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~~This memorandum discusses a comparison that was made of two methods
of determining damping coefficients of a free, damped system. Although

3 both methods have been used in the calibration of’ the electronic cir-
cuitry that was used in the tests, they may also be used in mechanic al
d amping tests of plates, beams, structures and materials .

w
—‘ ~ CPERIMENT AL PROCEDURE
I s

In each method , three sets of oscillograins were taken for each
C...~ 1/3 octave band center frequency beginning at 200 cpa and ending at

16,000 cpa.

Method 1

Reference (a) gives a detailed description of’ the instrumentation
used for this method. Figure 1 shown the setup of this instrumentation .
The decade attenuator in the circuit was used to calibrot’ thc’ vertical
scale (dbs./cm.) of the oscilloscope. The horizontal s ’ale of the
oscilloscope was then calibrated in second s per centimeter. These two
calibrations had to be done using a continuous wave for each !~~

‘) 
~~~~

‘ -we band
center freqi~~cy. After the oscilloscope was calibrated , a pulse equi—
valent to the 1/3 octave band center frequency was transmitt~~i . This
pulse and the decay in the system were recorded on the storage oscillo-
scope. k Poloroia photograph was taken of each oscillograin . The
entire procedure was repeated for each 1/3 octave band center frequency.
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Method 2

Figure 2 shows the block diagr am of the instrumentation used in
this method. It should be noted thet the equipment is identical to
~}~at used in Method 1, except that the decade attenuator is removed.
A pulse was transmitted through the system and the decay of the elec—
trortic circuit ‘~as recorded on the ntorage oscilloscope. A Polaroid
photograph of the oscillogram was taken. This simplified procedure
was used for each 1/3 c~’ ~1I V8 band center frequency.

In each method , three set3 of data were taken and analyzed, and
the final results were averaged.

DE1~~ }4INATION OF DA1IPING COEFFICIENTS

Method 1

Reference (b) outlines the procedure for computing the decay rate
of a system with a single degree of freedom. In place of the logaten
described in reference (b), a logarithmic amplifier and a decade
Rttenuator were used for Lie purpose of obtaining the vertical scale
calibration constant .

In this method, using the circui try of Figure 1, the decay rate
of the system in db/sec w~~ found from the relationship:

D~~ —

~~~~~ 

(i)

where: m the calibration constant of the vertical scale o~ th~
oscilloscope, db/cm

n the calibration constant of the horizontal scale f’ the
oscilloscope, sec/cm

y the vertical ampLitude of the pulse, cm

x the distance on the abscissa from the pulse t~ end
of the dc~ ay, cm

From reference (a), the percentage of critical camp ing , ,
~

was found from the relationship:

% c/c l.~i4 D/f (2)
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where: D the decay rate, db/sec

f = the 3.13 octave band center frequency , cpa

Method 2

Reference (d) outlines the procedure for the calculation of the
damp ing ratio for u5e with the instrumentation of Figure 2, The damp-
ing ratio can be determIned by the relationahlp:

0. 75
Dr ~ 5 (3)

where n the number of cycles of motion in the length of record
required for the amplitude of the envelope of the motion to decrease to
1~ of its init ial  value.

From reference ( f ) , the dIfferential equation of motion of a
viscous—damped, linear, single degree of’ freedom second order system
is:

2d x d~In 
_ _ _ _  -f C 

_ _ _ _ _  + kX - 0 (4)
dt~ dt

lb —sec2
where : it the mass, 

-

in.
x = the depennent variable, inches

t the independent variable, seconds

c = the vlscou~ damping constant , ±r 
lb. — see .

Inch
k the spring constant, in lbs. —

In c.~~

For sub—critical damping, the solution of equation (4) becomes
(from reference (x ,) :
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x a 
— cos qt + c2 sin qt] (5)

where: x the instantaneous displacement of the mass in inches.

c = the viscous damping constant, lb. — sec.
inch

2
m the mass, i.~~. — sec

inch

t = the tIme, seconds

e the base of natural logarithms, 2.71828

= an arbitrary constant

C2 ~~- an arbitrary constant

a ad _________

k - 

—

V Ill 
4m2

where: k — iie srring constant, lbs.

inch.

m - the mass , lb.—sec2 
-

inch.
lb. — sec.

o - the viscous damping constant 
________

Inch.

