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SUMMARY

The two goals of this paper are to develop a straightforward
procedure for optimizing the positive feedback ratio in an active
bandpass filter circuit, the "multiple feedback section," and to
achieve a reasonably simple mathematical description of the effects
of the positive feedback ratio and of op amp parameters on drift
of the filter transfer function. To this end formulas are derived
which describe the approximate sensitivities of the filter transfer
function to each of three op amp parameters and each of the six pas-
sive circuit components. These formulas are combined with several
assumptions regarding circuit component drifts to yield a set of
expressions for the worst case drifts of three filter parameters
(center frequency, Q, and gain). By applying optimization techniques
to these worst case drifts, a formula is derived to calculate the
positive feedback ratio that minimizes the worst case drift of any
of the three filter parameters. A criterion is developed to weigh
the significance of drifts of each of the three filter parameters
in order to arrive at the "overall optimum" value for the positive
feedback ratio. Synthesis equations are derived for use after the
positive feedback ratio has been optimized. An example is used to
demonstrate both the mechanics of the optimization and synthesis
procedures and some practical uses of the sensitivity formulas.
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Chapter 1

INTRODUCTION

A critical property of any filter is the stability of its
frequency response characteristics in the presence of drifting cir-
cuit components. With an active filter, unacceptable instability
in the transfer function can be the result of excessive drift in
either the passive elements or the active element. When one of these
two sources contributes substantially more to the overall drift of
the filter than the other, the performance of the filter could be
improved if there were a way to reduce its sensitivity to the major
source of drift.

The positive feedback in the active bandpass filter circuit
shown in Figure 1-1 can be used to adjust the sensitivities of its
transfer function. In particular, Geffe (Reference 1) has shown
that increases in the amount of positive feedback in the circuit
tend to increase the sensitivities to drifts in the passive compo-
nents and decrease the sensitivities to changes in certain active
parameters. This suggests that there might be an optimum value for
the positive feedback in a given application of this circuit.
Unfortunately this optimum value is difficult to find.

Geffe developed a workable technique for calculating the
sensitivities of center frequency and Q of the filter for cases in
which the active element, an operational amplifier (op amp), can
be modeled as an amplifier having up to two poles and one zero. His
approach for optimizing the positive feedback was to calculate the
sensitivities by computer for several different values of p, the
positive feedback ratio, and then try to pick the best value on the
basis of these calculations.

Although Geffe's approach solves a very complex problem with
a high degree of accuracy, it does have several disadvantages.

1. The sensitivity formulas are sufficiently complex to require
a computer; consequently, it is difficult to gain an intuitive feel
for the effect of the positive feedback ratio and the individual
effects of each op amp parameter.

1. Geffe, Philip R., "Exact Synthesis with Real Amplifiers," IEEE
TRANSACTIONS ON CIRCUITS AND SYSTEMS, Volume CAS-21, Number 3,
May 1974.

i
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p= ot = POSITIVE FEEDBACK RATIO H
R3+Ry

Figure 1-1. Active Bandpass Filter with Positive Feedback
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2. The optimization is accomplished by trial and error
(sensitivities are calculated for arbitrary values of p).

3. The optimization could conceivably result in a poor choice
of p unless the sensitivity calculations are repeated for various
values of the op amp parameters. This author has found that not
all active sensitivities decrease monotonically in magnitude as the
op amp becomes more ideal; consequently the sensitivities calculated
on the basis of worst case op amp parameters may not be the worst
case sensitivities.

This report develops a new approach to the optimization problem.
Approximations are utilized to achieve a relatively simple set of
formulas that describe the filter sensitivities as functions of the
positive feedback ratio (p). These formulas are used as the basis
for a worst case drift analysis of the filter. The final result
is a formula for the value of p that minimizes the worst case drift.

The new approach is simple enough to yield an intuitive insight
into the various factors affecting the sensitivities; the optimi-
zation is direct rather than by trail and error; and the worst
case drift analysis is based on the worst case active sensitivities.
Accompanying these advantages to the new approach are three
weaknesses.

1. The sensitivity formulas are less accurate than those
developed by Geffe.

2. The op amp model is more restrictive than that used by Geffe
(the op amp transfer function can have two poles but no zeros).

3. The optimization is based on a worst case analysis in which
two assumptions were made regarding the circuit component drifts:
(1) the possible range of drift for each component is centered around
zero; and (2) each circuit component drifts independently of the
others.

Chapters 2 through 4 summarize the results of derivations that
were performed in Appendices A through D. Chapter 5 summarizes the
design procedure and presents an example. A reader interested in
a quick look at this report may wish to skip directly to Chapter 5.
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Chapter 2

FILTER TRANSFER FUNCTION AND SYNTHESIS

The first step in the analysis of an active
the filter transfer function in terms of circuit
amp parameters. We will assume that the passive
and that the op amp can be modeled as a two pole
in all other respects (infinite input impedance,

filter is to derive
components and op
components are ideal
amplifier, ideal
infinite common

mode rejection, etc.). With these assumptions, Appendix A shows

that the voltage transfer function of the filter
is

shown in Figure 1-1

-le
ia; = ) 3 5
T4 s + T3 s~ + T2 s” + Tls + TO
where
To =1 + G0

<)
N
"

(1 + Go) D2 + DlGl + G2

T3 = By * D6y

T4 = D36,
N; = CiRy
D, = (C; + C,)R, + CR,
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el

The term p will be called the "positive feedback ratio" throughout
this report.

The op amp parameters A and w,p are defined as follows:

pc’ “ul’

1 ADC is the DC (or low frequency) open loop op amp gain.

2.

Wy = X Apc Wp)

3. wyo = \[ADC Wp) Wpy ¢

where wpl and wp2 are the first and second (main and parasitic) pole
frequencies of the op amp in radians per second. Figures 2-1 (a)

and (b) show a graphical interpretation for wy)] and wy2. If the
second segment (the ~-20 dB per decade portion) of an op amp Bode

plot is extended, it crosses the unity gain level at the frequency
wyl- Thus, wyl is the unity gain bandwidth of the op amp (in radians
per second) due to the first pole. Similarly, extending the segment
of the Bode plot that is beyond the second pole (the -40 dB per
decade segment) results in a unity gain crossover point at a fre-
quency wy2. When referring to frequencies in Hertz rather than
radians per second, the terms wp), wp2, wyl., and wy2 will be replaced
by fPl' fpz' ful' and fu2' respectively.

Because of the complexity of finding the center frequency and
effective Q of a four pole bandpass function (with two desired poles
and two parasitic poles), it is necessary to utilize some type of
approximation technique before proceeding with the analysis.
Appendix B describes two such techniques which we will call "Geffe's
approximation" and the "phase approximation." The former approxima-
tion was developed by Philip Geffe as a basis for exact synthesis
and sensitivity analysis of active filters; the latter technique
was developed by this author in order to simplify sensitivity
analysis of this circuit.

10
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Figure 2-1. Two Pole Op Amp Bode Plots
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Appendix C uses Geffe's approximation to derive the following
synthesis equations for the filter:

cry
Rl - 2nf . C
(VI §
cr,
R =
2 ?ifocl
where
2
- B B E
o ettt W (’rA) A
(1L + 99 ~ 92) - 2(g1 - dgz)cr1
cr, =
2
(9, - dgz) + [(1 *+ 99 - 92) = d(gl = dgz) ] <,
A = - 2a
B = da - 2 (g1 - dgz)
C=-a + (1 + go - 92)
2 2
a=(l+g95-9,)" -dl +95 -9, (9, - dg,) + (9, - dg,)
d = 1/Q
S -
_ Mgy
¥1 “a1 ul
g Wy 2 g fo 2
2\ %2 £a2
Cl = C2

12
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fo = filter center frequency in Hertz

wg = filter center frequency in radians/second @

These equations can be used to calculate the resistances R] and R
necessary to tune the filter to a specified center frequency (fq)
and Q when the two capacitors C] and C2 are equal and values for
the op amp parameters (Apc, f,)r and f,;5) and the positive feedback
ratio (p) are known.

If the unknown values are R; and p, the following equations
may be used for synthesis (see Appendix C for derivations):

cr
Rsz__.L
2 nfoCl
1
p =P % g g,
ADC 2

where

2
B' B' c*
cr2 ‘W*\/<W> T AT '

(ZCrl - d) + (9, - d92) e dgz) (cry) (cry,) i
(Zcrl - d) + cr,

cr) = 2nf0C1Rl
A' = cry + (gl - dgz) [ 1l + crl(crl - d)]

B' = -1 + (1 - dcrl) (2crl - d) (gl - dgz)

c” (9, - dg,) [1+ 2cr, (ZCrl - d)]

In either case, the gain of the filter at its ceater trequency
is given by (see Appendix C for derivation)

- (cry) Q
H(jwg) = hy + 3h,

13
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where
h)y = (1 +g45 =g,y + [1- (ery) (ery) ] g,

Having developed synthesis equations that enable us to design
a filter and calculate its gain, the next requirement is a set of
sensitivity equations that will describe the performance of the
circuit; this will be the subject of the next chapter.

14
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Chapter 3

SENSITIVITIES

Sensitivity analysis provides a convenient technique for
evaluating the stability of an active filter in the presence of
drifting component values. The sensitivity of a filter parameter
u (such as center frequency, Q, or gain) to a small change in the
value of a circuit component or op amp parameter z, is defined by

g4 =2z, du_ du/u
z u dz dz/z
In a strict sense, the sensitivity definition applies only to
infinitesimal changes; however, in practice it is useful to interpret
sensitivities in terms of finite fractional changes. For example,
Q
5
will be caused by a given, small fractional change in R,:

the sensitivity S indicates the fractional change in filter Q that

AR
o =t o g9
R

AQ
Q 1 1

Because sensitivities are based on fractional changes, multiplying

a parameter by a constant has no effect. For example, since

wg = 2ﬂf0

and

w1 21tful

the following equalities hold true:

wg wo £o 0

ul

S = § = 8 = 8
Yyl

f f

ul Yyl

15
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Table 3-1 gives expressions that were derived in Appendix D
for the approximate sensitivities of filter center frequency (fg),
Q, and gain (Hg) with respect to each passive component in the cir-
cuit (Figure 1-1). Except for the sensitivities of Hp with respect
to Ry and Ry, each of the formulas is exact for the igeal op amp
case. We will assume that the presence of a non-ideal op amp in
the filter will not greatly affect the sensitivities to the passive
circuit components in practical situations. The sensitivity
expressions are given in terms of a parameter X which is defined
by

1 L. 2 2
X = 5+ J(,) +20° (1%

It can be seen that X increases with the positive feedback ratio
p and that X > 1.

Formulas for the approximate sensitivities of the filter
parameters to the op amp characteristics are derived in Appendix D
and shown in Table 3-2.

When the second pole becomes significant, the expressions for
the Q and gain sensitivities to f,;; may exhibit large errors but
these will be masked by sensitivities to f,;5 in most practical

H
instances; more accurate equations for S% and Sfo
ul ul
in Appendix D. Also, for cases in which the sensitivity of wg to
ful is large (>0.1), it will be necessary to use Equation (199) of

Appendix D to compute S? .

ul

are contained

When using these sensitivity formulas, it is important to
realize that sensitivities involve partial derivatives; consequently,
one must know which parameters were held constant in performing the
derivative. The above sensitivity formulas contain three op amp
parameters: Apc, f,)r and f,5. In each formula two of these three
parameters are assumed to be constant. For example, for sensitiv-
ities with respect to Apc we have assumed that f ; and f,; are con-
stant. This is not the same as a sensitivity witﬁ respect to Ape
when the two pole frequencies are constant.

The effect of the positive feedback ratio on the filter
sensitivities can be seen by examining the behavior of the parameters
X and y. We have seen that X is an increasing function of the posi-
tive feedback ratio p, and that p = 0 results in X = 1. Appendix D

16
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TABLE 3-1

Passive Sensitivities of the Filter with an Ideal Op Amp

Y e a——

Sensitivity of
with respect fo or w, Q Ho
to
“y =4 3X-0 3 X
<, - 3 -3 x-1 - x
R, -3 -(x - 3 -X
R, s x-1 X
R,y 0 X -1 X - 1»
R, 0 -(X = 1) -(X = 1) *
| where

x =3+ Y@+ 0?1

* These expressions are accurate only for high Q's; if X<Q \/T, error
is less than 12% for Q>3, 3% for Q>11. For exact expressiong see
Appendix D, equations (120) and (121).

17
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TABLE 3-2

Sensitivities of the Filter to Op Amp Parameters

Sensitivity of

00!’ wo

Q

H

* See Text

where

18

to 0
Apc 2 3_;;1_ b s -
DC DC DC
ful 232_; - ¥9, (3 - 209))*| 20yg? «
fu2 ¥9,9, - 2 Qyg, - 2 gyg,
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shows that, with constant Q, y is a decreasing function of X in the
interval

15x(xmax“°{§-

For a relatively high Q filter this range corresponds approximately
to

0 < p <0.25

For relatively high Q's, when p is varied over this interval, y
varies over a range of approximately

4.4 <y < 2Q

As p increases with Q held constant, the sensitivities change as
follows: the sensitivity of center frequency to each passive com-
ponent is constant; the sensitivities of Q and gain to each passive
component increase in magnitude; and the active sensitivities of
center frequency, Q and gain decrease in magnitude for X < Xpax-
This suggests the existence of an optimum positive feedback ratio.
Chapter 4 presents a method for calculating the optimum value.

19/20
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Chapter 4

OPTIMIZATION

It was seen in Chapter 3 that, if the amount of positive
feedback in the filter circuit of Figure 1l-1 is increased while the
center frequency and Q of the filter are held constant, the following
changes in sensitivities will occur:

1. The sensitivity of center frequency of the filter to changes
in passive component values will remain essentially constant;

2. The sensitivities of filter Q and gain to the value of each
passive component will increase;

3. The sensitivities of filter center frequency, Q, and gain
to the op amp parameters will decrease if the positive feedback ratio
remains below the value that results in X = X ,» where

max
~ 2
Xnax ¥ 9 J;

(For relatively high Q filters this corresponds to a positive
feedback ratio of p =~ 0.25.)

