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1. IntroductIon

A triangular matrix reveals Its elgenvalues on the main diagonal. By

Schur ’s l enina any square matrix Is unitar ily similar to an upper trianqular

matrix with the eigenva l ues arranged In any desired order along the diaqonal .

In practice the QR algorithm in real arithmetic produces a block triangular

matrix in which the eigenva l ues are likely to be in monotone decreasing

order by absolute va l ue down the diagonal. Howev ’r th ic monot onicity

cannot be guaranteed and for some purposes the orderlnci by .ibsolute va l ue

Is not what is wanted.

The problem which we address here Is to find sww~ simple orthogona l

similarity transformations which have the effect of exchanging two diagona l

elements (or bloc ks) while preserv ing bloc k triangu lar form. Actually we

wi ll show only how to swap adjacent blocks and so the exchange of distant

blocks must be accomplished by a succession of adjacent swaps.

Although the cost of such a swap Is small it Is not neglI qible~ 
* an

n ’n matrix (p+q)2n multiplications are needed to swap adjacent diagona~1

blocks of orders p and q.

2. Ruhe ’s Trick

For any real 0 and s sin ~~, c cos 0 the synmietric matrix
1- s c
I Is an orthogonal matrix representing a reflection of the plane.
I c s
Observe that

—s c L~ -s c c~1s’—0sc +c*2c2 
,

C S 0 “2 C 5 -i’i1SC +t3C2+C12SC , ct1c
2+L~sc+~’,2s

2

The new matrix is upper triangular if and only If

cU~c - (c*1-c12 )s I 0
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The choice c = 0 represents no change, the choice

tan I) • s/c •

results In an exchange of ci.~ and The new (1, :’) element is

# (~1 —~~)c1 —s[t~s + c2~/si

Now suppose that c*.1 Is the (j,j) element of an n ’n upper trian gular

matrix. The plane reflection Indicated above, effected in the (j,j+l)

coordinate plane , will swap and t*2. Postmultipli catlon aftt ’~ts

columns j and j+l while premultiplicatlon affects rows j and j’l .

This requires 4(n-2) multip lications . To keep the angle 0 in

(-n/2 ,1T/2) we define

C

s • ~ sl gn(ct1 -~2)/d

Note that when B • 0 the transformation merely exchanges the two rows and

the corresponding pair of columns.

3. The General Case

Consider the reduced matrix

A1 B A 1 Is p~~p ,

0 A2 A2 is q~~q .

We seek an orthogonal similarit y transformation which swaps A 1 and A~.

In general this Is not possib1e~ fortunately we can achieve a form which

is as useful as exchangi ng A 1 and A2. We denote ~ 1T the t r~~n’~po’~t’

--k--A
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of any matrix Z. A partitioned matrix

T-S1 C2 C1 is p~~p

C1 S2 C2 I s q x q ,

is orthogonal if, and only if, the following relations hold:

(1) C1C~ ÷S24 = I~, =

(2) STS1 +C24 = ‘q 
= C~C2+4S2

(3) - c1s1 +s24 = °p,q

(4) - S1C2+ CTS2 = °q,p

Note that if CT C1, C~ C2 then we can take S1 S2, however this

is not always advantageous.

We seek an orthogonal matrix of the form shown above such that

-~T C2 A1 B A2 ~ -4 C2
C1 S2 0 A2 0 A

1 
C1 S2

On equating the (2,1) and (2,2) blocks on each side of the equation we find

(5) C1A1 A 1C1 (also A2C~ C~A2)

(6) C1B~~S2A2 
= A1s2

When C1 is invertibl e (more on this below) then (6) can be rewritten as

B + C~
1S2A2 C~

1A 1S2
= A1C~ S2 , by (5) *
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We now let the p x q matrix C~~S2 X/C , where C is a positive constant

at our disposa l , and substitute i nto the equation above to get

(7)  A 1X - X A 2

In order to obtain C1 from X we pre- and post-multiply the first ortho-

gonality relation (1) appropriately and invert to find

1 + - C~~C~
T

or

(8) (C1/C)
T(C1/C) (Ir ?+xx Ty l

Using (3) we find that X/~ also equals S1C~
T and by using (2) we obtain

(9) (C2/c)
T(C2/C) (I qC

2 +X 1X)~
1

It is well known that an X satisfying (7) exists and is unique if

and only if A1 and A.,, have no eigenvalues in coniuion. In practice only

such cases interest us but we want the algorithm to be robust in the face

of some perverse or extreme requests. Clearly if A 1 
= A2 we want the

al gorithm to do nothing rather than to fail. In such a case C1 C2 0

which is far from invertible. By taking C = 0 and setting C1 / i . = ~~~ =

• X = I the algorithm will work. When the eiaenvalues of A 1 and A2
are close, in some sense, then I. will be chosen so tha t

maxU.IXI} = 1 approxIma tely.

There are infinitely many C’s satisfying (8) and (9) and any of them

will do. In the absence of other constraints the synvuetric sol utions are

the natura l ones; If CT C1, C~ = C2 then S1 S2. but this fa~t is

not obvious. In this algorithm , however, we prefer to choose C1 and C.,

so that A 1 and A2 
have a convenient form for most applications.
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It is not necessary to compute S1 and S2 explicitly. Write

C1/~, the scaled version of C1. Then

c o _xT Cl
(10) 1 2 a 2

Cl S2 o ~i x

and P is best applied in this factored form. In practice the orthogonality

of P is completely determined by the accuracy with which the C’s satisfy

(8) and (9).

