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ABSTRACT

~A numerical method is developed to compute the pressure distribution and

norma l approach in a genera l ized  e l l i p t i ca l  contac t  between layered  l i n e a r ly

elast ic  solids . The computed quantities are obtained as an app rox ima te

solution to an in tegra l  equat ion fo rmula t ed  for  the most general case of

Her tz ’s assumptions , i . e . ,  the frictionless contact between arbitrary sur-

faces whose undeformed norma l separation can be approximated by the separa-

tion be tween an el l i ptical paraboloid and the tangent plane at its vertex.

The numerical me thod is based on a dis cret ized re pre sentat ion of the unknown

pressure distribution . Values of pressure are defined at points on a two—
p — —

dimensional recti l inear grid and a l inear f ’~nc t ion  approximates  the pressure

distribution between adjacent points. Expression of the integral equation

at each grid point yields a system of l inear equa t ions  in the d i sc re te

pressures , with coefficients formed from integrals of the kernel function

over ri ght t r iangular  regions between adjacent  p o i n t s .  The kernel , given

by a Hankel t ransform inversion , is in tegra ted numerical ly by Gaussian

• quadrature .

I
The method is applied to the contact  between a homogeneous solid and a layered

sol id consisting of an isotrop ic surface layer of uniform thickness in per—

fec t adhesian to an iso trop ic substrate. Comparisons w ith ava ilable sol ut ions

for the limiting cases of Hertz contact between homogeneous solids and axi—

symmetric contact of layered solids establish the accuracy of the numerical

method . Solutions obtained for three sets of material properties over

ranges of t h e  contact zone ellipticity ratio and major halfwidth to layer

xi



thickness ratio are given as p lo t s  w h i c h  St OW 1:10 na l I r  and minor ha l ~ ,.ii  d t r i s

app roach , and c e n t r a l  press ure as f u n ci i o n s  of I a  ;er t h i c k n e s s  a t  fixed l o a d

and f i x e d  p r i n c i p le (-Ilrvatur c rat in of the p ar a h o l  u sep r a t  i o n .  As t ic

l ayer  t h i c k n e s s  dec r ea se s , t he  c o n t a c t  zone c l i  ip t  i i ty  r a t i o  is ~ I I f l l  to

increase  fo r  a h i g h — m o d u l u s  l a y e r  bonded to :i l o w — m o d u l u s  s u b s t r a t e  and

decrease  fo r  a l o w — m o d u l u s  l a y e r  bonded to a h i g h — m o d u l u s  s u b s t r a t e .

x i i
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NOMEN (;LATURF:

a m a j o r  c o n t a c t  zone h alfw ldth (in.).

a = major  c o n t a c t  zone ha l  f w i d t h  f o r  ax i s ym m e t r i c  H e r t z  c o n t a c t  . d efin ed
in E q u a t i o n  3 . 2 7  ( i n . ) .

b = minor cc)n t.act 7. fl4 h~~l f w i d t h  ( i n . ) .

d = norma l a p p r o ach  ( i n . )

d norma l ~ipp r o o - h  f o r  a x i s y m m e t r i c  H e r t z  c o n t a c t , d e f i n e d  in
° E q u a t i o n  3 . 2 5  ( i n . ) .

= e l a s t i c  m o d u l u s  ( 1  l a y e r  ( 1 b/ i n .~~)

E 2 e l a s t i c  modu lus  of s u b s t r a t e  ( l b / i n . 2 ) .

E
3 e l a s t i c  m o d u l u s  of homogeneous sol id ( l b/ i n . 2 ) .

F = magnitude of concentrated force (ib).

( 1  = 1, ..., 6) = c o n s t a n t s  for  Hanke l  t r a n s f o r m  s o l u t i o n , d e f i n e d
in Table 2 — i .

C = Hanke l transform of stress function , defined in EquatIon 2.6.

h = laye r thickness (in.).

J = Bessel function of the f i r s t  k i n d  of order zero .
0

Bessel f u n c t i o n  of the  f i r s t  k i n d  of o rder  one.

m ( i )  ( i  = l~ .. ., n) = g r i d  p o i n t  n u m b e r  in r~ d i r e c t i o n  l o c a t i n g  c o n t a c t
zone b o u n d a r y .

n = number  of g r id  p o i n t s  a long  m a j o r  h a l f w i d t h .