Thus, in the design of an active filter using this circuit,
the choice of the proper positive feedback ratio involves a tradeoff
between sensitivities to op amp parameters and sensitivities to
passive component values. One way to evaluate this tradeoff is to
use the filter sensitivities as a basis for worst case drift analysis.

In order to simplify the worst case drift analysis for the
filter, we will make two assumptions regarding the circuit component
drifts:

1. The drifts are unbiased -- that is, the maximum range of
drift for each component is centered around zero (for example, the
temperature coefficient of a resistor could be specified as
0 +30ppm/°C but not as 200 +30ppm/°C).

2. The drift of each circuit component is independent of the

drifts of all other circuit components (for example, the temperature
coefficients of the resistors do not track each other).

21
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Because these assumptions will significantly simplify the problem,

we will apply them to each of the six passive components (C1, C2,

R1, R2, R3, and R4) as well as to each of the three op amp parameters
(Apcs ful. and fy2), even though drifts of op amp parameters are
usually neither unbiased nor independent of each other.

Let AZp be the maximum deviation of a circuit component or op
amp parameter Z, from its nominal or initial value. (AZp could
represent a tolerance or a drift due to temperature, aging, or some
other factor.) 1If all of the deviations are unbiased, independent,
and relatively small, the worst case shift in a filter parameter
u will be approximately.

~
~

Au
u

e
3
o
>

Where (21, ..., 2§N) are the passive circuit components and the op amp
parameters. The optimum positive feedback ratio can be defined as
the value which minimizes the above expression for a chosen filter
parameter u (u could represent center frequency, Q, or gain, for
example) .

Appendix D shows that the "optimum positive feedback ratio,"
as defined above, can be determined from the equation

‘[[2 + Q (Zﬁ)]z + 121— [2 +Q;§-]

X =Q - 3

where Xgpt is the value of X corresponding to the optimum positive
feedback ratio p

opt’ and au and c, are such that:
N AZ
Au n u
— = max S S

Table 4-1 gives expressions for the values of ay, by, and cy
for four different choices of u, the filter parameter whose drift
is to be minimized; these choices include: u = center frequency
(fg)» u = Q, u = gain at center frequency (HQ), and u = Hpg. HpB
is approximately equivalent to the gain at the frequency within the
passband where the gain drift is greatest. Choosing u = Hpp gives

22
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a sort of overall optimization which takes into account drifts in

for Q, and Hp as explained in Appendix D. In determining ay, bu.,

and cy, the active sensitivities were maximized over the following
ranges of op amp parameters:

ADC min < ADC < ®

A
&
A
8

ful min

A
"

£,2 min <

In the table all four resistors were assumed to have the same maximum

deviation magnitude |A5|, but not necessarily the same deviation
direction. Similarily, both capacitors were assigned a maximum

deviation magnitude of |A%|.

Having determined the optimum value for X, we can find the
optimum positive feedback ratio Po by rearranging the equation:

pt
24 1 2 Popt
xopt e S “/3 +2Q (I-popt)
Solving for Oopt' we have
p a3 Xopt Xopt ~ L)
opt 2
2Q0° + xopt (Xopt - 1)

It should be observed that approximations used in developing
the sensitivity formulas and the optimization procedure will not
be valid for extremely low Q's (say Q<3). Furthermore, in order
for the sensitivity formulas and the results of the optimization
to be correct, the op amp parameters and the positive feedback ratio
must be subject to certain restrictions. To prevent large errors
in some of the sensitivity formulas it is necessary to require

wino

y9, <

Appendix D shows that the bound on yg) is approximately equivalent
to the following pair of bounds on 9, and X:

24
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91‘%’
X>3le

The upper bound on g, results in a lower bound on the op amp
parameter ful:

f > 6f0

ul

When an optimum value for X is calculated, it should be compared
with the minimum allowable value for X (Jle) to test its validity.

An additional restriction is necessary if the filter application
requires zero (or 180°) phase shift at the center frequency; in such
a case, Appendix C shows that we must limit the values of vy,

91
and g, so that

g; + Y9, << 3

In practical applications these restrictions will present no
problem because they are necessary to prevent the filter from being
overly sensitive to op amp parameters.

25/26




NSWC/WOL TR 78-2

Chapter 5

DESIGN SUMMARY

On the basis of the formulas presented in the preceding
chapters, we can develop a step-by-step procedure for designing a
bandpass filter utilizing the circuit of Figure 1-1. The procedure
can be divided into three main parts: (1) optimization of the posi-
tive feedback ratio; (2) evaluation of the filter drift achieved
by the optimization; (3) calculation of circuit component values
(synthesis).

This chapter shows the individual steps involved in each of
the three parts of the design process. In each step, we present
instructions and formulas that are generally applicable, and then
execute these procedures for a specific example -- a filter imple-
mented with a pA741 op amp and having a center frequency of 2000
Hertz and Q of 100.

OPTIMIZATION PROCEDURE

The following example illustrates the procedure for finding
the "optimum positive feedback ratio,” p opt.

1. Specify the filter center frequency (fo) and Q:

h
1]

2000 Hz

Q 100

2. Select an op amp and determine typical values for the
parameters ADC' ful’ and fu2 (see Chapter 2 for definitions of these

parameters).
This data can appear in three ways on an op amp data sheet:

(a) Apc may be listed as the "open loop voltage gain;" f,;) may
be listed as the "gain bandwidth product."
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(b) Apc, ful. and fy2 can be determined from a plot of "open
loop voltage gain vs. frequency" using the technique shown in
Figure 2-1.

(c) An "open loop phase shift versus frequency” plot can be
used to locate the pole frequencies fp] and fp2 as shown in
Figure 5-1; then ful and fu2 are calculated by

f A f

ul ~ Pl

£a2 = Y fur fp2

Fairchild lists the typical open loop voltage gain for a upA741 as
200,000.

DC

ADC = 200,000

From the plot of open loop gain versus frequency for the op amp,
we can obtain typical values for ful and fu2:

f 1 MHz

ul

f 2 MHz

u2

3. Determine the minimum expected values for ADC' ful' and

fu2 for the positivie feedback optimization and verify that

f > 6f0.

ulmin

Since we will try to design the filter to minimize the worst
case drift, we must specify the worst case op amp parameters that
are to be expected. These may correspond to the guaranteed minimum
values from the data sheet, or we may wish to choose a compromise
between the minimum and typical values so that the optimization will
be based on a more probable set of op amp parameters.

For the uA741 at 25°C the only minimum specification available
is Apc min = 50,000; this differs from the typical value by a factor
of four. We will assume that the op amp parameters are unlikely
to be smaller than the typical values by more than a factor of two.
Accordingly, we will optimize the feedback on the basis of the
following minimum values

28




331ys aseyd duy do 2104 oML °T1-G 21inb1ig

(31¥0S 901) AONINDIEI

Jaca

o081~
oSET>
o~
I
©
~
& g
"w.m o
o, | o~
0f=- n
m. o0B =
7]
W ]
2 =
z 3
oS h-




NSWC/WOL TR 78-2

* ADC typ 100,000

N~

ADC min =

. ful typ 500 kHz

T

ful min =~
£ . min & L+ £ . typ = 1MHz
u2 2 w2 =¥

The requirement that ful min > 6 fo is easily satisfied.

4. Estimate the magnitudes of the temperature coefficients
of the op amp parameters.

Op amp data sheets often include plots of open loop gain versus
temperature and closed-loop bandwidth versus temperature; these plots
indicate the temperature coefficients of ADC and ful’ respectively.

For the pA741 the closed-loop bandwidth plot has a slope of
-2000 ppm/°C; thus

TC of ful = -2000 ppm/°C

2000 ppm/°C

Tests by this author indicate that the temperature coefficient of
ADC is approximately 10,000 ppm/°C for the uA741:

AADC
" N

DC

TC of Apc & 10,000 ppm/°C

We will assume that the temperature coefficient of f 02 is
approximately the same as that of f ul®

Af
f

Af
B

ul
ul

u2
u2

~ 2000 ppm/°C

The optimization procedure requires that we know the worst case
temperature coefficients of the op amp parameters; for this example
we will assume that the above temperature coefficients are the worst
case values.
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5. Specify magnitudes of the passive component temperature

coefficients.

We will choose resistors having temperature coefficients of

+25 ppm/°C and
ppm/°C.

|

AC
C

capacitors having temperature coefficients of 50

= 25 ppm/°C

= 50 ppm/°C

6. Calculate 9 max’ 92 pax* 9 and V.

fo  _ 2000 Hz

9] max ~ F

92 max (

f0 2 > 2000 Hz 2
— o
u2 min

3 = 0.004
ul min 500 x 10~ Hz

0.000004
1l x 107 Hz

1 1
(3 -2 9] pax) 91 max* 959 max = 8Q

U = 1 1 2 g 1 +v2
32Q° 80 < 91 max £ T8Q
1 1 + V2
(2Q 9) max ~ 2 9 max’ 8Q £ 9] max
= 0.0012
v A : A + 2 g2 max £
DC min DC| max u2| max

= 1550505 ° (10,000 ppm/°C) + 2(0.000004) (2000 ppm/°C)
’

0.1160 ppm/°C
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7. Calculate aHPB' CHPB* and xopt'

o =} 1%+ 2

= 3 (50 ppm/°C) + 3 (25 ppm/°C)

= 100 ppm/°C

Aful

ful

1
CHPB =QV +09; pax (3 * 91 pax’

max
= 100(0.116 ppm/°C) + 100(.004) (.5+.004) (2000 ppm/°C)

= 414.8 ppm/°C

a 2 i a
H H
\/<2+Q-CPB) +12-(2+q-cp“>
o' Yes Hpg

opt 3

= 27.62

8. Verify that X > 1 and that X

opt pt > 3Q 9 max*

The former bound is necessary to insure that p > 0 and the
latter is necessary to maintain reasonable accuracy in the optimi-
zation. 1In this case both restrictions are satisfied. When the
former bound is not satisfied, set Xpopt = 1. If the latter bound
is not achieved, choose an op amp havgng a larger value for ful’
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9. Calculate p the optimum positive feedback ratio.

opt’

xopt(

20 + x

xopt - 1)

(X

Popt Y

opt ' “opt

= 0.03545

EVALUATION OF THE FILTER DRIFT

The approximate worst case drift in the filter center frequency
(fg) » Q, and gain (Hy) can be calculated for any positive feedback
ratio (p) by means og the following procedure.

1. Calculate the terms a,r bu' and Cy for u = fO' Q., and Ho.

Using the terms g) pa.x+ U, and V defined in step 6 of the
optimization and continuTng with the yA741 op amp example, we have:

a = 0
£o
AC AR
- 16 - B
fo C R
= 50 ppm/°C + 25 ppm/°C
= 75 ppm/°C
91 max Aful
C = o o (V + B Ay )
f0 ul | max

: o.ggi (0.116 ppm/°C + 2000 ppm/°C)

4.000 ppm/°C

AC AR
|‘E| g, ‘il

L
[ o]
n
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50 ppm/°C + 4(25 ppm/°C)

150 ppm/°C
ac . |AR
5 |‘E| - 3 | Rl

- 50 ppm/°C - 3(25 ppm/°C)

- 125 ppm/°C
Af
ul
QV + U =
ul | max

100(0.116 ppm/°C) + 0.0012(2000 ppm/°C)

14.0 ppm/°C

AC AR
|—c|+ : |—n|

50 ppm/°C + 4(25 ppm/°C)

150 ppm/°C
AR
-2 |4g]

-2 (25 ppm/°C)

-50 ppm/°C
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Aful

ful

2
" cﬂo Qv + 29 91 max

= 100(0.116 ppm/°C) + 2(100) (.004)% (2000 ppm/°C)

= 18.0 ppm/°C

| 2. Given a positive feedback ratio (p) » calculate X, or given
X, calculate p.

a (In the optimization example, we have already computed p and
: X).

x = L4yl 22 (2

X(X - 1)
20% + X(X - 1)

3. Verify that X > 1 and X > 3Q % sax*

(X > 1 insures that p > 0; X > 3Q %1 aas is necessary to prevent
large errors in the sensitivity approximations.)

4. Compute the value of y corresponding to p and X.

For p = p

= ,03545 and X = x° = 27.62 we have

opt pt

y = 7.79
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5. Compute the worst case drifts in center frequency, Q, and
gain of the filter for the given positive feedback ratio.

Afo

—_— ~ a X +Db +cC Yy
f0 max f0 f0 f0

AQ

S max = aQ X + bQ + cQ y

AHO

—r ~ a X +b + € Yy
H0 max H0 H0 H0

In our example, with the "optimum positive feedback ratio," we have:

Af
0 Imax
= 106 ppm/°C
|A8|max ~ (150 ppm/°C) (27.62) - (125 ppm/°C) + (14 ppm/°C) (7.79)
= 4130 ppm/°C
AHO
0 | max

= 4230 ppm/°C

If these temperature coefficients are unacceptable, it will be
necessary to redesign the filter using a better op amp or better
passive components. The parameters X and y can be substituted into
the sensitivity formulas of Chapter 3 to determine the main sources
of drift; in particular, if the op amp is to be replaced with a
different type, the active sensitivity formulas can be used to
determine which active parameter needs to be increased.
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It is important to notice that the drift quantities

Afo AH

and
Ho

do not indicate the absolute worst
max

max’

g
Q

0 Imax

case drifts unless they are calculated from absolute worst case data.
In our example, we have assumed minimum values for the op amp para-

meters (ADC i ful win? and fu2 min) that are larger than the

guaranteed minimum parameters for the op amp. Furthermore, the
temperature coefficient data for the op amp was based on the manu-
facturer's typical plots, because no worst case temperature data
was available. Consequently, it is possible that the so-called
"worst case drift" quantities that we have calculated could be
exceeded by some sets of components. True worst case drift calcu-
lations would require more accurate specification of the worst case
op amp characteristics. With this understanding, we will henceforth

refer to each drift value computed in the example as the "maximum
expected drift."