It is not necessary to compute A1, A2, or B explicitly since they

will emerge when the similarity transformation

A B
(11) P

0 A2

is effected. For completeness we give the formulas

S1 a X ~ ~~~~~~~~~~~ ,

(12) A1 
= ~1A1e~

1 
, 4 = e~4e~

l
= A2C~T4 

- S~Cj
1A 1 “;TA24 - STA 1C~1
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A 1 B
4. t!i~..A!Ior.,ithm for 

~~~ 
A a 

~ A2
1. Clear the (2,1) block of A.

2. Solve A1X -XA 2 • E~B for X and C using subroutine TXMXT .

(~ is chosen so that UXI I 1

3. If t~ • 0 then exit.

4. Solve ~ W1 for using CTCEOW .

5. Solve C2C2 
• (

~ +X X) W2 for C2 using CTCEQW .

6. Premultiply A by P using NEWCOL .

7. Postmultiply PA by PT usIng NEWROW .

8. Update the matrix of orthogonal transformations using NLWROW .

9. Force the diagonal elements In the new blocks A 1 and A2 to

be equal .

Name Executable Statements Count for 2 2 Case

SWAP 17 32n mult iplica tions

TXMXT 52 42 multiplica tions

CTCEQW 17 32 multiplications
4 square roots

NEWCOL 22 16 mul tipl Ica ti ons
per column

NEWRO W 22 16 multIplica tions
per row

5. Solving A1X -XA 2 = 8

When A 1 
- [~ iJ, j • 1 ,2, the linear equations which determine X

~~~ 
~1can be solved stably In closed form. Let ~ cz1-cs2, then the equations

may be wri tten as
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x b

(1) x = b ; x = 
X 12 , b = 12

C x 21 b2~
b22

where
6 2 62+ B y  -26y

(2) c =  2 , ~~~~~
= 

2 2

6 _258
2 ~

Multiply (1) as indicated in order to make the coefficient matrix block

diagonal ,

C2 -B 0 C -B
(3) 1 

2 x =  b .
0 C- B 1y1 -Y 1 C

Now let

2 1 T 2612
G =  (C - B Y Y  = Id

T

where

(4) T = 62 + 82y2 - 8111 , d = T
2 - (2682)(2612)

and premultiply (3) diag(G,G) to f ind

G O  C - B
b

O G  C

6b11 - y2b12 - 81 b21
G 0 -82b11 + 6b 12 -8 1b22

= 

0FG i 
+ 6b 21 -12b22 

‘

- 11b12 - 82b21 + 6b22
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)
+ (26 2-T )y 2b12 

- T B 1 b21 - 26~2~1b22 1
(262-t)B7b1~ + •6b12 - 26i~1 B2b21 

- ti~1 b22 /d
- 261112b124 ~6b21 + (26 2 -T )y 2b22

- 
- 26y182b11 - Ty1b12 + (262-~ )B2b21 + 46b22

y/d

defining y, where

= i - 2~~B2 62~ (B~~~~~~ ) ~ 0
2 2

‘p = 26 - = 6 + (8 1y 1 -B 2y 2 )

Inev Itab ly (5) Is Cramer ’s rule and d det(A1~~I - I®A 2) so that d = 0

if and only if “1 
= 

~“2’ 
8111 

= 8212.
Among all the coefficients in the linear combinations of the elements

0f B which are given above only i and ip involve genuine subtractions

and possible loss of information through cancellation . However by rewriting

them in a more complicated form all unnecessary loss can be avoided . From

(4) T = o2 
+ 8212 - Bill and if either of 62 or is tiny compared

with the other two terms we want to add it In last. Similarly for ~~. Thu s

we use

‘p = (B y + max{621-82y ))  + mifl{6~ , 8  V
(6) 1 1  

2 
2 

2
2 2

T = (82y2 + max{6 ,-BiYi~
) + min{6

Here is an example for a machine with a relative precision of 8 decimals,

I.e. the f loating po int result f l(108-9) is io8 whereas f l ( 1 08- l0) is

io8_ 10 = 10(lO ~-1). Let 62 
= g, 

~~~~~~ 
= _ (1o8_ lo), 8212 

= _ l08 then

f rom (4), computing from the left, r = fl ( f l( 9- l0
8) +1 08 _ 10) = -10

from (6), computIng from the left, i = f l(f l(- 108 + ( 1 0 8-10) + 9) = -l
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If we are given a matrix M with eigenvalues near ~l0~i and are evaluating

exp(lOM) then values l ike the ones given above will occur.

Normal ization

The Important matrix in effecting the orthogonal transformations Is

0 -X1 C

C X

and we want our formulas to be accurate right out to both extremes:

-I 0 0 I
and

0 1  1 0

An appropriate way to achieve this is to choose C so that

max (C,IXI} 4 1

EquatIon (6) above yields y so that the correspond l na 2 2 matrIx V

satisfies

A 1 V - VA 2 dB

where d is given In (4). To get x and C let i-
~ 

- NyU ,0 then
Case l: ~~< d , take x = y /d , ~~- 1 .

Case 2: ~~~~ take x = y / r~, C = d / t ~.

_ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _ _ _  

~~~~~~~~~~~—--- ~~~~~~~~ — 

ii
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The Algorithm for TXMXT

We solve A1X - XA2 
• CR when A1 and A2 are 2 2 standardized

matrices as follows :

