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SUMI”IARY

The two goals of this paper are to develop a straightforward
procedure for optimizing the positive feedback ratio in an active
bandpass filter circuit , the “mul tiple feedback section,” and to
achieve a reasonably simple mathematical description of the effects
of the positive feedback ratio and of op amp parameters on drift
of the filter transfer function . To this end formulas are derived
which describe the approximate sensitivities of the filter transfer
function to each of three op amp parameters and each of the six pas-
sive circuit components . These formulas are combined with several
assumptions regarding circuit component drifts to yield a set of
expressions for the worst case drifts of three filter parameters
(center frequency , Q, and gain) . By applying optimization techniques
to these worst case drifts , a formula is derived to calculate the
positive feedback ratio that minimizes the worst case drift of any
of the three filter parameters . A criterion is developed to weigh
the significance of drifts of each of the three filter parameters
in order to arrive at the “overall optimum ” value for the positive
feedback ratio. Synthesis equations are derived for use after the
positive feedback ratio has been optimized . An example is used to
demonstrate both the mechanics of the optimization and synthesis
procedures and some practical uses of the sensitivity formulas .

E. C. WHITMAN
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Chapter 1

INTRODUCTION

A c r i t i c a l  p roper ty  of any f i l t e r  is the stability of its
frequency response characteristics in the presence of drifting cir-
cuit components. With an active filter , unacceptable instability
in the  t r a n s f e r  f u n c t i o n  can be the r esu l t  of excessive drift in
either the passive elements or the active element . When one of these
two sources c o n t r i b u t e s  s u b s t a n t i a l l y  more to the overall drif t of
the f i l t e r  than  the other , the performance of the fil ter could be
improved i f there were a way to reduce its sensiti v it y to the major
source of d r i f t .

The positi ve feedback in the act ive bandpass fil ter circu it
shown in Figure 1—1 can be used to adjust the sensitivities of its
transfer function . In particular , Ge f f e  (Reference  1) has shown
that increases in the amount of positive feedback in the circuit
tend to increase the sensi ti vi t ies to drif ts in the passive compo-
nents and decrease the sensi t ivi t ies to changes in cer tain act iv e
parameters. This suggests that there might be an optimum value for
the positive feedback in a given application of this circuit.
Unfor tunately this optimum value is difficult to find .

G e f f e  developed a workable technique for calculat ing the
sensi t iv iti es of cen ter f r e quency an d Q of the f ilt er for cases i n
which the active element , an operational amplifier (op amp) , can
be modeled as an a m p l i f i e r  hav ing  up to two poles and one zero.  H i s
approach for optimizing the positive feedback was to calculate the
s e n s i t i v i t i e s  by computer for several different values of p, the
pos i t ive  feedback r a t i o , and then t r y  to pick the best va lue  on the
basis of these ca lcu la t ions .

Althoug h G e f f e ’s approach solves a very complex problem with
a high degree of accuracy , it does have several disadvantages.

1. The sensi tivi ty formul as are suffici ently complex to requ i re
a computer; consequently, it is difficult to gain an intuitive feel
for the effect of the positive feedback ratio and the individual
effects of each op amp parameter .

1. G e f f e , P h i l i p  R . ,  “Exac t Syn thesis wi th Real Amplifiers ,” IEEE
TRANSACTIONS ON CIRCUITS AND SYSTEMS, Volume CAS-21, Number 3,
May 1974.

:~. .~~~~~~~~~ _ _  _ _
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Figure  1—1. Active Bandpass F i l t e r  w i th  Posit ive Feedback
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2. The o p t i m i z a t i o n  is accomplished by t r i a l  and e r r o r
(sensitivities are calculated for arbitrary values of p).

3. The optimization could conceivably result in a poor choice
of p unless the sensitivity calculations are repeated for various
values of the op amp parameters. This author has found that not
all active sensitivities decrease monotonical ly in magnitude as the
op amp becomes more ideal; consequently the sensit ivities calculated
on the basis of worst case op amp parameters may not be the worst
case sensitivities.

This report develops a new approach to the optimization problem .
Approximations are utilized to achieve a relative ly simple set of
formulas that descr ibe the filter sensitivities as functions of the
positive feedback ratio (p). These formulas are used as the basis
for a worst case drift analysis of the filter . The final result
is a formula for the value of p that minimizes the worst case drift.

The new approach is simple enough to yield an intuitive insight
into the various factors affecting the sensitivit ies ; the optimi-
zation is direct rather than by trail and error ; and the worst
case d r i f t  a n a l y s i s  is based on the  worst  case active sensitivities.
Accompanying these advan tages to the new approach are th ree
weaknesses.

1. The sensitivity formulas are less accurate than those
• developed by Geffe.

2. The op amp model is more restrictive than that used by Geffe
(the op amp transfer function can have two poles but no zeros).

3. The optimization is based on a worst case analysis in which
two assumptions were made regarding the circuit component drifts:
(1) the possible range of drift for each component is centered around
zero; and (2) each circuit component drifts independently of the
others.

Chapters 2 through 4 summarize the results of derivations that
were performed in Appendices A through D. Chapter 5 summarizes the
design procedure and presen ts an example. A reader interested in
a quick look at this report may wish to skip directly to Chapter 5.



NSWC/WOL TR 78-2

Chapter 2

FILrER TRANSFER FUNCTION AND SYNTHESIS

The first step in the analysis of an active fil ter is to derive
the filter transfer function in terms of circui t components and op
amp parameters. We will assume that the passive components are ideal
and that the op amp can be modeled as a two pole amplifier , ideal

• in all other respects (infinite input impedance , inf ini te common
mode rejection, etc.). With these assumptions , Appendix A shows
that the voltage transfer function of the filter shown in Figure 1—1
is

-N1sH(s) = 
4 3 2T4 s + T 3 s + T 2 s + T 1s + T 0

where

T0 1 + G 0

T1 = (1 + G0) D1 
- N1 + G1

T2 = (1 + G0) D2 + D1G1 + G2

= D2G1 + D1G2

T4 = D2G2

• N1 C1R2

• D1 = (C1 + C2)R1 + C1R2

D2 = C1C2R1R2
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R3
+ R4

1G~ = - p

DC

1G1 
~ul

1
2

Th’~ term p will be called the “positive feedback ratio ” throughout
this report.

The op amp parameters ADC, w~ 1, and are defined as follows :

1. ADC is the DC (or low frequency) open loop op amp gain.

A~~ WP1 WP22. w = ~~ A wul Wp1 + Wp2 DC P1

3~ = ~~~~~ w~ 1

where wpj~ and wP2 are the first and second (main and parasitic) pole
fr equencies of the op amp in radians per second . Figures 2—1 (a)
and (b) show a graphical interpretation for W U 1 and L’u2. If the
second segment (the -20 dB per decade portion ) of an op amp Bode
plot is extended , it crosses the unity gain level at the frequency

~u1 
Thus, wul is the unity gain bandwidth of the op amp (in radians

per second) due to the first pole. Similarly, extending the segment
of the Bode plot that is beyond the second pole (the -40 dB per
decade segment) results in a unity gain crossover point at a fre-
quency wu2. When referring to frequencies in Hertz rather than
rad ians per second , the terms wp~ , WP2, Wul, and Wu2 will be replacedby f~ 1

, f~ 2~ 
g
ui ’ and ~~2’ 

respectively.

Because of the complexi ty of findin g the center frequency and
effective Q of a four pole bandpass func ti on (wi th two desired poles
and two parasitic poles) , it is necessar y to ut ili ze some type of
approximation technique before proceed ing with the analysis.
Appendix B describes two such techniques which we will call “Geffe ’s
approximation ” and the “phase approxima tion .” The former approxima—
tion was developed by Philip Geffe as a basis for exact synthesis
and sensit ivi ty analysis of active fil ters; the latter techn ique
was developed by this author in order to simplify sensitivity
analysis of this circuit.

10
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Appendix C uses Ge f fe ’s a p p r o x i m a t i o n  to d e r i v e  the  fo l l owing
syn thes i s  equa t i ons  for the  f i l t e r :

Ri ~~ f c

Cr 2

where

Ct~~~~~1 1 -
~~~~~~ +~~ /(,~)2 _~~

• (1 + g0 
— g

2
) — 2(g1 

— dg 2)cr 1cr 2 (g1 
- dg2) + [(l + g0 

- 

~~ 
- d(g 1 

- dg 2) ~ cr 1

A = — 2c~
B d~ - 2 ~~~ — dg 2)

C —
~~~ + (1 + g0 

— g2)

= (1 
~ 
q - q ) 2 

- d(l + g0 - q~ ) N 1 - +

d = l / Q

w o
• g

’
z =

/w 0 \2 /f 0 \2 
•

~2 ~~T~)

C~ C2
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filter center frequency in Hertz

filter center frequency in radians/second

These equations can be used to calculate the resistances Rl and R2
necessary to tune the filter to a specified center frequency (to)
and Q when the two capacitors C1 and C2 are equa l and values for
the op amp parameters (ADC, gui’ and ~u2~ 

and the positive feedback
ratio (p) are known .

I f  the unkn own va lues  ar e R2 and p, the following equations
may be used for synthesis (see Appendix C for derivations) :

cr 2
= 

~~~~~

• DC

where

B ’ ~/ /  ~~ 
2 C’cr 2 = _

~~~
r +

V~~~
.
~~) ~~~~~~

(2cr 1 
— d) + (g1 

— dg 2) — — dg 2) (Cr 1) (cr 2)P = —- - — --- -.  

t
~~CrI~~~~ 

d)

cr 1 = 2ii f0C1R1

A’ = cr 1 + (g1 
— dg 2) { 1 + cr 1 (cr1 

— d)]

B’ = — l + (1 — dcr 1) (2cr 1 
— d) (g1 

— dg))

• C ’ = (g1 
— dg 2) [1 + 2cr 1 (2cr 1 

— d)J

• In either case, the gain of the filter at its ceiter trequency
Is given by (see Appendix C for derivation)

— (cr
2
) Q

H(jw0) ~~
—--

~~~
- .~~~~

-—-

1. ~~2

13
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• where

= (1 + g0 
— g 2 ) + [ 1 — (cr 1) (Cr 2 ) ] g2

h 2 = (cr 1) (Cr 2 ) (g 1 — dg 2 ) + (2cr 1 + cr 2 )g 2

Having developed synthesis equations that enable us to design
a f i l ter and calcula te i ts gain , the next requirement is a set of
sensitivity equations that will describe the performance of the
circuit; this will be the subject of the next chapter.

14
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Chap ter 3
• SENSITIVITIE S

Sensitivity analysis provides a convenient technique for
evaluating the stability of an active filter in the presence of
drifting component values. The sensitivity of a filter parameter
u (such as cen ter frequency , Q , or gain ) to a small chan ge in the
value of a c i rcu i t componen t or op amp parame ter z , is defined by

~~~~~~~~~ du du/u
z u~~~~i dz/z

In a strict sense, the sensi tivi ty def in i t ion applies only to
• infin itesimal changes; however , in practice it is useful to interpret

sensi tivities in terms of finite fractional changes. For example ,

the sensi t i v i ty  S~ in d ica tes the f rac t ional change in f i l ter Q tha t

will be caused by a given , small f rac t ional change in R1:

~2
Q R1 R1

Because sensi t ivi ties are based on f rac t iona l  changes , mul t ipl y ing
a parameter by a constant has no effect. For example , since

= 2rr f 0
and

• Wul = 2
~~u1

the following equalities hold true :

W A f f
S ” S ” = S ° = S
Wul ~ul Wul

15 
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• Table 3-1 gives express ions  t h a t  were de r ived  in Appendix D
for the approximate sensitivities of filter center frequency (f0),
0, and gain (HO ) wi th respect to each passi ve component in the ci r-
cuit (Figure 1—1). Except for the sensitivities of HO with respect
to R3 and R4, each of the formulas is exact for the ideal op amp
case. We will assume that the presence of a non-ideal op amp in
the filter will not greatly affect the sensitivities to the ~~~sive
circuit components in practical situations. The sensitivity
expressions are given in terms of a parameter X which is defined
by

= + 2 
+ 2Q

2 

~~~~
It can be seen that X increases with the positive feedback ratio
~ and that X 1.

Formulas for the approximate sensitivities of the filter
parameters to the op amp characteristics are derived in Appendix D
and shown in Table 3-2.

When the second pole becomes significant , the expr essions for
the Q and gain sensitivities to 

~ul 
may exhibit large errors but

these will be masked by sensitivities to 
~u2 

in most practical
H0ins tances; more accurate equat ions for S~ and Sf are  con t a i n e d

u l ul
in Appendix D. Also, for cases in which the sensitivity of w0 to

is large (‘0.1), it will be necessary to use Equation (199) of

Appendix D to compute S~ul

When usi ng these sensi t iv it y formulas, it is important to
realize tha t sensi t ivi t ies involv e par t ial deriva t ives ; consequen t ly,
one mus t know which parameters were held constant i n perform ing the
derivative. The above sensitivity formulas contain three op amp
parameters: Ajy,, f~~ , and 

~u2 
In each f o r m u l a two of these t hr ee

parameters are assumed to be constant. For example , for sens iti v-
it ies wi th respect to ADC we have assumed tha t 

~~ 
and 

~u2 
are con-

stant. This is not the same as a sensitivity wi€h respect to ADC
when the two pole frequencies are constant.

The effect of the positive feedback ratio on the filter
sensi ti vi t ies can be seen by examin ing the behavior of the parame ters
X and y. We have seen that X is an increasing function of the posi-
tive feedback ratio p , and that p = 0 results in X = 1. Appendix D

16 
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TABLE 3-I

Passive S e n s i t i v i t i e s  of the F i l t e r  w i t h  an Ideal Op Amp

________________ 
S e n s i t i v i t y  of

w i t h  respect f 0 or 0 H 0

-
~~~~~~ ~~ (X - l)

C2 
—

~~~~~~ -~~~~(X - 1)

—
~~~~~~ -(X- ~~ ) -X

1 1R2 
-

~~~~~~ X -~~ X

0 X — l  X — 1*

0 —(X — 1) — (X — l)*

where

X - + %
/ ( i ) 2 + 2Q2 

~~~~
* These expressions are accurate only for high Q’s; if X<QV~ , erroris less than 12% for Q>3, 3% for Q>ll. For exact expression~ seeAppendix D, equations (120) and (121).

17 
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TABLE 3-2

Approximate  S e n s it i v i t i e s  of the F i l te r  to Op Amp Parameters

________________ 

Sensitivity of

wi th respect f0 or w0 Q H0to

A 
yg 1

DC 2ADC ADC ADC

yg1 1 2f~~ —
~~
-- — yg1(~ 

— 2Qg
1)* 2Qyg1 *

~u2 
yg1g2 

— 2 Qyg2 
— 2 Qyg 2

* See Text

where

y i Q
~~~~~

g1 w~~1 ~~~

1w 0 \2 /f0 \2
~~~~~~~~~~ t,ç~)

________ -— ~~~~~~~~~~~~~~~~~~~~~~ .:: ~~~~~~~~~~~~~~~~~~~~~~~ ———— 

j
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shows that, with constant Q, y is a decreasing function of X in the
Interval

1 < X < Xmax ~ 
Q -

~T

For a relatively high Q filter this range corresponds approximately
to

0 < p < 0.25

For relatively high Q’s, when p is varied over this interval, y
var ies over a range of approximately

4.4 < y < 2Q

As p increases with Q held constant, the sensi tivities change as
follows: the sensitivity of center frequency to each passive com-
ponent Is constant; the s e n s i t i v i t i e s  of Q and g a i n  to each passive
component Increase in magn i tude ;  and the active sensit ivi t ies of
center frequency, Q and gain decrease in magnitude for X c Xm~x.This suggests the exis tence of an opt imum pos i t ive  feedback r a t i o.
Chapter 4 presents a method for calculating the optimum value.