N = total number of g r id  p o i n t s  in c o n t a c t  zone.

p = contact pressure (lb/in.
2
)

p° = pressure at center of con tac t  ( l b/ i n . 2 ) .

- pressure at center of contact for axisymmetric Hertz contact , def ined in
p Equation 3.26 (lb/in2).

r radial coordinate (in.).

R maj r radiu s of curvature of separation profile (In.).

xiii



= minor radius of curva tore of st-pa rat i (fl prof ii (~ ( i n . )

u
r 

= radial (tangential) displac em ent (in.).

= a x i a l  ( n o r m a l)  d i s p lacemen t ( i n . ) .
z

u = norma l d i s p l a c e m e n t  a t  s u r f a c e  (in.).

= d i m e n s i o n l e s s  s u r f a c e  d i s p l a c e m e n t  (= 2R 11 /:12 ) .

W = c o n t a c t  load ( I b )

W = d i m e ns i o n le s s  c o n t a c t  load , d e f i n e d  in E q u a t i o n  3 . 1 4 .

x = coordinate parallel to m aj o r  h a l f w i d t h  ( i n . ) .

X = Love ’s stress function.

7. = modified stress function ( X/h
3
).

y = c o o r d i n a t e  p a r a l l e l  to m i n o r  h a l f w i d t h  ( i n . ) .