Figure 5-2 is a plot of the "maximum expected drifts" of center
frequency, Q, and gain versus positive feedback ratio for the filter
in the example. The Q drift is minimized with a positive feedback
ratio of p = .00072. The maximum expected drift of filter gain (Hp)
at the center frequency reaches a minimum at p = .00095. The center
frequency drift gradually drops until p = 0.25. An "overall optimum
positive feedback ratio" of p = 0.035 was computed. This figure
represents a compromise between the values of p that minimize the
drifts in center frequency, Q, and gain.

The criterion chosen to compute the "overall optimum positive
feedback ratio" minimizes the worst case drift of the parameter
Hpp. HpB drift is roughly equivalent to the maximum drift in filter
gain anywhere within the three decibel passband. Such drift can
be caused by drifts in the center frequency (fg), Q, or gain at
center frequency (Hg) of the filter. If the designer prefers to
minimize the Q drift, he can compute the correct positive feedback
ratio by replacing a4pB and CHPB in the optimization formula with

aQ and cqr respectively. Similarly, the drift in filter gain (Hy)

at the center frequency is minimized by using ay and Cy in the
optimization. 0

Another example of the behavior of the maximum expected drifts
of a filter, as the positive feedback ratio is varied, can be
obtained by taking the same filter (fp = 2000 Hertz, Q = 100) but
with a different op amp - the Harris HA-2510. The manufacturer's
data sheet for this op amp indicates a typical open loop gain (Apc)
of 15,000 and a typical gain - bandwidth product (ful) of 12 MHZ.

A plot of open loop phase shift versus frequency indicates that the
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second pole (fpj) of the amp typically occurs at 5 MHZ. The parameter
fu2 can be computed by

fu2 > ful fP2

7.7 MHZ

The manufacturer's data sheet lists the minimum value for Apc as
10,000, which is 2/3 of the typical value. Consequently, we will
assume the following minimum parameters:

2 ",
Abc min ~ 3 Bpc typ - 10,000
£ £t = 8 MHZ
ul min = 3 “ul typ
£ ¥ = 5 MHZ
u2 min ® 3 "u2 typ

The manufacturer's data also includes typical plots of open loop

gain versus temperature and "bandwidth" versus temperature for the

op amp; at 25°C these plots have slopes of approximately +3000 ppm/°C
and -450 ppm/°C, respectively. For lack of additional information

on the op amp, we will consider these numbers to be the "maximum
expected temperature coefficients":

AA

=2 ~ 3000 ppm/°C
DC| max

Af

f”l ~ 450 ppm/°C
ul| max

We will also assume that the maximum expected drift in fu2 is the
same as that for ful’

Afuz
£

X 450 ppm/°C

u2

max
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Figure 5-3 shows plots of the maximum expected drifts of the
filter center frequency, Q, and gain (Hg) of the filter. The Q and
gain (Hg) drifts are minimized at p = .0017. The center frequency
drift again decreases gradually until p = 0.25. The optimization
procedure indicates an overall optimum positive feedback ratio of
p = .0031.

The plot illustrates an important aspect of the behavior of
center frequency drift. To the degree of accuracy of the sensitivity
expressions in this report (the error is zero with an ideal op amp),
the amount of center frequency drift caused by the passive component
values is independent of the positive feedback ratio. On the other
hand, the drift due to op amp characteristics decreases as p is
increased until p = 0.25. 1In our example, the passive components
can cause a frequency drift rate up to 75 ppm/°C. The only way to
reduce the maximum drift in center frequency below this amount is
to choose passive components having lower temperature coefficients
(or to match the temperature coefficients in such a way as to cause
cancellation).

CIRCUIT COMPONENT VALUES

Returning to the original design prohlem in which a puA741 op
amp was used, the next step is to compute the circuit component
values for the specified positive feedback ratio. We have determined
that the optimum positive feedback ratio is approximately Popt =
.03545. Since this value is not at all critical, we will round it
off to p = .035 before proceeding.

Using the procedure described below we can compute the nominal
values of the resistors R] and R2 and the nominal gain of the filter
for any positive feedback ratio p; we are not restricted to choosing
P = popt. This synthesis process will be performed with the typical
op amp parameters rather than with the worst case values.

1. Compute the following:

1

9g = =P ¥+ g/
" ADC typ

1
-.035 + 300,000

-.034995

£o 2000 Hz

g, = - = .002
1 ful eyp 1 x 10° H2




(2o/wdd) °4 Jo 14130

NSWC/WOL TR 78-2

(duy dOo 0TSZ-¥H) S3Ua10T13320D 21n3jeiradws] I133TTJd Pa3dodxy WNWIXERW

4313KVdvd AIv¥8G334 JAILISOd
1000~ €0000°

*€-G @anbrg

L o

~
-+ 0
- ™
N

L o
—d

02 1

0v 1

09 1

0
+m_&u_ =% 40 L4130
.

= 0 40 14140

08 1

00L 1

0¢l1

ovl A

091 4

081 -

002 ~

- e - e e e wm am e e em e

]

4

H 40 14I¥0

Lgoo” = 40 o

p

- A8

- 101

A

F bl

- A91

- A81L

%02

(20/udd) 9dy gny O4 <0 40 14T¥a
41




-
:

|
-
v

NSWC/WOL TR 78-2

£ 2 2
; .(.,_0___) ,(,2.999_.5;_) ;
2 fu2 typ 2 X 106 Hz

1 x 10°°

o dgz) " (91 = d92)

- dgz) cry

1 1
d 6 = IUU - 01
= 2
u“(l*go'gz) "d(l"’go‘gz)(gl
= ,93122
A = -2
= -1.86243
B = da - 2((31 - dgz)
= ,0053122
C = -a + (1 + go - 92)
= ,033787
2
B C
Sy T T *\/<ﬁ) T A
= ,13612
(O 90 o 92) e 2(91
e (9) - dg,) + [(1 + 945 -9, -d(g, - dg,)]er,
= 7.232

2. Choose capacitor values with Cl = C

We will select

C, =C, =

1 2 L02uF

42
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3. Compute the required values for R, and R

2

i T _.13612
Lo 2n86C)  20(2000 Hz) (.02 X 10~°F)
= 541.60
TR L BN 1 < - UL SN
2 2nf . C 6

ov1 21 (2000 Hz) (.02 X 10" °F)

= 28,7800
4. Choose R3 and R4 so that
e WS
R3 + R4
With p = .035 we could choose

R3 = 10000
= l = = ,l_ﬁ_. ‘03_5_

Ry _( it )R3 ( 3% ) (1000R)
= 27,570Q

5. Calculate the gain of the filter at its center

frequency.

First we need

hy = (1 +g4 -9, +[1- (cry) (cry) Jg,

= 0.9650
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hz - (crl) (Crz) (gl = dgz) * (2C[1 + crz) 92

= 0.001976
The gain is
(cr,) * Q
|1 Gug)| = 22 :
hl + h2
= 749.4

PRACTICAL CONSIDERATIONS

Figure 5-4 shows a final implementation of the filter. Resistor
Ry has been replaced by a voltage divider in order to reduce the
gain of the circuit. The two resistors Rl and R, were chosen so
that a

B | e -
Rla + Rlb 1
and
R
. 1b
H(jwpy)|* =————=— = H
l Q | Rla + Rlb T

where R; is as calculated previously and Hyp is the desired voltage
gain of the filter (HT was arbitrarily set at 10 in this example).

Two pots have been added to the circuit in Figure 5-4. The one
incorporated in Ry (Ry) serves as a center frequency trimmer. The
pot in the positive feedback loop (Rgp) can be used to adjust the
Q and gain of the filter without significantly affecting the center
frequency.

In practice it may be necessary to initially adjust R for
maximum resistance to assure that the circuit does not oscillate.
Ry, may then be adjusted to achieve the correct center frequency.
F%nally R4p is adjusted to produce the desired filter gain at the
center frequency; the correct Q should result.
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fo= 2000 Hz Q=100 H.,= 10 dB

T
|1
1!
C
2 R R
o i 2a 2b
+ 1% 268 k' 5 k&
- #1418
€y < 1
.02 WF 741
+ 1% :
Rla . |
40.6 k9
+ 1% R E
4 < R ba 4b
1b 25.1 kQ 5 kQ
549 Q +.1%
+ 1% L
e— R
- 3
.03
1.00 kQ M
+ 1%

T

Figure 5-4. Practical Realization of the Filter
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In this particular filter it is desirable that 0.1% tolerance
resistors and 1% capacitors be used. The reasons can be seen by
applying the sensitivity formulas in Table 3~1. Since X = 27.62
for this filter, the sensitivities of Q to the passive component
values are

sg - - sg ~ 13
1 2
Q _ 8

-sQ -89 ~ 2
Ry Ry
Q - Q o~

s@ - -89 =~ 27
Ry Ry

Suppose that all component values in the filter were exact except
that C, was 1% higher than nominal. Then the sensitivity of Q to

Cy indicates that the filter ¢ would be approximately 13% lower than
the desired value. Futhermore, since the sensitivity of center
frequency fy to C, is -1/2, the error in Cj would cause f; to be 1/2%
low. This would ge corrected by decreasing Ry by 1% using the
frequency adjustment pot Rj,. But that adjustment decreases the

Q by an additional 27%, since the sensitivity of Q to R is 27.

Thus it can be seen that the Q trim-pot (R4p,) has to be capable of
adjusting the Q over approximately a t40% range just to accommodate
1% errors in C3. (The 40% figure is rough because sensitivity cal-
culations yield significant errors when dealing with large changes.)
When the tolerances of the other components and the range of possible
op amp parameters are taken into account, the adjustment range
required for Ry becomes so wide that adjustment resolution would
become a severe problem if looser component tolerances were used.

Adjustment resolution can be calculated using the sensitivity
formulas in Table 3-1. For example, R4 consists of a fixed resistor
in series with a 5 k-Ohm pot to adjust the Q. Suppose that the pot
has a resolution of 0.5%. For a 5 k-Ohm pot this corresponds to
25 Ohms, which is 0.09% of the nominal value of Rgq (27.57 k-Ohms).
Since the sensitivity of Q to R4 is approximately -27 for this filter,
the Q will be adjustable to within 27 x 0.09% = 2.4% of a given value.

In general the passive component tolerance requirements can
be relaxed and the adjustment resolution improved by redesigning
the filter using a "better" op amp. This results in a lower optimum
value for the design parameter X (i.e., lower positive feedback
ratio), thereby reducing the sensitivities of filter Q and gain to
the passive components and making passive component errors less
significant. In order to determine which op amp parameter should
be increased to select a "better" op amp, the magnitudes of the
active sensitivities should be computed using the formulas in
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Table 3-2. In the example presented here the filter sensitivities
to the op amp parameter f,]) (gain-bandwidth product) are largest,
so an op amp having a higher gain bandwidth product would improve
the filter design. The HA-2510 op amp discussed earlier offers a
significant improvement; however, its low open loop gain at low
frequencies (Apc) results in moderately high sensitivities of Q and
gain to Apc. A better choice would be the LM318 which offers both
a high gain bandwidth product and a high open loop gain.
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| Appendix A

TRANSFER FUNCTION

The first step in the analysis of any active filter circuit
is to derive the filter transfer function in terms of the circuit
components and the op amp parameters. Figure A-1 shows the circuit
that is the subject of this report; it consists of a multiple
feedback bandpass filter section with positive feedback added.

We will make two assumptions regarding the components:

1. the passive components are ideal (that is, capacitors
are lossless and resistors are pure resistance);

2. the op amp has a finite gain A(s), but is ideal in
other respects (for example, the input impedance is infinite, the
output impedance is zero, and the common mode rejection is infinite).

With these assumptions, the circuit transfer function is given by:

H(s) = V,(s)/V,(s)
L -le (1)
1 2
(1 - 0 + A—(s_)) (Dzs + Dls + 1_) - le
where
s (2)
D, = (C; + C,)R| + CyR, (3) ,
Dy = CGRRy (4)
B3 ; :
p = i;—:—iz = positive feedback ratio (5)
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R1
V1

R3
g = R_NR_M = POSITIVE FEEDBACK RATIO

Figure A-1. Active Bandpass Filter Circuit
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In this appendix the op amp will be modeled as a two pole
device. The transfer function of a two pole amplifier is given by:

A w w
DC "P1 "P2
AlS) = T up) (8 + upy) -

F where

Wpy = the frequency (in radians per second) of the first pole

and

Wpo the frequency (in radians per second) of the second pole
of the op amp.

This op amp gain function may be substituted into the filter transfer
function of Equation (1) to obtain the overall transfer function

for the filter:

. H(s) = 3 (7
T4s + T3s + TZS + Tls + To

where

.
=
(=
"

1 + G, (8)
Ty = (1 + Gy) Dy -N; + G, (9)
| T, = (1 + Gy) Dy + D;G, + G, (10)
= D,G, + D46, (11)
= D,G, (12)
- Kié “p (13)
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w + w
Gl il - le 52 (14)
pc Yp1 “p2
1
G, = (15)
2 Apc wpy Wpy

The expression for G) can be further simplified, because most

op amps have Wpy>> Wpyt
o Sy v dge “p2
Gy »yp——= w T AW w (16)
DC Pl P2 DC "Pl "P2
1
G, x 77— (17)
1™ Ape wpy

This approximation is equivalent to a very small error in wp):; since
the values of ADC' Wpy e and wp, are never known accurately, the error

will be insignificant.
Instead of defining the op amp characteristics in terms of Apq,
Wpy and Wpo e it will be convenient to define two new parameters

O and w,2 to replace the pole frequency parameters:

o S Apc “p1 “p2 bR w
ul wpy * Wpo DC Pl

(18)

Wy = W‘Dc Wpy Wpy (19)

Figures A-2(a) and A-2(b) show a graphical interpretation for w,
and wyy. If the second segment (the -204B per decade portion) o%
an op amp Bode plot is extended, it crosses the unity gain level
at a frequency wy,;. Thus, w,] is the unity gain bandwidth of the
op amp due to the first pole. Similarly, extending the segment of
the Bode plot that is beyond wp,; (the -40dB per decade segment)

-
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DC

(LOG SCALE)

GAIN

5 X R B

£
o
—

FREQUENCY (LOG SCALE)

> W

a: %psg ul

(LOG SCALE)

GAIN

FREQUENCY (LOG SCALE)

pz * Yy

Figure A-2. Two Pole Op Amp Bode Plots
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! results in a unity gain crossover point at a frequency w, 3. In terms
p of the new parameters, Gl and G2 are given by:

Gl ol (20)

2
St )
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Appendix B

APPROXIMATIONS APPLICABLE
TO COMPLEX TRANSFER FUNCTIONS

The two pole bandpass transfer function is the basis for most
active bandpass filters. When an application calls for a multiple
pole bandpass response, it is usually achieved by cascading several
two pole filters.