19/20 
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Chapter 4

OPT IMI ZAT ION

It was seen in Chapter 3 that , if the amount of positive
feedback in the f i l t e r  c i r cu i t  of Figure  1—1 is increased while the
center frequency and Q of the f i l t e r  are held constant, the following
changes in sens i t iv i t i e s  will  occur :

1. The sensitivity of center frequency of the filter to changes
in passive component values will remain essentially constant;

2. The sens i t iv i t ies  of f i l t e r  Q and gain to the value of each
passive component will increase;

3. The sensitivities of filter center frequency , Q, and gain
to the op amp parameters will decrease if the positive feedback ratio
remains below the value that results in X = Xmax? where

Xmax ~ 
Q

(For relatively high Q filters this corresponds to a positive
feedback ratio of p ~ 0.25.)

Thus, in the design of an active filter using this circui t,
the choice of the proper positive feedback ratio involves a tradeoff
between sensitivities to op amp parameters and sensitivities to
passive component values. One way to evaluate this tradeoff is to
use the filter sensitivi ties as a basis for worst case drift analysis.

In order to simplify the worst case drift analysis for the
filter , we will make two assumptions regarding the circuit component
drif ts:

1. The drifts are unbiased —— that is, the maximum range of
drift for each component is centered around zero (for example, the
temperature coefficient of a resistor could be specified as
0 ±3oppm/°C but not as 200 ±3Oppm/°C).

2. The drift of each circui t component is independent of the
drifts of all other circuit components (for example, the temperature
coefficients of the resistors do not track each other).

21 
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Because these assump t ions w i ll si gn i f ican tly s i m p l i f y  the prob lem ,
we will apply them to each of the six passive components (Cl, C2,
Ri, R2, R3, and R4) as well as to each of the three op amp parameters
(ADC, ~ul, and f u2) , even though drifts of op amp parameters are
usually ne ither unbiased nor independent of each other.

Let 
~
2n be the maximum devia tion of a circui t component or op

amp parameter Z~ from i ts nominal or initial value. (t~Zn could
represent a tolerance or a drift due to temperature , ag ing , or some
other factor.) If all of the deviations are unbiased , independent ,
and relatively small , the wors t case sh i f t in a fil ter parame ter
u w ill be approximately.

r~~l 

max • S~

Where (21, •. .
~~~ 

ZN) are the passive circui t components and the op amp
parameters. The optimum positive feedback ratio can be defined as
the value which minimizes the above expression for a chosen fi lter
parameter u (u could represent center frequency, 0~ or gain , forexample).

Appendix D shows that the “optimum positi ve feedback ratio,”
as defin ed above, can be determined from the equation

/ j [2 + 0 (~~ )]2 + 12
’— 

[2 + 0
X0p~~ = Q ~~ V

where X0p~ is the value of X correspond ing to the optimum positive
feedback ratio ~~~~ and au and c~ are such that:

~ r~~l 

max Z~~

~ a~X + b ~~+ c~y

Table 4—1 gives expressions for the values of au, bu, and C U
for four differen t choices of u, the fil ter parame ter whose drif t
is to be minimized ; these choices include: u = center frequency
( f o ) ,  u = Q, u = gain at center frequency (HO), and u = Hp~ . HPB
is approxima tely equivalen t to the gain at the frequency wi thin the
passband where the gain drift is greatest. Choosing u = 11PB gives

22 
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a sor t of overall opt imiza t ion which takes into account drif ts in
f~ , Q, and HO as explained in Appendix D. In determining au, b~ ,and C~~, the ac t ive sensi t iv it ies were max imized over the fo llowing
ran ges of op amp param eters :

ADC m i n < A DC <

fui m
~~~1f ui <

In the table all four resistors were assumed to have the same maximum

deviation magnitude 
~~~~ 

bu t no t necessa r i l y  the same devi at ion
direction. Similarily, both capaci tors were assi gned a max imum
dev iation magni tude of

Having determined the optimum value for X , we can find the
optimum posit ive feed back r at io ~~~~ by rearranging the equation :

= .~~ + + 202 ( oPt )

Solving for 
~opt ’ we have

= 
X0~~ (Xopt — 

1)

O~ 2Q + X  ‘X — lopt ‘ opt

It should be observed that approximations used in developing
the sensi tivity formulas and the opt imiza t ion procedure will not
be valid for extremely low Q’s (say Q<3). Furthermore , in or der
for the sensi tivity formulas and the results of the optimization
to be correct , the op amp parameters and the positive fee dback rat io
must be subject to certain restrictions. To prevent large errors
in some of the sensitivity formulas it is necessary to require

2

Append ix D shows that the bound on yg
~ 

is approxima tely equivalent
to the following pair of bounds on g1 and X:

24 
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1g1 <

X > 3Qg~

The upper boun d on g1 resul ts in a lower boun d on the op amp
parame ter 

~ui

> 6f0

When an op timum value  for  X is calcula ted , it should be compared
with the minimum allowable value for X (3Qg1) to test its validity.

An additional restriction is necessary if the filter application
requires zero (or 1800) phase shift at the center frequency ; in such
a case , Appendix C shows that we must limit the values of y, g1,
and g2 so that

g1 + yg2 << 1.

In practical applications these restrictions will present no
prob lem because they are necessary to prevent the fil ter from be ing
overly sensitive to op amp parameters.

•1
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Chapter 5

DESIGN SUMMARY

On the basis of the formulas presented in the preced ing
chapters , we can develop a step—by—step procedure for designing a
bandpass filter utilizing the circuit of Figure 1—1. The procedure
can be divided into three main parts: (1) optimization of the posi-
tive feedback ratio; (2) evaluation of the filter drift achieved
by the opt imizat ion; (3) calculat ion of circuit component values
(syn thesis)

This chapter shows the ind ividual steps involved in each of
the three parts of the design process. In each step, we presen t
instructions and formulas that are generally applicable , and then
execu te these procedures for a specific example —— a filter imple-
mented with a pA74l op amp and having a center frequency of 2000
Hertz and Q of 100.

OPT IMI ZAT ION PROCEDURE

The following example illus trates the procedure for find ing
the “opt imum posit ive feedback rat io,” p opt.

1. Specify the filter center frequency (f0) and Q:

f0 = 2000 Hz

Q = 100

2. Select an op amp and determine typical values for the
parameters ADC, f,~~~ and 

~~~ 
(see Chapter 2 for definit ions of these

parameters).

This data can appear in three ways on an op amp data sheet:

(a) ADC may be listed as the “open loop voltage gain ;” f~~ may
be listed as the “gain bandwidth product.”

L 
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(b) ADC, ful’ and f u2 can be determined from a plot of “open
loop voltage gain vs. frequency ” us in g the techniqu e shown in
Figure 2-1.

(c) An “open loop phase shift versus frequency ” plot can be
used to locate the pole frequencies fpi and fp2 as shown in
Figure 5—1; then 

~ui 
and 

~u2 
are calculated by

~ ui = ADC f~ 1

= 

~“~ ul 
f~ 2

Fairchild lists the typical open loop voltage gain for a pA74l as
200,000.

ADC = 200,000

From the plot of open loop ga in versus fre quency for the op amp,
we can obta in typ ical values for f~~ an d f U2:

= 2 MHz

- 

- 

3. Determine the minimum expected values for ADC, ~~l’ 
and

for the posit ivie feedbac k optimiza tion and ver i fy that

~ujmin > 
6f0.

Since we will try to design the filter to minimize the worst
case drif t, we mus t spec i fy the wors t case op amp parameters that
are to be expected . These may correspond to the guaranteed minimum
values from the data shee t, or we may wish to choose a compromise
between the minimum and typ ical values so that the opt imiza t ion will
be based on a more probable set of op amp parameters.

For the ijA74l at 25°C the only minimum spec i fication available
is ADC mm = 50,000; this di f fe rs  from the typical value by a fac tor
of four. We will assume that the op amp parameters are unlikely
to be smaller than the typical values by more than a factor of two.
Accor d ingly, we will optimize the feedback on the basis of the
following minimum values

28
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ADC mm ~ A~~ typ = 100,000

mm ~ ‘ f~~ typ = 500 kHz

mm ~ ~U2 
typ = 1MHz

The requi rement  tha t  
~ui 

mm > 6 f0 is easily satisfied .

4. Estimate the magnitudes of the temperature coefficients
of the op amp parameters .

Op amp data sheets often include plots of open loop gain versus
temperature and closed—loop bandwidth versus temperature; these plots
ind icate the tempera ture coefficients of ADC and f~~ , respectively.

For the ~A74l the closed-loop bandwidth plot has a slope of—2000 ppm/°C; thus

= ~TC of 
~uiI 

= 
I
_2000 ppm/°CI

= 2000 ppm/°C

Tests by this author indicate that the temperature coefficient of
is approximately 10,000 ppm/°C for the ijA74l :

AD,~ 
= ~TC of ADCI 10,000 ppm/°C

We wi l l  assume tha t  the tempera ture  c o e f f i c i e n t  of f 2 is
approximate ly  the same as tha t  of U

~~u2 ~~ul 2000 ppm/°C

The optimization procedure requires that we know the worst case
tempera ture coefficients of the op amp parame ters; for this example
we will assume that the above temperature coefficients are the worst
case values.

30
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5. Specify magnitudes of the passive component temperature
coefficients.

We will choose resistors having temperature coefficients of
±25 ppm/°C and capacitors having temperature coefficients of ±50
ppm/°C.

Iqi - 25

l~I a 50

6. Calculate g1 max ’ g 2 max ’ U, and V.

g1 —~~~ = .~ — 0 .004max ul mm 500 x 10 Hz

g = ( f0 ~2 
= ( 2000

6
Hz \

2 
= 0.0000042 max \ u2 mln/ \l x 10 HzJ

/i  1
- 2Q g1 max~ 

g1 max ’ 0 ~ g1 max

1 
_ _ _

~~~~
= 

~2~ ’ ~~~~~~~~~~~

1 
_ _ _ _

~(2Q g1 max — 

~ g1 max ’ 8Q ~ g1 max

— 0.0012

i. ~
ADC 

_ _ _V =  • + 2
mm ADC max 2 max 

~~~ max

— 1oo~poo 
• (10,000 ppm/°C) + 2(0.000004) (2000 ppm/°C)

— 0.1160 ppm/°C
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7. Calculate a11~,0, cHPB, and X0.~~

1 tiC t~RaH = + 3

= (50 ppm/°C) + 3 (25 ppm/°C)

a 100 ppm/°C

CH = QV + ~ g1 max + 
~i max~

= 100(0.116 ppm/°C) + lOO (.004) (.54.004) (2000 ppm/°C)

= 414.8 ppm/°C

3

= 27 .62

8. Veri f .y  tha t  ~~~~ > 1 and that  X0~~ > ~~~ g1 max~

The former bound is necessary to insure that p > 0 and the
latter Is necessary to maintain reasonable accuracy in the optimi-
zation. In this case both restrictions are satisfied . When the
former bound is not satisfied , set X0p~ - 1. If the latter bound
is not achieved , choose an op amp having a larger value for f~~.

32
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9. Calculate 
~~~~~ 

the optimum pos i t ive  feedback r a t i o .

a 

XOPt(XOPt — 

1)

22Q + X0~ t (X 0~ t 1)

— 0.03545

EVALUAT ION OF THE FILTER DRIFT

The approximate worst case drift in the filter center frequency
Cf o)’ Q~ and gain (H0) can be calculated for any positive feedbackratio (p) by means of the following procedure.

1. Calculate the terms a,
~~ 

b,
~~ 

and cu for u - t0, 0, and H0.

Using the terms g1 ax ’ ~ and V defined in step 6 of the
opt imiza t ion  and continuTng with the ~A74l op amp example , we have:

a~ - 0
1.0

b - +C R

= 50 ppm/°C + 25 ppm/°C

- 75 ppm/°C

cf 
9l max (V + )

0 ul max

— 0.004 (0.116 ppm/°C + 2000 ppm/° C)

— 4.000 ppm/°C

a
Q~~~~ ~ 

+ 4

33
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- 50 ppm/°C + 4(25 ppm/°C)

- 150 ppm/°C

b - -  - 3Q C R

= - 50 ppm/°C - 3 ( 2 5  ppm/° C)

- - 125 ppm/°C

1c,~~= Q V + U  ful max

— 100(0.116 ppm/°C) + 0.0012(2000 ppm/°C)

- 14.0 ppm/°C

- 

. a}~ a 

~~~~~~ 
~

- 50 ppm/°C + 4 ( 2 5  ppm/°C)

= 150 ppm/°C

b 2 1%R
H0 R

= —2 (25 ppm/°C)

- -50 ppm/°C

34
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c “ Q V + 2Q g 1
2

H0 max ul max

— 100(0.116 ppm/°C) + 2 ( 10 0 ) ( . 0 0 4 ) 2 (2000 ppm/°C)

- 18.0 ppm/°C

2. Given a positive feedback ratio (p), calculate X, or given
X, calculate p.

(In  the o p t i m i za t i o n  example , we have already computed p and
X).

X ~~ +~~~~~ + 2Q2 
~l ~

X(X — 1)
2Q + X(X — 1)

3. V e r i f y  that  X > 1 and X > 3Q g1 max

CX > 1 insures  that  p > 0; X > 3Q g1 max is necessary to prevent
large e r ro rs  in the s e n s i t i v i t y  approx ima t ions . )

4. Compute the value of y corresponding to p and X.

y = 
-

For ~ = - .03545 and X = ~~~ - 2 7.62  we have

y = 7 7 9

35 
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5. Compute the worst  case d r i f t s  in center frequency, Q, and
ga in  of the f i l t e r  for the given p o s i t i v e  feedback r a t i o .

~ fo
~ af X + b f + C

f ~
‘

0 max 0 0 0

~~~1max ~ aQ X + bQ + cQ Y

—a-- ~~~~ X + b H + c H ~
‘

O max 0 0 0

In our example , w i t h  the “opt imum p os i t i v e  feedback r a t i o , ” we have :

—

~~~~~ 
~~ 0.0(27.62) + (75 ppm/°C) + (4 ppm/°C) (7.79)

O max

= 106 ppm/°C

~gI ~ (150 ppm/°C) (27.62) — ( 125 ppm/ °C) + (14 ppm/° C) ( 7 . 7 9 )

= 4130 ppm/°C

~ (150 ppm/° C) ( 2 7 . 6 2 )  — (50 ppm/°C) + (18 ppm/°C) (7.79)
O max

= 4230 ppm/°C

If these temperature coefficients are unacceptable, i t wi l l  be
necessary to redesign the filter using a better op amp or better
passive components. The parameters X and y can be substituted into
the sensitivity formulas of Chapter 3 to determine the main sources
of drif t; in particular , if the op amp is to be replaced with a
different type, the active sensitivity formulas can be used to
determine which active parameter needs to be increased .

