~)I = I, .,.. ~~,,(,%‘ (~‘,, )J = I). and t he mission reliability p can be expressed as

( I)

To obtain an equivalent single-phase system . pseudocomponents ( ‘, are introduced whose
rel iabilities are the conditional phase reliabilities of the original components. Formally, for
A = I . , . , n and / = 1 , .,., ,n, t he performance state indicator variable C ’ , of pseudoconi .
ponent (‘, has the distribution

= 11 = P L.l ’5 (t~) = II.
(2 ) P (L’

~, II = P LV A ( t  I = I I .k’~(t , ) II, , ~ 1

The tra n~/ ortnalwn is accomplished by replacing, in the con figuration for phase / . component (‘
~

by a ser ies system in which the pseudocomponents 
~
‘, u ~~~~~~~~~~~~~~~~~ 

perform independently with
the probabilities of functioning given in (2) . and by regard ing the transformed phase
configurations as subsystems operating in series. As .tn illustration , consider t he following
exam ple,

EXAMPL E I. A system with three components performs a three-phased mission whose
phase configurations can be represented by the block diagrams

phase I:

phase 2: 

_

phase 3 C’

-~~~~~~ ~~

‘- ----.
~~~ 

‘ -- -
~~~-~~~~~~~~~~~~~ .- -

~~~~~~~~
“

~~~~~~~~~~ 

i- ’~~--’ -—~~~~- ~~~~~~~~~~~~~~~~~
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( i t ~~~~~~~~~
( t i

_

~~i?~~~~

_

~

i
_  

I
_  _  _

The reliabilit y of the equivalent system is

(3) p — E ft ~~~ (L .i I i L u 2 i  C ’ )

where L’ ~ ( ( ‘ i C ,, ) and C’ L~ — ( L i , L ’ i , , . .., C L ’ ,, ) The value of p as given
by ( 3) agrees with the value of pas given by ( 1) ((4) , Theorem 3 1 ) . and t hus the ordinary reli-
abil ity of the equivalent system whose components perform independently is the same as the
re liability of the original system for its phased mission.

3. SOME BOUNDS ON MISSION RELIABILITY

An obvious first approach to approximating mission reliability—discussed in 141 and
repeated here for the sake of completeness—is to compute the reliability of each phase
configuration separately and then to multiply the results together . There are at least two
choices of component reliabilities to use in doing this: the component conditional ph ase rehab,h,-
fl u ’s

= PI.V , ( t )  = 11

(4) ir~ Pt,k ’~(t~
) = I “m O , 

~
) = 1). = 2 , ...,

w hich are the reliabilities of the pseudocomponents in the equivalent system , or the component
unconditional ru ’lu ahil , tis ’.s throu gh each phase

P t ,  = p( , V 5 ( t )  ii J’]~ 
ir , i = . . .. .  at .

A — I . , . ,  n. The first choice leads to approximating mission reliability by

~‘ ‘g, 
u~~~~~

t
~~~~

’ t . .... ir ,, ) .

and the second choice to approximating mission reliability by

(7) ppg ~ 
= 1~I / ‘ ‘ (t i - . .  i-

w here in both cases 6 ,, / I , . ,  in , are the reliability functions for the phase configurations.
(The reliabili ty fu nction of a system with structure function b is defined h~ /t 

~Pi ’ - , l’. ’
~ 

—

.,. ,V ,,), where X~ ,... .V,, are independent Bernoulli random variables with

P ( X 5 — II — p~. A — 1. .. .. n.)  The subscri pt PRF in (6) and (7) is meant to indicate tha t
these approximations are based on phase reliabilit y functions.

It has been shown using (3) (141, Remark 4.!) that (6) g i ves an optimistic result and that
(7) gives a conservative result; i.e., that for pa s given by (I) or (3) .

(8) ll ,~R, ~ P ~~‘ 
ir f~5 / .

L - _ _ _  ~~~~~~~~~~~ _ _ _ _ _ _ _  

.- 
~~~~~~~~~~~~~~ - .
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The above approximations can be employed only when the reliability functions of all in
phases are known, Although to compute them is considerably easier than to compute the
overall reliabilit y function for  the equivalent sYs tem , it may in practical problems st i l l  be a
t ’ormudahle task We will therefore now discuss an approach which avoids these difficulties

l’or coherent single-phase systems with independent components , Esa ry and Prosch~in 1 2 1
have estab lished two bounds on system reliability which do not involve the rel iabil it y function
the ,nin uaua l f lat/u upper hound and the tni i uin ual cu t lo wer humuni/ These bounds , when applied to
each phase separately, can he used to appro x imate nuiss ion reliability in the multiphase case
Let /i~ ,~ 

and h , 11 denote the minim al path upper bound and the minimal cut lower bound.
respectively , h ’nr phase configuration ,. i = I , . . . ,  in. Using basically the same approach as
before , and choosing as component reliabilities the condit ional phase reliabilities ~~, in one
ea se and the (unconditional) reliabilities p~ in the other , we obtain the approximations

(9) 1T ,s’j 1~ = 6 1,0 (ir , , ,,, , 71’ ,u, )

and

(10) Pci  ii i~ 1~i i i  0’i ‘ ‘ - ‘ ‘  P,5 )

where t he subscripts are to indicate that these approximations are based , respectively . (in (l/iasi ’
upper hounds and p/toss ’ lo ss’ m ’r hounds . Since the phase configurations are coherent by assump-
t uon , ~~~~ ~ 6 , ~~ It 1 ~~

,. / I. ... , a: it thus follows from (6) and (9) that
( I I)  ir FRI  ir /‘~ 

g.

and from (7) and ( 10) that

(12) P i ’i p 
~ P 1 / i F ’

From (8) , ( I l) . and ( 12 ) we can conclude that (9) is an upper hound on mission rel uahul its ,
and ( 10) is a lower bound on mission reliability

4. CUT CANC ELLATION AND FURTHER BOUNDS

Rubjn , Weisberg, and Schmidt used a method to simplify the sequence of phase
configurations prior to beginning reliability calculations w hich has become known as “cut cancel-
lat ion.” Cut cance llation does not affect mission reliability ((4 1. Rentark 4 2) and can be s uns-
marized in the following rule:

A minimal cut set in a phase can be cancelled . i.e omitted from the list of minimal cut
sets for that phase , if it contains a minimal cut set of a later phase rhe next example ilkis-
trates how cut cancellation works

EX.-1MPI.L’ 2. Consider the mIss ion of Lxamphe I - The minimal cut sets  aie

phase I {C i,( ’ i)

phase 2 ( ( ‘ ‘ - ( 11. 1( ’ .( ’ i). ( ‘
~~

‘
~1

phase 3: ~t )

The phase I cu t se t k’ 1 , ’ 1} conta ins the phase 2 cut set ( ‘
. ( 1. and thus cm h~ c.mnt’elhed ri

phase I. leaving a configuration ~ huch can never fail Both the phase 2 cut s Cis 1 ( ‘ ( ‘) and

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  
- — - --. :
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k . ‘ contain the phase 3 cut set ( ‘~1. ~o they can be cancel led in phase 2 A lter cut cancel-
Litton . the simplif ied phase conf igu rat ions can he represented by the block diagrams

phase I

Iilt.ise 2 t : ~~~~~~~~~~~~~~~~~~~~~~

phase 3 (

‘sl Ier cancel lati ot u , the transformation can he applied to obtain the equivatet it sys t em wi th  the
block diagrans

__(Th

~

‘is huch us considerably sutuipler than the equisalent s s st cm of Fxanipk 1. hut has the same relia-
hil ts

The niethods of approx umatit ig mission reliability described it s the prex inus section cats
,ilso he employed after cut cancellation h a s  been perl’ornsed If we denote the reliability hun t ’-

t i msi ls  si t the simplitied phase configurations by /u~ , — I , ... , ni . the approx imations
c orresponding to  rr 1 k ?  and p 

~~~~~ 
.111’

( 13 )  
~~i ’ s i  ~ 

— I I~ ~~~ 
, ,, . , 

~~..

and

( 14 ) P i ’R l  — Il~
i (p~~’ .., p’ -

respectivel y, where the added subscript ( ‘( ‘ it sdtc . ites that cut cancellatio n has beets performed

Similarly , denoting by 6 , ~ 
and 1t 1 ,~ the tsi initssal path upper hound and the ns inutuial cut lower

hound. res pect is ci s , for the simplified configuration 01’ phase i , i — t . .  i t t . ‘iS e obtaut i the

approx insat ions

( I S )  ~~,‘t ~ — I l / t i (ir ~ . . . . .

and

I 6) P F’i 8 iii 6~ ~ (~‘ . p~i ,

To show that these four approximatuoiss are hounds on mission reliability, we observe first

that since the simplified phase configurations are coherent . 6 , ,~ ~ 6 h~ ,~ . 
, — I . . .. .

It fo l lows front ( 13) and ( iS)  that

( I ” )  j~~ 11, , ~ ~~ ~~~~ ~~~~~

--~~~~~~~
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( 18 )  p 1 / / i  m ~ u s

Further su t ic e the phase reliability t ut ictions are t iot lcss .uh Icr cut cancellation than het ’ore , i c

~ /, . / — I . . m. tf uen

(l~~
) 

~
‘ F ’R F  ~ n’~~.1,.,

hollows Irons (6 ) and ( 13 ) , and

~ 5 )
~ ‘. / 5 ,.~~. ,

I uu llo’is s fron t ( ) and ( 14) , where the latter t ne q ua l t t y  is noted here f or t ’ ur ther referen ce only
Front ( I  ~) and (8 )  ‘is e conclude th .st 

~ ‘ ‘~~~ u and 
~ m are in tac t  upper hounds oti mis

ston reliabilit y

To establish that p ~~ and 0 i ’ i  ~ 
ire lower hou ntis . w e need the lollow ing remark

RF ~I AR K I [,et i!0 , he the structure functi on oh the simplif ied conhigur.stiot s usf pbi.usc
i , i — I, in, and let 1’ , , A — I . .  it . , — I . .  in , he the indicator variables ot ’ t h e  ps cu—
doconsponents i t s the equivalent s y s tem then

II /‘ m!s ( 1  ~~~~ u ,’ ’ ‘ I
) / 11th ~~~~ 

u i l C u~~ ‘

PROOF rhe proot uses standard properties oh .sssoci .ited ratsdtuns va rtah les which are dis-
cussed in F s,irs - Proscfuan and Wal kup 13 1

The simplified phase conhguration s .sre coherent . and f ience the structure functtot ss
— I . , . . in , are nuindecreasing The Bernoulli random variables , . A — I . . it . i —

in , are independent Ttseret ’ore th ~‘ u i~~ ‘ I - ‘ ‘ ‘ ) , / — I . .  in , are .ssso ciated Her’
noulti random ‘i .iri.shles for ‘is hi ich the .uss e r t  ion of t lie re m ark holds

Using ( 2 ) , (5 ) , and ( 14) we obtain ~~~ 11 l’ u.S U u V ( i ’~ - 

~ s7I7 ~ C cut

c.i nce ltation docs not a ffect tuuissio n re l ia h ult t y . (3 )  cats he wr i t ten .~~~ p — / ~ 
u I s

( u u ) ‘~pptit ’ ituuuri of Remark I then s i~~lds the ineq ualut s
(21 )  0 .1,., 5 5  ~ 

I,.

which toget her w i th  (20) establishes t h e  desired results

~~ , COMPARISONS OF THE BOt~~ DS

the magnitudes of the hounds ots mission reliabilit y presente d in t h e  t ires ious sect s ins ,
and of the mission re h uah u l i t s itse lf , can he ordered Thus ordering i s  displayed in Fig I w h ere
the so pc rscrupt s refer to the defit iut ig equat ium t i s ,tmi~1 inequalities ‘is hs uch ,sre ssu iuiruia ruied

~~
, T h  U~ _ _  

I

t iu , i ~~‘ Quu.i l u i . i tusu ’ ‘i i i ~’ .u ,
~ ,‘ uu ‘i Ii is ~ b, ’ u u c t , is us u l  um u’ s ’ ,,, ’ ,u ,‘ Iu . sN , I , l u

i t u t ’ su uu’ ,’ts uIu i ’ I’. ,~t u ’i is’ Ii,’ ,it’ti IiIul0l ,‘ui uu .li u . ’ns . uu iu i ‘ n u u i , u . s I u u , ’s

-_ _  

_- ~~~ - -~~~~ ‘ -
_

-_
- ~~~~~~~~ *—=--‘ - -~~~~~~~~~ - -- -~~~
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~~u u  genera l inequa l ities can he establishe d he tw ee ms rr i / i l  u s  and ir 
~ ~. .utsd between

and 
~‘ ~~~~ 

- In the case ~t the two  upper hounds , cut cancellation (in (lute hand and the
use of phase upper hounds inst e.ud of ph~mse rel iabi l i t y fun ct ions (in the ust her h and hot Is tend to
incre. use the app.trent pts ,ise rel iabi l i t i es , (tie ,smount ot uric re ,ise depending on the structure (if

the mission .is w ell  as on t he comonent reliabilities In the case of the two  lower hounds .
,‘ ,,, ~ 

, , tends to he greater (han p i / i /  because of cut cancellation , hut ,ihso smaller because &) t
the use u! ph.use low er hounds instead (it ph,usc re l ia h i lut ’. l’unct uons Again, both th~ structure
us ? the iii isslon and the component ret abil it ie s determine w- h cli of thiens is  greater in a particu l.ir
c,use

l’he inequaluI~
( 2 2 )  ~~~ P, ’i ,u

h.us not yet beets established form a l ly , hut us an ohs uous consequence m it ( 1 0) . ( Ib) . and the t’act
tha t /i , ~ ~ / i ~q . ,m I , , . , in ‘s s in i u ta r  inequality between t h e  upper houtids ~ ,~ 

and

8 m u  ‘ however , does not exist , because it is not necess aril~ true that I: , ~ ~~ /i , ,~~
. , Since

this may not he intu i t ivel y obv ious . w’e give the h’ollowung illustration

I -I MP!.!- 3. For the mission u ut ’ Example 1 , the minimal path upper hound t’or phase 2
i s  h~ f5~ I if 

~
, iT ,~~, .) r •~i’ , ~‘~ .ir before cut cancellation , and /i~ ~~~‘ 

( it’ ‘.

it’ ~ 
af ter  cut ca ncet lat iot s - Assunsit ig tha t it’ 2 = ~r = ii’ it’ . then

= if
2 (3 - - - 3?r~~~1r 4 ) and h , 8~ O~

) = i t ’ (2— n’ ) .  For (5 “.- it’ ~, 0 8 , /t ,,,2 (ir ) < /i ,.8~ (ir ) ,
and for 0 ,9 ~ ~ < I. /i 1 ~

) ~~
( /7~ 8 ( n ) ,

It is ,i lsuu possible to compare the hounds wi t h  respect to the computational effort required
to compute them , In general , less e ffort is required to compute the ‘Pt phase reliability func-
tions separatel y than to compute one reliabil ity function for the equivalent system: phase
hounds are easier to compute than phase reliabi l ity functions ’, and cut cancell ation s implifies all
reliab ility ca lcu lations , although it requ ires eonsputational etmort uts el h ’. The duagran s below i s  an
attempt to sunsmar iie these observations , Its consparisons may not hold in all cases . hut do
indicate what is usually true The s~mho h stands f or “requires less computational e ffort
han. ”

~‘ / .1 /5 m u  7T ,’~ ~ 
if 1’1,’1 ~ 

if ?,?,,?

1’

(
~ F l / i  ( ‘( 

— (
~ i i  H — P F ’R i  ( — P I’S’!

6. AN ALGORITHM FOR THE “BEST” LOWER BOL’Ni)

Trying to select the best hound t’rom those prc~ented here is  .1 problem whose solution
depends on t he circumstances of’ eac h particular application and cannot be acconsplisht d in gen-
era l. If one is interested in a con s ervat ive rather than an optimistic approx imation . .und if the
system to be analyzed has consponents with uniformly high conditional reliabil it ies in all phases .
then the quali tat ive compar isons of the previous sect i o n and numeruc .s! res ults suggest that

~~ ~ ~ 
is a good choice , Since these conditions are h’requenthy encountered . ,in ah gorithns t’or

co mputing P i i  H , is given below Inputs to this a lgorithm are the phase configurations (in
the form of ’ block diagrams , fault trees , structure funct ions . or complete lists of nsunmmal cut
sets or minimal path set s ) . and estim ates of the c5rniponent cond itmonal phase reliab ilities it’ ,

A — I , .... ii , , I , .. . , in. If one is wil l ing to assume that component s have constant failure
rates throughout eac h phase, then the component conditional phase reliab ilit ies are gus -en by

— -“--‘—“~— “ - “— .“ ‘—‘~— ‘ — ,,,.—,.,,I,’-,,,i- ’- ,’,,,,,, ,,,,,i,’ r,u- 
-
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where r , is the ‘,,‘ Ills ‘ .L’ , m u ?  t’ui t i t h i(i ttetlt S , in ~~~~ i. atis j 1 is th ie . u i ’ i ’  u ’’  mu ? ph.use
/ ,  k — 1 , . ‘~~, i — 1 - ‘ii

Al (~~ RlI ’hl~ 1 I t s u i  colii l’Luling is ,,,

I b r  / I , ‘u t irit i the niinini.il s.’Ut s e ts  for  the couf ’igur_ uIiu un s ut  phase i.

) h) Pe r t u m i  iii cut t’ancel(,ilion .ic~ u’ Id t I t g to the rule g i’ ie n ui Section 4 h - u’ r i I.
dets ote the nuni her u ’t tli itii rsi. i( cut s ets  reuil.uining in ph.ise h’. s ( i t . atid the t hi nlinitli,i ( cut
set re m.iining in that phase by A - — I - ( i

Ic )  I I’i 1, I. L’Ot i ipute 1u , for .u I( i 1 ‘‘2 for ‘is hich ( ,e A fo r  sumtllc
I. - k i f ) , lr() iis

p — ‘r , ,

4 t h ) & ‘ u ’ Illput e ,s 
~‘i .

~ ,~ 
hroun

~ II 11 11 
~~ 

( I  ~~
1, ,

the t iot ati uml i necess .uI’. to tor mul .ite th is  a lgot itl im in preci se mn,itheu n,itucal te rms obscures i t s

se ry simple content \~ e m iii res l.ile i t  in h i t ’ S’ui (( ulssi ng more intelligible f ui rm

) ,t ) lund t he iii utsi u t _ t i  cut s e ts  for all ptsase co nfi gur .it uois s

(h i  Perform cut c.incell.itiots

(c ) (‘onspute ,s , for each phase ~ in which conipomien I ( ‘, is rele ’ i ~tts t trou t

Ii , =

4th ) &)hta uu i the - he’.I tos s er hound on miss ion re l iabi l i t y h’i ciinsp uti tsg

11 11 II - 11 ( t ’ , u , )~

~.tll phi.ises ~_ tl l  miii t’Ut st’Is {.ull t’o isipoiseusis its
i i i  each phs.use I each tu t u cut sCt

The t’ollowung example , adapted from I’ sars ausd / iehnss L4 1 . i l lustr ates how the .iigo rutfs m
‘is

l \  “sMPI 1- 4 ‘s sy s Iu,’m wi th  s i ’.. compotsents s to perform .i t bs ree -p hs_ ised ni iss uu ’n rhe
phase con figurations .ire represented hi the block dt !igranis

phase I 

- - -—-—-- ~~~Ti’ ‘. T . ~~~~~~~~~ . - —--— . . ,~
_ , 

-
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ph.ise 2 -C u 

_ _

phase 
~

‘ t ( ‘
~

I ( ‘
~

The duration of the phases are if 1 — 30 mm . u/ ’  = 2 hours , and d2 — 10 hours It is

assumed that the components have t’ailure rates r, which are constant throughout each phase:
estimates of their values (in hours ) are

1 2 3 4 5 6
I 0 000 0.001 0,020 0 040 0.100 0 000
2 0 020 0.003 0.006 0.010 0.500 (5 .4) 20
3 00 10 0 (1(5 2 0.005 0 020 0 S00 0.020

\ lower hound on nsissuo n reliabil i ty is wanted.

The application of the algorithm yields the following results:

(a ) The minimal cut sets are

phase I. #k ~ . ( 4I # . ( ( ‘ 2. ( ’J

phase 2 ( ( ‘ 1 .  #k’ ~~’ I#. #k 2 , d l,I#. k u(’4i

phase 3 ( ( u ( ’ iI. k’ 2, & ’ 2L I( ’:.t ’pJ.

(h) The mmninsai cut set s  marked # 1 # above are cancelled. The rensaining munimal cut
sets are

phase U

phase 2. (& 1. ( ‘ u.( ’41

phase 3 U’ , ’ 1) . k’ . ‘
~~} .  & ‘

~~. (  ‘
~~~~

(c) We have to compute u i~~: (‘ i I. l’ 2 ’ •  1u (i i’: p~~: 1u 1. , li ,I. and ,u ,,~ Since in ths e present
c.ise IT , — s ’ I ~, we use t he equation
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I /

= = 
‘r 5 u/ , 

= e

and obtain the following values for p,,, (rounded to four decimals):

i/k 1 2 3 4 5 6
1 0.9900 0.9512
2 0,9608 0.9782 0.9608
3 0.8694 0.9738 0,9305 0.7866

(d) t he bound ~~~~~~ is given by

Pp L B - ( ’c’ = 11 — ( 1—p3I ) ( 1— p c i )I x (1 — (1 — Pt? ) I

x (1 — ( ‘— P 3 2 ) ( 1  — P42 ) ’ x [1 — ( 1— p 1 3 ) ( I — p 3 3 ) ]

X [1 — ( 1  — P 23 ) ( 1 P3 3 ) ]  x — ( 1—p 23 )( 1—p63 ) I.

For the values of p,, computed in Step (c) , we obta in, rounded to four decimals ,

= 0.9438.

A s a compar ison, the reliability function for the mission is 1~’

6 = P i Z  P 3 3 (P23 + P63 — P2 3 P63 )

+ P13 P2 3 1(1 — P31 ) P 4 2 P 5 i  + (p31 — P 3 2 ) P4 2 + (p32  — P i 3 ~ 1’

and thus t he exact mission reliability, rounded to four decimals , is

p = 0.9468.

7. AN APPROXIMATE HAZARD TRANSFORM FOR PHASED MISSIONS

Recently, Esary and Hayne (II extended the scope of a application of a simple reliability
calculus of Rubinstein 16 , 7] to coherent systems , This calculus uses an approximate hazard
tra nsform and leads to conservative approximations to system reliability. We w ill show here
t hat its scope can be further extended to phased missions.

The hazard transform of a system with reliability function 6(PI. ,.., p, ) is defined as

l l (u t u,,) — — log /u (e
uu l 

where ii~ = — log p,, is the com ponent hazard of component (
~ having reliability

p,,.k = I n. The approximate hazard transform H considered in [I) can be defined by the
following rules:

(a) For a system consisting of a single component (
‘
h .

= us .

(b) For a system which is a combination of two modules (subsystems with disjoint sets of
components) having approximate hazard transforms HI and H ,

H ’ — H~ + !1 if the combinaton is series

H ’ — H~n; if the combination is parallel.

_ ‘. _._,_.i
_
~~~~

_ __
’ _~~~~~

’ —

-‘

‘ 

,- 

, 
j
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phase 

_  _ _

phase 3 

_

!‘lse durat mon of ’ the phases are /i = 30 nun , J2 2 hours , and d~ — 10 hours. It is
assunsed t hat the co mssp o mse nts have failure rates ,- , which are constant ths rouglsout each phase:
es t in ua tes oh’ their values 4 us hours ) •

~~

E í A  1 2 3 4 5 6
1 0, 000 0.001 0.02() 0,040 0.100 0.000
2 0.020 0 .1503 (1 006 0.010 0.500 0.02()
3 0.0 10 0 .00 2 0.005 (l 02() 0 500 0 020

A lower hound on mission reliability is wanted.

The application of the algorithm yields the hollowing results:

(a) ‘the minimal cut sets lire

phase I: # 1 ’ l. ’ 41 #. k’ 1.( ’~I

ph ase 2 ( ( ‘ 1 .  # ( ‘ 1.( ’d# .  # ( ( ‘ ‘. ( ‘1j#. ( ( . ( 4 1

phase 3. k’ . ’~I. k’ . ’ iI. l ( ’~.( ’~I .

(hi) The numninial cut sets marked # 1 I # above are cancelled Tlse rensamning minimal cut
sets lire

Phase I I( ’ 1. ’J

phase 2. { (
~I. (e, .e 4)

phase 3 (( ‘ ‘
( ‘ii. I ’ ... ’~I, I C ’

~ . ( ’sj-

(c )  \~
‘ t’ hi;is-e to compute p~~: ~~ 

, 
~ ‘ u. ~~~ 4 ) / j . (‘ ii: l ’ i ’~ I~s i and ~m , Since in t lse presems t

case ii - — - ‘is e use t h e  equal mit

~~~~~ ___ .~~~~~~~~~~. . ,~ — -~--~-—- --• ‘
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(c ) For a coherent system with minimal cut sets A’ 1 A’ - w hose approximate haeard
transt ’or ms are II Ii i .

I/ • = II~ + . .. + Ii • .

It has been shown (Iii. Theorem 2 .5) that this approximate hazard transform is conservative ,
i.e indicates greater system hazard (less system reliability) than the exact hazard transform.

In the ease of a phased mission , we can go one step further and define an appro t ‘ma/u ’ mis-
5010 / ta:cir i /  t r a i us/or in by the rule

Id) For a phased mission whose simplified phase configurations have approximate hazard
tr ansforms Il” II ., , t he approximate mission hazard transform is

ii ’ = ii; + . .. +

where the component hazards are u , = — log p ,,, A = I . . .., n, / = 1 to . We will denote
t he reliability function corresponding to this approximate mission hazard transform by Ii -

‘ i.e.

(23 )  It ’ = e

By consparing steps (a ) , (b) , and (c ) of the rule above with the method of computing the
minimal cut lower bounds for the reliability of the simplified phase configurations , we can con-
clude immediatel y that e 

/ /  

~ /t , ~h / = I , . ,, in. it then follows from (16) and (23 ) that
( 24) 

~ 
p I’! H ( I

and hence from ( 18) and (21 )  that 1i is a lower bound on mission reliability or , equ ivalently .
t hat the approximate mission hazard transform is conservative.

A n algorithm for computing the lower bound It ‘ follows the first three steps of’ the algo-
rithm for computing P 18! - The next steps are

(e) Compute the component hazards

ii ’ . ,  = — logp,,,

for all ( i i)  for which p~ . has been computed in Step (c)

( f) Compute the approximate mission hazard transform

~~~~~Z Il im. A ~~ -
u _ — i

(g) Compute the lower bound

/7 
. 

— (‘ 
I? .

A co mparison of this algorithm with the one presented in Section 6 indicates that the
computation of the lower bound /t~ requires more e ffort than the computation of the lower
bound ~~~ ~~ w e also know from (24 ) that /u~ is less precise than Pri H ~~

. Thus , it may
seem count erproductive to pursue the approximate mission transform any further However , if
one is w illing to—or has to , for lack of better information—assume constant component phase

fai lure rates , then the component hazards u~ take on the simple form u, — r, a’ , and com-

putations are simplified considerably. In this case , an a lgorithm for /, • consists of the following
steps (expressed in an “intelligible ” form):
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“s L.(iOR ITt  I M 2 l’or cons putitig Ii ’ itt t hue case m i t  c uuuis tant

cotu ipotient ph ase taulure rates.

.i ) htW the mmninual cut sets b r  all phase conf igurat umu ns

(h) Perfornu cut cancellation.

(c ) (‘om uupute the cotulliotleilt haiard ii , for eac h plu isu,’ , ms w hi uch t’o muupo iie mut ( ‘
, is

relevant Irons

U , —

(d) Ohtamn t h e  approxi nuate missi on lialll rd t r a m u s t o r m  I’roni

I I  U ,

( I i?? phases} (all t ut i ts cut set s Lilt couu upotu e uuus in

in cacti phase I each mim i cut set

(e ) compute the low-er hound /t • t ’rom

• . I,.
Ft — S -

W tiers consponent phase ha ilure rates lire assumed coiist1int , t tue approxim.ui C iii i s s i u s i i

huaia rd tr,inslorni hecotuies Ii po lvito t uuimual iii elicls of t h e  phase durations. l’ lus is , i t  us ‘is elI suited
b r  paranuetric studies , as us  den uomustr lited its I tue t ie xi  ex.mni ple

I - 1 .% fI ’l /: (‘outsider the tuu issmo n of F sample 4 A ssu m uue t hat — ill other dat.m heing thue
sante as hef ’ore— Use duration oh’ ph ase 2 , 1. , us ito’.’. uust ’e rta un . .uuud t h a t  .i sem isi t ivut s ,uti.i is s is  miii

it is desired.

Front t lse algorit limit .mbos e , ‘is e oht a u n t he t ’o llowing g em u er .i t expre s s ion for t hue _ ippro x I
iii a u,’ lit i SSt s in Ii 1i/ard t ran sf ’or flu -

II’ i

+ ( r 1 1 / 1 ( i I,~/~
) i (l it / i l ‘ P~’’~ ’ ui’’ l ~~~~~~~~~

~‘ 111 1 + ‘ I ~a’ I ~~ ( F  / u/ 1 / ,j -. /
(2 ’.) 

+ (i .
~~

1 ‘ m / ’  i a’ ~~t ’  ‘/~ ‘ ‘ ~‘/~ 
m

( (, 
~~ ‘‘a’ , i , 

~~ 
(5 ,
~
51 l P ‘ 1 .  + ‘ i’~~’ 

; )

/1  • as a function of 1 / 2  sari he w r i t  ten us

— a 4 /i~/ ,  u / i .
w i t h

a — 
~~~~

4 / • ( ~~~~ ~,‘ I ~~u i + 
~~‘I~~u ’ I  + ‘ / I ’ 4 i

+ r 1~
,l1 I 

~~~~~~ 
I ‘ ,~i ‘~ ‘ i,i

+ tI~
( r i1 r + r ,, ii.



-- -.- 

K i t  1.51) 11 I t s  iii i ’ t I. ’sS I t )  \ t l ’ . x Iu i \ \  241

F) — i i ..

~ ~/ i (~ .‘ ~ ~~~ ii t , •~r ~ ‘ ~I ’ , + ~ ~~~ ii 4 + r u i ~~42 + r 1,r 41 )

I ’ a’ m ( 1~ ‘~ I ‘ ~ ~ + ~
‘ 2 ’ / I ~ p, / + “ /~ i ,~ ~ “ ~~ p,

/ ‘F ~
-. 4 !, . t  4 ~ ,~

,p , ~ ~ ‘‘ -i’

I si r the data given in I-sample 4 . mhe nunueric.ul values of these coehlic ients are

a — 0 0 1 2030

ii — 0 023333  hours

— 0 000258 hours 1

For various durations of phase 2 (in hours) , the uupproxinuate fl hiSSio n haiarii Iranslo rn i ii• lutid
the lower hound on rusission rel iahilits 6’, both rounded to four decmntals , are shown below

“ 1 ~~
• /u

1) 0.0 120 0.9880
1 0 0356 0.9650
2 0.0597 0.94 20
3 0 0844 0.919 1 V
4 0. 1095 0,8963
S (1 1351 0.8736
6 ( 116 13 ().851()
7 0. 1880 0.8286
8 0 .2 152 0.8064
9 (1.242 9 0.7843
It) 0 .2 7 12  0.7625

lot  “ 2 — 2 bsours , P 4 ~l ,u u / antI p ha’. e been com uuputed its F xam us ple 4 l’heur ‘i j iucs .mre repeated
below , together wit  Is the ,ilue oh ii ’ (ii , — 2 Isours ) , to faci l i tate a cotuiparisoru

p — (1 9468

I’ i i i ~ u m  — 0 9438

It • g/~~ — 2 hours) 0 9420.

Its the case of constant contponent phase failure rates , the approx imate haiarsl t r1uitst ’om’ruu

can also he used to estintat e mission reliab ility when plsase durations ~irv ra ndotutly If
- ‘  

/ ) , are nonnegative ramudom varmahles denoting the durations of the phases . (hems thse
approx imate mission hazard transform is l’fI ( ‘~ i I),, ), w here th~ function /1’ us def ined
is hef’ore and 1 denotes es pectat ioms . .‘ss an .ipproxinsat ioml to muum ss iott reliability we now’ use

( 26) .~
“ — e “•U) fl ., , ) ,

w hich us much easier to calculate than the es.m c t value F e  ~
( l)
~. . . .  () , ) Sinc e e ‘ is a con-

s e x  t’unct ion of s , i t  hollows front Jensen ’ s mnc q uatut ~ that e ~ •( 1) 1 . . !) ,. ) 
~ ~

. 4+ ’ ~ j
~I) , ) , and t herefore .e • us a lower hound on muui ss ioms reliability’

In our l~ist example , we s f i u u w how- t h us .ippi’o ’ .m ruuati o n c.irt hc used, even w ithout a s’omuu~
plete know ledge of the probability dust rihutions o1 the / )

- - - -
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E. (4 . -iiPI.t.’ 6. Consider again the nsission of ’ 1-I s~inuple 4 , hut this lime assume t h a t — a ll
other data being t he same as bef ’ore—the durations of phases 2 and 3 are random. The nsean
durat ions are known to be I:’!) , = = 2 hours and LI)1 = u/~ JO hours . and t he total dura-
t ion of these two phases together is I)-, +- 

~~ 
= 12 h ours “sn es l imate t ’or the ns ission reliabil-

i t y under these circumstances i s  wanted.

By rearranging the terms of (25 ) we can express 11 as a function of fi. and 1)~ by

11 ( l ~2. O i)  = a~ 4 - a ~ 1)~ + a 1D 1 4- (.1 4 1) 2 + ~i ’. l) ~ + a ,/) ./) i,

where t he coefficients a a 1, depend onl y oms t he known duration of phase I and the com-
ponent phase failure rates. Since 1) , + !)~ constant , then \‘ ar /1, Var! ) 1, and Co’.
( 1) 2 . 1) ~( = — ( a r  1) 1 = Va r ! )  

~. i)enoting this common but unknown sar iance  by m r 1, we can
write El) ,2 = m r ” + /~~. L’!)~ = ur 1 + d~. and ED ,D 1 = ~~~~ — ur ~, and obtain

L ’11 ( D 2 . f l 3) = a~ + a 2 d ,  + a~tI~ + a 4d2 ± 11,m / j  + (l4u/ a/ 1 + mr (a 4 + a, — a 1,) .

or , numerica lly,

= 0.059728 + 0,000071 ur /hours 2 .

For r 2 = 0, i.e. when t he durations of phases 2 and 3 take on their expected values with proba-
bi l it y  one , EH( 1) 2 .D 1 ) = 0.0597 and g = 0. 9420 , which u ltgrees wit h the corresponding results
of Example 5. As r 2 increases , E!1 (D , , 1) 1) increases and g decreases: since ur 2 cannot he
greater t han 20 hours 2 under t he given conditions , the nsaxu munt value of 1:’!1 (1)2.1) / ) is
0.06 11 , and t he corresponding minimum value of g is 0.9407 . We can therefore conclude that
the mission rel iability is at feast 0.94.
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/ K.iii~tc i

I , ,  m i mi ‘ ‘i  — / i i , i t ’f / P i % ! / ! i i t e ’ ‘ 7 /m ’~ ~/ ‘ / m / Im ’ m /

/1.1 7 /  / m P , i , ’I

t i is i ’ ,’ , t i , ’ n  uim ’ ,t L ’Is ,t~’,ut i~ iii m~~’pe i .ui ,mig Sm s / s i l l s  it 7 m ’ ’ ,~’ s / m m ,  im , i s im, ’ t , m , I im i s’ I’

hi ,hs,’i i _ u i / u s  , . m , im , . ’,t , m im i / iOs ’ m u i l t ~ ’ii i i i  I is ’ u i i  i’ m / I  ,,‘im m m l i i m l i m , ’ .m

i im , ii ~i~’.iI s uimiii s isi,’fll’, ii mi l / i , I l  S ‘ I ~~~~~ ~‘i q im , m I i i  ~,u n l’s’ m I i .m m i i m ’ s ~’ il ii;’
im mi p .uI ‘ ui I m , I i .’ s Is’.mitmml ( ii’ mi i , mimi i i ,uI  i ,ms ’ , mi5 ’ ,i, ’ i, ’ I ’I ’~’ I ui i m , Is ’ h i s ’ s i ’ .i s ’li i ’, / 1 / s i / I

huuhi m mil 5 ~‘1’~ 
ss ,~t i m s . t hi , mm i i S m I I  s i . mi s ’ scu l l  ii.ui k ’ i  i ’ m i / s ’ s s t ) , m ss ’ ,i I’ ll ‘ u / _ i,

i i ’ . s i l / / t i l ’ s ‘i hi m c .u iulhm , is . i,’I. u im ss ’ ,‘ i l / .  i s / / s  Is ’ s ml i l t i ’ ‘ i i ’ ;’ m ’ scs l  s- I m L ’s ’ k / m i (  ‘ ‘ ‘ I m , , s ’ s

m l , ’ , m ’ .,s ’I . mi mi, . ’,I 1mm ( m m i i i i ’ _ m u m s , ’ m i it iii Itic I , ’s s si m ’ , / . t mmi , ’si ii ,ii’,,’ m iu l i mi i , u i lm mm i m ’ t  qu.ui

Ii hi inis ’ mnis ’,t m .utm ,i ,,‘ i, ’ I s ms , i ism s ’ ..p,um,i,’,I .umid I’m i i.’ is/ i lg i l i c s i s i s ’ii i us m ’ U L ’

‘I I / i ,  7 iS t’mih, ’t ~~~‘ ‘ s I ‘i l u , t , ’ ,t S .u i , , ’ u— . ,liu’ ,ict’. mm .’ ii(.mi(,t VA I/,.’ m s ’
ii su u,’ ,uim.’,l h,, k um m . i  . m mi , i , l l m , i m , I , ’ m  Pig i’~’ Ii, m (s i’ / , r l U . ’c I , is s P,i  1/ ’ ;‘~‘i i m m i m i  m ’ i

m i l l , ’ ,um i , t ‘ci m m l i i i ,ii mi/ si P un, ’ \ uumu ~’ii~ ,ii ,- ‘ .muli i’ I,’” m l , ’ g m m s ’ui

I. INTRODUCTION

Previous com utmum u icatmo il s 14-61 dealt is ith operat umtg 55 s t ems w- huui s e stoch uastic tamlure ‘.s .us

detected 1w o bs er v l u t  ions carried out u n te rn s t t t em s t l y  I’Isree is pes of co s t s  were introduced: tit le
pertaining to the ex pense  umtc urre d for e.ich check : t lte secom d .usst mci a t esh is ills the tim sse elapsing
betweeuu svsten u failure and i t s  discover y a m mIte subsequent chseck . loud t tse thttrd reh a t u mug to
replacemssent of the fa iled s s stem The Optiflili l polics’ is ,i sequemuce of i’hes’kumug limes
( t , , A 1. 2 I nuittin u iz im ug the lm m ss per l i te  cycle or , 1i lterms at ivel y. per time ums mt Models iuh
pure checking, truncated checking. ~usd monitoring astdmtioit a h to c hte cku mtg were treated

Whereas sy ’sten ts treated before sh uow- only mw - a qualit y c tsa r l i c te r i s tm s ’s , “ good ” at tailed .
real hi f ’e abounds with .in infi nity ot s’.ises w lucre quality deteriorates ms tsu.iny leve ls I romtu “~mc ;
fec ilv good’’ t O ‘‘ t &mt p i l l ~ tailed. ” In effect . for fliost i i ist .u m uce s , it can he stipulated that thte “good .
tailed” case is an idealization which c ouuue s .ihout hs gat hser i msg t itans quahut ~ levels into t sim m

e ltsil y discernible st a tes

“s multileve l quality 5’ . stet uu in th ie current stud s i s  s lesc rihed h~ .u semi-ist a rko ’ . process
The system can move from \ , thue pert ’ec mly good st ate . m m i i i ’ .  iluu w nw .ir ls to \ I , \ 2 . u tt tm l
it reaches 0, the failed s t a te  N im aging t ike s place dur umu g u hue si ,u ’ . its i ns state

I’hte nuodels of previous studies , ,us descrihed .iho’. e. i.uke ott .i ute w t o m iii ii hten applied t i m

“diagnostic di s t rm hu t i i u i i s  “ -‘s t ime-inter ’ .  al seque nce r ‘. . . r I  shs’scii hes th ue policy . u e -

‘ 1  h u m  m .upcr it . us i s , , ’ ‘l,’,i I, ’, puuhl i , .ulmi ’li ‘ mim I I,’ iii,,’ ,t, ’ , u h i l  mm i 1 1 I.. •~ m ,i,~’ , i ,  I’) ’ 1 t Im , ’ u i / m is, u i i ’ I  si is iu,i . m I

u t s’,l I ’ ,  ‘uii ’ Ii , . i i , ’ mi hi ( ‘ 1 . ’.’. ’ .  ‘mi,’i, ’iiii.uiuuu f m , k’. S ms , 5’. ‘ s k i m P  Is’ ’ ’. . ’ i s ’ I l m i , ’ lsii i
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— \ \ 1. . I is t ht~’ t i e u,kt ic ~‘f ieckumtg ss ’t iedulc to be adopted situ lug st .is iii s t. mt e
( ‘ tumi s eqii e uit i i  i i i  t h e s e  iuuodels , s’si m i t t . t i  t~ i tlt i,’ pies o t is  uimosls ’Is (emuip l u ’ s mug good .ta ils’d
s hist r i huti om is ) - tuni c train si s t e in ’ s opel .mtuui ii . il s t . i i  i us not m utem uu ru , ’ s’d

I fue im mss ,m t tuni c ’ s o t i gu mu c on s t i tu tes  ,u slc t is ’ ieiic’ . at u iu t t u i  iu l . It i t ’ mi  b r  the d i .mg m uastic d us t i i
htitisuit , w h i l e  s u it t he other si s le the h igh er umui m uu het oh qu.ilit’. Ic’. ehs is .m gamut \ u iuu e mic al exam ut
pies in l~iter ses ’ t mo m u s imtdeed dem ut o t ustrate t f t tm t tel.it i’ . L’ optimal 1~~sse s s’hu.mtige t i omu t mum odel to
iutos lel to th s e prot it at ’ c utter distri hutiom i

\ .ii ious app lus ’a t i u u m i ’ .  at um us pcs ’ t iou u itiodets tu. m ’ . s’ heem u discussed in itue lu te m .mmu m e (s ee III,
I’I. 13 1. Ni) - w h i l e  m uuult i l es e l  qu .sl mt s 5’. st e w s  bms m ,lslemu thu e h eld ( ) m m e  ex. imm up le mit w udes pme .md
use ? t i l i t ess u u t th ie la t tem ,ui e ‘‘ re sl umtdamtm s t ruc tu m es ’ Ill. luke lu .u ma llel .muud st a musth i si ste ms is t u ich
co itst it ule .u great pat t oh iuuod em mu es luip mne m it

II, BAS I( ’  ASS(’MPI’ IONS

‘smu mnspe ctu o it mutodel ot t h e  pres emum st tms l’ . i s  w el l  c t u , i racteri  ieml 1 1 hure ’ .’ specif ic set ’ . mit

.lssum uupt momus ar e spelled out

t i )  ‘s s i . i t em u i em ut  lt .is to be iui.tste about ths e d e t e r io r a t iom i  iutec t u . imu is iu u ,m t t h e  umtit undei
stud’ . ,t mu d about tfte diag muos tm c power m it . iut ohser’.,itoit s’_ irr ied out s l it mI m e t imuu t lit t his s lush we
sf 5_ ill .i ss uu nc  t f t . m t  at .ini g is emu tm t u m e the si mt it is iii title oh .m f i tumte muum uuher at te ,msmh le s i . u ls ’s . thuat
.m uttuque (te m ttps rtil) order umsg pert a ins to these s t a t es , that tf uc mtte clt amt i smt m m m ? dete r t o rat io m u s t i l t  -

su s is oh successive l’oms somt I t  . i u ts lt i s u i is  of ’ the uttit (‘rou t the pres ,muling s t . i i c ’ to the s’On’.Cs’iit u’ . C

st.mts’. att d that umu sp ectm oit ies e.ils thte pres .mmlu mt g s la te I’Iue Poissomu t r. im is it io mt pat , im m uet s ’ m s are
.msstu m iu e l to he kmtow ii ‘s t i pmca l example m it such s i t u _ i t i m u mt is t hat  ot ’ a stamudh i m es hund att t slu m s ’ -

tur L’ liii’. is .1 Ut t i l  made up at \ (not i ies ’ess .ui iii ud eiu tu ca l ) su h um u its , t h e  um um t is capable ot
re tuder umtg i t s  Iuu iss i o mt us ts ut ug .ms omue subunit (at le .mst ) h.us muo t t .m i led ‘si .itu’. gm’ .eiu time , one
su h umtmt om it ’ .’ is s t ubte c t to possible ua i istt im Puu is s mmn i hailure .“ shte m sushi t ’a ilure t t . i s  takemt place .
_ m further suhumuit is muto s -e d up, as it were , amid ~‘am t ies out t hue tuuis%mo ti ,m t t h e  uttit until it t. i i ls ,

too I’hu is is repeated uitt il lailure oh t lte last su hum umt l m uspec tm o m u d isc loses istu ic ls partm s ’ulai
subunit is ca m r~ m mt g out the unit t t t i ss i u i i i  A itothue r ex .imn p le si s ut i lsh he ,m stru cture ext uu h t t um t g
/51 mit ) I/el i i’m/id ‘h i,) ii, I I here thu e U it it is ~l5Stl med to he in ad e up of \ ide i t t  mea l s ti hu mum t s , each oh
wftm c h us suhtect to Poissoiu t ure ak dsw t t  I hue i t t i s sumu t i  s it t h e  unit ~‘,mmt he c.irried out .m s long .ms

one suhumuit t_ i t  le .ist) ti_ is ttot fa iled. lnspcct iomt mutakes kmtowmt mIte mtu uu ubcr m m l t .iiled t imu i t s

( i i ) W e  sht _ ih l dc_ il here is ut hu three feasible imus pectiomu modes

~1)  P1 k! t ‘!l!-’ ‘
~~ l.’.,,, St iccessi s e c h ecks .uie c.ui i ed out at cact i check , 11w state oh the

sy s t e m u u is suhservcsl . _ uiid .m deci sion about is hen iii s’hueck tue x t is made .mmtd Sm’ on t he I at lui e at
tlue unit term uum iu tt tes one ci s ic

I f)  j R  ( \ - i ll l~ ‘ lil t. 1’. / \ s , Sti cces s is e chue~’ks ,ui a t m iesl out . am e.mclu ch eck thue st .ui ,,’
sit the si sm em u u us observed I hue set ol .ili ope ratm i C s i _ l i es  is suhtlu’. ided u m it o t iso s o bsc is , t h e
suhset of “eat I’.” state s and t h e  subset of “l.m te ” st , tt es It tht e chte s ’k te ’ .  e.uls t h e  unit t , i  he iii .m mu
e. i rls - st .lte , .1 decusi m i mu i s  muu,ide about is fuen to chue s ’k mue s t It t h e  s’ . st e m is mu ,u la te st ile , the
decision us m i t_ is le to te rm utm n mi te the op er .i t mo m u of the unit .mnd .m ci s Ic  m s s’tu nt pletesl \ mso t huer I~’.isi
tile completion ot’ t he cy cle m iccum s is htemu it is I oumud iii a I ,im les t Si lie

( ‘ i  (‘lll (’M \(i WI I Oil l j) If) tl u\l1ORl\~
’ l h ere .mgamn the set ot all , i p e t . l t i s s ’

st a tes i s  suhshivided u mtt o tw o  st i  hs ets  m m ? ea i Is amid hate s t a tes , m s’Wes ’t u s eli S iii c~ ’ ss i  ‘ . 5’ chues ’ks ,ii s’

s’ar r ic t l out us before ‘ss lotug iS .1 s’heck eius’o um t he rs the unit in ,u i i e m i l ’ .  st ,.te , ,i ,ht ’s i s i u m u t  is
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itt_ isle ,ibm itm t is hen 1m m 5’hes ’k iis’S t  It _ m sh i es k  t iuisls thi s’ timti t  iii .1 i t s ’ s t_ I t s’ , .1 s’mutut iutum i l i ’ .  i t l&uut i t m it  -

j ig p i iss ’dure is mtt i t i . i t csl  is his ’ tu extends unt ih t h is ’ t ,mul ure m m t  th ue s h u t  .uist this’ t e rm tuui uat mot i  m m t  uhte
s’ ’ .s’ls’ is ithtoui .muui shumi mu li mits ’ m m ? t hus ’ (Hilt “ su iu i th t ~’i Pt uss ib i l i i ’ .  — ~m u is ’ .s’ ss i i t g  itO l t /s ’ i m ’  ju rm ih.ih i l its
— ,m~ s i s Is’ te i l t t u u i _ m t i s u u i  ( m m i i  m m l i  mug dais m u l i m O s ’ is thu .i t this ’ f i i s t  m i t  tiit i S t i , s ( ’ s s i S  ~ s’tim. ’s’k’. timid’.
thi s’ uuu i i t t  _ m it e.mrh ’ . s t , i t ~’ is huuls ’ tbu5 ’ tu mi lm ’ ms um ig  check ue ’ .s’_ i ls failure Ii is m mu p l i sut l i  . isssimt uest tha i
the s’ hts ’ck i i ug .u m im h i t t m u u u u t m l r u i l g  pm mis ’ s’ s h t i t s ’ s he,it l it ’ i t it l t is’uis ’c m i mi thi ~’ ut.i t tui.mI h I s ’ shi , m i ,is is ’l is t is’ s i u ?

ibis ’ 0101

l i i i )  l i i u.mhlm , ib is ’ s, m U i s s ’ s mi t  s , m s i s  i t _ u s e  iii he sims’ c i t ms ’sl m u d  _ m i m is s t u i i s i u m i i i  — is bois e mmiii
illi ,’ ,u t l i ’Ii is the mihies ’t i ’ .  e i’I t h e  i i 1 s j ’ ~ ’ s’t i a i i  ~‘ m ,m s ’ u,’,l t i is ’ -— i i ,m s tmi he set up \~ e s It_ ill .mssi gii a ‘m ’’ . t

/ t o  C_ is ’ it Iii’,k i t t _ m i hu.i s i t ’  he s a r i  is ’ s ? m’ Il t  I his’ cost m a te .; us .issu itued lu’ he _ ts s m i s’ i _ i t s ’sI is u t h i  s’ .is it

unit m it sit ’s’. ii time ls ’ in tu i ia tm m imt ill t hue s i  s’ls’ iii ’ . aRes s’xp e mts hi t u rs ’ R it it t m uh l t m is s  fa ilure It th ue
s i  s t e is s’om utpl e is ’d ihmu iu gh 1Cm i i i mu i . i t um ’ i t  m i t  i t t  mips ’ r . i tus s’ uiuit , t h ue ex pemus h i tu r e  imuc t i r re s h us

.mssu mu ues l imi he estu.il is’ ~ ‘ s t imut ium i r u mug s ’ , i t iss ’ s lis a sm ’ s i  s’ m ’m i ipoiuel i i s to tn.m ke t hu eit  ,ippe .mr_ imus ’e
I his’Is’ is ,i ss’ t’ t lp  s’ m’s I ‘11 ,mm t d , l it . i s hst i t im i ui , ,u s t ’ si m ate / iuus ’urred t m mm e_ m c hu l imits ’ u m i mt at ’ itu o m uito r
lug I si r t he t s~ ls1s mit,R shmi’.s up iii ,k’tu,Il imuspectm su mu ~itLm , i l i ans _ im us t , mt out s’xp s’ris ’ ut s ’s’. thue r s ’ us

mimi dilius’uIts in t i t tutu g t h iem ut um uto our getter _ i l t r , umu ue m i t ret ’ere ut ce t mtder dif)’e re uut ss ’ t s  oh s t i l t  - 
-

‘

c re te  s’irs ’uutisl ,i i is ’ i_’s ‘.s~’ iui.t% sl~’s i i s ’ It ’ mu uu m uum n il e (.u t le, isl ) t t i i~’~’ d is tmi ts ’t ii i’s’s of I,m ss luns’iu’mts

‘s’s s’ mut .i ’ . hs’ s’ m ’ t tcei ’mies l is ills t h e  ci s’ it t s  mi s’ s ’ til I i i tg  shs mt imtg s imue sing le ~‘ss ’te at Im ni m opc r .i t i mumt
Itt t h i s  c us s ’ our m i hiectu s s ’ w i l l  he 1mm nuum t u m tu i / e the ex pes ’tes t tot a l l m m ss  1 m u s s ’l t h i e s i c k ’  h) the
is ’ rm t t i t t , i t is imt m ’ i t h e  c i s ’Is’ i t t , us be t ’milhm ii’ . s’si by reac h ’, ,uuumu of the (is lei itis ’pill unit tfurou g ht rs’pl,ice’
itt~’ i t t  ,m u i ecm m i ls t r u c t i t i m t  lii such c uss ’ s si c ,i ssum u ue ,iuu im u tim u ite ham i/ s l i t  to the uttoste l ,mns? comice ru i
u m u rse l ’ .  Cs is mlii t h e  nuu t t i muuiz , i t i om t s it ’ m lu e .t ’ . cr ags ’ lass / per unit m i t tunic s’) -‘sg.Ium i . sutu . itm s ’ mts itua s ’
. m i i s e s ’ .b ts’ r e ii is proper to sues ’ . t h e  s t u c t u i s ’ mif mh s e problem ,us ~m m isss ’s s lT t g au u m u t im u i te  f t o rmz o t t .

hut is here i t  is mit m ittere s t i m u i u t im u im uu m / e ex pected t , / ss pci’ u uu mt mit ,i,’ u ’ t , /  t i mu ue Ii e - oper,itiouu t u tt ue
m i t  t h e  si s is ’ u u u t  r_ i t ht ei  th t .umi cm ist pet unit t uuu ue ,i t l_ i rge l’hue lm ’s s f uuts ’t t s u ui  pe rta mttung t~ t h i s  suts m a -

lion w i l l  hs’ ,hi.’scr ihes h hi this ’ let ter ~

I hue i tm i t _ i t im imi s hs ’ ss ’i hung the 5_ i r us i sm s s’ m i t t ih in _ i t im m i ts  oh m u ss lunctions _ i iusl ums spe c t i s u mu nusides
is iii he isls’ m ut ic _ ml is lit ilt.u t e mtt p los esl hi us i t t  alt s’.iruu s’i csmil t i tusiml is ’_ Itts i i i  N i 1 he letters , .

ret ’er is’ psi me check lug, I rs mi uc , ut ed c hu ec k i m t g , and c tuecku ng followed bs m u us im uu t o r ui s g, tespes’t is eli
I ftc let ters , I - 1, itoh \ describe is fiat t y pe  m mi m iS er_ i ll m iss fu uicti om u is Is’ muti mu imtti ied iii the s’on-
Iex i uits t s ’r s t t i sh ’ .  ( s e  of ,‘t i i ls  brackets i s  ,mssoci ,uted is mlii iuum’del spec tf ’Is’_ it ioi t . .thsetsce s it curl y
bracke ts  s ig m u i t ie s  pre o cc tm p. m t io mi  is th u thie mu ss I u mt ct i m im i  lurs itier

III, OP I’l\II/. ‘s lION O~ FR ON F (‘~~
( ‘l F

I hue tu t u s t t t s l s ’r mu ’ . s’st ig,It is iiu pas ses l b t im i t i ghu \ s ’ s i mu s es ’ u t i s e s i p e r. ulmo tt _ i l  s t a tes  t i mt t i i  i t

is ’,us ’hi ~~s this ’ h_ i i l e sl  ute I’mi i i tm it_ it is i i t . i i  ,‘ m ’ i ls  ~‘iuls ’t5 s ’5’ sic shs ,m ll ,ussi g n thi s’ subscripts
\ . \ I - - I ii ’ t hi , p s i , sL’s i ulhi , \ t hu si t Om ’lu.il sI ,lI~’s , i s ’s im i,’s I i i s ’hi , ills’ failed st , mte is

.iss , ’ s i , u t s ’ sl isillt Ills’ st tbss ’iipt () ‘s des ’ is i , ’: I ’ , s’,l lute is l t I s ’ i t , set ot instr us ’tms i ut s
I . , . , . i i .~~out is t uc i i  li i s’ l ts’s’K . iC. i i i t , ~I ’ . s’ ui th t , i i  ills’ st ie , k itess ’ i lthi s’,m rris ’sl m i ut

ht,is us’s s’,iled the st int tm i  he mu st , mt e i. St , ur t uu ig b l o w  liii’. pis ’ l t t l s s ’ . u s ’ m ’ht, uut t  utu e expected t ’ut s mre
h iss st t m t  m u g h u e  c u r rem u t  c ic ls ’ A is

A ;’ ( r ) A 4 p  I , ) A  ~~~‘‘ (~~
) A  +

~r )  ~
t I )  A — .!. ( l ’ .. m ~~~~~\ ()~~~~~~~~j~~~~

_ , )

w h e r e  p t 1 is t h e  pruih~thi hits thu .i t the s is is’ltt ( pres e mut ls iii s m, uis ’ 1 siulI he h’miuitd iii s t _ i t s’

upon re i l l  s i’ s’ c t  it’ll ,m t t s ’t tun ic rhe qu ai ut it i .1 ( u s’ i m rs ’ss’t t  Is Use e ‘ pcs’tesl l, mss is hucht ii ill hi’

itu s ’urrcd hi Ihe unii un til ( mnud mtus ’ l usl im tg I t h e  nex t s’hes’k , .1 , s Out’ h iss th,it to u t ’s’. s i s’htes’k

‘

~
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~ 
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rev ealing the sss te m to be in a failed slate. C’lear hv . thms formulation lends mt sel f to the
deve lopment of an i terat i se procedure for the purposes of o ptm n um/ ation .ms indeed is ,is already
pointed out in Ref III. Relation ( I )  us transformed in an obvious fashion into

( 2 )  K 
1— ~ ( r )  k ( T )  + ~~~

p ( r  ) K 
1 

0 ~ i ~ %, 0 ~ j 
~ i

( 2 )  A — f , , .