6 ~~~1 -a2 , ósq - 62 ,

e • •

• ‘p — 
~~~~1 

+max(6sq,-it2}) + min{6sq,-ii2} ,

• T — (n2+max{6sq,-u 1 )) + min (6sq,-~1 } ,

q — 2 s y ~ , h -  26B2
d • f 2 - qh

At this point y can be evaluated from (5). Then

n 1y1 ,

x Cy/max(d n)

new C - C’d/mex(d ,n)

I
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6. SolvIng CTC = W

In some appli cations the A1, I 1 ,2 , have the special form

0
A 1 = 

~i 12 + , ‘.. (I

Y j 0

and we want A
1 

to have the same standardized form (equal diagona l elements).

Because A
1 

is s i m i l a r  to A 1 we must have

-5- 0
A 1 = ci1 12 + , ~~~~~~ 

=

0 i i  1

This requirement fixes the matrices C1 and C2 of the previous section .

A straightforward way to derive fo rmulas for C1 and C2 is to obtain a

particular solution to (8) via the Choleski decomposition and then to

standardize the resulting diagonal bloc ks.

Let and R2 be upper triangular and satisfy

RTR1 = W 1 (C 212 + XX T Y l

R~R2 = W2 (C 2 12 +x Tx) _ l

where X sol ves (7) , A1X - X A 2 = CB. Next define

R1A1R~
1 
‘ 

A 2 R~
TA2R~

Now let J1 and be the unique plane rotation matrices which stan-

dardize and A2, i.e. both

J1A1JT and A2 J2A24

have equal diagonal elements. The appropriate C1 and C2 are therefore

= J1R1, 
~2 C~/F, = J2R2.

I:



-‘
~~~

-5- :‘
~~~

‘
~

14 

)

Let us drop the subscript and dot from C1 and A1. The condition

CTC - W (t2I2 +xx Tr
l

imposes three quadratic relations on the four elements of C. If

A • ( 
~ ~ } then the requirement that CAC 1 have equal diagonal

elements (both a) imposes another quadratic constraint , namely

yc 12 c~2 ,

which suffices to determine C. However the direc t solution of these

nonlinea r equations is far from obvious. Instead we shall derive the

solution in a straightforward but lengthy manner via the Choleski factorl-

zatlon of W. The final algorithm is however very compact. Let

d2 
- det(C2I2+XX

T) = C4 
+ C2 (Y ~ lx 1~ l2 ) + (det

Then define M by

W - M/d2 -i71 C2 +41 ~42
d L -(x11x21+x12x22) C +x 11 +x 12

and note that

R - .i~1 /m~~ m12/A~~
0 d/~f~~

is the Choleski factor of W. Note that det M - d2. The next step is to

form

Ij~
hi. ——— — .—- — . . — — -— — — 5 -—
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A - RAR 1

_ 
r11 r12 0 B 

~~ 
r22 -r 12 -l -1

H r11 r27 + ct!
2 
,

0 r22 y O J L  0 r11

• F yr 12 (Br~1 -yr~2)/r22 r~ +

L yr22 -yr 12

6 a 12 1
I + ctI2 .

-(S J

Now let J be the plane rotation which standardizes A .

T c -s i 6 ~ l i c s
A JAJ ’ I 12 11 + ctI

5 cJ a21 -6 i L - s  c 2

I 6(c~-s2) - 2Ssc 25sc + ~12 c
2 

- a21s 1
2 2 J + (( 1

L 2ósc - ~12 s + ~21c -6 (c -s ) + 2~sc J

where

-

The proper choice of c - cos B Is therefore given by

tan 20 — 2sc/(c2-s
2) — 6/~~

So

2c2 - 1 + cos 20 = 1 + â/v ,

= 16
2

+~~~~

c = ~‘fl~ T~TT~)f2 , to keep ~0{ 1T/2

s sin 20/2 cos o = 6 sign (8)/2cv

_ _ _ _  ____________________ 
_ _ _ _ _  J
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Finall y

C • I~ -s [ r11 r12 Cr 11 cr17-sr22
5 C 

~ 
0 r22 Sr 11 sr12+cr22

Our object now Is to get rid of the Intermediate quantities and

exp ress C in terms of d and M. So

- (Br ~1 -y [ r~2-r~2 J ) /2r 11 r22

• y[d 2 
- (m~2 - Bm~1 /y)J/2m11 d ,

E y c/m 11 , defining ~.,

6 — ‘,r12/r11 1m12 /m fl ,

v - IyI~/m11 where ~

Since By < 0 the expression

-

is positive .

At the cost of an extra square root the Important quantity :. can h.’

written in a form which is attractive for finite precision computation

[d2 - (m~2 -8m~1/v)I/2d - (d- ~ ) (d +i~) / 2 d

Hav ing computed d, M, C and • we obtain the des ired formulas:

(1 • m11/2d2

— cr 11 • ‘~tT+ 1~I/4T ~
C21 • sr~1 — r~1 6s ign(â)/2v(cr11) •

C 12 • cr12 -sr22 • (c11 m12-c21d)/m11
C22 • Sr 12 + Cr 22 • (c21m12+c11d)/m11 .

_ _ _  - _  _
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For completeness we note that

0 ~ - 
c 11 C12 0 B c22 -c12 d

~ 0 c21 c 22 y 0 -c 21 c 11

so that

— (Bc~1-yc~2 )d

-

The matrix C is computed by the subprogram named CTCEQW (i.e. CTC = W).

Computation of C2
The subprogram which computes C1 from d, X , B, y can also be used

to compute C2. Recall from (9) that

C~C2 • (12 +x T xY l

By syninetry d2 - det(I +x T
x)  = det(I + XX T ). Moreover , from (12)

AT 
= C A TC~2 2 2 2

By transposing the data we can use the same formulas as given above for C1.

The data is d , XT 
~~ 

B2 and the output will be C2, -‘
~2’ 

i” ? 
In other

words it is only the Interpretation of the parameters which distinguishes

the computation of C2 from that of C1.

7. Perform1~~ the Simi 1ari~~ TransformatIons

In practice A1 and A2 will be contiguous submatrices on the

dIagonal of some big block triangular matrix. The similarity transformation

determined by P affects elements in the same row or column as those of

A 1 and A2 as Indicated in the figure.
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Figure 1
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19 H
Let those elements in a typical col umn which are altered by the premul-

tiplication by P be partitioned conformably with P as ( 
~ 

) . They

will be transformed Into

u 0 -X T CI u
P =

V 0 e 1 C I X  V

= 
e2(C~-X T

~)

(Cu + Xv )

Notice that the number of multiplications required to effect this is pq

for each of X Tu and Xv plus q2 and p2 for the application of

and C1. This is the same as for multiplication by the full , non-factored

vers ion of P except for the ( p+q) multiplications involving ~..

There Is a surprising difficulty in writing a program to effect this.

The program must work for any values of p and q and this condition

prevents us from supplying the input data as values~ they must be names or

references si nce the number of them , p+q, is not known at compile time .

In other words the subprogram is informed that elements m+l through

m+p+q of an array V are to be transformed .

The disadvantage of this constraint is that the same code cannot be

used for effecting the postmult iplication by PT . More precisely , the

price of using the same code for both cases is a loss in elegance and

efficiency. The difficulty can be seen clearly by looking at the listings

of the subprograms NEWCOL and NEWROW. They differ only where a variable

V [ I ,kJ in NEWCOL corresponds to a variable Y [ k ,il in NEWROW .
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8. GaussIan El imination for Solving A1X -X A 2 = 8

The linear equations defining X can also be solved by block (aussian

elimination in about half the time required by the algorithm j ust described.

Three different factorizations are appropriate (i.e. stable).

Case 1: a2 >> max (-61y15 —82y2)

12 0 C 
~l~2 

- - 
b11 - 

b21
y1C 1 12 0 C-B1y1C 1 

~2 
- 

~2 
‘ 

~l 
- b12 

b2 - b22

Case 2: 
~~ I > I 8~I >> max(52,-32y2)

12 ~ hlI2 C 
~1 -

Cy~
1 ~~ 0 - (C 2-81

y1 ) ~2 
-

Case 3: 112 1 ~. IB ~~I >> max(6 2,-81y1)

12 ~ ~2 ~1 ~2
1 1 ~2 = 6-~12 ~

‘2 0 C -8212 ~2 1

— ( 
~~ 

‘ 
~2 

= ( 
~;: 

) ~ • ( ~ ) ‘ 
~2 

= ( ~ )
In each case X can be found with 16 multiplicat ions and 4 divisions . Further

rearrangements should be made when IB i l > 1111 In Case 2, 182 1 ‘- 112 1

In Case 3.

The extra length of the code (100 statements versus 50) does not

appear to warrant a saving of ‘16 mul tIplications.
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9. SwappIng Large Blocks

The algor ithm we developed for swapping was quite general with A1 p x p

and A2 qxq. However the individual subroutines TXMXT , CTCEQW, NEWCOL , and

NEWROW were special ized for p < 2, q < 2. Here we want to poi nt out that

general versions of these programs are readily produced .

1. A1X -XA ~ 
= B can be solved for X by the algorithm of Bartel s

and Stewart [B and 5, 1971]. In our case A1 and A2 are already in real

Schur form and X can be partitioned to match A1 and A2. If the equa-

tions defining X are taken in the proper order the system is triangular

and can be solved by

A X kZ~~
XkZA~~ 

= Bk~ 
- ~~~~~~~~ ~~