Unfortunately, an active filter that is designed to have a two
pole bandpass response with an ideal operational amplifier (op amp)
may have a more complex transfer function when the circuit is
actually implemented using a real op amp. It then becomes very
difficult to derive expressions for such common filter parameters
as center frequency and Q or to synthesize a filter with a specified
response.

This appendix presents two different approximations which can
be used to simplify the equations defining center frequency and Q
for a bandpass transfer function that has been distorted by linear
op amp parameters. These approximations are applied to transfer
functions which have no parasitic zeros and four or fewer poles (two
parasitic poles). The first approximation, which was developed and
applied by Philip Geffe (Reference 1), involves the assumption
that the distorted transfer function has two dominant poles and that
all other poles and zeros can be ignored with very little error.
Geffe's approximation results in equations that are very useful for
exact synthesis of active filters.

The second approximation was developed by this author as an
attempt to reduce the complexity of the filter equations and thus
aid in sensitivity analysis. It is based on the assumption that the
phase behavior of the distorted transfer function near its center
frequency is the same as the phase behavior of a two pole bandpass
function having the same center frequency and Q. This approximation
probably produces more error than that developed by Geffe; but the
simplifications are worthwhile for some types of analysis.

GENERAL TWO AND FOUR POLE TRANSFER FUNCTIONS

The transfer function of a two pole bandpass filter can be
written as
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H . dw, s
00
H,y(8) = —4 , (L)

8% + dmon t “o

where

Wy~ the center trequency (radians/second)

d = 1/0

Il0 = the tilter gain at center trequency

One way in which an op amp characteristics can distort this two pole
response is by the addition of one or two parasitic poles. In this
case the new transter can be written in the form

H,(8) = e o
4 ']‘ - 4 3 'l' & } } |" a* ) |ll 3 t rly
4" 3 2" ¥ 0

The purpose of the two approximations presented in this appendix
15 to develop manageable equations that tie the transter tunction

coefticients N, 'l‘u, 'l‘l, ) 'l‘{, and '1‘4 to the ftrequency response

parametoers Wi Q and "l) tor the tour pole transter tunction.
GEFFE'S APPROX IMATION

The tour pole transter tunction of Equation (2) can be tactored
into two parts:  one part containing the two dominant poles in the
torm of Equation (1) and the other containing the parasitic poles.
Gette (Reterence 1) has shown that, if we assume that the second
tactor has no appreciable ettect on the overall transter tunction,
the tollowing paitr of simultancous equations must be satistied:

)
l;t“'() + T, = 0 (3)

Q

2 3
(1-d™) '1'4(.\( 4 W4

) o dnn \

d'l‘, w 4 - T.w 3 + Tow

190 T jWg = ATg = 0 (4)

)

wher e
W is the center trequency, and

d = 1/Q.

Ho
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Given circuit equations which express TO' Tl' Tz, T3, and 'I‘4 as

functions of the circuit component values and op amp parameters,
this pair of simultaneous equations can be used to synthesize a
filter having a specified center frequency and Q.

THE PHASE APPROXIMATION

An approximation that produces simpler equations than that used
by Geffe can be developed by comparing the phase shift of the two
pole bandpass transfer function of Equation (1) with that of the
four pole function in Equation (2).

To find the phase shift of the two pole function we first
rewrite Equation (1) in the form

Ho
2009 = re3F ey (5)
where
w
= g - 0
Falod = Qe = g (6)
If Hy is positive, the phase shift is given by
¢ (w) = - arctan (F,(w)) (7)

At the center frequency (wy) the phase shift and its first derivative
are

¢(m0) =0
dg (0) e
w wsu)o d(l\ w:u)o (8)
d LQLI = =2Q
—%w wew Wo =
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If the phase shift function of a two pole bandpass filter is
known, the center frequency and Q can be determined as follows:

(1) the center frequency w, is the frequency for which
the phase shift is zero

®(wg) = 0 (10)

(2) the Q is a function of the derivative of phase shift

Q = Y0 de(w)
2 dw w=wg

(11)

Now we consider the case in which two additional poles have
been added to the original two pole bandpass response by the presence
of a non-ideal op amp. Let

Hy(s) = i ; Ns 5 (12)
T8 4 Tye® 4 T8t 4 Ta + T,

Substituting s = jw and rearranging results in

: I G(w)
Hy (Jw) = I—:—EF;TGT (13)
where
Glw) = —— (14)
Tl - T3w
T
3 0
"T4w + Tzw =Y (1)—
T1 - T3w

Although the numerator G(w) is not constant, it contains no phase-
shift; thus the filter phase shift given by

$(w) = - arctan (F4(w)) (16)
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We now make the assumption that Equations (10) and (11), which
relate the center frequency and Q of two pole filter to its phase
shift, are approximately valid for the four pole transfer function.

Applying Equation (10) to Equations (15) and (16) and rearranging,
we have

9 " T2w0 + To =0 (17)

Solving for wg

(18)

=g ‘/(Tz)z
& aE e e

The radical was moved to the denominator because T4 approaches zero
as the transfer function approaches the ideal, two-pole bandpass

response; the sign on the radical was chosen to keep wg from going
to infinity for g = 0.

The approximate Q is found by combining Equations (11), (15),
(16), and (17):

-
. 0 do(w)
Q= p %w w=w,
wq dF4(w)
e dw w=w
4
T, - T,w
= 0 470 . (19)
Tywg = Tawg
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This can also be written as
it s T ® B - B B (20)
4*0 370 1790 0

where
d = 1/Q

We can also solve for the gain at the center frequency.

o™ 'H4(jw04

G(wo)

- 3 (21)

Based on the phase approximation, the characteristics of an
active filter with the distorted bandpass transfer function shown
in Equation (12) are summarized below:

wy = 0 (22)
7]
2 y(%)
2 *V\ 2/ - TeTy
4
T, - T,w
e (23)
Tywg = Tyug
Nw
Ho = 0 3 (24)
Tywg = T,
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In synthesis problems it is sometimes useful to express Equations
(22) and (23) as a pair of simultaneous equations:

4 2

Taug. = Tpug® + Ty = 0 (25)
aT,w.d - .03 + T.w. - 4T = 0 (26)
4¥o 3¥0 1%0 0
where
a=1/9Q

COMPARISON OF THE TWO APPROXIMATIONS

In order to see the relationship between the two approximations,
it is useful to compare the pairs of simultaneous equations that
characterize each approach. Geffe's approximation produced the
following pair of equations:

2 4 3 2

-d + - P + T, = 27
(1 g)T4wg dgT3wg ng 0 0 (27)
S w B Do el (28)
g'4g 37g 17g g 0

where

wg is the center frequency based on Geffe's approximation;

dg = l/Qg

Qg is the filter Q based on Geffe's approximation

The corresponding equations from the phase approximation are

4 2 .
T4w¢ - T2w¢ + To =0 (29)
a.T,0 « 70 + Ty -a.1 =0 (30)
d"4" ¢ 37¢ 17¢ $°0
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where

W is the center frequency based on the phase approximation;

d° = l/Q0

Q0 is the filter Q based on the phase approximation.
It can be seen that the second equations in the two pairs are
identical, but the first equations differ in two terms.

Investigations by this author have indicated that Geffe's
approximation (w,) provides a more accurate indication of the true
center frequency of a filter than the phase approximation (wg): on
the other hand, the phase approximation indicates the actual fre-
quency at which zero phase shift occurs. Since active filters are
sometimes tuned by adjusting for zero degrees phase shift at the
desired frequency, a comparison of the frequencies w_ and w, will
be informative. 9 ¢

Suppose that the zero phase shift frequency W is given by

= w. + Aw (30)

where Aw is small compared to w_. Substituting Equation (30) into
Equation (29) we have 9

B i 2 4
0 = T0 Tz(wg + Aw) © + T4(mg + Aw)

2 4 3
SPy = T + + + 4 1
0 2(mg ngAw) T4(wg ngm) (31)
Solving for Am/mg,
2 4
bu Ty - zzmg + Tzwg (39
w
g 2T2wg - 4T4wg
From Equation (27) we have
2 4 3 2 4
T = F * X = -d_ T + 4 T 4
0~ 2% " "% g 3% 7 “g 4% bis
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Substituting this into Equation (33)

k. A
-4 + a’r
do _9T3‘;’q g g“’g (35)
w
g 2T2wg - 4T4wg

The 3dB bandwidth of the filter is given approximately by:
w

- 6& (36)
g

Thus, we have

o _ 2 | Aw
2
(wB/ ) dg wg
3 4
-T 4+ de
oo Ag S0 (37)
T2wg - 2T4wg

For a high Q filter, wp/2 will be the distance from the center
frequency to the 3dB band-edge. Therefore, to have Aw>wg/2 would
result in the zero-phase frequency occurring at or beyond the edge
of the bandpass function. Since a common method for tuning an active
filter is to tune for zero degrees phase shift at the desired filter
center frequency, it is usually best to maintain the inequality

Aw <<l
wg/2

With this inequality we will have wg X Wy, and Equation (29) can be
used to simplify the denominator of "Equation (37):

3 4
~ (38)
(wg/2) T - T,0!
0 4"g
Since wg is very close to the true center frequency wgs We can write
3 4
w =Tatis + AT W
B 370 470
dw = (=) o = (39)
2 To T4w04
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The foregoing results can provide useful guidelines for the
design of an active bandpass filter. Suppose that we want a two
pole bandpass filter. Given a circuit and a model for the op amp,
we derive the circuit transfer function and find that it is actually
a four pole function in the form of Equation (2), where the coeffi-
cients TO' Tl' T2' T3, T4, and N depend on the circuit component

values and op amp parameters. Since Geffe's approximation provides
the best accuracy, the component values should be chosen to satisfy
Equations (3) and (4) for the desired center frequency and Q. (If
accuracy .s not a problem, Equations (22), (23), and (24) or
Equations (25) and (26) can be used instead.) After the filter is
designed, Equation (39) will provide an indication of the difference
between the zero phase frequency and the true center frequency.

This information will be especially important if the filter is to

be tuned by phase measurement techniques. If the difference is
unacceptably large, the filter will have to be red:signed, perhaps
with a better op amp. In general, it will be founc that an ideal

op amp causes T3 = T4 = 0, reducing the filter to #- ideal two pole
bandpass response; for such a two pole filter ther. .1l be no errors
in either the phase approximation or Geffe's approximation, and the

zero-phase frequency will be exactly equal to the true center
frequency.
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Appendix C
SYNTHESIS

Synthesis of an active filter is the process of calculating
the circuit component values necessary to achieve the desired
frequency response. This Appendix performs an analysis of the
bandpass filter circuit shown in Figure C-1 with two basic aims:

(1) To provide accurate synthesis equations for the
filter; and

(2) To make approximations in the synthesis equations
that will result in certain equations and inequalities which will
be useful in simplifying the sensitivity analysis of the filter.

A two-pole op amp model will be assumed throughout the
appendix.

GEFFE'S SYNTHESIS TECHNIQUE

The procedure used by Geffe (Reference 1) for active filter
synthesis begins with a pair of simultaneous equations which
characterize the circuit. Next, all of the op amp parameters and
all except two of the circuit component values are specified; the
remaining components, 2] and Z3, will be calculated to achieve the
desired center frequency and Q for the filter. Before performing

this calculation, however, the simultaneous equations must be written
in for form

I
o

a3zlz2 + a221 + alz2 + ag = (1)

b32122 + b221 + blzz + bo =0 (2)
The value of Z1 is found by solving the quadratic equation

2 =
A zl + B z1 +C=0

(3)
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62
R2
R1 Cil
Vl O——ar——)
\W
R4
R3
R3
p = = POSITIVE FEEDBACK RATIO
R3+RY4

Figure C-1. Active Bandpass Filter Circuit
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where A = a3b2 - a2b3 (4)
B = a3b0 - aob3 + alb2 - a2bl (S)
Q = alb0 - agb, (6)

The other unknown is given by:

a2, + aj

z = - —_— (7)
2 a3Z1 + a

GEFFE'S EQUATIONS FOR A FOUR-POLE TRANSFER FUNCTION

We will assume that the transfer function of the filter can
be written as

o Ns
H(s) = 3 3 (8)

3
3s + Tzs + Tls + To

The terms T3 and T4 should ideally be zero, but non-ideal
characteristics of the op amp in the filter have distorted the
transfer function, resulting in non-zero values for the two
terms.

Based on an approximation described in Reference 1, Geffe
uses the following pair of simultaneous equations to characterize
the transfer function in Equation (8):

4
0

3 2

2 -
(1-d )T4w + dT3w0 - T2w0 + To =0 (9)

4 3 =
dT,wy" = Tyug” + Tywy - AT, = 0 (10)

where

wg is the filter center frequency
d = 1/Q

Q is the Q of the filter.
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For simplicity we will normalize the equations to a center
frequency of one radian per second. The normalized parameters will
be denoted by lower case letters:

tg = T, (11)
t) = Ty (12)
~ 2

ty = Ty (13)
t, = Tow.> (14)
3 = Taug

t, = T,u. 3 (15)
4 = T

The normalized form of Equations (9) and (10) is
L+ @Mk, 88, = s+ By =0 (16)
4 3 2 0
dt4 -ty +t) - dto =0 k1 7)

EXACT SYNTHESIS FOR R, AND RZ

il

The filter circuit shown in Figure C-1 has the transfer function
(see Appendix A),

-le
H(s) = ) 3 5 (18)
T4s + T3s + T2s + Tls + TO
in which
Ty = 1 + G (19)
Tl = (1 + Go) Dl - N1 + Gl (20)
'r2 = (1 + GO) D2 + DIGl + G2 (21)
T3 = DZGl + Dle (22)
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(23)

The N and D terms involve passive component values as follows:

1 = (€3 + Co) Ry + 1Ry

N, = O4R,
D =
D, = C,C,RR,

(24)

{25)

(26)

The G values contain the positive feedback ratio p and the op amp

parameters:

1!
G:—p+__
0 ADC

Gl y: l/““ul

- 2
€y ® l/wuZ

where

= R3

R3 + R4
w

2l is the frequency at which the extension
portion of the op amp gain plot crosses

u2 is the frequency at which the extension
portion of the op amp gain plot crosses

(27)

(28)

(29)

of the -20 dB/decade
unity gain.

of the -40 dB/decade
unity gain.