Minimization of the total expected ho~s function
(3 ) 1. — A ’,
us now carr ied out step by step. We note that

(4 )  K~ ( r )  — 
I 

[ f u (r i ) + p u m ( r )
I — p 1 ( r )

from which expression it is not difficult to derive r ‘ such t hat A’ (r 1 ) is brought to its minimal
val ue

( 5 ) mm A’ 1 ( r 1 ) = K 1’ =

Proceeding from here in an analogous manner , we have

(6 ) K ( T )  = 
~~~~~~ j J ( r )  + ~~ P ( r  ) K ’J.

and now t hat value of the feasible r is chosen which minimizes (6) , we finally derive

(7 )  mm K (r , T~~~~. 
• 

r~~) = K ’ = K (r ’, r ’ 1, ,,,,

Overall optimi zation is attained when the optinsal value of thte last r , t hat is , r ~~, h a s  been
determined.

To gain better understanding beyond the formalism of the iterati se procedure. we shall
deal now with various specific cost structures and modes of inspection.

Model {Lc ) — P ure Checking

When t he system is found in a t’ai lcd state , some expense (pos itive or negative) may
ensue. Hence it us convenient to set
(8) J , , = R
w here R is typically playing no significant role as long as cycle optimization (rather thatu optinsi-
zation in unit time) is required. Introduction of If appears artificial at the present stage — and,
indeed , setting If = 0 leads to the identical , optima l time sequence — hut it is mnspor t a nt t ’or
further developments.

The expected expenditure until (and including ) the ne xt check , given that at present thie
unit is in state i, is given by

(9) J ( r )  — / + a 5 / m , , h.’. ) if’. (0 ~ ~
The right-hand side of (9) is to he interpreted as fol lo w s there is certainly going 1 m m follow a
check costing / monetary units , furthermore , t he integral represents the a’ .cr ,ige t inue during
which the unit is in the fa iled state 0.

-_________ ‘ . — - 
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If ,  now , the quantities J i1,. ., are succ essively introduc ed into the loss functions
A . A ~. . - we  tinalI~ arrive at the overall expected loss function 1. equal to

( 10 )  / ~ = A ’. — / 1(o)  a/~(,~i) If ,

where I ( ’i I and I Ut) slcnote the expected number of checks and the expected tinse in the
famles i si.uie hefsire detect ion , respectively ‘rhc nunueri cal opt i nsiz at ion procedure yields the
sipt untal checking uns lruct is ins f r  . r ~

‘ ‘I and the ntmninsai value A’ of the overall loss
function. It is not difficult Is) obtain (as byproducts) the values of the expectations 1:’(, u ) and
L’Ut)  For this case

It should he noted that in thus model (as well  as in some others ) the inspection policy has
no mn fluence on the expectation of active hit ’e t mnte of the unit under inspection. The life timeof the unit possesses a distr ibution which us the csunvolution of V exponential distributions.
I’hc expected lute time I ( s I is simpl y the sum of ’ the V expectations pertaining to the various
st . m te s The expected cycle tinse E ( t (  — the average time elapsing from the initiation of the
unit up to sietecti sun m f  failure — is (partly ) deterntined by the inspection policy. h ow-ever , we
clearly have the h’o llowmng re latm on:
( I I)  EU) = E (~~

) + E U )

Addition mif ~i csinstant to the loss function cannot influence the optimal strateg y- of inspection.
thence we c ant modm hs the im us ~ functisu’u ( 10)

( 12 )  1 = K ’, = I E ( n )  + a E ( z ) .

and the appropriate ly modifred i- functio ns are then gis - en by

( 13) J,, =()

( 14 ) J i+~~~
Thus modification turns numerical optimization into a straughtt ’orw-ard procedure.

Model (t ,ct ) — Truncated (‘hecking

The present nsode of inspection cnvmsages discontinuatiomus of the unit ’s operat iss n once a
certain state has been exceeded. h ence a decision procedure us made up a) of the specifications
of ’ t his state (i among the totality of operative states ‘s . V - I I . . .  2. I .  and h) of ’ a set of ’
in struct ions (r ‘,, T r . . . . .  r i . r i ! about w-hten to chec k again given that the check
presently carr ied out has reveahe .l the unit to he in state i such that (1 ~ ~ \ . We recollect
that term ination brought about the unit ’s trans ition into the failed state 0 ensures an expense
R, whereas discontinuation of the unit ’s operation due to its be ing revealed in one of the states
6’ - I. G 2 . . , 2. 1 us asso c maicd w i th  expendm lure ‘s

We are now in .m position to set

( 1 5 )  1, , R

( 16) ‘/ i = ‘1: .‘ ‘I . = -~
( 17 )  .1 — / ~ a 5 p ( u )  ~/ i ( G ~ ~

and in principle. th u s sd should he used in computatiomsal work for all feasible values of I,’. m e
I ~ G ~ \ We note t hat the ease (i — is identical with pure clseckmng ~ this is indeed an
a lternat ive with which truncated checking shsuukl he concerned The case (1 — V cannot he
consider ed feasible since the proper interpretation which has to he attached to this us that the
unit ’s operation s hould never he started , Thue se ,mrc h for the optinua l value oh’ ( may he
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shstrtened if we introduce the reasonab le conjecture that no lsc a l minimum , other than the gb-
h.il nuinintutut , occurs when t he ntinintunt total loss is viewed in i ts  dependence on G The
present expression which is analogous to ( 10) is given by

I,~’t = A ’, f l -~(~ I + ~~~~~~~ + I f f’

( I S )  — / E U u ) , i E U t )  + If + l.~ -R)r,

w here I” is the probability of terminat ing in the failed state and I ( = I—I ’) is the prohahil mty oh’
discontinu ing the unit ’s operation after (lotting ii in oms e of the sta t e s  (;—1 , G 2. 2. I -

Equat iont ( 18) represents the s ivcra hl loss function whose nsunutu uuns nitnumoru ist us sought. The
sarious quantit ies I.’ ( ’u 1 , L’ U t) , and I’ depends , of course , sin the optimal checking instructions
speci fied by G and Ir .. r r !  Again the nunterical optimization procedure yields not
only these ins truction and the nsinimal s~due A’ of the loss function , hut also the values of
L’( ‘m ’~ - L’( .~~,) and I’ h’or the opt imal case.

We note that in t his case , un like model Ic !.  the expectat ion of the active life lunse us a
tunction of the inspection po lic~’ pursued. Hence ( 1 1 )  is-ill not be va ltd under the present cir-
curtustances. The expected active h if ’e . 1 -h s I say , falls shari oh I ( v 1 and this quantity too may
he obta ined within the fr antework of nunsermca l con s put a tmon of the optm munt policy

Model ( l cm ) — Checking Followed by Monitoring

Thus mode of inspection pursues the same type of checkIng as before. i.e., discrete mnspec- 
+

t ions a fter r ‘ , , . , .  r . , time units until a check reveals that a certain state (1 has been exc eeded.
However , if at present the unit is sti ll in one of the operational states G— I . (1 2. 2 . 1 , a
nuonitormng system is instantaneousl y put into service involving a set-up cost ‘sf and a ntonmtor-
ins cost rate d per unit tinte ; breakdown of tht e unit is discovered instantaneousl y it ’ it occurs

af ter the initiation of monitoring A decision procedure has to specify the state (1 and give
instructions (r  ‘,. r ’, . . . . .  r r~~, ,

~~
, r~ ,] pertaining to rechecking of the unit under unspec-

tm o iu . g use n that the check presently carried out li,is res ealed the unit to he in state u

The functions f are now given by

(19) .1, , — R

‘i f + m! 5 p ( s  ) u/i (0 ~ I “. (fl
( 20) = 

/ + a p , , ( ‘ . ) J ’ .  
( ( i  

~~ i ~~

and again all f’eas ihle values (1, i c  , I ~~ 
( ,  ~ \‘, should he introduced and experimented w mth

The case G — I is identical with pure checking. We note that t he ahssve representation does
not cover the alternati se of having the monuitoring system initiated at the very beginning of Ihte
unit ’s operation. This wi l l  he taken care of below

Again the quant ities i are introduced into 2)  and values oh’ A ~. A . . A’ .ir e derived
for prescribed G. We have t hen ,m series of nons insal Isiss functions depending on (

~

{A~~ 1 .  k~~2) . ... , . . .  A’~~ .V ) }

To this series we adjomn

( 2 1 )  A ( , \ + 1 )  — ‘ii u / F ( s )  If

_ _ _ _  - 
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is hich represe ht is the c.Isc of pure mut s in Ito rmmtg The ius m num t uum uu nsm nu nus i rumu u is selected ,iusd the
optimal dec usm o m i rule is def ined. I’he sv era i l  miss fun ction in .1 re pre settt atmo nt amtahsigo us to 1,1 01
and ( 181 is given h~
I 2 ,1’ I I , “i — 11’ (‘i I i i  I ~~i 

) If * %fI’ + i/I’ ( monits mrcd tunic )

is hsere I • is the probabil it y mif the nuonitortng syste nt being .ict i i  ,ut ed amid I (ntonmtored tunic ) ‘s

shorthand tar the as erage st ur_ ituots of Use msinitsir ing act iv i t y  All the quantities .ippca rimtg ott
the right’hansl side s it t 2 2~ ,src obtatnesi as computat iona l byproducts when Is ansi
It , r , , I are calculated

Sti uce the mtto nt t or imt g policy does not aft~ct the ,icl ic lute limit s’ of I hie unit , the suutupl e rela-
tion ( I I i hsitds again as mis Model k I

1%’ . OP’ IIMI/,AT ION WITH INFINITE HORh/ .ON

Its iuuany - if mu ot tuis ist - app lmc .mtmon s the um ui t is replaced sir rccons t ructcred after haul ing. ansi
thue imts pectio n prs icess continues lois ard ,imu mtt t inttc horizon. Pie loss futtct iomt that smite wushses
to r i smms mr utm zc in such c,uscs is tvp uc all - not t h a t  is huichu ss ,is considered in thuc precedit ug sectm oi t ,
hut ratbuer .i functis ims representat ive of t his undehint ite co nutm nuatm oi u Several choi ces oh’ ohiec t ms e
functions present then use lves ; we shu ,ill dwell on two reasonable al te rntat ives , prs cecs l in del_ u t
w i th  respec l to otuc of them , and out h mmt e how to go ahout t he .it’i.tl s sis with respect to t h e  othucr
These ,un,ihs ses ,i re based on t h e  approach taken in the preccdmn g Sectuon . amss i niake use of the
~ , 

.~ s mu t mniuz j t isi i i  technique employed Opt imizat mott over sine cycl e is then not ont lv au cu d at
which to .tunuu under .t gis’cn (possib ly niot widel y succurrmng ) set of ’ circunu statsces . Ratht e r . thus
ii pe of optimization sen es ’,tlso us an esseit t ial link leadmtt g to further distinct methods oh ’
sihh,uunmng optimal imss pectmo nt prsmceslures

l’he proper chuomce m it thic su hiect u’ . c fumi c tusums shsiuld he tsiadc sin the h,isis of an .tn ,ihvsis of
thuc coit e rete situ at ion under study I’hte mstu lt up l is ’ itv of psuss ible oh lectuve f unctts m ns is 05) 1

me,tnt to suggesi that the~ should he used on .i trial h_ isis , .ms it is-crc Rath uer the salient poin t
i s  the close connection between thue conuput atm on ta l techniques and procedures beading to the
identif ication of siptintal rules t ’s ’t dii erse s ihiec t i’ , e functions E. -optu nuuza t ion is t h e  gate wa y
through which one can proceed with c isc to furt h er , ansi possibly niore realistic , modes of
optimization

rhue two ohiecti’ e fumictusit is to he comisis icred btere .ime (a) thse average loss tier sm ut of
tunic , and (h) the average Is iss per unit of good tunic (,Icii’ . e life t ime ) I’hie ex pectes i let igth m it

the c y c le  has been denoted by 1(t) - hlem tc e the average Isiss per ( m u  ttn ue , /. cq s mals

( 2 3)  - / — 
1 

•/ ( t )

the expected dcli’ . e l uh ’c Hi ) either t’alls s hort oh’, or equals , t h e  expected lute tuniC 1 ( i )
slepensiunig omu whether t buc inspection policy (poss ihly) ternu In.mi es .in ,ictu’. e uti ut sir h t ml A t .trt~
rate thuc ase ragc toss per o t t o  of gsismsi tuuu te is expressed by

i 2 4 )  — 
/ 

-
/ ( i  1

It t ’s ulbow s thems thtat X ’optintu zatio n is equivalent , ifl .1 stra ughu t h’orward t ’ash ms iut , Ii.’ 1 —s i p tun uuz af im mo
is huenever / ) is nsit sh turte mscd hy’ ut us p ectum mut Of t h e  models discus sesl i t t  the present s’tmflt~
mut sin teat mm mii , thu us is the c ,mss’ fsur Pure chucckuts g and for c bteckm ng follsmw’ed hi mit s u i tori mug

Itt thie rcnsa mnder of this section we shall i ’ rtm s t , mnui siCal ss - ith u /—s u p tm m u .’.m t us m n ‘sn i ler , miim ’ tu
nuethuod . origunall ’ emsup boved by L3render 121 and of u lui es t hi- the present .tum husirs i t t  Ret’s 141 ,mtsd
151. i s  cfl’ected mu t h e  t’ollsiw- ing nsams nuer L.et .i fun ct i s mu u P he detined

~ 

;~~~~~~~~~ _ _ . _ _ _

.

.~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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( 2 ” )  1) — / I ,  1 ( t ~~,

is here I~ us  _in ,irhmt r. ini Is selected t ru.il ‘. _ ilus’ smf I tic kiss pci ii htm l  I m u te I-o r gus en / and (‘sir

kitois mu esm nups m m ’ ue nt c m isl s sic mu u as select that mtt s pcctu si mi procedure is hu ictu nt uuu im uuu. ’cs the fuuu~’uion
I et this mmmtim ut al ‘. aloe s it / ) , is uth tri a l s .duc I, he demus mled h

t2n I — 1 ( 1 ) 1 /  ( ‘~
I u~

Next  sic ties se ,u new tnt _ tb va lue / b sett uu t g
/ I/~

— 

l U l l 1 ) — 
H r - I - )

the new s aloe / is t is msi iuisc rted um s (2 ”  1 and the fuu uctus m t s  / ) (w i th  im rcsc iull pre ’s~nuhcd I ’)  i~
m us unint uz ed under the new cm uitdi l m m i u s Repeating thus procedure , sic has s’ t h u , ml ~ui a iuv gu s cmi
st_ m ge , af t e r  t i t i t t u i t l i . ’ ,i l i m ’ it , ml is ~im u’ ss ib l e to w r i t e

( 2 8 )  1) ( I l  — I U  I I H t j I )

where f) is the nuunsun ial a lo e m if ’ /) s mt it aur uc s h ,iitc r t h e  / th u i te ration It ’ thu s I u m tc t is m n has
reached I hue .ulue 0 (or _m usunuuher suffi ciet itly c l m mse i m ’ fe rm i) - tt sc u t e r _ i t u s mi t prs m c cdur e s t o p s  It
uutav he sb us mwui that .itt . iiut umig .i ntt mns um.il 1) equal to zero s itt keepi tug is oh hue m’ his ’ct ic of I—
sip t mnuu iz atuofl  (‘smn vc rgence mit this prmuccdure is eits urcd .is dct t um m m u str _ t t c d i i i  Ret 2 l’hue i .duc
/ which appe_ irs uuu the f insa l ite ral is mn us t h e  mm pt umu u _ il  ( tuummtiuuu _ i1 1 expected t iss tier uiuut tum u ue , t h e
chccku nsg tunic sequence leashing is’ muninual 1) — 1) is the appro priate c hse ck umtg tut t l e se~ siciu~’c
s ipt un uuzi n g luu tinder tsm “tr _ i ns l_ it e ” properly ,itu smh ies ’lu’, c f umt c t is m mu of the / - l  pe m i t ’ .imu s’hicc-
t n s e  (unc tion of /v i~ pe (and etTe~’i J— mmpuimu/ai ,on ) . is e muodil i t h e  ,l - t u n c t u m mt ls .ippe.t ri tu ~ lit ihie
preced umig secti on by des iucttng / . (for e.uc (u ) is t s e mt e ’ .  cr e uth uer or 1 rtt~tke t huc ir .ippc,mr,itscc

~ ~opt mnuuuza t is m m i - w heite’ . er i t  i~ l i m it t r i s  m , i l l y  cquu’ . _ ileuut to I . m i p tmm u u u ,_ m tm m m m s . is is pically ster us
_ ihle frs mu uu I. - s m ptmt u t uz _ i t us mn iii ,i simi lar t’_ ush u iomt

It is of s m mnuue mut lerest tsi recall .m gemucr al reh , itmomt cs imu mu c c t umug opt mnia s mf I w i t  hi sip luiu ua sit ’ I
It fus m lds if the umispect lou psilic’. t lm ms ’ s mss m t ef)’ect .i ~‘h u_ tuug e lit th ue act use lute t im uuc s mf t hie unit umudc
so ri eull anuce (‘s’iusi~ts’r _ in I—s ipt iti l ul _ i t i s mn prs hlem uu , isso cu , ited is uth u cos t a m it Li st u mull t utile , let
the s ipti itt , il ssml ut iot i he sl cius mh cst hs / (,; ) Ns’’.i . s’s insi shcn the s’sirrt’s ps m nid imt g 1 .~i~it mi i _ ’ ,t ~ i s m~
prohlciuu , pm ms scs ’ . u h tg .  thts iugh dit)’erem t t  cm ’s t . u per umuit smf Im is t t umi s e - to is it

(2 m) ) c i  — a —

I’he m nspecti o mu ps mluc ~ tu u mttu m uuuz m u g  / 1, . m is ideu ttuc a l w i t  hi the u ms spectus i m u psmiic i i uuu ntmt uuuz um ug (.: 1
Furthermore , the t w o  s i pt i ma ,tre related to e.tch sither tt trsmu gh ihue h’s m ll m msi mug s’qiiisals ’u tt t ’m m r m uu u —
l ,ms

— 
/ ( 2  — a ’ ( a ) )

/ 1 , ’ . )

•iuuti

I I / t , i )  H’.) / ci ! ( t m )

1 1, 5 1

-‘s prsm of of t hums uuu.is tie h’tiumud I t t OIl r pres Is ius studs 14 1

‘s furthuer problem 5 m f some ituts ’ res t is t h e  s’st a hbi shu m u ucmut s m f hsm sm muds per t au m u im ig  t o the
smptmnu ,il lm Ss l’huerc are mio new pro b lemius its t hue prcsem it cotute xl .it is t th ue utite rest ed ne.m ds ’r is

referred to sm ur tire’, ions ii Lis t ’ ,  I “I .t s is cit .ms to ss mnu e earlier s I LisiuCs 12 . 41
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% .  A N  E X A M P L E

As an illustrative example , cons ider a unit possessing a standby redundant structure made
up of wo identical subunits whose life times are exponentially distr ibuted, We start out w ith
both subunits alive; one serves as a spare part , as it were , and t he other one is in a state of
read iness and us subject (0 random failure governed by its life-time distribution, This is state 2
in the term inology of previous sections , II’ now the ready subunit fails , the ot her one — the
spare part — is instantaneously activated , subject as of now to random failure , and the unit as a
whole has moved into state I. Failure of the second subunit is equivalent to breakdown of the
unit and transfe r to failed state 0, If now the inspection policy is one of pure checking, t here is
need to spec ify two times , T~ and u’ i. Reinspection is called for r 2 t ime units after the present
inspection if the unit has been found in state 2; and diagnosis revealing the unit to be in state I
w ill lead to rechecking after r 1 t ime units, The cost components are / monetary units per
c heck. a monetary units per unit of lost time and R mone t ary units as an exit fee — for recon-
struct ion. reacqu isition, or (poss ibly) as a salvage cost , We see k optimization with respect to
one cyc le . i.e., minimization of the function

L c ( I . a , R)  = IE( ’m ) + aEC~t ) + R,

W e recall that each subunit possesses life-time density of the negative exponential type

(32 ) 1(x) = x ?~ 0 ~ > 0.

The transition probabilities from state to state , i.e., t he probabilities of finding the unit in state ./
upon re inspedting it after r time units , given that the present state is i (~~ 

= 1 . 2; ,, = 0, 1, 2; .1

~ ,), are obta ined as

P2 ~( r )  =

P2 ( r )  =

P2 ) (T )  = I — / r  ( 1+~~T)

Pt i ( T ) =

(33 ) i u  i i(T)  = I — e

These transition probabilities have to be applied, in principle , to (6) , and for the determ i-
nat ion of J, in (6) . use has to be made of (9) . Now it has been stated before than an
equivalent procedure is to apply the probabilities to ( 12) and determine functions J through
util izing (14) and ( 13 ) .

The ex pected active life is. of course , equal to

(34) E ( x)  = 2/~
and we aim to minimize

L = 1E (n)  + aE(~~t) + R = IE (p ; ) + aEU) — a L ( x )  + R

( 3 5 )  = I. — aE (.v ) + R .

Clearly, a procedure minimizing L minimizes L at the same time, Furthermore, we have

3,, 0

= I + ar 1
(36) J,= I + a ’ r 2
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We proceed miow u s  t h e  h si l l s uw ’ unug uuu a uumuer I i  sI we ss’t

( 3 7 )  k , — & — .1. — 0

J 1 ( r 1 ) s (i
~ 

,, ( r 1 ) / ~ , ,
A — m uu m i s

1 ~~ I T )

I 4 , i r 1
— m uuuui

1 •
(38) —

“s mu umeru cab prm ice s tsm rc, suc h is om u c c a rr ied out silt .i c mi uiu puter , wi ll yield t h e  opt i t utal
sa lues amid A if ’ flue appropriate s’sim uu t i ut _ i tu s mlal s i pt u m uiz atus u n routine is utilized . llsi ises-c r .
(38 ) us of ’ such simple struc t ure th _ m u duh l’er euutmafu o n ,tui sl scll m uug /A ~

,- / T i equal to (1 leads
mmnu ues l i .itchs - to t h e  desurc if auiu u We mibt aumu a ftcu ssim uue mu u.uuuu i mu ba tu sin

— 
~~~ ‘ ( I

smi that rather clcmenf .in m uu . it hue nua t mca l tables iu u. m ’ . he susesh t ’sir t h e  num u uct ’ ucal dct cn m u u ut ua iusu tu of
II ’ f lue saluc mm f is i m uscr tcd  its (3 8 ) , it us e .isih’, establ i shed thuat p

(40 ) A — I + u J ( T  t
’

I he s ,ulues oh . _ m nsl mit ’ A : are s lc tern uuui es i  iii an at ua bmm g ui u s m u i a iuuui ’n We hu ,m ’ . e t h a t

,/ ,( i 
~~‘ ( ‘ 

~‘ I’ ’ ui ( ‘ ~
) k ,

A .  - -  m u uimu — —

I p. ( r . )

/ I c /  r . I & r c A
— m uu u mi — 

, -
I e -

/ I uJ .u ’ - ( 1  + ,j 1
(41) 

~~. ‘ + , —

‘I ( 1 ~ ‘ 
- 

~) ( l  c ’ ’ )

,‘\ g .Iumu , u!i t h is part icub,Ir set mi t s’ i r cs mm u u sta mu cc s . ,i c m m u iv em u mc u ut  ‘.s .i u t  dcii’ . u mu g t h e  sm h m tint.I l  i ab s mes
and A us through the shif ls ’rentu ,it ion m if ’ A -

, is u t h u res l ics ’t t o r ‘ ,mnsl ss’ t tmn g t luc sls ’ rus a t us  e equal
1mm 1) 1 ss’ of (34 )  ,iuuml ( 3 ” )  leash ’s iui

t4 2) I ’ A :  - ‘ ~ + If

Sinc e furthermore sic hi.i’. c h ’ rm u m uu t ir es uous s’ouu s us hcrat uomu s t h a t

(43) 1 — A .  -~ / I U u  I + if U) ,

w s ’ arc .ihle li i uihtaiui t h e  expes ’ t .m t lmins 1 ( i i ) ,mn~h / ( t ) t h urmmu gh u thus ’ sl emerm usmu ua tu sm u u c i?  t h e  t i i luhi i -

p1 mc ri ,ics’u ‘mu p.i tu i u  n g / .i tu sh a
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I P (t , I
1 ( a )  = — I —

I - p .  . I r . )  I - p ,  t

(44~ 
- I
I c ’

I ~‘ iP’ ~~~/ ( 1 )  — ;‘ •
1 / 2  ‘( T )  - I - p

~ ~
( r

1 . r T ~~T ’ ~ 
- -

(4 5)
I u ’ i -

rhe prcsems t sles-e lsipmu icus t gu s es sinly t hue rebat u’ . e ly we ak result thsat (44 )  and (4~ I hold utsder
opt unsab cons iutions. I bowcv c r . isurely probabilistic a rgs m uiscnt a t i sit u sh umiw s that the) .irc s ah id
(anud . imss ieed. th u s is wh a t us stat es i iii (44 ) atssi (4~ I - si ,mrs h sasu mtg heems onumttcd I for all pro-
cedures (T i ,  ~~~~~ .

V I .  SO ME N U M E R I C A L .  R ES L ’LTS AN I )  ( ‘OM PAR I SON S

t he preseus t c( ins nuuun mcatio ts is csmnccrnesl w i th  t he uti l izat ion sif inst ’surnu atisin acqumrcs i
is-lien a chec k us carrmed out A msieasurc sif the value of th te m nt ’sirnt atis un available in such a
t’ashions ismmuk i he t h e  difl’ercnce in lsmsscs associated wi t h tw ’ m distinct optimal inspection
sc henues: sine that utilizes the c/IuI ,~~1u ,su ’. oh’ cit e actua l state in whtch the unit us found on ins pee-
li on and thuc tither that takes cognizance of part smf thuc int ’orniation only. t s i is ul - t h e  unit ’s age.

\s ant example, consider •m standby redumsdant sirs icture consist ing smf \ is lem stic ah subunits ,
The life time sit’ each suhunit is exponentiall y siistrih uted. We have t hcui t h a t  m iver a b l bif ’et inue us
Frlang-d istrihuted w’ith u ‘s s tages .  T h e  optimal diagnostic procedure in this case is-ill count the
nunuher of ’ (‘ailed subunits at t he time an inspection us carrics i out ; the sielcrnuination of the next
checking tinse is- ill depend tin t itu s ins h’orniat ion. The ordinary (n mm id iag u iostmc ) procedure , out-
Imnesi in o ur consnuunicatuons 14—t 1 , will register ott lv whuether sir not t h e umsit at large is still
active amsd . if active , is-ill use t he present age of the structure — hut no niore — i tt  order tsu
determine h ue  next chieck ing tinue .

The general expression (sir thsc mvcra l b lih ’e-t insc distri huti (ums 1 (  ‘. ) us ohtaim iesi as

(4 t’m ) / I ’ . )  = p ’, ( i ) ,

A lter nunserous tuunierical calcula t ions regarding diagnostic sf isirihutions represented hy
redundant structures of ‘s equal subunits ansi t h e  respective overal l l ut ’c- t inie distrihuti ons of
Erfang type , t he fob bow- inig inferences secnu justified :

Ia) ( urtamled inspection. i e., proc edure (i ’, I. ~un~i monitoring al ter  s’hec kutg . i . e  . pro-
cedure ) m ’m 1. are nuorc economic t isan pure ch ec king polic I ~ I,

(b) ‘I’hue { e ) tsrocedurc oh iuuire chsccking beads to snsa llcr boss (sir a diagmios luc shms t rihut ismn u
lh~in l’or the respective overall shistrihutiomi ,

Ic ) I ligher ccomss inuy t’or t lse shiaguiostic sh istrihutiomi t hu~mn for t h e  os er ,ubl sinup le (inc seenuu~
aff am n 1i hie also un tluc e lse of ’ ) ia ) and )/m ’m) fl it)dcs hut not so For I I c - I )  au uu.f 1 mU! procedures

Se’ . crab numuucrica l res s m lt s for the st iagnuistic distru butiomi s if a utuit s’onuposesl sif \‘ — 2 ,
— hO equal subunits , and the respec lu’ , e Ur la n ug_ t u pe distribution mmf degree 7 amsd 10 . are sie-
puched in I able 1 and I’ ig I -

- ~~~ --~~~~~~~~~~~~~~ --, - ‘~~~~~ -- -‘- -- - , -- -‘-- --- - -~~~~- 
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THE ERROR IN THE NORMAL APPROXIMATION
TO THE MULT I NOM I AL WITH AN

INCREASING NUMBER OF CLASSES

Luom s c~l W e is ’s’

( ,u ro m ’/ / u~ ui m’ c’ rs (i

Ithaca , \ u - mu )uJr /m

ABSTRACT

In Imn earlier puu’ er , ii mu, m s s hm,~~n thai  under cer ta in condilions , it ’ the
n u m b e r  ‘ i cl. usse ’, in a mu luinon mial d usm r ib u uim rn I ncrea ses as ihe number iii iii.

ml ’ . inc re,uses . ihe prohahili uies ass igned to ,c rb uu ra r i re~ ,ons hi the muluinomia l
cl isi r i hu I im >n ire close to ihe p ro h l l b i l iu ie ’ s assi g ned by ihc disu r ib uu im un ol slig huly
rou ndes t -o f f  nu,rmal random s,ur m.u h ies ‘c dith’ers’ni meihod ,‘t stud s ng the ap-
prm)’ .irnau iorl ii uhe muluinomial d usi r ibu uion liv a normal dis l r ibu l i on is uo use
uhe mu lu i ’ .a r ia ue Berr ~ - t . sseen hound In ibis paper . the s e w i  rne ihmuds ,ure
compared , particularly w iih respect in the c i,m ’ss ot muiu inomoul disiribu lions o r

w hic h  the hc, unds on ihe error remain use tul

1. EXTENSION OF AN EARLIER RESULT

We briefly review the discussion in Ref. 141, w ith slightly different notation. For each
pos itive integer n, ( -k’ 1 ( n ) ,  ,,, ( , u) I  have a joint mubtinomial distribution , with parame-

ters n, ) p 1 ( n ) .  ‘ ‘ - , p ( ) , , ( ? u ) } ,  w here p (a )  > 0, ~~ p ( a )  = I. ~~~~ % ( n )  = n. We assume the

following:
( 1,1) For some .~ > 0, mm 11— p ,(n)) > ~ ;

I ‘~ 
I,, )

(1.2 ) 
~~ 

[n p ,(n)1 ’t 2 approac hes zero as n increases .

( 1,3 ) k ( n ) 1 n p 5 1 ,, 1 ( n ) ]  ‘ 2 approaches zero as a increases,

(In Ref . [ 41, it was explicitly assumed that mm [np , ( n ) J  approac hes infinity as a increases.
l~ -~~

_ A  (c i i

This fact follows from ( 1 . 2 ) . )  —

Define 1( n )  as [ np (n )1 2[~~’ (p~ )— n p( n )1. for i = I , . . . ,  ~ (i i ) , and denote P1 1 ( a )  =

= l ,. .., k ( n ) — I J  by h ,,(y
~ ., ..j 51 , , 1 ~

Suppose {Z 1 (n),,,, . Z,, 1 ,, ( n ) )  have the following joint normal probability density func-
tion:

Research supported hi NSF (ir,int No 51( ‘S~ ),-l ) i , + 4 ))
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where :,u,o us given by t he identity ~~ ~J~T~
) : — 0. In accordance with this , t he randons

sar iahle 7, ,,, (n) us def Ined by’ the identity ~~ 
~~‘i~

) / (ii ) = 0. We note that

E ( / ( n ) ) = O , Var iance (I ( a ) )  — I - p 1 ”) . and Csivariance ) /  ( a ) . / ( a ) ) —

~
.jp ( a ) ,’ ( a )  h’or i./ =I , . . . ,A ( P u I,, �,.

For / = I A Ia I —I ,
__

def ine the random ‘.ar,abbe / ( n I as the closest value t s m / I n )
wh s mc h niakes op (n I + ~~~~~~~ 1 / (,i ) an integer (positive, negative, sir ,ero) . / , , ,  ( n )  us

given by the identity

~1/;;-~
-;;-

~
7- I,~

) — 0.

Define ~ ~ I by

— H ( a )
/ ( ,u ) — t ( n )  --- —

~~~~~~~~~~~
-

2~~~~~~m )
‘ I ’ l l 

‘c
c

rhen a ( a I  ~.
, I for u—I  A (i i ) I. and ~~ t~ (,m ) 0. s(m IU ,~

, (,u ) I <A ( a )  - - I - I)cnote

Pt / ( a )  = m , = I - - - ‘  A 1,1 ) II h’.~~~. I m  i 5 ,

1- mi r any measurah ie regus mn ~. iii (A ( a )  - il-d imensional space , let “ cc (.5 ,,) , 
~~c

denote the prohabulitmes .issigtued to 5 , by lu ,, i. - rcsp ectuv el~ In Ref. 141. ml was shown t hat

him 1’,, I S ,. ) - !‘~ (.S ’ ,, ) I  I) for , m t s y sequence 5 - )’ I)enote n iax )A ( n) In p5 ,, (n) 1 i

lap (a II I k fl , .  In this section , we wi ll shsi w - that t here is a finite value m sud s that
P . . ( 5 , ) - P . (.5 , ) 

~.

/i ..(/ 1 (n) ,. ‘~~ c c . i ’ 
( n ) )  

- - -Denote - — — - - -- by R .. If B us an’, event , let B denote its negation. Let
.~
‘- ( 11 (~~ 

) I, .,~ 1 (n  ) I ‘ -
tim denote the standard normal cumuhati se distribut ion h’unctmon We will use the following ele-
mentary inequalities-

( I 4) I-or any events B~ H ,,, , P(R 1 fl . , ,  fl /1.,.) ~ I — ~~ P (B  1;

( 1 5 )  For any ‘. ~ ~), ~~~‘.) ~ 
-- c ’

( I Ii) If Q is a random variable with I’lQ ~= 01 0, then I’ft) ~ l ( Q) 1 I — I t  (1) .

rhe inequality ( 1 S ) is a simplified version oh a familiar inequality in Ref. L I )

Let ‘I ,, denote the event (op (,u ) + ~/ ~
‘j
~~n )  / ( n h  > —

~
‘ op ( n ) ;  , I,,... A ( p m ) ) Thus is

the sa me .m s the event 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~
11-p(n)  > - 

~ ~ ~ 
J ; i = 1 , A I n)

and for all sufficiently large Pu, this ev ent us implied by the event

______ > — -~
- 

~~~~~~~~~~~~~~~~~~ 
= I ... ,.

If we use ( 1 4) and (1 5) . t he probability of this last event is easily seen to be at least
I — o ( I ) . , ) . so P ( -i , ) � I — o ( D )

If 4 ,, occurs , t he quantity I~ appear ing in t he expression .~(~u) on p. 145 of Ref. 141 us
actua lly between 0 and 1, since it sets the point at which the third derivative us ,evaluate d in the

- Z ( a )  
- 

ø Z ( n )
Taylor ’s expansion of log I + 

~
, and ;t follows that 1 + ~ 8. Examun-

...Jnp (n) L — 
- . J np (n)  I 

—

ing .~( n )  on p. 145 of Ref. (41 and E ,, (Z u , . . . .  7, , , , ~ ) on p. 146 of Ref. 141, we can easi ly see

t hat ii 4 ,, occurs , then log R,, I < s’~D,, + c 2D,,I Z5 ~~~~ I + c~ 
~~ [op ( a ) )  I 2

~~~~~~ ( n ) l j  Q,,, say, w here c c 2 . c i are fixed finite positive values , From the discussion

on 145 of (41 we have L jQJ < ED ,, for some finite positive F If we use (1.6) . it follows that
P L Q,,  � ~~~~ � 1 - ~ ‘F D,,,

Thus the occurrence of ( 4 ,, n EQ, ~ ~“~
“
~ ,]) implies that log R,, I ~~ ~~~~~~~~~ If we use

( l.~)~~it follows that P(I hog H,,) ~ -~/~
“
~ ,1 ~~ I — o (D,,) - ‘sJ~~ ,’ or P{e ’j

~~ ~ R~ <
c” “~‘J ?t 1 — o ( D ,, ) — 

~~~~~~~~~ This last inequality implies that we can find two finite positive
constants c~~ c~ . suc h that P [IR ,, — II < s/~~1 � I — c ~~~~ and from this , using the
argument on pp. 261 and 262 of Ref. [3 1, we get that LP,, (S.,) — P5 (5 ,,)) < 2(c~ + ‘

~~ 
) .J

~~~

’
,

This completes the demonstration.

2. THE B ERRY - ESSEEN BOUND

Let G,,(S,,) denote the probability assigned to a (k(n)— I)-dimensiona l set S5 by the nor-
mal cumulative distribution function corresponding to the normal density given above. If .S’ ,, is
of the form I 1 ( n)  � v ;  / — I . . , . . k - ( n ) — 1 ) ,  t hen Sazonov ’ s result (21 specializes to the ine-
quality

(/‘ ,, (.5 ,, ) — G,, (5 ,. ) I

C ( k ( n ) — I )  s / u i — i

-~~~~

P ( n )
(I — p( ,u))  I + 

-——--- -—--—-- ---- (1 — 2p, (a )  + 2p 1(,u))
p5 1 ,,1(a)

~J p ( n)  ( I — p ( n ) )  

—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-- =- -= -- - - — .
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( ‘ I k a )  - I I is not gui emu es~m lici l I ~ , hut us know- n to be greater than yIA ( a )  — 1 1 2  ta r sante t imm si-

t u s s ’ sabu e y

Sa ,minos gus es an attabogous result for the case where 5 , us any con ies set . w i th
di fferent ( A l i t  I - I )  which us greater than ~ (A I a I — Il~ for ss ime positive y

3. COMPARISON OF 1’HF TWo BOUNDS

The hound vI es eloped i i i  Section 1 us t’or the approximation sit ’ the prsihahm httv oh’ an arhi-
t r ar~ set by a duscre tuied nornsal distribution - The hound in Section 2 us h’smr the approm.insat mon

mif the prsu hahih its smf sp ec u .mI sets hv a normah distribution , We wi l l compare these hounds fsir
l a rge A (,u ) and se ts  5 , sit ’ the fsmrnu 1 1, 1 ) =_ i - = I , . , . ,  A (it ) — I) .

If all (p ( a )  are sm f the same order of nuagnitude (that us . i t  each ,i( ,i ) us approx m nsat e ly

I / A ( p m ) ) , then t he Berry-Es seen hound s if Section 2 us appro sm niatel y -

‘P u

U ’ l A ~~~) — I ) J  ‘ . A ( n ) f A ( n )  - I I ,  which us greater than ~~ [~~ ,u) II 2 rhis bound
S

becomes use l ess unless (A (a )) i u  approaches zero .us it increase s

Out the ot her hand , the bound in Section 1 approaches ze ro ,ms a increases .is king as each

p (i i ) is approximatel y — and (A  ( p u  ) )~ u approaches zero. Thus (‘sir A (ti in the interval
A (a )

m c
I n  . a . w e can use t he hound smf Section 1 hut not the hound mit Section 2

Finally, we convert the approxi ntatismn of P., ( .5’ , ) by P. ( 5 ,, ) tsm .mn a ppro xm nta t ms m n m i t

P, (~5’.. ) h~ (/~(5 ., ) , for sets 5’ , of t he forni ~m m ‘,. ) I,: ) < u’ ; i = 1 ~~~,i( 
— -  I~ E.et

.5 . 5 ,. 1) . .5 ,1 2) , 5 ( 3) denote, respectivel y , the f’otbowing set s in ( A (a  ) - 1) -dimensional
space:

{ i ~, < ) (‘u I < t ‘. / = I.,.., A l u )  — IL

<. / (a )  < / = I A (p i ) — I) ;

ii — — ,._~~
. ‘.. 1 ( n)  <- 1  + - .-- . / — I . . ., A U i ’( -- I

2 ,. ~‘ pip ( a ) 2 ~~~~~~~ I

a + 
1 

< / (p u ) ‘.~ 
- _____ = I A (‘u ) — -

2~~’,up ( a )  - — 2~~np ( a )

Then we have:

(3 , 1) 1’,, (. 5 ,, ) - P~ (.5 ( I ) ) )  ~

(3 2) (
~ .( .S ’ . (3 ) )  < I’~ t ,s , t i ) )  

~.. 
( ,~ (, 5 ’ . ( 2 ) ) ,

) 5 1 . 1

( 3 3 )  (. 1 5 ( 2 ) )  — G,,(,S’ ,.( 3 ) )  
~~ 

- - 
~~ (ap ( n ) 1  1 ,
-I

___________________________ 

-.
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A RECURSIVE ALGORITHM FOR A SUMM ED
MULTINOMIAL DENSITY FUNCT ION

Raymond K. Fink ’
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AI3 STR ACT

An ,mt gsir u uhm ‘or c.clcu la uing ihe probabi l i t Ies of a summed amu ll inomua l
densi um (uncu ,on which is ‘ecu rsise w i t h ii (the number of ir i .uls/ Is presenied.
tt . ixtng application in ins pecuor errm ir mmidels (or audiuing and qual i ty control
pricbtem s ~ Ilh (‘artesian produc u s iruc iures , ihe .utgor ilhm is discussed in ihe
Cicnieit (d ciinlpuiing opuimal economic sa mpling plan’s (‘omput,c uii’nal expe ri~
ence w u u h uhe algorithm is presct nied .

INTRODUCTION
In many stat istk~i decision problems , the probabilities of the a •iudged or reported experi-

mental outcomes , given the t’rue experimental outcomes of an experiment , must be determined
for t~.t various experiments considered. For example , in inspector error models in auditing and
quality contro l, t he computation of p,, ( v I .v ) — where ,v and x are the reported and the true
number of defectives , respect ively, in the n items sampled — is essential for determining
opt imal economic sampling plans (31.t

More generally, this is an example of the following statistical problem. We w ish to esti-
mate the post erior distribution of the states 

~
1 u . , . s ,,, based on t he true experimental outcomes 

~
, but t he v ’ s are unobservab le. Observed in their place are v 1 , . . . .~~~,,. Thus , t he poste-

r ior distribution must be estimated using the s- ’ s~ i.e., we must est imate p ( ( ~) = H~I 1 =

w here (4 is a random variable whose domain is (ø~ H ,,, ) and 1’ is a random variable whose
doma in is (Yt ~

). To do this , we need to find p)  1’ = i- l -% ’ = .‘c’~j .  V being a random variable
whose domain is (x i v ,, ), and t hen apply Bayes ’ Theorem as fo bl ows: ~
‘1 ,,rmcrI~ Sm’hou,l ot ’ .Aeronau uu,,- s ,mnd .\ s i  r,’n,,uuics , Purdue I, ‘ n im ersuc
t (  ,,nclusi me e m idencc ex is ts  ih,m i Inspecumir s and inspeci iof l  proce mtures a re i.ul t uh le . ,cnd ihau ihese error s arc
ncii sut licienils improved ~ ii h i r ,m ,nin g iii he negiccued fl such model Iu mrn m u lm mti c ’ ns 11. 2 . 1.41 I rr i ’ rs ire iniro~
duced m imi ihe m nsp em - mic i n process when .un imem is errc ine mm usl f cl ,cs s it ie m l ‘ is eci her had ( I’. pe. t error i icr gmii cd
Irs pc - Il e r ro r  I
t Im us assumed th ai the ohsct r’. ab le’s i i i  ir e c uc n diu im c n al l ~ un de pend en i it cc g i’s en

263 - -.. —. 
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p)~4 = H l 1 = s I = p ( } ’ = s ’ ) ~4 0 )  ‘ p ~ 4 = H )

w here

p (  F = t~~) (9  = H )  = p )  I = v I v  = x 5 )  ‘p { . k = 

~ I~
-) =

v — i

and

j u ) I  = s -  = ~~ p ( 1 ’  = ,u.- j 9  = o . J  
- p)

~-~ 
= H ) .

To illustrate , in qual ity control H would represent the lot f’ract ion def’ect ive (lot quality state ) , .v
the true number of defective ’s in the sample , and v the number of observed (reported ) defec-
t is-es in the sample (includes those properly and improperly classified ). The computation of
p, . ( H ) v )  would be used in determining an optimal economic sampling plan; i.e., choos ing an
opt imal sample size ii ’ and acceptance number - . The implementation of this plan would
involve (a) drawing a single sample of ,u items from a lot of size ‘i’ , (b) observing the number
of defective items s in the sample (perhaps erroneously due to inspection error) , and (c) reject-
ing t he lot if more than defective s are observed (i .e., if r ~ c , accept lot , ot herwise reject
lot) .