36
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It is important to notice that the drift quantities

—r- 
~ ~~~

‘ 
and —

~~~~

-- do not indicate the absolute worst
O max ma O max

case drifts unless they are calculated from absolute worst case data.
In our example, we have assumed minimum values for the op amp para-
me ters (ADC m m ’  m m ’ and 1u 2 m i n~ 

that are larger than the
guaranteed minimum parameters for the op amp . Furthermore , the
tempera ture coe ff icient data for the op amp was based on the manu-
f actu r e r ’s typical plots , because no worst case temperature data
was available. Consequently, it is possible that the so—called

- , “worst case drift” quantities that we have calculated could be
exceeded by some sets of components. True worst case drift calcu-
lations would require more accurate specification of the worst case
op amp characteristics. With this understanding, we will henceforth
refer to each drift value computed in the example as the “max i mum
expected drift. ”

Figure 5—2 is a plot of the “maximum expected drifts ” of center
f r equency , Q, and gain versus positive feedback ratio for the filter
in the example. The Q drift is minimized with a positive feedback
ratio of p = .00072. The maximum expected drift of filter gain (H0)
at the center frequency reaches a minimum at ~ = .00095. The center
frequency drift gradually drops until p = 0.25. An “overall optimum

- 
- positive feedback ratio ” of ~ = 0.035 was computed . This figure

represents a compromise between the values of p that minimize the
drifts in center frequency, 0, and gain.

The criterion chosen to compute the “overall optimum positive
feedback ratio ” minimizes the worst case drift of the pa r ameter
HpB. lIPS drift is roughly equivalent to the maximum drift in filter
gain anywhere within the three decibel passband . Such drift can
be caused by drifts in the center frequency (fo) , 0, or gain at
center frequency (HO) of the filter. If the designer prefers to
minimize the Q drift , he can compute the correct positive feedback
ra tio by rep lac ing aHPB an d cHPB in the optimization formula with
a
0 and C0, respectively. Similarly, the drift in filter gain (H0)
at the center frequency is minimized by using aH and c~ in the
optimization. 0 0

Another example of the behavior of the maximum expected drifts
• of a fil ter , as the positive feedback ratio is varied , can be

obtained by taking the same filter (
~ O = 2000 Hertz , Q = 100) but

with a different op amp — the Harris HA—2510. The manufactu rer ’s
data sheet for this op amp indicates a typical open loop gain (A DC)
of 15,000 and a typical gain — bandwidth product (f~ l) of 12 MHZ.
A plot of open loop phase shift versus frequency indicates that the

37 
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second pole (f~ 2) of the amp typically occurs at 5 MHZ. The parameter
can be compu ted by

= 

~
‘
~~~i 

~~~~~

= 7.7 MHZ

The m a n u f a c turer ’s data sheet lists the minimum value for A1y, as
10,000, which is 2/3 of the typical value . Consequently, we will
assume the fol lowin g m i n i m u m  par ame ters :

ADC mm ~ ~ A~~ typ = 10,000

2
mm ~ ~ ~ul typ 

- 8 MHZ

2
~u2 mm ~ ! ~u2 typ 

- MHZ

The m a n u f a c turer ’s data also includes typical plots of open loop
gain versus tempera ture and “bandwidth ” versus tempera ture for the
op amp ; at 25°C these plots have slopes of approximately +3000 ppm/°C
and —450 ppm/°C, respectively. For lack of additional information
on the op amp , we will consider these numbers to be the “max imum
expec ted tempera ture coefficients” :

DC 
~ 3000 ppm/°CDC max

ul _~

f 
.—~ 45O ppm/ C

ul max

We will also assume that the maximum expected drift in 
~~~ 

is the
same as that for f

~ 450 ppm/°Cu2 max

39
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Figure 5—3 shows plots of the maximum expected drifts of the
fi lte r center frequency, Q, and gain (H0) of the filter. The Q and
gain (HO) drifts are minimized at p = .0017. The center f r equency
drift again decreases gradually until p = 0.25. The optimization
procedure  i nd ica tes an over al l opt imum pos it ive  fee dbac k ra t io of
p = .0031.

The plot illustrates an important aspect of the behavior of
center frequency drift. To the degree of accuracy of the sensitivity
expressions in this report (the error is zero with an ideal op amp) ,
the amount of center  f r e q u e n c y  d r i f t  caused by the  passive component
values is independent of the positive feedback ratio. On the other
han d , the drift due to op amp characteristics decreases as p is
increased u n t i l  p = 0.25. In our example , the pass ive  components
can cause a f r e q u e n c y  d r i f t  r a t e  up to 75 ppm/°C. The only way to
reduce the maximum drift in center frequency below this amount is
to choose passive components h a v i n g  lower t e m p e r a t u r e  c o e f f i c i e n t s
(or to match the temperature coefficients in such a way as to cause
cancellation) .

CIRCUIT COMPONENT VALUES

Returning to the original design prr-~h1em in which a ijA74l op
amp was used , the next step is to compute the  c i r c u i t  component
values for  the spec i f i ed  pos i t ive  feedback r a t i o .  We have de t e rmined
that the optimum positive feedback ratio is approximately Popt =
.03545. Since this value is not at all critical, we will round it
off to p = .035 before proceeding .

Using the procedure described below we can compute the nominal
values of the  res i s tors  Ri and R2 and the nominal gain of the filter
for any positive feedback ratio p ; we are  not r e s t r i c t e d  to choosing
P = Popt. This syn thes i s  process w i l l  be pe r fo rmed  w i t h  the  typical
op amp parameters rather than with the worst case values.

1. Compute the following:

1g0 = ••

~~~ 
+ ADC typ

1
— — .035 + 200 ,000

= — .034995

________ 
2000 Hz

~1 
= = 

6 
= .002

ul typ l X lO Hz
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I 
to \

2 
/ 2000 Hz \

2 
—6

I 
~

- I — I — - - —— — - - -

~~~~
-- —-- I = I x 10

\ u2 typ/ \2 X 10 HzI

1 1d = a 
~~~~~~~~ 

= .01

= (1 + g0 
— g~ ) 

— d (1 + — g 2 ) (q 1 
— d92) + —

= .93122

A = -2ct

= —1.86243

B = dcz — 2 ( g 1 
— dg -,)

= .0053122

C = —ct + (1  
~ 

—

.033787

cr 1 = - +

= .13612

(1 + — 

~~ 
— 2(q1 

— d92) Cr 1cr 2 = (q dq ,) + 1(1 + 
~~~~~~~ 

— d (g 1 — d q 1) ] e t 1

— 7 . 2 3 2

2. Choose capacitor values with C 1 = C ,.

We will se l t’’t

— .02~iF’
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3. Compute the required values for and R2.

- 

cr 1 .13612Rl 
- - 

~~~~~~~~~~~~~~~~~~

= 541.6~2

- 

cr 2 7.232R2 
- 

~ IT~ QC1 
- 

2~~(20OO Hz) (.O2 X 10 6F)

= 28,78O~

4. Choose R3 and so that

R3
R3 + R4 

-

With p = .035 we could choose

H3 = l0OOi~

H4 = ( ‘ -
~~~~ ~~~

‘

)R  
(

~~

i
:
_?~~~~~~

.
~~~~~~

.-5) (l00Os~)

= 27 ,57O~

5. Ca1culat~~~~~~~~~~~ pi the filter at its cer~ter frequency.

• First we need

— (I + g0 
— g2) + [1 — ( c r 1 ) (cr2)]g1

— 0.9650
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h2 (cr1) (cr2) (g1 
— dg2) + (2cr 1 + cr 2) g2

— 0.001976

The ga in  i s

(cr2) • 0II~
jw )f = _________

+ h2

= 749.4

PRACTICAL CONS IDERATIONS

Figure 5—4 shows a final implementation of the filter. Resistor
has been replaced by a voltage divider in order to reduce the

g a i n  of the c i r c u i t .  The two r e s i s to r s  R ia and R ib were chosen so
t h a t

R1 Rib 
-

Rla + R lb
_ R

i

and

- 
Rlb
+ R = HTla lb

where R1 is as ca lcula ted previous ly and H~ is the desired voltage
gain of the filter (H~ was arbitrarily set at 10 in this example) .

Two pots have been added to the circuit in Figure 5-4. The one
Incorpora ted in R2 (R 2b) serves as a center frequency trimmer. The
pot in the positive feedback loop (R4~ ) can be used to adjust the
0 and gain of the filter without significantly affecting the center
frequency.

In prac t ice i t may be necessary to in i t i a l ly  adjus t R4h for
maximum resistance to assure that the circuit does not oscillate.
R2b may then be adjusted to achieve the correct center frequency .
Finally R4b is adjusted to produce the desired filter gain at the
center frequency ; the cor rect Q should result.

44
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t~~~ 2 0 0 0  H Z Q~~1O O ~~~ 10 ~1B

-ii
R2h

+ 1% 26.~3k~ S kQ
- 

:~ 
.1%

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

R lb 25.1 K~2 S

.1%

— 
—

1.00 kc~

Figure 5—4. Practical Realization of the Filter
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In this particular filter it is desirable that 0.1% tolerance
resistors and 1% capacitors be used . The reasons can be seen by
applying the sensitivity formulas in Table 3—1 . Since X = 27.62
for this filter , the sensitivities of Q to the passive component
values ar e

SQ = - S0 ~ 13C1 C2

-S0 = S 0 ~~ 27R1 R2

= - S0 ~ 27R3

Suppose tha t all component values in the filter were exact except
that C~ was 1% higher than nominal. Then the sensitivity of Q to
C2 indicates that the filter Q would be approximately 13% lower than
the desired value . Futhermore, since the sensitivity of center
f r e quency f0 to C2 is -1/2 , the e r ro r  in C2 would cause f0 to be 1/2%
low. This would be corrected by decreasing R2 by 1% using the
frequency adjustment pot R2b. But that adjustment decreases the
Q by an additional 27%, since the sensitivity of Q to R2 is 27.
Thus it can be seen that the Q trim—pot (R 4b) has to be capable of
adjusting the Q over approximately a ±40% range just to accommod3te
±1% errors in C2. (The 40% figure is rough because sensitivity cal-
culations yield significant errors when dealing with large changes.)
When the tolerances of the other components and the range of possible
op amp parameters are taken into account , the adjustment range
required for R4b becomes so wide that adjustment resolution would
become a severe problem if looser component tolerances were used .

Adjustment resolution can be calculated using the sensitivity
formulas in Table 3—i . For example , H4 consists of a fixed resistor
in series with a 5 k—Ohm pot to adjust the 0. Suppose that the pot
has a resolution of 0.5%. For a 5 k—Ohm pot this corresponds to
25 Ohms , which is 0.09% of the nominal value of H4 (27.57 k—Ohms).
Since the sensitivity of Q to R4 is approximately —27 for this filter ,
the  Q will be adjustable to within 27 x 0.09% = 2.4% of a given value.

In general  the pass ive componen t toler ance r equ i r e m e n ts can
be relaxed and the adjustment resolution improved by redesigning
the f i l t e r  us ing  a “better ” op amp. This results in a lower optimum
value  for  the design parameter X (i.e., lower positive feedback
ratio) , thereby reducing the sensitivities of filter 0 and gain to
the passive components and making passive component errors less
significant. In order to determine which op amp parameter should
be Incr eased to selec t a “better ” op amp , the magnitudes of the
active sensitivities should be computed using the formulas in

46
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Table 3—2. In the example presented here the filter sensitivities
to the op amp parameter ful (gain—bandwidth product) are largest ,
so an op amp having a hi gher ga in  bandwi dth product woul d improve
the filter design. The HA—25l0 op amp discussed earlier offers a
significant improvement; however , its low open loop gain at low
frequencies  (A1y,) results in modera tely high sens i t iv ities of 0 an d
gain to A1y. A better choice would be the LM318 which offers both
a high gain bandwid th product and a high open loop gain.

47/48
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Append ix  A

TRANSFER FUNCTION

The f i r s t step in the ana lys i s of any ac ti ve f i l ter c i rcu i t
is to der ive the f i l ter tr a n s f e r  func t ion in term s of the c i r cu i t
components and the op amp parameters. Figure A— I shows the circuit
that is the subject of this report; it consists of a multiple
feedback bandpass filter section with positive feedback added .

We wi l l  ma ke two assump tions regar d ing the componen ts:

1. the passive componen ts are ideal (tha t is , capacitors
are  lossless and resis tors are pur e res is tance)

2. the op amp has a finite gain A(s), but is ideal in
other respects (for example , the inpu t impedance i s i n f i n i te, the
output impedance is zero, and the common mode rejection is infinite) .

Wi th these assumpt ion s, the circuit transfer function is given by:

H(s) V2(s)/V 1(s)

= 
—N 1s (1)

(1 — p + A(s)~ 
(D2s

2 
+ D1s + 1) — N1s

where

N1 = C1R2 (2)

D1 = (C1 + C2)R 1 + C1R2 (3)

= C1C2R1R2 (4)

R3
= R + R = positive feedback ratio (5)

3 4
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RI
Vl 0- w.. )I—~—-1~~

...-. 
_____ -

R4

R .~

R 3

R3+ R~ 
~~~~~~~~~~~~~~~~~~~~~ H 1 I~SACN R-\TIC~

Figure A—i. Active Bandpass Filter Circuit
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In t h i s  appendix the  op amp w i l l  be modeled as a two pole
device. The transfer function of a two pole amplifier is given by :

A~~ W
p~~ Wp2A(s) = 

(S + w~ 1) (s + Wp2) 
(6)

where

= the  f requency ( i n  r ad i ans  per second ) of the f i r s t  pole

and

= the frequency (in radians per second) of the second pole
of the op amp.

This op amp ga in  func t ion  may be substituted into the filter transfer
func t ion of Equa t ion (1) to obta in the overal l  t r ans fe r  func t ion
for the f i l ter :

-Ns
H(s) = 2 (7)

T4s + T3s + T2s + T1s + T0

where

T0 = l + G 0 (8)

= (1 + G0) D1 —N 1 + (9)

T2 — (1 + G0) D2 + D1G1 + G2 (10)

T3 = D2G1 + D1G2 (11)

P4 
= D2G2 (12)

and

(13)
DC
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+ W fl~)

G 1 ( 1 4 )
~ ~‘DC ~ Pl ~ P2

G = 
1 (15)2 ADC wPl WP2

The expression for G1 can be further simplified , becaus e mos t
op amps have Wp2>> 

~~~

+ ~~~~~
G = 

Z~ L ( 16)1 A~~ WP1 WP2 ADC WP1 W P2

A (17)
DC~~P1

This approximation is equivalent to a very small error in 
~pl~ 

s ince
the values of ADC, Wp1~ an d are  never known accura tel y , the error

will be insignificant.

Ins tead of def in i n g the op amp charac ter i st ics i n term s of ADd
and 

~P2’ 
it will be convenient to define two new parameters

~ul 
and Wu2 to replace the pole frequency parameters:

A
DC WP1 WP2

= 
Wp1 + W p2 

A~~ WP1 (18)

Wu2 = ~~~~ Wp1 °‘P2 (19)

Figures A—2(a) and A—2(b) show a graphical interpretation for u1
~~and Wu2. If the second segment (the —20dB per decade portion) of

an op amp Bode plot is ex tended , i t crosses the uni ty ga i n  level
at a frequency wul. Thus , Wul is the unity gain bandwidth of the
op amp due to the first pole. Similarly, extending the segment of
the Bode plot that is beyond Wp2 (the —40dB per decade segment)

52
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~ 
A
~c N~~

~1 I

r
CD
0

z

(.9

w u~~~~~ 2

FREQUENCY (LOG SCALE )

1. >

A~~ Th
I ~
.