X k IA~~
)

The proper order is k = ~~~~~~~~~ £ = l ,2,...,~. Here ~ and ~ are

the block orders of A1 and A2.
2. CTC = (C2+XXT)~~. The positive definite matrix C

2 +XX T can be

formed expl icitly and its Choleski factorization RTR computed in a standard

manner. Then RT can be overwritten with its inverse to give a solution e.

3. The execution of the orthogonal simi larity transformation , in

factored form

0 -X T C

0 C X

presents no difficulties.

We mention this possibility only to reject It. The rival method is

simply to swap A
1 

and A2 subblock by subblock , using the programs which

we have presented here, that is by swapping many 1 ~.l’ s and 2x 2~s. The
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operation count for each method is approximately (p+q)2n multiplications

and additions but the general procedure sketched above would require sign i-

ficantly more program statements.

In the language of computer science we are reconinending the recursive

swapping of big blocks.

I
_ __ _ __ _ _
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)10. Test Results

(a) 6*6 Matri x (Separated Elgenvalues)*

1. Orig inal Matrix

— 

2.0000 3.0000 4.0000 5.0000 6.0000 1.0000’

-1.0000 2.0000 5.0000 6.0000 7.0000 8.0000
6.0000 7.0000 8.0000 9.0000

8.0000 9.0000 10.0000
12.0000 11 .0000
-1.0000 12.0000

2. Swap 1st and 2nd blocks , 2 1 case

6.0000 -4.2583 -4.6036 9.6667 11.328 12 .990 -

2.2~~l0~~ 2.0000 3.2930 -3.8212 -4.3070 -4 .7929
-0.91103 2.0000 -1 .3978 -1.4569 -1.5161

8.0000 9.0000 10.0000
12.0000 11 .0000
-1.0000 12.0000

3. Swap 3rd and 4th blocks, 1 ~.2 case

6.0000 -4.2583 -4.6036 13.192 -13.265 6.3656 1
2.2~~l0~~ 2.0000 3.2930 -4.8713 5.170c -2.3615

-0.91103 2.0000 -1.5437 1.8492 -0.Th55l
12.0000 0.69449 5.5837
-15.839 12.000 -4.5244

- 
4.2\l 0 14 -l.3~~l0~~ 8.0000

*Computations oerformed on 14 di git machine, results rounded to 5 figures
for display .