In discrete inspector error models , the probab ilities p,,(v I . ’ c ’ ) can be typ ically calculated
using a summed mubt inomial density function. In this paper , a highly efficient recursive algo-
r ithm for the computation of these probabilities is presented. The following notation will be
used to develop the algorithm:

a = number of trials (sample size)
= true number of failures in a trials
= reported number of failures in a trials

p ,,(v ,.v ) = joint probability of reported failures and true failures in
n trials (an abbreviated notation for p~( I = • v , ,  .Y = x~))

p~) v Ix )  = conditional probability of reported failures given the true failures
in a trials (an abbreviated notation for p , , ) )  = s’ ,jX =

SUMMED MULTINOMIAL FORMULATION

If we can view an experiment as consisting of a independent trials , eac h trial having four
mutua lly exclusive and exhaustive outcomes (1) report a success when a true success occurs;
(2) report a failure when a true success occurs; (3) report a success when a true failure occurs;
(4) report a failure when a true failure occurs) whose probabilities remain constant for each
trial , each element of the matrix (p ,,( .v .v)I can be co mputed using the following summed multi-
nomial density function (see Appendix A for derivation) ,

( I)  p , , (j I k )  = 
~~ n h( p ) O I O ) )

uh i ( p u j l j O ) ( p i (O I I  )) “ ‘(p~) I L~i_~_i1
“ 2 ‘1 i ‘ a 1’ ~ 

it !n ~~! p z  i!0 4.

÷

where ,V is t he set of solutions (( ,u , ,u ,, ii~ , pu 4) ) ,  I ~ uu ~
- I) , to t he integer linear syste ns

/ — a 2  + ru 4. A — n~ + 0 4, ,t ~ 0. integer , and ~ t1 a — uu. p~(0(0( is the probability that the
reported outcome is successful given that the true outcome is successful ; pill 0) us the proha-

_ _ _ _ _  - ~~~~~~~~~~~~~ 
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bility that the reported outcome is a failure given that the true outcome is successful (Type-I
error) ; and so on.t n 1, a ,. u~ , and n 4 are the number of times outcomes (1), (2) , (3 ) , and
(4) occur , respectively, in a trials.

However , the computational complexity of this density function and the fact that most
algor ithms for determining optimal quality control inspection plans examine successively
increasing sample sizes , highlight the value of a recursive formulation of p,,(.v).v } [51 . In this
paper we develop from the basic transition equation a recursive algorithm for computing
p,,(s ’ ) x } .  for quality control and auditing a~pIications , wh ich circumvents the use of the more
computat ionally laborious summed multinomial density function.

RECURSIVE ALGORITHM

Development

if the experiment is composed of a independent trials , t hen the probabilities of outcomes
for it tr ials can be determined from the probabilities of outcomes for (ii — 1) trials and the pro-
bab ilities for the nIh trial. We w ill assume that the probabilities for each trial are identically dis-
tr ibuted . and we can t herefore write the step-transition equation:

(2) P . 1 ’ .  A - )  = p.. h .  A} p~{0 . 0) + p,. .~
{ ,j ,  A- — I)p i(0 , 11 + p,, (i  — 1. k ) p 1 ) I .  0)

i . .  ( i —  1 . A- — l ) p u { I , 1), 0 ~ / ~ n , 0 ~ I.,- ~ uu.

Replacing the joint probabilities by the -appropriate conditional and marginal probabilities and
dividing both s ides by p,) . v = A )  yields:

(3) p.1 ,. A - ) = 
it A 

[p,, 1 (,ijk’ )p u (0I0) + m - (i — I I k )p u {i 0)1

-
~ [p , , ) j ) A  — l) p i {O Il) + p, - 1 .1 — I A -  — 1)p i {h)l II ; 0 ~ I a. 0 ~ 4 ~

For the case A = 0. this becomes

(3a) p . ) .i I k 1 = p , , _ u l j I k } p i ( 0 I 0 ) —4” p , , . i { .i — I I A ) p i ) I ~0 1.

and for A = a,

(3b) p,, (,i ) k )  = p, u I / I A -  — I )p~(0 I I )  + p,, I)) — I A — I )p~{I I I )-

For the case 0 < A- < a, we can show inductively that both (3a) and (3b) are true (see
Appendix B). Thus (3a) can be used for 0 ~ A- < a. and ( 3b) can be used for 0 < A ~
This approach forms the basis for the recursive algorithm presented below , which us more
efficient than using (3) because less than half as many computations are required.

Matrix Formulation of the Recursive Algorithm

Given the arrays of probabilities [ p 1{ v ) .v ) I  and [p,,_ 1( ,s ’)x )I, we wish to find [p,, { ,~’). ’c’ )I . Let

R = an (n  + 1) v a array constructed with rows from [p~ u ( .s’ I ,v)I
Q = an (a + 1) s 2 array constructed with rows from [ p 1 ( s ’ ) x ) l .

t lhe m.i ( ucs  for ~,l u ( m ( would he iypuca ll~ delcrmunes l enu pc r u~alR using p,ici daia on cn ’specuor pericm rmance

_ _  1 .~~~~T ~i_ .4
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STEP I: CONSTRUCT THE Q ARRAY.  The (n  + I) v 2 Q array is constructed from
t pi)y I - ” II - The first in rows of Q will be identical to row I of [p( .vix) 1 . and the remaining
(a +1 — m l  rows of (1 will be identical to row 2 of [p{.t - I .v )1 . The value of in is determined in
one oh’ two wa’,s , depending on whether a is even or odd: ‘a = (,i/2 ) i- I for even a
in = (a + I)~2 for odd a. Thus, q = p hOlO) and q 2 = p uI l I O ) for = 1 , 2 in, and
q u — p 10)1) and q, , = p 1 1 1 1 )  for = in + I, in + 2 ....n + I.

STEP II: CONSTRUCT THE R ARRAY. The (a + 1) ‘c- mu array R is constructed by
takin g the mth row (mu as calculated in Step I , above ) of [p5 .u (vl .v )J and using it as the ,nth and
(ma — I)th rows of R. The first (in — 1) rows of R are identical to the first (in — 1) rows of
[p, i{.V Is II; the ( mu + I ) t h row of ’ [p, , - {v ).v)J becomes the (rn  + 2) th row of R, and so on,
Thus, for , 

~ mu , n , = p, - u~ / — Iii — I )  for j  =. 1 ,2.3..... mu and for i > mu,
= p .. 

~(.‘ 
— I~ i — 2) for .j =1 ,2,3 a.

STEP III: CALCULATE [p,,Ivl .v)I . (p ,, Iv l .s)1 is then calculated a row’ at a time as fol-
lows:

R ,, 0
(4) [p,,(.v l .v) 1 ,, Q . ‘ 

0 R for a = 1 . 2 . 3 ,1. a + 1 ,

where t he subscript a indicates the mi-row of the array. If we use the elements of the arrays in
place of t he row vectors , (4 ) can a lso be written as

(4a) jp,,(0~ms — I)p,,)I a — 1) “ p , , { / l m s  — I) “- ‘  p , , { n a — 1)1

r ,, r ,, , “ r , , , ’ - -  r ,,, 0
= 

~~~~~ ~,,2 I ‘ 0 n 
~~~~~~~~ 

n ,,~ I - “ n ,, , ,  r , ,,, -

It can be easily seen that this matrix formulation embodies the recursive equations (3a) and
(3b). We can cont inue recursively in this fashion to find [p, I ( ,v Iv ) ) ,  [p , . 2 ( .v - ‘11 

EX. ’l %IPLE: Consider the problem where

.9 . 1
[pu( ,u’I .v ) l = 2 .8

We wish to find [p,, tt ’ I x ) )  for a = 2 ,3 ,. , , . For n = 2:

.9 .1
I . m u = ( n / 2 ) + 1 = 2 — . Q =  .9 .1

.2 .8

.9 .1
II. m n — ( a / 2 ) + I = 2 — R =  .2 .8

.2 .8

.9 .1 0
Ill. 1P2 (.~’ I ‘II — 

~~~~ ‘~~~~ .0 .9 .1 
= (.81 .18 .011

.2 .8 0
[p2(~

’ .5 ) 11 — [.9 .11 0 .2 .8 
= (.18 .74 .081

.2 .8 0
— [.2 .81 0 .2 .8 1.04 .32 .641 .

~ 

~~~~~~~~~~~~~~~~~~~~~~ . _ ___ _i
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Theret ’ore ,

.81 .18 01
I s 11 — .18 74 .08 -

.04 .32 .64

For a = 3:

I. mu ( n  + 11/2 = 2 8
.2 .8

.81 .18 .01

.18 .74 .08
II. mis = ( m s + 1) 12 —. R — .18 . 74 .08

.04 .32 .64

If we use (4). in Step III . Ip,,(v l v i i  thus beconmes

.729 .243 .027 .001

.162 .146 .008
= 

.036 .292 .608 .064 -

.008 .096 .384 .512

We can continue recurs ively in this fashion for mu = 4 Note that the rows of
Ip,,l.v~ s ) l  sum to one as they should, since a row represents the probabilities of various
reported exper imental outcomes for a given true experimental outcome. Identical results for
Ip,,{ .t’ ) .s- )i are obtained by calculating the probabilities using the summed mubtinomiab density
l’unct ion. For example , f’or p~( I ) i )  we have / = ii, + n ,~ = I , A- = ps

~ + n 4 = I . and
mm = a~ + a , + ~~i + p1 4 = 3 , y ielding the set ,V = (1 .1 .1.0) , (2 ,0.0.1) which gives

3! ( .9) i( I) i ( .2) 1( 8) ’  ( .9 )2 ( 1 )  ii( 2 )  ut ( 8 )  I
= 

1! l! l’. O !  + 2! 0! 0! 1!

= .684.

Remarks

In its present f’orm . the recurs ive algorithns assumes constant , identically distr ibuted trial
probabil ities. In the context of ’ inspector error models , th is implies constant inspector error
independent of ’ sample s ite. However , more soph isticated nsodels of inspector error can be
easil y accommodated by t he algorithns .

For example, if inspector error rema ins constant in each trial (i .e.. for each item inspected
in t he sample) for a given sample size mu, but changes with increasing mu, we can re flect this exo-
geneous ly adjusting Ip) ,v lx)1 for each sample s ize mm , and sett ing m t to (~~1t ~ j .V } i (~ ( (the mnspec-
tor error pro babilities fo r a single sample out of a sample site m m ) . For each mm we nsust then use
t he recursive algorithm to regenerate Ip t v  I s  ii ~~~

. (i’~1. m’ - v ) )  ,
~~

, , . . . ,  Ip ,, t .u’ I II,,, ; whil e this
slows things down considerably, it m’ s st ill much faster than the summed niultinomiab approach
(see Computation ii Fxpericn~e below) 

— 
_____
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\ cmmniputat iimt ialls ’ simpler model (w hich us nimil’c t eatis t u~’ I i i  umsspe ~’ tm mm t i c u uiii’ l is mine in

w hi~’h the t t uk m u v’ not identica lly m l i ’ s t i  ihuted . hut ~‘lu.tngc w i th  ‘sample s it e  ‘such that
I~’ u IJ ,~,. the ci m m c i  t m mohah i l i t ie s , it the 4th tri a l ate ~‘ mci t s I . i i 1 i  t m c i  .uut ~ s.uuit ple sm /c ii, hut

Li ’ h I  ) I~~i and ii’ I 5 II ,, i c  need not he identic al this may reflect the eliects u I  t ’.itm gum e mcmi
the mns pe~’t ui ’ % ~mer I ’ m m m n u ance , in the tr a t is i t m umn eq uatiot u ( 2 ) , this it it imli es s- a rm ah be s t e p . t i . u u t s u t u m c u u

Im ioh ahmbmt ies b m iu t I tu s  c.m s c . w e ca mi simp ls .idt t mst (p l u - I s ) I ,. , , .is itv ’v ’ v’ss .t us , ami d ~‘al~’ulate

- ( i’~ s ) ( Im ’ oni Ii’ . ~i ) I w i th  si i’ t u ,tl bs no iuie i v ’.ms e i i i  L’ui nipu t .ttim in time

(‘OMPt”1’ .-~’l’ION Al.  I ” X PF R IE N ( ’F t

t’’m m mig Ft)R IR .’~N 1 %’ amid a (‘I)(’ t~S0() v’mit iipti teI . we lias e genci.mted the .iu u.n s t om s .iuul Imle
si / es from mu — I i m c  200 With the .u)gmir m ihm . these L’m i n u pu latumc n ’ s meq u uie .ihuiut Pt) ‘s mit eem it i .mI
l m u m m( ’ v’ss m m u t ( ’Pt~ 1 tun ic to generate all mali’ mce s li ( i  I s  II I’roni mu I i c c  I ~t) .‘\ sminini ed m ulti-
muo nu ia l ~m ilLi t mu i i1 requires 34 Ss  to generate onl the matr i x ( l i  5ii(i I s ) )  (Fig I)  It ‘shmiuld he
itoted that the euiding of the .mb gu i rmt him ~‘an eliminate the (1 .muid R .mu r,us s , and can use teni por. ims
row ‘s tor .mgc em ’ I m c I ’ s  “ t enip ”) to .i~’ hm es e .m s ubsta nt ial teduc tion i i i  L’v’miii.i l muenl m i i s  req ui ret l i e nt s
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Ihe ,ilg mmi ithnt presented mhv ~s mi  dies .tm i ~‘flui’t e u t  method t c c u  i’ab~’um b.mtmng the lmrmih.ihihit ies m c I .1

sum timimie d mul tmnonii.i b dem is its tunction I tie algorithm us tm~Irt um ti l.im Is ,ids .uuu t a gv ’ m ct is  when au

ii m. i u oh such prm ihahi bulies u t t i l s i  he m’m m ntp ti t ed h m u r a utum n ihe r mi l d t f i e re’nt s , i i it t m lv ’ s i / v ’ s m’ s would
he the ~

- ,is ~’ when at t em p lm t ig  tm i  determine .m mu mipt un iab ‘sampling plan I i c u  quia b mt s i’o nttm il I he
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uiiu ,m l vl e uisuis I unction , 55 him’h co m mld be used I m u r consu,unl uu ispv ’ m - u c c r  en mci  models II iuispv ’v t m c m
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cimuld ,il’sic he deseboped . if .u rem ’Lmu sim cn ex is t ed between f’ 1 i I A  I - .ind Pi~ 
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A — 0, 1
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I — i l l s  — I )  — p 1 1 1 1 ) . he known l’utii’t ions t h at are f ixed V , W e wis h to bind— u s  — A )  W1’ know that t h e  four outcomes (events ) , I I 0 , II — 0) . (I 1 .
I t  — 0), (I , 0, (5 — II. and 1 — I , H I I . m e  nut it ua l ls - e xm ’ l usm se .imtvl i’oll ectm ve lv

exhaustive at each trial u. w i th  prohahulities Ic i(0 , 1)1, , Im ) l . I ) .  ue s pev ’ I is elm I ci the ahove
tour out comes occur mm , ii ., a 

~
, and mi -u t ime ’s, respem’ tu s e ly , in exper iment m ’ I hiemi we have

/ — a • mi 4. A mm + mu 
~. it ‘

~~ 
mu , mu , a .. mi . ii ,

~ 

—
‘ 0, umitegen . mm hem e p. A , ,ind a are

kt iow’ n

the ,mho m e system has ,i finite nLmmher ( ~ mu 4 1) of teasubl e solutions I ci N — It ’ , , mm
mu 1 ,  mm 4 ) )  ahove linear system satis f i ed)- I’hen

i’ .. l u - — ,. s — A I
(A 1) p ( u - — ‘ I s  — A l  -

Il ls  — A )

where

A )  I~’ - ) O . I )  ( ~‘ ) I . l1l ~ 
- ),u (0 0) + ~u . ) l . O i l ”

icr

t N  2)  p . . ( m  — A l  — ~~~~~ - 
“ (°)‘~

I’hc imaml l probability d ist rib ut uim mi p.,) m — j . s A ) v’.mui he represented by t h e  summevh
tii ulti no nim al detismt~ futiction

- m m !  (/‘ (O. 0)) (~‘ (1 .  0)) “ ‘I;’ I(° ’ 
I)) ‘ ‘(~~‘ II . I I)

j t t  u. s — A I 
~

_ i  ,. .. , .. , - I , 5 I I 
—

- . 4 u i !  mu ,~ mu 1 mu 4 .

L etting Pu (0 . 0) — ,‘ (O IO ) - P u  (0), etc . and s m,mhst itu lmng and I .uc lm i rmng icbd s

mm !(p 1 )0)0 l )  i
( (  1 1 0)) (,‘

~ 
0)1))” t~’ (l I I) )

‘\ 3) ~‘
,.( u — i, s — A ) — . , , . . .  i, s - 

I I- I 4 u i P u .  ii~ mu 4

- p )t))”’ (~
) ‘l i ’

B L mt mm mm~ — A and li i ( it .  — mm A Suh s t ut m mt iui g 1 ‘N 2)  autml (A 3) untmi (‘N I) t h e n  gm s es

- 
m, ’ lj’ (0)0)) 

- t,,i ) l l O ) )  ‘ l,u t O l I ) ~ 
l h

(
~~ , )  I I I) ) ‘

( ‘ N4 )  ,‘ u . ’ ’ I s . ” A ) ’ . ” ~~
,, ,u. ,, c ,, u i.s  — 

i I I- a it ~ mu 
~ ‘i 4

Ii S m ,  A
A

whic h us sun ipbs - .m summed inult mnmimial det is i t s funm’ tm m m mi . mm h ere , u i • + ‘: .~. A — u:

mm — ~~~~ mu , mm ‘ 0, integer , and t he m a t r i x  )J’ i( i  I s ) )  is  N I , u i k m c s  Nine that (,~ i t . , pj ~~ , r, 4 (, N

~‘ .uui he obtained hs writing mm m a ter m s mit mu 4, u e , (c i  A / + mi 1 I Ii 
~
, A ‘: 4. Pi 4)r N , .il l m l iii ’

Immi nent ’ . being nonnegati m e I knee .

( N  S ) N U .‘ - il mm Pm — I + li c . I ii 
~. A 1i~ P u 1  ‘i A i + ‘1 4 ‘

~ (1 u ‘ fl , I, mu ‘ 0)
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A PPENI) IX B

I’ IIFORFNI I- m c i  0 ~
_ A —

( H I )  P l i lA  1) Im i t ij Il) + P - I  Ilk 1) ~ 1 1 1 11 — ( ‘ il k )  -

t i ’ - ( ’  I I A )  - ,m ,(l 0)

(and we .ms ’sunie that th te .ih m m c equation holds h ’or m u I)

PROOF F xpanding t h e  left  hand su ite m’ I I H I) mm - ti l t  the rem’ursi m uu i equation (3 )  mm e get

2~ 
iu . ( , ) A  I) i’ iO I I) + p. / I IA I )  ,m (1  I I )  =

/ ‘~
(
~ I I) 1 , Li ’ ( p  A - I )  - ,‘~(0I°) + p 1, I~ A I ) ~

c . (1 0 ) )

+ i’ (OI I )  Pm I l i l A  2 )  im (0l I)  + ~ (
~ I IA 2I,’~{l 1 1 ) 1

+ i ’ I I I I )  m u — ( A  — I )  1k I )p i (O IO ) j c ( p  2 P m  l ) - / l I )1 1 01!

+ i’ l l ~ 
A I 

~~ - 1’ 1 1 Pm 2) ~’ ( o i l )  I p 1 ’  2k  2 ) i ’ ~~l Ill

Hr induction we .mss u n te that the f i rs t  brac keted term on the right - hiand side mit I H 2) , 1 I i • i’s

equal to the see m m ut i l bracketed term I I . . .mnd t he I hurd hram’keted term , I I . us equal to t he
fourth . I I~ Substituting I l~ for I I.. and I I for 1 l~, i t t  (H I) uel~hs

(H 3) 1’ { ‘  ~ 1) i’ it~l I I ~ ;‘ 1’ I A II i’ (I ( I )

p 1) I) Li ’ 1 , - P m  I) i ’ 0 oi p - (1  I IA h u l l  OI l

P u  I I) ),‘ / I A I) - ,‘ l0 I01 c p (A 1 ( P m  I )I’ I ( I Oi l
I tie imkiitui’ .it result in H ~~) would . il s u m he obta ined h~ v’xp amimliut g t h e rmgh im . hia m id ‘.uitv’ Oh ’ ( H I )
using the iv ’s L u i ’ s i c ’ u t  equat ion I I Ilen~-e (H I~ is  tt’ ue
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A PROBABILITY MODEL FOR INITIAL CRACK SIZE
AND FATIGUE LIFE OF GUN BARRELS*

F. Proschan and J. Sethuraman

Department of Statistics
The Florida State Un i iuersity

Tallahassee, Florida

ABSTRACT

W ith constant firing. metal fatigue produces cracks in a gun barrel The
use ful tile of the barrel comes to an end when a crack develops to a critucal
si ze. The uheory of Fracture Mechanics suggests a formula for crack size
growth ra me . This formula can be used io determine the life of a barrel .
depending on the initial and crit ical crac k sizes and other factors The initial
crack smze turns out to be a dominant factor. Unfortunately, accurate measure- p
menus are nou generally available on the mnit ial crack size. In thus paper. we
prop ose a simple probability model for the initial crack size and thus , in mu m .
lea ds to a probabm tu ty disiribu m io n of the life of ihe barrel. Th is lasi distr i bu u uo r m
is the we ll.known exponential dmstrmbutuon wiih a location shift The simplicity
of thus final result is one of the factors that make the model appealing.

1. INTRODUCTION

Suppose that there is a crack of size b in a gun barrel after N rounds have been fired. The
rate at which the crack size will grow , db/dN, is a central topic of study in Fracture Mechanics.
The following formula , taken from Davidson, Throop and Reiner 1t1 , represents a reasonably
simplified version of many more complicated ones available.

(1 1) dl’ 
—

dN E S 1 K ,, ’

where

— increase in stress intensity
E = elastic modulus

S~ — tensile yield strength

K ,, = fracture toughness

m — a constant between 2 and 4

C — a material constant.

Research supported by the Army,  Navy, and Air Force under the U S Army Research Off ice-Durham gr .unu
No. DAAG29~76.G.O238 Reproduction in whole or in part is permitted (or any purpose of the L I  S gove rn~
rmieni.
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Throop ’41 gives a s imple expression for ~ K. wh ich depends on the size h and the shape of the
crack , as f’ollows:

( 1 .2)  = c u S - 5 i r h .

where

(1 +1
= bore stress = p

w — l
p = pressure

w = ratio of outer diameter inner diameter

1,5 if the crack is a f’rontal notch
1,0 if the crack is semielliptical
0,5 if the crack is semicircular ,

Thus

(1,3) 
~~~~ 

= DI” 2

where

( 14 )  1) = l( ’ uu “S”~~” 2 1/ 1ES3’K,j.

Suppose t hat the barrel is fired a few rounds to provide a Imeat elmeck pattern. The size oh’
t he largest crack produced at this stage is called the ummit ,a/ ra -A si:m ’ and denoted by i’ ,. The
number of rounds . I.. required l’or this crack to grow’ to t he critical crack size I’, is t he l~ti ’ of ’
t he barrel . From ( 1 3 ) . i t  is easy to obtain an eNpression b r  1.:

I!’ I ” 2 1  1 1 I ~~ 21 21 if mum > 2 .( mum — 2) I)

6 L =( I )  
-
~~ flog I’ — log I’,,) if in = 2.

It i’. easy to see from ( I S )  that while the effect of I’, on I. us minimal , the effect of 1’ is

significant. For instance , an increase l’rom 4 in. to 5 in, in 1’, increases 1. only hv ~~~~~ when

mum — 4 (~
()
~ the same mum , t he increase in L when I’,, is decreased from 0,01 in. to 0,001 in. us

.‘N l’sm , the initial crack size is difficult to measure since it is so small , It would theref ’ore

he useh ’ul to model t he distribution I’,,. We do th i s  in the next section and show how- this leads
to a simple distribut ion for I..

I mc the best of our knowledge , t here have been only two previous attempts made to intro-
duce probability models in the prob lem of fatigue crac k growth. Rac icot~~ assumed fixed va lues

I’ - and I’ . and Sariou s probability distributions I’or t he several factor s in /), lie then
obtained empirical resu lts I’or t he distribution of I by simulation on a computer. lianagud and
I ppalurm 121 used .m form ula for cr.mck growth rate which us slight ly niore complex than (I ~1) and
ins m u m  c’s .m qu an t i tY  r which us the ratio of the maximum stres s m nte nsmt ~ I’actor to t he minimum
stress m nten smt ~ factor They assumed that both ~ k and m were random , and obta in ed approxi-
mation ’s to the expected cr,ick ‘s ize growt h rate they used these results to study improvements
in rel iabil ity obtainable by e xa nim n.m lio n and repair Since examination and repa ir are not po’s’s-
bile in a gun barrel operating in the field , their resul t ’s ire not ,ipplmcahle to our problem - 

~~~~~--~~~~~~~~~~~ -- - - -~~~~ ~~~~~~~~~~~~~ .‘  -
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2. THE PROBA I3lI.IT~’ %IO1)Fl.

the f i rst (‘ems - rounds ol hiring produce a heat check pattern. Let t It us patte rn contain N
crac ks hiavung sizes 

~
‘ u~ ‘ ~ .

~~
. Then t h e  initial crack ‘s ize 1’ ,

, us given by

/‘ = max l ’ u ,. .. .( 5 ) .

In our probability model . sm-c assume t he (
‘
i. (

‘ j . . . .  are independent and ident icall~ distributed
according to .i uniform distribution on (0 .Bl - We also assume that . \ us an independent variable
gomerned by a Poisson distribution wi th  parameter A A physical interpretation for B and A us
.i’s t ’o lh mws B represents the maximumli possible initial crack size and A is a measure of the
number of cracks in t he hieat cheek pattern. Our prohahilulv model depends on just these two
easil~ interpretable quant it ies. Thus ,

Pt” ~ 1’) = 1’(max ((’ i ( ‘ ,~
) ~ b I N’  T~ 1)

~~ I ’ (n i a x ( ( ’ 1 ( ‘q ) ~~ / m) / ) ( 5, = m m )

~ 
P(,’s’ = m u)

~~~~ ~~ 
~‘ ‘A” . c i !  p

‘A - m u !

so that 
, s l ,

( 2 . 1 )  P ( /m , , ~~ I’) , () ~ 1’ ~ B.

The distribution in (2.1 )  us our probability model I’or t he initial crack size. It is physically
mot ivated and smt tt p le. A sample application oh’ t his model given at the end of this section pro-
s idcs more support for the model.

If the distribution of 1) (l’or de finition, see ( 1.4 ) ) or the distribution pu b the factors that
enter 1) are known , one can comb ine t hat know-ledge wi lh the probability distribution of / ~, in
( 2.1 )  to obtain the distribution of the life L of the barrel.

‘N’s a sample appl ication , mm-c mm - ill obtain an approx imation to the distr ibution oh’ 1.
Assume that /) us know-n and mum = 4 . Formula (1 .5 ) states that

I II. - - 

flI ’ 
-

Thus , for ,inv s ‘> 0,

I’ ~ - 
I 

÷‘

~ I)B /)/ u A 1) 11

— 1’ > (1 ~ ‘ 1
B A
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i m ,

8 -k

Iro nt (2 I

( 2 2 /  - -  I m ’

mm here - s i.uuiv hs for .ipprm~~iuii. m lelm equal lvi ,mnv h we hu.isc used the rc l .u t im c ut s

I I c u d  I

mm huchi arm.’ gomc v h . i p pimuxuutlaui i i ui ’ s v’s  en tm u r movh~ r.uie s.ulti ~’s i l l ~. I htv ~ v’m uttv ’ l i i s im uit i i i  ( 2  11 uti.u ’~ he
suntmaru, m.’vt .ms lo l l mumm ’s

• If the number of .ill v ’ i , u v ’k s i / v ’ s in t h e  hc.ui cht ev ’k is uttod cr .ulcl % l.urge. ihe lut e i’l a
gun h.irrel li.us .uui cxpmu neutu u . mt distri bution mm ith .u l m u c , m uim ’ ui s hili

• In the geite r .m l s. usv ’ , mm he rc / )  i~ ,issu uitevl iii lie r .iu tv tmunu . uh c distr m h u uu m u i t i’l Ihe lit ~
oI ihie h.irrcl hem.’outtv ’-. .i m o is tu re  ~ t s l i i t i cv t  ex p m ne mt i ia l  d is t r ihui i ic ’ii’s P

the  .ussu nt ptions ot ’ .u vm n it or ut i  i t isurihut im umi tm u r u i tu tc , i l  v i  .uv ’k s / v  and .c l’m ui ssm ’ i u v l is t r ihm i u iout
for the number of cr.mv ’ks in the hv’.ii v’htev ’k p.u i uer ut .u ue not rv’quired to r .u r es u lt luke (2  1) .und
mm-c rc made here lust to illustr .iuv ’ the t~rmuof Iii t , iv i , it ~‘.uui he ‘s hm ’ m m vu front mliv ’ ihem ui ot limiting
vl ist r ibtui i m ins fot thy’ maximum (or unitsimuns) m i t l.mcge nun~tscrs m m) t. m ut m h m mutt s .umiah les thai the
dm st r ih uium u n of I v’ait he .mpp rm uxi n m.mi e vl hi~ .u s h ut i ~d W euhu l l v t i s i r i bu i i u m ’ u t  lit the ge ute r .m ! v’.is v’

mm here 1) us assumed im u he r ,iutv hm uuii . ihue 5h ist r i huiimuii mit / v’ .uit he ,up pr muxuuiu.miv ’d hm a nti\ u ure m it
shi uf ’tcd W embul l vhisl r ih t m t u m uut s mm u t l t  ,u v’m muuuli’i l ..lu.upe p.mr .imeier

Ii us hoped thai v’ u rr c nt lm .ms ,m il. mh lc vI.ii.i c ult g u n  barre ls mm ill be su i ivh iv ’sI tu rihet to le~~l the
m- .ml md it v of ’ our movhcl

3. (‘ON(’I ,tMIO~~S

(I) N s iuilplv’ prohahilu im model t’mc r t he init ia l c r .im.’k s i . ’ m’ is g us e n in ( 2  I)

( 2 )  It is  de mised . l’s .1 v’c m utsm ’v lv iv ’ui cv ’, th.ut the t i le oh .u h,uv rv’l his .u shut ty’yl e\pc inenl u,ul mli ’ s
t rm bin ii on

( 3 )  t ’ nder pr .mm.’ l u c al lm it~ .l’.sLi nuplic ’u1’~, i i v.11 ) by’ ‘,lu i ’ m m ii t hi. m i t h e  l i ly ’ il .1 h,ui ct h.us
shiI’ted W eut ’ ium ll sl si rihiut miii

(4 ) ‘mA hicit I) a’. v leliuicvh in (I  4 )  is  ,us siu i t iv ’ml ii ’ hi’ i.iiivhimt , ulie v l i s t i i h ut im ’ n i’l the li le c ’ l

barrel us a mixtur e c cl s h i l i e m i  ‘mA eihui l t  mu sh i t m v mu i i ’ils mm u t  a y’c 1ul i u l t i c i )  sh.u;’c p.o .iittv ’ iv’r

R F I ’F R F ”s.( I’ ’s

Ill I)as usls i ’il , Ili iu ni .i s I . Jm ’ sy ’ph I 1 hm’ m c m i p, .iitm l , -\ lheru I Rc uneu . “ I’hte Rc’ l~ m~l I r. icmure
loughuness .utt d l’Icsic,hual SO v’ ssm ’ s in the I .iiuguv’ I i i i  Lii v’ Behi. m m iou .‘l I ui m~v’ I h i i v k
W i l led I’rv ’ssu rm.’ N y’ s sy ’k , \ , i l I m ’ i l , i l  i. i i u l v ’R’its’C oii I lu i u m t  Pi’sme i . .‘t’. 1t 12 - 1 1 4 . II
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M U LTIPL E- ATT R IBUTE DECISION M A K ING WITH
PA R TIAL iNFORMATION: TH E COM P ARATIVE

HYP ERVOLUME CRITERION

Johnnie R, Charnetski

College a,” .4dnu , mmi.sm ra rion ami d Busi mum ’ .s
Louisiana Tem ’lm U,ui rc’r mItv

Rusrnn . Lui ui siana

Richard M. Soland

beparte,nv,’, um de Gémuim ’ / ndus tr ,m ’l
Ecole Puu im ’te c/m n i que de ,i.fon réal

Monc’cd ~.’l , Quebec , Ganada

ABSTRACT

A new approach is presented for analyzing mu lui p le-a uu ribu ie decusmon prob-
lems in which the se i ol’ ac u io ns is fini ie and ihe ui i l , i v t’uncuion is addit ive.
The problem can be res o lsed il ihe decusion makers (or group of decision mak-
ers ! specifies .u set of nonnegat ive weiglius (‘or the sar iocis aOribuiy-s or criterua,
buu we here assume ihau the decision maker ls l  cannou provide ii numeric~.l
s~ulue liii each such weighi Ordinal information abouu ihese weight ’s is ihere-
fore obiained from the decision maker lsl , and uhi s cnlorm~u ui on is t rv unslaie d
nio a set of linear consurainu s which resiri ci the values of the ~eighus These

constraints are ihen used to cons urucu vu polytope 14’ of feasible weughu secto rs ,
and m he subseis H Ipolyiopes) of W over which each acu ion a has uhe grea iesi
uuiiiiy are determined. With uhe Comparative Hypervolume Cruuerion we v’alcu-
laue for each action the ratio of the hypervolume of H uo the hypervolume of
Wand suggesi the choi ce of an action with  the largest such ratio Jusuiti ca uion

o f this choice criterion is given. and a com p u ua u iona l method for acc uraue lv at ’ -
proxima uing the hyperv o lume rauio s is described. -S simple example is provided
to evaluate the efficiency of a compuier code developed to implement the
mei hod.

INTRODUCTION

We cons ider finite action decision problems of the following nature: The decision
maker(s) must choose one action from a finite set .4 of feasible actions. Each action
a, € A , a = I in. is eva luated with respect to a finite set C = Iv ’ ., = I n l of judgment
criteria (attributes ) . Let s ,, be the raw score of action a , with respect to attribute c these
scores may be on either ordinal or inlerval scales.

We suppose an action w ill be chosen on the basis of maximum uti l i ty, where the ut~bi tv  of
act ion a , is u ’(a , ) — u ( s 1, s ,,,) .  We further assume that the util ity function ii is additive
(see Fishburn 15-71) so that
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(I) u (ci I u t ’ 1 . . - . , ,,) = vu ( ‘ r I .

It then follow’ s t ’rom the basic results of additi ve ut i l i t y theory that h’or the purposes of decision
making we may replace the hunciions zi~ of the raw scores -s by cm - u’ - ,  w here u’ us a relative
value of the raw score .s based on t he set of all possible scores s , with respect to attribute
and each w is a positive weight. Furthermore , without loss of generality, mm’e may choose the
relative values so that for each attribute c , , the most desired raw score . of the in scores is
mapped into the value u’ = 10 while the least desired rams- score of the cmi scores is mapped
into the value u’ = 0. (This assumes that not all the values a ( s  I , i = I cit . are the
same. If this were so , there would be no need to consider attribute c .1 All the other rams -
scores .s , for the various actions a are mapped into values between 0 and 10 inclusive. (Any
finite values a and 6. with a < / i . could be used instead of 0 and tO . respecti vel y, we choose
the interval 10. 101 for its simplicit y and intuiti s-c appeal. ) Also without loss of generalit y, we
may choose the mm-eights mc - so that ~~w = I -

Thus mm-c mm - rite the uti l i t y of eac h action a as

(2 )  u ’(a  ) ~~ vu - u’ -

Since the i’ depend on the raw score s s and th e prel ’erences of the decision maker (s ) for
these scores , we may asu me that he (they ) can provide the appropr iate u’ values wi thou t  undue
difficulty , We therefore define the cci by mm matrix 1 of the u’ values”, I’or each column the
values i- - lie between 0 and 10 inclusive , with at least one of them being 0 and at leasu one of
them being 10 .

If we define the n by I column vector ur of ms-eights and let F he the u th row of I we may
rewrite ( 2 )  as
(3) u ( a  ) = I’ mm ’,

If the decision niaker(s) provide (s) an appropriate weight vector c c - = mm ’ s, then ( 2 )  or ( 3 )
should be used as the basis h’or selecting an action. In many cases , however , the decision
maker (s) may not be willing to provide a particular mm - , In the case of an individual decision
maker this may be simply due to the fact that he or she cannot articulate his or her preferences
wit h such precision. Indeed , it may be somewhat unusual to find a decision maker mm-ho will
specify a particular cm - . In the case of a group of decision makers , there may he considerable
disagreement about the appropriate weight vector it’. This could be the situation if , f’or exa m-
ple , they represent different sectors of society and the decision problem encompasses different
criteria which are economic , environmental , and political in nature.

We may therefore distinguish two extreme situations that can appl~ to the state of
knowledge of the decision maker (s) with respect to mm-

(i) Nothing is known about us’ except that it lies in the set

cm’ € L’ “I ~~~ w = I . all cc > 0

(ii) It is known that mm’ =

We term case (i) multiple—attribute decision making wit h m mc m m t t c c r u i u , , , u  and case ( i i )  multiple-
attribute decision making with c ’cu mti f u /t ’te ,ntu irm uma rcuu mm , and respeciuvel y rele r to a muhti ple- .ui tr mh ute
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problem with no information or complete information. We w ish to consider the general case
hctwee t i these tw o e’mtrenics . and mme ter m it rnu lu ipt e-at tr ihute decision makut ig w i th  J’ i imt ia/

pit i i r~c tmi1 , ’ ii pt It mm ’ m h l include the t w o  c.i sy’s .mhos e ,iS specific exl re ntes

W e therefore vh et luic the set II as the set of sm-eig h t  ve c tors tha i the dec usmm m maker (s )
dcciii Is I h’e.tsihle . i.e.. may he an appropriate one in lig ht oh’ his su hiccu ise h’ectun gs b r  in ligh t
of their range of agreement i t ’ there arc several  v t y’c isi o n nt . t kc rs )  - In vase ( i )  ahos e. th ierefore.
we have

II mc ~ / - -
~ ~~~ mc = I .  all mc ‘s 0 II ,

w hi le in case ( i i )  we h.use
I) = l uc ’~~ .

liasing thus introduced the notion m it ’ multiple-attribute decision making mm ’ ith partial infor-
mation , we shall , in the next section. discuss t he constructmon anvi c haracte rmiatio ui of II After
that mm-c will introduce the Comparative hlvpcrvolunie Criterion I’or choosing an action mm-hen t h e
set II is not a unique point. The fol lowing sect ion details the Monte Carlo met h od that has
been des eloped to accur ate I~ approximate the numerical quantit ies used by the (‘oniparat ime
Ilypervohume Criterion. The final section sunimariies t h e  numerical method and presents an
il lustrative example that has been used to partially es a luate the ~uecu rac ~ and efficiency m mf the p
Monte (‘arl(u method and the computer program implementing i t .

We note here that a similar approach has been presented in (31 for the c.isc of iso infor-
mation and a minor extension of i t ,  The numerical approach of 131 is only efficient t ’or the e.usc
ot ’ no information . how e ver . aui d cannot he used in the general v’.ISC Of ’ imar uma l inl’ormalion. l’he
Monte Carlo technique presented herein is quite ditl’ercnt ,Iuid much tiiore efficient.

THE SET I F O F  F E A S I B I . E  WEIGHT VECTORS

We have seen abos’e that the set II of f easible mm-eig h t  vector s us U i i i  the case of no
information and the sing leton set I uc~~ in the case of complete information In the general case
we may suppose that U is def ined by equalit y .ind inequality constraints uuim olving the eons-
ponents ic - 1, , . , ,  cm - ,, of ic In the present situation , however. ms-c ms- ill confine ourselves to hnc ’,i’

constraints involving the mm - eights. These may arise se ry uiatura llv .u’s fo l lows

We va t s  translate the statement “attr ibute , is at least as unt portat i t as att r ihute c ,’ on the
part of the dec ision maker (s ) into the rna lhtcmati eal statement mc ~~ ii - -\ s  a direct e\ t cui% tm m n
of thi s that is compatible sm ith the h’oundations of ,udyhj uuvc ut i l i ty  ( 5 1 .  mm e let .1 ,und Is he subs ets
of \ (I . . c m l .mnkl translate ilte statement “the set oh’ at t r ibutes smit h induces iii .1, taken
together . Lire at least ,u.s iniport.int us the sd of ’ at tr ibutes s mith indices in Is “ unto the mLmihscns. ii—
tc ,u l statement

Ic ’ cm , -
v . A

With similar reasoning, constraints of the l’orni

~~~uc - ~~~/‘ ,

where 6, 5 a constant between iero and one. may be elicited Irons the feelings .mnd statem e nts
ii? the decision maker (s )  The import Lunt point is that the decision niakerb s) Lugr cc (sl t It Lit
mm-eight se ctors not s a t i s f ~ tug suchi co ns tr Lmu nts Lire not to he considered
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In general . t ltet i . we sh iahl assume that the p.:t h a l  information pv is ses ’ sev t h~ th ie decision
mLiker (s I concerning ii h as  been encoded in .u set vi) linear co nsu ra tul t s on mc , . , um~~. To these
we avid the norniali/ ung v’ouistrL iunt cc = I .  With out h iss of genc ralui~ sme can v’on me rt all thie

consul-au nts t o tn eq uat it ~ e i i t i s u r ,u i ts ts . hs enec we mar sm - rile 1$ as

(4 ) II’ = { w  € i ’  tue ~ 6, ic 
~‘ 0) .

wher e -I i s  the h~ cm matrix 01 constraint coefficients and 6 is the s by I rtg hut’hand side s ev’tor.
Th u s  I)  i s  a hounded po1~ hope in I- “ . Ii C U , .invl in the c ,use of no t n h ’ormation . Ii = Ii In
the case of complete inforniation U is .u sing le point,

n h :  CO MPARATIVE H~~P E R V O L U M E  (‘ RITERION

~ omm that we have constructed U , how shall w e  use it in aiding the decision maker (s) to
select .un itetion a to iniplenienu? Fvir cx cr~ mc - It mm’e c~in compute, for eLich 0 -1 . the uti l i ty
value vu l~j  ) = I cm , and hence find the action or action s smiths highest util ity Salue (‘or this par-
ticulLir cm - , Let us call such Ltfl action an optimal one xv iihi rest ed to mc Lit id denote by 4 ( c m - )  t h e
set of such optimal actions w i th  respect to cc - , Clearly , if t h ere us LOS action a such that
a t -h ( cc l for LIII cc It , t h en we eLm conf idently claim uhiat thus a us the one to ch oose. Gus’en
4 . 1’. and I , we can check , hut not necessarily eL isuly . for the ex ist e nce of such Li clearl y optimal
a (Li necessary and sufficient condition f’or a ~ ‘I ( c m ’ )  Ior all cc t (I is thLii a ~ 4 ( c c  ‘

~ for all
extreme points cc ’ of II ) , But it sm - il l be rare iusdeevl Ihi Lit suc h Li c leLtr ly OpiuuiiLi l action exis ts , so

we uiiust seLirch further for a basis for choosing Lt fl Liv’t ion.

If th iere us an action ~i such t h a t  a 1 ( mc - ) for “utuost ” cm ’ € t i (hut not all cm ’ t 14 ’( , th ien it
seems reasonably mm-ise to select this action ; ii is t h e  one most “likely ” to leLid to t h e  highest util-
i ty of any of the actions in ‘I, Here. “likely ” is tLtkeii smith respect to a uniform probability dis-
truhu lion of the mc - 

~ U Wh LIt sm -c Lure t iosm - suggesting. t h ere fo re . l’s to uiieasure for each ~i -I

the re l L i t ive frequency w i th  which  a € -I ( cm ’) . W e then suggest Li’s optiniLu l an .mct ion wi th  the
ILirgest such relatus e frequency. Stated anothicr xm a\ , xm e vte fi t i e an ophiniLtl action tO he one
which maximiz es the probability of Y ielding a utility s’a lue at leLisu .us high as that of LIII other
actions for a randomly selected mc It’ . For reasons which will shortly become Lippareiit . mm- c
call this cr ite riout the Compar auts c hlyperm-olunie Criterion (ChIC) . Besides i t s  in l u uu u m C app eLi l
.us illustrated above, its com pLitihil ity w- ith i BernoulliLin L lti I u tS  constructs tiLts been vlet iiOuistrL ited
in Ref Ill.

Let us now he more ex act  Lihou t the CIK’ , De fine, I’or i I cmi ,

( 5 )  II = (m m ’ UI I I  € -I i, - ) ) ,

ms- here , to repeat .
IhI - I ( m m ) { a  € -I I I cm ’ ~‘ I ,i,, A = I. . .. c c ) ,

rhius we hias-e the equi s- Lilent chia rL icte rt/.utto n

II ( mm: U I I  cc I , cc . A = I , , . .  ‘it I.
We then nieLisure the re lLitis e frequenc y w i th  mm -fitch a -1 ( c c  by

(8) r c/ m c i’ jut .

where the element mit integr at ion v /mt iii (8) depc uivhs on the v hunteu1su onLihi t~ of It smh ti cl i mm ill he
s tis cussevh below’ ) - I’hius . ‘ is a ratio of huypervolu mes , T h e  (‘ompa ratime t irperm ’ohunie (‘ri-
te n on then suggests the choice of an .u dl io ui ii such th Lit r “s r , , A 1 ‘ it .
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The computL i t ional di ffi culty h’aced by the ChIC is the computation of the ratios r 1 , , . , r ,, .
Although I’)- has ;:,~ explicit characterization as LI polytope anti the sLime us t rue of II by v i r t u rc
of (7) , it is very difficult to carry out the integrations required by (8),  We have developed a
Monte Carlo simulation method to accurately approximate the rat ios r i r ,,, needed h the
(‘t IC; this is detailed in the next section.

THE MONTE CARLO SIMULATION METHOD

In Ref. [31 is given a relat ively efficient Monte Carlo method for evaluating the hypervo-
lume rat ios in the case of multiple-attribute decision making with no information , in this case

= IF, so a random point us’ within W can be easil y generated by drawing mm uniform random
numbers and t hen normalizing them to suns to one. The quantities F us’ , i I in are com-
pu ed and compared , and a record is kept of the value or values of i that maxin s ize(s) F mm ’. If.
im s the count of the number of drawings for which action a yields the maximum value of F me
in .. total sample s ize of ,i~, then k / g  is the appropriate estimate of r .

This approach might be extended to the case of partial int ’ormat ion by discard ing the point
mm ’ drawn if mm ’ * W, but th is sampling will he highly inefficient if ti is small re lati s ’e to II’.
Moreover , it will not work Lit all if the dimension of IF (the nuniber of independent sectors
needed to span it) is less than mm — I (as will be the case it’ 13 is part ially defined by an equality
constra int other than ~~ cc , I I, p

in Ret ’. [21 we outl ined a general Monte Carlo approach (‘or computing statist ical measures
for a linear function defined over a polytope. That general approach will he adapted and
extended here in order to y ield an e fficient numerical procedure for approximating the hypervo-
lume ratios. The basic idea us to change coordinate systems , tak ing a vertex of II as the new
origin, The new- coordinate svsten s uses the ordinary Euchidean distLincc p Linvl a set of angular
coord inates, For a specifi c set oh’ angular coordinate values , the integration wi th respect to p
requ ired in the numerator and denominator of (8) may be carried out explicit ly , Integration
w ith respect to the angular coordinates cannot be explicit ly carried out , however , and is instead
replaced by a Monte Carlo drawing of the possible sets of angular coordinates. These
correspond to vectors randomly directed into 13’ from the vertex c hosen. As will he seen , the
method requ ires the vertex chosen to he a nondegenerate one. Now we present the nsclhod in
detail .

Let ~I be the dimension of 13’ (m/ ~ mt — i) Lind let y he Li nondegenerL ute ver tex  (in ex t r e n ie  4

point of IF. Thus . y is formed by the intersection oh’ exact l y  v/ l inearly independent hrperplanes
from the set of hyperplanes defining ti , We choose y as th ie origin in a spherical coord inate
syste m utilizing the Euclidian distance (‘ Lund d— I angles . We mm - ill use th to designate the Sector
of Lsngles. For an Lurhitra rv point us’ € 13 we have

p = liv - y II  ( m c  -

and t he information needed to compute the :uppropriate va lue of i/i I’or cc ( ;ussv itiii ng mc � y ) us
contained in t he unit vector ~ 

( ic — y )/ j  mc — , Thus the denominator i tt  (8 ) . call it
S( 13’) , f iL lY he expressed Li’s

SI I I ’ )  .1 f f ,~’
where .1 is Li constant and ./~ m I 

~ the Jacobian oh the coordin ate tr anshornt. ut uo ii  \n LIuSahvugous
expression , call d S ( I I ) , lt ui lds for the isumcrLitor (5f ( 8 1  s ic h h i i i  sme hiLis’ e

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ I
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(9 )  r , S ( I/ ) .S( I t )  ff j m ’t I / i , m lmi / 5,_f p u/~id ih .

We shall shortly show- that for any specific ~ mve cars explic it ly perform the indicated integration
wit h respect to p. We cLitinot per l ’or m the it i tegr ation with respect to h. however , and instead
w -t ll use Monte (‘Lir lmu St nuii ILII ion to generate rvmi idotii 5-Lilues Of ch

With ~ de fined .is .ihi’s e fo r aeu s mm It blake i~ = 0 h o n  mc = -y ) , we ma ms-r ite mc It as
cc y 

~u6 . T hen def ine ~ a’s the set c~ f all such unit vectors directed I’ron u y i f l t ( t  It , i C , ,

( 10) 16)6 = (mm ’ v )  . cm 
~~ ‘ c m € II ’ , cc ’ �

Thus for every ~ such thL i t  mu - — ( p. ~j~
) € It we can equivalentl y describe mm - a ’s y +- p6 since

there is a unique correspondence betw een d LIOd 8, Now- rewri te 5 (1/ ) as

.~ (II ) ff i~ (II ) 
~ ‘/ pm/th

where (I I ‘‘ c is the indicator function i t t ’ the set / / - ~~ism that both .S’ ( / I )  and .S’ ( It 1 Lure
expressed in iernts oh tnte grL ltio n ( is -cr Ii . we mm - ill cx pl iv’ i th v per form t h e  integrations wi th
respect to p

( isen an .irh uur ,iry 6 € .~~, denote by ~(6 ) t he largest value of p such that y + 1u6 € U~.
t hus . hm the c v m n m c x t l m  oh It , the limits of integration (in p in S I / I  ) and S ( I l ) are 0 and p(8) .
rcsp e c t i sc l m W c can f ind ( ( $ l  ‘is f’ollow ’s’ Lettung ,4~ he the / th row’ of the by ,m matrix .4
pa ru iahk defining It through ‘h um 6. ( m ( 8 )  us the smLillest distLu ncc to a plLine ‘I mc = 6 such
that I 6 Of cumurse 1 I y t ~c6 ) 6 cannot occur I’or positive p if ’ 4 - c S < 0, so we must
ex c lude this cas e e thus f ind

I I I (  ~,(6) m i i i  { ( h — ‘ ly ) ’ ( - f c S b l . I y ‘~ 6 , - 18 ~ () ( .