z = axial (nor mal)  coord ina te

= major  h a l f w i d t h  to layer  t h i cknes s  r a t i o  (
~~~ 

a / h ) .

= elastic property ratio between layer and homogeneous solid , defined
in Equation 3.6.

= dimensionless norma l approach , defined in Equation 3.9.

S = c u r v a t u r e  r a t i o  (= R /R )4~x y
= d imensionless coordinate ( z / h ) .

II = dimensionless coordinate ( y/a).

= d imens ion le s s  c o o r d i n a t e  ( na).

Poisson ’s r a t i o  of l a y e r .

= Poisson ’s rat io of substrate.

= Poisson ’s ratio of homogeneous solid .

= dimensionless coordinate ( x / a ) .

p e l I  i pti c ity ratio ( a/h).

p = d imens i u n l e s s  coord  m ate (= r/b )

T rr  — radial norma l stress (lb/In .
2
).

TI
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I
T = axial norma l stress (lb/in.

2
).

t = shear stress (lb/in.
2) .

T
00 

= c i r c u m f e r e n t i a l  normal stress (lb/in .
2) .

= d imensionless pressure , d e f i n e d  in Eq u a t i o n  3 .9 .

= dimensionless pressure at center of contact.

(i = 1, .. ., n; j = 1, . .., m ( i ) )  = values of dimensionless pressure
at grid points.

w = Hankel transform variable.

= grid spacing in direction (=l/(n—l)).

An = grid spacing in ri direction (=,Y~/ p ) .

‘5 1

xv

_ _ _ _ _ _ _ _  ~~~—-



PART 1

INTRODUCT I ON

Hertz ’s classical solut ion [1—3 J~~ 
f o r  t h e  contact St  resses b etw een  dc’ —

f o r m a b l e  sol ids  is frequentl y app lied in the engineering analysis of l o a d

bea r ing  mechan ica l  e l emen t s  such as b a l l  and r o l l e r  bea r ings , ca m s , and

gears. Under Hertz ’s basic assumptions , the equations of linear elasticit y

appl y, friction is absent , and each solid is treated as a halfspace

under norma l surface loading. In the contact zone , the relative

normal surf ace d isp lacement between the solids is prescribed by their

deformation into contact. The contact pressure distribution , which

is unknown , depends on this relative disp lacement through a singular

integral equation whose kernel is the surface disp lacement of a half—

space due to a concentrated normal force. When the contact is between

rounded surfaces over a small enough region , the undef ormed normal
separation can be approximated by a quadratic function; i.e. , the

separation is that between a plane and an elliptical parabol oid . The

relative displacement profile in the contact zone is thus parabolic.

For homogeneous isotropic solids , the pressure profile that satisfies

the resulting integral equation was shown by Hertz [1—3] to be a

semi—ellipsoid whose major to minor axis ratio in the surface of

contact depends purel y on the shape of the elliptical paraboloid

def i n ing the und ef orm ed separa tio n . Th e problem may be formulated

in the same manner when one of the solids consists of an isotropic

sur face  lay er ha cked by an isotropic substrate of a different material.

However , the i n t e g r a l  equa t ion  w i l l  not have a simp le ana lytical solu—

t ion  because the  concen t r a t ed  fo rce  s o l u t i o n  f o r  a layered halfspace

is g iven by a Fourier or Hankel integral that requires numerical evalua—

t ion .
‘ I

Cur ren t  in te res t  in the  con tac t  problem fo r  layered so l ids  f o l l o w s

from a need fo r  anal y t i c a l  p r e d i c t i o n  of s t resses and d i sp lacements  in

coated bear ing e lements .  In some app l i c a t i o n s , a h a r d  ( h i g h m o d u l u s )

coa t ing  such as a ceramic may be used to increase the  s u r f a c e  d u r a b i l i t y

of an e l e m e n t ;  in o t h e r s , a soft (low modulus) coating such as an

*Number s in b r a c k e t s  denote  r e f e rences  l i s t ed  at  t he  end of t h e  r e p o r t .

~1 1
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2

elastomer can protect elements that experience i m p a c t .  Water—lu bricated

marine bearings and gas—lubricated directional control gyroscopes are sub-

jects of current research that fall into the latter category. Both appli-

cations involve a bearing surface consisting of a thin compliant elastomeric

layer bonded to a relatively rigid substrate. Contact pressure distributions

mus t be determined before one can compute the subsurface stresses developed

in the layer under concentrated contact. When there is a large enough

d i f f e r e n c e  in e l a s t i c  properties between layer and substrate , the true

contac t  pressures can differ significantly from those predicted by the

Her tz solution.

To date , any layered contact solutions available in the literature

are limited to plane strain and axisytnmetry [4—8]. For p lane strain ,

the undeformed separation is that between a p lane and an inf in itel y
long parabolic cy linder; the kernel is the solution for a line load .

For axisynunetry, the undeformed separation is tha t  between a plane and

a parabolo id of revolution; the kernel is the solution for a ring

load . Except for differences in the mathematical form of the kernel ,

the  i n t e g r a l  equa t ions  for the two cases are the same . The unknown

pressure is one—d imensional  and the same general  s t r a t eg ies  can be

used to obta in  approximate  numerical  solut ions  to both problems.  There

are no so lu t ions  in the l i t e r a t u r e  for  the general case of three—d imensional

con tac t  for  layered sol ids , in which the undefortned separa t ion  is tha t