The normalized terms are denoted by lower case letters and are

given by:

1l + 99

t) = (1 +99) d) -0y +4gy

(2= go) d2 + dlgl + 9,

(30)

(31)
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ty = dy9; + 4,9, 133)
ty = 929, (34)
G 1
%‘%“""g‘C (35)
9) = weG) = wglwy,, = £5/f,) {36)
¥g ™ w02G2 2 woz/wug 5 f02/fu222 (37)
By = Wy Ny (38)
dl = wgDy (39)
d, = wy? D, (40)

If Cl = C2, we can also define

crl wOCIRl

(41)

]

cr, mOCle (42)

This results in

n, = cr2 (43)

dl = 20[1 + cr, (44)

a, = c?e,x (45)
2 172

In performing the synthesis we will assume that ¢, = C, and
that R; and R, are the components to be calculated. For convenience
the normalized equations will be used and the terms cry and cr, will
be chosen as unknowns:

Zl = cry (46)
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2, = cr, (47)

Substituting Equations (38) to (40) into Equations (31) to (34),
substituting Equations (30) to (34) into Equations (16) and (17),

and rearranging, we obtain:
0 = ajlery)(cry) + aj(cry) + a,(ery) + ag (48)
0 = by(cry)(er,) + b,(cry) + by(cry) + by (49)
where
ag = 1 +g, -9, (50)
d; = =(g; = 49,) (ad)
a, = =2(9; - dg,) (52)
ay = =(1 +9, - g,) +d(g; - dg,) (53)
by = (9 - dgy) - d(1 + g5 - g,) (54)
Py * 9¢ = 9 ke
| by = 2(1 + g5 -g,) (56)
| By = -(g9, - dg,) (57)

Substituting into Equation (4), (5), and (6), we obtain

A = -2a (58)
B = da - 2(9; - dg,) (59)
~ 2

G —[-d(l t 95 - 9)(9y - dg,) + (9, - dg,)

- (g9 = 90 (1 + g4 =~ 9,)

= - a + (1 + 99 - 92) (60)

&
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where

2 2

a = (1 +g,-g,y)" -d(l +g,-9,)(9) - dg,) + (g9, - dg,) (61)

Synthesis may now be accomplished by using the formulas in Equations

(3) and (7)

C['l = E—A- (62)

i
|
o)
+
TTh
> =
N
rN
>0

(1 + 90 ~ 9, - 2(9l - dgz) cry

p— (63)
(gl . dgz) + [(l + go T gz) = d(ql = dgz)]crl

Careful arrangement of the terms in synthesis equations has
resulted in the positive feedback ratio and the three op amp para-
meters entering the equations in only two forms: (gg - g93) and
(g7 - dgy). 1In the latter expression, the term dg, may often be
neglecteé because d92 will be much smaller than 9, whenever

2 -
wo << Qu,p/w,; = Qup,

EXACT SYNTHESIS FOR R2 AND p

If pots are used to tune the filter, Rp is a convenient choice
for the frequency adjustment and the positive feedback ratio p can
be used as a Q adjustment. Consequently, we will also derive
synthesis equations for calculating R2 and p.

Following the procedure that was used in the preceding section
we set Cl = C2 and choose unknowns

L}
Zl = cr2 - 2nf0C1R2
Z' P 1 53
R g% g
2 ADC 2

72




NSWC/WOL TR 78-2

Equations (48) and (49) can be rearranged to yield

L}
0 = aj (cr2) P + a, (crz) + alp + ao

L] L}
0 = b3 (crz) P + b2 (crz) + blp + b0
where

L}
aj =1 - Zcrl (gl 'dgz)
a, = -1

L}
By Wi gy, (1 - dcrl)(gl - dgz)

L}
a; = cry

by = ={2or; <~ &) = {9; = dg,)

b, = (2cr, - d)

1

b2 = cr, (gl - dgz)

Proceeding, we have

] L} L] L} L}
A = aj b2 - a, b3

= cry + (gl - dgz) [l tor(ery - d)]

1]
a3 by =

= -1 + (1 - dcrl)(Zcrl - d)(gl — dgz)

3
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I
Q
—
]
Q
Q
o
f—
—
+
e
(9]
~
H
N
(o]
~
—
|
Q
e

(2 cry -d) + (3, =~ dg,) - (g9, - dg,) (cr,) (cr,)
(2 cry - d) + cr,

Now R2 and p can be calculated by

C[z
Ry = omf. ¢
0 &1
1
p=P+z—-g
Ape 2
EXACT GAIN

The gain of the filter at its center frequency can be derived
by substituting s = jwo into Equation (18):

y N Nl(jwo)
H{Jug) = 4 S . W
T, (on) + T, (]wo) + T, (jwo) + T ()wo) + TO

Normalizing the equation:

: - nlj
iyl & g g
g T RSP R YR T Yy
ST B AR )
U85 = %o & %a) ¥ F¥0s = B3
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Writing Equations (9) and (10) ir normalized form and rearranging,
we have

‘
|
|
|

to o t2 + t4 =d t4 — dt3
tl - t3 = d(t0 - t4)

Substituting Equations (30), (33) and (34) and rearranging

e
to = t2 + t4 = d"t, - dt

4 3

9 [‘dlgz = o9y = dgzﬂ

n

Q
——

P

+90—92+(l-d2) 92]
Continuing, we have

- nlj

d[—dlg2 -4, (9, - dgz)] +3d [1 +gg -9y + (1= dz)gz]

H(jwg)

- le

[(1+ 95 - 9 + (1 - aya,] +3[aye, + 4509, - day)]

This equation can be used to calculate the gain of the filter after
it has been synthesized.

APPROXIMATE SYNTHESIS EQUATIONS

In some applications such as sensitivity analysis, it is useful
to have approximate synthesis formulas in order to simplify calcula-
tions; therefore, we will carry out the synthesis process for the

case where (gl - dgz) has a negligible effect (gl =g, = 0 for an
ideal op amp).

Setting 9, - dg2 = 0 and defining

1
P = =99 + 9y = 0 = F—

+gq
pe *
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we have
ag = l -P
a, = 0
a, = 0
8y = =(1 ~ B}

a = (1 - P)2
A= -2(1 - p)?2
B =d(l - p)?
C = P(1l - P)
Substituting into Equations (62) and (63) and rearranging, we have

crl =

>IN NI
B Sl

cr2 =

where

>
L}
N

V) ()

Notice that P = p when ideal op amp is assumed.

APPROXIMATE BEHAVIOR OF dl AND d2’ AND LIMITATIONS IMPOSED BY THE
SYNTHESIS PROCESS

The terms d; and d; will appear frequently in sensitivity
equations for the filter (Appendix D); therefore, it will be useful
to have simple formulas for the approximate values of d; and dj,
both to provide substitutions and to indicate the range of values
to which dl and d2 are limited.
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The quantity dl is given by:

dl = 2crl + cr2

When the approximate values for cr, and cr, are substituted, we have

+ 29

~ X

The value of X that minimizes d; is found by setting the derivative
of dl with respect to X equal to zero. The minimum value of dl

occurs at X = Q'VZ and is

. a 247 3 2.9

A simple formula for d, can be derived from the following
formula, which is based on the "phase approximation" described in
Appendix B:

4 >, .
T4w0 - T2w0 + TO = 0.

This equation can be normalized to yield

Substituting for tor tor and tyr

0 = d292 - [(l + go) d2 + dlgl + gz] + (1 + go)
Rearranging,

0 Z(l+go‘92) (l-dz)—dlgl

d
1 + go -9,

d,9,
1l + go - 92
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These formulas imply certain limitations that are necessary
to make synthesis possible. First of all, since d2 = CyCor r,, we
must have d2 > 0; this implies that

4,9,

e SR e e < l
1l + 99 - 93

If we also assume that w,» is not so small as to result in
1 +95 -9, <0, then it can be shown that

0 <d, <1

0 <l=d, <l

2

This results in

4,9, 4,9, d,9;
el g, ST X, ~ 28, 5T%g, - o
90 90 292 90 T~ 92

In terms of to and tyr this is equivalent to

d.g d.g d,g
0 < 171 171 < 171

< 1
= %g T %= % =% = %

Multiplying the inequality by to/dl places a limit on 9;:

1 1
L =g g N .
to ke ADC ADlen
. Wl b A M 7
1 1 1

Most op amps have A

Ay > 100. Then

DC > 10,000, so it is certainly safe to set

Tighter limitations will be placed on some of these terms after
the sensitivity analysis in Appendix D.
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LIMITATIONS NECESSARY TO REDUCE PHASE TUNING ERROR

In Appendix B it was shown that

3 4
—T3w0 + d T4m0

3
To = Tawg

w
Aw x 52 .

where

Aw is the difference between the frequency that produces zero
phase-shift (180° in this case because the amplifier inverts) and
the true center frequency of the filter; wg is the 3dB bandwidth
of the filter (in radians per second).

In normalized form, we have

w - t3 + dt

B 4

to = %y
Substituting Equations (33) and (34) for t3 and tyr we have:

st o =(dy9; + dy9;) + ddyg,
7 to = &4

In the preceding section it was shown that
dl =2 \[5
d, < 1.

Using these inequalities, and assuming Q>>1 (i.e., d<<l), we have

d d292 << dlg2

Therefore, the term d d292 can be dropped from the equation:

Aw

1%

. o [ngl * dlgz]
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If an ideal op amp were used in the filter circuit, the phase shift
through the filter would be zero (1800 for this circuit) at the
center frequency. This fact is important in some filter applications
and is also frequently used as a basis for tuning active filters.
However, non-ideal op amp parameters result in a difference between
the zero phase-shift frequency and the true center frequency. It

is desirable to keep this difference (Aw) small whenever possible.

As an example, suppose the magnitude of Aw were equal to wp/2.
Since wB/2 is approximately equal to the distance from the filter
center frequency to a 3dB point, such a value for Aw would place
the zero phase frequency at a band edge. To prevent such large
errors, we must require that

For our circuit this means that

dy9; *+ d;9;

<< 1
Yo ~ &4

SUMMARY

The formulas derived in this appendix for the filter circuit
of Figure C-~1 are summarized below:

(1) Accurate Synthesis (Rl and Rz): The values of R1

and R necessary to tune the filter to a given frequency and Q when
C, = C, are given by

cry
R, =
1 2nf.C
0-1
cr
2
R, = 5=
2 2nf0Cl
where
2
_ =B B .
b Tl < S (ﬁ) A

80
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(L +99 -9y - 2(9y -

dgz) cry

CI‘2 =

A = -2a
B = da - 2(9; - dg,)
C =

-°+(l+90‘92)

a s 1/0

99 = —p + 1/Ap.
k 91 = @o/0y)
: 2, 2

9, = wg/w,a

and
o = 3
R3+R4

Wi is the frequency at which the extension
portion of the op amp gain plot crosses

@2 is the frequency at which the extension
portion of the op amp gain plot crosses

(2)

Accurate Synthesis (R2 and p):

cr
R, = 2
| 2 anoc1
3t
pe Pt a==g
ADC 2

81

(gl °d92) ¥ [(l * go = 92) = d(gl ol dgz)] crl

a =1l +94 - 92)2 - d(l +95 -9, (9) - dgy) + (9 - d92)2

of the -20 dB/decade
unity gain.

of the -40 dB/decade
unity gain.

The values of R2 and p
necessary to tune the filter (when Cl = C2) are given by:




where

Cl'2

P

is given

H(jwo) =

crl

Ctz

68
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)V

(2cry - d) + (9; - dgy) - (9,
(2cr1 -d) + cr,

> |0,

- dgz)(crl)(crz)

cry + (9, - dg,) [1 +cry (cry - dq

-1 + (1 - dcrl)(2crl - d)(gl - dgz)

(91 = dgz) [l + 2crl(2crl - dq

(3) Accurate gain:
by:

The filter gain at center frequency

= Cl‘zQ

[(l & go - 92) + (l = dZ)gZ] + J [dlgz + d2 (91 i dgz)]

(4) Approximate Synthesis:

~ X/2Q
~ 2Q/X
2
R (CHRIE
~ 990 Rt 9
: DC

(5) Approximate formulas for d, and d,:

+ 29

X
Q X

82
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d19;

d. & 1 -
1 + 90 - 95

2

For synthesis to be possible we must have

d,9
371
t e

0~ 92
which implies
ygl<l
where

y = d)/t,

(6) Approximate ranges of d1 and dz:

dl > 2 \[;

(7) Other approximate inequalities:

to - t4 > 0
4,9, d,9; d,9;
ST L e, & - -
0 0 4 0~ 92
9, < 0.36
83
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(8) Restrictions necessary to maintain the zero phase
shift frequency well within the passband:

dag; + 939,
fg = "4

This is approximately equivalent to:
9 t 9, <<1

where

Q

e |
y___.
0

Here we used Equations (193) and (233) of Appendix D.
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Appendix D

SENSITIVITIES AND OPTIMIZATION

Sensitivity analysis is a very important tool for determining
the performance of an active filter circuit. The sensitivity of
a filter parameter u (such as center frequency, Q, or gain) to a
small change in the value of a circuit component or op amp parameter,
z, is defined by

L

- 2 . du du/u
zZ u

S dz dz/z
Thus, for example, the sensitivity Sg indicates the fractional
1

change in filter Q that will be caused by a given (small) fractional
change in Rl'

g |

Q
. s
Ky

AQ
-+ A R

1
Because sensitivities are based on fractional changes,

multiplying the parameter by a constant has no effect. For
example, since

u\o = Zﬂfo
and
W, = 2ﬂfu1
we know that
(00 i ‘fo fo N w
) c o - Sf e Sf
“u1 1 ul ul




The following six formulas have general application in
sensitivity analysis and will be used when deriving sensitivity
formulas in this appendix:

where k is a constant.