In the direction ~~. the indicator function ti (/1 ) is I f’or p in t he t i t ters -al 1/m (6 ) , Ii (8 ) 1
and I) for 

~‘ 
outside th us interm -a l , where /; (6 ) and /m ,(8 ) are the smallest and largest nonisegat is’e

ma tu cs m m l ~m . Imir p ~ 1 c ( c ~
( , resp ect ive l y , suc h that (y + pcS ) � I~~

(y + p8) . A = I , .. ., m cm , (If
no nonneg.it ise salue of p ‘ p(cS ) ex is ts  whic h satisfies thus inequality , we take
/m 15 (  — Ii ( 6)  0. ) Wc mm - ill see below that it i s a simple nsatter to determine LIII the intervals
l/ ~(6) , / ,16) 1

Pertornting the intcgrLttions w i th  respect to p in (9) i t ow - , we obtain

5 ~(h ( 8 ) )  - ( im ( 6 ) )~~m /m6
( 1 2 )  r - - - - - -- - - - - - - ,

S I”~I m/th

where the integrations wi t h respect to 6 must he pcrl’ornievt liver ,ill c!i such thLit t h e
corresponding 6 lies in ~~~. We cannot perl’ornl t hese ;n te g r .utu i ’ uis eLus i ly . so we shall instead
approximate ( 12 ) h~ rLlndonihv generating direction sectors 6 € .~~. lor eLich su ch 5 ’ s m i gem s -

crated we can easi l y  compute the quant i t ies ~i( cS ) , It ( cS ’  ) , Lifld It ( c S ) 
. c I . - mit W i th

sample of direction vectors 6 of size u~, we t hien approximate ( 12 )  by

j  (~m~~~~~~) 
-

=

( I  1) 
~~ 

(ptis ’~ 
I’’
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EquLitimun ( I 3) represents LI saniphing l’ormulation of ’ the h~’pervolunie ratio ‘ oh’ ( 8)  ; i t  i’m LI st.i-
t u’ s iuc . t l  app rmuxt nsat ion Oh I wi th  a sanipling error t hL t t is ‘ a f  unct ion of the sLlniple siz e u. i’hus ,
for g sufficiently large . all r ms’ill Lippr(uximatc their respective r , accuratel y enough to he used in
their place in connect ion with the (‘tIC.

: We hi.im e thus han h’a iled to tre at three important points : (1t ) determin at ion of the dinien-
sims m/ of 13, 1 h) explicit computation of the Im (6 ) and It ( c S )  , and (c ) gener ation of ’ random
direct ion vv’cto rs 8 e .~~. I’he lL st of these depends on the h’act that y is a nondegenerate
ex t reme poin t of I t ’ . Lit’i d the f irst is aided considerably by this fact , Being nondegenerate . y us
formed by t he inte rsectiot s of exactly u/ linearly independent hyperplanes from the set of hv! er-
planes def ining It’. As demonstrated elsewhere II, t he edges of 13’ at y. i.e . the inters ection
of t he u/ linearly independent hyperplanes taken ( m / - i )  at LI time , comprise a set of 1 linearly
independent vectors along wh ich lie the extreme points of 13 adja cent to y, Thus there are
exact l y  u/ adjacent extreme points , and s ince y is nondegencrate (in the linear programniing
sense also) , each of these a’!~ace nt Lxtre me points can he generated by part of one simplex
pivot 1)enote these Lidiutcent extreme points by y y ’ . Note that t he number of them
senses to def ine the dimension ii, thus taking care of poiti t (a) above,

Define the unit vectors m, mj ” by

( 14) q ’ = (y ’ y ) ’ l ly  - - y l ( ,  I I. .,.. u/ .

This set of ’ linearly independent direction ve v ’to rs spa ns ,~ and w ill he used to generate randont

vectors 6 € .~~. Let q he a convex combination of q ’ q ”, i.e.. q = 

~~ 
iq ’, w here L = I

and LIII t -  “> 0. Thus q ( ( ( q f f  is an element ol S. and in f~ict we have

( 15 )  5 = (q / )  I q ( )  (v j  = ~~ 
r q ’ , 

~~ 
= I.  all r � 0) .

Since q t , . .  q” are linearly independetit , each unique convex combination of theni generates LI
unique v ev ’tor q and hence a unique v cv ’t or 6 = qJ q J )  which is an element of 5. Thus , in
order to generate a random e lement of S we nii ght simply generate d unih’orm random
numbers , normal ize them to h’orm a random convex comb ination , and then use them in expres-
sion ( 1 5 ) to obtain a rLindom elentent 8 € 5. Unfortunately , t his stra ight l’orward Lipproachi leLui ls
to a biased c hoice of 6 € 5, It is not difficult to show’ , however , that if all pairs of ’ utiit sectors
( mj ’ . q 1 , / ~ A < I ~ d, t’orm acute ang les , t hen an unbiased choice results if we use

( itt ) 6 = ~ - m i / I l  ~~t q -” I I .

ms -here the i tire independent uniform random numbers on (0 . 1) and a sequence (t u t ,, ) is

discarded uf ( I  ~ i q I I  ‘ ‘ I .  If . however , sonic pairs of ’ unit vectors (q ’. mj 1 form obtuse
Ling les , then it us necessar y to f’urt her restrict the sequences (‘

~~
. . . ,  ,, , ) used to those (‘or w hich

II ~ t q ‘I ~ ii . where u — (I — cos 1/3) and 
~ 

us t he largest ingle between pair’s of unit vcc~
hors (q ’ - q ) - I’hiis takes care of point ( ml

Now we devi l with point (6) . Given t h e  nondegenerate extreme point y. ~I randomly gen-
erated (hirect ion vectm r 8 € 5, and ~m ( 6 ) , t here exists at least one o , such that I ~ 

‘
~~ I ~ h’or

mcm . Without loss of genera lity we mm- ill assume that a has thus property. i.e.. is
optimal for the we ight sector  y. Then “ t (6) — 0. Now suppose a 1 is t he unique optimal
action at y; i c . ,  t ’ u Y  > I ’~~ h’or V~ Then either (a ) t ’ u (y + pcS ) V~ I ( v  + p6) for c ‘

~~ I
and all p €1 0 ,  p(cS ) I, in whic h case /1 (8) — p(6 ) , or (6) thsere e x i s t s  a sm Lullest scLt hL It
: € ( 0 . p(8) I such that t i(y : 6)  t ( y  + :8) h’or sonic ~ I In case ( a )  mm -c lake

/,~ ( 6)  1) for A > I. In case 16) we clearly have /m (6 ) — :, mm-here : us e xplicit l y gum -cit
liv

_ _  - _ _
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( 17) : = ns in[(I’ i — I 1 ) y ” (  I 1 - - l u ) 6 l ( i ’
~ 

‘-  I 1 ) y ’ ( I ’~ I )6 “ 0) .

If ’ : from (I 7) exceeds ~ ( 8 ) . t hen case ( a)  Lipplies. Suppose case (6) LIpplies Lind , 2 Then
we have 

~ ~
(8) — : — /m 

~ 
(6) , and the ahom’e tiict hod for finding /t 

~ 
(8) can now he used to f iri~l

I, 1(8)  , In a straightforward and efl’ic ient way.  there fore . LIII the inters’als
/ m (6) 1. i I , , , , .  mim , may he determined.

We have thus far ignored the case in which ~ I us mm uci the unique optimLll L ic t i on Lit y. i .e . .

in whi ch I - 
u ‘ — I’ m y f ’or at least one i > I - To see whether mm-c want a or one of t h e  other

equa lly good actions at y we have merely to compare the values of I i (‘y + € 8 )  and
I’ (y + €6 ) for a sufficiently small positive € and use the action with highest such value. Note
that wh ile this form of tie among several actions may occur Lit y, it wi l l  not occur ~n practice Lit
t he point y + It t (6)  because 8 is chosen randoml y and hence the probability of such a tie us

effectively zero.

One more point deserves ment ion here. The Monte (‘~irlo niethiod requ ires th at y he a
nondegenerate extreme point of It’, We eLm clearly increase the likeli h ood of finding such a
nondegenerate extreme point to use by eliminating ohs- ioustv redundLint constrLunts from the
de finition of 13’ and keeping any equality constraints defining IF LiS equali t ies instead of two  ine-
qualities. [)espite these precautions , it is conceivable that It may not possess Liny nondegcn-
elate extrem e points , or that Li re asonable amount of searching does not identify one. In such Li P
case it is computat iona ll y reasonable to niodify a degenerate extreme point h niaking the basic
var iables which are zero slightly positive It

, 
will thus be modified and will have Lit least one

new extreme po int . a nondegener ate one , The Monte Carlo method cLmn t h e n  he used , Lind .

s ince this type of perturbation can he made Lmrhitrar ily st isall , the errors introduced h~ it cLiri ,ihso
be made arb itrarily small.

We have now treated all aspects of the Monte Carlo method developed to LlpproxiniLite the
hypervo lume ratios t t r , h~’ r 1 ~~~~ In the next section mm -c mm - ill give Li c(ti ictse step’hy-
step summary o f the method and then present an illustrative ex Lmtis ple w h o s e  ohm’ious solution
serves Li’s a check on the Monte Carlo method and the computer progrLins wri t ten to implen ieti t
it’

(‘OMPt ITATIONA I. SUMMARY AND AN EXAMP I.E

The computational met h od h’or computing r r ,, by ( 13) may he suntniLirized as f’oI-
lows:

( i) Select LI nondegenerate vertex of It , Lmnd label it y. This can he Liccomplished h~ gen-
erat ing an arhitrL iry linear objective functi on to he mLmximi zed over It  , Lmnd . utilizing the stun-
plex met hod . cont inuing to pivot until Li suitable m c r tcx  us obtained.

(i i) I)etern i ine the vert ices 
~ 

v adjacent to y LIi1~I th eti the (unit c c i t c r ’ s  q t 
- - 

-

Aga in using the simplex niethod . each y us obtai n ed by pis-oting itito the bLisis represented h~
an appropr iate nonhas ic variable , Slack variables must he considered too I’hte dimension of
It , mI, m ’ s determ ined by the number of ’ adjacent vertices.

lor A — ~~~~ i,, carry out s teps ( i i i )  through ( mi )  (in w h i c h  the dependence on A us

suppressed ).

( i i i )  Generate sets of u/ unif ’orm random nunihers (I . . . ! )  until .i set  us foutid such t h L i t

I q II ~ 1 or 1 q 1 1  ~ u (see discussion h’olltuw- ing ( I t t ) ) , w here q — ~~ I mj l’hte t i gciicr~ite the
direction vectm ur  6 — q - ‘ I I  q II

- - . . _..~~~~~~~~~~~~~~~~~~~~~ ‘ .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _
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( us ) I)eterniine the upper integration hiniiit p ( cS ) l’roni ( I I I,

lv) l)etermine the it i terS - Lils t /m (8) , 1, 16) 1. , — I ,  - - -  
- m mm,

( m u )  (‘onipute t he kth terms in the sunimLitions in thie numerator and denonhinLitor of ( 13 )
and add t henu to the prem’ious su htot Ltls,

(v i i)  Compute all via ( 13) .

Once thie r Lire LIvat lable L15 accurLite Lmpp roxintLmtio ns c ut ’ the , , the Comparatis-e Ilypervo-
l ume  (‘rit e rion ‘suggests t h e  choice of the action a mm ’ ith largest value of r -

.‘~~ computer code w as wr itt en in FORTRAN to implement the numerical met hod
des-eloped altos- c . and the fo llowing simple exL mm p le was used to get some ideLm of the code ’s
Lm ecurL icy Lind m i m ing tinie. l’he exLiniple had i = 3 and mu — 52. I (of ‘ s u e  ~2)  had a It) in
column , and a 0 in the other SI columns , i = I , 2, 3, Ii It w a s used Hi m’ irtuc of the
s y mmet r y  prese nt it is easi l y  scent th i L i t ‘ u = ‘ — r — 1 3

I’Lihle I show- s t hme numenicLi l m’ Lilues obtained l’or the , for the first ,e random m ector s ‘c m

— 100. 2(10, 400, 900, 2000, l’he results Lire quite accurL ite for the larger m alues mif ~ and are
reasonably - ‘ :curL mt e even f’or small values of ,c. The cp u time required for each sLmnt ptl’ m c I 100
direction veL to rs as erLiged about 1 25 secon ds on an IBM 37( 1/158 computer V

I’ A B L E  I . ( (mm?mptIu’d iIm ’p e ’rm ’o/uomc Rvutos
tu m r i/ t m ’ L’sa m m m~m/i ’

Saniple Size -
~ (‘oniputed RLIt ios

- - ~~~~
100 0.2 821 0 3883 

I 
0 ,32’)~

200 0.3244 0 3424 () 33 32
400 0.3362 0.3299 03340
900 0, 323() 0.3449 - 0 3 3 2 1

2000 (1.3343 0 33~ 2 [ 0 3305

I)ISCL SSION

I’hc (‘on lpvs rvm ti s -e I lvpers-ohunme (‘ritenion hiLls been presented .us a rLmttonalc Lmnd met htod fi~which a decision ma ker or group of decision makers can select one actim uit t ’rom .u f Inite set of
actions when th ie selection must account l’or multiple cr uie rt , i  or Lit tr ihute s It docs lim it require
thiat the dec ision ma ker( s ) specify exact values by which to weig h t the vLlrious Litin ihutes . .iut m l
thus could he .in Impo r tvi nt consideration in pr actical decision nhLiking sit uations , It ’ the coni-
p.irLit is e hvp ervo l u me rL mt io r for .i pL i rt icu lar act ion a us significant lv greater I hi.ini one- htL ilf . t hien
u he deci s um mn maker(s ) shiould he able to adopt i t  w i t  Ii confid ence. If . on the ot tier hand . there
is no Lict ion wit h a fairl y lLirgc rL m t lo . I hien more cLiution is cLilled for ,  Since ‘ is t hme proportion
of ms-cighi t sectors for which a hLis vi util ity vLilue at least Li’s high .i’s mi l l  othier .ic luonm s . it us possi-
ble that mmc c Liction will l iLis e a s er~ large rat io ‘this nmig ht mm - elI he the c.ise . for uu ist.I nc c . if
scm er,il difl’ereiit Lict io ii ’s have row- s I oh I mm - Im ic ht are h aur lv  sint tar It wo uld t bten he vi ppropri -
ate to use t he (‘I IC to make co mparisons Limong thie Lict i ons itt speci h ic subsets  oh - I For ex .m nu -

pIe , some tuducuou s p~uir ms ’ ise compLirisons might t enLible t tie de~’isioti imiLiker ( 5 )  to e hin m i i iL it e .1
number of act im ins l ’hme (‘I l(’ i-t i ighit t hieti point rather def ininis-c lv to otme of t lie remaining mi nes

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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‘rhus . even if it is not used as the sole basis for selecting .in ,ict ionm , use ol the (‘I l(’ can
greatly aid thme decision nmaker(s) in excludi n g sonic pmissu hle choice s or iii CS Li l uL i lmumg th ic eff ect
of various constra ints placed on the attr ibute weights . l’o aid decision make rs in tf mese ms.u~ s .

t he computer code could easily he operate(h iii Li lt u nt e r L l c t im m~ nmode.
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AN ALGORITHM FOR A CL ASS OF LOADING PROBLEMS
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R u n t , Oh mi c

A lI ST R A(’T

rhe I m c , u mtmm ig iirmchlefl i we consuder m s imu is s ig n a se t of m tms crc ie  ohiec is , eacti V

h ami ng .m w e ig hi . to .u s ei c i t h m m ’ s~~s , each ml which has .c capimcuiv limit , iii such a
sm_us t h a i em cr mctiit ’~’i I’. .ussugitcml tm m .u has .,tid tlw ni i rn hcr ml hoic s used is
nimn mn it ied

-S ~h a r ac te r i , .u t mc cm t  ml the .usstgnments is alTered and uscd tu m mt~ veIcip ,u set
ol rules tm i t  get iet. uuii ig tic unredunmtani assignments the rules .ure itico rporated

m im i .un inupiucit cn Un t e r atl c i n .ul g mc r i thm th e  algorithm is iesicd u g . umn st .u c r5
gm ucd heuristic (‘mcmp ui .uimonal em p e rcen ce s~tm csm s i t t _ u t  ihe .ulgct ruu hm is hugh i~
eflic teni . so is in g p rm mhlcm s mi t  up to 3h0() (I’ I ma rm m ch ic , ,  in ,c ( ‘ P(’ s e c m i ti m t

I. INTRODUCTION

One form of the loading prob lem [21 is to assign a set of mm: objects , eac h having a certain
weight mc . u = I, ‘ ‘ - rn , to a number of boxes , each o f which has a weight capacity limit
c , , / = 1. ‘ ‘ ‘  .mm , in such a way that ever y object is assigned to a box and the number of boxes
used is minimized ,

There are many applications of the loading problem. Eilon . et al. (31 considered the prob-
lem of determining the number of vehic les to carry ~u given consignment to a destination. It
can be used to cut rectangles from larger rectangular sheets 151 and to schedule jobs of given
duration on parallel machines [7I. Johnson [101 called it a “bin pack ing” problem for assigning
data files of given lengths to disc tracks.

Let

s - , I if object i is assigned box t’/. 0 otherwise .

m- . — I if box / ~S used , 0 otherwise .
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The loading problem can be writ ten as the 0-I linear program:

(p )  Minimize = r

subject to

( I )  
~~

.s- , = I = 1 , - - - mn ,

(2 )  m’s’ ‘s m i’ / = I - - ‘ ‘  - mm,

(3 ) v = 0 or I for all ,, /.

Other forms of the loading problem have been suggested by Eilon and Christofides 121.
One form is to maximize the total value of the objects that can be assigned to boxes. This has
been investigated by Ingargiola and Korsh (91. Another form is to minimize the unused space
in the boxes used. If all box sizes are equal , then this prob lenm is equivalent to our problem
(p )

A so lution to the loading problem (p) entails two interrelated decisions: which boxes to
use and how to assign the objects to the boxes. The second decision is n-tore difficult because
of the massive number of combinations that need to be investigated , This paper offers a char-
acter ization of such assignments. The characterization has been shown to be very effective in
reduc ing the effort of searching for an optimal solution to the loading problem,

W ith respect to other solution methods for the loading problem , Eilon and Christofides
121 proposed an implicit enumeration algorithm for problems in which the box capacities are all
equa l. They also proposed a heuristic which , accord ing to the computational experience con-
ducted for this research , is very good and e fficient. A more detailed discussion of the heuristic
is g iven in Section 4. Johnson 1101 developed four heuristic algorithms for the bin.packing
prob lem. The heuristics are similar in nature to that of Filon and Christofides~ there fore, their
quality should be comparable.

The algorithm presented in this paper is based upon the characterization of the assign-
ments , Computational experience in Section 4 shows that the algorithm , wh ich guarantees
opt imal solutions , is competitive with Eilon and Ch n istofides ’ heuristic in terms of solution
time.

2. CHARACTERIZING ASSIGNMENT MATRICES

Let .4 = [, c 1 be an m x n matrix of zeros and ones. The row’ s of ‘I correspond to objects
an d the columns correspond to boxes. s - = 1 means object i is assigned to box i, T her ef ore.
no row in .4 contains more than one I - .4 will be m~illed an assignment if every row of I has
exactly one I .  If some rows are zero rows (null rows ) , t hen 1 is called a partial assignn ment
( For clarity, object / ~5 denoted by a and box i us denoted by /‘ in this section. )

For a clearer understanding of the following developnsent , suppose five ohiects ,

~ u a ,. - - - , a~ are to be ass igned to four boxes , h i .  - - - . h ,~ Further suppose there Lire
two ass ignments as shown in Fig. I -

Suppose objects a , a~ , and a have the sante mm’eighm t . i C . .  mm ’ 1 ‘~ c c ,  ‘~ mm , Li i i(l boxes 
~and 6 4 have the same capacity, ‘ ,~ 

— m u .  Then -l and -I Lire ess ential hs thie sante ass ignments

-, ~~~~~~~~~~~~~~~~~~~~~~ 

- 

T11 __ _ _
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A 1 A 2Boxes Boxes

Objects 
b1 b2 b3 b4 Objects 

b 1 b2 b3 b4

a1 1 a1 1

a2 1 a2 1

a3 1 a3

a4 1 a4 1

a5 1 a5 1

t - ’ im , m ~~i I lim o . m s s l g m i m l i c i i i s

First boxes h 1 and i t ,  contvi in essentivully the same obiects in both -I~ atid .1 exc ept for the
indices of the objects , Second , obje cts a ,1 vuuid a~~Lur e undivudu v illy assigned to essentiall y the
same boxes because both boxes hLmve the san te cvm pLm ci t y ,  lle reaf ’ter vse shall refe r Ia two Lissugn-
ments that are essentiall y the sante as “ equivalent assi g nm eum ts .” and Lull equiva lenl assignments V
but one are “redundant, ” An assignment thLi i us not equivalent to an ot her assignnient sm- ill he
called “nonredundani, ” These dehinitiouts are tieeess,urv because in viii enuuitervitton scheme.
optima l i ty of a solution is guaranteed only after all nonnedundant soluuuous s ,ure couisudered .
explicitly or implicitl ’,

To identify the equivalent assignnt ents iii general , let us suppose there us viii equtm ’alc itce
relation “ p ’ (e .g  - ,  sante weights ) among the objects Lind an equivalence relation ‘ c r ” (e.g.. same
capacities ) among the boxes , If a a /0/ 4 .  then exchanging now’ s vund A mum the assignntenl matrix
y ields an equivalent assi g nnte ni~ so does exchanging columns , i and A ii it cr/ i s .  To aid our
identification , partition the assignnieni matrix by blocking together now ’s equt m u le m i t under p Lund
columns equivalent under mr . For example , the two matrices in Fig. 1 are blocked and ‘show-n
in Fig. 2

A 1 A 2

b1 b2 b3 b4 Li1 b~ b3

a1 1 a1 I —

a2 1 a2 1

a3 1 a3 1

a4 
— 

1 a4 1

a5 1 a5 1

l i t  c c 2 Block h m ’ r mi t  ml two  .m’ .s m gnn t cnim

~

- - ‘
- -  - - -

~~~

- ,  . -
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An assignnient matrix us then transh ’ornted ott o “normal h’onni” by the following ste ps:

(a) Permute the rows within each row.equivalent block so as to put them in inverse lemico’
graphic order~ e.g , (0 ,1,0.0) precedes (0,0,1.0) , which precedes (0 .0.0.1) .

(h) Permute the coluntns within each eo lunmu i-equiva leutt block so as to put thent in inverse
les ucographic order.

.‘\s for our two exa ntples , I~ is already un normal I’orm . whereas the normal forni .4 • is
shown in Fig. 3.

A 7

hi 1 ~‘2 hi 4 1)3

,u 1 1

~u3 1

d4 1

l i i i Ri  \ ‘ mm , c l  ‘ m i t t  mO .ms~mgnlflei1l i ,

It can be seen that 4 , has the sante nornmal form vms .4 u- Hence , a I’ornsLm l renmark:

REMARK. Two assignments are equivalent ii their vmss ignn men t niatruces have identical
normal forms ,

If two partial assig tm ntent nmat rices have the sa nte norntal form , then w e vul so assert that for
every contp letion of one assignment , there is an equivalent completion of the other. Thus , in
order to avoid generating redundant assingnments in un uuii p luc it enumeration scheme , one
should branch in such a wa y t hat every partial assignment is a lways in normal f ’or m.

The normal forms of two equivalent assignrne usis lure not necessl mril identical because the
columns in the sante equim-alence block may contain an unequal nunther of 1 ‘ s among the rows
of an equima lence block. For example . assunie that it 1 and it , in 4 Lund 4~ (Fig. 1) lire in the
sante colunmn block and object a m is assigned to it. in 4 .. All other Lmssuntptions about -I~ and
.4 • remain the sante vm s before. Then the nornmal h’ornm oh’ -I~ ,utsd -1 , will he different even
though the assignn ments are equivalent.

The following rules , which were developed Liv Brow - n III. ensure that pvm rtu a l .mss mgnment s
are in normal h’ornt and that the nornmal h’orm is unique, To ach ies c both purposes . .m concept
of re lat um-el v equivalent coluntns (boxes ) us needed.

DEFINITION: Boxes it vmnd it, (coluuimns / and A) ,irc rela t um el s equivalent ml and onls if
it and !‘~ are equivalent under it and, in e m er y co ntp lete lm assigned row (o L’i ic ct ) eq umm .uIenc ~
block , columns i and A ham’ c an equal number of l’s

_____ - . .- - ‘
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A row block us completeR assigned if emery  row has been given a I, Thus , at the begin.
ning. w hen no object h,is hecut assigned , all equivalent colunmns (boxes ) are also relati vely
equu m .ilent Ouice .u row’ block is conipletely assigned. sante equiva lent columns may become
re lat im e ls unequ im’ .ule itt and re n iv u it m so for all t’ollowtng partial ass ignnme nts.

RI: tSel ecu iuui of brautching object. ) Oh,iect a is to he considered for vussug nrnent only if

l. u I object a h~ s heeu’u ,issigned . or (h) us the smallest index of any object in its equivalence
block.

K I Selection (if hrv unc li in g b ox .)

I - (Th iec t / cvun he assigned to box it (i .e.. m caum he fixed to one) if either (a) a was
assigned to a ho’s w hose index is not greater thv uu i i, or ( L i )  is the snivillest index in its
equivalence row- block (This rule preser ses the lexicograp h ic ordering of row’s , )

2. Object a cviii he vussigned to box it if either (vi ) column i — I  of -1 us not em pty, or (b)
i t s  the sntvi llest index in I t s  relative column equivalence block, (Thus rule preserves time lexuco-
gr ,uphme ordering of em lumum s, )

R3 Object a cv iut he assigned to box it , oumlv if the sunt of time elenments of the row- block
of i in rel ,uuivcly equivalent column /— 1 is vil levist one greater than that in column . /- (Thus V
rule ensures the utmuquene ss of the norn mv m l fo nni and 5 to he used in conjunction with RI and
R 2 )

T h e  ahos-c ei mvura cteri iv ution of assignment nmatrice s vund ihe rules I’or avoiding redundant
ass ignn me umis cviii he used for v m s  probleni involving vil location of vu set of discrete et ml u l ues to
another sd (ienervult ied .ussi gu mme nt pr oblenu s  1111 void 0.1 ntultiple knapsack problems 191
belong to thus ealegory.

3. THE At ,(;ORITHM

TIte vi lgorith m presented here is basicall y an implicit enuitiervution method whose branch-
ing s tr ateg y i s  hvmsed on Rules RI -R 3 .  The hounding aspect of time vi lgo ruti mm is vidapted from vi
lower houimd suggested by Fulon vuuid Christohides 121 .

l’he lower hound on t h e  ohj ecl ive function vvi lue of the load ing probleni us the fewest pos-
sible uiunthcr of boxe s thv m t dun contviin all the ob iect s . Th erefore , it cviii he contput ed vms lot’
lows . mm h ere ihe h m m ’s~ s .ure tu idexed in descending order of i l t eur cv u pa c i l les

1 4 )  ~niuui (A 
- c m

the initial lower hound. prom Ides vu t e r mmr i ,u t i o n  rule t a r Ihe solutions , If viny solution
uses hoses ilien Ihe solution procedure us stopped. ‘I his hounLt is vms hound to he m er~
e tl’eeti vc in the eSle t is i  m e co ntpu tv uu~nnal ex perien ce d~scnihed in Sec tion 4 ,

Ik’t’c r e  th~ s i, crt m f th ie .ulgo rith iutt . tIme hox~ s crc indexed in descending order of limeir cv ipv m-
e t l ie s intl th me m i h Idd I s  .mrc t id e ‘sed in desc end uumg order of their sm - eight s Filon and (‘hrust ot ’tdes
121 u sed un visce uidi umg order for Ihe hoses hut our ex peri e nce show-ed t hat t it us often levuds to
in feruor sol ut tons , Oti the ordering of obj ec ts , Johnson 1101 ,mnd Golden Ifi l a lso show ed that .m
bin-packing heuristic whiich uses a descending ordering peri ’ornms helter that i other h euristics
which use diftv’reui i mt rdcnuiug s
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Gim’en the list of objects vmnd thc list ot hm m x e s , lime .migorithnt the tertimm ui cs tor  c,iclt t u nas-
signed object those boxes to which it can he .uss ug u cd 1mm de t e r u mm u ume uhc eati d id ,ule hoses h’or
object m, rules R I-R3 h’or vu m’o iding rcdundv utmt vussignnm eutu s are used. W e .ml sm m ti i ,mke sure 1 ) t , u I  the
unused capacit y of eac h box considered i s  vmrge eumo ug im for ohuect On~e lime e.undidaie lisi us
set up, objec u / m ’ s ti meum assigned to time lowest indexed ho’s mum time l isl I his .mss igti um mcum t ph.mse
cont inues until all objects vure vissigut ed void vu h’evusuh le solution us hound

During the course of v ussi gni umg obj ects to boxes , some hos es ul i .us hc ci m n m e “lull ‘ S box is

hull if its unused cv m pv mdhi ’m is too sumiv u ll 10 vicco ntodv ute viny nuore obj ec ts -S i’uil box and i t . s t on-

ten us can then be removed h’ronm utmeir resp ective lusts , m um d vi new- lowe r hound cviii he conmputed
vuccord ing to (4) . If . ab ler object m — I us vussigned to vu box , the ho’s hecoumm es full , then t u e  lower
bound us reconmputed vm nd denoted by - Of course , if lime box is not I till . t her m tor
u~~~ 2 , 

-

-Slier vi fev msib le solution us foumid . is t im the nunmher of used hoses denoled by time vulgo-
r ithni imnmedivute lv backtracks to the lowest indexed object m whos e :. and revuss igns tim e
object to vmnother cv m ndud aue bos .

To be specific. we f irst tie t ine u he no tv ih an used ti m u he vi Igori lint

= upper hound on the objective function vv ul ue~ it is initialized to ~
r — ci .v the unused cvupv uci tv of box /

U = Set of box induces to w’ hmuch obj ect m can he assigned. L is
determ ined by rules RI -R3 . t he coimdition thv ui for every i f ’ . mu ~ 1’
vmnd the cond ition that the vuddition of box I does not make tIme total nuummher oi’
used boxes exceed (: — I) ,

= lower bound vufter object i-I imvus heeum vussi gimed.

The vm lgorithnm has the h’o ll o mm inj ’ steps:

S TL’I’ I) (Prepviration) : Put lime hoses in descend it mg order of t he ur cv u pvuct u tes U ) . vund the
objects in descending order oh’ their mm - eights ( c m ’ ) . Block boxes and obj ect , respectivel y , ;meL ’ord-
ing to their capacities and weights. Fund Set ~“ viimd / = I -

Sfl’I’ / (Screening~: Deterr umine U - If  U = ~m , go to step 4.

.S’FEP 2 (Assignnment ) : Assign object m to Ihe first box in U - Remove this him ’s / froni
and adjust its 1’ , Compute the hound ,

~
. If ‘

~ :. go to step 4.

.“ I’F/ ’ 3 (Forward Brvm nehuuig ) Inerenmen i / by I If m Joe ’s imot exceed iii , go to step I
Otherwise , .u feasib le solu lioum is fo mund. Update ~. If  — , slop hecvm use time op ui nm v u l so lut iot
us found. Otherwise,  find lime sniv u l lest index / mm h ose =

‘
: or is imu c im mm as ,usstgne d to lime tim

ho’s Go to step 4. —

SiT!’ 4 (Backtrv mc king ) : t)ecreasc / by I - If ~ I. go to ste p 2. Otherwise , lime last  is
tIme optimal s vilue. If = ‘~~~. tI me prohlenm im is ito fevusuble soluiton

4. ( ‘OMP UTAT IO ~ AL E X P E R I E N ( ’ E

The algorithm w,us programnmed in FORTR -SN l\’ -G ,und run oum .i IBM 3’~O- 14’s Three
types of problems were randomly gener ,uiemt

L ~~~~~~~~~~~~~~~~~~~~~~ 
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w here it is vu constant between zero vmnd one. nmv iv he eliciied from the feelings vmnd s t .u te it t e nts
of the decision mvmker (s ) - Time inmport anu pmmi imi m ’ s thv m t lime decis imin ni cker )  ~l .ugreel s I that
sm eu g hm t sectors not sv iuis t~ ing sucim co nst rvm inls vure not 1mm he considered

_  ‘- -
~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Type-I problems have equal box capacities . which vure equal to the maximum object
weight plus tOO , and the object sm -eights are unifornm ly distributed between 20 vmnd t20 in niulti’
pIes of 10, Therefore , all columns in the assignment matrix are in one block and there nmay be
as many vms tO row blocks.

Tvp e-2 problems have equa l box capacities and the object is-eights are unifornmlv distri-
buted betwe en 20 and 120, Therefore , there is one column block and there may be as nmanv as
tOO row blocks.

Type-3 problems have box capacities uniformly distributed between tOO and 200 in multi.
pies of 10 and the object weights have the sante distribution as Type-I problems. Therefore
t here nmav be us many us 10 column blocks and 10 row blocks ,

A total of Ib~ random problems of various types and various sizes were generated (see
Table I) . Each problem was solved by both the algorithm and Eilon and Chrisiofides’ heuristic ,
Both solutions wer e put into subroutines and run back to hack. so as to minimize the discrepan-
dies that usualls exist tm conmputer clocking nmechanisnis.

T .-SBL F I — (. ‘m mmpier at mcm ,ual / . . s f m m ’ r /m ’ i t /  m ’

I it’uris I’i
l’~mmbk’ mi~— - -SI~t ,,m,illmi1 ‘s, oh

l’rm ,tmlen m ‘s - - c ‘s’ ‘‘I t’ mmii ’ m m n ,c,,m imi t s ’ i’,ntc.’ Ii,? ‘-t’~’m ’ mmsI ’ - I Sm/tmmm p lm n l, m l
ri 

~~ ~~~~~~~~ 
- . ‘ -

t i m  Stm .’mim. m m m hlmgl m I mmii Stc, hm, mn
I - / I 1 1 1

I i / c I/i I • II lii it ci ‘a 1) .i 1) 1/tm I/ ill,

I - il  411 S I 21 II ?‘ ~ ml am /1 4 m/ //’I Ii u /m i

I 4,1 . 4mm I ’ mm ‘m iu m ., / 1,0 25 Ii /4 014 2

I ‘ 0 ’  mmml l ’ s I i. ’ mm si ml ’ s! 2 4t’ m u ’ s  III 2

2 ,iI/ S I/I i ’ 4’?? 2mm c u l l  m l I c ’ s? II I!’ 0 3

2 4/I 4/ l’ s /11, 1 ml 4/ 1 1 41 I ml 1 I 32 4

2 SI) ,m/ l~ 4mm , /  It •i’ m l tmci 2 ‘ s I  /1 1mm I ‘

Iii il l I ’ il lS li la mc I’s m l miS Ii 1* 0111, ii

4 / i i? i~ m l ‘mm ml 4,t i a ?  ml II II ii i Ii I d m l

4/1 4/1 I ( i ?  ii im 1 1 .1 Ii I” I l l ” ti l t ’ Ii

/ ,i mmi i i’m1 . I / I Ill - I l / I  l ilt, I I~ Ill, ’ ‘ 11 24 ‘ ii /

Filon and (‘hrisuotIdes ’ heu iru ’ st t c 2 1 us yin m-p v uss vilgori lhm . ,-S f ier lime boxes and the
objects are numbered irm t he sv mnme orders as in our vml gorithnm , it sl ucc c s sis els vussugns a im obj ect to
t he lowest indexed box cvmpah le of v iccomodating it When vOl the oh iects vmre assigned , tine pass
is complete. Then an object , w hich can he v u rhulr.m ri lv chosen , is revussigned to vi bum’s to which it
w,us not prev iously .cssigncd ‘rite v mss ugnn me n u u mt the other ohjec is us t imen continued. Titus re~us-
signient mis he repeated up to r -I times , Iii the progrvm m, sm-hen t ime tirsi sol t utio n of the heuris-
i ic yields .m _- s. u luu e g rea le r t imen . ‘ is set to I: / 13J, mm h ere 1 1 t ictiotes t u e  Ivirgest iu mt egc r part



where the element of untegr Ilion m/ um ti m (8) depeumds on the d u immeums i o t m ul it s oh ’ It (wh m ici m mm - ill he
disc ussed be low ) . Fhius , r us .i ratio of hvperm-ol unmes , Tire (‘omiipar .miiv e Ilype rs  olunte Un-
te n on then suggests time c imoice of ut , u cui o t m a sucit t imat r > r , - A I . . . .  at,

- -
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The comput5miionai experience reported in Table I r e ve a l s

• The algorithm us mer y efficient , For the 165 test problems , only 3 required more than
I ~ s oh cpu tunic on the IBM 370/ 145 For problems wi th 60 objects and 60 boxes , the median
t itt ie i s i s  only a l i t t le t i mer I

• Eulon and Chrusiofides ’ heuristic is of high quality . The heuristic produced only 18
subopt im,uI solutions, For emery  case in which the heuristic produced a suboptimal soluuuon , the
assocuated value exceeded the op linmal by ouml v I.

• The lower bound computed by (4) ii generally effect ive. One measure of the tightness
of bounds is the ratio of the bound to the optimal value 141, For the 165 problems , the low est
ratio (~ ‘ :) is 81 5 and the average ratio is 98 5 ’ ,

• The performance of the algoruthm is not greatly affected by the bound, For example ,
in the t hree problents that took nmore than 1,7s for the algorithm , t he bounds were all one less
t han the respectiv e optimal values.

5. DISCLSSION

Further ex pe ruments wer e conducted to improve the efficiency of the algorithm.
Specifically, in light of the recent bounding techniques for integer programming [41, we wante d
to see if bounds better (higher) than those found by (4 ) could be obtained,

Following the Lagran gean relaxation approach suggested by Geoffri o n 14]. w’e constructed
vu Lagrangean dual formulat ion of (p) , The obtained Lagrangean dual problem us as follows:

(1) Max Mun ~~~u- ~~~ ~~
subject to

( 2 )  
~~~ms’ s ~~ m u ’

(3~ s = 0 or 1, m - = 0 or I for all m ,

G i men a mvil ue for each A , ( L )  decomposes nto a collection of 0.1 knapsack problems,
tine for eac h box ,i. Thvi t us , for each ./. mm -c soRe

(1) (1, ) , Max

subject to

( 5)  Z cm ’ s ~

m — O a r  1 for al l m , 
~

,

Lei s he the optimal solution vmnd y - = A s ‘ he the optimal value of ( / )  - Tbmen for each

i, the optimal decusu ons will he
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= I and - v - = v f’or / = I, - - F/i , if y I > ~~. and
(6) = 0 and .v ,~ = 0 for alt m , otherwise .

The explanation for (6) is that if y .  > 1, then by letting u’~ = I (use box I) and assigning
objects w hose .“ = 1, to box 1. we can reduce the object ive function value of ( L ) ,

To find the optimal A (that which maximizes (L)) , we use the subgrad ient ascent method
[81. At iteration t ? 0. def ine the subgradient vector (S .’) to be

S,m = Z•v — I.

v is the optima l solution of (L) based on ( A ’ ) .  Then the next A vector is , for eac h com-
ponent ,

(7) = x ’ + u.s”,

w here 0 is a step size determined in the same mancier described in 181. Once A ” ’ 1  is computed .
we go back to s dye knapsack prob lems ( L ) ,.

Five problems of 30 objects and 30 boxes were tested , For each of the five problems , the ~
‘

above procedure did not produce a bound better than that found by (4) after 300 iterations and
near ly 1 cpu minute. This experience suggests that for the test problems considered in this
paper , t he bound derived from (4) may be the best , in terms of quality and ease of computa-
t ion-
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A HEURISTIC NETWORK PROCEDURE FOR THE
ASSEMBLY LINE BALANCING PROBLEM

Peter A - Pinto
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ABST R A(’T

Proposed is .m Heuristic N~~i w m m r k  IlIN I Procedure t’or balancing ,msscrtl hlv
lines. The procedure uses simple heurIst ic rule ’s to generate ,m ne twork  w h ich  is
then trvuvers ed using a s hm iri~ si route ,mlgonithni to ohiamn a heuristic sohuti ti n
The advaniage s mt the tIN Prtiem? m,tucc ,tre at  it geriec -aIR s m ~ 1~(-, b~ 1ler suIuiion~thy in those obivum ned hs ,upphicauuon ml ’ the heur isu ics , and hI se ns l im ’. Is ,un .m ls s is
w t i h  d i f f e rent  m ahu e s of cyc l e l ime ms pmissihlc mm - mt h mmuu  h.m’ . ing to regener,uic uh~
ne iw itrk.  The rationale ‘or is C t l e c / / ’. m.’iics s ,und Is appl Icat i o n to prm mb lcm s with
parvu h iel ing ire presenied. (‘m i mpuuv iu mtm nvi l exper Ience is-itt i the pr tce durc on up
to ~I l  l.m ~k test pro hlenm s is prim’ . ideti

I .  INTRODUCTION

Assembly line production methods are extensi vely used in high-volume manufacturing,
Because of the typically high level of output in line production , even a smal l reduction in per-
unit cost results in substantial overall savings , Since Salveson [13] first formulated the problem
in 1956 , several  researchers [1 , 2 ,4 ,51 have suggested both exact and heuristic procedures to the
we ll-known single-model , assemb ly line balancing (SMALB) problem.

More recently, extens ions to the SMALB problem , suc h as mixed model lines [8 ,141. sto-
chastic balancing 1 7 1 .  and paralleling [2 ,3,1 1 ,121 of assembly lines , have been proposed, The
mixed assembly line has several variations of the same general product intermixed on one line,
Slochasticity allows for variability in the task times and considers the consequences of incom-
pletion of tasks at stations. The paralleling extenston , which us of special interest in this paper ,
al lows tasks to be performed at more than one station.

It is important to note that the solution procedures suggested for the aforementioned
extensions to the SMALB problem normally require repeated solution of many SMALB sub-
problems. Thus , t heir success relies heavily on being able to solve the basic SMALB problem
efficiently. This paper presents such yin efficient procedure.

- — -.,-- ~~~ , - — -
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The remainder (if t he paper us organized vms tc ,il l t iws  rhe c-’.aci solution procedure to t he
SMALB problem proposed by (iutjhar and Nemhauser 141 i~ rem iewed in t he next section. In
Sect ion 3 the h euristic Network (UN) Procedure , which we have dents-ed front the (iutphar and
Nenmhauser algonithnt . is descr ibed. The basis for the etl’ect iveness oh ’ the tIN Procedure us ym lso
examined. The procedure is then applied to an exant ple probleni . Section 4 presents computa-
tional exper ience with the FIN Procedure and suggests directions for further study ,

2. M A T H E M A T I C A L  FORMULATION OF THE S M A L B  PROBLEM

Let er = i/,, be the production constrained cycle tinte where n is the number of ’ units
des ired to assemble in tinte 1~

K = set of tasks t(i he performed on any one unit of ’ tI m e product

= ( 1 , 2.  ,.,i~)

t ( , )  = the tinme required t t i perf ’ornm task / ~ K

() = set of stations in the assentb lv line

= ~l, 2. ... q }

-I ( .1)  = set of tasks contained in the / t h  station.

II’ (
~ ) = total work content in the ,th Sty it iO f l~ namely . sunm oh the task time s of

al l tasks contained in the ,th station.

T hen , the objective of the SMALB problem is to

( 2 1 )  Minimize Idle Time = t=q i r - 
~~~~

‘ ‘
4,

subject to:

(a ) U -1 ( i )  A’

(Al l tasks have to be performed. )

(b), ’l (j) fl ,’l(u ) = ~4 (the empty set )

( No task can be assi gned more than once. )

(c i  U’ ( )  = ~~ t ( k ) ~~ t ’ r~ i~ Q
A .  -ii /

( The work content in any station cannot i,’~ &’e~&h the
cyc le time,)

(d) If v < v and 1 ( / ) , u- - 1 ( i )  then u ~ /

(If ’ task s precedes task u’ . theu i u- cannot he
a llocated to vi station that precedes the one to mm Imuc h

m us ass igned. )

It is well know n thi~it t he obj ect u se of t he S ~St ‘5 1 H prohlettt gu s’cu t vihom e is o i l  t eu l  reduced t im

on e of ’ two  alternate h’orti is:

______- - ~~~~~~~~~~~~~~ ‘- ‘—
~~
‘ 
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( 2 2 )  Minimize Z q. given er, or

(2 .3 )  Minimi ze / = t ’ - , gm m en q

‘rh is is because ~~ 1( i)  (the total work content ) is a given constant in expression ( 2 . 1 ) .
‘ A

leaving q or cr as the only variables to be minimized , It the production constrained cycle time ,
c r , is known , we can attempt to minimize q as in expression (2 ,2 ) .  Similarly, given q, we have
er to be minimized as in expression (2.3 ) .  hlencef ’orth , w hen we refe r to the SMALB problem
we w ill be referring to minimizing expression ( 2 , 2 ) .

The Gutjhar and Nemhausen algorithm 141 begins by generatitig a directed network based
on the precedence diagram f’or the SMALB problem. The network is constructed with nodes
represent ing a collection or subset of ’ tasks that can he performe d in some order without prior
comp letion of any task not in the subset Let ( ( i )  and t 1( ’ U) I represent the tasks at node
and t he sum of their times , respect ively, Clearly , the source and sink nodes are given by
(‘(0) = & t ( ( ’ (O) I  = 0, ( ‘ (, ) = A’ (the complete set  of t a sks ) , and t [ ( ’ ( r ) l  = 

~~
t -

In the network a directed arc ( o j )  is defined if and only if ( ‘ ( i )
~ 

( ‘ ( / )  and
— t [ ( ’ ( i )l  ~ cr , Clearly, t he ar c ’ ci c r res pords to a stat ion assig nntent of all tasks con-

ta ined in ( ‘ ( j )  but not in ( ‘ I i ) .

As a result of this def inition of the network , there us a (inc-to-one correspondence
between pat hs from the source node (node 0) to the sink node (node r) and feasible assign-
ments of tasks to stations, Thus . ,m path conta ining q arcs required to traverse the network from
node 0 to node r is equi m-a lent to q work stations each wi th  a cycle time of cr , Consequently.
idle time equals

q r  - — 
~~~~ 

1 ( m ) ,

Thus , finding a solution to the SMALB probleni is equivalent to finding the shortest path of
t his network.

The major difficulty experienced w i th  this algorithm is that the number of nodes gen-
erated increases exponent ially with problem size 141. wh ich leads to heavy contputationa l
requirements of both time and storage.

3. THE H E U R I S T I C  N E T W O R K

3.1 Procedure

Wh ile generating all possible nodes guarantees an optimal solution , a heuristic solution
can he obtained by generating vi limited number of nodes, The quality (it the solution can he
en hanced by using heuristic rules to generate relevant and promising nodes , In this res ev m rch
we use the f’o ll owing four popular heuristics (1 .6.9,15 1 : ( I )  Ranked Positional Weight . ( 2 )
Largest Task Time . ( 3) Smallest Task Time , and (4 ) Random .-\ssignment. Unlike the first
three rules , the Random Assignment rule can he applied a number of times to generate vmddm-
t ional nodes,

Each heuristic can he used to generate a solution which us equivalent to v u ~et of ’ nodes in
t he directed network , A l ter  evmch heuristic us vmpp l ie d inde pen dent ls , t he se t s oh’ nodes can he 

—*- --— —---- -- . -
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c’out m hmne d to t ’orm a coumipos ite network I’ lmi x a llows cons ideration of additional arcs vmnd ,us a
result the pooss i hi ii i s of ,m shorter path vo id . hmeuice . .m bet ter  so lutmo u m

W heut t tie tirsi heuristic rule is applied , a t(ita l A + I utodes vine obtained l’or .u I’. task prob—
1cm i t t  the contposule netw ork , Next , by applying the secon d heuristic rule we obtain an viddi-
Imo nal A - I nodes , ,mx the si uuk aumd source nodes are clearly common t’or al l heuristic ’ rules .
(‘ o nt m nu u ng this process , if t u h meurmstm c rules are applied we develop a total of
U,, — 1) (A — 1) ~ (A 1’ II = n ( A  — I) 2 utodes in t h e  contposite “o twork . Of course, the
n u m ber of ’ n odes in the coniposite network cviii he further reduced , by eliminating duplicate
nodes during thtc genenv itiout pr cocc ’’ss

Add itional arcs are then added between aut~- tw o utodes i and / f ’uir which ( ‘ ( i ) 
~ 

( ‘( ,, I and
([( ‘ (il l — t t ( ’ ( i ) l ~ c r ,

1-or example . in Fig. I t m-s- c o  heuristically generated networks arc s imow ’n. The shortest path
( equivauent to stat ions of length less t hvm n or equvml to t h e  required cycle tunic of 50) consists of
4 arcs — 0, I , 2 , 4 , 5 or 0. I - 2 , 3 , 5 and 0, 6 , 7 , 8 . 9, nespectuv e is (‘onsuder vi coniposite ti Ct-
work oht ,mt rmcd ht nierguutg t h e  Iwo umetw - or ks , As shown mu m l u g  2 . t he viu gut ment ed umetw o rk con-
i. umn ’ s  2 additionvil ,iFcs between nodes I and 8 autd tiodes 8 and 4 , Note that the shortest Iat t is
iii the c on t tpoxu t e  network consist of only 3 .urcs (s tymtu o ns )  : t) , 1 , 8, 5 (and 0, 1 , 8 , ‘) )  T hus
den monst rvuit ’s tha t t he composite netw ork may in fact v ueld ,m better solution tha um when t h e
heuristics vine used sepv o nvtt e ly,
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3.2 Au I l l usfr a t ive  Example

Consider the I l - task SMALB problem shown in Fig 3. Let the cycle time . c r , he 50. For
purposes of illustration , only three heuristic rules have heeti used to obtain the composite net-
work , Spec ifically , the Randont Ass ignntent rule was app lied twice , and t he Largest Task Tunic
rule employed once. Table I shows the t h ree solutions generated by the application of the
t hree heuristic rules, Time work content tunics for the stations vine also indicated. Table 2
details how’ the nodes were genienvited for one of the h euristics.

~~~~~~~ Duc fOR ~ON ST R E D  
10 33

CYCLE T lM E , CR~~50

t u t u Ri Il lust r , u i m s c Imrm,hl etlu

‘fvt hle I - — (im ’,uu ’r alm m oi mit IIt ’U r mstmc ’ , Si i lu it iui p i . c

Solution No 
Ikunustt ~ Task Axsig nm~ntsRule Used 

- - . -

Rvmndoni ‘( i) 1 , 2 , 6 , 8 4 ,5 3 ,’ 9.11) II
t k ’ u ) l  — — — - ~49~ 46 4 5 41 II

2 l arges t ( (i) I. 3 4 , 5\ 2 , 6 , “ . 9 10 , 8 Il
L 

- F.usk rime t I( ’( i)l 43 4(1 \ 49 43 II
3 Random ~ (i) 1 . 3 ~ , 2 , 6 ‘8’

~ 4~~~ 7 . 9”
~~~ 0. I I

L t 1 ’ i I  43 46 4 1 18 44

I c pic ’ i t o h

~ su cti o n _ us sigoi n1t ’o1i ~ m m m m l  ~‘ s l m m ii ml/II ~ 1 m m ih io ’ slIm ’ I I,_’s/ o ct 11

t t i i i’ uight ih t ~’ m m I m t ; 0 0 0 s m t c  n~~is4 , k

Note that each heuristic wil l yield two common nodes- the source vinci the sutik nodes,
1”or the t hree heuristic solutions we have 32 nodes labelled from 0 to 31 , nodes 0 auid II being
the common source and sink nodes . ne s pec t i m- el y rIte coniposite network u’ . i l lustrated in h u g
4-

Each of the three heuristic s considered separatel y y ields .m him e- x t , mt t o n solutio nt IIow’ t.m - er .
the composite network s hows that a hour-station solution us possible . ,ms s how- n in Table I auid
Fig , 4

When t he composite network us traversed wi t h  arc length equal to the desired cycle tunic
of SO . vi minimum of four arcs are required . ,\s shown in Fig. 4 , the first s t a tmo um us equivalent
to vine (0 ,4) , the second to arc (4 .27 ) , I he third to arc (2~ ,29) , and t he fourth to . m e  (29 ,1 1)
The assignment of ’ t usks to Stat io f l s  mx then obtained by “bac ktracking. ” i e . ty usk s are .mss t g tm ed to
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Table 2, — Tasks ipi ,\‘ouli ’.s / ucr Sequenc e SI c  I ,
t- ,m-mn,u~ Ra,udon, .4s,sigume,zt Heuri s t ic ’

Work content tV ’ ( i )j
Node No. ( i ) Tasks
____________ _______________ 

for Node
O 0 0

I 8

2 1,2 21

3 1 ,2 ,6 39

4 1 ,2 ,6.8 49

5 1 ,2,6 ,8 ,4 80

o 1 ,2 .6,8.4.5 I 95

7 1 ,2 .6,8 ,4 .5 .3 130

8 1 ,2 ,6,8,4,5,3 ,7 1 40

9 1 ,2 .6,8 .4 ,5 3 ,7 .9 148

It) 1 .2 .6 .8.4 .5. 3 ,~ ,9.1O 181

II I ,2 ,6,8.4 ,5 .3 ,7 ,9 .I0 ,l I 192

\ts\m
~i~~ 

,~~~~~~~~~~~~~~~~~ ,
-‘ IT

13 

— 21 — - 

t m c , i  Rd 4 ( c i rnp ccs i de nei~ ,c r(

ig

148
I ~~ 29 /

26 
:: ~~~-

‘

TASK S IN STATION 4 ’  C t i l l  - C 129 1 ‘ ‘(ho, ii}
TASKS IN STATION 3 ’  C(29) - C (27 1 { 4 7, 9}

TA SKS IN STATION 2 • C(27) - C t 4 l  . {3 5}

TASKS IN STAT iON I ‘ C ( 4 )  - C( O 1 mm { I, 2 .68 }

L~~~~ . - ~
::--~—.-- 

~~~~~~~~~~
- - -  —:~~~ ~~~~~

-
~~~~~

- . -
‘

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- __ _ __ _ _  _ _ 1
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t he last station first. ro i l lustrat e , consid er the assignment of tasks to station 2. A s shown in
Table I , node 27 corresponds to the set of t vmsk s ( ‘( 27 )  — ( 1 , 3 , 5 , 2 , 6 , 8) with w ork content oh ’
99 , w hile node 4 corresponds to ( ‘(4) — ( 1 . 2 ,6,8 I w i th  work content of 49 . The sd o i l  t , im - ks
assigned to station 2 are those that appear in set ( ‘( 2 ~~

) but not in ( ‘(4 ) . rhis yie hds task s  3 and
5 with a station work content o h SO The assignment of tv m s k x to stations which ach uem ex the
four-station balance is shown in l u g  4.