The rate of decay is controlled by the decay constant, k. It is shown,
in reference (e), that the decay constant can be represented by the
relationship:

k~~~ c
(6)

lb. —sec.where c the viscous damping constant, _________

2 inch
• m the mass , lb. —sec

• inch
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In reference (d), it is shown that:

2m = D~ (7)

Therefore: k Dr~J

where: Dr the damping ratio

the circular frequency, radians/second

From reference ( f ) :

~~ 2 ,1( f (8)

where: f = the frequency, cps

3.11÷16

Therefore, it can be seen that~

k 2 -
~~~

. Dr (9)

where: 3.1416

f = the 1/3 octave band center frequency, cpa

Dr = the damping ratio

From reference (f), the decay rate (db/sec) Is given by the relationship:

D = 20 log
10 e

k (20 log10e) k 8.6~ k (10)

where: k the decay constant , lbs./inch

Therefore: D 2 ’(F~.68) f Dr

-or-

D 54.6 f Dr 
(11)

• / 7  :
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where : f the 1/3 octave band center frequency, cpa

D
r the damping ratio

From reference (a) , the per cent of critical damp ing is given by the
relationship:

~ 
c/cc = 1.84 D/f

where: D the decay rate, db/sec

I = the 1/3 octave band center frequency , cpa

—o r—

~ c/ce = 2~~~1.84) (8.68) Dr (12)

Therefore:

% c/c 100 Dr

where : D = the damping ratio
r

DISCUSSION OF THE TWO METHODS

Method 1

This method involved the calibration of the vertical scale of
the oscilloscope using the decade attenuator for each center frequency
of the filter band. Also, the horizontal scale had to be calibrated
for each p quency. This involved transmitting a continuous wave
through the system each time. To find the decay rate (db/sec) , equation
(1) was used. To use this equation , the calibration constants of both
the horizontal and vertical scales must be known. The vertical ampli-
tude of the pulse had to be measured, as well as the horizontal dis-
tance from the pulse to the end of the decay. The percentage of criti-
cal damping was found by equation ( 2 ) .

Method 2

This method , described In reference (d), required only that the
oscilloscope be initially calibrated. No calibration constants were
needed. The only measurement needed was the amplitude of the pulse.
From this, one could find the location of the point in the decay where
the ampfltude had decreased to I per cent. of the amplitude of the pulse.6
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The only other information needed was the number of cycles that occur
between the two points. This can easily be counted from the oscillogram.

The damping ratio was found from equation (3). The decay rate
(dh/sec) was found from equation (11), and the percentage of critical
damping was found from equation (12).

RESULTS

Reference (g) gives the relative error as:

E rel (13)

where : e — the error or deviation from the reference in this case

y the reference value

Reference (g) also shows the percentage error as:

LOO c

y. (14)

Table I shows the average decay rates for each frequency for
each method . The percent err~r is also shown using Method 1 as a
reference. Figure 3 shows a comparison of the average decay rates for
the two methods.

Table 11 shows the average percentage of critical damping for each
frequency f or each method. Figure 1÷ shows a plot of per cent of
critical damp inr for the two methods.

DISCUSSION OF RESULTS

Referring to Figure 3 , one can see that the two methods give
results that are very close. The per cent error is low f or frequencies
from ~

() C  c~ps to 16,000 eps. For these same frequencies, the per cent
of cr~tica1 damping for Method 2 clo~eiy follow the per cent of critical
damping of’ Method 1.

The amount ~f time spent in Method 2 was considerably less than
that  of Method 1. Also , the exper !mental procedure cf Method 2 was
much simp ler than that of Method 1.

~.
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CONCLUSIONS

Method 2 was found to be much more direct and less time-consuming
than Method 1. The results were very good for frequencies above and
tncluding 500 cpa. It is believed that Method 2, can be used with
confidence and with l ittle chance of error for those frequencies from
500 cps to 16,000 cps. One must be more careful for frequencies below
500 cpa. In the writer ’s opinion, Method 1 would be better for fre—
quenc~es below ‘500 cps. Both methods m ay be used ; to cond uct mechanical
damping tests of p lates , beams, structures, and materials; and to cali-
brate the instrumentation . It is recommended that Method 1 be used
I or systems with a very small amount of damping.

~~~~~~~~ ~ I ~~
HcJ~iARD N. PHELPS , JR.
Mechanical F~gineer

~~~

8
h-.. 

~~~~~~~



USL Tech. Memo.
~o. 933—329—63

LIST ~~ REFE~r~:CES

(a~ H. U. Phelps, Jr. zj r~ ~~. F. !~or~ , “Calibration of Instrumentationf o r  V~~~atio’-~ Damp ing Tests ,” USL Technical i.~emorandum No.
933—236—63, 22 August 1963.

(b)  LT (jg )  J. E. bax ger , US~ , “An Experimental Determination of the
)eqree of [)amp ing of Structures,” L~~L Technical Memorandu m !o.
12 10—94—5 9, 17 June 1959.