-- L~~~~~~~~~~
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4. Swap 2nd and 3rd blocks, 2x 2 case

6.0000 13.402 -14.062 -1 .3625 -3.1781 6.3656
2 . 2 x l 0 ~~ 12.000 0.63866 -3.6006 0.39991 5.3584

-17.224 12.000 -0.21201 0.40812 -5.1223
-l .0~~l0~~ 4.6~~10

’
~~ 2.0000 2.7985 -1.6498

_ 4 . 7 x l c 114 2.5~~l0~~~ -1 .0720 2.0000 -0 .35352
4.2~~lO~~ _ l .3~~lO 14 8.0000

(b) 6x 6 Matrix (Close Eigenvalues)*

1. OrIginal Matrix

- 

6.0000 lO~~ 4.0000 5.0000 6.0000 7.0000
-1.0000 6.0000 5.0000 6.0000 7 .0000 8.0000

6.0000 7.0000 8.0000 9.0000
6.0001 9.0000 10.000

6.0001

- 
-1.0000 6.0001

2. Swap 1st and 2nd blocks , 2x 1 case

5-
6.0000 0.99984 -4.9995 -5.9992 -6.9990 -7.9989

6.0000 4.0006 5.0010 6.0011 7.0013

-2.4996 x l0~~ 6.0000 7.0000 8.0000 9.0000
6.0001 9.0000 10.000

6.0001

- 
-1 .0000 6.0001

*Computatlons performed on 14 digit machine, results rounded to S fiqures
for display .

-~
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3. Swap 3rd and 4th blocks , 1 x2 case

6.0000 0.99984 -4.9995 - 7.9996 5.9992 6.9983 -

6.0000 4.0006 7.0019 -5.0010 -6.0004

-2.4996~~lO~ 6.0000 9.0008 -7.0000 -7.9991
6.0001 9.9992 io_6 0.99992

-10.001 6.0001 8.9991

3.9xl0~~
8 _4.3~~l0

19 6.0001 
-

4. Swap 2nd and 3rd bl ocks , 2x 2 case

6.0000 -4.9997 -0.99972 -5.9991 -7.9995 6.9983 
-

6.0001 2.4995~~l0~~ 7.0000 9.0008 -7 .9992
-4.0008 6.0001 -5.0011 -7.0020 6.0006
-2.1 x lO

_23 _ 6.6x io
_24 6.0000 10.001 -8.9989

8.9x10
_24 _ 3.8x10_25 9 9994x10~

6 6.0000 1.0000

3~9 x 1O~~ 43 10~~ 6.0001 
-

_____________________________________________________ ______________________________________ — —~~~ — — -— --- -5 —.— - -—
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11. Program Listing

~~~~~~~~~~~~~ ‘~~~~~~ A ’ ’t  M ,P,., , ‘ i.i t . t , 1 ,L.’)
fl t ’ A ’I . 1

~f._AL.
‘OUT” 5I~~ NC ( ~~ I • I ) . Y I Z .1)) 1 C I ( I ~ 1 )  Y I I ‘ ) ) 

~ ( ~. (I • I )  • V ( 1  . - ) I

~ F K( #4 A~~r.’ \ t ) JA ’ ~ - T ~.IAC.C- P~.AL ~ 1 I C K ~ “I AM ) ~~~ ~~ ( T N N ! N~~~ I r  ~~~~
‘
* it ~~~

, C ~~~~~~~~~ - - ‘ ‘~~~~~ ‘ ~~I’-’ I L \ ’ I 1 Y ~~‘A r ’ I ’ T : Y ~~ ’ T ’ N , r ’r ’ r . 1 -~~~-~ ~~~~~ ‘ , “‘ ~r . - v T N .  “~~
T . \ \“ • 1 ~, ~. I ‘ ‘ .~M ‘ • It. - - ~~ Y - . I I - V L 2 • 

-. 
.‘ t -- I •~ ~‘I’ ~

I ‘~~ ,I t 4 I 1

_,) 2±i2_ . -- ~~~~~. . ._ --  - - -. - - - -

• C
C * ******~l**( L * ~., iHr (?,I) I1I. O(~I. ,

~ ,J~I~L 1 . - _. - -

‘
~ i ii ,t -

~
-~ ( I’# T , I t  4 .1— ITO ,

C
~~~~~~~~~~~~~~~~~~~~~~~~ I CI-~ ~~1!’~ ~ I’ — I ~~~~~~ ~~~~~ 

rr ’~ 1~~~ t~’ t~I t IV  (.. .‘.
CA t L 1* yx ‘ (N’~ ,N , I .1 1 , J :i, a I .1 •‘, ‘, 7, * 1

‘ • ‘~~~), ‘ . 1 - ‘r ‘rur ~~
C

-~~~~~ ‘ •* ø*~~ * *W r r M c, I~~
r CI ~ I-1Ct ~

t c i  • ‘- c t  (Z ’ ( )~~t 4 *~ K Y 1 0 W —  1
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- $ , \ i I ~~ ~ ‘ •~II I ’ ~ •~~r ’ c ;  ( 7  i - I  ~ “ ‘ ‘  t~~ ’~— 2  .

~~ 
r I ‘ , ( I  , I I , ‘( ( .‘, a I ,  ‘~t I —, I • ~‘( ‘ , - , 1 , ( S t  , J ‘) , ‘TI , • P I I $ ~. i ,t a

( ‘ A lt  ?r ’ , ) ( ~~~, v ( 2 , I ) . C t I , * ) , * I~~~. I I .* l , I l , i f J 4 .J i ) , T ( I ~~~, j A ) , I .’ ,~ ‘ I

~~~~~~~~~~~~~~~~~~~~~~~ ~~~ y Nc~~~ r P J~~- TIIN ON C l L JM N’~ A Nfl  Pfl~~ c ~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ p.

(‘AL l N’ *vr ”  ( 7 , I I ,L .~ ’, V , ’ , r.l’i , N , 1 I , I 2
-- --

C / h%, ( N ’  W V  < C ‘ , I I .1 - ‘ • V ,~ ,N~~ , N , .i I ,
C
( --.s’~~ ~~~~~~~~~~~~~~ •~~, - r  ~ r’vt • -

~u~~l , Iv -‘ “IT A C . C NA I  ‘ II U! NT ” , TN n~
If ii.. -.L~~7~ r-’ 1 ? ( -~‘ ~ ) II  

— .J I • I p J 4 I ~‘ ‘ C  ‘I J I , It I • T( J I 4  I ,J1 • II
TF (LI .r (~. .~~~ 1 ( J 4_ l . J 4 1 2 r ~~(J~~,J 4 ) r I T t . I A - I , J 4 I ) + ” ( I 4 ,J 4))/ ,~’.
Qt~YUf~r’qI 

--5- -

~ UNI : I1UT1M ’  i~~ r -~~*( 7 • * a a ,*~ ‘t •x i ‘ ~~~~~ ,~ i’ ‘A , rAM .C,L I
I ( .~,.‘I