4. COMPL ’r A ’ r IoNAI .  I ’XPER I E M ’E WITH T H E H N P R O ( ’Efl t ’R F

The UN Procedure wa s programmed in Fo rtr an IV and w a x tested (in problems ch m .m rs in g
difficulty that have appeared in the literature . the program and hull details of the probleni se ts
can he h’ound in Pinto ( 1 2 1  rhe i . mn ge s i pruuhlenm su c lm ed w as .i S o .  i.isk problent due t ot \I,m nsoo n
( lot

I able 3 prom ides the eo im m pu la t io n .m l re s ult s Balanc e el1i~ l d t t c  cs were  .thoc me ~~ l i d ,iil
problems hut one (‘omput~IIio n tunics , cii course . s armed w i t h  the paramete rs c~l the l iroN em at
hand rhe eomputation .ml e fficienc’s us impros ccl when the II \ Procedure dx .mp p hicd 1 c m  mu l t ip le
iteration problems , .is described in the u t d x t  sCt I i c o t t

I ,mh he :; — m O t I [ ’ l I , o J ,  O~ ,j ,  R~”.u/im - t o m  ‘s, ’l mm

S t i l l  H l ’ro t ilm ’, nm - ( ~~‘iu .’ (I1~ ~‘! % !‘Ii io mm ,iU’ i

No , ccl  \ c i  oh S l I i i l l t i / j i i l  ( s Ue  ( m-~ k’ I ini~,’ It , ,mn~~’ Pt 1 ifl it’ cn “o m ’~~o o ut, l ’.
I j s k ’mm S ij i  b uns tu n i c ’ l’u ,xx m hl~ S~ Iooc med I flm~ oo~it ~ It  H~I ‘ m m  / - I

$ I I
II • 4 ~t) ‘II mit, .. 

~
) 2

0411 -

I ’  I I i iui n loc l’ mmm lmiuxl  1 I ‘ u’ ‘t, m d d d  ,

4 5  I~~ c l f’mri ~j gt ’ u I I s - i  15-i  1 1 1 4 )  2

29 I B u m - c’s l 3 5 ‘ d l  m~~’ I

‘II I %la nxouur I S — 4 ‘ ‘ ‘ix 1 1

“II I \ t , uu t ’ , o m o m t  / Ill — - 244 5 ‘1 4

‘Sm I 0~ -

I i*c , ’bl ,-fli

4 .1 Computat Ional I~~per iencc W i th H~ Procedure for
Multiple Inten tion Problems

Multiple iteration line balancing problems , such is para lleling problems 12 . 1 1  . 1 2 1 .  . m e
t hose in which several SMA ( .B subpr o blems are required to he s ui lmed Since the nuni her o il
t hese s ubp rob lems often incr eases exponentiall y , computational eff ort in ~o t lm iumg undu mu dua l suh•
proble ms becomes very important

It is convenient to consider the UN Procedure vms consisting of t wo stages In St .mge I the
no des cml ’ t he network are generated , w hile in Stage 2 the vines are added and the network
travers ed to obtain task to station assignments , When applied km multip le iter atuon problems .



—-

306 1’ -S PIN I I I . I) U l i - \ ’s ’ s t NHR I N( ,  & 13 51 K It ( 1 5 1  ‘sW ‘c,I .5

significant computational savings are achieved because Stage I is required to be performed only
once.

To il lustrate , consider the branch and bound method of’ so lving the paralleling of stations
problem ( 12 )  Each succ ess ive iteration of the branch and bound technique requires the solu-
tio n of an SM.-~l B problem. The difference between two consecutive subproblems is that each
succ es s / cr  suhprohlem will have one additional station paralleled.

l’hix i s  conveniently handled by the UN Procedure, s ince the paralleling of a station only
a ffects Stage 2 coniputat Ions Table 4 s bmow x the application of the UN procedure to the paral-
leling o c t  station s problem , demonstrating that signi ficant computational savings are possible.

l’vihle 4 — C i.iPflPUIUIIOPI I/P7lm ’ ~c d r  P ar allt ’lI n( ’
0/ .St al im c, i  I’rumhlt ’ppi,s

N,  \ o o  ( l’ime icc (‘PU Tunic n Seconds
Uc,’n erj t e 11KM 3(01/ -‘ ~I (‘ umu l at i m C

o h I ri t e
lt c ’r.iu oc n 

S i . i t ’ . Ac ’ h iCS ed \ et~ link I mc to find Shor te st  Rtiiulc Time
ISt.igc l b  I’sI ,mge II

I I i i~~~~ i
I I  I~~ ~) I 4 ‘ 2 0 1 ”  11 11$ I l 2 .~

2 1 SI) 01104 1132

‘cu d  _. ( I I I )  (1 42

2~ hOm ~~~- i I  I ‘II 1 ~ I I  2 4

I “ -iS — 1 2

4 5 - — 14  ‘ I I

1 1 mm I

RI:FFRI~~
( ’I’ s

III S reus , S I , & 0 )%t ”s( 3 -\ I S ( ‘onipuier ~Icthm o d (i t Seq uenc ’uu tg ) pc r , I u co c r m s  t o o t  - \ss ~~t i ihI~
I. mne s ,” l’ar n’. I .inoJ Il , in R,oi,/. nm.’c ‘ d l  / ‘, o c ,/U, ! , io ~/ , l ’ ?mm /  ( )j ’c P 1 / 0m b t / , / m I 1 o / o m d c  3 . ’ . 1
Butt.i , ~ol John Wile s ,ittcl ‘s o i t s  - Ness ‘I ork 119(1(11

III B uses - 0_ i  \t . “ \ssci i ih lm Lint’ h3,mI.mneing w i t  ii \1 ci Iu;ple ‘s i . i t  m on is , ” Slaimagenient S e i c ’ nL o.’ -

l t , I ( h- ’ehruars . I9 ’4 1
( 3 ) 1 rc c uri.ut i  - J R - and J S J iucke r . “ The L ine H,ilanemttg Problem .“ Jounui.ml c ci  Industrial

I’ ngium eermn g, / .~ I (U ( June. I 90i~ I

141 (;~ I,h~r . -‘ I - and 0_ i I Nemhi ,iuser , “Ant Algorithm ton the L ine h3ah~mneing Pr oblem ,”

~1.m utagen ment Sc i c tm cc / I. 0 2 1 (N ot m etmi her . I 9(14)
I Ife ld , M , R SI, Karp, and R Sh,m resm.mn , “ ‘Ssxcni hk Linie )3alancung- I)ynaniuc’ Programming

with Precedence Constraints .” Opervmi uons Research . 1/ . (3 )  (May-June. 19(131
It’ d Ignall . 1- . . J.. “A Re ’. mew oh’ ,- \sxe nt hlv Line Balancing. ” Journal of lndust rm .ml Enguncerung .

Itt , (4 )  ( July-August . I%5)
17 1  Kottas . J. h’ , and II, S Lau. “ -S (‘ost-Onuente d Approach to Sh o oc has t i c  I ne Balancing. ”

A IJE Transactions 9. ( 2 )  ( March-April . 1974)
(8) Mvicaskill . J, L. C’., “Production-Line Balances ton Mixed-Model I limes .” S la um age nm e um t Sc’u-

ence . /9 . (4 ) ( December . 1972) ,

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~ —,--- - ----



- \SSE MBL V LINE BALANCING 307

191 Mansoor , F. M.. “Assembly Line Balancing — An Improvement on the Ranked Positional
We ight Technique ,” Journal of Industrial Engineering, /5. (2 ) (March-April . 1964) ,

( 101 Mansoor , E. M., “Solving Large Single-Model Assembly Lines ,” A IIE Transactions 9, (2)
(March-April , 1974).

[ill Pinto . P. A., D. G. Dannenbring, and B. M. Khumawala , “A Branch and Bound Algorithm
l’or Assembly Line Balancing with Paralleling,” International Journal of Production
Research 13, (2) (1975) .

( 121 Pinto , P , A., “Assemb ly Line Balancing W ith Paralleling, ” Unpublished Ph,D, thesis ,
University of North Carolina . Chapel Hi ll , (197 5) .

( 131 Salveson . M. E.. “The Assembly Line Problem.” Journal of Industrial Engineering 6. ( 3)
(May-June , 1955) .

1 141 Thomopoulos . N. T., “Mixed-Model Line Balancing with Smoothed Station Assignments ,”
Management Science 16. (9) (May, 1970),

( IS )  Tonge . F. M.. “Summary of a Heuristic Line Balancing Procedure ,” Management Science ‘.

( I) (October . 1960) .

_ _  - 

~~~~~—~~~~~~~~~~ . ‘ -  .~~~~~~~~~~



PSEUDO -MONOTONIC INTERVAL PROGRAMMING

C . R. Bector and S. K. Bhant

I a / u / l u  0 0 /  -1 o/mm ,t mStrafo is ’ Stuo/ mt ’.s
I I l l  u / r i  II cut ,tfa,u mtoba . ( anao la

ASST~ 1

S ‘~e~u m ’ flt o m f l u c l o ’ t l i m,’ m ni t ’ rs ,u I pnogranm m , - l problem m m ?  m.Imin i I/ong P h I

• 0 c / ~ li ~ h, ~ /m R”~ ~ here I is -o pseudom-
m , ,nc i tc inc m t UflCico ) f l  to n 1, the se t delined ho th e hont’,r fl iers ,mI Co i f l ,b f .u i f l bs  In

t i m s  p,c pe r un , u I~ic i rm t b i n t  t o m  soRe the .mhuos e pnoognv unl Is pt i ip o ms d d I’he ,cI ~ m m

b m ih i m  Is h,use d ‘ml , m m l S  mi l~ .u t i f i m l e  number m t  l on e.mr un le r ” j l  programs a

~. . IU I I, I i i0 icohifliq u L’s ire am -Il L nm m a n l’ ht ’se o ip t i ni,iI s u c l u t o c o n s  lien sie lo i  ,c r)
t mmj l  so m l u t m m ’ m t  m l  uhe mr mm I lu c so ,’d pse ud ld - f l l ud f l o o tuo n om’ iulue rs ,u ? r i m ’ t ~~. omtl

I NTRODL ’C T I O N

Since the publication t o t  the h irst paper on the method of ~~c l’ .  it mg a linear interval program
141, t here ham’e been seme n~m I at tempts to loo k into possible general iiations , A  linear fractional
m nter m- a l program us an obvious generalization , as it Is rooted in Channes and Cooper ’s observa-
tion that a linear h’ract ional program is equivalent to ~u linear program (71 . Subsequently ,
Charnes and Cooper 181, Buhlen (61. and Hector and Bhatt ( I )  game different methods for linear
h’ractiona l unter m- a l prograntming, the last two mainly reducing the linear fractional interval pro-
gram to an equivalent linear unter m-al program,

Further generalization of the problem of max imu/Ing the nonlinear interval programs does
not seem obvtous due to di ffic ult~ in workung out suitab le sufficient opt imahiI~ criteria. This
paper is but a step in this direction

DEFINITIONS (91. Let i i)  R be vu differentiable function on 1), an open subset of
R°°. Let S C I) and m °° , ‘

~~ S Then on ,S~ u s  saud to be

( m l  pseudo-con m-e’c if
V / I s ’ H s  - 

~
, )  ~~ / ( ~~~im )  > 1 ( v )

( ii) quasi-convex if
/ ( s ” ) K 1 ( m ) — V t ( m ’ ) ( m °° — m ’ )

( iii) pseudo-concave if — ,  is pseudo-convex on .~~

( iv ) pseudo-monotonuc ii / is both pseudo-convex and pseudo-concave on - m~

‘On le .mse inuim Indian S t , o i m s t o m ’ ,c I I n ’ o t m t u t e ,  ( ‘ ,u l c u i t , m . Inc tivu

309 
- -

PI~~C~~ 1NG PM~~ bL.A~uac
0 $ .  

~~~, — , . , ,
,, ,~~~~, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , , ~~~~~~~~~ — -  .4



___ - -—---— 

310 C K H t ’ L I U K & S  K 1 3 1 1 5 1 1

The pseudo-monotonic interval program under consideration is

( P) maximize 1(x)
subject to x~~.V ( x E R m i I u < 4,’. < b~ a, h~ R ”)

w here .4 is an ipu x ,r matrix and / is pseudo-monotonic on .~~
‘
. Also it us assumed that

A l. .V is bounded.
A2. .4 is of full row rank.

THE ALGORITHM (LINEARIZATION TE CHNIQUE )

The proposed algorithm to solve the pseudo-monotonic interval program (P) us based on
the following theorem.

THEOREM I (Kortanek and Evans 19]): Let [be a pseudo-concave function on a closed .
convex set C and .v * EC. Consider the two programs:

1: maximize 1(x ) .  subject to .‘.‘ € C.
II: maximize V. t ’( x i ’x. subject to , v€C

Then x is an optimal solution of program I if and only if .V~ is an opt imal solution of program
11.

As the objective function of the program (P) is pseudo-monotonic and hence pseudo-
concave, the algorithm aims at finding an .v ’~ X. the feasible set of (P) . which satisfies Theorem
1. This is done by success ively generating extreme points of the polyhedral constrain t set .V
and at eac h step using the stopping rule given at the end of the description of the algorithm
below . The stopping rule is based on Theorem 1.

To start the algorithm , an initial extreme point of the constraint set is required. For thus ,
c hoose an .v~~R’° such that V 1(x °) � 0. Now consider the following linear interval program:

(L 
~
) Maximize V t  (v ° ) s

subject to

It would be interesting to note that an optimal solution of’ (L 11 ) exists , as the object func-
t ion is continuous and the constraint set is compact by assumption AL ,  Then by Lemma 6 1
Ref. 14). / (.v ol ) E ,V ( , 4  ) A

, the orthogonal complement of the null space of .0. This , coupled wit h
assu mption .4 ~, makes (L 01) satisfy the requirements to use the method of Ben-Israel and
Charnes 141 to solve (L~,). A solution of (L 11) then gives an ext reme point solution ‘.~ of (1. )

(s ee example 2 at the end of the paper) .

The algorithm can now be described through the following steps.

STEP 1: Let .v 1 be an initial extreme point of 5’, Set u 1. Solve by Ben-Israel and
Charnes ’ met hod the linear interval program:

IL ) maximize V f (  m )‘ v . subject to s~ S

Let ‘.- U be mmm n e xtreme point optimal solution of (I. ). Note: The remark made for the program
(I. ) above is also valid for each (I. I in the sense that V f (  v l o  \ ‘( 4 )

~, sat is fy ing the vissump-

t ions of Ben-Israel and Charnes ’ met hod of solving linear interval programs (41.

L~~~~~ ~~~~~ 
_ _ _  - :~~~~~~~~~~:TI .
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STEP 2 : ( I )  If x ’U € { x i ~~~~~~~~~ ~, stop. Suppose v U = v ’ for some j . 1 <1 < i.
Then .m~. ,~ 

°~~, solve the program (P) due to theorem 2 below .

(ii) If .v ’~~{.’s’ ’ . , m 1. ,.., .m ), go to step I with i = I + 1.

THEOREM 2, (The stopping rule): If in step 2 of the algorithm, .v - 1€ (.v 1 
i.e. x x ’ for some ). I <)  < u, t hen .m ’, .m ,~ 1 solve the program (P).

PROOF. Without loss of generality, let x °’ + solve (L 0, ), I < k < ,. That is,
V f (x 5 ) , v

~ 
‘~~ > V1(x ~ ) ’ .m~ for all .m in .5’. In particular , Vf(.m-~~’.m~~

’ 1 � Vf (x ~~’x~ as x °’~.k’.
That is , V 1Cv~~’(.v ~ 

- h  — ‘. 4) < 0, implying that l(x~~
1) � j ’(x ~

) as .lis a pseudo-convex func-
t ion, Hence
(I) .1(x t )  

~ .1(x 2)  < , ,  <f(~
1) < ICy - I),

Now it is given that v = .v ml  maximizes (L ) , for some i, 1 ~~J �i . If I = m, i.e.,
v -  .v , t hen by theorem 1. ,v solves (P). If I < j  < I, then

V1(x ) ‘ v > Vf ( x ) ’ x for all .m~~% ,

But x € . k . so t hat

(2) V1(.v )’(x — .s’ ) � 0. implying that

(3) f ( y m ) > / ‘ (.m- ) as ./ is pseudo—convex.

Combine (1) and (3) to get
(4) .1( x )  = 1( v -  U) = =

Since I is pseudo-convex , it is quasi-convex also [ IO1~ therefore, .1Cm’ ) =

.1 ( m )  V1tv )‘ t’. — .v ) 
~ 0, or

(5 )  V / ’(x )‘ x ’ <V1(x )‘ ,v -

From (2) and (5) and the f’act that .v tm ,v

(6) V1(,v )‘ .v V f t m ’ ) ’ ,v

which implies that .v maximizes (L ). Then by theorem I, x also maximizes (P) and so do
x , ,v ‘U , , , ,  .v due to (4) above.

CONVERGENCE

The algorithm generates a sequence of extreme points of the convex constraint set .5’ until
one of the extreme points generated earlier is repeated. At this state , opt imality is reached due
to theorem 2. Since .5’ is bounded, it has finitely many extreme points and hence convergence
occurs in finitely many iterations. This observation is in accordance with the result of Bela
Martos (21 applied to this situation that a maximum of ’ a pseudo-monotonic function lies at one
of the extreme points of the compact convex constraint set .5’ , In fact , the result of Bela Martos
is for differentiable quasi-monotonic functions , but t hen pseudo-monotonic ity —. quasi-
monotonicity for differentiable functions,

REMARKS

This paper is an extension of’ t he linearization technique used to solve a pseudo-
monotonic program 151 and an interval linear fractional program in a finite number of iterations

~

.. _
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[11. In the case of a pseudo-monotonic program which is maximizing a pseudo-monotoflic
function subject to the linear constraints Ax < b. -v � 0, t he programs (L  ) are the ordinary
linear programs which can be solved by simplex method.

ILLUSTRATION

EXA MPLE I The interval linear fractional program: maximize (c ”-~ + a) / ( d ’ .k + / 3) ,  sub-
ject to y E S ’  = ( . VE R ’°I a < Ax < b, a, b€ R 00 0 } and dIv + /3 > 0 for v~ .k’, is an example of a
pseudo-monotonic interval program as a linear fractional function, (c ’ .v + c 1 ) / ( d ’ .s ’ + /3) on k
is also a pseudo-monotonic function on 1 131.

EXA MPL E 2t. max im ize

x 1 + 2 — .v,~~ i~7+ 2 ) 2 + (x 2 ) 2 — I
1(x )  =

(x 1 + 2) 2  + (x 2) 2

subject to
+.v o, �2

1<  -~ 2

0 <

Here

—1 2 I 0 1 x 1
a= ) , b = 5 . A = 0  1 0 . and , v = x 2 .

0 8 0 0 1 x3

N ( A )  is spanned by zero vector in R 3 141. Denote by ,k ’~ t he set of solutions of the interval
constraints. Now for any .v,

C’. + 2 - x 2~) [ x ,  + (x 1 + 2)~~ 1

(~~~ + 1)2 E

V / ’ ( m )  = — 
[ “ 2 + Cv 1 + 2)~ ]2

(~~~2 + I)2~
0

w here ~ ~
/ (X t + 2)2 + (x 2) 2 — 1. Denote

— (x ,  + 2- -  x 2~) 1x 2 + (x t + 2)~ ]
—[ x 2 + (.v 1 + 2)~ 11 by V 1(v ) ,

0

Then V f(x )  is a positive multiple of V f(x) , and therefore maximizing V l(.v ) v  for any
x ’EX 0 over all ~~~%0 is equivalent to maximizing V ,f ( .v) ’ v over ,VE ,k m) in the sense that both the

maximizing problems admit same optimal solutions. It is easy to see that v - 
— I us an

0
0

extreme point of X°. A lso , V 1(v ) ’  —4
0

t lhc obj ec uuve function oh cma mp le 2 c m  (tue to Bela Marios 131

_ _ _ _ _ _ _ _ _ _ _
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STEP I: Solve the linear interval program

( L )  maximize ~ ‘) x  ~~—4.v~
subject to veX 0.

The method of Ben-Israel and Charnes gives
—A + 2 ( 1 — x ) — 8~I . 0 < A < l

8~
and 0 ~~ ~~ ~ I as the optimal solutions of ( L 1 ) ,  The extreme point optimal solutions in partic-
ular can he obtained by taking A and ~ as 0 or I which are

2 1 —6 —9
• I I and I

0 0 8  8
2

Let ~ 2 I be taken as an extreme point optimal solution of (L 1 ) .
0

STEP 2 . v ~~{x ’} . So go to step I and solve the linear interval program:

(1. ~
) maximize V f ( .v -’ ) .v — 289 .v ,

subject to ve X .

2
(L ~

) has same optimal solutions as (L  ) .  Therefore x 3 = I is an extreme point optimal
0

solution of (L

2
STEP 3: v 1e(x ’ . vi as v~ = v ’ . Hence v 2 = I gives the optimal value of / (x )  which is

0
0.
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A TARGETING MODEL THAT MINIMIZE S
C OLLATERAL DAMAGE

Jcti rcv II (,roti~
/ n% g na p ’ ~ ,, I ) e/ , ’p i ~,‘ 4 n i h  si ’ s

I l,  Pii ,’ f l ’ i I , I ‘‘ i . na

A B ST K A ( ’I

I h is ~‘ .i ;‘i i , . ,,nsiiI~’is 1h’ pri’hicni if . i I I, ’ . i I i i t ~ ~~c,i~’,’n’ .i~ hi~’~ c I . I ! 1ze l I i ig

Li ~ i.’ s 44 t ilL’ siitiiiIi,iuiCi’ii’,14 iiiiitIT1ii ill~ .I~ i~Ii.~)l.iit i . i i i i . i g i ~ ii ’ ‘UI i’tiit~Iiiii~
ii,’iiiii, lit,ii t i . i . , i i i i i t ’’, . t~.i, h i f  ~ hicli h,ps in ii;’p~’t l ini i l it ’ I Iii ’ i.ii1i,lI~t’ Ii is

i i I i t t~~,l I, ’ fl iii \ nii’tl~’l 
p, t i , I I i t t u i , I I L ’tI V. lii~ h .155 111 i ’ ’, ’  ti lt ili .ii 4I . i I11.1 4 Z 4 ii ’ ii

ilit t u t u  t .ul  g~ is ‘i .iss , ’~ l i i i ’ ,t I . i cu l i ilL ’’. iii ’,’” t in t ,l,~ i c i s c is Ihc niittiht’t ‘f .411

ill ,t ~~c ,u ; ’ t ’ t is  iii i’ .i’ .cs ~ii Iti p l i t i l  ti niet,t l t i’ f l  .ulgi’ i i t t tni . h.isc,i on h i t  ‘I
I IV. I,’i i i i  Ucl I is ,ii” , i t i hcd t h u  clils ,‘t ’ t int,i l i I t I cgc r  s,’ l i i t i’~~s \ I  c~~.ini~’Ic
i~ i’tc”” nii’d I,”

I. IN TR OD L (’TlON

One of ’ the assumptions behind the argument to employ t ’ounti ’r t i l r t ’ i ’ targeting of strategi c
weapons the targeting of an enemy ’s strateg ic capabilit y ) . as opposed to ,ou nti ’r i ’ alui ’ targeting
(the ohiective of which is the destructi on of population and economy) , is that sut licient destruc-
tion of strategic ta rgets can he achieved w it hout causing appreciable damage to the surrounding
nonst ralegic facilities Ihis paper presents ,t model which addresses the following two ques-
tions: (~ t~ en a collection of weapons . potential aimpoints. and a conf iguration of strategic tar-
gets — each being assigned •u minimum level of damage . and nonst rategic faci lities — each hav-
ing .1 m a  ~i,p zum level of permissible damage.

(A )  Is there an assignment of weapons to aimpoints (an allotat , op z) that sat isf Ies the above
two sets of constr a ints ’

( B) Of all .illocatiotis satisfying the above two sets of constraints , which is the one (or a
one) that minimi/es the (perhaps weighted ) sum of ’ the damage to the nonsl ratcg ic t~iL’tliI CS

2. M A T H E M A T I ( ’A I  FORM Ul ATI ON

The fundamental elements of the model are U strategi c targets , henceforth called simply
“targets .” .\ nonstrategic fac ilit ies , or ‘nontargets . ’ / different weapon types , and .1 potential aim-
points to which any weapon can he directed. An allocation is the main s 1: It — I. . . . I

— I J) w here , an integer , is the number of weapons of ’ t y pe i allocated to aimpoint ,

For e tch ta rget pit , we suppose ., real- ’~ ,ilued response function .,. (: ) which represents the
damage to target m from al location : We require t hat ‘ ,. ( he monotonic.illv nondecreasing

3 1 S

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

..

~
‘ . .  

~~~~~~~~~ .~~~~~~~~~~~~~~~~ .



if ti I ii Ri i l t i

in cact i  L’ mponent of , ~ hi~h is an implic it assumption th a t , gi~ en an~ alkictit ion , the .illoca
t ion of additional ~ e.iIttt its t lt i~s not tesult iii less d.iniage to .Ii1~ t a t get f actt t t i ige t ‘‘ ‘~
.issigitL ’d .i real number I ,, ~ hich is the minimum damage teq uinente nt (targeting iib ie~’ t i ~ 

e) ,
i e , to t an allo~at ion .‘ to be fe asi b le , i t  mus t s a t t ’ s f t  t ,, ( :  I ‘ ,,, ‘‘t — , , It

Siiiiil~iik , f a t  each nont ,tr get n ther e is a iesp&u nse function ~‘ 1  . , nitinotoitlc.tll% ntiit~le
Licas i i ig  in each ~‘&nnponenI id _ ‘ . ,intl a real number J . denoting the masimum damage pet mit -
ted to t his nontarget lur  I hei . eac h fltiflt .ii gel ii is ass igned .i nonnegati~ e weight , ot .tlu~’ , A

Ihe nonnegati~ e in teger  ii is the number i t t  s~eapolis of t~ pe .is .tilahle tot .ultocat it in

We ~‘ .itt no~ combine questions ( \ 1 and (B) into the fo llowing prob lem P

Ill ~‘,litiintiie /i (: I A i,’ ,~ ( .  I

suf’ui~ct ii i

I2 )  t ,,, (: I ,, mi~ — I. , %f .
( i t  

~~~~~ .
- )  

~~ d., ii — I.

(4 ) ‘ it — I. . I.

• / ‘  i — I. I, i —  I .

~ here / ‘ is the set of nilnnegai 1% e integei s If problem P is i t t  easib le, then the .ins~ er to
question (A )  is ~‘leM k ‘‘ ito , ti the r~ use , ,t t t .itl’ s% ~ L’i to question ( B) is L’ I i s t l t L ’ tf because the
number of .tt loca t ions which s a t i s f i e s  ~‘o i(s t i a t I t t s  14 ) and ( ~) ts  finite

.1 . AN AI.GORI1 ’HM

Problem P adm i t s  solution h~ implicit enumeration I’he following algorithm is based
upon the k’~ i~’ographic technique 01 1 .t~~ Icr and Hell , 141 though , unlike the I a~ let- Bell
approach , t his 1ilgorithnt ~ltie~ not use hiitar (‘(‘ il l i s We fit sI id~ntit ’v the mtutn is .‘ wiih .i CL ’

t i l l  , l’his can he done in a number of ~ at s , one of w hich is through the following relation-
shiP

(P1 .~~ — , A — i + (, I)  I, i — 1, . I, , — I, . .1

Note that this can he reversed as t ’ollui~~s

: — , i — A  (A 1 I ) / . l _ ( A , l) l l . A _ l . A — / /

~ here is the Lii gest  integer less thami or equal to With this in mind , ~ e ~ ill drop the
iii cumflc~ , ,,nd in the discussion that follows , all .illit~,t t i t i ns ~ ill he ector s in /~

‘ , i e , -

dimensional ect i l t  s with nonnegative int eg er components We require two htnar~ I d a t  io ns
hct~ een S e,.Iors iii / ~‘

t O % I P O \ /  \ I I 4/ s !  ( P - I N ! ’ !  f i t  ON !) !R!\ ( ,  We ~t it e ~ ,f ~~, 
- ~,, A — I,

— it ‘ and s , — u , for .tt lcast one A

11 ~~ ( I(,’
~~ f P11k ‘ OR!’! N! ~ ( ,  W1,’ ~ rile i it s , ~ here A — ~~~ (A I ‘. ‘I — t

), and t i if t i ill S —

I I — — 
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I et

— ‘p /~ I:, it for A — I .  A , /t — A (A 
/ 

I 
~

Ihus ~ is a set of .u!lu ic,iiitt iis that s at is f i es constr a int (~
) of ’ problem P. and clea rl contains a ll

a llocations that sa t i s t s  constraint (4 1 , and so must conta in all solutions to problem I’, providing
problem P is feasible Since ‘

~~ total l y orders ‘~ , we could enumera t e all the points of ’ ~
‘ and

f ind the so lu liut: , to P in this manner I lui ~ eS er , t he monotonic it~ of the obtec tive and ~‘oit-
sf ra int f ’ut t c ti ons will permit us to skip over t i ta ns inf ea sible and/or nonoptimal points to see
his , we need sonic notation (‘onsi&fei a vector • c~ We ss ill denote by I . the vector

if it d5 is i s . s a t i s t s  t ug

S ‘p

( ‘1 5

u ~~: u ” s
I I

At niost one suc h vector ex is ts , hut may fail to ex i s l  because of ’ the houndedness of ( I’ tie
se ctor  -

. — I wilt he that vector . if it C S i s i s , s j t  usfv ing
‘p

~ ‘p

- -.— S

-
- “ u  - s ’— v

— I ~~~ 1 —

I t t i s  s ector ~ ill ulssas s ex ist  ex cept f o r : ~~. 
I) I’he e~’to r will he fha t , if i t  e x i s t s . s a t i s t  -

in g
s ‘p

—

(q) I -

-- ) \ (  I .‘ )) — ‘

Int uitis cls . - - i s  the first vector in ~ follow ing (in t he lexicographic ordering ) ss hich is not
(componentwise 1 greater than or equal to For some , nias not ex ist . hoss es er . ss e will
adopt t he l’olloss ing convention Ear .u t t s  for ssh icli .‘ doe s not ex i s t , ss e will set

• ) — ii for Ii — A <A 
I 1, A — I , , A .

hereby ensuring that .‘ • I ex is ts  for i’s e is ‘p ( ‘ ruci al to the algorithm ts the oh s ers ation
th at liii , I t l% -

. 
‘p ~., , i t t s  that sat is f ies i ~- I also satisfies i

l- ’igure I outlines the fundamentals of the .ulgo rit lint A brief ’ Inspection at the flow chart
ill make clear that the alg o rit hnt must termina t e after .t finite number of ’ steps If /t —

upon termination , the problem is m nf ’eas ihle . otherwise an optimum integer allocation will
. i lssavs he found the order in ss hich th e constra i nts arc ex amined ~~as chosen becau se , far cci
I on applications , t his order ss as efficie nt I Iow es’ er . we make no claim that I h i s  is , in .mns
si’ t t se , an optimal ordering For oth er . ip i t l Ic i t  ions , .1 different sequen ce of ’ cit nst t .11 i t t  es ,i (u. i—
l ions  might well proved to he het tc r

- -  - —, - - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
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ST ART

SET z~~O
[ SET ~ =

“a

~~~~~~ CONST RAINTS~~~~~~~~

1YES 1NO

~~~~~ AR E CONSTRA I NT
~~~i~~~~ ~~~oEs f EX I~

j

~~~~

____________________ TERMINAT E REPLACE z BY1

K 

ARE CONSTRAINTS (3)~
’
~~~-~

SATISFI ED ? 
,,
,—“ ““I

jYE5 JNo
_ _ _ _ _ _  p

1YES (NO

REPLACE Ii BY h ( z ) ,

~ IS THE

BEST—T IL- NOW ALLOCATION

I
DOES • —I SATISFY

CONST RAI NTS (2) ‘?

YES NO

REPLACE BY
7 1

DOES ~ + I EXIST ?

YFS NO

kIPLAC E z BY TERMINATE

P 2 2  ‘S i

I i i i  - c i  I Si t  implicit en umer uito n .ulguirilhtii
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4. A (‘I. ASS OF E X A M P l ES

We ss ill now look .11 ,i cI,iss at ’ examples ss ilh ~oinI ta rgets and nontargets . w here the des-
t ruct i on of any target or nontarget IS a binomial random variable with probability of kill depen-
dent on the allocation , hut with independent weapons e ffects We wil l  use (‘artesian coordi-
T1,i t e s  to spec if locations , in particu lar , target coordinat es are ( s .,~ .1 , mit I U
nontarget coordinates are (

~ ,,, i - I  ~i I, - - - , and aimpoint coordinates are (
~ .

/ — I , , ,. / For response lunctions we will employ “probabi l i ty of kill” w hich is computed as
fol lows : Let p ” he the pro habilit thaI a single w eapon of ty pe ,, allocated to ainipoint ,. dc ’-
tr ui~ s targ et in , conditioned on the weapon ’s arrival at i ts dest ination The probability that a
i s  pc-i weapon arrives .it its destinat ion . i c .  its “ reliability ,” ts given by p - Because we have
assumed independence of ’ sseapo n e ffects , it is not difficult to compute the total probability that
target in is destro yed by allocation :, which is

f ,,,(: I = I 
~~ ~~ 

( I  — 
~ 

,i ’ I  -

Similarly , we denote by p - the conditional prohahilit t ha t a single ty p e —I  weapon allocated
tO ainipoint / dest ro~ s nonta rget it Therefore . t he probability that allocation destroys nontar—
get ‘i ts

= I 
~~~~ 

11( 1 — s i p ” )  -

Although t he sa lues of ’ the parameters (i~~) and Ip ” - ) can he entirely arbitrary, within the
obvious limiis

O~~~p”~~~ I ‘it~~~I , , .%! . , — 1  . ,,, / : i — I  . 1,

0~~~,i’~~~~l n — I \ , i — l / , , = I  . 1,

we will use , for  tutorial purposes , t he f’ollowing formulae , ss hich .iie not unreasonable approxi-
niations to certa in types of weapon damage cur s -es and has c been propo sed by ot her analysts
(see , for example . l:ck le r I I I .  or McNol tv )~I 1

i’ ’ — ex p { i i , I ( s ., £ ) 2 + ( i - , —~, ) ’l l m — l %f . i — I , , I . , = 1 I
( 10) 

~
‘

‘ — e x p { - / 3  ,.I/z ,. — 
~ 

)
~ + ( , - , - t , )“f l n — I = I / = I I.

where all ~ ... /3 ,, are nonnegative real numbers The parameters (c i  ... ) and (/3 ,,) are meas-
ures of the rate at which weapon effects decrease with distance.

With th ese cons’entions . we can now wr ite ex pl ic i t l y  the problem I’ which comprises this
class of examples:

P ( i ts -en nor negati se ss eights A ,,, ii I \ , and the s alues of ’

- .,~~ 10, I I. mit — I - - , (I
/ c I O  I) . ,, — 1 . ., -

I — I /
p ~10 II. — 1 . . ,

0. i — I I: in — I U
/3 -, 

‘ 0, i — I 1, ii — I 
s ,,. u ,,, ni — I (1
p,,  i- ,, ii — I . . ,

i — I /
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minimize / i t : )  — 
~~~ A ,, 

I
I U U (t - - p ex pt - /3 - I(p,, - —  ~ )~~ ( i ~ — ~ 

) 1H)

subject to

—

I — [ I f’I( I — p e x p ( -iu , , , L ( s . _
~~ ) 1 + ( i ,.. _

~, ) l( )  ~
‘ & ,,, mit i . ,, . tf

i,’ ,( :  I —

I — -  [‘11 1 ( 1 — p e x p { - - / 3 .l ( ,A ,, - - £ ) + - ( i ’ , - ~ ) 11~ ~< i 1 ,, m i — I , . .\

~ it i = I I

= I / = I J.

‘p

S. COMPUTER APP L I CATIONS

A FORTRAN routine to solve problems of the type given by I’ was wr it ten f’or the CIX’
P400 coniputer . and was used to solve the numerical examp le of ’ this section The values of the
parameters are listed in Tables 1-6. The configuration of the targets. nontargets . and aimpoints
ts depicted in Fig 2

TABLE 2 u inhI rgi ’( Parame ’tu ’r s

‘ — 4  -

TABLE 1, Targi ’t I’ar a,mu ’u ’r.c 
- A --

,U= 2 1 -2  ~~ 0 ~~~~~~~~
-‘ “I Yn 1’ ,pt 2 - I — I , 4 (1 3

“

~~~~~~~~~~~ ~-H - -

~~

T,’\ BLF 3. 4imfl~iiiin( F’ara,nu ’ter .s

J - 5

= 
jj £ _ - ~‘ . TABLE 4 U capon Paramnu ’tt ’r.c

1 — i I / — 2  I
— 

2 - I 0 ii I p
/ Ih~~~ 09~~4~~~~ l~~~~

( -

I 1 2 1 6  0 7 j

~

T

~

II_ . ~~~~~~~~~~
‘
~~T —  

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~
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TABLE 5 ( ‘oPnp oni ’nl.s t i / u fABLE ft . ( ‘ompui,u’nt’t oF /3
in 0

I I I ! 2 (  ~~~I I 2 ~~~~ 3~~~~~4

_ _ _ _  

1 1 f t 0 5  ~~O. l 0.1 0.09
— - —

~ 
i - ---

~f - - 4 - - -

2j , ~~5~~~O 5 j  2 j j  0.80 j 0.8 1 0.8 0.80

2

o i 0

p
-l -2 0 I 2

o - - i  0

• TARGET

- -2 0 NONTARGE T

o A 1NPO 1NT

i i i  ci 2 (‘ ii t i t~~ur,it,iin ii 11w cs, tnh i ’ ic

The routine ran for five seconds to compute the optimal soIution~ given in Table 7 . It is
interesting to note that if all the ii are changed to 1.0 , which is equivalent to removing the
individual nontarget damage constraints , then the optimal allocation i s : , given tn Table 8. In
this fatter case , we have reduced total collateral damage over that given in Table 7 . hut onty at
the expense of considerably greater damage to two of the nontargets.

TABLE 7 Optimal .4liocai,on f

- ‘ 
TABLE 8. Optim al .4/location : ’

— 5, 2 ,~‘~(fl — 0,24 / , ( : )  — 4 S  g,( ) — 0.37

— 0.83 g~~~
) — 0.24 t~~( : )  — 0 .8 1 gas ) 

= 

0.

— 0,83 g~(fl — 0.28 t ( :  ) 0.82 ,s4 (, -

— 0.28 g 1 (~ 
) — 0.08
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DIFFERENTIAL-GAME EXAMINATION OF OPTIMAL
TIME-SEQUENTIAL FIRE-SUPPORT STRATEGIES

James (1. Taylor

I) i ’par rmni ’mti i f  ( ) pu ’ r a t - i i i l s  Ru su ’ ar1 /,

\~i i-a l Puist ,i~’rauli ,att ’ .“ i~ /i ii /

.tlu ’mi tu ’ru ’i - ( d / I / i  rn a

~.Hx I  it x t I

Opttni,u I t ime ‘t’quent .iI ttre - sti t ’pi. rt si r,ule~ ies a re ‘~,,l~ ’d ‘ - ‘ - ‘ ,, ~~~ a it

person / t ’ ri’ -suf l l  de le rnt in ts t ic  ditkieit ii,ui ii.cntC str ih ‘ w i  I ,~‘r or tec i lh,ickI
si r .1 legies I .in~ he s iC r it ~t’ eq II.ul ii’n S ‘I ,i rt .itC .1 ri’ u s ed ri ir i s ~ i’ rk In .idd
lion , ‘ the - i r i s  rrr ~ rr principle . tnt’ lhcr ’ru iii singui.ui ~-s r rem. i l s  is required ii’
s,i k~ i s  ‘ I t ’ s , nhu’,i ,iiir.i!~,’fl , ‘rr rh.i: pri~hlt’iti I lie , , ‘ r r r b,iI is hel i tet’n it

‘rr_ ’ r r _’ r r ’ g u’nu’i’ us I ‘ ‘ r , r ’ S t ’ .i, H , ,
~~r 

~‘
, ‘s ~.’ 

.1 ii nt ,,ntr t  .urid ,t suppir i iing itL’.Ipl’ll 5 % ’ .

rem ,lrl IIt ’ r% i In t-,’nir.ist Ii’ ‘r~~s ‘ i ’ .  i t ’ r k  rcp~’r ied in Ire I r ie r ,u iu re . t hc ii
t rrliiin s t r u c t u r e  I ‘re pt ihicm il h ind  i~ ,ids t,’ t i ’ rt -e - it’sc l -de pe nde nl  r I ’ l i r rr , i i
t ire-su pp, i r t  s t r a ie ~tit’s it i the .tUack ~~r ’ .  i’piITtl.ii tilt’ s upt ’i’rl s l i . u ie ~7 % rc’qu ir i r r~
‘11171 70 so f l i e i r r t t c s  sphl his a r i i l i c r t  l i re  h,’ i i teen eite niu nt.unirt ,unut ,u r t i i ieru
l eoun te rhat t t’r t  tire i 5 solut ion Ithet1irmrli~il not pies RIU5IS cnei ’ unte red ri
I . inc he s ter - lspe  differenl i.ul ~,Iflt es is h i t  the ,idii’iirr ,iri .uhies mi t  he ,1lst~ ’rr
t i f l uo t i s  , , C i r r s s  .i m,uniti ’id i t  d isc iint inur iu I t  hirlh pI .isers ’ si r,ilc~irt’s t h i s
ma kes the s t f i l h t’srs ri i’pt i m.ui slr .ift’~ Iu’s p.iriicui.ir ls d if f icu l t  \u r r ru’ r rc . i I  es

.cmp ies i re  g isen

I .  INTROD U CTION

The allocation of a specific weapon system type to an acquired target is an important tacti-
cal dec ision in the fire-support process.~~ Accord ingly, the determination of optimal (or even
good) lire-distribution strategies for supporting weapon syste mst is a major problem of military
operations research. The problem is of interest to the military tactician because he may need a
c learer understanding of’ the circums t ances under which a supporting weapon system (such as
artillery ) should engage the enemy ’s pr imary weapon system (i . e. infantry ) and w’hen it should
engage th e enemy ’s support ing weapon systems.

I’his research it ,cs supported hs the Office ‘I N i t  ii R e s e t , ,  I, ip,irii.uiiu l i r r i’ u~~ir the 1 ir utt d,ur i i rir Rese a r c h
Program .11 the N i t  ,iI Posigradu.ite School ,iflu t p.uriiaiis thr u’ugt t , l r i u~, I I uiidrn~~t

“ See pp 1 - 1 .1 to t - 4 ~ of Re~ I ~‘l tot  .i fur th er dr ss i i ss r , ’ r i

•St ’t’ Ret 1,181 for .i hrie i uI i s ~~u is s iu ’ i l  i ii t he , I is I l ’ leh l ’ r r  ht’r~~t’c rr  ,i pr r nl,irs ~ eapi’n sss i c m lot ini,inirt I
unit .i su pputrtifl g we.ipon s v s i t ’rn

~~~~~~~~ , L 1  
~~~~~~~~~.

“ TTT _
~~,1T —

~ 
_-_-_ _-- - ----_ _.-—-_- .___1



324 j i,; I S’i l ii k

In this paper w e wil l  exa mine the dependence i i )  optima l t ime- sequen i ia l  t ire-sup port stra-

teg ies  on the form at the combat a t t r i t ion  model Pres ious work h~ W eis s ( 3$ )  and Kawa ra
2 2 !  suggests that art optimal t ire’support st rategy co nsis ts  in a lwa ~s concentrat ing all fire on

tine enern~ targe t  type (a l though this target  t~ pe may change over t ime ) . We w i l l  consider
dttl’ere ntia l game w i th  slightly di fferent combat dynamics than the t ire-support differential game
recent l~ considered by Kaw ar a 2 2 ]  and show th.iI optirn.il f i r”-supp o rt strategie s quite different
in st ructure than those obtained by him may arise Moreos er , the solut i( in to the problem
which w e consider in this paper in so ls es  a solution phenomenon not pres iousl~ encountered in
a La nches ter-tvpe differential game. the dual (or adjo int) s ,iriable ’., rna% be discontinuous
across a manifold of discont inuit~ fo r both players ’ strategies.

I- ire-support operations (as are any combat operations ) are a complex random process
] 2b] We w il l  neverthele ss consider -i simplified dete rministic l a nch e ster- tvp e model in order
to dese lop insights into the structure of optimal t ime-sequent ial  tire-support strategies II K.
Weiss 138] has emphasized that such a model i i t  an ideali zed combat s i tuat ion is particularl y
valuable when i t  leads to a clearer understanding of signi f icant relationships which would tend
to he obsc ured in .t more comp lex model.

The problem of determining an appropriate mixture of tact ical and s trateg ic forces
(another aspect of the optimal tire-support strategy problem I was ex tensivel y debated by
ex perts during World W ar II. Some anal’. sis details may he found in the classic hook by Morse p
and Kimball (see pp. 7 3-77 of 12 7 1) .  The problem was studied at R.-\N E) in the late 1 940’ s and
earl ’, 1950’ s ( 161 and elsewhere ( I I .  It would probably not he too fa r- t ’etc hed to claim that this
problem stimulated early research on both dynamic progr amming 121 and differential games
( 16 ,20) Today the problem of determining optimal air-war strategic ’ is being ex t ens i se l ~ stu-
died by a number of organizations (see , for example. Refs Il 7 ,25 .29 ,3 6) )  An idealized ver-
sion of A. Mengel ’s prob lem 1161 appears in Isaacs ’ book as the “War of ’ .‘~ttr i t i o n and At tack”
(see pp. 96-105 of Ref. (21 1 ) . [)iscrete-tirne versions of this problem of determining optimal
“air-w a r ” strategies have been cons idered by a number of workers .is t ime-sequential combat
games [ 5 .6 .151 lsee also Refs . (7 ,13 1) . A  related problem has been considered by Weis s 1381
(see also Ref. 1 3 7 ] ) , who stud ied the optimal selection of targets f’or engagement b~ a support-
ing weapon s~stem “ More recentl y , Kawara 122 ) has studied optimal t ime-sequent ial str a tegies
for supporting weapon systems in ,in at tack scenario version of Wei ss ’ problem. Other recent
work has considered various conceptual and computational asp ects of t ime-sequential combat
games (2 8- 30 1.

Since our work here may he considered to he an elaboration upon and extension of
Kawaras ’s f ire-support differential game 122 1, w e will review his main results and relate our
work here to them. Kawara 122 ) consider s combat between Iwo heterogeneous forces , each
composed of infantr y (the primary weapon sy s t e m )  and arti l lery (the supporting weapon s’.s-
tern ) . The time-sequential decision problem is to determine each side ’s optimal strategy for
distri buting its support ing weapon system ’s fire over enemy target types according to the cr i-
terion of the infantry force ratio at the prescribed-duration attack ’s end. Kawara concludes that
eac h side ’s optirnalt strateg y is to always concentrate all supporting tire on the enemy ’s sup-
porting weapon system (coun ter hatter y fire) during the early stages of battle ( i f  the total

•“ ~~e ref e r I t ’  .i differenti,il game .us herf ig .1 1 ,inches ier-is pt’ drth’ ienti,il g.inlc it hen the si s te m t is na n r ics
ire ,les~ rihed h~ L..i n~ hes i er . i~~p~ equ.Ilions ot ’ it.i r l , i r e I.~4l
“ See Ret 33 1. hit~~ese r . or a iusii icai iot i ri the i’pi,m,ilti~ .1 s i r , i i c g i u’ ’. e r s  en lit W eiss  l~5 J  S gent’r,il

solutio n .ilgorithnl is .IIs,~ ~‘ reser i i t’d In ihis r i pe r I~~1
‘I’S,Iit,Ir,I ut oes not determine the rptim ,ulIi% ‘I est r em,~l slr.ilt’glt’s du’ iernr ined i r r  his pr ’hlt’m l i e  s h i r tS

ihat suffic ieni ci,nditto ns of npiim.chr~ a re c ,iiistled 14 11 SSe use the it ‘rd es Irenl,i[ Ii’ tlent’ lc ,i I rue , 11’ r
on it i r r ,h  the nec~ssj r~ conditions ,ire s,ili’iticd 
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prescribed lengt h of battle is lung enough) and then later to switch to concentration of all fire
on the enemy ’s inf a ntr y , lie states that this switching time “does not depend on t he current
strength of eit her side but only one the effectivenesses of both sides ’ support ing units ” (see p.
951 of Ref, 122 1) . Moreover , an optimal strategy has the property of always requiring concen-
tration of all supporting tire on enemy inf ’antry during t he tinal stages of battle.