( c)  Geiger and Harne (Consul tant s  in Acoust ics) ,  “The Concept of
Damping of Structure I3orne Sound and Vibration for Uoise Control ,”
Contract No. NObs—73549 , IJS—7 13—2 12 (SF 013—11—0 1, Task 1353),
1~e q i .~-~ t ~o. I~~N—1, Apri l  1961, I~~ • -~

I ) 2904 ~7.

(r i ) Trapp arid Forney, “ . ALX~—Un iversi ty of Minnesota Conference on
Acoust ica l  Fat igue ,” ~A IX~ Technical Report 59—676 , Project  ~o.
7360, Mar ch 1961, ASTIA No. 266374.

(e) Mykiestad, N. 0., “V~~idt1on .n~ 1ysis,” fir r~~ — ! i i ] l  Look Company,
Inc., ~~ ‘fork , ~~~~~

(f) ~~e :i I lartog, J. ., “:-ec ] rm nicol Vibrations,” i~cGraw—Hi11 Loo k Co~~pany, Inc., Lo\! York , 10c;6~

(g) C. F. F • S} :~;~eo~J ~~~ ~.. E. Taylor, “Calculus ,” Prentice—Uall,
Inc . ,  E:vd r~-:ood C1if f ~., 1’)bO.



tM i~.
— 

~~~ L ~~ / ~ r 

— —

~ 

—

‘~~ ‘ c - ’ ?k ‘t- ,0 ~ec ;~~;P~ • ~~
. / ‘r ~~ 

t~C 3.

~L -L 
~~C~~~~~ L 2~ 

-~~~ :~ ~11Z: ~
‘‘ M 

~~~~~~ 
Jj t~

.1
I i . ,:~~~~

-~~~~

- J 
~~7 I (~ ~

~

(H t :’9~~’ 
-
~

(j

~L . 
~~~~~~~~~ 

n . ‘ ,~~~~ .

i~ ‘C ),
~~‘_ ,

:- . .~~~~

I ~~~~~~~~~ ~~~~~~~

£ 17 .

~O0 .1 .Y~

:1- ..

.~ 0 ~7 ~~~
•

- .

_ . _ _ . ____ ._
~~

_ J__ .,___ - .- .-~~~~ 
_
~

,__ . ._ .i ._
~~~~~

._ . ..__ .- .~ -_~
_ _ _

~~~ ~~~ “ - 
~~~~ ~~~~ 

•
~~

-

~ 
- 

~~ ~~~~~
. ,  

~~~~~~

~,. ,r~
THIS PAGE IS BEST QUALITY PBACTICA3LI
7I~O~ OOP~ iUR&~LS~i~~ ~Q DDQ 

~~~~~~~~ 
j

_ _ _ _ _  __ _______________



Ii~- —t——— --—-- — 
~~~

~~
. 
‘
;. ~~~ ~~~~~~

‘i - - 
~~~~~

~~~~ i~ . .~~ ~~~~~~~~~~~~~ ~~‘~hoc. 13 ~at ci

- .— - -- - —— ---

i~ r~ ~ 
* 

~~37% - j

1 ;C~0 - t

~~~~

~ 0

~~12~

3 ,93

i :

oCo ~
4038% L. ~~

~Lj0 3~87% I

500

b

3&~
’) 

~ ,89%

I 3~27%

- ~~~~~~~~~~~~~~~~~~~ 

I~ 99%

U~L Tech
, Memo- j 933—329—63 of 6 bee., i963

THIS PAG E IS BEST QUALITY FBACTICAa~~~
1~~M 

OOIFX IWQUSH~~ 1’Q P~Q 
~~~~~~~~~~~~~~

I

~~ ~~~ 

-

~~~~~~~~~~~~

- — -— —--- —

~~~~~~~~~~~~

-

~~~~~~

- - -  

~~~~~~ 

- 

—

~~~~~~



‘

~~~~~~ 
, ri~

;; ’r~ . -Lc~’ ,~-
L~~ 1 ’  .~~ ‘~r~~~’~ ~~~~~~~

- —r-- ~

I i ’i ~
•t t  I ‘ ‘

‘r-1-)~ ~~ ~~~~~~~~ 
‘
~

~‘ ~~~~~~~ C~
- 

—
~~

~~~~~~~~~ 
r )~ ’ . r ~~~~~:-)]~~~

~- ‘~-~~1

4 - -  - - 

-

I

~~~~~~~~~~~~ ~~rn ~JOi ~
~~~ ~~~~ :cy ~~~~~~~~Tyi e 2I (9.~

~~~~~~~~~~~~~ 

-

~ ;.~~;;:-~~

~ s3’ i1’~

--_ ------—-!---—-—— .7;:

TEKTR~)’~IY STORAC~.
c~SCILLc$CopE.,

_______  ~~pe_561i USL Tech.. Memo.. 933-
329—63 o f 4 L ~t~/ 63

Cfl~f~E 1..~
.ai W i t ’ ,~~ i~ _ _ _ _ _ _ _  ‘



-. - .  --- -- . . - - - —‘. - - - - .. - .  - ,—-. — - ‘~ 1.
J t’~ ‘~1 )  ~ ~{F’ 1 ~~ A Ci RD
~‘i ’ ~~•~~~Y J~• -~:~LL2c’ CR. - - — - - -— — - - -

~~~~~ ~~~~~ ic c”~~:i ’r~F~..Model 2ij 2C~~,, i— ~ -~~ ’ ,2L A 0

_.- _ .. -. -_ . -.- .--j
,

--~
~~~ r~~~I ?~ PULS’~R.

-

~~~

~ J 1)~~CO CA iIO ~i~ ~Cf)

Node]. ~~~~

T:Tp~VCO ?WLt~ ~.LrPPf.Y.

Model 2622 .

I1iTTTI~
BP.tJEL t~ND KJOER fu r :c)
FREC UEN~Y SPT~ ’

~Fi’;LT~T~R.
type 2109,

I 
‘
~ 

LOcIA RI ITTHIC MPLIFIER

US~flJSL.
—_ _  _

TEKTRc~1IX S~IORA GE
~~CILL(~~COPE .

rrype S61~

Figure 2~ ~~~~~ .

ThST~~~~iTATI~~ USED ]~ M~~~OD 2~ ‘
•~~
‘ ‘

USL Tech . Memo.> 933—.
329 - 63 of L Dec/63

~~ ,

.

~~ ~~~~~~~~~~~~~~~~ 

— — — — —

— 

— —-—



1 1
’

- 

.; 
-~~~~ 

- —L~
--- h--1 * 

- ~— ~4--~ ~~~~~~~~~ 

-.*
~

-.
-

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~ ~~~~~~

i if *1~~~~~~~~ Fftr ’4 fr 1~~~~~~~~;”1 
~~~

-
~ ‘~~~~~ ‘~~~~~ ‘ ‘ i i ’  ~~~~~

‘
~~~~

• ~~~~~~~~~~~~~~ ‘ _ I /
__
:

.L: *4 

~ ~‘- 
-ii— ‘ -fl-I , 

—
‘ r~i~

- —

~ 

H -

- - - I H -

~~~~ 4TI~ -H 
~

— -  

~~ * ~~~ ~~~
- -

~ ~~~~~~~ ~~~~~~ 
~~~~~~~~~~~~~ T1 • • t - - -

~~~~r~ tH 
) .~~~~4 

~ ~‘~1 ~~ t~- F 
- —b - 

- ~~ 
_
~ 1~~,.

1
,

_ i 
‘ 

-

* 1 F’ I - ~
z ff~tflicL~ k ~~~ 

/

j ! t ~ I . .~~~~~i~ ~~~ H:H~~H~-• - .
~~~ ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~

I

I

’ 

j

4
~1

4
1J~+ 1 L  H~~~~~I ’ 

~~~~~~ :I~1
I ’

- . — ~ - . - H - - - ~.L ‘ - - . 
-

I } I 
I I

- I t I  ‘ 1  - ‘ _ - - ‘ !~~~~ I~~~~~ 
‘ I -

I ~~ 14 i ‘

~~~~ 

r

1 
~ 

I I1 ’

~tH~~~ft~ 1 ~~~~~~ -H -~ ~~~~: ~~~~~~~~~~~~~~~~~~~~~~~ -
‘ 

I ~ ~ ;4i4~YLLL~ ~~~

‘

, 
b~ L: ~ hi ;~ c~~ ~L thfl±LLflL ~ P 

1.~~

~ 4: 
~ 1 ~ ~-‘ -‘.4 - —.. - F - .- ~ ~~ ~~~~~~~~~~~ 

‘_i ~ 4~fr I ‘ I - - ~~ - / 
~~~~~~~~~

— —— — ____ —p 
_____ 

—•_~~~,>_..., — .—

— 
4



- I I 4 ‘ I 1 - 4
—

, 
-~ - L - . ‘ - ‘ . . 4 -, 1- - 4 - 

- 
‘ ~~, 

, _ -

‘~~~ ‘: 4 ’ ’  ~~~~~~~~~~~~~~~~~ l 1 I ~~~j f ’ Ii
-

, 

L 
~

- p’ n ~ ~ ~I 
- 

I F  
~~ i ~~‘ 

~~

‘ 

~-1±f 1 !4~ L~~h~ , ~L--
I r —

- ~ ~-
— 

.