~~~~~~~~~~~~~~~~ T N ’ ) A P 4  ~~~~~~~~~~~~~~~~~~~~~~~~~ C Y1~ ‘i~ ’t • w • ‘ (7s~~1T • ic è x l ) 1 I * _ I  -

IF  (L  •c ’r . ~ I ;n rr~ t o

1~’ !S ’ .  ‘-4
I,a “ - - ‘ i  ~ ~~~~ . x ‘ 2 ’  ~ .‘ + ~~~.

‘ ‘ ‘

a a~ -~~.’i •* I.’~ ~ ‘ . • I
~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ -~ , ,

..,
~ ~~~~~~~~~~~~~~~~ -R 7C.~~)~~T( I.) I

eGA • — ‘~~~~~~~M I l 0~~.2/ C~At.i)•r ‘TA • ( I~~’Y, ) — I r. A ) * ( ç - ’rn • r ( & ~ ~~ ~-~~~Tr~I

• ~~~~ ~ “ at ,r ‘. i’-’ • a
1 I. I )x ~~- ’~~ ’ T I P  ~ ( 

~‘( I. 4 A ’ ~ ”~( ‘T~ /rI—~ I I
( - - .1 I — ~ T~~” ’ ( I  P r ’ T A I~~~~I • 4 % , ’I~~. P  ,~r’ ( r’ Il 1’~r - ( 1 , 1 ) 1

— -~~~~~~ - - (1k ’)  (~ ( 1  .1) ~~~~~~~~~~~~~~~~ 
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~, I I t :~~~IT ~~N~ T * V ~~~~ ( F I ~iI,h1, 1 ,J l ,J2 , L T , t 2, I~~,F ,* )

— 
r l f k i  ~.

- ,~~~rn: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C SflLV Ij F(I~~ L i  UY L 2 M A T P I *  x TN “ l U X  — X * Y 2
C T i  ~ Nt’) ‘

~~? ‘~~ (~t N  TN ~ CwC ii AN t) J2 , 7 r~ (1 v’N ~~~ ‘ 1 t .~’YC 9UT ~~ t’Xt” ‘ Tc I~ C Nc UCIF Nfl~’~M ( Y ) , , t ’ , t ,
- ~(L .,,x ) ( I . l ) : ~~( 1 , ” ) ) ~(2j 2 ) C .

~ ~ ( 7 
• •

~~• r • ~,‘r 1’ ,jr ~ -i

w = ; ’ ~~’ 14- I -‘—

~~~_ _ ,~
__

~~_L1_ f t )  I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1) ~~t IC
r

:1 C*******$******II /- NP ?~~ 1 A V’ TH~ SAME F I I~~ P~V A L t , r - , , .  ~r T u-~r4 1=). $
A X C 1 , l ) = X ( 2 , 2 ) ~~ i.

-~~~~~ _ , _ _ .  Z~ _C.*_ ____ ,_ _ . _ --  - -

~~~~~~~~~~~~~~~~~~~~~~~~ I’ r.- M I ~ 4r O h M !  N4~t CNc OF ~~~L t 1 T T i ~~ *.
- — T j  - ..LJ.C~.-2’~-- ._J-~ .. &C.i... ~ -‘- - - -- -

C
C*~~~~~.$* * * * * ** *i TL  7 S  1 PY I, 12 1~~ 1 laY i.

In x M A X = A ( -~S ( r ~ I J 1  ,J P - ) 1
- — -- 5 - -  ~~~~~~~~ S.L~LLL _— ~~.- - -- .  - — - -  5-~~~~~~~~~5--5 _ - -

* 1 1 , 1  I~~~
1
~~ ( J i , i .~~ ) * (7 / ~~~M A * t (  ~~~~~~~~~~ )I I~ ‘ I’.’i( t o  • fl: I I

.()  “~~ ~~ !
r

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1 TS 1 ~~~~~~~~~~ 12 I S  .~ ~iY 2. - -. - -

~‘O caz 0rL* .2—r(J2 .J2+l )~~T(J2 - .I,J ,))
X C I ,  1 1 =  ( ~‘C J I , i2 )*OFL +P (.1 1 ,J2# )* ‘TI -12$’ 1 , J~’ I)
x ( t , ~~)r(4( J 1 ,J2)*r(J ~~,j2.t).~~(Jl ,J 2 .j)Tr~F I