This appendix will develop formulas for approximating the

(=]
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(1)

(2)

(3)

(4)

(5)

(6)

sensitivities for the bandpass filter circuit shown in Figure D-1.

Appendix A shows that the transfer function of the filter

in which

To =

3
i

=3
N
[

= D; G,

+ T.8" + T.s + T

(L + GO) Dl = Nl + G1

[ Go) 02 + Dl G1 + G2

=D, G +D G

{7)

(8)

(9)

(10)

viLd)

(12)
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R2

V2

RY4

R3
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-
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Active Bandpass Filter Circuit




NSWC/WOL TR 78-2

The N and D terms involve passive component values as follows:

N, =€ Ry (13)
Dl = (c1 + Cz) R1 + cl R, (14)
Dy %6 €y By K, (15)

The G values contain the positive feedback ratio p and the op amp
parameters:

1
Gn = =p b —— (16)
0 ADC
Gl = l/u)ul CL7)
G, = 1/w? 18)
20 Wu2 (
o = __R_3._.._. (19)
R3 + R4

w1 is the frequency ac which the ex:ension of the -20dB/decade
portion of the op amps gain plot crosses unity gain.

w2 is the frequency at which the extension of the -40dB/decade
portion of the op amp gain plot crosses unity gain.

It will later be useful to normalize the parameters to the center
frequency wg of the filter; the normalized parameters are:

t) 2wy Ty (21)
£, & @t P 22)
- D R (
ty = w03 T, (23)
ty = wo‘  F (24)
88
| T —
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go = G0 (25)
9) = wg Gy = wglwy; = £4/F, (26)
% 9, = wy G, = “02/“u§ " 502/fu§ (27)
n, = woNl (28)
dl = wg Dy (29)
d, = w2 D (30)
2 = Wy Dy

If Cl = C2 = C, we can also define

]

Crl (.I.)O CRl (31)

cr, W CR2 (32)

The "phase approximation" described in Appendix B will be
utilized in order to simplify the sensitivity formula derivations.
According to that approximation, the following vair of simultaneous
equations establishes the values for center frequency and Q:

4 2 =
P - T, wg  + Ty = 0 (33)

4 Yo 0

ar ¥ - Ty w03 + T -daT, =0 (34)

4 Y 1 %%

: where

wg = filter center frequency

d = 1/Q

The second equation of the pair may be multiplied by Q and
rearranged yielding a new set of equations.

2 4

T = T2 wg P =0 {35)

0

89
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¢ AR 7 4
Q (Ty wg = Ty 0"} = Ty = T, uy (36)

Taking the derivative of both equations with respect to an arbitrary
variable z, we have

3T,
5z ~ |T2(2wg)

@
(=
o

|

@
N

aT dw aT
2 2 3 0 4 4 | _
+(“’o>—ﬁ]+[“‘4 (S0g) 33 * @ ‘55]'0‘3”

i a7 w 3T
0 1 2. 9wy 3 973
Q [Tl 5z ¥ Wo 3z ~ T3 (3ug ) —3z -~ wg az}

3T dw aT
30 ¥ ) 3, 9, 4 374
* Be [Tl wg = T3 Wy ] = oz [}4 FSog ) e T % az} «38)

These equations may be written in terms of sensitivities by

multiplying by z and substituting g% = % S; (for u = TO’ Tl' T2,
T3, T4, Y and Q). In addition, it is useful to change to the
normalized notation in which tn = wg Tn and S:n = Sgn. (Here wg

acts as a normalizing constant and thus does not affect the
sensitivity.)

) w t w t
I 0 0 2 0 4
0 = to Sz w2 t2 SZ + t2 Sz ) I 4t4 S + t4 Sz (39)
w t w t
0 1 0 3
Q(tl Sz Ay tl S - 3t3 Sz - t3 SZ )
L w t
Q N = : 0 4
#0 Sz (tl t3) = to Sz (4t4 Sz + t4 Sz ) (40)

w
The first equation may now be solved for Sz0 and the second,

t A t
0 2 4
Swo B tOSz - t2 Sz + t4 Sz )
z 2t2 - 4t4
90
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R it b il

t t t t
0 4 1 3
sQ - g S -ty 8, -Q ey 8§, - t3 8.7)
Z Q (tl - t3)

w
0
[ 4ry = 3bg) * 4t ]S, o

Some additional simplifications in the sensitivity formulas

can be achieved by returning to the normalized form of Equations (33)
and (34):

(43)

(44)

e e i L S i
ot
>
|
ot

4 (45)

4 (46)

Substituting these expressions into Equations (41) and (42),

T.
= t t
0 2 4
E Swo ) to Sz - t2 Sz + t4 Sz (A7)
L t t | w
SQ = to SZO -Q tlszl + Q t3Sz3 — t4Sz4 - Ll SZO -
;i €y = £ A
0 4
where
L} =ty - 2Q t3 +3 ¢, (49)
A formula for gain sensitivity will also be needed. At the
zero-phase frequency, the filter gain is (see Appendix B).
i PR B B =5
i . s 3 - 3 (50)
: 1% - 3% T %%
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Taking the sensitivity of both sides:

T, 8.1 - T, w2 (523 + 250)
1 "z 370 z z
ko= T, - T, wy2 (1)
1~ T3 %

Multiplying the numerator and denominator by wg:. changing to the
normalized parameters, and substituting tl - t3 = (to - t4)/Q, we
have

(52)

t
sio = 8" - @ [ 1 i -

0

t t W
Szl - t3(823 + ZSZO)
4

PASSIVE SENSITIVITIES

In order to simplify the derivation of sensitivity formulas
for the passive circuit components, we will assume that the passive
sensitivities are relatively unaffected by the presence of a
non-ideal op amp.

For the ideal op amp case, we have

90 -0 (53)
9, = 0 (54)
92 = 0 {99

Therefore, using normalized variables, we have

= 1-p (56)

(l--p)(cl + cy)ry - pcy 1, EST)

tz = clczrlrz(l - p) (58)
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n, = ¢, (61)

The sensitivities with respect to the passive components are given
by:

t t t t
t, S0=¢t,S80=¢t,80=¢t,S0=0 (62)
0 cl 0 cz 0 rl 0 r2
t. sto = - (63)
0 “p »
t - — —
tl Sci = (1 p)clrl pCy Iy (64)
t, st1 = (1-p)e, r (65)
1 c2 2 1
% SR
ty sri = (1-p) (e; + cy)r, (66)
t, st1 = —pc, r (67)
i £, 1 s
T
tl Spl = -p ﬁcl + c2)rl + cl r?} (68)
S Yo TR0 £t o K
t, SCZ = t2 Sc2 = t2 Sr2 = t2 Sr2 = Cy Cy Ly (1-p) (69)
i . 1 2
ty B2 = =g, €. Lar (70)
2 %p Wi Sl tui
n n
8] = 871 = ) (71)
v 2
n n n
sl = 8™ =3s"1 =0 (72)
- *3

93
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It was shown in Appendix C that if (9] - dg,) is negligible

(it is zero in the ideal op amp case) and 1f Cy = ¢,

write:

c

(o

where

i

ks

Sl

|
)
S

For an ideal op amp, we have P = p.

= C,

we can

Substituting this into the sensitivity expressions, we obtain

]

(1-p) (5%)

(1-p) (-2—3)

-y

(l-o)(Q

-0 (29

X . 20
-pi{g + =8

SO

2Q
<)

94

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)
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o o W
t, S Srf = t, Srg = l-p (83)

With t3 = t4 = 0, the formulas for Wy Q, and HO sensitivities
become

t B
¢, 8%0 - t. 5°2
(1) P ) (s 2%
sb0 = M (84)
0
t .
t. 8%0 - g £, 8%1
o 28 2 gy (85)
2 to 2
t
ot 8%
slp =gy - =1 'z (86)
z 2 tO

The individual passive sensitivities are found by substituting the
appropriate expressions; the results are

(87)

(88)

(89)

(90)

(91)

(93)

(92)
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2
Ha' . w.o % .20 P
H= X
ch * . (95)
slo = —x (96)
]l
sfo = 1 + ZQE (I&_) (97)
r2 X -p
2 2
H. = p 200 + X
SpO e X (98)
These formulas are given in terms of both X and p, which are
related by (for an ideal op amp):
1 ‘/1 4 B i
X = 5 + (7) + 20 (I:E) (99)

This equation may be rearranged to yield

2
P~ X
£ = (100)
1-p D) QZ
and
2
p = X X (101)

20% + %% - %

2

Substituting these expressions into the sensitivity formulas results

in:

N

Q
S
>3

Q
S
-3

(X-1) (102)

(X-1) (103)

]
N

96
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¢ ERT o |
5r ( 2) (104)
1

Q@ -x-1 (105)
r2 2

H, X
ch =3 (106)
" R

scg =-3 (107)
5?0 = -X (108)
sto = x (109)
£s

At this point we wish to convert the sensitivities with respect
to p into sensitivities with respect to Ly and Ly where

PP T (110)

We need the sensitivities Sg and s .

3 Ty
X
o] 3
X . (111)
Ba oo n Ny Ny
=] - P
o
Sg ST F i r
4 3 4
= «(1-p) {
97
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Thus, we have:

s¥0 = s% =0 (113)
3 s
Q - op Q
sr3 sr3 Sy
2 2
e (20 +xx - ) (114)
2 2
| TR 20" + X~ -X
Sr4 o ( X ) (115)
H (5 Z , xz)
o « p AR 2 (116)
r3 X
H 20% + x2
S0 = -p —9—2-——- (117)
4

Substituting for p results in

Q _ x% - x 30° + x° %

B ™ . X
3 20% + x° -x

s = - (x-1) (119)
b3

98
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2 2 2
st - (x =y (whpe )
3 2Q0° + X° =X

X
= (X-1) 1l + (120)
202 + x2 -X

H X
sfo = —(x-1) |1+ (121)
£y [ 20% + x° -x]

Later it will be shown that there is no benefit in choosing p so

large as to result in X>Q {%—- With X limited to X<Q 3 and Q>3.

st =~ x-1 (122)
r
3
sty = -(x-1) (123)
*

Table D-1 summarizes the formulas for passive sensitivities
for the filter. All are linear functions of X; and since X has a
minimum value of one (with an ideal op amp), all of the passive
sensitivities increase in magnitude with increasing X, and thus,
with increasing positive feedback.

ACTIVE SENSITIVITIES

In order to use the sensitivity formulas of Equations (47),
(48) , and (52), we must know the sensitivities of to, tl' t2, t3,
and t4. Recall that

tg =1 +g9, (124)
tl = (1 + go)d1 - + 9, (125)
t, = (1 + go)d2 + dlg1 + 9, (126)
o Rl R R il

pgan - o No——— ae e ~
e




Passive Sensitivities (Ideal Op Amp)
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TABLE D-1

Sensitivity of
with respect fo or w, Q HO
to
c -3 -1 1y
c, - an | b
R, -3 -(x - 3) -X
R, -3 X -3 X
R3 0 X -1 X - 1*
R, 0 -(X - 1) -(x - )*
where

X =3+ \l(é)z + 202 (125

* These expressions are accurate only for high Q's; if x<QJ?,

is less that 12% for Q>3, 3% for Q>ll.

equations (120) and (121),

For exact expression

error
see
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R d2 9, (128)
By taking the sensitivities of the expressions to 9gr 9y and 9,
(which contain the op amp parameters), we obtain
t =
toSqg = 90 (129)
t
tlsgé = d,q, (130)
t
tzsgg = d,9, (131)
t
§3 =0
ty 9 (132)
t
t 4 =
4Sgo 0 (133)
t
t,S 0 =
05g? 0 (134)
t
tlsgi =9, (135)
t ‘
tzsgi = dlgl {136)
t
t3sgi = clzg1 (137)
t
4 =0
t‘Sgl (138)
t
S0 =
ty 9y 0 (139)
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We also have

nl 'Cl !'2

The sensitivities of n, are

9 92

Substituting the foregoing equations into Equations (47),
(52),

wg 99 - d290 + 0 (1-d2) 99

S = =
9, I(E, - tg) I(E,-t,)
Smo 2 0 -dyg, +0 e d,9,

9, I(ty-t,) 2(ty-t,)
Swo i 0 - 9, + d292 Al (l—dz) 9,
9, I(to-t‘) 2(to-t4)

“o
gn(l - Q d4,) - L,S
SQ 3 0 ik 1 9
9 to = %4

102

(144)

(145)

(48) , and

(146)

(147)

(148)

(149)
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“o
; -Q 91(1 -4, - L sgl
.. i ‘ (150)
9 0 4
Yo
" g9,(Q d) - d,y) - 1.15gz
e " g - (151)
92 0 4
wo wo
Hy Q [dlgo ® 2y Sgo] Q [4199 - 2(dz9; *+ 4,9)) Sgo]
P . . (152)
: - -
(153)
(L)O wo
HO Q [-dlg2 - 2t3 ng] Q [dlg2 + 2(d29l + dlgz) ng]
Wt - T = 7 (154)
9> 0 4 0 4

These sensitivities may be converted to sensitivities with respect
to the op amp parameters Apcr W,y and w400 by using the fact that

S: = Sg . S:. The required sensitivities are obtained by taking

the sensitivities of Ggr Gy and G2 in Equations (16), (17), and

(18) and using the fact that the normalization does not change the
sensitivities. Thus:

90 1

s P (155)
Ape Apc90

9

s, = -1 (156)
ul

103




g
Sw2
u2

Performing this conversion yields the following formulas:

“o
Apc

[\
Sw0
ul

w
Sw0
u2

“a1

-2

“o

2(to-t‘) ADC
B
(1'd2)92
to~t,
“0
Q d1 -1 + Ll sgo/g0
(to -ty Ape
g6 -1+ 1L -
1 1 7 2(t0 t4)

4 9
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]

t

ts

104

(157)

(158)

(159)

(160)

(161)

(162)
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@0
29,(Q 4; - d,) - 2L, Sq
Q 2
BN e TR
u2 0 4
| (1-d,)9,
29, (@dy -dy) -21L |- 2(ty-t,)
to - t4 ’

@0

S = L |
Q [dl = 2(dy9) + d,9,) 2(t0-t4)]
_Q[9) - (dy9) +d)g,) (A-dy)/(tg - )]
(€ - €1 Ko
“o
"o Q [(1-d2)gl - 2(dzgl+dlgz) Sgl]
S - t, - t
“u1 0 4
(1-d,)g, - 2(d +d,g9,) - 19 l
Q /9 291 192 |~ 2(Ep-t) |
o " %

Q {(1-dy)g) + (dyg,+d19,) (d)9,)/(ty=t,)]
2T %

105

(163)

(164)

(165)
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w
0
2 Q [dlgz + 2(d,g, + d,9,) 892]

wy2 t -t

‘ - (1‘d2)92 l
2Q [dlgz + 2(dy9) + d,9)) RITER ‘]
= —_ t Vi

g™ %y

2 Q [dlgz ™ (dzgl*dlgz) (l‘dz)gz/(to‘t‘)]
. 4 (166)
g = %y

At this point it is necessary to make some approximations in
order to simplify the formulas. The Q sensitivity formulas contain
the quantity

L, =t0-20t3+3t4=l_0t3—2t4
2(t0-t4) 2(t0-t4) - |

} _ Gldy9; * 919,129,

=

(167)

From Appendix C, we have d1 > 2 2 amd d2 < 1l; if we also assume
Q >>1, then the term 2d292 may be ignored.