—1

C) I
(-9 I
0

I 1~~~~...CD ‘

I I

w wFl P2 u. ul

FREQUENCY (LOG SCALE )

b .w  < wP2 ul

Figure  A-2. Two Pole Op Amp Bode Plots
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results in a unity gain crossover point at a frequency WU2. In terms
of the new parameters , G1 and G2 are  g iven by :

G1 = ~~~~~~~~ (20)
ul

G2 =(
~~~

)

2 
(21)

9
’

I
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Appendix B

APPROXIMATIONS APPLICABLE
TO COMPLEX TRANSFER FUNCTIONS

The two pole bandpass trans fe r  func tion is the basis for most
active bandpass filters. When an application calls for a multiple
pole bandpass response , it is usua lly achieved by cascading several
two pole filters.

Unfor tuna tely , an active f ilter tha t is desi gned to have a two
pole bandpass response with an ideal operational amplifier (op amp)
may have a more complex transfer function when the circuit is
actually implemented using a real op amp. It then becomes very
difficult to derive expressions for such common filter parameters
as center f r e quency and Q or to synthesize a f i l ter wi th a specified
response.

This appendix presen ts two d i f f e r e n t approxima tions which can
be used to s implify  the equa tions de f i n i n g cen ter f requency and Q
for a bandpass transfer function that has been distorted by linear
op amp parameters. These approximations are applied to transfer
functions which have no parasitic zeros and four or fewer poles (two
parasitic poles). The first approximation , which was developed and
applied by Phil ip Ge f f e  (Reference 1), involves the assumpt ion
that the distorted transfer function has two dominant poles and that
all other poles and zeros can be ignored with very little error .
Ge f f e ’s approximation results in equations that are very useful for
exact synthesis of active filters.

The second approxima tion was developed by this  au thor as an
attempt to reduce the complexi ty of the f i l ter equations and thu s
aid in sensitivity analysis. It is based on the assumption that the
phase behavior of the d istor ted trans fe r  funct ion near its cen ter
frequency is the same as the phase behavior of a two pole bandpass
function having the same center frequency and Q. This approximation
probably produces more error than tha t developed by Geffe ;  bu t the
simplifications are worthwhile for some types of analysis.

GENERAL TWO AND FOUR POLE TRANSFER FUNCTI ONS

The transfer function of a two pole bandpass filter can be
wri t ten as

55
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Given circuit equations which express T0, T1, T2, T3, and T4 as
functions of the circu it component values and op amp parameters ,
this pair of simultaneous equations can be used to synthesize a
filter having a specified center frequency and 0.

THE PHASE APPROXIMATION

An approximation that produces simpler equations than that used
by Get fe can be developed by comparing the phase shift of the two
pole bandpass transfer function of Equation (1) with that of the
four pole function in Equation (2).

To find the phase shi ft of the two pole function we first
rewrite Equation (I) in the form

H2(jw) = 

~~~~~~~~ 
(5)

where

F2 (u) ) = Q(
~ 

- 
“‘0) (6)(it O (~

— If i~ positive , the phase shift is given by

4 (w) = — arctan (F )(~t)) (7)

At t h e  c e n t e r  f r e q u e n c y  (ui~~) the ph~ise shu t and i t s  f i r s t  d e r i va t i v e
a r e

4 1(W 0
) = 0

d41 (ü) dF )(w)
~~~~~~~~ 5- 

~~=w~ 
= — 

~~~~“ 

- 

w=w 0 (8)

= 
—2Q (9)

(ii 
~~~~~ u10
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If the phase shift function of a two pole bandpass filter is
known , the center frequency and Q can be determined as follows:

(1) the center frequency w0 is the f r e quency for which
the phase shift is zero

41 (w0) = 0 (10)

(2) the Q is a function of the derivative of phase shift

— 

W
o d41 ( w )  11
2 dw W W

0

Now we consider the case in which two additional poles have
been added to the original two pole bandpass response by the presence
of a non- ideal op amp. Let

H4(s) 
= 2 

(12)
T4s + T3s + T2s + T1s +

Substituting s j w and r e a r r a n g i n g  results in

H4(jw) = 
~~+~~~~~(w) 

(13)

where

NG ( w)  = 2 (14)
T1 

- T3w

P
—T W~~ + P — —

4 2 (iiF4(~~) = 2 (15)
P1 - T3w

Although the numerator G(w) is not constant , it contains no phase—
shift; thus the filter phase shift given by

4 1 ( W )  = — arctan (F4(w)) 
(16)
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We now make the assumption that Equations (10) and (11), whic h
rela te the cen ter f r e quency and Q of two pole f i l ter to i ts phase
shi f t , are approximately valid for the four pole transfer function .
Applying Equation (10) to Equations (15) and (16) and rearranging ,
we have

T4w0
4 

— T2w 0
2 + P0 = 0 (17)

Solving for

± %
/T2

2 4 T0T~W 0 V  2T4

= r T0 (18)

V
The ra d ical ~as moved to the denomina tor because T4 approaches zero
as the t rans f er func t ion approaches the ideal , two—pole bandpass
response; the sign on the radical was chosen to keep w0 f r o m  going
to infinity for T4 = 0.

The approximate 0 is found by combining Equations (11), (15)
(16) , and (17)

- 
0 d41 (w)

~~~~~~~ ( 0 W 0

w
0 

dF4(w)
= dw W W ~~~

= 

T0 
— T4w 0

4 

(19)
T1w0 

- T3w 0
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This can also be written as

— T3w0
3 

+ T1w0 
— dT0 = 0 (20)

where

d = 1/Q

We can also solve for the gain at the center frequency.

H0 
=

= G ( w 0 )

Nw
= 

0 
(21)

T1w0 
— T3w 0

Based on the phase approximation , the charac ter ist ics of an
ac t ive f i lter wi th the d is tor ted band pass t r a n s f e r  func t ion shown
in Equation (12) are summarized below:

= 
7 

T0 (22)

4T0 
- T4WA

Q = 
3 (23)

T1w0 
- T3w 0

Nw 0H0 = (24)
T1w0 

- T3w 0
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In syn thesis pr oblems i t is some t imes useful  to express Equa t ions
(22) and (23) as a pair of simultaneous equations:

T4w0
4 

— T2w 0
2 

+ T0 = 0 (25)

— T3w 0
3 

+ T1w 0 
— dT0 = 0 (26)

where

d = l/Q

COMPARISON OF THE TWO APPROX IMATIONS

In or der to see the re la ti onsh ip between the two approxima t ions ,
i t is useful  to compare the pa irs of simultaneous equations tha t
characterize each approach . Geffe ’s approxima t ion produced the
follow ing pair  of equa t ions :

( l — d ~~) T 4w~ + dg T3W~ — T2w~ + T0 0 (27)

dgT4W~ 
— T3w~ + T1Wg 

- dg P0 
= 0 (28)

where

Wg is the  cen ter f r e quency based on Gef fe ’s approximation ;

dg = l/Qg

Qg is the f i l ter Q based on Ge f f e ’s approximation

The correspond ing equa tions from the phase approx ima ti on are

T4w 
— T2w~ + T0 = 0 (29)

d41T4w
4
~ — T3w~ + T1w41 

— d 41T0 = 0 (30)
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where

is the  cen te r  f requency  based on the phase approx imation ;

d41 = 1/Q41

is the filter Q based on the phase approx i mat ion .

It can be seen that the second equations in the two pairs are
ident ica l , but the first equations differ in two terms .

Investigations by this author have indicated that Geffe ’s
approxima tion (W g) provides a more accurate indication of the true
center frequency of a filter than the phase approx i mation (w 41); on
the other hand , the phase approxima t ion indi ca tes the ac tual  f r e-
quency at which zero phase shift occurs. Since active filters are
sometimes tuned by adjusting for zero degrees phase shift at the
desired f requency ,  a comparison of the f requenc ies  w and w 41 w i ll
be informa tive . g

Suppose that the zero phase shift frequency w 41 is g iven  by

= Wg + tiw (30)

where ~ w is small compared to w . Substituting Equation (30) into
Equa t ion (29) we have g

0 T0 ~~ T2 (W g +~~ w) 2 + T 4 (W g + A W) 4

- T2(w~ + 2Wgi~W) + T4(w~ + 4w~Aw) (31 )

Solving for

P - T ~~~
2 + T w 4

~ 2 
g 4 g (33)

g 2T 2Wg - 4T4Wg

From Equation (27) we have

— T2w~ + T4w~ = _d
g T3U)~ + d~T4w~ (34)
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Substituting this into Equation (33)

& ~ ~dgT3W~ + ~~~~~~ 
(35)

g 2T 2 Wg 
- 4T4Wg

The 3dB bandwid th of the fil ter is gi ven approximately b~ :

W
B 

= 
~~~~~

- (3 6 )

Thus , we have

£~~W =~~— • 4 ~(W B/2) dg Wg

3 4-T.,w + d T A W
~_ ~~g~_ g - ~~g

T w 2 
- 2 T w 4

2 g 4 g

For a hi gh Q f i l ter , w / 2  will be the distance from the center
frequency to the 3dB band—Jge. Therefore , to have 

~w>wB/2 wouldresult in the zero—phase frequency occurring at or beyond the edge
of the bandpass function . Since a common method for tuning an active
filter is to tune for zero degrees phase shift at the desired filter
center frequency, it is usually best to maintain the inequality

~~~W <<1
W B/2

Wi th this inequality we will have Wg~~ W th~ and Equation (29) can be
used to simpl i fy the denominator of Equation (37):

3 4
______  

~T3Wg + dgT4Wg 
(38)(w 8/2j T - T0 4Wg

Since Wg i s very  close to the true  cen ter f r e quenc y w0, we can wri te

• 
-T 3w~~~+ d T 4w~
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The foregoing results can provide useful guidelines for the
design of art active bandpass filter. Suppose that we want a two
pole bandpass filter. Given a circuit and a model for the op amp,
we derive the circuit transfer function and find that it is actually
a four pole function in the form of Equation (2) , where the coeff i —
cients T0, T1, T2, T3, T4, and N depend on the circuit component
values and op amp parameters. Since Geffe ’s approximation provides
the best accuracy, the component values should be chosen to satisfy
Equations (3) and (4) for the desired center frequency and Q. (If
accuracy s not a problem , Equations (22) , (23), and (24) or
Equations (25) and (26) can be used instead.) After the filter is
designed , Equation (39) will provide an indication of the difference
between the zero phase frequency and the true center frequency.
This information will be especially important if the filter is to
be tuned by phase measurement techniques. If the difference is
unacceptably large , the filter will have to be rethsigned, perhaps
with a better op amp. In general , it will be founc~ that an idealop amp causes P3 = T4 = 0, reducing the filter to ~- ‘ ideal two pole
bandpass response; for such a two pole filter ther~ .11 be no errors
in either the phase approximation or Geffe ’s approximation , and the
zero—phase frequency will, be exactly equal to the true center
frequency.

64

——-- - 5 _- . - - --— 
~~.,—-—-- .- 5 --- - .,

5-.

- - - --5 — -  - -- -5 — 5 -- -—-- -5. 5



-- .--------- --- - 5 -  5- - - __--_ . ._--5

NSWC/WOL TR 78-2

Appendix C

SYNTHESIS

Synthesis of an active filter is the process of calculating
the  circuit component values necessary to achieve the desired
frequency response. This Appendix performs an analysis of the
bandpass filter circuit shown in Figure C—l with two basic aims :

(1) To provide accurate synthesis equations for the
filter; and

(2) To make approximations in the synthesis equations
that will result in certain equations and inequalities which will
be useful in simplifying the sensitivity analysis of the filter.

A two—pole op amp model w i l l  be assumed throughout the
appendix.

GEFFE’S SYNTHESIS TECHNIQUE

The procedure used by Geffe (Reference 1) for active filter
synthesis begins with a pair of simultaneous equations which
characterize the circuit. Next , all of the op amp parameters and
all except two of the circuit component values are specified ; the
remaining components, Zl and Z 2 ,  w i l l  be calculated to achieve th~desired center frequency and Q for the filter. Before performing
this calculation , however , the simultaneous equations must be written
in for form

a 3z 1z 2 + a2Z1 + a1Z2 + a0 = 0 (1)

b3z1z2 + b2z1 + b1Z2 + b0 = 0 ( 2 )

The value of is found by solving the quadratic equation

A + B + C = 0 (3)
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RI 
R 2

vi. ~~ _____O 
V 2

R3 
POSITIVE FEEDBA CK RATIO

R 3 + R t L

Figure  C—i. Active Bandpass Fil ter  C i rcu i t
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where A = a3b2 
— a2b3 (4)

B = a3b0 — a0b3 + a1b2 — a2b1 (5)

C = a1b0 — a0b 1 ( 6 )

The other unknown is given by:

a2Z1 + a 0
= — 

a~ Z1 + a 1 
( 7 )

GEFFE’S EQUATIONS FOR A FOUR-POLE TRANSFER FUNCTION

We will assume that the transfer function of the filter can
be written as

H(s) = 
Ns 

2 (8)
T4s + T3s + T2s + T1s + T0

The te rms  T3 and T4 should idea lly  be zero , but  non—idea l
c h a r a c t e r i s t i c s  of the  op amp in the f i l t e r  have d i s t o r t e d  the
t r a n s f e r  f u n c t i o n , r e s u l t i n g  in non—zero  values for  the two
te rms .

Based on an approximation described in Reference 1, G e f f e
uses the following pair of simultaneous equations to characterize
the  t r a n s f e r  f u n c t i o n  in E q u a t i on  ( 8 ) :

( l—d 2 ) T 4w 0
4 

+ dT 3w 0
3 

— T2~0
2 

+ T0 = 0 (9 )

dT 4w 0
4 

— T3w 0
3 

+ T1w0 — dT 0 = 0 (10 )

where

w
0 

is the f i l t e r  center  frequency

d = l/Q

Q is the 0 of the filter.
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For simplicity we will normalize the equations to a center
frequency of one radian per second . The normalized parameters will
be denoted by lower case l e t t e r s :

t0 = T0 (11)

t1 = T1w 0 (12)

2
= T2w 1~ ( 13)

t3 = ( 1 4 )

t4 = T4w 0 (15)

The normalized form of Equations (9) and (10) is

(1 — d2)t 4 + dt 3 — t2 + t0 = 0 (16)

dt 4 — t3 + t1 — dt0 = 0 (17)

EXACT SYNTHESIS FOR R1 AND

The filter circuit shown in Figure C—l has the transfer function
(see Appendix A ) ,

-Ns
H(s) = 1 

2 (18)
T4s + T3s + T2s + T1s + T0

in which

T0 l + G 0 (19)

T1 = (1 + G0 ) D 1 — N1 + G1 (2 0 )

T2 = (1. + G0 ) D 2 + D1G1 + G2 ( 21)

T3 = D2G1 + D1G2 (22)
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P4 = D2G2 (23)

The N and D terms involve passive component values as follows :

N1 = C1R 2 ( 2 4 )

= (C1 + C2) R1 + C1R2 (25)

D 2 = C1C 2 R1R 2 ( 2 6 )

- 
- The G values contain the positive feedback ratio p and t h e  op amp

parameters:

G0 = —p + (27)
DC

= l/w 1 ( 2 8 )

= l/w
~~ 

(29)

where

- _______- 
R3 + R4

Wul is the frequency at which the extension of the —20 dB -’decade
portion of the op amp gain plot crosses unity gain.

is the frequency at which the extension of the -40 dB/dc~ adeportion of the op amp gain plot crosses unity gain.

The normalized terms are denoted by lower case letters and ~regiven by:

t0 = 1 + g0 (30)

t1 = (1 + g0) d1 
— n1 + g1 (31)

- 

- 
t 2 = (1 + g0) d2 + d1g1 + g2 (3~)~)
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t 3 = (1291 + d1g2 ( 3 3 )

= d2g2 (34)

= G0 = —p + ( 3 5 )

g
~~ 

= 
~ oG i 0/

’Wui  = ( 3 6 )

2 2 2 2 2
9 2  = w 0 G

2 
= w 0 /Wu2 

= ~0 “~U2 
(37)

= w
0 

N 1 ( 3 8)

= w 0D 1 ( .39 )

d2 = w
0

2 D~ (40)

If C1 = C 2,  we can also define

cr 1 w0C1R 1 ( 4 !)

= w 0C 1R , ( 4 2 )

T h i s  r e s u l t s  i n

fl 1, = cr 2 ( 4 1 )

d 1 = 2cr 1 + cr 2 (44)

2d 2 = C r 1r:) ~

In performing the synthesis we will assume that C 1 = C1 and
that R1 and R~ are the components to be calculdted . For convcnieni’e
the normalizea equations will be used and the terms cr 1 and c i  , w i l l
be chosen a~; unknowns:

= cr 1 ( 46)
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= (‘1 , ( 4 7 )

Suh~;t i t u t  ing Equations (38) to ( 4 0 )  i n t o  E q u a t i o n s  ( 3 1 )  to (34),
s u b s t i tu t  ing Equation s (30) to (34) i n t o  E q u a t i o n s  (16) and (1,7),
and r e a i  r a n g i ng , we o b t a i n :

0 = a ~ ( c r
1

) (c :  ~) + a
2

(c r
1

) + a
1

(c r
2

) + a0 (481

0 = h 3 ~~~ ~ + h 1 (cr1
) + b 1 ( Cr

2 ) + b0 ( 49)

where

a0 = I 
~ 

—

cL - a 1 = — (~~ 
— dg 2)

= — dg 2) ( 5 2 )

a
3 

- - ( 1  + - 

~~ 
+ d(g 1 

- dg 2)

b 0 = — dg.,) — d (l + 
~ o — 

~~

b 1 
= — q

2 
( ‘~~~

‘
~~~

= ~ ( l  + 
~~~~~ ~~~ 

( I
~~~~~~)

b 1 = -N 1, - dg 2) (~~~~~7 )

Sub st ituti n g into Equation (4), (5), and (6), we obtain

A = — 2a  (~~8)

U = da — 2 ( (] — dq ) ( ‘.~9

C = - f _ 1 ( 1  + q
0 

- q1) 

~~~ 
- dq~~~) + —

— (9 () — q~~~) (1 + g0 
— q )

= — ~ + (1 ~ — q )  ( (.,() )

• 1 
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where

= (1 + g0 
— g2)

2 
— d(l + 

~O 
— 

~~~~ ~~~1 
— dg1) + (g1 

— dg, ) (61)

Synthesis may now he accomplished by using the formulas in Equ at ion~;
(3) and (7)

cr~ = + 
~~
/ (

B)2  - (6 2 )

a.)cr 1 + a0
cr  = - —

2 a c r

(1 + g0 ~~ 
— — dg 2) cr 1

= __________— _________ ———--—-————-

~~~~

— -- - — (6 1 )
— dq 2) + [(1 + — g2) — d(91 

— d~~2 )] cr 1

Careful arrangement of the terms in synthesis equations has
resulted in the positive feedback ratio and the three op amp para-
meters entering the equations in only two forms : (90 — 92) and
( 9l, — dg2) . In the latter e x p r e s si o n , t h e  t e r m  d92 may o t t e n  he
neglected because dg 2 w i l l  be much s m a l l e r  t h a n  g 1 wheneve r

W o <<  0W u~
/’t~u1 

=

EXACT SYNTHESIS FOR R2 AND p

If pots are used to tune the filter , R 2 is a convenient choice
for  t he  f r e q u e n c y  a d j u s t m e n t  and the  p o s it i v e  feedback  i a t i o  ~ ca rt
be used as a Q adjustment. Consequently, we will also derive
synthesis equations for calculating R2 and p .