~ - - - ‘ 1  ~ H j 4 ,

I .

~ 
4.. I L 

~ 
k Li_ft ~ ~

— 

— .L ~ ‘~~~ W~j 1 t~Iitt~- ( $~ ‘ 4 * ~ F 
-- 

~~~~
I I i

I , I 
- I ,~ ~~~~~~~ 1 4  I I I  I 

*

I 
‘ — I 

4~ I ~ T ~- - --1 ~~~ ~
- - -

~~~
- : - -~~- - - -‘ - 

~- ;  ~~ ‘ ‘-~~~~ -
.

‘~~~~~*‘
I 

1
1

F F 1 4 .  ,~~~~ I~~ ! ,  I
~~~~~~~~ _ I 

~~~~~ 4 H -  -
~~~ . 

—

F — F

~~ I~~~ F I~~ 
- H - 

I I I- -- 
~! ~

- ‘ I -

I - 
.
~~~ 

~~~~~~~~~ I I  ~ 4 4 ,  —
— , ~~~~~~~~~~~~~~~~~~~~~~~~ ~i ’ ’1~ ~_1 .~- i.-_ 4_~~~ .; _

~ ?~~~~H~~~
_ _

- F - I - - I ~~ ‘ -- , — I ~ I - _ 1
( 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ t ~ i i  - I ; ~~~~~~~~~~~~~~ ~ _ , L
— - — —

~ 
— 4 —  ‘ — 

I 
—~ F 4 

—
- 

~~ 

~ ~~~

- -

~~ 

— __ ,,,___ ‘

~~

‘

~~ 

‘- F — — • — -

1 _ — I~~~~
.4_.

f- i t ,

4_
j_ , j > ~~~~~

.
~~~~~~ r ~1 i ’ ! L ~~~~~~~~~~~~

L~~~~ : ’ r 1~ , I:~~’~
4
~~ ’ H I1~L~ t H~ 

‘
~~~ - 1 rr~~ ’~ 

— - ‘f— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~*% ~

- I ’ ’  1 1 1
1 

- : _ 4 ~ I F .  • l~~.:*

4 , . Hr+H ’~~~~~ 
; -~~~~ * i~~~~~4i~~k~~ 

~
- —  ~~~~~~~~

~
‘ ‘

~~~~
i j .  I t H H L

[
4J f 4r r I ~ HP~4~ ~

—~~~ ‘ 
I~ : 4 $  

I —

W 4 f L  ~~~~~~~~ l 

~~~~~~~~~~~~~ rrr 
-
~+~

- 4~~~~~~~~~~~~~~~~~~ 7 F ~~~
— ~~~ ~I ’ i ~~~ I~~~C 1 ~~~~~~~~~ ~~I~~~~~ ? 4  I I 1

, 1 -
/  - - - - H ~~~~~~ -- - - 1-

~
- - ’ -H - ,  

~~~~~~~~~~~~~~~~~ 

.~- t : . -  H~~~
I F  i I  4 4  . 4  - - -  H - I —

~
I H’ ’ ’~~~. t 4 1 4 j J ’ ~~ * I - H , I . j  

-
,
-

F 

~H
1 J~~~

I l 1 I
~ I 1 l_ t_ I_ F~~~~_ 1 -

~ t
l~~~l ; ~

_L1__t_I 4._
~

_ i_ 1 I
~~ ~~~~~~

I J 4 _,J ~~~ 
1 

— 4 —
~~~~ ~( I  ‘ _~~ ~ ~I~_ ~~~

~~~~~~~~~ J i ~ ~~~ WJ Li 1 . IJ J L~ LJ~
- - - E- F ~‘--~~- l~F ‘~ - - - - F ’ - ‘ - F.F 1 I ‘ - 

/



USL Tech. Memo
No. 933—329—63

115,  ‘ 4 r .F;)ut~ on List

~oJeCode 101
Code 900
Code 900A
Code 90(X
Code 907
Code 922
Code 930
Code 930—S (3)
Code 932
Code 933
A. Donn Cobb
G. T. Adkins
II. 1.. Phelps , Jr.
Code 904
Code 902
Code 904.2 (5)

~~t e~n~~
ift~~ IPS (Code 689C) (2)
n-r siirp s (C~~J~ 683E ) (2)

J.J1 F ’.SL (Code 9370)

‘C.

F..-