Thus . Kawara concludes that f’or his model the optimal fire-support strategies do not
depend on force levels, However , t his is only true provided that the appropriate side ’s (in
Kawara ’s numerical examp le, the defender) supporting weapon system is not reduced to a zero
force level before a critical time. ” Let us assume , t herefore , t hat neither side ’s suppor ting a

weapon systems can be reduced to a zero force level, ”” For this condition the optimal fire-
support strateg ies are force-level independent and may be expressed solely in terms of “t ime-
to-go ” in t he prescribed duration battle, The purpose of this paper is to show that a tactically
realist ic variation in the attrition equations leads to a problem with force-level-dependent
optimal fire-support strategies. This result has an important implication for tactical decision-
mak ing: optimal time-sequential allocation of fire-support resources depends not only on initial
inte lligence estimates but also on a continuous monitoring of the evolution of the course of
combat.

Thus , t he purpose of this paper is to illustrate the dependence of optimal fire’support stra-
teg ies on the nature of Lanchester-type combat attrition equations [34] , We cons ider a slight p
var iation in Kawara ’s prob lem (i,e, different combat dynamics) for which the structure of the
opt imal strategy of one of the combatants is significantly different than that in the original prob-
fern (22) : the optimal strategy of one combatant depends directly upon the enemy ’s force levels
and is no longer to always concentrate all fire on either the enemy ’s pr imary or supporting
weapon system. Furthermore , we w ill show that an optimal strategy in which a side divides the
fire of its supporting weapon system between the enemy ’s pr imary (infantry) and supporting
systems can on / v occur when the enemy ’s infantry has some fire effectiveness (in the sense of a
nonzero Lanchester attrition-rate coefficient ) against his infantry, The optimal strategy of one
side to sometimes split its fire is very similar to that which occurs in a one-sided (optimal con-
tro l) problem previously considered by us (31 1 (see also Ref, [32]) for the optimal distribution
of fire by a homogeneous force in combat against heterogeneous forces, In Ref. [31], the
enemy cons isted of two weapon-system types , eac h of which undergoes attrition at a rate pro-
portional to t he product of the numbers of firers and targets (referred to , for convenience , as
“linear-law ” attr ition), In fact , th is previous work of ours [31] was the motivation for our
examination here of other attrit ion structures in Kawara ’s problem.

2. KAWARA ’ S  F IRE-SUPPORT D I F F E R E N T I A L  GAME

Since Kawara ’s fire-support differential game is the point of departure for this paper , we
w ill review the development of his model, The reader will find it convenient to compare the
mathemat ical statement of Kawara ’s prob lem (I) of this paper , with the fire-support differential
gam e studied in this paper , equations ( 2) , in order to understand the dependence of optimal
fire-support strategies on the mathematical form of the attrition equations.

Kawara [22 ] considers the attack of heterogeneous .k’ forces against the static defense of
heterogeneous I forces. Both the ,V and I forces are composed of two types of units: primary
units (or infantry) and fire-support units (or artillery) , The X (infantry denoted as .V 1)
launches an attack against the F infantry (denoted as 1

~~
). We consider that phase of the attack

“See ihe esp re ’.siofl i i i  ‘ 2 , r r  p 949 ut Ret 122 1 m d  ii’, ph il in I ig 4 oh Ref . 1221
Iniir,il force les ets and ihe known length ii batt le may he suffici e nt io gu,ir,intee t h i s  or a gis en set iii b r

range of sa l  ues øf ) I., irchesi er at i rut ion- r i t t’ ei.et lieien is
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whic h may be called the “approac h to contact. ” This is the time f rom the initiation of the
.itlyance of ’ the .%‘ forces towards t he ) def ’ensive position until the V~ fa rces actua lly make
contact with the enemy infantry. It is assumed that this time is fixed and known to both sides
and th aI i nfantry tire has negligible effectivene ss against the enemy ’s inf ’antry during this time.
During this time the tire-support units remain stationary, and eac h unit has the capabil ity to
deliver either “poin t-tire ” count e rhattery fire against enemy artillery or “area fire” aga inst the
enemy ’s infantry.

II is the objective of ’ each s ide to allain Ihe most favorable infantry t’orce ratio ” possible at
the end of ’ the “approac h to contact ,” at w hich time the f’orce separat ion between the opposing
infantries is zero and artillery fires must he lifted f ’rorn the enemy ’s inf ’antry in order not to kill
friend ly f’orces. Thus , the dec ision problem f’acing eac h commander is to determine the “best ”
distr ibution of ’ art illery fire over time between enemy infantry and enemy artillery in order to
ma ximize the quotient of friendly infantry (numerical ) strength divided by enemy infantry
strength at the end of the approach to contact. l’his situat ion is shown diagrammatically in Fig.
I. The reader is rel’erred to Kawara ’s paper (2 21 for t’urther details of the model’ s deve)op-
ment. It should he pointed out that this model also applies to the case of an amphibious land-
ing and the determ ination of the optimal time-sequential allocation of ’ t he supporting fires of
nasal ship guns.

U 

i~~
; 

p

I iii ~i- t I) iag r,mnr im i l.~,i i t ,mi, i ’ s I- i t  e Suppoti t) ith’retut i ,ii tiat lim.’

Mathemat ically , t he pmt-’Ieni may he stated as the following.””

maximize minimize
i i

with stopping rule: 1, — I 0.
(Is

subject to - ‘ — — ‘~~ i s v
I b u t t e  u t  i t_ u ni tS ii di -

~
I%.
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w ith initial conditions

( t  — 0 )  — s and t . (t  — 0 )  v for 1 , 2 .
and

~ 0 (State Variable Inequality Constraints ) ,
0 ~ u i -  ~ I (Strategic Variable Inequality Constraints ) ,

where
.s (t )  is t he number of X infantry (i.e. .V 1 ) at t ime t ,

s ~( t )  is the number of .t ’ artillery (i.e V ~
) at t ime i,

sim ilarly for v (1) and v. (  ~~,

a, is a constant (Lanchester) att riction-rate coefficient ’
(re flecting the effectiveness of I, fire against .V
similarly (‘or h

and
a ( r)  is the fraction of .V ( )‘) artillery fire directed at

opposing infantry forces.

We observe that for I ~ - +~~ it follows from the battl e dynamics (1) that ~ 1 (l ) , ,v . ( l )  > 0 for
all i e (0 . TI. Thus , the only State Variable Inequality Constraints (SVIC’ s) t hat must be con-
sidered are .s, v~ 

> 0.
p

Kawara ’s results and conclusions (22 1 have been previously discussed in Section I -

3. ANOTHER MODEL FOR OPTIMAL
F I RE-S I,, PPORT ALLOCATION

In this paper we will study a variation of ’ Kawara ’ s 122 1 fire -support differential game ( 1)
just given. We w ill see that for this problem the structure of the optimal fir e-support strategy
for the attacker has a f ’undamenta lly different form than that for ( I ) :  the attacker must some-
ti mes split his fire between the defender ’ s pr imary supporting units in order to “ avo id overkill. ”
Furthermore , the nature of’ t his split in an optimal strategy depends on the allocation of the
de fender ’ s support ing tires

Let us again consider the attack of ’ heterogeneous V forces against the static defense of
heterogeneous ) forces , Each side is compose d of primary units (or infantry ) and fire-support
un its (or artillery ) . The .V infantry (denoted as .V 1 ) launches an attack against the position held
by the F inf ’antry (denot ed as ) ) -  Again , we w ill consider only th e “ approac h to contact ” phase
of the battle. This phase is the time from the initiation of the advance of the .V~ forc es towards
the F t de fensive position until the .V~ forces actually make contact with the enemy inf ’antr y It
is assumed t hat this time is fixed and known to both sides.

Using “ easer and concea lment ,” the .V~ forces begin their advance against the force s
f ’rom a distance and move towards t he I position. The ob iec ti v e of the V~ forces during the
“ approac h to contact ” is to clos e with the enemy position as rapidly as possible Accord ing ly,
sma ll-arms tire by the -

~~

‘ forces is held at a minimum , or firing is done ‘on the move ” to f acili-
tat e their rapid movement. It us not unreasonable , t herefore . to assume that the effecti s -enes s
of ’ .%‘

~
‘ s f ire “ on the move ” us neglig ible against 1 We assume , how ever . t hat the defensive I

tire causes attrit ion to the advancing V forces ai a rate proportional to the product of the
numbers of ’ firers and t a rg ets. Two possible t us tit icat ions of this are as fo ll o~ s because of the

‘Set ’ Ri.’t 111 ) 1 i ,uls,. I S ~l 
m iu’ r nmu’ihu’di’ii’g, t u ’ r  the i ’ iCuti, l im it i ,i s i tu  Ii iut’t !r, uCf l is  ii ‘or ~ t’ .ui’ Otl s%S Ierf l  i’t’~F iuurnl.iflm ,’i’ i i. uI -i
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niusentent (and intc rm u t t e n t  c’onccalntcnl I of the 
~ 

f i t r e e s  and the distan ce tn sm u l s  ed , the )
~

defenders either (a ) fire into a constant (hut mos ing ui e.i ~ ithu uut precise knowledge of the
consequence s mit their fire , ot ( hI lire .ut t .irgels , ~ it h t he result that the I inie to acquire such
,u target is tnserse lv proportional to the clet is its o f i forces .und much greater than the t ime to
kill an acquiru2d t a rge t  1 hider each of ’ Ihesu2 se ts  of c i i c ’ Uu l i s t a nccs  the ,isstiiii~d harm of ’ at t r i t ion
h,is been hypothesi zed to occur ( II ,37 J .

l)uring the “.ipproa ch to c’ot it.ict .
“ the fire—supp o rt units remain st , u t t t t na i  I’ach unit h is

the capabil ity to delis -er counicrhtitter y f ire against enemy .urt illery or “area fire ” against the
cilenis ‘ s inta nt i  s In other s~ords , s~ c .ussunt e th a t each side ’s f ire-support units fire into the
(constant ) .irea c’u)ilta iiting the enems s in lat itrv without feedback ,us to the dest ructuseness u mt

this f ire On the other hand, the efl’ectis eness of ’ co unter hatter y fire is not s’, mm et iuc with
respect to the two combatan ts . We assume th ,ut the defender has the ca pa h i l it s (fo r  example ,
through the use of ,ueru.ul obsers ci s I  to sense ~ hen an enemy supportuig unit l,us been des-
t r o ve d sit that f ire n1~us he inintediately shif ’t~ d to a ness t ,irget ” , and that f ire is unito rml~ distri-
buted as er t he stir s i s o r s  t I he at tacker , howeser , c it her (a ) does not h.is e I he c’~ipa h i l it to

sense destruction of enemy lire-support units accuratel y hand hence distributes his tire uni-
to rml~ oser the (constant I .ite ,u occupied by I he defender ’s tire-support on i ts ) , umr lb) does has e
adequate t ire assessment capahilit s , ss i t  h the result that target ,icquusit ion t ime s (which are
uns-er se lv proportional to the densits of the enemy ’s f ire-support units) are much larger than the
time to destro y ,un acquired target - I h m s  leads to .u I att r i t ion ra te proportional It t  the product
of the numbers of ’ lirc ’rs and 1 targets III .1 ‘

~J p

If is the ohtc’c’ t t s  C m m )  each side t u u a t t a in  the most t’aso rahle unt ’an t t s  fo rce rat i o possible at
he end u u f ’ the “.ipproach to contact ,” at ss hich tun ic I fie force separation bet ween the opposing

infant r ie s is zero ,iiiul art i l ler y f ires must he l i f ted from the enemy inta nt t ~ 
‘ 5 Posit iOil in ordei

null to ,ilsm ’ kill t’ruendls forces [hus , the decision problem l’acing each side is t o de t ermine the
“best ” distribution of ’ . i r t i f l er y fire between enen is int ’a ntr ~ and arti l ler y u tse t  lime in order to
maximize I he infantry force rat io ,iI the time of ’ contact between the I ss o infant rs - I i’ t ces  thus
situation is s hown ul iag rat iimatuc all s in 1-ig 2

(12

ç
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the abase assumptions lead to the t’ollowing differential game w i t h  an attr i t ion structure
slightly d ifi ’eren t from that in Kawara ’s problem 122 1

max imize mu nifl huze - -
I i I

w i t h  stopping rule: t .  - I’ — 0 ,
(/ s

( 2 )  subject t im - — (i~ ~ 
V — ta p ’ v .

i ln,iiilt’ dm , t , u t u t i ,  S i  di 

= — ( 1 - u - l a ,
u/I

i / I- i
= uh 1 u-~ s~ .

— — — (I  — u) I u , i- ,s
tlt

w ith initial conditions

s ( t  0) s and i (i - — U t  = v ” f o r  , 1 , 2 .

and

i s ~~~~ (State Var iable Inequality (‘onstraints ) ,

0 ~ n. m ~ I (Strategic ~‘ariahlc Inequality Const raints) .
where all sy mbols ,ire (essential l y) t he same as defined above for problem ( I )

We o hsers -e that l’o r I’ - + ‘~~‘ it :‘~Ik~~-~ from t he battle dynamics ( I)  that s ( 1) , i ( . ’) .
and i -  it 0 f ’or all I ~ 10 . 1 1. l’hus . the only SV IC that tiiust he considered is s ‘ 0. h ow-
ever , let us 1550 mm ’ 1/nIt thu lui’ ui ’ hu t ’! ui i/lu ’ attat ’A u ’r ‘ s art ullu ’r i -  /S  Ft( ’I’u ’T ru ’dut u ’u/ ( um :u’,ii In other
words , we consider the special case in which s and i’are such that s ~

( 1’) ~ 0.

4. ( ‘HARACTERIZATION OF OPTIMAl ,  F I R E - D I S T R I B U T I O N  STRATE 6I Es
FOR THE SUPPORTIN(, WEAPON SYSTEMS

It should he clear that in (2 )  above we has’e a 11 , a a ~. h . h~ > 0. Although the results of ’
.&. Friedman 1141  concerning existence of value do not apply directly to our fire-support
dutl’erent ial game ( 2 ) , t hey do apply to a suitably modified sersion If we w’ere to consider a

(I -’v ersion of ’ t hus problem w i th  -. = - ( I — u ’) a  i,  + r .  where r~ ~ 0, t h e n  it may he shown
(see pp. 2 10-230 of Ref (1 4 1 )  that this “modif ied” differential game has s -a l ue and that a saddle
point e x i s t s  in pure strategies (see pp 234 -23 5 of ’ Ref 114 1) . We will now develop the basic
necessary conditions of ’ optimal ity for ( 2 )

For s , , t , v 0. t he Ilaniiltonian t’or ( 2 )  is gis’en by ( 121

! i ( t , x , ~~ , p , q , u , u ’ )  — p1 (a 1 1 s 1 u’ 1 ~~ ~~~~~~~~~ - ,i~a.( l —

( 3) - -  q 1 ub 1 u’ 1 s~ — q . ( I  u ) h , v , s , ,

w here we have adopted the following correspondence between st a te and adj oint variables:
state ~‘a rta hle dual s am iable

S p
q l’or i — 1 .2

L 
. 

~~~~~~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
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l’he .idtount s s s t e t t i  of ’ di fferenti a l equatuot is t u t u  the dual s .ut able ’s us
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— — it “h 1 u u j  + ( I a h/ ’ . u , j . w i t h  ~‘ (  I t  — (I .
- -

~~lI 
s

Ut) — — a ‘
~ 

1’ I hi ”!’ i 5 
~~~ 

w i th  q 
~ 

I I —

di - U 1 )-

‘I 
/ j  -

. 

— - / . s  j’~ 
(I t ” )~ i ‘p. Ii ii ’)!’ , s . u / ’  w i th  .j , ( I )  — (1

u/i ~~( .  
-

the  result s u I  le rkosi t i  13 1 s ,is that II. p I t ) , and q (t  1 , tt ( ’ c’O uituihUotis f tuu ic ’tiouis i t t  t u u t i ~’ ex cept
possible .ut manifolds i t t  clus cont inuuts of both I .incl I “ (see Section 4 3 below 1

When s . s . , t . t ~ U. the ex tren tui l  ‘ s tr uu t c ’ g uc— suut u a h l e p.u i , denoted ,is ( it ’. • h 
- ~ iletei

min ed by the “l a s  Ill. ‘I j ”  - ~n- .p/~- I Ience , w e consider

maximize minimize l I ( t . x - p. q. u . ) 
-

I ’  ,, ‘_ I ii’ ,
5(1 that

I fa r .5 ( i t  0 .
(8) u ” u)  — 

() f ’ui .~~ 
u) ~ t)

where tf ie I - ‘ iss i tching funct i on .5 
- 
( i t  is gise n by

S ( i t  — t’ t ( u / :
’i t I ~‘~~( ~~~~~~

.iiicl

1 for ~~~~~ 
‘
~~ 0 ,

( It)) i- ’ ( )  -(1 t i mr .5 ( i t  ~ _ (1 .

w here the I - ‘switching function .5 , ( t )  is gis en t”.
( I l)

It is read uls s how ii that

( 12 ) I1I(~~ 5 ( i )  — Citths t , i i h t  — 11 1 ( 1 ) 5  ( 1’) —

ii( 13)  ( j m  ) 
~~~~~ ~~i ( 1 ”  “— (t .

i l t  I

and
“ii

( l 4 t  
/t 

a t  I ii ’l .’s ,( i)  i t’ ,,j i

We Ti t l i s t  fur ther ins e s tu g a ic ’ the poss ihilits i t t  si t ig uu l.u i suih. ii~’s ( Ret 1311 t O ( ft. upIeu S of
Ret ’ 1 1 2 1 1  1 et us first show th at -! . PH J’ i ’ 5s .-t ’/ , - it ’ 1i u j u i  a I S ’lk’iu ,J? s i u t ’ u i n , In olhei w oi d s ,

i t  must he 0 or I almost es -c t where in time I t ie umposs ibul its it t  ,i I singular suhar~ is

“ -5 -established h~ show ung t f i ,u t 
/ ~ (1 hit ill t ,  10 . II It is c lear that

h ( I  i t ” 1 \ ( i ~ ‘— 0 fo r all -‘ 10 . / I

- -

~ 

_ _ _
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Considering ( 1 3 )  and the fact that q~( T )v 1 ( T)  — < 0, we see that q 1 ( 1) v 1 ( )  < 0 for
all r * ( 0 , T 1,  w hence follows the assertion via ( 14 ),

It is possible , however , to have a U-singul ar subarc on which -
~~~~~~ — 0 (or , equ ivalently,

S , ( t )  = 0) for a finite interv al of time. There are two cases to be considered: (a) u ’ 1 and(b) u ’ — 0.

4 .1. U-Singular Subarc on Which ~“ = I

When u ” — 1 , it is readily computed that

dS( 16) —j
~

- = — — - (a t i b i v i — a 12 b 1v 2 ) ,

and

d2S(17) ..,....,,,,,,_! ~.. = — —j x , { ( a  t b v 1 ) u ’b 1 — (a 2 b 1v,) ( 1 — u ’) b 21 ,

If we consid er (9) , t he requir ement that -
~~
-

~~~ = 0 yields the / i rs t condition for a U-singular subarc
with L ’’ I: 

P

(18 ) b 1q 1 v 1 = b, q 2y 2 .

If we consid er (16) and (18 ) , the requirem ent that -
~~

- ‘~~
—
~
-
~ = 0 on a singular subarc on whichdi’ Ou

= 0 for a finite interval of time yields the second condition fOr a U-singular subarc with 1’ ” =

I:

(19) a t i b i u’ i = a 12 b~~’ 2,
On a subarc on whi ch the first and second conditions for a singular subarc hold, we additionally
require that -a’-- ‘

~~
-
~~~ 0 so that (17 ) yields th e singula r stra tegic - variable value required todt 2 ôu

keep the system on th e singular subarc

b 2(20) u ’( t)  = 
b 1+b 2

Checking the generalized Legendre-Clebsch condition’ 123,24] ‘

~~~

— {-
~

-- -  ~.?L)J ~ 0, we fin d
that on a subarc on which (18) and (19) hold we have

~~~ {-‘~
L~. (-~ II (9i (x 2 ) 2 (a i t ( b u Y2 v i + a i2 (b 2 )

~i.’ 21 > 0.

We may writ e the equation of (he U-singular surface (see p. 683 of [31 1) as
V t a 12 b 2(2 1) 
~~

‘ ‘ ‘‘
~~
‘ for v ’= l .

1 hus i’, .i nc’ct ,’ss ,mr ’, cumn duuion for optim uiliut K. t’.dt ucs 12 11 gu s e s j un equivalent co ndi uuutn 118 1

‘ - - - ~~~~~~~~ —- - 
- -

‘ 
---- — - . 

-

- ,
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4.2. U-Singular Subarc on Which %“ I)

W hen t - ’ = 0. it us read ily computed that

(22 )  - - —— 
, 

(a~~h 1. i — a ~ha ~
) h~ t ~.S ,( t ) .

di
and

(23 ) — - -
;

‘ — — u ’h 1 s , —~
-- + a~h~ i ,( — u ”.S’ ( t )  + h~q~ v~ + p~ s 1u ’h 1 — (I - —

( I t -  (Ii

so that the t i r s i  ~nuI su ’tm ind u ’onu / i tuuu , ls im m r a ( - s  ‘i ,~ular .suhare wi t / i  I * = (I are , respecti vely. ( 18)
and

( 24 )  a 1i hi u 1 — a 1 , h . m ,  + h . t .  I —s , ( , ) } .

It should be noted 1181 that the above singular surface exists in x — p space. It is convenient
to write

a ‘b’ it .t -
-

( 25 )  = — - - — - . ‘ 
( - .S’ , Ufl for v ” = 0.

-
~~ a 1 1 h~ a~~ h s ~

The singula r s trategic- u ’ar,ahlu ’ i ’a IUu ’ is given by

it, q a .
( ‘ 6) 11’t,’)  — I —

h i + h- ,

The requirement u ” ~ I yields that on a f-singular subarc with 1’ = 0 we must have

(27 ) h . ( — q ~ ) v - , 
~ h~p , s , .

It is readily checked that the generalized Legendre-Clebsch condition is satisfied.

4.3 Discontinuity of Adjoint Variables Ac ross Manifold
of Discontinu ity of Both U’ and V

I: is convenient to introduce the hac/ ~war uIs time r defined by

(28 )  T I —

From (20) and (26 ) , we see t hat u ” ( r )  must change , in genera l, discontinuously from
b~~~~ ( h 1

-t -h .)  to h . / ( h 1 +h ,) ( 1  — q ~ i- 1/ (p ,.v~) )  whenever u’ ” ( r)  changes from I to 0. Let us con-
sider the totality of trajectories on which this happens. The locus ot’ points in t he t, x , y —

space for such simultaneous switches is then a manif ’old of discontinuity of both L’ and I”.
Across such a manit’ofd the adjoint variables need not be continuous 131.

Let r , = r (x , y ) denote the backwards time at which u ” ( r )  changes from I to 0. For
future purposes , it w ill be convenient to consider a simultaneous switch with u ’ changing f’ron~
t he singular contro l h 1/( h 1 +h 2 ) to 1. Then the manifold of discontinuity of both U’ and I” us

given by

(2 9) F ( t , x ,y ) — i — T + r , ( x . y ) = 0,

and
(i (y) — a 1 i~ i

’ i — U t ~h ~i’~ — 0.

_ _ _ _ _ _ _ _  _ _ _ _  -
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‘\ cross the man ifold of discontinuit y , we have

I I ~~~~p ( r , )
~~~p ( r , ) — p -~-- — T i ’

OF 0(1q (r , I q ( r , ) — p — mm

and

/ f ( r ,’ )  = II(r , ) + p + ur

Or

Or ,
(3(t ) 

~u ’( r , ’ )  = p ’(r , ) — p

Or ,
(31 )  ( — q ( r ,’) )  = ( — q ( r , )) + p —f-— + ra 0 lt t ,

Or ,
(32 )  ( - q - ( r , ’ ) )  = ( — q . t r , )) + p i— — — m ra 1 ,h , ,

and

(33 ) I I ( r ,’)  I l ( r , ) + p.

If we consider (9) and ( 11 ) , it is readily shown that

Or , Or(34) .5 , ( r ,’ )  m r l u z i t (h i ) ’ t i + a i , ( l t j ’ t , l  + o /‘ i V ; — — h~ u’~ 
- - — ,

and

Or , Or ,(3 5) .S (r ,’ )  = — 
~

m a 1~ s- 1 — - — a~ 
—— -Os i O s .

Recallin g that u ’(r , ) h~ t/’ 1 +lt,) , u ” (r ,’) = 1, i’ ’(r , ) I , and %‘‘(r ’) = 0, w e may sub-
- - , Or , Or , Or ,sti t ute (30) through (32) unto (33) to obtain for a 5 t 1 -

~~~~~
- + a :.V : + h i  -‘

~~ 
— 

~~~ I
0.’ i O.s~

‘ (h i ) ‘
~~ ~

‘ ~~
-)  i~ 

= - - 
~~~~~~

‘ -

Or , Or , Or ,
I 

~‘ 1 1 ~~~1~~~1 
- — t i - i , — ~~~~~Os - ‘

Then we may wr i te

.5’ (r ,’) ml’ a 1~
(h

~
) i - 1 + a 1~(h~

) 2 i -

Or Or ,
ii 11 ( / ’ 1

) t
1~~~~, h~i’ 1 — h,t ,

( 3 7 )  -— - - -

Or Or , O r
I — a ~ 1 s 1 i’ 1 

~~

— — ‘  = t l~ ’~i~~ 
— h 1 u 1 s ,  

- - . - - -  --~~~~~~~~~~~

--

-—  ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -— ~~~~~~~~~~~~~~~~~
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and

Or Or
- ui i i ( h ) ’ i s ~ u p s 1 — — a 2 — m m

(38 ) S (r ’) = - - -

Or , Or , Or ,
I — ‘ a u s t ~ 

- — ( 1 . 1 . — — h 1 u- 1 s ,  —
O.s i 

‘ - Os ~ 
- - 0V

5. SYNTHESIS OF EXTREMAL STRATEGIC-VARIABLE PAIR

By the s y nthesis of the extremal strategic- variable pair we mean the exp l icit determination
(using the basic necessary conditions of optima lity) of the time history of the ext rema l
strateg ic-variable pair (ii ”. v ’) ”  from initial to terminal time 121 ,3 1 -3 3 1 .  The basic idea is to
trace ex t rem a ls backwards from the terminal manifold (where boundary conditions for the
adjo int variables are known) in such a way as to guarantee the satisfaction of the initial condi-
tions. Thus , it is convenient to introduce the ha Awart/.s t,mt’ r defined by (28 ) .

5.1. Extremal Transitions in Strategic Variables

It seems appropriate to examine what the possible transitions (or changes) are in each
strateg ic variable as we work backwards from the end (i.e. as r increases) . It has been shown

OS
presuo us ly that —‘—-i- < 0 for all r * t0 , TI. If we consider the boundary conditions (4) and (5)

fo r the adjoint variables , it fo llows that V (r 0) > 0. Titus

I for 0 ~ r ~( 39) ‘ • (  ) =i r 0 for r , < r.

It will be convenient to refer to that phase of the planning horizon during which i” (t )  — 0 as
I-Phase I (i.e 0 ~ t < T — r , ) and to that during which i ” ( t)  = 1 as I-Phase II.

Extremal transitions in a’ for increasin g r are shown in Fig. 3. Thus , this figure shows
w hat changes we might expect to observe in a ’ as we follow an extremal backwards from the

Os
end of the planning horizon at r = 0. During F-Phase II when i’ = t . —

~~t l r

(u~~h~ v i — a i~h~~V~
) with S,,( r= 0) = h~.s’ 1t/ .v(  > 0. W hen a ’ = 0. t hen —

~~
— -

~
-

~
- < 0. Dur-

Jr .~~1
t/,S’ v 

- -
ing I-Phase I when u” = 0, — = — (a 1~h~’u ’~ — a i 2 b 2. v ..) + h 2 i .,S ( r) .  During both

Jr V 1

phases , t he singular subarc may he excited with either a * 0 or a * I - Once a ’ becomes 0,
it remains this way. The above statements will be further justified below .

5.2. Extrema l Synthesis for r , < r ,

From the above we have

(40) S ,(r= 0) = h 1 > 0 ,

‘It sh tt uhd I.e kept in mind th,mt , for c’s,unlpie . tt Ui — ( ‘( 1 

—- - — - -~~~~~~-- , ,,~~~ 

-
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U’~ US u”I

lii i Mu 1 s ir ei i u .m I t ,,in~ Ii,, li’, itt L1 Itmr In crL’3s,ng

U’ “ 0
NOTE

~ 
b~ ) f  q 2y 2 )

[b u~~ 2J  
—‘ -

—J FOR w ’~~O.
US b 2

FOR ~~~~

so t hat by (8) we have

u”(r) = I for 0 ~ r ~ r ,, (4 1)

w here r ,, is the sma llest zero of ’ the equat ion S , ( r =r ., ) = 0. If the f -singular subarc is reached
in F- Phase II (see section 4 1. previously) , then let us denote the backwards switching time at
which a ” c hanges from I to h2/ ( h 1 +h ,) as r , Clearly, it is necessary that r < r , for this 

Vsingular subarc to appear in the solution. Thus , in general , t here are two cases to be con-
sidered:

(a) r , < r ,,

and
(b) r , ~ r , .

In this paper we will consider only the former case , w ith the latter one following along the same
general lines of development. We t herefore assume that a t i a ~. a ,. h ,h~. .s’ ‘ , v- ~i 

‘
, and i~~ are

such 1/ tat r < r ,. We wi ll give numerical results f’or t his case below- . Moreover , in all our
numer ical computations we have only encountered this case.

.~~. 
‘. / .  LTstru ’mal .s Sear tlit ’ Terminal Manifold

IS a 1,!,,
Recalling ( 16) , we see t hat —

~
- > 0 (<0) if and only if — > ( - )  _,_r__~, If we con-J r  a i i h t

v (  a 1 - , lt -sider (4 0) . i t  is clear that S , (r) > 0 for i’ ” = I when > — ---
~
- -

~ However , ,S’ (r)  may
11

~- ;  U I ,!, ,
change sign w hen < ~~~~~~~~~~~ Then f-singular subarc occurs when both S , (r=r 1, 1 = 0 and

l~~ 
(i~

a lI m’)I V I — a .h1 i~~ at r = r ,, Thus , r~ is t he smallest root of

— 
~~~~~

- - + r ’
~~ ~~~~~~~~~~~

— ~~~ e ~ ‘~~~~~0 (42 )
~~ 1 • ~~~ 

a 1~ u ’~
If i~~

’ us giv en , then S , (r = r , ) — 0 and a t~hiv 1 — ~~~~~~ may be combined to yield the value
of i -

~ required in order to reach the L’-singular subarc (denoted as c ’~
) . Thus, for

- - ~ 
(a i t v~ ~~~~~~~~~~ - - .a i t V~ � h ,s- .  we have v - ~ — — ‘

. - (Other results are given in the Appendix. )
!‘~ a 1,( I — h 1 s , r ,, )

We denote the corresponding ratio of .v ( t o  u’~ ” as F ’ - )  -

_ _ _ _  -— 
~-a-.r:~ ——-~~~~~ 

- 

~~~~~--~~~~~~~~~~~ . .- .- .- . .- -- ---
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When .5’ ( r — r ,, ) — 0 w ith a h i ~— ~ 1 ~ ‘ ~ follows that r ,, is the smallest root of
the transcendent a l equation

4~
) I ‘1 i 1 1

- h i - — 
- 

— a i~h~ t~~r ,, + — 
- e ‘ ~~“ — 0 .

~~1

rIIE0REM I Assume that r r .  Then , u ”( r)  — I on any ex tremal as long as
V V

m- ” ( r )  1 for — , —
. -

t V I

PROOF The proof is by contradiction Let r — t

V 1
(a ) Assume t hat we could have a sw- itch in it ” ( r )  (wi th  v ”(r) = I) for — - - ‘> — 

- - In

other words . we can find r , such t hat .5 . ( r=r . ) — 0 wi th

(44 ) 5 ( r )  ~ Ofo r 0 ~ r -~ r , .

i i
for - --  > — -

,

(h) Consider = 
~~

- — -- 

- + e with ~ ~ 0 and such that r ,, ~. r ,. Then it may he
I,  I ’

shown that at r ( t  I V ’ )  * we have Or , Or ‘
~ 0. This implies , how-ever , that r ,, r , f’or

r — F .

a ” I
(e ) Observe t hat m- ’ — I for O ~ r r , r , so that c 11 t .  = V ’ t ’ I . 

- h ence .

I I ~ i 2 1’I -
(4 5)  — ( r= r  ) 

~ ‘ 
— — — for r = F,

I’

ti-s.
since then r ( r = i )  

~ r . It has been show- n above that — - 
~ 0 for i’

~ 
V~ ~~

(1-s
Thus . (45 ) implies that —i—- ( r = r  , ) 0. and hence

(4 6) 0 = S , ( r= r ,) ~~ S , ( r ) f’o r r *  (r , — & r . )

Thus last statement (46) is a contradiction to (44 ) , and the t heorem us proved

Q.E.D.

Other results are obtained in .u similar fashion.

.~~. 2._ ’. l ’iu’Id (‘ on.st r ~lct,o, t

For a given set of ’ termina l values . ‘s i and i ~, an ex trem a l may he traced backwards
from the terminal manif ’o ld by a bac kwards integration of ’ the stale and ad,tount equations com-
bined with (8) and (10) (also (20) or (2 6 )) .  By vary ing these terminal values , th e entire he/i l
if u ’s t r u ”PUil% (see p. 128 of Ref. 1121 ) mas’ he obtained.

• —  
_ _ _ _  - - -
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th e s,urious ty pes  of cx t rc t i i , uis th,u t tiia~ ,u~cui i i i  the field ~f ex t r e t i t a l s  a re shown in 1- ig
4 1 his f igure is  eprese n t a t t s e  of ,u lf our numerical res u l t ’ s tot r ~ _ r I see Section ~ 2 3
below I Pertuncni info rn iatuon concerning each t y pe of ex t re m al  is gus en in the .-Sppendix 
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120 80 60 40 20
( I’ ll

BAC KWARDS TIME . r (MINUTES )

l it — i  ~ 4 I,I, - - ’ l - il , ., : . ‘~l ‘I s _ i t ‘I’~’’ ‘ I ,- ‘,: ,‘ tu,,[ ~ I, ’ ç

‘I , ‘ 1 ‘‘ I ~‘I 11 I’ ll I s  C - ,‘;t fl I’ , S I’ I\ ’ .l

—
, 

.‘ 5:, ’’:, ’ , a! / 5 ,V~~/ ’/ t S

-‘ co t t i  i’ute~ program to ca lc u la te flu nie rucal s j iucs for m l  01111,11 on gis en in the Appendix
was written in F~~R IR . -SN for the I13~ l 3tt O computer -S plot i ii ihe f ield of extren ia ls (see
h g  S , t , and — be low ) i~ generated bs this program !‘hc c ioscd-f ’orm .It idtvtiC result s presented
in the -Sppendi x are used w henes er possible .-Sp prox ifl iatc ii unierteal so) a t i outs to t rar iscenden—
tat equal Ilifis If or the determination of , for  exam pie, r , r - e tc  ) .tre deseioped h~ the wel l—
kt i m tw t i  \ew i,tn-R.iphson uiiethod In t hos e c, ises f o r  whi c h el os e d— f ’tt ruii sOlli t i i i tls .ire flot ,isail-
,u hle to the si.iie .uuid ,t~t i t t i f l t  equ at i o ns . .i sta ndard fou rth—order Rut ige -K ut ta iiuniertc .u l int egra—

on met hod i~ used S t ime s I C ) ’  .~ r w .u~ used in these nu meric.ul unteg r.ut (‘u s ss hich ielded
agreement to the li f t  ft place to the t ight of t he dcci nial place in es i  s c,Ises in w hich the approst-
ni.ui e ii ( inte rucal 501(1 tion could he corn pared w i t  ft t lie exact solution -

Par,umeter ~eis for the t iumer ic ,ui exa m ples gtsen in t h t s  t iaper ,ire show t i  in r.uhle I for
m mli r pro blem ( 2 1  w e uit.u~ cot is ider tunic It’ he an additional s ta te  s ariable sit that the st a te  space
i s  f i s e-d it nens ioui.ul - I e - the s t .u te s ,uri. u hles .ire 1, s - V . and t .  I’hus . unf ’o rt tutia te ly . we

can tiot graphi call s depict the field ,‘I e~~t rental t ra j ector ie s hut must be s n  isfie d s si t  f t s iew-ung
‘ross— s ec t itill -. plo ts it ) it

he m ii i  I,,~’ ,‘iii , l ‘ l i _ i , I I ~~~~~ I I,i) ,— I I i s  i t  S S - ‘~~ s I, ’ ’  ,I, ’-~ ’ It s ’’ _ ‘ I, ~ lIt’ s ,,l , I , ’ ’  -

I .~l’ .iI!t R - 1 . -
~ 
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(
~\ U_ SP~GULAR\

\ 

:

~1100 80 
ie

60 , T V 40 20 TU T*O 2

r~ T V (t ’T )
BACKWARDS TIME , T ( M I N U T E S )

l i i i R i  I- , II ~d—i n su iid in iii,I,I mu) 
— ,

,‘sl rem.i ls I uur  p,ir,imeter scm 2

TABLE I - Parameter Sets t seil to Generate . \umeru-a I
Results S/iou-n in jigs. 5,!,. and 7.

Parameter
Set ‘II I  ~~I l  ~~~ 

h i it 2 ~~~ 
.~

-
‘ i ,

1 0.003 0.006 0,01 0.004 0.005 4.0 8,0 8 964

2 0.003 0.006 0,01 0.004 0.005 4 .0 8.0 1 1 5 9 7

The most illuminating plot for gaining insight into the structure of the optimal fire-
support strateg ies for (2 ) is that of’ extremal trajectories in terms of V /I- 2 vs bac kwards time r.
This is shown for parameter set I in Fig. 5. The corresponding strategic variable values for V
and Y (i.e. ii ’ and ti along each extremal are also given, Other plots have been considered ,
but t hey provide little , if any, add itional insight,

The most significant features of th e field of extrema is shown in Fig , S are the two f-
singu lar “sur fac es”~ t here is one in x , y — p, q space in F-phase I and one in s-s pace in F- phase
II. In each phase, .V uses the strategy L ’ = I above the singular “sur face ’ and the strategy L’
= 0 below it. Similar to our discussion in Ref. 1321 ,  t he singular surfaces are present in the
field of opt imal trajectories so that the .V artillery avoids “overk i ll i ng” either i~ or 12. This
insight is obvious when one , for example , cons iders

(It
I
’ 

~~~~~~~ 

- - 
~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~— - -  - - - - -~~~~~~~
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I bus , the rate of destruction of ) 
i per unit of .V a rt i l ler y decreases over time as the force

level decrea ses 13 1 .32 1.

Results t’or parameter set 2 are shown in Fig, 6, There is a void (see p. 169 and also p.
187 of’ Ref. [21 1) in the field of extrema ls. This is because in backwards tunic at the end r , of
the (‘-s ingular subarc in (-phase II, we wou ld have u , ( r  ~~ ) (as given un 1- ig 3) equal to 1.054
if ’ the adjo int variables were cont inuous at r , , The fol lowing theorem further explains this
situ ion

THEOREM 2: There can be no ti-singular subarc beginnIng in backwards tunic at r ’ with

a ~‘ .~~ 
= i ‘it t ,  for

it 1p* r , ~-‘ 2 + h , q 2 ( r , ) .i’ 2 < 0.

W hen a ti-singular subarc begins at r ,~ w ith a ~it 5I = a i 2 h L V 2 , there us no discontinuit y in the
adjo int variables at r = r ,. ( i .e.  r = 0 in (37 )) .

PROOF: Immediate by (27 ) and (37 ) .

Q,E.I) .

Addit ionally. Theorem 3 gives the extremal transitions in .V ‘s strategy possible from the (‘ -

s ingular surface in F- phase II as we work backwards from r , , Thus, since h 1,t 2(r , )s I V
— q ~

( r , ) )  V~ for parameter set 2 . a vo id would exist in the f ield of extrema ls if the adjoint
variable s were continuous at r , ,

THEOREM 3: Assume that there is no discontinuity in the adjoint variables a r =

with a 1 1 h 1 v 1 = a 11h~i 2- Then

1. if 
~ iI’2~ 

r , ) ~~ < i t _ I  — q- , (r  , )) .v 2. t hen we can only have u ’ ( T)  = 0 f’or r ~ ti ,. r , +h)
where h > 0,

II, If h 1p2 ( r , ) .s’ 2 ~ h,( — q~(r , )) ,i’ 2. then we can have

( a )  0 ,
u ’ ( r )  = (it) (I —

(1.)  1.

for r ~ ( r , . r , +~ ) where h >0 .

PROOF: (a) When we are on the singular surface in F-phase II at r , = r ,’ , then by
( 22 )  and (23 ) and the continuity of the dual variables we have

r ,4 )  = -S( r = T ,’)  0,

and
i t t

(47 ) S (r r ,t) a, I,~(b 1 +h, )p t .s ’ V ’ u ’( r ’)  — —--
~
-—— I —  —

~ 
-

h I +it

~ 

P2- ’ ,’
d,s

w here S denotes - -Jr

(b) Considering a Taylor series expansion about r — ,
‘, we base h~ the :uho se for r

-- ‘ z~~~~ -i .
~~~~~~~~~: T :~~~~~~~~~~~~~~~~~~~

-- - -  ---- ,
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( r  r ’ )
(48 1 ~ ( i l  — 

2 
‘

where r . (r
’
. r )

(u, I W hen ( I — (I f or ( r , , r , + h i , then

.5 (r -- r ‘ )  — a 2~~~
’ :~ 

1’ - ‘  ‘ t .  ‘- 0 .
p ’s

so that there ex is ts  h i ~ 0 such t h at .5 . 1 ~
) 

~- I) for all r I . . r + ~S 1 ) I f i t is , we c iii a i w a s s
f t. us e a ” — 0 .is w e work h.uekw .urds iii I -phase I Front ti me ( - ‘s uuig iil ar suharc iii I -phase II

(dl Now let it ip~
( r ’) 

~~2 
- — 

~~~~ t j . ( r , f l t  I ~~ ( 2 ( t ) , the I -sin gul.ir (‘tiu tt i (t i in I -Phase I
a,, — ( I q .t  2 ’(l’ I’ ~~ ~‘ ‘ ~it I. I l t t .is , t Ime I- singular subarc us p(t%suhle W fueit
a * ( r ,

‘ - ) — I - then ~ 
( r — r , ‘ ) 

~
‘ (1 by (4 ~ 1 Wh en inequalit y holds , it fo l lows tha t the re e x i s t s

,S~ 0 s(Ii’ fi that . S ( r )  ~ 0 for all r • (r , . t ,’I ’ S~ ) (‘lL’ar ls . we cannot li.u s c ii ” — I if !‘ 1p . ( r ,
’ )

“ (  t / . ( r , ) ) V ,

Q F I)

the sante , u i i . u l s sus  .us used in t h e  proof of I’Imeorcm 3 .upplics on .u I - siiigul.ur suh.urc in I - V
phase I when m ’ -— (l As long as (2  ) holds , one Ii.is three options si n mtf ,uu to t f t i is c i~) Part II i’)
rheut rerti .1

.“ . ‘ 4. 1-tI/ i , ,  ri a I mm , i /

t
~Ve h as-c eniphasi.’cd that ii. p( t 1 , and q( t 1 are ‘ O i t t u i i t i u t t i s  I Lin Ct uu t uts i t t  l i t i t e ‘Se ~ ’);i p05-

sihls- .iI uiiiiiiilitId~ of (lI sc (i n t u i iul (y of both I and I ( 5 C C  ~c m  ion 4 ~I I toni l ’ f tcm tr e nt ,1 it

follow’ s that .i so ud 1111151 exist in the f ield of ’ es tr enm al s w licti t f i ~ se Iunct uumiis .ire C’ut nt mnuutus .uumi t

2 ‘— “ 2~ 
q .( 

• ) ) m Si , . mui r cos Cr , m ehi.i ngi ’s las we progress h.uckw .ui 1s iii
time ) l’roni I to I) and a • f r o m  it . (it s it.) to .u dufkrt—n t s ,ulti ’ Ihus . we h.is e .u nm,uum uto ld of
discont m auls- of hot It I - .mn(l I • MoreosL’r i f

’ we consi der resu lt s gu s en .uhos e, it is readul s
show- n thai a ( r I remains for increas ing Ii e - h,ickw .urtt s t i me) equal to ‘c t~ 011c C it ~t Ll tmgcs
to ieru then from theorems 1 and I t  f o l lows th.ut t t t  ~- 

~ 
.~ : 1s - .~ . 1  ,

~ ‘ 1 -

. 
) ) .,

dual s-ariahles must he discontinuous to f ill in the m’ i ~ f - .uimd we :~;usi ft . is i’ .. • I r I — I f~ t m

‘._ r ‘-. r ,~~
‘

. 1-a rt hermore. if ’ we consuder I ig i and i ‘iisidt’i .11 ions mu m u he l.mtge ,“ I he maui u
fo ld of ’ discon tu flu its - fit ust lie oim time I - tra it si t ion stirf .icc

Thus, we has-c established that for a it ~ — a ‘I ’ a • we  h.u s e

iI ( T , ) — it ( f ’ . ! , ),

u- ” (  r , ) — I

kind

— I .
(‘)

a t
It remains to (feterii munc the function r , ( 

~ - ~ 1 of ’ ( 29) s it I im,ii , ,mit~l , nm.us he (Oii t Ii I it L’(t ,i-j~and the tumps in 11, p. and q MU hscqucnt Is’ determined (see (30 ) I hirnugh ( 1) )  Ii should he
cle a r that ii is umpossible to explic it Is’ d eteru m i m u m e r , (~~. ~ ) I low es ci , hs comput .utiuiti of fis e
h’oiiits on I he I - t ransi t ion st u rf ’.ice , the (lesired par(ia l den s ut is es nt is he est ifllatL’d by usi ng 

______ — -.-—- ——---•~~~~~~~~~~~~~~~~~ —-‘-.— .. - . -
—_-- -. - _ - - — ...- —. .~~~~~~~~~~~~~~ -~~~~~~~‘—— — . ,—- 

.“----------.--- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



.~42 J . I S ’ u I O R

linear approx imat Ions to the appropriate directuon a l - I t i s  Cs and sol~ ung ,u ss stei l t  of four
linear equations in foui unknow us i-or parameter s i t  2 (as the rel ’ercnce case ), I h is uelded
the follow uiig estunt .ilcs

ar
— 1) 0001) , - — I) 29~ ,

- i11 :-

0 O h ’ ’ — — (10331
~~i .

It is , therefore , cliii s en em to rew rim e the ump condut ions ,u c , ass the nianml ’old of duscon-
IiflLlut s mt l  both I • ,ind I

a
r ,‘ )  — p.1 r - 1 . i’ i~ 

r — , m ( r , 1 p 
as -

( S I )  ii 1 . 1 — q 1 - 1 u , ra t’ .

a
p -

(It

w here p and mr are related by (3(i ) In tI tu s case the lumps (37~ and ( 38) in the swuching f ’unc-
m u ( t n s simpl itv to

d r
II H(it i ) t  i~~ 2 /t i V i h 2 V ,

- , 
‘ 

dV 1(~ 2 )  S I r ,
’ )  — i’ a 0 (it 1 ) i i + ~i 12 ( /’ ,) t ,  f —

(IT ,
I — a t ’  h~

m -
~ s ,  -

- - d s ,  ‘

aiid

a 1 1 a2 (/ t 1 ) - i- 1 s , mr

( 5 3 )  ,S (r ,’) — — . - 
- 

-

c~r , d r
I - a~ u’~ — f’ i V i s

Smui ce m- ( i ’ ‘1 — 0, we must has’e S ( r , ‘‘I ~ (I s.t that ( 50) and (53 )  yield that r ~ 0 It
should he clear that ii — (1 ii and only if II. p. and q are coi ituuiuous .11 r , . For ur ~ 0. t lie
condit ion Ihat a * ( r , 1 — I yields that we must has-c

.5 ( r , )
(54 ) 

‘r
. — 

~~

w here .5 , 1 r , ‘1 is given by (52) Although i t  cannot ui i genera l he guaranteed that (54 ) wil l
.ilw-ays hold when a s-oud in t h e  field of extr enm als such ,us that show- n iii I-mg ft ex is ts , it should
he clear that it must uI I lie prohleuit ( 2 1  is to has-c .u solut uon the author coniectures I hat this
is t rue It is readily showut that w-lmen (~4) holds , we lt ,us e

(55 ) .S’
~ , r )  0 . .S ’ ( r , ’) ~ 1) . mild .S , ( r ’) 1)

the appropriate s .ult ie for it is determined by “c outsmd e r.lt Ions uui t u e  large ” I he struc t ure
of’ t he entire field of ex tren tals determines the s ,mh ue of ’ this par .mniclcr In lug  ‘. we let

-  ~~~~~~~~~ - ~~~~~~--~ - ~~~~~~~. - -

- — — ----- — - .--.~~- —.‘--.- .— — - -- — — ---~~~~~ - - --~~~~~ —--—— —~-- —‘--—- —-“-- —,,-~~~~~~~~
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deimote the hickw ,urds t u l l e  at w hich t u e  I - siu igu l ur suhare is entered u t  i ‘pimmuse I (‘orrespond-
ung t(t r ‘ 

is 1 ‘, w- huc fm ields t lte lu st amid se(’(tud ~‘ondit ions ( 18 1  111(1 1 2 s )  (w-iilm a ,,• ~ I) for a
I singular s i l i .uii w i t h I — (I .11 r : ’ — i

’ I i m i  0 — mr , one uses a ‘(il — I for r , ’

r and ihcui a ‘I t )  — (1 f m m m  r ,~ I-or a ‘
~ a , the I ‘ - s w i t c hing function .5 ( r )  nes-er

chattges sign , st i that it  ( r I — I I m m i  . it i r ‘
~ , . Iht us , i’m) iii,u iiupulatio mt (it I, • IttiC ut m iy fill in the

s oi d in ihe field al ex t ren t a i s  iii I - l’ lt.us~ I 11w resu lt im mg h eld of ’ ex t r ema ls  is s f towim iii Fig. 7.