Following the procedure that was used in  t h e  pr t~ced i nq section
we set C1 = C2 and choose unknowns

= cr 2 = 2nf 0C1R2

Z2 P = p — +
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Equations (48) and (49) can be rearranged to yield

0 = a3 (Cr 2) P + a2 (cr2) + a1P + a0

0 = b3 (cr 2) P + b~ (Cr 2) + b1P +

where

a0 
= I - 2 cr 1 (g1 - dg 2)

a1 = — l

a2 = - cr 1 - (1 - dcr 1) (g 1 - dg 2)

a3 = Cr 1

b0 = — (2cr1 — d) — (g1 
— dg2)

b1 = (2cr 1 
— d)

= cr 1 ~~ — dg 2)

b3 = 1

Proceed ing , we have

- 

- 

A = a3 b2 
— a2 b3

= cr 1 + (g1 
- dg2) [i + cr 1 (cr 1 

- d)J

B ’ = a 3 bO
_ a

O b3 + a l b2
_ a

2 bl

= — i  + ( 1  — dcr 1) (2cr 1 — d) (g1 
— dg 2)

- -‘- 5- - 5~~~~~~~~~~~~~~~~~~~~~ 5,5 ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ g4
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C = a1 b0 
— a0 b1

= 

~~ 
— dg 2) + 2cr 1, (2cr 1 

— d)]

- 
B fIB \2 

~~~~

‘

cr 2 
- - + tll T I —

2A !\2A / A

b2 Cr 2 + b0

b3 cr 2 + b
1

- 
( 2  Cr 1 

— d) + (g1 
— dg 2) — 

(g1 — 
dg 2) (cr1) (cr 2)

(2 Cr 1 
— d) + cr 2

Now R2 and p can be calculated by

- 
cr 2R2

_
2~ f c

p = P + ~~
—  — g2DC

EXACT GAIN

The gain of the filter at its center frequency can be derived
by substituting s = j u~ i n to Equation (18)

— N 1 (j ~~0 )
H(ju 0) = 

~~~~~~~~

— 
4 

— 

3T4 (j w 0) + T3 (j w 0) + P2 (j w
0
) + T1 (jw 0) + T

0

Normalizing the equation :

— n
1j

H (jw0) t4j + t jj + t 2j + t 1j + t o

- 

- —
— 

(t0 
— t 2 + t 4) + 1 (t 1 

— t 3)
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Writing Equations (9) and (10) ir normalized form and rearrang ing ,
we have

— t2 + t4 = d2t4 
— dt 3

t1 
— t3 = d(t 0 

— t4)

Substituting Equations (30) , (33) and (34) and rearrang i ng

— t2 + t4 = d2t~ — dt 3

= d [_d 192 
— d2(g1 

— dg 2)]

— t3 = d(t0 
— t4)

= d [i + g0 
— g2 + (1 — d2) g2]

Con t i n u i n g , we have

— n hH o w 0) = —

d [_d 192 
— d2 (g1 

— dg2)] + j d [i + g0 
— g2 + (1 —

- 

- n1Q
- 

[(1 + 
~~~ 

g2) + (1 — d2)g2] 
+ 1[d192 + d2(g1 

— dg 2)]

This equation can be used to calculate the gain of the filter after
it has been synthesized .

APPROX IMATE SYNTHESIS EQUATIONS

In some applica tions such as sensiti v ity analysis, it is use fu l
to have approximate synthesis formulas in order to simplify calcula-
tions; therefore, we wi ll ca r r y  out the syn thesis  process for the
case where (g1 

— dg 2) has a negligible effect = g2 = 0 for an
ideal op amp) .

Setting g1 
- dg2 = 0 and defining

P = —g 0 + g2 = p — + g2
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we have

a0 = l — P

a1 = 0

a2 = 0

a3 = —(1 — P)

a (1 — P)2

A = —2(1 — P)2

B = d(l — P)2

C = P(l — P)

Substituting into Equations (62) and (63) and rearrang ing , we ~‘iave

Xcr1 
-

-~~2cr 2 -

where

X = ~~~ + ~/(1)
2 ()~~

Notice tha t  P = p when ideal op amp is assumed.

APPROXIMATE BEHAVIOR OF d1 AND d2, AND LIMITATIONS IMPOSED BY THE
SYNTHESIS PROCESS

The terms d1 and d2 will appear frequently in sensi t ivi ty
equa t ions  for  the  f i l t e r  ( Appendix D) ; t h e r e f o r e , i t  w i l l  be u s e f u l
to have s imple fo rmulas  for the  app rox ima te  values  of d 1 and
both to provide substitutions and to indicate the range of values
to which d1 and d2 are limited . 

---- - - .
~~~~ . .  
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The quantity d1 is given by:

d1 = 2cr1 + Cr2

When the approximate values for Cr1 and cr2 are substituted , we have

d X~~~ 2Q1~~~~Q X

The value of X that minimiz es d1 is found by setting the derivative
of d1 wi th respect to X equal to zero. The minimum value of d1
occur s  a t X = Q~~? and is

d1~~ 2 \ T~” 2.8

A simple formula for d2 can be derived from the following
formula, which is based on the “phase approxima tion ” descri bed in
Appendix B:

T4w~ - T2w~ + T0 ~ 0.

This equation can be normalized to yield

t4 
— t2 + t0 ~ 0

Substituting for t0, t2, and t4,

0 ~ d2g2 
— [(1 + g0) d2 + d1g1 + g

2] 
+ (1 + g0)

Re a r r a n g in g ,

o (1 + g0 
— (1 — d2) 

— d1g1

d1g11 — d2 1 + g0 
— g2

d
d2 ~ 1 — 

~ + g0 
— g2
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These formulas imply certain limitations that are necessary
to make synthesis possible. First of all, since d2 = c1c2r1r2, we
must have d2 > 0; t h i s  implies tha t

d1g1 < 11 + g 0 — g 2

If we also assume that  W U2 is not so small as to resu l t  in
1 + g0 — g2 < 0 ,  t h e n  it can be shown that

O < d 2 < l

o < 1 — d2 < 1

This r e su l t s  in

~ 
d~g1 d1g1 d1g1 

< 1
~~ 1 + g 0~~~~1 + g 0 — d 2g 2~~~~l + g 0 — g 2

In te rms  of t 0 and t 4 ,  t h i s  is equ iva l en t  to

o 
d 1g 1 d 1g 1 d 1g 1

— t 0 — t 0 
— t 4 — t 0 —

M u l t i p l y i n g  the i nequa l i t y  by t 0/d 1 places a l i m i t  on g 1:

t l _ P + A
i__ 

~~
‘
~~A min

g
1 d1 d1 d1miri

— Most op amps have A DC > 10 , 000 , so i t  is c e r t a i n l y  safe  to set
ADC > 100. The n

1 + T

2 \1i =

¶ Tighter limitations will be placed on some of these terms after
the sensitivity analysis in Appendix D.

L_-5~55 5 
78 

j



65

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘~~

NSWC/WOL TR 78-2

LIMITATIONS NECESSARY TO REDUCE PHASE TUNING ERROR

In Appendix B it was shown that

1-T3w o~ + d T4 w0
4]

. I 4[ T0 - T ~w 0

where

t~w is the d i f f e r e n c e  between the frequency that produces zero
phase—shift (1800 in this case because the amplifier inverts) and
the t r u e  center  f r equency  of the f i l t e r ; w~ is the 3dB b andwid th
of the f i l t e r  ( i n  r ad i ans  per second) .

In no rma l i zed  form , we have

W B 
— t 3 + dt~1~U) 

~~ 2 ’

S u b s t i t u t i n g  Equa t ions  (33) and (34) for t3 and t4 ,  we have :

W B (d 2g 1 + d1g2) + dd 2g2
~w ~~~~~~~~~~~~ • 

to — t 4

In the preceding section i t  was shown tha t

d
1

> 2 \ f~~~

d 2 < 1 .

Using these i n e q u a l i t i e s , and assuming  Q>>l  ( i . e . ,  d < < 1) ,  we have

d d2g2 < <  d1g2

Therefore , the term d d2g2 can be dropped f rom the equat ion :

[d 2g1 + d1g2

H L t0 — t 4
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If  an ideal op amp were  used in the f i l t e r  c i r c u i t , the phase shift
t h rough  the  i T i l t e r  would be zero (1800 for  t h i s  c i r c u i t)  at the
center f r e q u e n c y .  This  f ac t  is impor tant  in some f i l t e r  appl ica t ions
and is also frequently used as a basis for  t u n i n g  a c t i ve  f i l t e r s .
However , non—ideal op amp parameters result in a d i f f e r e n c e  between
the zero p h a s e — s h i f t  f r e q u e n c y  and the t r u e  center  f r e q u e n c y . I t
is d e s i r a b l e  to keep t h i s  d i f f e r e n c e  (Aw ) small whenever  possible.

As an examp le , suppose the m a g n i t u d e  of ~w were  equal to WB / 2.
Since ‘ tB/2 is a p p r o x i m a t e l y  equal to the  d i s t ance  f r o m  the  f i l t er
center  f r e q u e n c y  to a 3dB point , such a va lue  for  ~w would place
the zero  phase f r e q u e n c y  at a band edge. To prevent  such l a rge
e r r o r s , we mus t  r e q u i r e  t h a t

Iw B/2~ 
< <  1

For our c i r c u i t  t h i s  means t h a t

d2g1 + d1g2
< <  1

‘-0 —

SUMMARY

The formulas derived in this appendix for the filter circuit
of Figure c—l are summarized below :

(1) Accurate  Synthesis  (R 1 and R2) : The values of R
1

and R2 necessary to tune the filter to a given frequency and Q when
C1 = C2 are given by

cr 1R 1 = 2~ f0c1

cr 2R 2 = 21T f 0C1

where

- —B ffB~~\ 2
Cr 1 - ~~~~~ + -

~~~~~

-- 
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( 1 + g0 — ‘~2~ 
— 2 ( g

1 
— dg 2) cr 1cr 2 = 

(g
~ 

-dg 2) + [ 1  + g0 - g2) - d(g 1 - d~2)] cr 1

B dci — 2 ( g 1 — dg
2)

C = —ci + ( 1 + g
0 

— g2)

ci (1 + — 92)
2 

— d(l + g0 
— g2) ~~~ 

— dg 2 ) + (g 1 — dg 2)
2

d = l / Q

= —p + l/ADC

=

2 2
g2 

=

and

R 3 
-

- 
R~ + R

4

is the frequency at which the extension of the —20 dB/decade
p o r t i o n  of the  op amp g a i n  plot crosses u n i t y  g a i n .

is t he  f r e q u e n c y  a t  w h i c h  t h e  e x t e n s i o n  of t h e  -40 dB/decade
p o r t i o n  of t h e  op amp g a i n  plot crosses u n i t y  g a i n .

( 2 )  A c cu r a t e  S y n t h e s i s  (R 2 and p )  The va lues  of R 2 and p
necessary to tu~~~~the  filter (whe ~EC1 = C

2
) a re  g i v e n  by :

R - 2
2 — 21T f0C1

p = P + —

DC

81



68

-1i
~m~~~

- .~ Ip~~.:Ju- - .. -:~ 
- -

~
-

NSWC/WOL TR 78-2

w h e r e

I B \  II B \  2 C ’
cc 2 

= — 

~~ J + %J T I —

\ 2 A /  ~~ \2A / A

= 
(2cr ~ — d) + (g 1 — 

dg 2) — 
(g 1 — 

dg 2) (c r 1,) ( Cr 2)
(2cr 1 

— d )  + Cr 2

A = cr 1 + — dg 2) [i + cr 1 (Cr 1 — d)]

B = — l + (1 — dc r 1) (2cr 1 — d ) (g 1 
— dg 2)

C = — dg 2 ) [1 + 2cr 1(2c r 1 
— d)]

(3) Accurate gain: The f i l t e r  g a i n  at cen te r  f r e q u e n c y
is given by:

— c r 2QH(jw0) =

[(1 + g0 
— g2) + (1 — d2)g2] 

+ j + d2 ~~~ 
—

( 4 )  A p p r o x i m a t e  S y nt h e s i s :

Cr 1 X/2Q

cr 2 ~ 2Q/X

= 
i 

+ 
~~~~~~ 

+ 2Q2 (~ ! )~
P = — g0

+ 
~ 2 

= — K + g2

(5) Approximate formulas for d1 and

d X~~ 2Q
l ’

~~Q X

82
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d g1
2 ”

~

For synthesis to be possible we must have

d
<1

t
0 

— g2

which implies

yg
1<1

w h e r e

y = d1/t0

( 6 )  Approx imate  ranges of d1 and

d1 > 2 \ 1?

o < d2 < 1

(7) Other approximate inequalities:

t0 — t4 > 0

d1g1 d1g1 d1g,0 <  < 1
— t0 

— t0 — t 4 
— t0 — g 2

g1 < 0.36

83
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(8) Restrictions necessary to maintain the zero phas e
shif t frequency well within the passband:

d2g1 + d1g2
<< 1to 

— t4

This  is approximately equivalent to:

g1 + yg2 << 1

where

y -
0

Here we used Equa t ions  (193) and (233) of Append ix  D.
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A p p e n d i x  D

S E N S I T I V I T I E S  AND OPT I M I Z A T I O N

Sen~;i t i v i t y  a n a l y s i s  is a v e ry  i m p o r t a n t  tool for determining
the pet tormance of an active filter circuit. The sen sitivity of
a f i l t e r  p a r a m e t e r  u (such as c e n t e r  f r e q u e n c y ,  0, or gain) to a
s m a l l  change  i n  t h e  v a l u e  ot a c i r c u i t  component or op amp parameter ,