~~
_ _

~~~~ M*1iAMA1UjMjS( X ( j .j~~kjt5 (~~~(I12j))  -
r.( I n  cc

I.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ T c  ? ‘~ Y 2, 12 T ’ ~ ~ r ay  a~
- ~~ L~~~~~-’ U I  ~~U .t. (.1I~~L.L1J,

X l i  • 11 : ( ‘)~~i $r ’ C .91 , J2) — T (  Ji ,Ji + 11 ~ g C .1% 41 ,J’) 1

X M A X  : A MA X I  ( Af1~~( * C i  , i ) 1  , APS CX (2 ,1  1) )
- -.  - -

r - ~- - •~-~ ~~ ‘ ~~~~~~~ ‘1 i c  ‘ •iv 2 , ‘T.’ 1 3  ‘ ~v :‘.
4r  ~i f ? l :~’( J I , J 1 , I I

. AV I  T U i1+j~~ ,Jjj -
J 2, 1 2+ 1 )

GAM2= T (J ’~+1,J2 )
U~ lx  T 1*( ,A M l  

— - -- - - 5 - - - . --. - - - 5 - - - -  —; ( ~~O~~I “ ?
t~~~I ~~~~~~~~~~~~~~~~~~~~~ I 

- 

-

H . ~D* D ! 1t ’~’ r 2

~ —
T I  (~~) ~~~~~ C . )  C- ” r’ 4
~~I1 ‘ ( J I  ,J. )

_.,_~~~~~~~~~~~~~~
‘ (  Jl ,J’+ I)

R 2 I x P (J 1 + 1 ,J 2 I
~ 2P2Q (J t + I , J 2 + 1 )
X C 1, 1)=r ’ II ,rfl2wGAM ? 1—fl? 1*1 r- i*r
I( :~~. I i — ’-— : I ~ ~t. ~ 1” i -‘— ‘ i ;  ~‘ ~.s. ~~~~~ a— - - -

~~~ • ~ 
- ‘ ~ ‘‘ ‘‘~ a t

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ 1 4 ” - ? ? ~~~
~ — “-\ ‘

~ I I A~- 1’ 1 ) 1 ( 1  , I ) 1 , A P~~
’
~ ( * ( I • , ‘ I 1 , - I ’, U’  I • I)  • ~ 

-
~~

- ( ~ ( ‘, 1) )

C
~
— -  

~~~~~~
-
~i*  ~~~~~~~~~~~~~~~~~~~~~~ Nfl(~ M I X )  -C 

~~~~~~ 

- -

“ ‘  E = 7 / A M A x ~~C K M 4 x , ( )
00 ‘O J 1.L2
1~Si-~-0 t - - - ‘ - - -

IF ( K  . * ~~ -“~‘.r~) ‘~ ‘‘~~r’,~~ M~~ ,(
, ‘L ‘r~~Jr~~~
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)P,r Nr w vr  C U ,N I ~~~~~~~~~~ ‘, V , N M , ’J , M I  , T~i( I

C- ~ 
- ,j • V I  I I , 7 1 , , ~ C 1

C COMPU !~ ~~~~~
‘ (f’ V - ~L~~U s d ”  (L” U . 4 ~~‘V1 . N L W V

C WM ~ ”F C I  1’ - N I  •,~‘v 1’: i , r 2 IS N ; r~ ~ N? ,  ANt ) C U • VI .1 VI ‘ 411  , ‘Y ( MI + I 1 ,... I
C ‘rp 4r YA ’T I T~~~~S * ,c i ,r ’ ~‘r c’r np r n  t~i z. rc sc At . TNC ~ F ArTr ~ Fl” x.
r ,~ i-~~ i !N’ t % ,
~~ 

-~~~ • - r a - p ~ •a~~~ gic ~~~~~~~~~~~~ ‘ ‘ A ~45 F( I f ” MA T EON “N rIIt~ JMNS M L  1’O N V
-: !‘i “~ i• ‘11#N2 ‘ - f l w ’~ ~~~~rh 1 P ~C. ~~7 1 H  MI.
C 

-
~~ (“I — 1 • ‘4 I -, I — 1 4 - 1  ~ 1 — I ‘ - “ i ”  (U 1 —  1 ’ - ’ 1 ‘1~~4 I I • I’ ~ I • j =  NM,,

r ~~~ ~
F & ~! L ’L~?L~ L~~~~ I~~\’3L T’ A fL 1~1~ ’AJ LC!’4 t\ 1~ - 

‘ •
~ ;- ~~~~ ‘a

C IN THI NI •N? ( ,
~ 

( \i P -~ ‘, ‘ A~ , I IMC~ w IT I- COt ‘ J 4 N  M I ,  —
• C M Y x (~~ •

M ~—~~ 1 1 4 1  ‘~I — ” ) ”  NM = (MI — l 1 *1, U1 +1  — P -~~~• L P’~~I • J z  I

1 ‘.‘ — ‘ 4- 1
I’ I I • • J I I - 

~~ 1
U’*V~ ( ‘ I t  — I  1 ’  ~~~~~ •~ - —

- • a .  ‘ - -

_ -.~L’ _ T
~~ ~~~~~~~~~~~~~~~~~~~~ - - -

C
C*~~~~~~’ $ ~~~ O**1,*N % 1 1 ,  N2~~I.

1 - )  “C I ‘-‘ Kx t , LI, N
- 1J ~~~~~~~~~~~~~~~~~~~~~~~~~~~ )*Y (Ny$i)~, -

~ )~~ V f N V + T  ) “T- +:t 1, 1  I’ -~y ( N V .p ’ T I
~~( ‘ - ,~Y +  t ) : / ( )  ,c ) “ w (  I I
V ( N Y 4 _’’ I ) = 7(  1. 1)r— ~~ U 2 )  