—
, 

~ l i i i ’ ( ~~~ mi \ i ’ t,/~~’ ?’/ m ’ 1 ,~maii- 4,m, / fli t (a’c ’ni ’ s s

It see ins •uppropr m.i te to consider w h.i i f t .u ppe n~ to t f -ic 501(111011 to the prohle mit il haimd .us
the I rel. uuis - e 1 eff ectis Ch ess 01’ 1 (small . mm imm si fire heconmes negligible . i.e us a 11  0 . 1 et US

~‘(mflsuLt Cr lug  S (or F ig  7) I he I -singul.ir “surface ” iii I -I’hi usc It h.us equation V

a 1 , !, ,  (a 
~t’ 

1 thus . as a I) w miii t h e  oti ueu liurau ne me rs he mm ig held consl~inl , his singular
suit ,ic e ” .tppe ,irs higher .uitd higher on time t - 1 m~~ . is is in l u g  S lit t h e  limit , the singular S ur—
I ,i(’ L’ d Imes h o t  appear in the lilt I te p.iri m m )  t f tc ithaim e - lb us - w e  hu s e show’ im I hat ut (liii inmal st i - u ,
tegv itt w hich .u sidc Iis idcs the fire oh its supporting wea pon sVsICi i t  hetw’ee im the enenms’ ’s pru-
umi.ir,, (inl’,iuti rs ’ ) ,uii d SL lp po rtu itg sss i e i t l s  tOP i  t in/i ,‘m,i i ,  w- fm en tl t c c i m e mmm ~ 

‘ s inl’.uumtr v f i ts sonte lire
cfie~’mis-eu iess (in mIte sense itl a noim iem’ a 1 .titchestcr uttr itu o n- r.ui e c (ieflicment ) .igamnsI Imis inl ’an-
Irs

6. I)IS(’t SSION

In thus paper we h.us e e s . iimtun ed I Ime depcit(leiice tl api imti.ul imuie -sequen ui,ui fire-support

strategies (iii the b u t t  of tfie conm it ut . ittr it i a it it iodet by considerimig a difkreiitial g unme (see
1 2 ) 1  with sliglmi ls d ifl er cimt c(tutt h,it ds-n.u utti cs th om t t i m ts ’ in time fire-support diflerc imlial gatmme
considered by K.iw.ur,i 1221 ( see  ( I ) )  - I iti t his fir e-support dthl erei iti ul ganme (2 ) w e des-eloped
first-order i l ece ss.lrs couidit ,oims uit ’ opIuiil ,i(uiv .uiid constructed ~‘ i t mss-s ~’~’m i (m ti  (ttc(Uft’M (~ t the tlt’J(l
ol ext  re nials Its contpar i utg .imid ~it uit r,isi iii g I lie st ruct Li iC of t 1t i  I imi.uI lire -support strat egies f l it
our problem 12 )  w i th  uh.ui for k,tw ,ii .m ’ s f ir e ’supp tt rt dilh’reittiul game (I I - (tim e hegiims Ia under-
s t . i  lid t lie nut ure of t lie depe It (IC ii CC t ml opt u iit uI s I m ,i meg i es on tI me ~

‘ m m ii hat d 11.1 fit ucs hs also cant -

paring amid i- mm m t tr ,u silng the canthat attrut ia i i  i’q u , u I im m u ms for uti ese two dif te renti a l ganmes

Our f ire-support (liflcren ilal gu iite ( 2)  it .ts s i n t i l u r  to k , uwa r u ’ s prohleiit ( I )  (see Re! 122 1)
ex c ep t that we let t h~ , i lm ic ker ’s (i e t’s) ut ( i l lems pno(Iu~’e “line ar-law- ” Itt rut i i tn ,g.ormsI hoth
Ifte defender ’s arti llery amid ,mls t , h i s  m l  .uu itrs .umtd (ci iftc dcheitder s m t  .int ri produce ‘linear-law ”
itt rituoii ,ug.u inst the .i t i. i ~’ ket ’ s unl ’.unirs - ‘is I’a mmim,usl ed w i t h tIme optimal mmn ie-sequei itual fire-
supptint s i r i t e g m e s  tar K,iw.ur.u ’s prlthlelti II) t m t  ,ulsi ,us s c tmi c e i tu r i t lu g ill ui imlIer ~’ fire first on
eim enm s- ,ui tillers - and later on em men mi iii) .mnt rs - ( mIme u u m mi imm g m m )  the ss t iI~’hi being t orc e— les cl  indepen-
theit t ) , for our prohle mit (2 )  mIte opt 1111.11 sI i .11 ‘gi la r oite coutt hut .1111 (I lmc i t t ac ker , V~ depeiids
dm rc ct ls ott I he enem% ’s fo rce ley el s ,uimd Is h i t  Im’iigcr 10 ,ilst .is s citulci’ntr ,ute ,ilt fire on eut h m e r the
euieniy - s prImary or sccoiidars e upol i s ys ICi l i  lIme i.ltlei result - n iore os -er . Si .is show n lit
depeimd on I f t e defe itdcr s mnl.inirv I t . uv uu tg Sante lim~ ef l’eci us elm ess (in I he s em t sl ’ oh ’ a non- tern
I .omch est en .u t t n l t lm tm t- r .u i e ‘oel~k’ieumt I , m g. im mi sm the ,itI.ucke i ‘ s ui ml ,u i ii i

Ihe s olul i o mm it t  12 ) i s  i-li,ii,it ’tc rii ’d u s  tI me pmes ~’itce oh stm mgi i l . ur s l ir t ,lces tin lss ,i~’s
’ tern ul -

ii tlogs’ 12 11 . u i m usems. i I  siiiI.ui’es 118 1 , -i difl’e rc t mt inte litr L’.u~h I itIm, ise iii battl e ‘i~hteii the hat
tIe st ate re ,iches one of these su rf ,uces , lo llost s ,un optimal sl i . u ui ’gs of div iding ) t i s  .urti llers lire
betw een ei t e imt s uit l ’,uu ttr y ,iiid .t r l u l lc m s in trite r to . 1501 (1  ‘ i m% eu kill -- -S notfm er ~‘ ) t .uu , u~’te r uSt ic of the

ti pt inmal lire - support sI u . i te gm ’s Inol preseitt lmt m I~,tit .i i i ’ s 1121 prohlcnt ( I ) )  is  tlm,u ~
‘s optuuit ul

1 , ’i , , ‘ u i%, ’ihic it,,’ Si, ’ ms , i ii, ’ it ’ i f l l  ~~~ u, ,~~‘, ill I I I — ’  it ’ ,I,’ mm , ’ i -  mu , , m i i , , t , , ,m i 
~~~~~~~~ 

,,t ~~~~ I, .~ i_ ~~( , I  it1’t ’

tti i , Im —i ,, - ,’, _ m i u r i i , , ’ , m  m i  ,t u_u i , ’ i i i’’’ ( R I m _ m I  i ,  ii,,’ pi, ’,i,i.- i ,‘I ilit’ ,ui imil’ ,’ u s  ‘u I i ’ s  .m ,,I i t - i s  I~i 1.’)

— u 
.

~~~~~~~~ 

- .  -

~ 

.. .. -. -~~~~~~~~~~~~~~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~

344 I ( ,  I \ \ l ( m R

s trateg s tima s Molt lelifl ies depend oui l’s dm st ri hut ia l i  oh slupptt rt ing hires I f t i s  hehi ,ms at ! occurs an
t he singular so rI ices Iii f act . soflt et inues himust read i m ista i t t ,uiieoi isly In c) i.umiges in l’s lure
distribution -

The des-elopmet mt of es’en a p i r t  al sof a I Rti i t o ( 2 )  (t .us ii s ohs ed .u s t t t u t  ion phtem io iuienan
not previously reported for t . a nch es ter —l y pe duf lereitt ial salutes the .Idl(minl ( a m duah l s ,iruahlcs
are discontinuous across a nianlfold oh’ d usc on t lnu lt s - i t t  h t t t f m I - auid I th is  m m i u mtu l ’ttld ui l
discontunuuts - ex is l s for i certain range t t h Ii,Irameter s .ilues iii t he suml u tu a i t  to tIme p mt m h le mmt ,uI
hand 12 ) Furtherniore, there m s .u n m i l imars u i i terpr e tat am n to this iim an i f mt ld  oh d lscaut l l nu lt s if ’

~ 2 concentrates f ire on . and . on I . I lien w lien I chat iges Ia ctmi ic e n t ra t lng  all fire an
. k must re—evaluate the wor th  of a 1. unit hec.iuse i t it nw - Ii.u s ,i dure m ’t itthlueiice oh thte ~~ af i
Such a discontinuity in the adj ot nt s iri thles is uniq ue to difl’e reiit ia l ganues 13 .4 1 Ii e - It c.uiiimol
occur I’or a (inc—s ided optimal control prohletii I

It should also be pointed (tut that the preseluce (if suitgular Ii e universal I surFaces iii the
solution to (2) is apparently independent of time I arm of ’ t h e  cr i term i t n Iunct anal I ftc re , term uiial
pa off) and depends only on the conihat ds nanmics . i-or purposes (t f  c (t mim pj r isot t we eouismdered
the same pavof i’ as cons mdered by Kaw-ara 1 221  We , i ls t u sl m( iw-ed t hi .t I Ihte simigular Ii e - Li tmus CI -

sa l) surfaces can onls by t reset i t ii the solution st hieu m the defender s in fant r y  1 ht us .i non/ era
casualty producing capahil IS ag_ u i ilsi t

The prohleni ( 2 )  considered itt th is  paper lt,us (‘ er tu im i  si umm i I , im - l Ies t ( t  I lie “War of “ill rib t h u
und At tack:  Second Version ” studied by R Isa,ics Isee pp 33 0 - 33 ”  of Re t’ Ill I’ ) , We h m u s e ,
how ever , developed .u niuch more contplete so lut iomt to our prohleiii thin t b iut  given in Ref
12 11 for Mengel’ s prob lem. Although this probleni Ill pos~ esscs simme si u imi f armti es km ((me
Lanchester—type optimal control problem studied h\ us ui- i Ref 13 11.  Is sti lution t i,is turiied 0tH
to he much nmore complex Our des-elopm enis iii this piper , how - eser , It,us c been sugtii f icaiit ls
helped by intuItion gained ii the study itt  the sImpler , oime-s ided problem (see Ref 132 1 for a
t’urther discussuon) -

-‘ is a result of our mi - is es m ig,um an here , ste hope t l tat  .u better a itderst .indiitg of opt i m.d lire -

support strategIes his been devel (iped ‘is is ,ilst ,us s t tie case , host es ci . I lie m is ught s gaumied mu i lo
the optinul/at ion of combat dynamics I’r tnt our sI iids of the duilereimt m a l g a mmm e ( 1) are Ito ilm (tr e
va lid than the combat model itself ’ Our w it rk ficr e sh ow s  I f t _ u t  t tie lunctu umn a l f ( t rnt s m m) the sari-
otis target- type casualty rates produced by t h e  ar tu l l e rs e s sem i mia l ls  deterniiiie mIme niost s t g mtu f i ca nt
aspects of the structure of the optimal fire’supporl si m . i t e g ies  Ihtus , itur st tids t m f t h i s  ( t I i t Iml i i /a .
t ion prob lem show-s the importance of ’ deterr itin l u g  t Ite appropriate (I ,u imc ite s ler - t y pe  I model (if

co mbat dynanmics ,

A P P E N D I X

Ex t remal Trajectories for the Fire-Suppor t
Problem w ith r , ‘-~

In this appendix we gm s e unl ’ormu iat ion about the s . I f l ( t Us  Is-pes of ext rem,i ls sitost ii m it Fig
4 -

‘1 he re, i ,tcr shtmulti met - i l l  ih .m i il ts ’st ’ ms ’pms ’s cmm m iii,’ ih1 , mi~t mui , m I  i i l t i t ’s I’ m I,’ is ’,’ Iii’s’s - I ~‘ ‘‘ ‘ 1 ’  I i  .1

I — i ‘ s m l  ,Is’ i mu ’ ic s mlii’ i.t lus’ ‘I iii,’ hil,i,’ i u l i , t I  .i , uu m i , ’ st - C 114 2 1 1  

- - ‘~~‘~“ 
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a ( r )  — I

El f’~~ 
(‘or (1 ~ r ~ 1 ; wi th  — —

v ( r )  — I

r is the snt,il lest posit is-c root ol

I • I
f r  4 - m ’

2 
‘ 1’ i ’ h u l l

with the fo llowing houiuds established -

for 
~ I 

V ~ /‘~ 5 
I 

- 
I 

-

~
1 i i V i 

1)1 5

for a~ 1 i’~ 
— 

~~~~~~ ~: — - -

1’ s

f o r  a m  
~~~~ 

I 
r .

t’ 1 s t i l t I

• /t i ~~ “isi
far a i i  V ~ 1’ ~ - i- — ‘

~; 
- — —

2 a i2 ( I tm 1 s ’ , r )
• i n t’ l 1

t a m  a ii i — S i — 
,,,

~

“Isa ,

5 ( r )  - a ’1) i 
~ 11 ;‘

~~

‘

~ 

+

+ I r 
a 1 1 t

I et 5, ( r r — .S’ ’ .-‘ilso, t ill / ‘
~~~ 

we Imave —

i ( r )  — s exp Ia i2,
i’
~ 

r + 
~~~~~~~ ~~ 

,
•

. 

~

—

V i ( r )  — u’~ ~~~
‘
~~

‘ l ’
,

i’ ,( r )  —

1 hi (I

I ‘‘ ii ’ I — -
p 

~ 
r cx ii a I m + - - - ~ ‘ I -

,t .(r) — ‘~l ‘‘ 1 ~(I 
~~~~I I a~~m 1 

~~~ iI} .
(!‘1 s ,)’

‘ m i  
‘ 

t i~~ I ‘ I ’’I -

~~~~~~ “ I ’ ’  ~~i
’

i/~ ( r )  — a 1

~ 

- .~~-~ —--~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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: i (r)  = 1) 2 (1) 1 + 1 ) 1

112 I’~~ : for r , ~ ~ r , w here T ,, is determined un El

V ( T )  — I

On I’ ,~ we have

5 ( r )  — 0 ,

and

a 
~
/‘ t

~ i 2 ” 2 l 2 -

us t he smallest positive root of 5 , ( r r ‘I = 0, w here

s~ a 1 1, S ( r )  — ‘i , ’ - f a ,/i i i’ ,’ —
- 

I i
’ (I~s ’ ) ’

+ f~i I + 

~~~~~~~~ 

( r  - - - 
, exp  

[~~
5 2 t T

with I) h h , / ( / m +/t ,) . An upper hound (in r , is given hs’

~~~ ‘1~’1~~-

.‘\lso , on “~~i we has- c

- • a V + a ‘V  - -
= ‘~

‘ exp  - - - - m ’ - -‘ — I -

s 2 ( r )  = s~ ,

V m (T )  V ’

- f t ,,~~ii  I
V~~(T )  = l~~ u ’ ’

and

I i.~ ~
‘ + a 2~V ~ ~ , ~ - • i . I 5

p m (r )  p~’ exp — 
~~~~~

- _____ - - ‘ ‘ ‘ - I with p~ — “
~~~~ 

“
~~~

• • .v . l i~ ‘1 H tJ ii  ,t m ,m ,  I i

p2 ( r)  — — /7~~i’~
’ “7 ~ ‘ ) 2  + q~’ ; + -

, (r— r ,.7 — 

(~~~~) 2  ~
‘

~~~~~~~~~~ ~ I a 11
— u ’ - — — — - —-— I — i’ -

~~ 
a~ ~~~~~~~q~ ( r )  q 2 u ’ - “ - - - 

~~~~~ 
I - e -

I .~~~— —— -- - - - -  - 
- 

..~~~~~~~~ I 
“
T

~~~~~~,T T TT  -
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u ’( r)  — I 

~~, V I1-3 PYu : I’or 0
~~~

r
~~~

r with
~~~~>LHi _

V ( T )  — I

is the sma llest positis-e root of 5, ( r  = r , ) 0, where S, ( r)  is given in III An upper
hound (in r , is g ven hs

T ,~~~~~~~~~~~ .

It has been shown that 5 ( r )  > 0 for 0 ~ r ~ i- ,,  The solutions to the state and adjoint equa-
tions are the same as t hose for P~ , given previously.

ti(r) = 1
E4. P~ i : for i’ r ~ r ,~.

V ‘(v- ) — 0

We has-c that S, ( r )  < 0 for r > i~~ and t hat

s’ ’( r )  — h~~V~~5, ( r)  + ~~~~
- (a IIh l,v l ( r )  —

i l r  V i

Also . on we have

its- I a~~.v i 1 with \ l ( T =T , ) —

‘h i v
V i( r)  — i

~~ 
exp h m 5~~(r”r m ) + 2 

( r r ,~~ -

V , ( T )  —

and

dp1
—

~Ill,r iPi with p i ( r = r , ) — p
~ .

— —/ ‘~ v~ q~ wit h p~( r — r , ) P2 -J r

thu
— a lI “7 — 1)I-’ ,’q m wit h q 1 (r  — r ,) —

UT  I I

Jq~
— —a,p -,wi th q . (T ~~r )  — q ,~.(IT

We have not been able to develop solutions in terms of “e lementary ” I’unct ions to the equations
for s 1, P m .  P ’ . q 1, and q~.

~ 
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348 J ; t - S V I U R

a ( r )  — I

E5. Ps’,: I’or r,~ i~ r ~
— I

r , is the smallest positis- e root of 5, 1 r —  r , ) — 0, where

— ~~5 I 0~~~ a~h 1 v~” ( -
~1 ~~ 

+ 
~~~~~~~ I~a a~ ~ ‘~~ - ‘/ u

+ — - -- a (r — r ~ 
) — —- — - — 1’ -

(‘ 1 5

Again , an upper bound on r , is given by a 1 2 / ( a J t 1 ) ,  It has been shown that 5, (rI > 0 f ’or
r r . Also , on P~’,we have

. 5’,!
s 1 ( r)  — exp  Ia :

~~
h u ’ (r—r ~~) + 

hJ i l i I 
[1,~~i

,
~ u ’  ~~~~~ — l~ },

s~~( r )  — s~~,

-, 
_

i —  ‘I t
l i (T )  — t~~’ ° e ‘~~ ,

— ‘~~‘“,

and
s-I I!

p 1 ( r)  — p
~’° exp ~

— U i 1V ”( T T
~~~

) — ~~~ iL t I 

~~~~~~~ 
- -  

— I~ }

with p r ” =‘ —

~~

—

~

-
, [-~-4)

P2 ( T )  — p
~ ” — h i m’~”” ~—~- ) { ~ , + ~q~’~” [

~
-
~

] + 
__ _ !j__, ( r — r~~~)

i i (
~‘l-’ 2~ 

-s_ i ‘12~~ :

— 
a u s i m. ’ u I  -~~ u

q~ ( r )  — q Hhi 
l’~ m~~i~ 

.~; t  
— [~:_;~J ~~_~~_ ,. ~~~~~~~~

m~

q~( r )  — q~” — a i~[~~~) 
( r — r ~~ ) ,

zi( r)  — I
E6, for r , ~ r ~

i’ ‘( r)  — 0
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Results are sumular to those l’or 1’ .ihose in 114

a ( r I —

I’ f’(ir r ,
• 
ii~ T T

( r)  — 1)

Results .ure siniilar to I Imose of P above in E4

u I ( r )  — ‘1 2’~~
’1 i~~~’1 11

~~~
t - q~~ t h l ’ 1~ 2 fl

tIlt . /‘~~,. . for r -
. 

i1~ r ~ r ,,

1 ( T )  — 0

-‘is usual , we have that 5(r ) ~‘ 0 (‘or r r ,, In order for u ( -singular suharc to he pos-
sihle for r r ,’ the I’ollow-ung condutuon nmust hold at r — r

h i/m 2(r ,
’ ) s ~ ( r ’) ‘ ‘ 1’ (-- q .(r ’ f l u  ~1 r )

.“ilso, on !‘~~
, we havet

,Is u t l 5 ~ V~ wi th  S i (r  ~ r , ) -

- 
~~~ a ‘V  2 w i t h s 2~ 

‘
~ =

I/t i
— -  — a 5 h 1 s~~i with V i ( T T  ) t I

- 
— (I —ii~ 

) ‘1.s~ m~ wi th V~~( r r ‘ 1 V I
t I T

and

— ~a i t~ ”i with p1 ( r = r ) — p
~~

.

—h .v uq w it lt p~ (r~~ r ,’) = pI

h / i l l ~ . -
— - tI - 

- a 5 h I~~ 2 ( 11 w i t h q ( r=  r , ) i, -
u T  i _ I

‘~ — - - - IJ i p2  - - ( I  - a~~)h~ s , q1 w ’u t f i  uj~ (r -~ r )  =
tir

a ‘( r)

EQ . I’or 0 ~ r ~ r ,, wi uh

— I

+ S It tr ihcr ,ii’,s ii ssu , ’ Im u i  iii,’ ,i imflimflhmuii ‘ I he ,udi, ’i,m i ,mri,mhk ’s ii iii hi’ I’,m mmn t l mu ’  St’s i ui ’ ml 2 4 ‘i he m m m ii , ,
ies m

~~~~~~ :~::~ ~~~i r~ tI I:: , i u ET~±±~ 
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~~~~~~~~~~~~~~~
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r ,, is the smallest pos utu s -e room of

a 1 1 t - a l i t I
- (1 i2 ’1. i 7 T , + ”  - 

(~~ I~~~~I~~_ ( )

~ 2 ~~2

It should be noted that — - -  

~ 0, where r t 1 ,  u It rn.us he show-n that I’or t) ~ -
C ,

m l

‘m l
1)’

-— — 51, T , ‘—~

where uhe delermination iii’ r is given in El - W c also have that i- , , ( F ) 
~ r (  r~) for r ~ r~

( s  m d  s held constani- ) . The solutions to the state and udjoint equations are the same .us
those for P~ 1 given previous ly 1 ~ i 5, ( r=r ) - — 5, , jm~ tr=r ,) = (‘ 1. etc.

a ‘( r )  — 0
ElO. “412 -  for r ,, r

— I

It I’ollow’ s that f’or al l  r — we has’e -S Ir) s. () and -~-~- ( r )  ‘-. a 1 2 1’ , - ( a h ) . r , us the

sma llest positise root of 5, (r r , ) — 0. where 5, 1 ~ ) is given by

s a i .
,‘m ( T )  -~: 

+ a 2 /’ 2 i - 
- 

——- — ,
i
~ 

(h~ s~~)-

+ I~ I~
-
~ 

+ 
(1

i 2 j ~~ r )  - 

( ‘1~~~~) 2  
exp  fh ~s~ (r_ r4

.-\ lso . on i ’j[. ste have

s ( r )  — ‘1 ex p Iz u t 1’ ( ~~ - r )  + 
II i 2 V

~~ 
~~~~~~~~~~~~ 

‘ . i — ilj-
2 ( T )  —

— V 1.

V~~(T )  — t~ exp  1),.s~~(r r~ )j .

and
(J ill’ - . - I 5 i

p 1 ( r)  
~~~Pi ~xp — U i i V

~
’ ( T

~~
T i, ) — — ‘ u’ — I with pj ’ — - —

,~ 
— -

~,i t s  s~ i i

s~ ‘J
~~

, t 1 a i ’  h i ’  1 I’ - I
— p

~ 
- h2m- ~ + q~ + — ‘ ( r — r , ) 

1’ 1,s~~
) m ’ ‘

JI ~~~~~, ~~~~~~~~ 
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~~~~~ 
—-

~~ 
— 
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- a 1 1  ( r

i, u1 1, t i ,  h i - - 
,

(/ , ( r )  — — + - - 
I (1 — t -

I /t~~S~~ tm ,s~ 
-

m i ( r l  0

E l  I - I’or r -~ m,~ r r , -

t Ir ) = I

- is the smallest p as im s e  root of S 1 r= r ~1 0. w here

5 -  u 2 , ~ h i,S~ ( r)  — ~~~~~~~ (1,1) 1 ~~~~ - — 
- _ 

I (12  —

(I~~’ ~‘i’ 
- - S i - -

-4- 
_ 

- - Ir — r ,~~ I — — - - ‘ -‘- -‘ “ ‘I
(h 2.s I~

2

.‘\ga un, an upper hound on r - us given by a 2 (a 2 ’1 ~ - 
It may be sh own mli uI 5_ I r) < 0 for all

r > r ~ A lso , on / m - ’ st-c have

::~:: I : ex P1t i I i u
~~

u( T _ T
~~

) + 
‘~~~I

m i ( r i  =

, (r) = u ex p ~(r - r ~

and

~m ( r)  = exp  I_~.t.~
t r _ r

~ 
— ~~~~~~~~~~ ~u ”

~’I ~ . i 
— IIj wi th  ~~~~~ 

~~~~~~ 

~
1’ 2~ ~ h , t -  ~~ ‘ i — 11 1 1  

- + ~ 
~j I 

+ 
~~ I~’ — — ~~~‘ - m 

‘ - I 

-
-‘ - V 1 (h’s ~~) 

- v 1 h ’ s ~

(l l T )  — a 11 I (r— r ~~ ),

‘~~I~ 

~~~~~~~~~ 

4 q SI II

(~~~~~1 

~~‘ r ”

1 1 1 2 ) , = ~ for r , ~

—

~

-- -_ _.-
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It m,tv be shm,tw n that .S , ( r )  < O and .S~ ( r I  < O l ’o r a ll r > r ,. Also on P/~4 we have

s i ( r)  = s ’ exp { a 1~ V j  ( r  —

r V~1~ - 
2ui , , 

‘ol h( 4 ( r ~~~~~) + B ) f or ~ > ( I tV ~~,

‘m l  ‘m l  -s . I ~~
) = s i ’ I — — -  v ;  ( r — r , ) for ~~~ ( . s i 1 = a ~~V i- .

/2a~ . . .
— I s i  ) tan(( ( r — r ’l + D) fo r  -‘- -- ( y 2  ) < 

~~~~~ -

= I ’ ,

- ‘1,
— i i  / sinh 2 (— - l ( r -— r , I -+-- B) f ’o r — ~- Iv ~ 

) 2  > a ,i ; ,

2 (r) V i  / I — —v- s~ (r — r , ) fort’ I s ’~ 1 2 = a 2 I  1 ,

‘ 1 -  , 1),
I ~~~ 

-- ~
_ _ - ( v~ I / cos ( ( ( r  — r I  + I) )  fo r —-  ~~ )

~ < U~~V~ -

1,,,, 

- 2 tz ~ 2

where

hi / • h i ,

~~t’ 
V( 5 l 2 ~~t 2

B = coth~~ 

2~~~~~.
_ _

2

= —i- - I/—~
—
~

- i 2 — (. s

1) = tan 

i,/~
!
~ 

-
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a i-id

p 1 ( r)  — p~~exp hi 1 1 V 1 ( T T , ) w it h p;  — 
~~~~ 

-
~~~i V I

(‘It
— - - h ,V, i 1 2 W i t h  ~m~( r = i ) =

t IT

— 
~ “ m ~~ ( r - r ,’ ) .

tIq~ - 
,

— - - — - a - p 2  -- h , s  ,q, wit h q ( r— r , ) — -

J r

We have not been able to develop solutions in term s of “elementary ” functions to the equations
for ~~~2 and q

0

1:13 amid I’~ for  r , ~ r -

t)

Results are siniular to those (‘or P414 sa/ previously in 1- 12 . 4
i i ( r )  — o

Eh4 
I ’/~: h’or r - ~, ~~ I

u ’ ( r )  =0

Results arc similar to those h’or Pj ~4 previously in 1.12.

m ‘( r )  — I

EI5 , ‘ 14 for T . ~I ~ 
i ~~ r~ .

1 ( T )  = 0

Results are similar to those for 1’~ I previously in E4,
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ON THE MANIPULATION OF TRANSFER PRICES
IN A STATIC ENVIRONMENT

John P. Bonin

W’i’s/ei-an Un,ti ’rsii t
IIII/I//(’t Ii t i / i  - C o,i ,mi c ui i ut

ABSTRACT

In a s ia imc ens irihnmen u , 3 Ihi rsc h lemfe r ’s marginal cils i so luu mon in the
iransie r prmc tng problem IS commonly accepic’d _m s a na lyI tcal l~ correci I l i iwe ’. -

er , aciu,iI pricing praci ice w i th in  We’,iem’ n corpora ui mn s and sim c i~ilisi-planned
economie s genera l ly de’, I,iies trom marginal cI ls i  pric ing Some form of aver-
,tge cosu prIcing is mitre commonly chose n Recen ilv in this journal , ii Enier
h,ms ca lmed it) show thai some form iIt~ average cos t  pric ing is indeed ihe

I i ca I R correc i sol um ion im m m he u ransIe r pricing pumh lem when Ioi i~ c of iech -
nique and rnanipulituion ,tre al lowed Enze r claims uhai op u mmal decisim m ns made
h~ each ot iwo dts istons tccor d if lg io iheir indiv idual s e l l - i n te res t s  , m r e niade
compatible w- i ih II ’,cr ,hll f irm opumn m i/ a umon w hen mime ira nsf ~ r price assigned io
the m n me rna lI~ - i ran sterred ctmmodmm y is  an+ form or average ciis i

We show m ha m ihe margtna l cos i so lution is correci for Ence r ’s problem in
ihe ,ihsence i t  manipul atm o n h~ eit her dis ismo n Indeed, this w a s  all ih ,m i I E r-
sch lem fer clammed. In ihe process , we uncose r a lundamenial mamh enm ,mimc ,t l Cr-
r m mr in I- fl ier s .ir gumeni. When manipul ation of he t r~ins ier price h~ di visions
IS a llowed , we demons ir,t ie ihe laulis wi i h 1-nier s average cosm so lu im im n and
conclude ilirsch leit ’er ’s original s mat emen is on manipula tion 10 be correci es en
in En,er ’s envmronmcnm. -S fina l se ci lli m l brieth indicates the importance in mIme
iransfe r pricing problem of a grow ing hod~ oF economic li lera iure mtn mn c en m iv e
sir uci u res .

I .  INTR O DU CTI ON: THE STRU CTURE OF THE PR O BLEM

In a recent issue of this journal 14], H. Enzer claims to demonstrate mathematically that J.
Hirschleifer’s (9] marginal cost solution to the transfer pricing problem is inappropriate, In his
paper . Enzer argues that some form of average cost is the theoretically correct transfe r price,
Since the textbooks on managerial economics that we consulted accept the analytical validity of
Hirschleifer’s work , Enzer’s result , if correct , would be a significant criticism of accepted
theory, Interestingly enough, Enzer would have also provided analytical j ustification for institu-
t ionally accepted pricing practice in both Western corporations and socialist planned
economies,t The purpose of this note is to show that Enzer ’s result is theoretically invalid, In

‘ ( 1  itaynes and Henry 181. pp 4 11 - 42 4 . and Mc(iumg~mn ,tnd S1m is~’r 114 1, pp 349-31,1) Gmtpi a and ( im ii i ml m n m m
lol - p 32 , provide -in irum e resming numerical es,imple ml m.mrgmn,il cost iransl ’er pric ing in ,t re i r ,ict ,m h’ c pen atm-
p,t ns
I’Btrnsic tn 13 1 is it discussion iii s i ic l , t l ls i  pricing ;‘r i ’ ,III,L’ wImi l ~ Kiii . Se ke r ka and 1k-il 1111  ,in,iis,e sl mci ,m lI- ,i
pricing i hemi rs Mc( umg ,t n and S I I I 4 C I  11 4 1 ,  pp .t~ 4-36O a’fls istc r t l l r p i l r , i i e  ‘ t ie - us i’r,ictIeCS
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the process , we demonstrate the fundanicnt~il mathemati cal error in 1 n/er ’s paper -5 conclud-
ing sect ion discusses the relevance of w ork  oui incen tuSe s iruc lures to the t ransfer  prteing primb-
IC iii

The basic nature of any dece ntralization problem us i t t  structure uncen lis Cs so that nt~opmi
opt imization by individual units generates optuniu,-atuon of aggregale goals The particular prt th .
lent of transfe r pricing involves a firm cuimposed of two divusion~, or pro lit cenlers Thc firni
and its divisions have complete detern i inustuc knowledge of all cost , demand, ,ind production
relationships. One assumes that each di s - ts it tm i n iax u n i u/es I t s  i mw it  profit while the firm attempts
to niax imize total prof it. The divi s t mns are veu - t ic a l l y integrated , since lime output of tine is used
as an input by the other. In the simplest case , t he transfer of thus co nmni odumv makes place inter-
nal ly in the absence of external markets . I-i na h outpui amid am~ ot her urt p ums are iransac ted on
conipet i t i ve niarkets SO that these prices are paranmetric to the lirm (and . henc e, t he sl is isttifl I -

To complete the speci fi catuomi of the environnient f’or the i ranster pricing prob lem , ii us nCCes -
sarv to comisider the decision-making structure.

Fundamental to the determination of a transfe r prucing solution to uhe decemitr ,tl iia i ion
problem is an assignnient of ’ dec ision variables to various agem ims In En,er ’s pal e~ ihe produc-
lion division chooses the level of ’ usage for lw- i) inputs t s i .  s :~ - arid Ihe disirihutton dis is ion
chooses input levels of the intermediate conimoduty ( i t ) . produced h~ the (tiher dis sian , .ilong
w ith another input ( ‘~ ~) . The decision environment in the initia l hlirsc hle ifer .tr ltc lc is stn mp ler.
Here the distribution disision of a firm incurs a cost which varies w i th  the level of the inter-
mediate conimodity marketed , The production departnient incurs production costs whi c h vary
w ith output In both environmen ts , the transfe r price is t(i he determined so t hat the output
les-e l of the intermediate conirnodim y which niaxinii,es total profit w il l  also he profit mimsi rn u/u mig
b r  each division

Ihirschleife r demonstrates thai the fIrm should set tu transf ’er price equal to 11w marginal
Cost uif producing ihe output which max imi/es total prof its If each duvis iomi m,tx urnu /es is own
profit us ing this transfe r price to evaluate interdivis ional transactions , t he optimal output les c’l
h’or eac h divusion will be equal to the one whi ch maximizes total profit. (‘t ’nses~ucnt ly, marginal
cost pr icing solves the decentralization problem. In the following section , I-n cr ’s conip licamin g
add ition of the choice of technique by each division is show-mi to he a red herring. The hlir-
sc hleife r result reported above is derived in such an environn ent.

Crucial to t he solution of this decentralization problem is Ihe smipul ation that the f Irnm . an
agent separate from each division , imposes a mransh ’er pr ice whi ch is taken to he a parameter in
the individual division ’s maximization problem, Given that t h e  firm has l’ull inl’ormat mo n con-
cern ing costs and demands , this position seems tenable. However , Fuizer seem iiurtg lv allows the
possibility that each division might consider the influence of u s  decisions on t he transfe r price
and attempi to man ipulate the price in its owui se lf - interes l. In his paper , hlirschleifer comisuders
t he case where the distribution division anlic ipames a trans l’er pr ice set equal to ntargunat produc-
tj on cost at the level of output ii chooses , This division would then find as optt nt~tl a les cI of ’
output sma ller than that which maximizes motal profIl -Si the same time , Ilirsch leu l’cr inidicates
t hat , if both divisions anticipate the iransfer pricing rule , a hi la meral mimonopol~ deve lm tp s . t (‘on-
sequent ly , dual manipulation yields a bargaining prohleni w t i h  no consi stent prIce-
decentr ,ulizahle solutioum

‘it s-Icr i t m  I-n ,er 14 1, p . t ‘ It f i rst - m m t i t i i  s I I m 1 I t i i I ~ t n ’, fluiiitict I I ImI ,’ t I ’ i slit 1 , 10mm m m mi ’ ,’ ,mii ,i mi t t i ~itiet ti, , i ,mm tIm’, Is ll m mi

ti ll ‘s , m i m t i  t im e - is n mmt c , m mis, t im_ ’ ic ,t  mm , ,tnici ris in m,’ i t lm ’ ,’m
t’i’,.~. t l i r s s l i l t _ ’ mt s ’r (‘iI - ~ 3 lit , i Im r  ,t t i IsCiissII ’ I i  mi
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Enier uses this maui ipuLttian .irguimment to suggest m h,u t the l i m it  m itu s t Ii x t f te  les el of
operations iu Hi rs c h le ifer ’ ’~ prohlenm t (t  sim ls e the dec e ritr , ih i ,at iamt pntb le mim In w hat  fo l lows , the
nmanipulat ion problem is sh t mw ii It t he Im res emm t - hot hi in 1: mi/ er ’s form ul,uI ton amid in his im icor rect
,(~ crag e cost solution - Whem i dual nmanupu l. im i (t i i it l t lie s t t r t  disc iissc~h a b u S e  is ,iss u m mmcd , -i

proilt— ni a xi  mu lling production di S IsI(tn produces mi t (tr e of the i mit e rmi me d ia te co mmimod ut than
prof it—max inii ,’imig distributio n divi sion is w i l l ing to .t ccc pt  W e also dent uiuis l rate that the
lntr oducti (in of an external market for thus intermimediate ct mm iti tm o dit is h a l  the s ui luti t imi lit hul,t-
tera l bargaining. Indeed , by pointing out I mi/er ’s f u nd.i miienta l nttal ltemi i,it cal error , we cast
severe doubt on the S , i h idt t y itt his emiture discu ssiari, ‘m imi ce ,ill the c , t ses  i’ic c uimisuders depend on
t hus incorrect , ssert io mt

In time l iterature , transfer pri ces are a l l ( t t t e d Iwo I uncl u itm us , that of resource al locatt on amid
of per l ’orniance esalu at ton - In tuie spir i t  iif II urs c ’ii lc if ’er ’s ,t rt isl e ,tmmd to c( irrc~’ m I- nier ‘ s m iu ts t a ke u i
,is’sert ions . w e concentrate in t l e  nex t SC~~i t in  (tFI the resource a l l tmcatmon problem ( t e - mita rgina l
conditions) - 1-nier ’s analysis addresses t his role hut his exposition seenis 1(1 cant use t h e  t w o
functions . Indeed, w hen particip ating agemits h.t e per fec t  know ledge of ’ ,ulI demand . c u is l  ,imid
production conditions . t h e  absolute les el of ei ther dis isu ou i ‘ s profits calculated h~ using the
transf ’er price pros- ides no m e w  inf ’ornm at t i l t  for  pert orn iance e salu at ion I low-es -cr . once I it/er ’s
assuniption of perfect knowledge is dropped , the t ran s fer  price probleni citnies uuider t h e  broad
rubric of ’ resource allocation wil l - i  uncom uu plete i uiI u mrmima l ion A concluding section briefly
dis cusses sonic of t lie recemit in merest  Ing conI rihu l ions to t Ii us topic in t b - ic economic l i tera ture
Several r esul ts on designing incent us -c si riuc i ures ma co:imhat ntanm pu lation amid to gem lerate “ I rut Ii-
f ’ul” responses under incontp lcte km uow ledge ,ire discussed h’urther work on the theory of
transfer pricing should ,im least i,ike c uignu / am ice mt i t h us new researcii in ecomiomimics

2. T H E  ANA 1.~~TI (’ A l ,  I~ROOF

Initially . w-c demonstrate I he ,ilud it y  of I l irscii leufe r ’s t ran s f er  price s t m lu l ion  w hen a
choice of techni que by hot ft s i t s  usi(ifls is ,lssi u iiiesl hut mim , im ii piilat ton t tb  the l ra m u sf ’er price by
either dis- isuon t s  not allowed . I’lie firm I hemi st ipulates I fiat .ins I r~lns ,tc m i i m ns t t t ’ the inlernied i,Ilc
cornrnodt iv hetw-eem u dms - i stomm s wi l l  l,ikc place .im .i t ransfer  pr ice equal 1(1 tIm e imt. i rgi mma l su i s t  ill
producing t he output level of I hi is contniodi IS w hich muia Siti t i /es 1(11,11 tirm it I raf i t s ~‘s t ime t h,it t I t u s
pr ice es ci is set independent of any miia s ift i/ at lou - i decisions mim,ide by the mndi s dual dus sian’s
On the (ither hand . whem - i either dis msu ( in can uii anm pu lane I lie l rauiste r price hs altering i t s  ow mm
decisions . no ct - insistent pricing solution which huarm ito m uui es I lie c itu if l uct umig unmeresm s of m Ime tw i t
divisio ns can he den s ed Enier ’s av erage c u ms l prtcm n ig sc lmen mies .ire s ubmec l to I ie  s.ime cru l t c t s t t t
he les el’s at hlu rsch le uf e r ’s nimargun a l cost sciieme 1 nzer ’s mit ,tthe niiatic, il error is show it li t
involve equating ses-er ,il partial den ,ul I c’s w hich s l m tu Id he es .iluaued . i m dufl’ere m m m re .ul m ia t iom us at
their arguments.

F (tll owmng 1-n ier ’s nom .i iiu mn - let

it t I 
~ - ~ 

1 represent productiomi of I he untermimcdi , ite c’m iml t modity
q ,i,’ (5 ~, 0 1 represent production of I he fi n al prmtdt ic l - .imtd
p. m 1, r , , r 1, he mhe respective prtce p.ir~t nt c t er s f o r  f im tal output auid t Ime t lm rcc unpuls

bought in the market.
I he firm wushes Iii su t lve

M,ix ~ ,w( 
~ ~

, o h  - ‘ -~ - - r iS o
where u - - t I -  ~

Rather than use t ,agrangian ,inaly-s is , w e su bst i tute liii U ,m nul o ht ,t im m the f ’ohlow imi g thr ee f i r s t -
order condutuons: ’

wc I’,’ iifim,’ ‘ ~i ’ i ~ ,
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We can ‘so Re (3 ) f u r  
~ t .u’s - i fummc mm o n i of ’ u, call it 

~ 1’ht 1 and subst i t ute in ( I)  and ( 2 )  Neces-
s .u m s conditions far ,i it ’ ix im ut uni b r  tuie Ii mitt ’s profits are t heum

( I )  i I’ S i  I ,m,’ ~~ ‘~ 
— 0

i/ 5 ~
11) rhi a 5 2  — p c t  — - e t .  ~ I)

tb

l’he producti t t nm cf is  Ision ch ooses s i and s 2 to u mt ux i nu m , e  is own prof it , usung time t ransfer
price ‘ , to es a lu a te  output , i e

‘ J ( S t -  ~~~~ 
- r 1 5 1  ,,

~~~
,,

w utii regard It) 5~ ’ 5 2

First -order conditions are

air at
14) a5 

— I ~~~~ 5 ) —

~

-

~; 
1 ‘ t~~~

O

( 5 )  — F- , + t ( \ ~~ , ~~ ‘) ~~• 
~ 2 ~~~~a 5 .  mild

I et us deuiote ,us it ,’ tIme opt umim ,tl output ies ci w hic lt resti Its front s, , 2 so lsi uug (4 ) amid (5), i e
— i. S 2 1

the dustru hution dmvmsuon c ht t t ts cs  u, h ere designated as U I m ,  and 
~ 

to nuasimu/ e profits hs-
using the tram- isfer price to es aluatc the cost tf the untern uediate com numod uty u sed The problem
ms

Max 
~

‘ 2 Pc (~ ~ 
u)  ‘ S I

with regard to it , 
~

Fi rst-O rder conditions are

air .
( fm ) ‘ — i’s’ — r~ — t)

air . a,
( 7 )  - — pi,’. r it - 0- - -  “

LIsu ng ( ( )  to soRe 
~ slit

) and sub stututung mr - i (1) , w e oht ,u imi a single m1e~’ess ,urs condutmo n

~i 5 (u
~( ‘ 1  p i_ i  ,c . , 

- UIIP - m~u — ()
t/lt

the deceti traliiatuo n problcm ii us sobs-ed w hen it - f r o m  ( 4)  and ( 5 ) , u ,, Iron-i I’) , and ii
front ( I )  .i’id (2) .ure .tll cqu.tl A lgebraic operations on F nzer ’s conditions generate (I 1, t 2 ) ,

I I’ li m mw , m t g  I m i ’ s-i - w e . is s t m mi i , ’ s t un , I u ’~ I C  , I l I i , , l i  i t t  l I t  , 1 ,111, 11 ,1 )1  t i i it ,t i ,’ i t s  tt i  t’ i t st l i t’ t h a t  Ilist m m t , i t ’ i l I I i i , I I i I l ’ I iS
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‘und (3) a’, the f irst-order conditions for the firm ’s max imization problem , and (4 ) and ( 5 ) a’s
t hose for  a pmofit -maximi iung dis- sIan I - Also , 16) and (7 i are udent u cal to the iieccssa ry cuindi-

lions in Enier (‘or diS is uomi 2 to profit-maxim ize. Consequently, our prohlenm us formal ly
equisalent to Enier ’s probleni . Our simplification helps to c lar i fy  the ump t r tan t  aspect s of the
an.ily ‘mi s

1- i rs i l y  , assume that the firm can impose a tr a nsf ’em pruce so that transa ct uons between dis u-

‘muons wil t take place only at that pr ice, TI- ii’s implies — - - ‘
~ C) un (4), (~ I - and ( 7 )  h o w  should

&it
r , he dete mnuined’~ It is clean fronu a comparison of (4 ) and ( 5 )  w i th  ( I )  “id ( 2 )  that the
choice of technique which niaxi nuizes both the firm ’s prof its and duvision profits w II he
attained for any specification of ’ r , t he tnans l’er price. h ence , the ciioice.oI’-techn mque compllca-
lion ts simply a red herring. h ow-ever , the optimal amount of the interniediate coninuodut y pro-
duced and used l’ntnt the view- po int of ’ max imizing total firm profits (denote t i i is output ui us

generated if ’ and only if -

. 
is set hy the firm to solve

( 8 )  r , = jI (s’t t / ’s- ~
( u ) .~iu +

Then , maxi nui/ing ir and max imizing 
~ 

will yield the san e level of operations . i e , u ’ it 1’

Substitutuon of (8) unto (7 )  yields 0~~ = it * when i r ,  is max in’uized, (‘onsequent ly - the decen-
tr ahi zatmon problem ‘s s(t ls-ed~ i c . .  U = U,. lt j t , when the tirni imposes the transfer price
w hich solves (8 ) upon all transactions between divisions,

In economic terms . ( 8) is interpreted to mean that the transfe r turice should equal the
value marginal product Iii Ihe dustri hution division of using the amount of the in t er ni eduate
conimodity u w hich max imiies tot .iI finn-i profit , h owever . front-i ( I) (in (2 )  - the mught-hand
side ut l ’ (8) can ,ilstt he shown to equal the nuanginal cost of producing this optimal (froni the
firm ’s stew - point ) level of ’ the intermedi ate conimodity u • Note that l’roni the defI nituon of the

/( ‘ t /( ’
~ r 1 r ,

nianginal cosl of’ producing u, — - - -- = - —~ .t ~~~~~~~~~~~ (8) generates the hItr-
i/U t/lt ‘ I ‘ 2

schleul’er result t hat in the absence of nuanipulalion . the trans fer price r sltould equal the nmar-
gin al cost of producing it , evaluated at t hat output les--el w hich ntax iniules total firm profits . u.e,,
u Introducing a choice of technique (‘or each div ision , t hough c luttenmng the analys is . does not
c hange the analytical result ,

hhtiw then , dud En/er conclude that the correct tnaiusfer price t ’s s(tn e variant of average
ct ist ” If the result is true , it nuust depend on his allowing manipulation of the transfer price by

di visions. In the ahose anabv sis . suppose — - 
~ 0~ u,e - ‘  t he transfe r price depends tin the lesel

a
of the transaction het w -eem u the tw- (i dis tsions. h ither a transfer-pricing rule (felines this deriva-
ti s --e or the clis si on us t ’t tmn m expec ta t i o ns about how their act ions affect r - In hlirsciilci ler ’s

example referred t t i  ,ut ’ ii’, e -; ‘
~ 0 because t h~ il ist ruhu ltom u ibis uston knows thu _ i t  tIme t ransfer

m i / / l i

price - w (iuld he set equal to the uita rg t nal c uts i of prttduc ing t he Ic S el ol I f tc untenmed uate co rn-
nuoi lity It denuanded. I lt twe s Cr . tf ’ i e productut ini ihi’. is i t t i t  did n(tt e spect to unfluence the

ar
transfer price so that — = 0. therefore . (I ) . (2 )  , (4) , and ( 5) are tunchanged h loweser ,

a
(7) is now less ti- ian ,ero ,it it , gus --en r , (‘onsequentlv . U,m ‘— — U,., as hh irsh letf ’er suggests

Iii’,’ i i r s t  ,‘s iu t , m l i t i  rC I’ns ’ ss’nIs lIt’ ,’ iuIs’ i t t t t i  hs’tw t’m,’ii tim ,’ mni, i l  g u t _ i l  t , m s i mmt  lit 1 ,10 ’ , It t g  iii’,’ s’ , ’ i t t mm i ,,, l t im h , mtbt i,’i ti ’ ,’
I’irmit ,mnd ih t~ prm i , It ts ’ i i m n  ,I I ’ , m s i im i t  Iii’,’ I_ m i s t  s’q t u_ t l i l tm ,’s I,mlli’ti i t , ’itt ‘II iI ,t I  u hI t t I ,’i,’ il it ,iilIlil ml iii’,’ ,t ’ ,’ t t n i i u , m t t  ,‘i

itt, ’ s t i s i Ii t~r m l , h I 1 ’ ,C l i t  it . I t ’ - ( - ( - s • ‘ ,s - mt i~tmi ng l i i i  ‘I. ’
is- S ’, it~’ ,isst i it iu i t 1t t l i , mi  iit , ir 1omt.mt c m ms i  I t ic r’ ,’,ms u’s w U h i  i t t’ ,’ i ’ l I ’ , t u ’ , i m l l i t  It - , ii iii’,’ rci ’ ,’s ,i it i r , it t ~ ’,’ 
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Suppose bot h divis ions expect the tnansf’er price to t respond positively to the level of the
intermed iate commodity transacted because of the marginal cost pricing rule. Then, (4 ) and
(5 )  wi ll he p051115 e ,at u , g Iven r . Consequently , it 11 < it • < u~. If , f ’oir some reason ,
at
- ~ 0 were exp ected by both dis sIt-ins, the inequalities would he reversed , In any case.
aut

al lowung the transfe r price to he influenced by ti- ic level of the unterniediate con- in- iodi iv
transferred destro y s decentrali zation by the pricing niechanusm. The conflicting self-Interest s of
t he tw o profit -nmas unmi iung duvis ions cami not be h armonized. As hl irs ch leufem points out , the
bilate ral nmonopoly whIch results must he resolved through bargaining strategies ,

ar .
The as-erage cost solution , embraced by En,er , implies —b-— x 0 since the transfer i’riee is

linearly related to aserage cost Ilence . un the presence of manipulation . ut (‘ails s Ict mfl to the
same crit icism. Indeed, if the tr ansfe r price were set equal to average producmuon cost , the i’ro-
ductuon dis is ion would earn /ent ) profits on any level of output. h ence , all es els of production
wou ld he equally desirable for this division. The distribution dis ision would w ant as erage limo)-
duct uon cost s to be nuinimi zed . and fue uu ce its OWIt pro(it n iax tn uuz ed l’i eref ’ore. the cost-
n ui n i n - i u/ mn g output level should he imuiposed on ti- ic production dis’us ion. But t h us us precIsel~
w hat Fnie r objected mit in the I lirschleif ’er problem -

Fn,er ’s fundante nuta l matheniatical error invols c’s equating ses cra l pant u,uI den s a l u S  c’s
which are themse lves functions of u, t h e level of the internmed iate con- in- iodity transf ’emred . l’hi2
second equat ion (p. 380) reads

ä (r . , u)(9) -- - - - A 1 = A = t j
~~

’
i =

Fach expression is ,i function of u, wi t h ~ I t he marginal ctt st at producing the le vel of u which - i
maximizes t he production di si s i o mt ’ s prof its i .e . ,  U p, and A the nuarg inal production cas h Of it .

the es -el w hic h miuas in uiz es total profits. Ti-ic lef t -hand side of (9) should he es’a luated at it 11. tl’ie
level w hich max imizes the distribution divisIon ’s pnofits, Therefore , (9) is true only if ’ thie par-
t ial der ivat ives involved are es- -alu ated at the same argunuent . i C . ,  it 1~ = it = it ,- . Conse-
quent ly , Enier assumes what he is try ing In prove , i.e .. that the decentralization problenu us
sobs --able by the pnucung mechanism. Indeed , his specification is t verdet em n- iuned. w hich accounts
for the arbitrary constant of inlegratioui appearing in his price equation. Enier does n- it- it solve
t he transfe r pricing problem when manipulation is allowed.