I S (let i r ted by

= 
du du u

u dz. d; z

rhu~; , tot example , the sensitivity S~ indicates the fractional
1

chang e in  f i l t e r  Q t h a t  w i l l  he caused by a g i v e n  ( s ma l l )  f r a c t i o n a l
change  i n

-
~~~ 

AR~
Q R 1

Be~-a t i se  :-~ens i t  iv i t  i es a r e  based on f t ac t  iona l  changes ,
m u l t i p l y i n g  the p a r a m e t e r  by a c o nst a n t  has no effect . For
example , since

= ~• fl I

and

= ~. n 1n l  u l

we know that

~~ .10 .
~~ o

= ~-I = ~~ =

“~u 1 ~~i 1 LI 1 u I
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The following six formulas have general application in
sensitivity analysis and will be used when deriving sensitiv ity
formulas in this appendix:

(1)z u dz

s~~ 0 ( 2 )

= 1 ( 3 )z

ku~ uS~ = ns
~ 

(4)

s~” = + s~ ( 5 )

u+k  
- u uS u+k Sz ()

where k is a constant.

This appendix will develop formulas for approximating the
s e n s i t i v i t i e s  for  the  band pass f i l t e r  c i r c u i t  shown in  F i g u r e  D — l .
Appendix A shows that the transfer function of the filter is

-N
1 sH(s) = 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

( 7 )
T4 s + T 3s + T 2 s + T 1s + T 0

in which

P0 
= 1 + G0 (8)

= (1 + G0) D1 
— N1 + G1 t9)

= ( 1  + G0) D2 + D1 G1 + G2 (10)

T3 = D2 G 1, + D1 G2 (11)

T4 = D2 G2 (12)
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Vi 
° ~~ 

~~ V2

R3 
P O S I T I V E  FEEDBACK RATIO

R 3 + R ~

Figure D—l. Active Bandpass Filter Circuit
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The N and D terms involve passive component values as follows :

N1 = C1 R2 (13)

= (C1 + C2) R1 + C1 R2 (14)

= C
1 
C
2 
R
1 
R
2 (15)

The G values contain the positive feedback ratio p and the op amp
parameters:

1G0 = —p + (16)
DC

= l/w
~ i 

( 1 7 )

G2 = 1/w~2 (18)

R3
= R +~i~ 

(19)
3 4

w 
~, 

is the frequency aL which the ex-ension of the —20dB/decadeU po r t i on  of the op amps gain plot crosses unity gain.

is the frequency at which the extension of the —40dB/decade
portion of the op amp gain plot crosses unity gain.

It will later be useful to normalize the parameters to the center
f r e quency w0 of the filter; the normalized parameters are:

t0 T~ (20)

= w~ P1 (21)

2Wo ‘I’2 (22)

= w~~ T3 (23)

t — T4 0 4
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= G0 (25)

= w 0 G1 w o/w~~1 
= 

~0”~~ l ( 26)

g2 = w 0
2G 2 w o

2 /w~~ 
= 

~o
2
/
~ u~ 

( 2 7 )

= w
0
N1 ( 2 8 )

= w~ D1 (29)

d2 = U)
0

2 
D
2 (30)

If C1 = C2 = C, we can also define

cr 1 = w0 CR1 (31 )

cr 2 = w0 CR2 (32)

The “phase approx ima t ion ” described in Appendix B will be
utilized in order to simplify the sensitivity formula derivations.
According to that approximation , the following pair of simultaneous
equations establishes the values for center frequency and Q:

T4 
— T

2 w 0
2 

+ T
0 = 0 (33)

d T
4 w0

4 
— T

3 
+ T1 w~ 

— d T0 = 0 ( 3 4 )

where

= f i l t e r  cen te r  f r e q u e n c y

d = 1/Q

The second equation of the pair may be multiplied by Q and
r e a r r a n g e d  y i e l di n g  a new set of equations.

T0 
— T

2 w~ + T
4 w~ = 0 ( 3 5 )

89

— ---5 - -  -5 5- 5-5-5 ~ if1ll



5-5 - . -5 - - - - -  --5-- -5--- -~~~~ _
_ _ _ _ _  - 5 — S  ~~~~~~~~~~~~~~~~ —5--S. -

NSWC/WOL TR 78-2

• Q (P1 w0 
— T3 w0

3) = T0 
— T4 U)

0
4 (36)

Taking the derivative of both equations with respect to an arbitrary
variable z, we have

~
T
0 r 

~~~ 2 ~T21 [ 3 3T~~
— —

~~

— + (w~ ) —
~ij 

+ LT 4 (4w 0 ) ~~
— + w 0 —

F] 
= 0 (37)

[ Dw 0 ~T1 2 ~~O 
3T3Q L T l +

~~o~~~~~~
T3 (3w 0 ) — ~~~-w 0 

—
~~

-
~~

-

+ }
~ [~ 

U) 0 
— T

3 
~
03] 

= .
~~c-_ [T (4w 0

3) -~~- - ~~~ + w0
4 -

~
-
~ ] (38 )

These e q u a t i o n s  may be written in terms of sensitivities by
multiplying by z and substituting ~~~

-
~~

- = ~ S~ ( f o r  u = T0, T1, T2,
T3, T4 ,  w 0,  and Q) . In addition , it is u s e f u l  to change to the
normalized notation in which tn = T and S~n = S~

’n .  ( H e r e  w
0

acts as a normalizing constant and thus does not affect the
s e n s i t i v i t y . )

to U) 0 t2 U)
0 

t40 = t
o S~ 

— (2 t2 S~ + t2 Sz ) + 4t4 Sz + t 4 Sz (39)

U)
0 

tl U)
OQ(t 1 S~ + t1 S~ — 3t~~~ S~~~ 

— t3 Sz

t o U) o+ Q S~ (t1 
— t 3) = t0 S~ 

— (4t4 S~ + t 4 S (40)

U)
0The f i r s t  e q u a t i o n  may now be solved for Sz and the second ,

for S~ .

to t2 t4U)
0 

— 

tosz 
— t2 Sz + t

4 Sz
2 4
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to t4 tl t
3

— 

t0 Sz — t4 5z — ~~ 
(t1 Sz — 

t 3 5z
z 

— 

Q (t 1 
— t3)

[Q (t 1 
— 3t 3) + 4t4] S

0
— 

Q (t1 
— t3) 

Z (42)

Some additional simplifications in the sensitivity formulas
can be achieved by returning to the normalized form of Equations (33)
and (34)

t4 
— t2 + t0 = 0 (43)

d t4 
— t3 + t1 

— d t0 = 0 (44)

Multiplying the second equation by Q and rearrangin g both equations ,

t2 = t0 + t4 (45)

Q ( t
1 

— t
3
) = t0 

— t4 (46)

Substituting these expressions into Equations (41) and (42)

t o t2 t4
U) t S — t  S + t  S0 _ 0 z 2 z 4 z

0 4

t S~0 — Q t S~ l + Q t S~ .3 — t S~~4 — L
z — 

t0 
— t4

where

= t0 
— 2Q t3 + 3 t4 (49)

A formula for gain sensitivity will also be needed. At the
zero— phase frequency, the filter gain is (see Appendix B)

L

~~~~~~~~~~~~~~~~~~~

l w o T3 o Pl ~~T3 w O 

-- —---5-- - - —  
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Taking  the  s e n s i t i v i t y  of both sides:

‘r 5
T1 - T w2 (ST3 + 2S~O)1 z 3 0 z z (51)z z T1 — T 3 w02

Multiplying the numerator and denominator by w0, changing to the
n o r m a l i z e d  parameters , and substituting t1 

— t 3 = (t~ 
- t4 )/Q, wehave

S~0 = S~ l — Q [t l S~ l 3 z  2S~~O ) ]  ( 5 2 )

PASSIVE SENSITIVITIES

In order to simplify the derivation of sensitivity formulas
for  the  passive c i r c u i t  componen ts, we will assume that the passive
sensitivities are relatively unaffected by the presence of a
non-ideal op amp.

For the ideal op amp case , we have

g0 = —p (53)

= 0 (54)

= 0 ( 5 5 )

Therefore , u s i n g  normalized variables , we have

t0 = 1—p (56~

t 1 = ( l — p )  (c 1 + c2)r 1 
— pc 1 r 2 (57)

= c1c2 r 1r 2 (l  — p) (58)

t3 = 0 (59)

t4 = 0 (60)
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= c1r2 (61)

The sensitivit ies with respect to the passive components are given
by:

t0 S~O = t0 S~ O = t
0 
S~ O = t0 S~O = 0 (62)c1 c2 r1 r2

t0 S~0 = —p (63)

t1 
S~~i = ( l — p ) c 1r 1 

— p C1 E 2 ( 6 4 )

t1 S~ 1 = ( l — p ) c ~ r 1 (65)

t1 S~ 1 = (l—p) (c 1 + c 2 ) r 1 (66)

t1 S~ 1 = — pc 1 r 2 (67 )

t1 s~ i = —p [(C1 + c2)r 1 + C1 r~
] 

( 6 8)

t -~) S~ 2 = t2 S~ 2 = t2 S
’C 2 = t

2 
S~~2 = C1 c2 r 1 r 2 ( l — p )  (69)C 1 c2 r 1

t2 S
t2 = —c 1 c2 r 1r 2 p (70)

= 5n 1 = 1 (71)c 1 r
.1~

S
f1 = sn1 = S’~l = 0 (72)C 2 E l
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It was shown in Appendix C that if (g~ 
— dg2 ) i s n e g l i g i b l e

( i t  is z e r o  in t he  ideal  op amp case)  and i f  c1 = c2 = c , we can
w r i t e :

xcr 1 = (73)

cr 2 = ~~~~~~ (74)

where

1 2  2
X = + %(4) + 2 Q (75)

= 
~~~
— + g2 

( 7 6 )

For an ideal  op amp , we have P = p .

S u b s t i t u t i n g  t h i s  i n t o  t he  s e n s i t i v i t y  e x p r e s s i o n s, we o b t a i n

t
1 
S~~1 = (l—p) ( - ~-~~) 

— p (~ -~~) ( 7 7 )

t
1 
S~~1 = (l—p) (-~

-
~~

) 17 8 )

t S~~l (l—p) (~ ) (79)
r 1 Q

t1 S~ i = —p(~~~
) ( 8 0 )

t1 S
t i — p ( ~~ + ~-~~) ( 8 1 )

t
2 
S~~2 = —p (82)
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t .~ S~ 2 t 2 S~ 2 = t 2 S~ 2 t2 S~ 2 = i—p (83)
- C 1 2 r 2

With t 3 = t4 = 0 , the  f o r m u l a s  for  w 0 ,  Q, and H0 sensitivitiesbecome

t St 0 — t St 2
S O  = 2 ~ 

2 z 
(84)

‘- 0

S~ = 

t0 — t
1
S~~1 

— S~ 0 (85)

5 0 = S 1 — (86 )z z t 0

The i n d i v i d u a l  p a s s iv e  s e n s i t i v i t i e s  a r e  found  by s u b s t i t u t i ng  t h e
a p p r o p r i a t e  expres s ions ;  t he  r e s u l t s  a r e

S~~O = S ~~O = S W O = 5 W 0 = ~~~~~ (8 7~1 2 1 2

S~~O = 0 (88 )p

S~ = — (X l)  + 
~~~~~~

_ 

~r
2
~~ 

( 8 9 )

S0 = — .
~~ ( X — 1 )  ( 9 0 1C 2

= — (X  — 

~) (91)

S~ = 
~~~~~

-_ 
~~~~ 

+ ( 9 2 )

~~~~~~~~~~ 
2 Q 2 + X 2 — x  

(93)p 1— p x
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S
~
O = 1 _

~~~
+
~~~

_ (
t
P-
~
-) (94)

S~ O = — ~~ (95)

sHo = —x ( 96 )
r 1

s~ O = 1 + ~~-~~
__ ( -1-g~-) ( 9 7 )

= 
p 2Q 2 

+ ( 9 8 )

These f o r m u l a s  a r e  g i v e n  in t e r m s  of both X and p ,  w h i c h  a r e
r e l a t ed  by ( f o r  an ideal  op amp)

= ~~ . + + 2Q~ ~
i-
~

-
~
•
~ 

( 9 9 )

This  e q u a t i o n  may be r e a r r a n g e d  to y ie ld

= 
X X (100)

2 Q

and

2
p = 

X — X  
(101)

2Q + X — X

Substituting these expressions into the sensitivity formulas results
in:

= (X—l) (102)c1 2

= — (X—l) (103)C 2
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S~ = — ( X  — 

~) (104 )

SQ = X — ( 105 )
r 2

= ( 1 0 6 )C l

— 
X (107) —

c2 2

= — X (108)

= x ( 109)

At t h i s  po in t  we w i s h  to c o n v e r t  the  s e n s i t i v i t i e s  w i t h  r espec t
to p i n t o  s e n s i t i v i t i e s  w i t h  respect  to r 3 and r 4 w h e r e

r
p = ~~— ( 110)

r 3 r 4

We need t h e  s e n s i t i v i t i e s  S~ andr
3

S~ = 1 - 
r 3 (l 11~1 3 r 3 + r 4

= 1 — p

— ____

r 3 + r
4 

-

= —(1—p) (112

97 
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Thus , we have:

SWO = SW0 = 0 (113)
r3 r4

SQ = s ~ s~

= 
+x 2 _x) (114)

= 
~ (~

c~
2 +

x
x2 _x) (115)

s~o = 
~ (2Q

2 + x2) (116)

s~o = 
~ ~~~~ (117)

Substituting for p results in

SQ - I x2 - x \ f2Q2 + x2 —x\
r3 

- 

~2Q
2 

+ x2 —x) ~ X )

= X— 1 (118)

= — (X—1) (119)
r4

98
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5H0~~~I X 2 X \12Q 2 + x 2
r 3 ~2Q

2 
+ x 2 —x/ k X

= (X- 1) + 2 2 (120)

[ 2Q + X  —x

— (X—1) + 2 2 1 (121)r4 
~ 

2Q +~~ — xJ

Later it will be shown that there is no benefit in choosing p so

large as to result in X>Q %~~. With X limited to X cQ~I! and Q>3.

sH o X — l (122)

S~ O — ( X — 1 )  (123)
4

Table D—l summarizes the formulas for passive sensitivities
for the filter. All are linear functions of X; and since X has a
minimum value of one (with an ideal op amp), all of the passive
sensitivities increase in magnitude with increasing X , and thus ,
with increasing positive feedback .

ACTIVE SENSITIVITIES

In order to use the sensitivity formulas of Equations (47),
(48), and (52), we must know the sensitivities of t0, t1, t2, t3,
and t4. Recall that

t0 1 + g0 (124)

t 1 — (1 + g 0 )d 1 — n1 + g 1 (125)

t 2 — (1 + g 0 )d 2 + d1g1 + g 2 (126)

t 3 - d 2 g 1 + d 1 g 2 (127)

H
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TABLE D-l

Passive Sensitivities (Ideal Op Amp)

Sensitivity _of

wi th respec t f0 or Q H0to 
_______________  ________________

1 1 1C1 
-

~~~~~~ ~~(x- l)

1 1 1C2 
-

~~~~~~ 
-

~~~~~~ C X -  1) -~~~ X

R1 
-

~~~~~~ -(X- ~~ ) —x

1 1R2 
-

~~~~~~ X - ~~ x

0 X — l  X _ 1 *

R4 0 — (X — 1) —(X —

where

X = + ~/(1)2 + 2Q2 (Ta
~
.)

* These expressions are accurate only for high Q’s; if X<Q~ T
~~ error

is less that 12% for Q>3, 3% for Q>ll. For exact expression~ seeequations (120) and (121).
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t4 — d2 ~2 
(128)

By taking the sensitivities of the expressions to g0, 
~l’ 

and
(which contain the op amp parameters), we obtain

t0S~ O — g~ (129)

t 1S~1 - d1g~ (130)

t2S~2 - d2g0 (131)

t S~ 3 0 (132)3 g0

t4S~ 4 = 0 (133)g0

t0S~O = 0 (134)g 1

t 1S~ 1. — g1 (135)

t2S~2 = d 1g1 ( 136)

t 3S~3 - d2g1 (137)

t S~ 4 — 0 (138)4 g1

t0S~O — 0 (139)g2

101
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t it 1S 0 (140)g2

t2S~~ g2 (141)

t3S~~ — d1g2 (142)

t4S~~ — d2g~ (143)

We also have

= c1 r 2 (144)

The sensi ti vi t ies of n1 are

Sg0 
= s 1 — s 1 — (145)g2

Substituting the foregoing equation s into Equations (47), (48), and
(52),

W
Ø 

g0 
— d2g0 + 0 (l—d 2) g0S = —.,

~~~~~ — 
(146)g0 ~~ ‘4’ ~‘‘o ‘4’

“
~~ 

0 - d 1g1 + O  d 1g1
2(t0—t4) 

= — (147)

0 — g2 + d2g2 (l—d 2) g2
g2 2(t0—t 4) 

— — t0—t 4) 
(148)

90(1 — Q d1) - L1S90
t — t  (149)

1

~ 
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W
-Q g~~( 1 - d~ ) — L1 S£ ~.