____ 1~
y _ _

~y__tJ_ 
~~~~—- 5 ’ -  -_ — -  - - - - - 5  

c~c- ‘u~~s
C
C**~~*~~*********N1 ‘2, N2~ I.

- 20 On ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~ ( “ 1 = Y ( N V + 1  ) * F +Z (  I .1 ) *y ( p , , V 4 ’ T~~I I
WI  i1~~ V (  N Y  $ ‘? * 1 1 *  +7(2 .1) *y ( M Y $ 3  II

~

. 

— - C~.. L9t”1 - , - - - - - , -

I-

( . * 0~~~ )\ 0~~~ *”,  * •~~ ‘~~~r-t l = 1 , N~~ =~ ’.31) Or 3~I k x I I I , M

_•~~~~~~~~~_ (~~ i) !LL  YtZ~~IL~L-iJ l $ j ) I V ( P ~&y 4-1 -

W (  2 ) x Y ( N V + 3 0 1 )~ ‘ F — Z (  ~ ,2I~~ Y (  ‘ 4 Y # t
Is ( 3 ) = V ( N Y + T ) * f + 7 ( I , l ) $Y ( N V + ? S ! 1 + 7 (I ,~~ ) V( N Y 4  10 1)

V C N V + T ) . 7 (  1 ,‘)*w ( 1)4 ‘C I ,“I’ 1w (2)
- - V ( 4 y  “ I,)~~ZL2 ,,..f ) *~~I_I ,) -4 Z.j 2, ~~)~ ‘~ILt~~~ —

~, P Y : ’ J y ê  4
r r  ~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ N?. 6.
AC’ DC A~ KaL,P ,N

I I *,~ _ 7 ( I , I ) t V  C M V , !  I~~~f l 2 , 1 1 t Y  ~~~~~~~

M C . ’ ) = Y ( N V  +4~~ ~ 
)v r 7 (  1, ) )*Y CN Y+I 1— 21 2, .~ ) # ~Y ( N Y . ? 1 I  )

~ 

)~‘Y 1NYti~ I ) , ‘ (~~~,,,‘ ) t v ( N y + 4 0 t )
V ( N Y + I )~~Z (1, ’)*W (l ) + ? ( I ,~- ) * w C 2 )
Y ( N Y , 2 * T ) a Z ( 2 , ~~) iI ~W ( t ) + ~~(~~, A ) W W ( 2 )
Y (NY • ”T~ 11 .711, 3)*w ( ~ I$’ ?( I, 1)*w(4)
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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Al ternative, but less efficient, version of NEWVEC which better illustrates

the column and row operations .

D IMFNS IO N Y(N M ,N ) , Z C P ,C) , -w ( 4 )
C
C 2 ~ .RJ~~ RM_~ LOCJ~ £~CI1&!,s~L 1PAj’.SE.CP1’~~UCtt Ch cLL~~S MI TL ~ CF~ VC IN TIlE N i+N 2 ROWS START ING WITI . ~~~C CONrUTE C2*(F*V — *T* l ) • PE~~U ,(I*(F*U + X * V )  •
C W I-ERE CI TS NI BY N l,C2 IS N? BY N2 ,AND (t~,V). (Y(M1 ),Y(M 1+1),...) .

- C THF ., MATR J c,~5 ~~~~~~ A Q F ST QREC IP~ 7. F IS SCAL ING FACTOR FOR x.
M M I—  I
DO ‘~O Ke M I , M
fl~) 10 J 1 ,N2
w (ii. ~~ YL .NJ. $J~.&I!E.. .. - _~~~~~. - -

00 10 L x i  ,P41
1 0 W (J)sW(J)—Z(L,J)*Y(M ,L ,K)

DO 20 J I  ,Pii
_ _.  WI N2fJj ,~~~~~~~j ,~~~~~~~~~~~k~*y -- - .

DO 20 Lzl ,I~220 W ( N 2 + J ) = W ( P ~2+ J ) + 1(J , L) *Y ( M . P l, L , K)
00 35 J ’ 1 , N 2

_ _ _  --- - ‘
00 30 Lx l,N2

30 S S+Z(J,L+4 )*W (L)
35 v (Mi J~~~) w S

____ DQ 45.... J~ J.. NI - - .. - - -- , - - .

Sb .
~~rj 4~I L x 1 , Nt

40 S 5+ ? (J , L + 2 )*W ( N 2 + L )
_ _ _

50 CONTINUE
RETURN
ENC)

SUI~ROU TT N *~ NEWR OW(F ,NI ,N2 ,2,Y,NM ,N ,MI ,I)
DI~~~N S 1CN  Y ( I M ,P,) ,7 (2,6),W (4)

C
- ~~~~PE.FFQ.RhI BLL3CK. ELCFtAbLGE .IRANS.FORMAT IflN ON F lf~5T I R.~ iS OF Y

C IN THE NI+NP COLUMNS S IART IP I G ~ITH CCLU WP4 M I .
C COMPUTE C2*IF*V — ~ T* U ) • NFWU ,Cl* (FWIU + x*~i) • NEwV
C WHE RE (‘1 1-5 Ni ‘IV N I ,C2 IS T~~ BY P 2 ~~A Nt) (u ,v)* (V CNI), Y(Mi-+I),... .

-- C THE MA T PICES X,Cl ,,C2 ARE STCRF.D IN Z .  F IS SCA L ING FACTOR FOR X.
M M I  —I
0(1 50 K 1 , I
00 10 J 1,N 7

._ Jl ,_a L K , M + .&LtJ ) e1.~. - - - -- -‘

00 10 L= I ,N l
$ 10 W (J)-eW(J )—Z(L,J )*Y(K, MsL )

00 20 J 1 , N l
~~~t N2t.,J.) • Y (J C , l 4 f J ) ’ PF _ 

-
0(1 20 L x I , N?

“0 w ( N 2 + J ) b W ( N 7+ J ) 4 1 1J , L ) * Y ( K ,M+ Ni+ L)
00 5 J~~l ,N2 __s

~ o_. --_~~ . ,--~~~, . - - - .

00 30 L*I ,N ?
30 S .S .Z (J , L . 4 )*w (L )
35 Y ( K , M+j ) Z S

- ....QQ.*~ J x l . N 1  - - - -‘sin.
DO 40 Lz I , N I

40 S =S+ Z(J , L ,2 )*~~(N2+ L )
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ - -  , 

_ 
- -

50 CCN~~T PIUE
RF.TUI~N
END

- - -~~
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