We po int out , in passing, t hat admitting amu external nmarket (‘on the initernuiediaic cornimmo-
dity also does not yield Enzcr ’s resu lt, Enier ’ s fundamental mathematical error is contunued
t hroughout this article~ hence , his remaining discussions are all incorrect As hlirsch leufem sug-
gests , w hen the external market is ct- impetitivc, the transfer price nuust equa l the market price
For any transfe r price below the market price , ti- ic produc ing division will rnax um uu m z e profits h~
selling all of its ou t put on the external market , A t  any transfer price above the uuiarket 1)1-tee ,
t he distribution division will maxinui/e profits by buy in g all of its input I’momui the muiar ket .
Hence , the only price at which transfers between dis-isions w i l l  take place is equal to the exter -
nal competi t ive market price, The situation becomes nuome comi- ipIex when ex te rm’ial markets are
not compet itive , hlo we s -er , none of hhirsc it lei l ’er ’s origina l insights nor the later conroihor~ut ing
literature are rendered incorrect by En,er ’s paper, Ini the absence of nuanuipulation , t he correct

• fiti,’ sm_’ nt icui c ’ ,’ tt~ litw i t t ’ ,’ m,’t l ui . t i mm i?t st . i i ’ ,’ s .intd h u t  ,‘ it ill ,ti,’itt .ttitl Iui I~t ui ut t t i t t i i  ul t t ,’ tii . i igut i ,m l I ’ ,’ ’ ,  I_ i t O’ ,’ 1 , 1 1 1

du,t I’m,, cqou .il’. ht~,’ mi i ,mugummmI  ‘ , u m ’.i ,,I ‘ rtmtlutiuig it I Iii’. is rite u m m t l t  ii ihtc I I I”  It ‘II - ~ii , I -/j’,, us ‘,‘ i , m l i t , mt
ii uu ,~
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I r,iutsl em price is itt,irgmn,il c t m st Ou I he 01 Imet ht . imm d - mutai t pu Iat mo t t ’u esoke s a ittonoipolts i is ’
te  spt m it se Irutmmt ihc mamu I pu I~ to m , .t us) dest mIt ’ . s deceit Ira h i  at t mtn hs I hc pris’ tr i g rim cc ha itt smut

3, I ) F ~~l ( . \ l \(  l \( ’~~N I ’ I V F  S’l ’Rt ’(’ I ’ L R F S  10 A l . I ,OCATI ” RE SO L ’R (’ ES

1)espile i t s  iechni~al l , t uul ts , 1-it ier ’s paper h i s  m.itsed umut porta iui issues mu lIm e prac tical ~upplt-
c.it mot h it l’ m m iii st em pnts ’i rig to iraf s,tct i t t  i ts  w i I him- i ,t Capit a lust corporal tutu ) Indeed . nta ns sue ft
org,uli,at u i mit s ,uii sf s I rI si,uIly .ill st c ia list planneuf cct inomn es use some s a n t au ut 01’ ase ragc cut sl to
tie me n im u inc I ftc price of unti e rutted late s’ut m tt m odu tue ’ s I rami sl’erred unite nimal Iv - While at tent pm tnt g itt
st itt u lame the des i r,ihle .i II ut c_ im Is c ct t it seq u e mt s ’~’ s tt b ’ Cut 01 tte mi l l ’ .  e itt a rkei s - I Itese utr ga m u i_ it ions bt.i 5 e
bee mu t i m  reed lit s’ itnsm der I he at bte r ritl C at mit one I a ry s ,m rt ,m hI es - W hen ; rutd u ci tin a rid m tarkc n
s’utii slit tons are nttt k mittw it tu it h pe mfes’i ~‘e rma t f lu , mIte Ic 5 el tub ’ p rttf t is is at len a pe rt ’ormt i ,i i- ice ti - i iii -

s-alan • I henc e - w fmemt m.irgt it .m I ~‘ m u s t  ;tntci itg le,ids 10 negam I’. c prot ims (i.e - . it I he decreasing ctus i s
c,i’ie) , W’ ,’ s i eru t , t u I l t t t rs  rci~r lit .1 eut nfliel belts eemt sits i s u t i t i s  u tSe r  Ihe cart ed ntotdc t t t  lm,iitst ’er
pr i eu t t g -Sl i h mm t u g h (1 1 ,ittgc 1121 .irgucd ih.ut itti c ad’. ~iittage itt ’ s tm s’ i ,m l ts nt is m bt .m i  mra nsas ’t t t tn ,, cant
m, ike p1_ icc ,mm im t, mrgtn.t l ct tsl in t h i s  suiu.Iii t ium w ith  tb - ic lc’ .e l tub I~rttliis uitin tp om l_ ii tt , bits so t lu tu ut i t
rcqo ii rcs i li.i I su mmi ts’ ,i 55’i t i p mts s ess ‘,‘ (t i tt pleic i imiorittat t t tn ,ihttu t ,i II u m t pori amt i es’onotmttt c
pbienam- itcnt .i t ( ‘om sequc nltv . us lien kitt su ledge about I lie ccu t nmt mmt iis ’ en’. , rm t mmm - it cni is uncot ntple te .
due t u t e l ib te r  t l t spc rsutt it  ‘ .u i l fum n .1 hmicr, i rs’ btt s ’al u irg ,t nm/ a tu t i it i t t  st i t~ h,istts ’ eleitm en is , tram - is let  prIces

re unit i~ort .m mt I ms hal h re st t it ‘se ,m l b o’,’a I otr s .u nd pe mb ’ttrmmta tee c sa l  wit (irs

Sn cs - i e t t s i ’ . c l u  s mudmed ,irca it mIme lu t e:, tmu i re oil - i ‘ , lec ci t l r ah i , . i l i om under uitce r laui t iv us mIte
me _ in - it i ma hlemim ( cI M ,i rsc lta k ,i nsf R asl it Cr II ,t ) - In .t st umgle — t ier file r,ircb ic_ il omg.i ni ,,it tou t , I he
e cmtt m ,’r .itIs’mm t pis ioi ,iliuus’,iic ,u s’enlr,ilIy held rs’s t tt ur s ’e i t t  i t is bi s dual instepeitde ni sit ’ . is u a mt s s btot se
prod net It-in re l , m l ions arc it am ‘. e rite_ ill linked lit bu t r m,ui torn is I sperscd .is c.us’ bt di’. I s i t ’  it is I he
st m lc -uSc it I Itt 1 55C s s t  it g K nt tw ledge a ho itt i t s  utts it prtmd us-I ion s’tt nd ii outs - us it is-b - i mi t_ i be s ttme ii ’ . ti c

lit ,i proper ie,u mit all agci-i Is us us It to rim a s - i  mi ,e I oti a I ic,iitt 1u1011 is Tbtc ohics’t i s  t u m  p-i ‘.s s~ IlLicit I
inf ’t tmrn ,uito n nit mIme ‘,‘e m- iie r . gis-en ‘,‘tt i ms t r .itnt s tnt m ftc c,ipa~’ u m~ m l tmib ’it r mtm,iluitm t s’ lt am t it cl ’ s . iut ,t llt tut
mit e ‘s it lu tittut al tIme s’ttm itpl e ie ut pt int - i t /.i l mt i ut pruth lent Sit es tr e mim e ls ui tt e r esiu im g es mcn sii tm t h~(iro’.es ( “ I  s’oml st rus’ts i it s ’m,’ i t tu ve ss’hei ttes w ht ’ ,’bt litres’ ui- i’,Ii’ .isfti.iI u f t ’ .  ust ui n ’ i , .i’,’ i t t - i g  m m their osu nt
sclI’-i nleresi .iitd m.m s- imi/i ng t t w i t  ;urolim onl~ - i t t  ,uc Im um ,’ u c mIt e Prutpe r tc ,~mtt sut lult t tn in w h t ’ ,’ht tol.il
prof it is m,is-tnt i/ed I hence , ( r t t’ .  c’s h,is des igmmcd .un itt ’ ,- i’ miii’ . c s i ru’,’t nrc us mm lii it  i f tc m c. imm i b r_ i nte
work whis -h geit e r i t s’s s’itimiple te umpi i nt t / .u i lon I t t r  tb t~ tt rg ,imtt/ , Iitan esen when t itu s idu,iI sit ’ .
start s pursue their ow it sel l - in terest  F mt/er ’s s’h,ir,is’tcrl/ ,Il ion at ’ I bti’ t r,insl ci prts’umt g Iurithlentt
uiidic ais ’ s thie Impmt rm ,uns ’c ot ’ iltis prtt hk’nt it ,m se rtte. i i lu -tm ueg r,utcd htt e r,urclt u .ul it rg.l m im/ , li uo mt

Ini I ft is s pu rim , us Ite it hc Ii ri-it does tot bt,i S e s’ t t  nit r 1cm e it f i t r nt.ui toni .i hit itt p rod ue m mm ’ nt ‘,- itn - isf i
m u m ’ s , mite Il irschle lfer st t l uti o mt de’ .m,’Iapcd tn - i lb- ic I’rc’. it ’ t us ss’’,’ t ta u l  is uun,i’.,ut l.ihic I lie t i rntt ‘,- ,it i

not caL-ui Line margInal otr ,u’. m,’r.mg e s’ i’st rel,i lu ans ftmps ( ‘ttn ’scqucn tt Is - pt ,m ’,~~ ’,i lIm it un t t t lt itt, iim u’mt
must he ahiaui tcd tr o mmm Ilte di’. isians s t u  th a t mite lim it ~‘,mn ss ’ t  him, ’ i i , i n t s t s ’ i ‘n ut -c I \~lty us tm ui lut
eiiher di’. isiaii nesptinsi t roi mh mf ul ly r .u mfm e r t iu ,umt ,umlenm pt to mt t,u nm pul ,uue mIte ir . i i ts be r pr ism,’ lit i t ’ s  t t t s i t

i,usar h~ re’s paitsl immg tnt t i me itttu flopol t ’stic su m s ufcsct i t ’e , l  m t  t t t e pie’ . tutu ’ s sm,’’ , I im t n i  ‘~~ Such gen t cr _ i l
problem- i- is in the i nice nti s e s’cit tt p,ii ,iht lii’. mif reso ur c e uI htt ’ ,’ ,it t int ,m I t i  s’ ’,- t i , i t i  I ‘ s m ’ s  ,m rc ;‘rm,’ ss’nt nI h~ m it g

‘( 1  II_ t t ~~ l l  i~” iii’,’ ,i_ t ’ ’ ’ ,  ‘t . u t l ,’ I t t , ’ I t I  ‘i It  I~ S u ’ , ’I iii
t i  t , ’t 1 , 1 1 1 1 1  s l it It I .111 (1 ’ S s1 it, — t i i , ’ ‘Ii t i l ls Im 1 ItC

C i , ,, t It _ C l  S ,‘‘ . , munii ’I,’ I tt ,’ 1 1 1 1 1 1  u i , ’ ,’ , is , t t , ’ i , l t . I C I , l t i . i i ’ , ’ u u t  ‘ m I ’ II t t C I i , ’ ii i l , ’ t i l t’ ,~ u l t  II I ! S , , ’ l iS - l t l l i( t , ’I II’ s,’ I ,

il ml iii u i i , ’ . I u i i l ,’ , t t I I ’ ui t im h i t r ’ ,_ It l,’t t , ’t S ,‘ I_, t mi i i’ l ,’ liii’ it t Ill I le C , t %  i ’ I, ’ j , k i u I ’ u l l T i t l ’ i u i t . I t h ’ l l  , , , t i t  i t , lu t l ‘ ic ’ ‘ m l ’

,Ii i ,tt,’ i i  , i , i t s t i ’ m t  . t u i , i  * I ’ S l  i t i i , l t ,  t t . t t $ I m t l  t I , ’ , i t  iii, ’ , i l ’ , t i l t ’ t t i l , ’,l ,i t I S I , ~ t I~’ i t , ’ ,‘ ,,‘ t f l , ’ I t i t S t  Il l s s l i t ’ ,’ II

~‘~i t u u ’ . h t m l  t u l , ’ t  Ill _I l  11 111

~( t  t i , t e S , ’ I t  l i i  1 , — I  .m s I I t t I I , I u  i’ ’ I t i l ,i ’ , ’ u , I  i _ in .’,’
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researched by econom ists L. hl urwic i 1101 provides an excel lent characterization of the prob-
1cm and a res -t esu of the earlier literature. In Bonin 121. we have derived useful properti es for a
pIecewIse linear incentive structure in a single-tier hierarchical situation w - uth duspen sion of
know- ledge. The producing agent pros- ides a truthful cx ante estimate of production condutions
and subsequent ly strives I’or max imal cx post performance once the stochastic production varu-
ab le is realized. The center is able to impose any degree of risk of plan underfulfillment on the
producung agent by manipulating the parameters of the incentive scheme. We are presentl y’
wor king on embedding thus incentive structure in a vert ically-linked hierarchical environment,
Results obta ined should shed light on optimal incentive schemes for decentralized planning of
internu ediate transaction - is within both Western corporations and socialust economies.
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A NOTE CONCERNING ASYMMETRIC GAMES ON GRAPHS

-S Ic mit 1-~ Rt tml t

tfl I , i c . f ~ it / / / l i i t I lS

I “/‘tmn,I . /// t ,u ,u , c

-S itS F R  F

‘.‘. , , i ’ l t S ~ ,i,’ t  ‘I I t s ’ - ‘i ,t ’% ut it it ci rt ,- iSc I~~ il( t5I I l t  ( . It 1 i , ’ ’~ i ’ i.It ‘ti lit (I .m i’ I ts . .t iitt
Cit _ hr _ I , II,’ r l,’ ,’ ,tli ilte u mt tsu l l , lu m s In Ills’ t i_ t I lts’

In this note we consider a c lass of asyn imetruc Iwo-person gan es in which the players
alternatel y choose from a set of ’ permissible moves , and the object of the gannme is to make ihe
last nuoc c We us-ill characterize the positions in the ganue .ts us-inning. losit ig, or draw ing fr an-i
the point 01 s tew of each uif the players. p

Fornuallv , let ( I  , -I) he a directed graph , us-here I is the (finite ) set of ‘.-ertices , and
-I C I v i  is a sd of directed arc ’s such that .4 = -~~ U -I ~. The players lake turns choosing
ver luces of the graph according to the rule ihat if vertex m’ has just been chosen by player
then player I (i ~ ~

) nuav choose any mer le ’ .  s such that ( u- , ‘.1 ~ -I - That is. player i may
move ,ilong arcs in 4 - Player m lose’s ihe game (and his opponcnm us- ins) if’ ii beconues his turn
to move from a verte x i- such that no arc ( m - , s-) l’s nm 4 -

It’ -I = -l the game is called “impartial” or “symnietric~” ot herwise it is called “part ial” or

“asymmetric. ” * Most of the literature on ganues of’ this sort has concentrated on symmetric
games .~ hut use us- ill ‘show- that the vertices of an asymmetric game can be characterized in a
natural way , w h ich  generalizes the results obtained for symnietric games ( 2 1 .

In particular , us-c us- ill characteri z e the set 1$ of vertices that are it - m in Ing for player in the
‘sense that if he chooses ,i vertex w in 13 then he can assure huntsetf of eventually w inning the
ganue. Similarly, us-c w ill find the set 1, of ‘ .er l ices which are I i ts i ,n ,u,’ for pla~’cr t, such that if he
c hooses a vertex t in 1, then he cannot present an eventual lot s ’ s . and t he set ol’ I/F-a IF-lot,’ s -er-
lice’s 1) w hich are neither usinning nor losing. Since the game is asvrnnuetric . t he resulting par-
ti nion of the vertices is in general dependent on w h ich of the two  players is under consideration.
Followimig Steinhaus 131 ,ind Smith 141,  us- c will also- i he interested mu characterizing the
(minima’.,) number of niu vcs ushich remain I’ro,ni eac h s -erIe ”.. (Stetn htaus ’ interest in this ques-
tion arose l’rom the consideration of problenus of naval pursuit

It will he convenient to consider . I’or every vertex ‘., t he set u-if ve rtices i’nom us his - It player
i s-tin reach u , defined liv R (u )  ( I - u I ( m - . s lu -l I .  For es -cr y- sd of ver m ice ’ . .S. deno tc the sc m

— t h e  ~.innnc si ,i r t s  cu ittin 111,11(1 I s,’l ,’ ,ls .1 seri es tr , m nm stmin ie in i i u , mi  ss’t / i m t
S - S u m  equm s .ti’,’itt uitt” ,tt’i I,? Suiit iii 14 1 1 tr s’,mis Is’ . ntnts’ uru e g, mntt es ,i, it_ m t I t t t i  ‘f l C” ,’ I ‘i m oe ’ s , hut is * , m -‘Ci. ‘I t C I l I , , ’s

t ’ .~, u t ’ s  ‘sm,~ ut l l i , lh I, ’ ,‘ ‘ .C,’ I l i I I ’ l t  I’ I .t 1t ’,,’ l i t  t i t l l ’ k t lt i Ii ( ‘ tI lltIt .t t  I i i
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oh c e r u m c e s  fro unu which pla yer can reacim s u u n li e sc r iex  in S by I? ( 5 )  = U R  I I , amtd Id

I - IS) I — R I .S 1 he the sd ouf s- n ice ’s I ruu nt t  ushuch ihc set S i s  unreachable by player i .

Nttie that I - I I I is ihe set utf c r l tc es from us-his- h player ‘ cant reach not otth c r e r t e x  u e
the set omf ‘se r t ice s from which player / has no permissible nioves. Su m player ~i / X I I  us mt - is ihc
game if he chooses .m sci t ex I In I (I  I -

For each I u m s t t i ” e  m Idget mm , dehine ti- ic sets of s-ent ices B~ am-id ( ,, by ~~ 
= ( ‘

~ 
= mit, B.. =

L , ( t 1 (B fl , and C,, — (~ 
( L ’ ’ ( ( ’,. fl, Ohserse Ifua t (~ I~ ( L . ( u f , ) )  U 1 I l l , and

B - ( I I - Sot pI.i~ en 2 us ins if lie chooses a ser ie s in 
~~~~~ 

and player I us in’s h~ choous um- ig a
ser i es tn - i

The re lat iom ship between mhe set s B. and C,, is given , l’u r  es er% mm , by the t’o) lowu mug proupo-
‘s tt io tn t .

PROPOSITION I t )  B. . C B,., and C. C ( ‘
,,, ( i t )  B,. C I .  I ( ‘,,) , and (

‘
., C

L 1 (B I

PR OOF : Observe that for S. / : C 1 , if S C 1’ ihe’n I ( 5 )  J L’ 1 1’) , au-id I - I U ( 5 ) )
C U ( U  ( f l) . for It , ,) = (1, 2 1 .  Also note thai , us-lien mm = 1. ho-ill-i pnoposuliomi s ( u )  and ( i t )

hold (‘since fi)r any S’ C I. h C .S’ and U ( I )  C U ( S i ) .

Suppose that for some fixed it , it h,ts been shown Ihal B., C B. and (‘.1 i C (“ I. Then
B, . L’ . ( L ’

~ 
(B ,. H C  L ’ . ( U ~~(B , ) )  = B ,. , 1 ,  and (“I = U 1 ( L ’ . ( C ,, 1) C U~ 

( L ’ ~ (C ’,. 1)
C,, , . and so proposition ( u ) m’s true b r  all n.

Suppose it has been show- n for some mu that B,. C U. ( ( ‘ . 1 and ~
‘
, C U 1 (B ,.) . Th en

L
~ 

(B . ) 
~ L’~ (U. (C)) = C,, 1 ,  and ‘sit ~~ .. 

~ 
= U. ( L i (B I) C U~ ( ( ‘ , , ,~~

) . The san-ic argu-
nueni ‘s hu u us s that C,, .1 ~ L~ (B  - ~

. and so propo s it i o n (ii) i’s h u e  for ,ul l i t .

Note that proposition ( i) toget hier w - i l h the las - is that t is finit e imu-ip lies that thuere is some
integer A such that B, = B,,~ = U. ( L ~ (B ,)) , and C, ( ‘,,~ = I’

~ ( U .  ( ( ‘,)( Of course
proposition ( m l  also implies th at B, U B,, B and ( , U C ’,,

We can now characterize the sets of vertices us-his - it are winning , losing, and draus ing for
each player, as follow’s:

Th EOREM: fi) 
~~ 

B, and I t .  C. ( ii) /.~~ = R.  ( ( ‘I . and I R i t i ll ( ‘ m i )
I ) = L ’ ,’ ((’) — B .and 1)~~ 

L ’ 1 (B) - ~~

PRO()F: First use ‘show’ that II contains B I e. if IuIa~er I p o k s  ,m sertex mu B - them - i lie
can nuake hi’s subsequent choices so as to eventually us in Il-ic game. Recall that H — U B,., and

suppose thai player I picks a vertex /‘ . . in B.~ If it .. is in B I then pin cr I h,is uso um- i , ot m herusm ’ s c
player 2 picks a vertex v such thai 1’ . u R . ( -

~ 1 Since B.. — ~- II (B ,, 0~ ii l’o l lows ihai
h .R. (U

~ 
(B ,, fl . and hence ~u U i (B ,. ): i c  s u R i ( B.. 1 Sti no mun att er wha t verte x s i ’ s

picked by player 2 , player I will .ilusav s he able ma rcspound by choo ustng .i serie s ~~ I tm - i B,,
,-S fter at most mm choices of t h i s  sort , player I picks a ser ie s it in B~, and wins  Sut lb contaIns
B. and similar argument shows that It~ contains C.

It is an immediate consequence that 1. contains R . I C ’) and / co u nt am ns R 1 ( B ) , s l i t s ’s - it

player 2 , for instance , picks a vertex in R 1 (H) , Ihen he caminot hires emi t p1,n cr I f’rounu picking a
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SerIes ifl B and eventually us- inning It only ncnuains to show- that 
~~ 

= ~ 2 ( C)  - - B and
I) .  U 1 ( B )  C - th m s usm i l  ex haust the set oh’ s e r l uce s . and Ihus pros -c pants Ii) and ( i i ) , as well
as ( m m m l

Suppose player 2 li cks a ver tex F - u ( B)  — C Then playe r I must choose a ver tex tv

such that iu R i ( m m ) , and suu iceil. since m u L ’ j (B) If player I ch ooses a s’ente x m c u R .  (( ‘I ,
then s- se has-c ‘scent that he cannot preven- it his eventual loss. h low cv er , we observe that player I
can .ilw.iys choose ,i scitex t i e 1 ’ , ( ( ‘ ) , since i- u( ’ = L’~ ( I  (( ‘ft i.e. since i’uR i 11 ,’ ( C ) ) .
‘rhus , when es--er player 2 Pucks a er te s un I ( B)  — ( ‘

, player I can a lw a y s respond by choos-
ing ,u vertex in L’ . I ( - I — B (amid his only other chotcc us to choose a ser Ies in R 1 

( C ) )

Similarly , whenever player I chooses a vertex in U. ( C)  — B, play er 2 cannot reach a s’er-
t ex in C. hut he can respond by choosing a se r t ex  in ( B )  - ( .  So I)

~ 
= t’ . ( C ’)  — B and

/ ) .  — L
~~ 

(B)  — ( : if player i picks a point in I) . player / ( / ~ i) can always choose a point in
I) , and must choose such a res puunse to avoid an eventual loss This conup letcs the proof of
the theorem.

,~Ss a final nole, observe that if iila~ er 1 , s,uv , pucks a winning vertex t - in B, Ihen he s-an
assure a us- in after making tnt moire choices , w here on is the number such that vu -I ,,, , - -I ,, If
player I chooses a losing ver te x y e R .  ( C ’) . then lie can coumi t on making only jn moves before
losing, us-here jn m s the t iumben such that m’ u R , ( C ,,. ) --- R - ~ (C

’.. ).

For example, consider the graph w i th  ‘ce r mi ce s I = { tz , it , ,- , it , t ’ , / I and arcs -1 t =

-i U l I d, t - )  It ’ , ~-)( and -i. = -i ’ U ( ( c , P ) , ( I .  ,i), us- here 4 ’ = t ( a , t / ) _ Id , l , C,  it).
(it, 1 ). Then it m ’ s stnaightt ’orss-ard to s- - en if ’~’ t hat I$~ = B. = {a , i- ) ,  It. = C u = ( ‘ 1 ,  1. =

(0” I ) ,  I, . = (it, u/, ~- } ,  1)~ = (it , u i ) ,  and 1), = i I I . ~ I .  Thus , f’or instance , ii’ player 1 moves to
ver tex  it he can .issure himsel f of a draw . hut if ’ plaYer 2 moved to it. he could not prevent a
lo’ss .

Of course, in a symnuetric game this could not occur: .u ser Ie s wf i ich m ’ s losing b’or one
player would also he los ing for the other. For a discussion of ’ the s~ mnuetnic case, and ml ’. rela-
tionship to class ical concepts of stabilit y in games and graphs , see Roth (2 1.
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A NO1’E ON FOQ L N I ) F R  F L I N I )  ( ‘ONS i ’RAINT S

-SI _ i t t  .1 Ix,I It).um t

/ )R( / i it ’m ’ iu m m m i R u .  , , i m  / i H/i t , ,-
I S I i i it t  / , t l,’ , \ I~~ S ti,iii,/t~, pp t t ’iit I m ’ i t t , ’i

/ ‘ / I.hI,/, - / f ’/ .’ ., /  /~t l I t t t l  I l ~ J i i , , I

5lt~’. t R S (  I

5 ,1 .mii1,ii m m i m m n m  is I, s , - h m’ , —~ I m l ’  tm ,  ,,i,i I It, - 5% ‘ i s ’ ’ m t  i ,l mm ’ _ t , , , ’ t i  mm i ‘ ‘ I  _ m s in ,  ‘ m m
1 , 1  Iii ,‘\ i i,’ t i l i t l tm i t ’ ,~~‘ l t s i t . t i i i i  m ’ s  , - t  _ i  , _ t i _ t i t t 1 i  mt i  i t ( ’ i l ls I~ , - 1 m i , ’ s, ’ i m i _ m i i t  ,‘ i , ’ s t m l i s  m l , ’

s i i , ’ t s i t  m u l l  ‘I ’ l l ,  I , i I I ,’ , t i i m ~ t t 5  tmm.t , I , ’

I. lN’I’KODt’(”I’ION

Orgamli,’al it t i t - . iltam lagu ng mis en ito nics tuiiois - i huo lgelm nig sit s i s’nis oh li i iiilm ,’u l ils-~ i h i l i iv penioulu-
s-aIls 1.1cc short - m s - m i l l  lund co iisl rauuim ’, I lies’ bas s ’ ,u h i’.,eol .iilliliiiil uml ’ dohla m’ ’. to uups -ratc usit hi
t h rough th i s - rei ll ,Im ild s -m oh ihe biso ’~ul ‘.o’,ii , at s ’ .hii~’hi i uille t h e ’ . - o’.in t m,’stuit te tuutcI tul %hra i il euf tI lt s-t i

lion. I hie prohlcu il iri ses oh hm u iw I t )  il 1.i il ,i~ C i h t s ’ ‘.it s i 0’uil w u l i l  leas h i’tt ’sI , stib is-ci t in such .uui
s’ sp s - uiuh mt u ir e s’ t mt i s l  i . i m i l t

\Ve ‘stt lss - ibis - pru lbls -ill oh d s -t criiiu i luilg ort ler u lt ua u l tm i i e% hit ei lipboiti n g oh ’ . il,iillic prlugramli-
m it ing acid ,m ge n er a lized I ag r am ig i iu m m coml o’s-pi st iii ts’iuilis ’S utili zed with i l t a l  ts -c l im uiq uc ( o f  - ( ‘ ha p ls - m
2 , Sm,’~’ I im t i t  16 , of ’ Bellman amlu h I)re~ lii ’ . (II ) li t miui s- ass’ , a  I agi’ aumgia ml cost ( I amllhd~i) is  ote him ls-d
for s-as h dutll ~,r sIlent before tim e enid m mf b Its - s’, m m I he dit - m - ia m ll uc j t rogi.uiil nuiulg al gui r u t f tm ln ib i s - m i
detenil l un ls - ’ s, for each mis - i l l  mu l l t m~ o’.il ahtmg sit hic lt mi l t is I  he boug hi t , himuw - illucit to t  ou t  that its- ill ’’.
SluIlsoHi l-OQ is .i l’ti i lctuon ml I ,imntbd , i , , intoh hi s - l u l l s -  men itau m l i ng ml Il ls - it c i i  -‘¼’. li m e it alt is - omh ’
I anthd~u uilpul is t ,ut ’ .s’uI , so lubtoils sit ill he c mt nllptu is -d us hu h ‘.jit,’ i lm ,h Is ’ ’.’. ifl ut ul s - ’ .

We ito ilot addno’’,s t m- i del ail t i le prtt hls ’ill oh’ hiildlmlg this - I amuh u la aloe its Ins -hi ss ill s-sad ly
equate projects -ti I’uuuols sits- ill t im l’uuids , ms , imhuhls - Nt , m it ’ .  sophistic ated u i l S - s - f l h o u r v  iliamiagers , su ch

us Ih us - (I  S I)s-pt oh’ I)el ’s’ mnso ’ , already liase diu m liputer b r t ~gi~im l1 ’s for  projecting tot a l  l’iin iuh o’\ps -ul-
uh it ti r es , is .1 I Uns’lion m nf mil s s - ml t tm m it u11 .i ml~igemllcmll pai.I i lts ’Is’ ns  an io l such prograu~is o’omld he .id~iiuts-d
II) I lls - purpose m m f  bi m islm nig i suita ble I ,I i l l huhii . lii Is’s’. stm phi st is ’,its-d 5’. xIs - i t t ’ .  s-\pe u loi ut tl ro’s can f-is-
n uluu i lu t un r s - oI . and l ,mnihda useol us kind ol ,t o’o m ih uo l kmi t mlu -S I iii s’ 5 s ’il Suillpll,’i leSel . Ih l I ~ is ’siu lt ’s
s hlos5ui in ul tu ’ .  paper , obtained br iton use m mh h is - d~~ni.uniiic t u i t t g i , i mu l m l i l ng  u lgoi u l hn l l . nild i c , IIs - us IlicIl
tub lw- mu ,i l t s - nnah u ss -  ‘‘ u i _ lu ’ .  s’ Po lls - no’s l’tnr s’k i t lumlg mur der qu1uilliti o’s to s u i t s’ i t i mm i ts ’’. ill akt,’’. ul imus i  se t t ’ . s’

II. MOI) I”I,
.4

I i i ’ ,I’.’.uilnpliu)I i% .uiiul s ’ i isi s l r us ’ I u i s ’ ) , mp , inI  b ’u omii I umni h~l~u) tumids - i ls  n m l h ,~ h it s- Wul ’ . t tmi  I - i  )Q m o ’
,i’.’.iimiis-d I liii’., Ills- s’ ( i sI ’ , s’ itilSI ( Iei’ s’ o I ii s’ .1 f i xe d u’ tm ’ . i  b m t i  s- ,uc lt om ’ds - m placo’oh .umid 1 littloti i ig s’ m’.i
i’s-n dnlh.ir ml mii s -cn ho rv ll s- lo h per it c.i i An mti’ o l s - i  1 m m iii lent mn ti sl he placed s’s his -mis - it s-i , Isss ’ t s

3f,9
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reach I) , anti) t hu s - re is miii lag li lacs-ms-mit amid receipt m m ) ,ii i ot rder . Iii the dl~t’.’.Is’~u l Wilson b’orn iula—
t i o u m u  demand is dctermin istis’. hut I i ih ioustng Suu y dci ’s 14 1  general iza l mo m use pcriuu in demand to he
slums - hasl us - - requiring on I t h a t  thus - mu te rzu rris ’a i t i  mite ’ . hetus s -en - i ‘.imcs’e’.sm sc dcmuiansl’. he

und s-pc nsls -uul and identical ly s lustru huted.

l’ot r afl i t s - r n purchased thu s - re is a siotll ar outlay equal to the (unit price of this - its-ni I
( amount purchased ) We us Isli t~ t~ in mnuu/e tott al fixed ourder cut ’.is ansI hoilding o’ii’.I’. over a
s ,tI ,t ht ig umf i ts- rn ’s, suhiect tot a cotni x traim - i t  tin total ituIla~ ‘. du ring the rs-muiau m id s- r oil ’ h i s- hiss -al vs - ar .
B~ use umf ti - is - ge m ier ahizs -s I [ .agrauig iauu cmt m’ucs - p I , unit pro ihls-n’n can he ‘.uil’, ed ,is a successuon oif
uns’itmis train i s-si sing le it s - n - i - i  prou hhcms ( I’ut r each its-n il tn this - catalog I - ushers - we wish tot n - iu m lm n - iulc
i l- is- ‘-ui- i- i  of hotld lng ~ t m ’ .t ’ .  p l us bu ss - si  s’tm’ .I’ . plus outlay sash ’ ., c mis lcsi out at the rate oil’ l.amu hda per
s lit hlar of ’ m’ ui l . t i t

III. K,- ’¼S IS FOR fl~~N .-’¼~ l I(’ I’RO(; R.-t Sl~ ItN ,

I l-ic mie s-sI b ’itr dvnanuic prot gn .irn muimn ig to ‘ .tm l it s’ what h.i’. hs-emi rcslucs-sl tot a suu gle item proh-
lent , unm - ss’ ’. b roni Ills- limits -sf si un atmo inu otb ’ this - cu instr a unt. Suppose , loin a uu u ;nut s-, th at ds -nuanis b w. i ’.

olct enn i iuu ist ic . Ihat this - Wil so imu F( )Q I’m t r .i mu i ts-ni it’s ‘is 10 , Ihal s- uris-mit a’.sc I’. sit s-re 0, amid that
t i t t . t l  obenia nisb hef ’orc ‘.cmn ’’. s-nd w,i’. II - It ntug blh us -s-il he optimal ho make one i)urcha.ss- of II
U nut s , rail - is- n t han Is’s tm sm_ i lls - n put c lt ise’., i c - Ibis- impact otf the outlay constraint coiuld be to )
I n t c n c . m ’.e this - s m /c t i h t h e  curre n t psu rchiase in ot rs)s - r to slecrease tot a l o u l l _ mys oun all puns ’ha’ .cs
li-roug h year ’’. em-id in a cost-s-fl’ectis-e manner. lii gs-ns-nal. this - optimal size of the current put-
c h. m ’ .c c a m ’un ott  he co umi - iputesi inslcpensls-nt ly oil ml ’ . impact (in the i- iced for successive purchases.

In ot rsfer to use sbymian iic progranimuing s’sc a rtihic iallv divide the reuuaumiing tim - i- ic in the biscal
vs-ar tnut o ‘ .ucc cs ’ .ts  c F-s-S is -it s ps-ruosls. It tl’uen is issurns-sl that in any gu s - -em - i period we us - ill need to
huv at n ots l once , ansI this - n ounly ~ib Ott, ’ hcgun ii i i ig oil t h e  ps- riots ) , This - is -S ms -s’s period concept is a
‘ .mtluhio n des ce nuily , acusl sInes m o t  con respo )nd to any emut i ty  in our basic niodel. Why ti - is- mi is i ts
u-.e ‘m , alm d? Well , supposs- s-as- li nes is- it ’s I-is-rind were only one day long. Clearly . ti - is- re would be
l i t t le practica l s)itTe rcnce between o rslening only at tb- ic heginm uu mug of res-’ iew- periods , otr orderung
w heuuever .isscl s hit zs-ro~ i s - . ,  we can a lwa ys gel ni ors- p recise answers by nuakuuig Ib is - is -vms - i t ’s

i-is-rinds smaller. In our use oil tiu c algorithu ’ii . use used a review- perios) length of I uses -k, and
t h e n  s-cri ficd that changing ftuc lcm igt) i to 1/4 week had litt le effect oun our ansusers.

I V .  NOTA ’I ’I ON A N I )  P R E l I M I N A R Y  I ) E R I ~~ATIONS

A — Lagranigian cost per dolla r .sps-m’i t before year ’s ct - is )
k — adni in-i ist rat ye cost to i,rocu ne
II — cost tot hold per year as a Percent oil Unit price
( ‘ — Uiuit I-iris-c (if art its - m u

— expe cts - ui ds-mansb rate ( tier vs-ar)
(; ( i t )  — probability that to u tal  slenuansl os--er i periods T> x
C),, — W ilse IOQ
() ‘ ( A )  — opt ifl uuumui ani(uuini l tot buy it ’ s imh i periosls tot g

(I) 5 ( Q )  — 1k + ( Q - 2 )  (Qm/) i k ’ I  (},

I s - . - ‘¼ is thi s - expected it aloe of the ,iveragc liolsli i-ig ansi fixes ) order s- oust mncunrc d per unit us-hen
an aniount C) am bought. Nu ts - tii~ub ‘‘ it’’ m ’ s t h e  reciprocal (0 t u e  mean-i unts - n~urri val turns - 131 . sit

() ( I  - t / )  is the expects-si tin - i - is - tot slcplcle C) units and () 2 is the is s- rage iniS- s- ntory o)untng that
Ii mile 

- 
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(2) — [ . 5 (C ))  .‘¼(C),, ) I ( C ) ) .

m s- , I’( C ))  is thus - increase in huo ihd m nig amid ad mi uu m i ustrat i s ’ s - co t st attr ibutable to ~m buy oIlier l u a u  the
Wul so rl FOQ.
(3) ( ‘ (C). A )  = I’(Q ) -+ ( ‘QA ~

i e - ( ‘ ( C), A )  is the tota l cost u ncreass- assois’uat s-sI w i thu  C), indlusling l ambda coist -

V .  D Y N A M I C  I ’ R O ( ; R A M M I N ( ;  FO RM L ’ I ,A ’ I ’ I ON

1,et 1’( ‘ (C). ,, A ) he ti-is - total increase iii cost alt rihulahis- to all buys miuas bc durimig the rest
of the ~s-an. liii’s .issumuls-s (lucre are i ps- rmo us l’s to go. a hu oil () units n ust he mauls- niutus ( .i’.’.ei’.
= 0) , anus) au ol ptiniuurn poihicy us h’oll ouw-s-d t i icrea b’ts - r .  Iii oil her wor s is . IC ‘ (C) , i. A )  is thus - gem - i—
era luzal uon otf C ‘ (C), A )  (equat loimi 3) tot um’mclu is le l’ut ure buys .1’s us s-Il is t i- ic current huy

T)uenu ,

!( ‘(C) , I. A ) = ( ‘
(C). A l

/ ‘( ‘ (C), 2, A )  — ( ‘
(C).  A )  + (s 1 ( C ) )  I’(’ (Q1. I. A )

i’( ’( C) .  3, A )  ( ‘ ( C), A )  (i 1 ( C ) )  I’( ’ ( ( _) ; , 2. A )

+ 1G .. C) — G C ) 1  R’~~~
’. ~~. ~

I’( ’ (C) . ri . A )  ( ‘ (C). A )  + ~~~ I’( - ( Q,; . n - i . A )  k; (C ) ) (i ( Q ) I

lor example . Is-h ui’s loto uk at the s- qu a t m o m-i hour I’( ‘ ( C,). 2. A ) , First oil all . us-c incu r ,i cosl of
C ‘

(C),  A ) , sum - ice by ds- Iinitiouii oil I’( - I C), 2 . A )  a buy is mieeded at tb - is - heg inmuicu g of his-tins ) 2. (If
on an item nut buy us needesl . i.e.. assets are ahos’e 0, us-c i- ices) mint calculate an’. cous t ’ s  s i is’s-
there is nun decision — t h e  on - ihv s iecisio in we are conucc nius-d us-il l- i is hoiw nmiuuch to l buy us - f - is - mi
assets  hit 0, ) li-i additioimu to a cos l oil’ ( - 

(C),  A ) . us-c us- ill incur au asis i itio ui~iI coist if ~unuot his- r huuv is
needs-si at the beginning oil’ periosl I - Four t h i s  to happen . sIs-miianoi in ps-runs) 2 ni uist s-xcs-s-sI us-hat
us-c .tust bought , (C )) . w hich hlappcuis w i t h  probability G 1 (C) ) - The cost mncurres ) us- ill he
IC ‘ ( () , I . A )  Iii the equation for IC ( Q. 3. A ). (i I C))  is lhe prouhah ihity that thus - mis -s t buy
will he cmi pcriosi 2 , i’ ,’ (C ) ) G (C ) ) is Uuc prot-iahilil t h at th’ i e m is - st buy it’s Il hs- un ps- runs) I -

-I I .GORI I ’ /I .%i. I’hie s-qu iattttn s ,mre sols ’s -s) recu rs i s  s - I t  We first tinsi (I (A ) . tb - is - v a l u e  of
() w h ich nuin m nlulcs I’( ‘ (C ) I - A ) . gis- -en by Im m us - I of (4 ) . Subst itutimig the s-ahu ie found imu to that
equat ion gives us , by dcb initiomi . IC ‘ (C ) ~. I - A )  NexI , us-c so i lve lo u C) ( A )  amid I’( ‘

( C ) .  2. A ),
and so on. l i t  hind C) - ( A )  .11 .inuv step, us-c It. us -e an equation (Ills- ~ippr otprua ts- hum - is -  al ( 4 ) 1 , arid
we lust find the s-a luic oil C) w h i c h  mll inim lu m/i ’s thus - equat loi l lou bind 11w mini m -

nutuz ing s--alu e we use .u grid searc h , because ic ‘
(C).  m , A )  mis -cot m io u l he a s - t ins s -s l’umict uo t m i oil C)

In cuiniduct ing the grid searc h use look at s-aluies of’ C) iii thus - mi tcrna l II - ‘~ 2 C),, 1. In t lie .“¼pps-i i-
ibis it is show n tiial all opluiiiuni () sau l m iever h-ic ‘

~ ‘. 2 C),, . A m- i o u pt m ntum l i C) s-an he -‘

alt hough thus - l,amhda coil - is-el-it guarantees I h a l  on au s-s ps-shed salu is - h,ists total  puurch .iss’’. u n i t s’ I
Ihs- s -ear us- ill go showui . i t  uhot s- s not guarant ee that all C)

’ ( A )  ul i ust he i~ C),, Recall this - exanu iple
s - uI s - sI in Sect ion III.

V I .  RESL ’ I .TS

Figur e I gam es sonic repres c n la t i s -s - r s - stu Its It s) ntit ’s s I his- opt iniu iii cut is s’oiuiptits-d hit I lie
algorithm .is a Iuns’tm ( i n oil ’ l ambda ,und this - number oi l iiionhhi’. re m iia mn i mi g mu this - huol get it s’ ,ir 
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LAMBDA ’ 5° LAMBDA ’ 15%

\ MONTI-IS
‘x. TO

CASE Q~ VARiABiLiTY ’S O~Q I 2 3 6 i 2 ~ 6
( iN MONTHS
OF SUPPI ’ f )

to 3 Hi ~m504 35°!. 25% 15% 85% 75% 65% 55%

ib 6 Hi 40% 30% 2504 5% 750/a 55 450/ 20°!.

Ic 12 i-l u 20’/. 20°!. 20% iS% 600/. 55”, 45%, 30°!.

2o 3 Lo 55% 25% 0 0 70% 40°,. 15% I 5~ ,,

2b 6 Lo 40°4 40%. 30% (iO°/.l 75°f. 60°!. 40% i5l%
2c 12 Lo 20% 20% 20% 20% 60% 60% 60% 35%

h - i t ; i  ~ i I (‘ t ins in Sit t is t u i t  I,)

Foir t u e  ca’ .cs .sh-ioss-n, bioulditig cost wa s a a 2 ~‘m ’’ - rals- and set-u i- i ct msl ( k ) was SI 00. A
demansi rats - oil 100 per year s’s’as uss-si ans) st Int price adjusts -si as niec i~ssa r~

- to get t 1 s -  values
shown in Figure I for I”OQ nuonths oil supply . IIiglu variance ds-nuotes a m’nont hlv coefficient of ’
sat i at ion oil I 00’’ wh uilc lo w- variance s)enotes 25’ ’ . The ns-gati s-c binomial was used to approxi-
nuote t h e  deu-iuansl siistr ihutionu , as this hasb prev iously been found efl’s - c t i i ts -  Ion our catalog of
uts - n s,

Each month has! b’our ws - c kx . Ihe us-cs-k heimig the length of the review per iod. The grid
search witb - i  in lets -al ’s equal to t  (0.0 5) (C),, ) it’s-as uscsl . As~~ c hec k, cases lb and 2h us-crc rerun
w ith rs-s ’ icw pcriosi of (/4  sit -cs -k. The answers nes’s-r shifTs -red by niore tha n (0 .05) (C), ,  I,

V I I ,  CONfU SIONS

In the high-variance case results S its - re rehatis ’s - hy well-behaves! . They indicate that a
“naive ” policy oil’ reducing all buys b~ the same perceni t m akes more sense than Ihe naive policy
of putt ing sonic hinuit on the uli aximu rn months ic - i ti -is - FOQ as a budget measure. In fact . in
ti’m c optirnuni it is t Ime high-dou l Ian items us- ill- i sb’iort EOQ’ s thia l tcnsl to he cut the n’iosl .

In the low-variance case—one we consider 1ess real ist ic—this - optimum policy niay in some
s i tu at i ( t f l s  co - insist 0)1 t ry ing to make one buy to last the rest oil ti - is- year. bls-nce . au -i increase
over the Wilson C) nu av he o’a lhs-d for as dennIs-sb by t b s -  Pens-s-Ills in parentheses . Thus effect can
produce a ver y irregular patte rni as sh ow ii by ths-ss- adslitional resulls Ion case (2h)

rweek J 4 8 [12 13 
- 

14 15 IC-i 20 24
LCUt~~ 

çç i t ,~, 25 ’ ’’ 1 () 
~~ ‘“ ‘ ~ — 

(l0’~ ) L (i~ ’” ’) 25 ’” 15’” ’ — 
0

It is reasonable to t inuphement the algonithnu by tables such- i .is thutse shins it hlo lduuug .cos l
rates and adm inist rati s-e s’ousl ’ . arc typically conista uit ( is _ er at ls ’ . is t .i malt- in suhcata logus- oil its-n- is
[)ernand is not , hut (he only s-fl’s-cl (i t demand. gut en the tither it mu mble ’s speculied . us si . i  i i ’ .

e ffect (in the shta ps - oil the prouhahihitv obistrihuttotni I’ltu’., l’or this - uioruilal , this - results us oiilsi
actually he indepenslcnl oh’ deuuand , gu s - e u the tit her it .mnm ah bc ’ . s b - is - s - il ls -o f. nanicly A. II, I C),, Il .
and the coe fficient of v ari atio iui - 
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For the norn al s iistr ibutuo-in. if you . ‘say, double ex pected demand (~~~~. but halve unit price
and increase variance fourf ’old (so C),,,’ /  and the coe fficient of variation are unchanged) , thcni
Q ’/ Q~ w ill stay the same. The normal produces this effect because under the normal density
t he probability of a value it depends only on the uuumher of standard deviations it is from the
mean , not on t he mean itself ’, Hence (I~ (C ) )  = C/ u ( 2Q) , w here (I i ( ) assun cs an expected
dema nd rate u/ and standard des-’ iat ion I. and G 1 assunues an expect ed demand rate 2d , and
standard dev iation 2,

V I I I .  EXTENSI ONS

In principle, t he same type of approach can he used to determine cuts in reorder points-
The mathematics is such as to require use of approximations , The impact oif these us nuo it
known , but t hey arc reasonable. To incorporate the proposed cuts in C),, into ti- ic reorder point
ciulculahions , howes-’er , b’urt her conuplicates t he task ,

Thus paper w a s  concennued with a constraint on outlays of a shorter tern - i nature We
assumed that at it-s -ar’s cu’m d we could got back to 0) 1’s-rating ~fl an optimum manner witb ’ioiut regarsi
to the pattern of cash out lays , lb’ this is not true , if there is a long-term constraint , it ma kes
sense to react hy constra ining the total iniventory ins-’cstnuent , A good paper relating ic - i pant to)
t his is that by Pnesutti and Tnepp (2 1.

While the problenu posed in this paper has no- it , to our knowledge , been treated be fore , a
somewhat re lated problenu bias received attention in the production research literature , In that
problem, economic lot su e’s (read economic order quantities) for a group of its-n-is nuusl he
determined under a constra inut on total production in each period, rathuer than os-er a total hor-
i/tin as here, See , for example. PS, Eiscnhut ’s paper in A IIF Transactions , June 1975,

A PP EN 1)1 X

We ‘show- that for C) ~ ‘ ~2 Q,, , S (C) )  ~
-‘ S ( C) .’2 ) , Thers -foire, a policy of busing

C) —
‘ ~2 C),, wou ld alwa ys he dominates) by buying C) 2 , and then making another buy oil C) 2

later in the budget year a’s necessary.

.5 (C ) ) - S (Q ’2 )  = kIl o 2 C)l f (UC ~/ )  ( C ) - 2  () 4 ) —
(5 ) — A / C )  + (1k’ J) (C) 4)

Ui) . 5 (Q)  - S (C).’2 ) - - 0 s. =~~‘~ - A / C) + ( II( ’ 1j) (C) 4) ‘—. ()

Substitut ing //C ’ ‘t/ — (I  Q,~) ( 2  A ’) in Ui) , us-c have

(7) 5 ( Q)  - .5(Q fl 0 —~~~ A / C )  + ~
- 0

= ‘- 
~2Q, , ‘— C).

BI BL Io(; R A PH V

Ill Bellman , R,. ansi S. I) rs-yh’us. 4(np/io ’u/ I)t’nwnri’ / -trlugramnn,ng (Prin ceton L ’ m i u se rs i t i t  Press .
Princeton , N J.,  l%2)

121 Presutt i . V ., and R. Trepp. “M oire Ado About F,conomuc Order Q uanti t ies (FOQ),” N,is ,il
Research Log is h is’s Quarterl y I ~. 24 3 -2 5 2 (June 1Q70) . 
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(31 Ross , Sheldon , .lpplio ’d Probabilitn ,i lmmule / ’ t wi th Op im’:ation ,4pp/ieations (Hoiden-Day, San
Franc isco , Calif. , 1970).

141 Snyder , Ralph , °The Classical Economic Order Quantity Formula ,” Operational Research
Quart er ly 24. 12 5-1 28 (March 1973 ) .
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C O R R I G E N D A

It us regretted that two - i  typographical errors occurred in “Opt imal Ins-s-sI ms- nt, Pricing ar-id
Replacement of ’ Computer Resources ,” hs Charles 11. Kr c ebe l , Anthony A. Atkinson and Hunt-
Icy W II, ha which appeared in th e I)ecs -mber 1977 issue . Vol. 24 . No. 4. The errata are a’s
l’o I low’s:

I. On page 540 the last lin e s-if the secon d f’ootnote w as  omitted, The f ’oot no t e should
read:

t For convenience and to simplify notation , we us-ill employ t he following con-
ventions in t he remainder: all functioins are ass umed differentiable , and, as in ( I) ansi( 2 ) , will be desig nated by capital lette rs~ the ir denivatis - ’es will he wri t ten as

~ (,,,, (oi ,.. u’t ,.. o ’ , ) ’ ~~h,, ,~1(b . -) on simply ,s- ,~. 
~
‘

2 On page 544 th e prmiot to ( ‘mtr ollari - (Theorem 2 )  should read:

PROOF: Trivia l f ’no’m Theorem 2 MC~,=MC,,,.=MC/, Vr’ Q.F 1).
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