Ly Rl o) i S i (168)
i(to-t4) ] th-ty

Substituting this into the formulas for Q sensitivities and making
similar approximations, we obtain:

106
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Q(d,g,%d,q9,)
1 271 122
le-l + [2' - }(l'dz)

. [d ; (d291+6192)(1-d2)]
1

t.—-t
0 4
2t (169)
(to=ty) Apc
Q(d,g,+d,g,) ]
1 221 132
Q(l-dz)gl + [2 = t -t (‘dlgl)
Q 0 4
Sy = . T =t (170)
ul 0 "4
Q(d,g,+d,g,) ]
1 271 12
=2Q 4,9, + 2[2 e [“1‘62’92
Q 0 4
Sw = =% - (171)
u2 0 "4

In order to keep the zero-phase shift frequency well within
the passband of the filter (and as near to the center frequency as
possible), we require that (see Appendix C)

d;9; + d;9,
o - %

<< 1 (172)

This provides an additional basis for approximation in some of the
Q and gain sensitivity formulas:

B = T8, = R (173)

(174)
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Ho Q d
)
Mo ™ Ty - e i
H -2Q 4,9
u2 0 4
With the substitution of
d,g '
(Ledy) & petinds (177) ]
2 to -9,
E
(an approximate synthesis equation from Appendix C), the collection 1
of active sensitivity formulas is as follows:
w d,qg
0 121
S N - (178)
Apc 2(ty - tg) (ty - 97)Ape
w d,q
SR )
ul 0 4 a
w d,g9,9
By, M T S
u2 0 4’ %o T 92
Qd
Q 1
S N - (181)
ADC (to t4)ADC
d,q
Q 191 [ 1 ( 1 1 )
S ~ — - +Qg + Y
Wiy ty - t, | L\% =93 % = t,
Q d,9,° Q d
191 & 192 ] (182)
(tg = tg) (tg = 93) to = %
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g o ARG,

Sy i o (183)
u2 0 4

H Q4
0 1

1, (184)
. 58 €y = T4 Anc

s“o 8 d,9, ot SR W

By g%y g™ 9% Tg " %

49,° (185)
H -2 Q d,g
st s E‘*:“%‘Z (186)
u2 0 4

The requirement that
4 9; * 9 9
ta ~ %4

<< 1 (187)

can also be used to provide other approximations. Since we have
the three inequalities, to - ty 2 0, d2 9, 2 0, and d1 9, 2 0, we
can write

4,9
t 1_2t << 1 (188)
0 4

or d192 << to - t4 = to - d292 (189)

109
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Continuing,

to
g, << 5———3— (190)
2 (dl + d2)
Since dl > Z'VE; (Appendix C), we have
g % g, << ty (191)
Furthermore, because t, = d,g, and d, < 1, we have
0 < ty << to (192) ]
Now we can write
tg Bty -9, mty -ty (193)
T
Using this approximation and defining i
y = dl/t0 (194)
we obtain
w Y g
0 1
S ~ (195)
Apc 4% Ppe
w Y g
0 1
S Ry = (196)
“u1
w Y 9, 9
5, i (197)
u2 0
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Q Qy
S ~
Apc Ao
sQ [1 2Q9, nglz ]
=Yg - + = +QVYg
W,y 1 2 t) t) 2
Q
S 8 -2QVY49
®,2 2
H
SAO ~ g—x
DC DC
a
Py 5 9 oviN
X Y 9 = Y 9
CAY 1 to to 2]
Ho
S M- 2Qvyg
®.2 2

ul

g@

2 3
w M=Ky 9) +ky 9, kyoe "tk 99

ul

region left of the inflection point (see Figure D-2).

ul
to zero, we find that the inflection point occurs at

111

e T,

(198)

(199)

(200)

(201)

(202)

(203)

Some additional approximations are required in the formula for
88 . The expression can be written as a function of 9, as follows:

(204)

A typical case is shown in Figure D-2. In order to approximate this
third degree polynominal by a quadratic, we will limit 9y to the

By setting the second derivative of 88 , with respect to 9, equal

(205)
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o INFLECTION POINT

w?\)
« e - e = ar e

Figure D-2. Typical Plot of Sg
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Consequently, we will limit 9, to

2
or
d,9
1°1 2

Since we have already upper bounded yg, by unity to make synthesis
possible, (Appendix C), this seems 1ik$ a reasonable restriction.

Even with 9, below the inflection point (Y9l < j)' the error

caused by dropping the gl term in the expression for SQ . can be
"

very large. For example, the error at the inflection point can be
as high as -400%. However, because the sensitivity changes rapidly
as a function of g, at the inflection point, this is equivalent to
a relatively small error in g,, and gy is seldom known accurately
anyway (g; depends on the gai*-bandwid h product of the op amp).
Furthermore, g, will normally never approach the inflection point

because Y9, = ¥ results in the sensxt1v1ty of filter center frequency
to op amp gain-bandwidth products being 3, which is unacceptably

high for most filter applications.. In practice reasonable accuracy
in the expression for Sg is achieved whenever Y9, < 020

ul
The upper bound on y g, allows one term to be dropped from the
H
formulas for So and S 0 . It will also be useful to set to R 1
“ul “ul

wherever it remains in a sensitivity formula. (In the next sec-
tion, it will be shown that no practical benefits can be achieved
by using positive feedback ratios greater than 0.25, and thus,
the approximation for to will be close enough for sensitivity
calculations.)

The approximate formulas for the sensitivities of center
frequency, Q, and gain of the filter with respect to the op amp
parameters are (with the incorporation of all of the approximations
discussed above):

sf° v bt 208
= S N - - ( )
Apc  Apc 2Ape

113

e e 3 i i




NSWC/WOL TR 78-2

3 w Y9

5 _ " 1

£ w

B "™
Sfuz Smuz N Y¥9,9, (210)

Q Qy
S ~ (211) |
Aoc  Apc |

|

Q Q 1
S = S N Y9 [— +Q (29, + yg )] (212)

.1 W,y 1 2 1 2 i
Q . 4@ N
sfuz s‘”uz N -2 Qyg, (213)

|

H

0
S ) KQX (214)

Apc DC

Ho Ho
Sfljll " Smul S5 Qy 9 (29) + yg,) (215)

H H

- SRR,
sfuz smu2 N - 2 Qyg, (216)

One final comment regarding the active sensitivities is
appropriate. In each active sensitivity formula, y is the only
variable which depends on the amount of positive feedback, and in
each case, the sensitivity is directly proportional to y except that
a term involving the quantity Q y2 g, g, is included in the sensi-
tivities of Q and gain with respect %o i 1+ Later when we consider
the maximum shift in Q or gain due to alY op amp drifts, this term
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will be ignored because the sensitivities with respect f 2 will have
a greater effect. With this term dropped the sensitivit?es of Q
and H0 with respect to ful are approximately

Q Q 1
S = § XY 9,(- + 2 Qqg,) (217)
La1 w0y 1 | 1
H H
0 0 2
S = S ~ 2QyYg (218)
ful “u1 1

This approximation will greatly simplify the optimization formulas.

PASSIVE AND ACTIVE SENSITIVITIES AS A FUNCTION OF POSITIVE FEEDBACK

We have shown that the sensitivities of center frequency, Q,
and gain of the filter to each of the passive component values are,
approximately, constant or directly proportional to a quantity (X-k)
where

X = % +J(§)2 + 2 Qz(rf—l;) (219)

k =0, %, or 1

1

p-p—_—+g (220)
A 2

DC

It can be shown that in order to keep the magnitude of the
sensitivities of Q to ADC and w,2 much less than unity (a desirable

restriction because the active parameters drift considerably with

temperature), the quantities Kl— and g, must be restricted to small
DC
values at which their effect on X will be small. Therefore, we can

write

(221)
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The equality will be exact for an ideal op amp.

It can be seen that X is approximately unity when there is no
positive feedback, and it increases as the positive feedback is
increased. This means that each passive sensitivity is either
constant or increases in magnitude with increasing positive feedback.

On the other hand, active sensitivities have been shown to be
approximately proportional to y where

e

The quantity p can be expressed in terms of X by solving
Equation (221):

- (223)
20% + x%x

Furthermore, Appendix C shows that

X . 2
4 mg+ —g (224)

Substituting these expressions into the formula for y, we have

y = £(X) g(X) (225)
where
£(X) = g + 2 (226)
x° - x
g(x) =1 + o (227)

Taking the derivative of f(X) with respect to X shows that f(X) is
a decreasing function of X from X = 1 to X = Q\/;.
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If we assume for the moment that X << 202, then

x2
g(X) = 1 + ;af (228)
% and
y(X) = (K + 29) (1 + 53—) = x3 + 2X + 2Q (229) |
Q X 202 205 Q X

g 21

15x<Qﬁ (231)

or, using Equation (223)

1 ~ Y378

g

For reasonably high Q, this becomes
0 <p < 0.25 (233)
Thus, y is a decreasing function of p or X in this interval.

We have already shown that the passive sensitivities increase
in magnitude as the positive feedback is increased. Now it can be
seen that the active sensitivities, which are proportional to Yo
decrease in magnitude as the positive feedback is increased in the
range

0 <p < 0.25

Since there is no apparent advantage in choosing p larger than this,
we will require that

0 <p < 0.25
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or, equivalently,

15x<o\/§.

In this range the original assumption that x<<ZQ2 is upheld. With
X thus restricted, the approximate range of y is:

4.35z£§J§5y5%+2omzo (234)

Finally, it will be useful to have an alternative form of the
upper bound on Y9, - (Inequality (207)): ‘

2
" “%
Because y has a lower bound, Ymin’ we can write:

2 2
g, < -
1 3 Yain 3[% J:i;]

An approximate bound on X can also be developed from Inequality
(207) :

1

X >3 le. (236)

This can be verified by substituting X = 3Qg; into the formula for
y. Inequalities (235) and (236), taken together, are approximately
equivalent to Inequality (207).

SUMMARY OF SENSITIVITIES

At the sacrifice of some accuracy we have developed relatively
simple formulas to calculate the sensitivities of the filter center
frequency, Q, and gain to both the passive and the active circuit
parameters. Table D-1 lists the expressions for the passive sensi-
tivities; Equations (208) through (218) give the active sensitivities.
Equations (217) and (218), which are an additional stage of approxi-
mation for two of the active sensitivities, will be useful in
deriving optimization formulas.
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The sensitivities are expressed as functions of op amp
parameters and two variables X and y, which are functions of the
positive feedback ratio p. We have

X = 3+ J(%)z + 20° (155 (237)
- % + ‘/(%)2 + 292 (1‘%) (238)
X . 52‘_9
St (239)
X . )2(_9
oty £ (240)
1
where P = p - — + g (241)
A 2
Ry
and p = =———— (242)
Ry*R,

The quantity X increases as the positive feedback p is increased.
The quantity y, on the other hand, decreases with increasing positive
feedback until reaching a minimum value of:

Codl B &
Ynin B % \/; ~ 4.35 (243)

This value is achieved when X = QJ% and p =~ 0.25.
Because of the behavior of X and y, an increase in X within

the range 1 < X < Q*J%- (i.e., an increase in p in the range

0 < p < 0.25) causes the active sensitivities to decrease and the
passive sensitivities to increase. Consequently, a judicious
choice of p in this range can reduce the drift in the filter
characteristics with temperature or time.

In order for the sensitivity formulas to be valid, we must
impose the following restriction:

y 9, < %. (244)
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Since synthesis is impossible when y gy > 1, this restriction is

not unreasonable. The bound on y 9, 1s approximately equivalent
to the following pair of bounds:

gl<%@zé (245)

X >30Q 9, (246)

The first inequality in the pair places a lower bound on the gain
bandwidth product ful of the op amp (g; = fo/ful). The second

. establishes a lower bound for the positive feedback ratio p.

OPTIMIZATION

‘ We have shown that the positive feedback in the active bandpass
; filter circuit shown in Figure D-1 can be utilized to control the

! filter sensitivities. If the positive feedback ratio is increased

i in the range 0 < p < 0.25 while the center frequency and Q are main-
' tained constant by other component changes, the active sensitivities
will decrease and the passive sensitivities will increase.