S’~ - 150
1 0 4

U)
0g (Qd - d ) - L S

S = 151
2 0 4

- - 

Q [d i:o I ::~ 
Sg
0~ 

- 

Q ~~lg 0 - 2
~~

2
~
1
~
: 

d1g2) 

(152)

H0 
= — 

Q [g1 — d
2g1— 

2t~ S]~~~ 
— 

Q [(1_d 2)91 — 2(d2g1+d1g2) s~ 0]

g1 t0 
— t4 t0 

—

(153)

H 
= - 

Q [_d i.~: 
= 

~~ 
+ 

~~~~~~~ 

d1g2) sgO] 
(154)

These sensi tivities may be converted to sensitivities with respect
to the op amp parame ters A~~ , ~ul’  and 

~u2’  by us ing the fac t th a t

S~ = S~ • S~ . The required sensitivities are obtained by taking

the s e n s i t i v i t i e s  of G0, G1, and G2 In Equations (16), (17), and
(18) and using the fact that the normalization does not change the
sensi tivities. Thus:

SA A (155)
DC

S = —l (156)

~ul
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g2S —2 (157)

~u2

Performing this conversion yields the following formulas:

U) (1-d )
S 0 = — 2 

2 (158)

= 2 ( ~ ; t ; ) 

ADC 

(159)

(1—d 2)g2s = (160)
W u2 tO

_t
4

SQ 
Q d 1~~~ i + L 1 Sg °/90

(t0 
— t4) ADC

1 1 —

Q d1 
- 1 + L1

= —— —  —— —— — —— —  ( 16 1)(t0 
— t 4 ) A DC

- 
~~~~~~~~~~~~~ 

+ Li S~°

Wul t0 
—

I d1 g1H 0 (1. — d2)g1 + L1 [— 2 (t —t 4)
_____ 

0 (162)
H t0 

— t4
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2g2(Qd 1 - d 2) — 2 L 1 S 0

~u2 
t0 

— t4

I (1—d 2)g22g2 (Q d1 — d2) — 
2 L1 

[— 
2(t 0—t 4j= — ( 163)t o — t4

- 

~~ [ci i - 
2(d2 g1 + d 1g 2) s 0/~ o]— (t o

_ t 4 ) A DC

( 1—d 2 )

- 

~~~ 
- 2(d 2g1 + d1g2) ~ (t 0

_t
4]

— (t 0— t 4 ) ADC

— 

Q [d 1 — 
(d 2g1 + d 1g 2) ( 1—d 2 ) / ( t 0 — 

t4)]
— (t 0 — t 4 ) ADC 

— ( 164)

H0 
= 

Q [( 1_d 2 )~~i - 2(d2g1+d1g2) s;o]

wui t o — t4

= 

Q [(i_c~2)~~i — 
2(d2g1 + d1g2) 

{— 
2 ( t 0_ t 4 )]~~

t o — t 4

= 

Q [(1-d 2)g1 + (d 2g 1:d1g 2) (d 1g 1) / (t 0-t 4 )] 
( 165)
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H 0 
— 

2 Q [d 1g 2 + 2 ( d 2g 1 + d1g2) Sg
O]

~u2 tQ t4

— ( l—d 2 )g 2 k2 Q [di~ 2 + 2(d 2g1 + d 1g 2 ) 
~ 2 ( t 0—t 4 ) j

a — t o — t 4 
-

— 

2 Q [d 1g 2 — 

(d 2g 1 +d ig 2 ) ( l_ d 2 )9 2 / ( t 0
_ t

4 )J 
(166)

At this point it is necessary to make some approximations in
order to simplify the formulas. The Q sensitivity formulas contain
the quantity

_________ — 

t0 — 
2Qt3 + 3t 4 ~ 

Qt 3 — 
2t4

2(t0—t 4) 
— 

2(t0—t 4) 
= — 

t0—t 4

~ 
Q(d 2g 1 + d 1g 2 )— 2d 2g 2

= — t —t (1 67 )
0 4

From Appen di x C , we have d1 > 2 amd d2 < 1; i f  we also assume
Q >>i , then the term 2d2g2 may be ignored .

________  
1 Q(d2g1+d1g2)

2(t0—t4) 
— t 0 —t 4 

( 168)

Substituting this into the formulas for Q sensitivities and making
similar approx imations , we obta in :
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I~ Q ( d 2g 1+d 1g 2 ) 1Qd 1—l + — t —t I ( 1—d 2 )
SQ L ~o 4 ’  J

(t o
_t
4)ADC

F (d 2g 1+d 1g 2) (1-d 2)0 1 d 1 — 

t fl~~ t AV 
( 169)( t 0 — t 4 ) ADC

11 Q( d 2g 1+d 1g 2 )~~Q( 1—d 2 ) g 1 + — 

~~~ t —t 4 
( — d 1g 1)

• SQ 
( 170)W

~~ 1

-2Q d 1g 2 + 2{~ 
- 

Q(d 2g 1+d 1g 2) ][ _ ( 1_ d
2 )~~2]so ( 171)

~ u2 t 0 — t 4

In order to keep the zero—phase shift frequency well within
the passban d of the f i l te r (an d as near to the cen ter f r equency aspossi ble), we require that (see Appendix C)

d 2g 1 + d 1g 2
<< 1 (17 2 )t0 1.4

Thi s provides  an add i t ional bas is  for appr ox ima t ion in some of theQ and ga i n  sensi t iv i ty formulas :

Qd1S~ (173)
DC t O

_ t
4 ADC

— 2 Q d 1g 2

~u2 
(t0 

— t 4 )

L~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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H0 Q d 1
— ( 175)

DC ~~ t4~
.
~I)(:

H0 —2Q d1g2
t — t ( 176)

~u2 0 4

Wi th the su bst i tu t ion of

d
( l— d 2 ) = 

— 
(1 77)

0 g 2

(an approximate synthesis equation from Appendix C) , the collection
of active sensitivity formulas is as follows :

d 1g 1SA ~ 
— 

2(t0 
— t4)(t 0 

— g 2 ) A ~~ 
( 178)

U)
0 d g

2 
1
—
i
t (179)(t0 4)

U)
0 d 1g 1g 2SU) 2 (t0 

— t 4 ) (t 0 — g2) 
(180)

• Qd
SA — 

~ ‘A 
(181)

DC ‘ 0 4’ DC

d1g 1 /
_______  _______

~ui ~~

-

~~

—
— 

~~~~~ 
L 

— 
~~~ ~ g1 (\ tØ 

— g2 
+ t 0 — t 4

Q d1g 1
2 

Q d1g 2 1
— 

(t0 
— t4) (t~ — g2) 

+ t 0 — t4] 
(182)
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A - 2 Q d 1g2S~ 
(183)

‘0 ~4

SA ~ (t t )A  
(184)

H0 Q d1g~ 
~ + 

g1 + d1 g2
_ — t 4 [t 0 — g2 t0 

— t 4

- ( t 0 - - g)] 
(185)

H0 —2 Q d 1g 2S (186)
~u 2 0 4

The requ i remen t tha t

d 2 g 1 + d 1 g 2 << 1 (187)
‘0 ‘4

can also be used to provide other approximations. Since we have
the three inequal i t ies , t0 — t4 > 0 , d 2 g 1 > 0 , and d1 g2 > 0 , we
can wri te

d
t t << 1 (188)

0 4

or d1g2 < t 0 — t4 = t0 
— d2g2 

(189)
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Con t i n u i n g ,

t

d (190)
‘ 1 2~

Since d1 > 2 (Appendix C), we have

o < g 2 <<  t 0 (191)

Fur thermore , because t4 = d2g~ and d2 < 1, we have

o < t 4 << t0 (192)

Now we can w r i t e

t 0 ~ t o — g 2 ~ t o — t 4 (193)

Usin g th is  approximation and d e f i n i n g

= d1/t0 (194)

we obtain

U) y g
SA° — 2 ~ 

(195)
DC 0 DC

y g 1S~ ~ 2 (196)
ul

y g 1 g2
S

W ~ t (197)
u2 0
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( 1 9 8 )
DC DC

r 
~. 

2 Q g 1 Q y g 1
2 

1
SU) ~ ~‘ ~i [—  

~~ 

+ —

~~~~~

—-— - + ~ ~
‘ ~2j (199)

S~ ~ — 2 Q y 
~ 2 ( 2 0 0 )

u2

S~~ (201)

H0 I29 i y q i
2

SU) 0 y 9 j  
[ ~0 

— + y 9
2] 

(202)

H0S~ — 2 Q y g 2 ( 2 0 3 )
u 2

Some addit ional approx ima t ions are required i n the formula t t ’~r
S~ . The expression can be written as a function of as follows :

u l

S~ k1 g1 + k 2 g 1
2 —k 3 g 1

3 
+ k4 L1 l92 (204)

A typical case is shown in Figure D—2. In order to approx imate thi s
th ird degree polynominal by a quad ra t ic, we will limit g

~~
, to the

region left of the inflection point (see Figure D-2).

By setting the second derivative of S~ , wi th respec t to 
~l equal

U) 
u 1

to zero , we find that the inf lection po i nt  occur s a t

2g1 (2O~)
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sQ
~ u 1

1 ......... IN F L E C T I O N  POINT

0~
2
3

Figure D—2. Typical PlOt of S~ Versus
ul
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Consequently, we will limi t g1 to

( 2 0 6 )

or

d1g1 2y g1 a < ( 2 0 7 )
0

Since we have already upper bounded yg by unity to make synthesis
possible, (Append i x C), this seems iik~ a reasonable restriction .

Even wi th g1 below the i n f l e ct ion poin t (yg1 ~ ~~), the e r ro r
caused by dropping the g~ term in the expression for S~ can be

very large. For example , the error at the inf lect ion point can be
as high as -400%. However , because the sensi t ivi ty changes rapid ly
as a f u n c t ion of g1 at the inflection point , this is equivalent toa rela t ively small error in g

~
, and g~ is seldom known accura tely

anyway (g1 depends on the gai l~— bandwid€h product of the op amp).Fur thermore, g1 will normally never approac h the inflec t ion point

because yg1 = resul ts in the sensi t i v i ty of f i l ter cen ter f r e quen cy
to op amp gain— bandwidth products being -

~~~ , whi ch is unacceptab ly
high for most filter applications. In practice reasonable accuracy

in the expression for S~ is achieved whenever yg1 ~- 0 . 2 .Wul
The upper bound on y 

~i 
allows one term to be d ropped from the

formulas for S° and S V 
• It will also be useful to set tA ~ 1

~u]. ~ui
wherever it remains in a sensitivity formula. (In the next sec-
tion, it will be shown tha t no prac t ical benefi ts can be achi eved
by using positive feedback ratios greater than 0.25, and thus ,
the approxima t ion for t0 will be close enough for sens it ivi ty
calculations.)

The approximate formulas for the sensitivities of center
frequency , 0, and gain of the filter with respect to the op amp
parame ters ar e (with the incorporation of all of the approx imations
d iscussed above)

yg1SA 
= SA ~~~ 

— 
~~~~~ — — ( 2 0 8 )

DC DC DC
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f ,,
S ‘~ • S (209)ful ~ui

fo • S~, ~ yg1g2 (210)
u2 u2

s0 
~ Q-i (211)

S~ - S~ ~ 
yg1 [

~ ~~

. + Q (2g 1 + Y92)] (212)

- S~ ~ —2 Qyg2 (213)
u2 ~u2

• SA ~ (214)
DC DC

H H
Sf° - ~ 

0 
~ Q y g1 (2g1 + yg2) (215)

ul ~ul

H0 H
Sf - - 2 Qyg2 (216)

u2 u2

One final comment regarding the active sensitivities is
appropriate. In each active sensitivity formula, y is the only
variable which depends on the amount of positive feedback , and In
each case, the sensitivity ii directly proportional to y except that
a term involving the quantity Q y2 g1 g2 Is included in the sensi-
tivities of Q and gain with respect Eo f~~. Later when we consider
the maximum shift in Q or gain due to all op amp drifts , this term
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will be ignored because the sensit ivi t ies wi th respec t f
~ 2 

will have
a grea ter effect. With this term dropped the sensitivities of 0and H0 wi th respect to are approximately

~~ul 
— S~ ~ 

y g1(— + 2 Qg1) (217)

H0 H0Sf 
= S

~ ~ 2 Q y g1
2 

(218)
ul ul

This approxima tion will greatly simplify the optimization formulas.

PASSIVE AND ACTIVE SENSITIVITIES AS A FUNCTION OF POSITIVE FEEDBACK

We have shown tha t the sensit ivi t ies of center fre quency , Q,
and gain of the filter to each of the passive component values are ,
approxima tely, constant or directly proportional to a quantity (X-k)where

X = ~~~ + %
I(~)2 + 2 Q 2(t!~) 

(219)

k = 0 , 
~~~~, or 1

= — + g2 (220)

It can be shown that in or der to keep the magnitude of the
sensitivi ties of Q to ADC and 

~u2 
much less than unity (a desirable

restriction because the active parameters drift considerably with
tempera ture ), the quant it ies ~~~~~

— and g2 mus t be res t ric ted to small
DC

values at which their effect on X will be small. Therefore , we can
wri te

X + ~f ( i)
2 

+ 2 Q2(~2._) (221)
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The equality will be exact for an ideal op amp.

It can be seen that X is approximately unity when there Is no
positive feedback , and it increases as the positive feedback is
increased . This means that each passive sensitivity is either
constant or increases in magnitude with increasing positive feedback.

On the other hand , active sensitivities have been shown to be
approximately proportional to y where

d1y — ~~--- ~~~~~~~~~~~~~~ (222)

The quantity p can be expressed in terms of X by solving
Equation (221)

2
p — 

— 

(223)
2Q + X -x

Furthermore , Appendix C shows that

d1 ~ + (224)

Substituting these expressions into the formula for y, we have

y = f(X) g(X) (225)

where

f(X) a + (226)

2
g(X) - 1  + X (227)

2Q

Taking the derivative of f(X) with respect to X shows that f(X) is
a decreasing function of X from X - 1 to X Q %~Ii.
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If we assume for the moment that X << 2Q2, then

g(X) ~ 1 + (228)

and

y (X) 
~ (~ + ~2) (1 + L.....) ~~ + + (229)

2Q 2 X

The derivative is

d~ (X) ~~
2 2~~~~~ (230)

The derivative is negative for

1 < X < ~~ (231)

or , using Equat ion (223)

0 
~ ~ 

__________ 
(232)

- _____

Q

For reasonably high Q, this becomes

0 < p < 0.25 (233)

Thus , y is a decreasing function of p or X in this interval.

We have already shown that the passive sensitivities increase
in magnitude as the positive feedback is increased. Now it can be
seen that the active sensitivities , which are proportional to y,
decrease in magnitude as the positive feedback is increased in the
range

0 < p < 0.25

Since there is no apparent advantage in choosing p larger than this ,
we will require that

0 c p < 0.25

11.7
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or , equivalently,

l < X < Q ~~J~~.

In this range the original assumption that X< 2Q2 is upheld . With
X thus restricted , the approximate range of y is:

4.35 ~~q~~~4c y < ~~~+2Q ~~2Q (234)

F in a l l y ,  it will be useful to have an alternative form of the
upper bound on yg1. (Inequality (207)):

yg 1 < 
4.

Because y has a lower bound , 
~~~n ’ 

we can write:

g < 
2 2 (235)1 

~~
‘min 116 1~ I

~~~~ 
~~

An approx imate bound on X can also be developed from Inequality
(207):

X > 3 Qg~. (236)

This can be verified by substituting x - 3Qg1 Into the formula for
y. Inequalities (235) and (236), taken together , are approximately
equivalent to Inequality (207).