. Geffe (Reference 1) suggests using the changes in sensitivities
as a basis for choosing the optimum positive feedback for the filter;
however, the approach that he describes involves repetitive sensi-
tivity calculations by computer for various amounts of positive
feedback and the final choice of positive feedback requires a careful
decision by the design engineer.

e rer——

A more direct approach to the optimization can be achieved by
using the approximate sensitivity formulas that were developed in
this appendix as a basis for a worst case drift analysis. The worst
case drift in a filter parameter can then be minimized over p.

In order to facilitate the worst case analysis, we will assume
that each circuit component or op amp parameter Zn can differ from
its "correct" value by a maximum amount of AZ, and that this devi-
ation can be either positive or negative. In a filter that contains
only fixed components and no adjustments, each AZp would represent
a component tolerance; for a filter that is initially calibrated
by means of circuit component adjustments, each AZp could represent
drifts in a component value due to temperature changes or aging.

For small changes the worst case deviation in any filter parameter

u (such as center frequency) can be calculated in terms of
sensitivities:

AZn

Zn

N
L

max n=1

Au
u

N C

(247)

max nimax
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AZ
where o is the magnitude of the maximum possible relative
n [max
change in value of component number n and S; is the maximum
n| max

magnitude of the sensitivity of u with respect to Zn.

Because they are constant for a given positive feedback ratio
p, the passive sensitivities need not be maximized as Equation (247)
specifies. Furthermore, taking the absolute value is trivial because
none of the passive sensitivities change sign as the positive
feedback is varied.

The active sensitivities, on the other hand, depend on the
op amp characteristics as well as the positive feedback ratio. Con-
sequently, it will be necessary to determine the maximum magnitudes
of the active sensitivities over the possible range of op amp
parameter values. Op amp parameters are usually specified very
loosely. For example, the open loop D.C. gain of a uA741 op amp
has a guaranteed minimum value of 50,000 and a typical value of
200,000. wWe will assume that each op amp parameter can take on any
value between its specified minimum and its ideal value of infinity.
Thus, the sensitivity magnitudes will be maximized over the intervals

Apc min S Bpc ¢ (248)
£ < f < ® (249)
ulmin ul

f < f < ® (250)
u2min u2

Maximizing Equations (208), (209), (210), (211), (213), (214), (216),
(217), and (218), over the above intervals, we have

£ Y 9
0 1max
S N (251)
ADC max 2 ADCmin
£ Y 9
0 1lmax
S o S ma (252)
ful max
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0
S ~ Y9 9

fu2 . lmax 72max
sQ gl 5

DC| max ADC min

wn
m IO
u

y°u

ul| max

where

1
(3 - 2091 nax! 91max’ X Spax < 8Q

e 1 1 1 +v2
5 32Q ' 80 < 91max < TTBQ

1
(2093 nax = 2! 91max’ 80 < 91max

w
moO
n

20y g
u2| max 2max

0 N . S
DC| max ADCmin

>
u

0 2
2Qy glmax

2]
)
&

ullmax

0
u

2Q y g2max

u2lmax
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(255)

(256)

(257)

(258)

(259)
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We can now substitute the passive sensitivity approximations
(Table D-1) and the maximum active sensitivities (Equation (251)
through (260)) into Equation (247), and the worst case deviation
of a filter parameter u becomes a function of X and y:

9 AZ
Au| n u
—| = 2 — . S ~aX+b +cy (261)
| " Zn max zn max - . -
n=1

where

(1) u represents either fo. Q, or Hyi

(2) z1 represents C
2 represents C
3 represents R
4 represents R
5 represents R3,
26 represents R‘,

z7 represents ADC'

28 represents ful'

9 represents fuz’

(3) for a given filter parameter u, a, and b, are determined
by the worst case changes in the passive components;

(4) for a given filter parameter u, c,, is determined by the
center frequency and Q of the filter, the worst case op
amp parameters, and the worse case changes in the op amp
parameters.

In order to determine the values for a, and bu' we observe that

] 8z i
aX + b, = E —2 5 lsz (262)
n=1 nimax n
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For example, with u representing the filter center frequency fO'
we have
AC f AC f
AR L0 R B R | S
fo fo £y Cy C, C,
max max
. ARl Sf0 3 AR2 £
o ———— L] —_— 'S
By Ry Ro Ra
max max
A AR3 k Sfo ) AR4 ! Sfo
B3 Rs Bi Ry
max max
‘ =£.C—l o-l+£c_.12 o-l
t 2 e -
1 2
max max
E-\
0
' AR AR
| ———l .-l _2 ._l
| IRy | B 2
max max
AR AR
+-—3 00+—4 oo
By K2
max max
&5 AC, AC, ARy AR2
==l |—= + |—== + |—= + |—== (263)
2 Cl C2 Rl R2
max max max max
We will assume the two capacitors are each subject to the same worst
case changes and that the four resistors are each subject to the
same maximum percentage change. Let |AC/C| and |AR/R? be defined
as follows

asl o 1451 Lo
. S, = _E; (264)
max max
ﬂ = Aﬁ = A_Rg = e.R_3 A_RA (265)
R R R R R
1 2 3 4
max max max max
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Substituting Equations (264) and (265) into Equation (263), we have

ACI lARI
a X +b = =l + |5
f0 fo C R
Thus, we have
a =0
£o
- lac] 4 |aR
. %] + %R

when u represents Q, Equation (262) becomes

6 Azn Q
aQ X + bQ = E -—z—r: L Szn
n=1 max
AC AC
g e | o |1 (x- 2 e - i
Cl ‘2 (X=-1)1 + C2 ‘ 3 (X 14
max max
AR AR
1 1 2 1
+ Tl s l—(x - 'f)l + —ﬁ'z' I(X - i)l
max max
AR AR
+ R3 . |x—1| + —ﬁi . l-(x-lﬂ
3 4
max max
= A—c . 1 - - A—R - 1 - AB - -
2 c| \7 (X 1)| + 2 | R| |ox §)|+ 2 | l(x b

"
—
ald
+
>

|>
oo
SNS——>""
=<
|
i
old
+
w
ol
N—"

Thus, we have

3
+
F-
E
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Similarly, if we let u represent HO' the results are

AC
¢

+ 4 IABI

a - R

bHO ~ =2 légl

An expression for ¢, can be achieved by using

9 AZ
£ e 3 u
g ¥ 2: z Szn
n=7 max max
= AADC .| s + Aful . |sY
Reor A f f
pC max DC max ul max ul max
+ Afu2 gy A
b (266)
a2 £42
max max

Table D-2 summarizes the expression for a,, b, and ¢, for the cases
when u represents center frequency (fo), Q, or gain (Ho) of the
filter.

Having developed expressions for the terms ayr by, and c,, we
now have an equation that gives the worst case change in a fther
parameter u in terms of two variables X and y, which are functions
of the positive feédback ratio p. Repeating Equations (261), (238),
and (240), we have

Au .
0 G ~Hoa, X+ bu * oy ¥ (267)
X = % » J(%)z + 202 (rg—p) (268)
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Xeuw Xeuw

_N:u meNmN g oa,, 2l
Zn UQ< i
1€ 3y v
!
Xewy, — 08 ,XeWw[, .z _ xewy
b > A+ 1 b Aa 60z) .
08— xewyg — 08 E
A+ 1 > b > T =N
Wm o Xeut >0 JXeutg AxmaamoN L mv
a13ym
xew . ~
3 | xeuty . i u_ 2 0 ~
Tyl ¢ PO + A0 _mq_ ¢ mq_ i _u<_ .
xeu
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3 . . - O % <R e g o
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X 4 29

y ~ 9 _;‘ (269)

We now wish to choose the value of p (or, equivalently, X) that
minimizes the worst case change in u; this is accomplished by taking
the derivative of Equation (267) with respect to X with a,, by, cy.
and Q held constant; and setting this derivative equal to zero:

3 " T®| (270)

Using Equation (230), we have

2
3X 2 a
0 =~ PO, [;63 + ', ;8] (271)

Multiplying by xz/ch and rearranging,

4 |
(=) + (2 + Q E_) (

o
Q2
Nf W

X
Q
By the quadratic formulas we have

a a \2
-(2+Q-cu)t‘/(2+o—“ + 12
)2z u €u

3 (272)

X
(Q

Since (x/Q)2 must be greater than zero, we choose the positive square
root. Substitution of the result into the derivative formula
(Equation (270)) verifies that the point is indeed a minimum and

not a maximum.

Thus, the optimum value for X (i.e., the value which minimizes
the worst case change in the filter parameter u) is given by

a a \2
—(2+Q E—‘—’) N J(2+Q c_:!) + 12
u u
3

Xopt = @

(273)
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and the corresponding positive feedback ratio is

X (X - 1)
0 = 5 opt opt (274)

opt e
0"+ xopt (xopt L)

OVERALL OPTIMUM

We now have a straightforward procedure for determining the
amount of positive feedback that will minimize the worst case drift
of any one of three filter parameters (fp., Q, and Hp); however, we
are now faced with tradeoffs in deciding which filter parameter to
use as a basis for the optimization. It would be very desirable
to define an "overall optimum" positive feedback ratio in a way that
would properly account for drift in all three filter parameters.
Such an optimization can be achieved by observing the effects of
each of the three filter parameters on the filter gain at an arbi-
trary frequency. (The idea for this method of combining all three
drift parameters was contributed by Dennis Stutzel of NSWC.)

The transfer function for a simple two-pole bandpass filter
is:

H.dw,S
H(s) = — 0" 0 5 (275)
s” + dmos + Wy

where d = 1/Q

The magnitude of the gain is given by

|H, | duw
[ )| = 0.0 :
\hwoz - w2)2 + (dwow)2
| (276)

why 2
UREICRE
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Now consider the sensitivities of |H(jw)| (for an arbitrary, but
fixed frequency w) to changes in wor Q, and Ho

o2 («»_ k “.’g)z (__ A _o)
w w w
slHGw | o _ (1, 0 (2) 0

w b 3 WA\ 2 w
0 1+Qz(‘i...._o) (9_.._2)
0 S

€

2
a2 ol %0
i 2
. 0 s
= ety (277)
1 % QZ (Q_ = _Q)
(] W
0
Q2 e (:,2 =
. w w
S|H(Jw)| RS 0 . (2)
Q 2 2 Wa\ 2
l +Q (w_ - _9.>
o? fo . oy’
wo w
. sy (278)
1 + 0% (9_ o>
(00 w
SAH(jw)I .} (279)
0

Three frequencies that are particularly interesting are the
center frequency wgp, the lower 3dB point w_, and the upper 3dB
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frequency w,;. Inspection of Equation (276) shows that the upper
and lower 3dB points are characterized by:

() w
o= -~ -2} 1 (280)
and

mo w

w w
Q (—‘ - —°)= «l (281)

By solving these equations for w, and w_ it can be shown that
—_—t — N — + — x> 2 (282)

Substituting these results into Equations (277), (278), and (279),
we find that:

-Q at w = w
glH(w) | =

wg 0 at w = wg (283)
+Q at w = w,
= % at w = w_

sg)“‘j“’” = { 0atw=u (284)
- % at w = w,

S$§(jw)l = 1 for any w (285)
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One way to combine the effects of drifts in center frequency
Q, and gain in the optimization procedure would be to define our
"overall optimum" value for p as the value which minimizes the worst
case gain drift within the 3dB passband of the filter. Using the
form of Equation (261), this worst case gain drift is:

max AlH(jw) ] 9 AZ .
(w_<w <w) | THOO)T| ©  max ) B —" a SIZH(Jw)I
n_Zege,) e M max -

(286)

Since this definition of the "overall optimum" would result in a
complicated solution, we will make two changes to simplify the
results: (1) the maximization over the passband (w_<w<w,) will be
replaced by a maximization over three points (v = w_, w = wg and
w = wy): (2) the maximum of the summation will be replaced by the
summation of the maxima.

AHpp
We will call the resulting quantity T g
PB nax
AHPB 2 Azn max SIH(jw)l
- = E -2 | ° (we{w_» ChY w+}) - (287)
PB n

max n=1

The sensitivity of filter gain at any frequency w to changes
in any component value Z is given by:

H

|H(jw) | . "0 o|H(Jw) | Q |H(Gw) |
Sz | S, S + S, Sé +s,

0 o|H(jw) |
wg SH (288)

0

We need to maximize the magnitude of this expression over the three
choices for w. Using Equations (283), (284), and (285), we have,

132




NSWC/WOL TR 78-2

max ISLH(jw)Il » Ba [ |S£H(jw_)|!i !séﬂ(jw0)|l’ |S|H(jw+)”]
(we{w_,uo,w*})

H w H
0
= max [lsz -%Szol "‘lez olr 'sz OI]
(289)

The two arguments of the final "max" functions are listed in _
Table D-3. By using the previously established bounds, 1 < X < Q‘/%
and 9, < %, we find that the numbers in the first column are larger
than those in the second for Cl, C2, Rl, RZ' and ful’ the second
column exceeds the first for R3, Ry ADC' and fu2'

Having maximized the gain sensitivities over the three choices
of w, we can substitute the results into Equation (287) and rearrange
to yield:

AHpg
= a X +b +cC Yy
Hpg|max  BpB Hpg  Hpp
where
1 ,AC AR
a =5 |<&| + 3 |5
Hpp - S - R
- 1, |4aC o AR
by = @+ P|%[ + @- %Rl
1 Afy)
CHPB = QV + Q9 1nax (7 * 91max’ f for Q>2
ul
max
where
A Af
1 Apc u2
vV = + 2g -
ADCmin ADC max 2max u2limax
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TABLE D-3

Sensitivity Comparison for HPB Optimization

H w H
I 0 0
2 ISZ -ISZ +QSZ| lSz|
c I X+ +30% 3 X
O X+ +30Q 3 X
Ry X+ +30* X
R, %(x+%)+%of X
R ix -1 X - 1 *
3 2
R Lx-1 X - 1 *
4 2
e 29L+ng1 QY .
| Anc  2Apc Apc
b Qyg 1 2
ful 21+ i‘ Ygl +* ngl X 20Y912
£.2 Qyg, (1 + g;) 2Qyg, *

* Indicates the larger quantity in each row.
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The "overall optimum" positive feedback ratio can now be found by

substituting a and ¢ into Equation (273) and then applying
Hpp Hpp

Equation (274).
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