SUMMARY OF SENSITIVITIES

At the sacrifice of some accuracy we have developed relatively
simple formulas to calculate the sensitivities of the filter center
frequency, Q, and gain to both the passive and the active circuit
parameters. Table D—l lists the expressions for the passive sensi-
tivities ; Equations (208) through (218) give the active sensitivities.
Equations (217) and (218), which are an additional stage of approxi—
mation for two of the active sensitivities , will be useful in
deriving optimization formulas.
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The sensitivities are expressed as functions of op amp
parameters and two variables K and y, which are functions of the
positive feedback ratio p. We have

X = + ~1(~.) 2 
+ 202 C . )  (237)

+ ~1(~)~ + 2Q2 (12—) (238)

y Q
1

X (239)

~ Q X  (240)

where P = p — 
~~~

-
~~

— + g2 (241)

R3and p = R +R (242)
3 4

The quantity x increases as the positive feedback p is increased .
The quantity y, on the other hand , decreases with increasing positive
feedback until reaching a minimum value of:

~
‘min ~ ~ 4.35 (243)

This value is achieved when ~ = Q
~ii and p ~ 0.25.

Because of the behavior of X and y, an increase in X within

the range 1 < X < Q~~
1
~- (i.e., an increase in p in the range

0 < p < 0.25) causes the active sensitivities to decrease and the
passive sensitivities to increase. Consequently, a judicious
choice of p in this range can reduce the drift In the filter
characteristics with temperature or time.

In order for the sensitivity formulas to be valid , we must
impose the following restriction :

y g1 < 4. (244)
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Since synthes is is impossi ble when y g1 > 1, t h i s  res tric t ion is
not unreasonable. The bound on y g1 is approxima tely equivalent
to the following pair of bounds :

g1 < ~~ ~~ (245)

X > 3 0 g~ (246)

The f i r s t inequal i ty in the pa i r  places a lower bound on the ga in
bandwid th  product f~~ of the op amp (g 1 = f 0/ f ~~~) .  The second
establishes a lower bound for the positive feedback ratio p.

OPTIMIZATI ON

We have shown tha t  the posi t ive fee dback in the ac t ive bandpass
fil ter circuit shown in Figure D—l can be utilized to control the
f i l t e r  sensitivities. If the positive feedback ratio is increased
in the range 0 < p < 0.25 while the center frequency and Q are main-
tained constant by other component changes , the ac t ive sensit iviti es
will decrease and the passive sensitivities will increase.

Gef fe (Reference 1) sugges ts using the changes in sens it iv it ies
as a basis for choosing the optimum posit ive fee dback for the f ilter ;
however , the approach that he describes involves repetitive sensi—
t i v i t y  calculations by computer for various amounts of positive
feedback and the final choice of posit ive feedback requires a careful
decision by the design engineer.

A more direct approach to the optimization can be achieved by
using the approxima te sensit ivi ty fo rmulas  t ha t  were developed in
this appendix as a basis for a worst case drift analysis. The worst
case drift in a filter parameter can then be minimized over p.

In order to facilitate the worst case analysis , we will assume
that each circuit component or op amp parame ter Z~ can d i f f e r  f rom
its “correct” value by a maximum amount of ~~~ and that this devi-ation can be either positive or negative. In a filter that contains
only fixed components and no adjustments , each ~2n would represen t
a component tolerance; for a filter that is initially calibrated
by means of circuit component adjustments , each ~Zn could represent
drifts in a component value due to temperature changes or aging .
For small changes the worst case deviation in any filter parameter
u (such as center f requency)  can be calculated in terms of
sensitivi ties:

_

~~~~~~ 

S~ (247)
max n=l n max n max

1.20
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A Z
where —

~~~~~ i s the magni tude of the maximum possi b le relat ive
n max

change in value of componen t number n and S~ is the maximum
n max

magn it ude of the sensi t ivi ty of u w it h respec t to Zn •
Because they are constant for a given positive feedback ratio

p . the passive sensi t ivit ies need not be maxim i zed as Equat ion (247)
specifies. Fur thermore , tak ing the absolute value i s trivial because

• none of the passive sensitivities change sign as the positive
feedback is varied .

The ac t ive sensi ti vi t ies , on the other han d , depend on the
op amp characteristics as well as the positive feedback ratio. Con-
sequently, it will be necessary to determine the maximum magnitudes
of the active sensitivities over the possible range of op amp
parameter values. Op amp parameters are usually specified very
loosely. For example , the open loop D.C. gain of a ijA741 op amp
has a guaran teed minimum value of 50,000 and a typical value of
200,000. We will assume that each op amp parame ter can take on any
value between its specified minimum and its ideal value of infinity.
Thus , the sensitivity magnitudes will be maximized over the intervals

mm ADC < ~248)

< ~~~ co (249)

~ ~u2 < ( 2 5 0 )
mm

M a x i m i z i n g  Equat ions  ( 2 0 8 ) ,  ( 2 0 9 ) ,  ( 2 1 0 ) ,  ( 211 ) ,  ( 2 1 3 ) ,  ( 2 1 4 ) ,  ( 2 1 6 ) ,
( 2 1 7 ) ,  and (218), over the above intervals , we have

DC max DCmin

y 
(252)

ul max
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~S:o
2~ ~ y 92max ( 253)

~~ ~~A 
(254)

DC max DC mm

S’~ ~ (255)ul max

where

1- 2
~~imax~ ~~~~~~~~~~~~~ 0 1 ~~~~~~~~~~~~~~ I ~~~

1 1. 
_ _ _

~~~
19lmax 1 8Q

1 
_ _ _— .) 

~—1:Q I ~~~~~ (256)

S
~u2Lax ~ 2Q y (257)

SA A (258)DC max DCmin

~SfOJ ~ 2Q y ~~~~~ (259)

I~ u2Imax ~ 2Q y ~~~~~ (260)
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We can n~~ substitute the passive sensi t iv it y approx imati ons
(Table D—l) and the maximum active sensitivities (Equation (251)
through (260)) into Equation (247), and the worst case deviation
of a filter parameter u becomes a function of X and y:

~~ ~~~~max ~
S
~nI max ~~ 

auX + b~ + c~y (261)

n a]

where

(1) u represen ts either f0, Q, or H0;

(2) Z1 represen ts C1,

Z2 represen ts C2,

23 represen ts R1,

Z4 represen ts R2,

Z5 represents R3,
Z6 represen ts R4 ,

27 r epresen ts

t Z8 represen ts f~~ ,

Z9 represen ts f 2;

(3) for a g iven filter parame ter u, a~ and b~ are determinedby the worst case changes in the passive components;

(4) for a given filter parameter u , cu is determined by the
• center frequency and Q of the f i lt e r , the  wors t case op

amp parameters , and the worse case changes in the op amp
• parameters.

In order to determine the values for a
~ 

and b
~
, we observe that

a
~
X + b = • ~~ (262)

n=l n max n
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For example, with u representing the filter center frequency f0,we have

af x + bf = Him 

• ~~~~ + 

F
~~~imax 

~~~~

• + ~~~~
max max

AR3 f0 AR4 f
+ —  • S + — . SR3 R3 R4 R4max max

— 

AC1 AC1- --c -

~~~~~~

+ - -

~~
--

max max

AR1 AR~ 1+ —  +
max max

+ —
~~~ • 0 + ~~~ • 0R3 R4max max

1 / AC1 AC2 AR1 AR2=~~ I~~—~— + - .
~~~

--. + -
~~~~

-. + — ~~~
— )(263)

max max max max

We will assume the two capacitors are each subject to the same worst
case changes and that the four resistors are each subject to the
same maximum percentage change. Let AC/Cl and AR/R I be defined
as follows

AC1 AC2= = —
~~~

— (264)
max max

I R ~~ 

= = 
~~~~ 

= = 
~~R4~ 

(265)

max max max max
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Substituting Equations (264) and (265) into Equation (263), we have

af K + bf 
— +

Th u s , we have

a = 0
0

b f 0 C R

When u represen ts Q , Equation (262) becomes

aQ X + bQ ~: ~ Z f
n-i max

= • f .
~ 

(X—l)f + • 2
max max

+ . 
I_

~~~~~~ 

— + ~~~~ • —

max max

AR AR
+ —a . Ix—l i + .

4max max

= 2 
~ 

(x_l)I + 2. • — 

~
-
~I + 2~ 

•

= ( I~~I 
+ ~ ~~ ) 

x — (i
~~~~~~~

I 

+ ~ iqi )
Thus , we have

aQ 
- + ‘
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b = -  - 30 C 1k

Similarly, if we let u represent H0, the results are

a = + 4H0 C R

b = _ 2H 0 R

An express ion for Cu can be achieved by us i ng

c~~ y =  
~~ I~~n~n a7 max max

= 

AADC 
• ~u + ~~ ul  

•

max max max ~~~ max

+ ~ S~ (2(~6)u2 u2max max

Table D—2 summarizes the expression for a~
, b

~ and c~ for the cases
when u represents center frequency 

~~~~ 
0, or gain (H0) of the

filter.

Having developed expressions for the terms a
~
, bu, and cr1 , we

now have an equation that gives the worst case change in a filter
parameter u in terms of two variables X and y, w h i c h  are  func t ions
of the positive fe~dback ratio p. Repeating Equations (261), (238),
and (240), we have

‘~~~‘max ~ 
au X + b~ + c~ y (267)

X + ~f~i ) 2 
+ 202 

~~~~ 
(268’~
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~ Q 
— 

X (269)

We now wish to choose the value of p (or , equ i v a l e n t l y ,  X) that
m i n i m i z e s  the wors t case change in u ; th i s  is accompl i shed by ta k i n g
the derivative of Equation (267) with respect to X with a

~
, b~

, c~ ,and Q hel d cons tan t ; and sett ing th i s  de r i v a t ive equal to zero :

d f~~ I
0 = _ _

~~~~~~~~ = a u + c u~~~ ( 2 7 0 )

Using Equation (230), we have

0 ~~~a u + c
u [ ~~~~~+~~~~

_
~~~~] 

(27 1)

2Mul tiplying by X /Qc~ and rearranging ,

• 0 ~ ~ (~ )~ + (2  + ~ ~~
) ( X)2 — 2

By the qua d ra t ic fo rmu la s  we have

/ a \  II a \ 2
— (2 + Q . ~~J ± 5 J ( 2  + Q .—

~J + 12

(X)2
_~ ~ u/  ~~\ ( 2 7 2 )

O 3

Since (X/Q)2 must be greater than zero , we choose the positive square
root. Substitution of the result into the derivative formula
(Equa t ion (270 )) v e r i f ies tha t the po int  is indeed a m i n i m u m  and
not a max imum .

Thus , the opt imum value for K (i.e., the value which minimizes
the worst case change in ~the filter parameter u) is given by

~ ~ 

~~ _(2+Q 
~~~~

) +  
~~~~~~~~~

)2 
(273)
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and the corresponding positive feedback ratio is

K0 ~ 
(K t 

— 1)
p = 

0~ (274)opt 2Q~~ + X  (X — 1 )opt opt

OVERALL OPTIMUM

We now have a straightforward procedure for determining the
• amount of positive feedback that will minimize the worst case drift

of any one of three fil ter parameters (fe, Q, and H0); however , we
are now faced with tradeoffs In deciding which filter parameter to
use as a basis for the optimization . It would be very desirable
to de f ine  an “overall optimum ” positive feedback ratio in a way that
would properly account for drift in all three filter parameters.
Such an optimization can be achieved by observing the effects of
each of the three filter parameters on the filter gain at an arbi—
trary frequency . (The Idea for this method of combining all three
drift parameters was contributed by Dennis Stutzel of NSWC.)

• The transfer function for a simple two—pole bandpass filter
is:

H0dw 0s• H ( s ) a 
2 2 (275)

s

where d - l/Q

The magni tude of the ga in  is g iven by

H0Idw 0w
= __________________________

I 2 2 2  2
— ~j  ) + (dw 0w)

= 
0 (276)

I
I/l + - —

~~~

V 
U)
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Now consider the sensitivities of IH(jw) (for an arbitrary, but
fixed frequency w) to changes in w0, Q, and H0

sI’~ i~~l = — (1) \‘~O ~ / 
(2) 

U)

(~ — - ~~~~~\W 0 U )/  \U)
0 

U)

~2 (w ~ 0 \ f ~ +~~~
\W 0 

~~)k~~
o

1 + 2 
~~~~~~ 

— 

w~~~2

~~~~~ 
U ),

2
2/w 2
0 ( 2  2

• \U)n W

= + 
2 (277)

I + Q2 1~— - —
~~~

S 
\W 0 

(A)

Q2 /w

s1’
~~~~~

1 = — ~°o )

Q 2 2 / W A~~~~ 2 
(2)

1 + 0 I~— - —
~~~

\W 0 
U)

I U)0
W (~~

= — ‘ “ (278)
l + Q 2 (~

_ _
~~!)

~~~~ 
I = 1 (279)

0 5

Three frequencies that are particularly interesting are the
center frequency U )0 ,  the lower 3dB point w_ , and the upper 3dB
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frequency ~~.,. . Inspection of Equation (276) shows that the upper
and lower 3dB points are characterized by:

H 

~~+ ‘~“~‘O (—  — —~ )= 1 (280)
\W 0 

W
+/

and

O (
~~ 

— 

~~
)= —l (281)

By solving these equations for and U) it can be shown that

— + —~~ . ~~~ — + —~~~ ~ 2 (282)U)
0 

W
+ ~~~

Substituting these results in to Equations (277), (278), and (279),
we find that:

—Q a t w = w

~ 0 at ~~ = w
0 

(283)U)
0

+Q at w =

- at w =

5~H(jw) = O a t  w = U)
0 

(284)

_
~~~ at w = w +

5~!~(j~ I = 1 for any w (285)
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One way to combine the effects of drifts in center frequency
Q, and gain in the optimization procedure would be to define our
“overall optimum ” value for p as the value which minimizes the worst
case gain drift within the 3dB passband of the filter. Using the
form of Equation (261), this worst case gain drift is:

I

max AI H (~w )I 9 AZ
(w _ I ~ I U)~~ ) H~~w) I max ~~~~~ 

—
~~~~~~ 

• ~~~~IH~~~~~~
w)

(w <w<w 4) ~~~ 
n max n

(286)

Since this definition of the “overall optimum ” would result in a
complicated solution , we will make two changes to simplify the
results: (1) the maximization over the passband (w <w<w ÷) will bereplaced by a maximization over three points (w = w_ , w w~ and
w = w~~) : (2) the maximum of the summation will be replaced by the
summation of the maxima .

We will call the resul ting quant ity B

PB

AH
PB1 = ~~~ (U)C{W ,ma : ~~~~ 

~ lH( iw ) I~ (287)

max n-i n

The sensitivity of filter gain at any frequency ~ to changesin any component value Z is given by:

= 5
~ 0 s1”

~~~~~
1 + 5Q ~~H(jw)l + 5

H0 5~H(jw)~ (288)Z Z w0 Z Q 2 H0

We need to maximize the magnitude of this expression over the three
choices for w. Using Equations (283) , (284) , and (285), we have ,
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max 14 H ( j w )  
~ 

a max [ 15~H(jw_ ) I! , !s~’”~~o~ 
I I , 1s IH(jw +) il]

= max [H o — 1 s2~i + Q IS
2
~~~~~~~I ,  

H
0 j

(289)

The two arguments of the final “max ” functions are listed in —
Table D—3. By using the previously established bounds, 1 < X oj t4
and g1 < ~~~~, we find that the numbers in the first column are larger
than those in the second for C1, C2, R1, R2, and 

~ul~ 
the second

column exceeds the first for R3, R4, ADC, and 
~u2

Having maximized the gain sensitivi ties over the three choices
of w, we can substitute the results into Equation (287) and rearrange
to yield :

AHPB
H a a H X + b H #C H ~PB max PB PB PB

where

1 AC ARaH = 
~ I—~I + 3 I—R I

- ~Q + ~) 
I~~~~~t 

+ ~~ - ~~ t~~~~~ I

cH ~ QV + 
~~lmax ~~ 

+ 
~imax~ 

~Af ~~
1 

for Q>2

where

= 
1 

AADC Af
~ 2V ADCmin Aix~ max 

+ 
~~~~~ 

~~~ max
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TABLE D-3

Sensitivity Comparison for HPB Optimization

z fs~
0 — 1 5Q~ + o1s:01 ~S~0I

C1 ~~~(X + l) +~~~O *

C2 ~~ (X + l) +~~~Q *

R1 ~ (X+~~ ) +~~~~Q *  x

R2 ~ (X+ ~~ ) +~~~Q *  X

(X — 1) x — 1 *

R4 ~~ (X — 1) X _ l *

Qyg1
A WI +
~DC 2A DC 2A DC

Qyg 1 1 2 2
2 + ~ yg1 + Qyg1 

* 2Qyg1

Qyg
2 

( 1 + g
1) 2Qyg 2 *

* Indica tes the larger quantity in each row.
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The “overall optimum ” positive feedback ratio can now be found by
subs t i t u t ing aH and c in to Equa t ion (273) and then applying

PB HPB
Equation (274).
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