between a p lane and an elliptical paraboloid . Here the kernel is the

so lu t ion  fo r  a poin t  load , and the unknown pressure is two—d imensional .

The aim of the p resen t  s tudy is to solve th is  problem numer ica l l y by

extending to two d imensions a method that has been used for p la ne and

axisymmetric  problems.

The l i t e r a tu re  up to 1972 on plane and axisymmetr ic  layered con tac t  is

l is ted by Chen and Engel [ 4 ] .  Of the works listed , only that of Tu [5]

has d i r e c t  bea r ing  on the  method used in the present  stud y .  In o b t a i n i n g

a numer ica l  so lu t ion  to the axisymmetric  contact  of a p la te  pressed

between two spheres , Tu represents  the contact  pressure d i s t r i b u t i o n  by

v a l u e s  de f ined  on a d i sc re te  set of concent r ic  c i rcles  wi th  the pres—

sure va ry ing  l inear ly in r ad ius  between ad jacen t  c ircles .  The analogous

t r e a t m e n t  for  plane problems was recently put forth by Gupta and Walowit

[6]  who t r e a t  the p lane s t r a in  con t ac t  between a homogeneous e las t ic

so l id and a layered elas t i c  solid . The p lane contact pressure distribution

11



is  represented  b y v a l u e s  d e f i n e d  at  a d i s c r e t e  set of po i n t s  w i t h  t h e  p r e s —

sure v a r y i n g  l i n e a r l y between adjacent points. In bo th  cases , t he exact

d i sp lacement at each d i s c r e t e  po in t  due to the approx imate  pressure

d i s t r i b u t i o n  is o b t a i n e d  in terms of Four ie r  i n t eg r a l s  and m a t c h e d  to

the prescr ibed con tac t  d i sp lacement  to produce a set of linear equations

in the unknown discrete pressure values.

Chen and Engel [4], in treating the axisymmetric contact between a

rigid paraboloid and a layered elastic solid , represent the unknown

pressure  d i s t r i b u t i o n  p(r) as a truncated series of base pressures:
2 2 i—l/2 .p .(r) = A . ( l — r  /a ) (where A , are undetermined coefficients and

a is the contact radius). With exact surface disp lacements due to

each base function computed from Fourier integrals , the coefficients
A
i 

are de termined b y ma tch ing compu ted displacemen ts to prescr ibed

contact displacements according to an integral—least square or collo—

cation criterion. Methods similar to this one are applied in many of

the earlier works cited by Chen and Engel. In some instances , the

form of the base pressures follows from a power series approximation

of the kernel function. Here the calculated surface displacement due

to the approximate pressure distribution is also approximate. Wu and

Ling [7] use this approach to obtain approximate solutions for the

axisymmetric contact between a rigid paraboloid and an elastic plate

res t ing on a ri gid foundation.

Methods that involve series approximations of the kernel are difficult

to implement when the layer is very t h in  r e l a t i v e  to the  c o n t a c t  zone

dimension. The number of terms needed for convergence increases rapidl y

as the layer thickness decreases [ 5 ] .  Also , in the  case of a hard layer

on a sof t substrate , the pressure profile shape can depart significantl y

from the ellintical shape of the Hertz solution. Pressure profiles given

in References [4] and [6] for this case show a peak near the edge of

contact that becomes sharper as the layer thickness decreases. An

unwieldy number of base functions is presumabl y required to represent

I 
- such a p r o f i l e accura tel y . The discrete pressure methods of Tu [5] and

of Gup ta and Walowit [6j do not suffer from these limitations though they

do r e q u i r e  more c o m p u t a t  i on a l  l abor  t h a n  m ethod s based on ser i e s  ;I p p r u x  i —

m a t lo n s .  The k e r n e l  e v a l u a t i o n  is exac t  and p r e s s u re  i r r e g u l a r i t i e s  I:”

be hand l ed by i n c r e a s i n g  the  number of d i s c r e t e  points in  t r oub l esome  r eg i o n s .
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In the present study, a natural extension of the above discret e pressure

nethod s is app lied to the general three—d imensiona l contact between a

layered elastic solid and a homogeneous elastic solid . The layered

solid cons is t s  of a s ingle  i s o t r o p i c  layer  in p e r f e c t  a d h e r e n c e  to  an

i so t ropic  s u b s t r a t e .  Since the  unknown pressure  d i s t r i b u t i o n  depend s

on two space va r i ab les , i t  is represen ted  b y values  d e f i n e d  at  d i s c r e t e

p o i n t s  on a two—d imensional  g r i d . F o l l o w i n g  Tu [5] and Gupta and

.:alowit [ 6] ,  ad jacen t  grid p o i n t s  de l inea te  elements of l i n e a r l y  vary ing

pressure , bu t  t h i s  t ime in two d imens ions .  The basic c o n t a c t  zone

d i v i s i o n  is a right triangle; the elemental pressure distribution is

a p lane. The p o i n t  load s o l u t i o n  for the kernel comes from a Hankel

t r a n s f o r m  anal ysis  s imi l a r  to t h a t  of Lamb , Terezawa , and Sneddon [ 8] .

As in the one—dimensional methods , the exac t evaluation of the kernel

makes possible the exact computation of surface displacements due to

the a p p r o x i m a t e  pressure  distribution. The procedure of matchin g com-

puted displacements to prescribed contact displacements at each gr id

point is then employed to get the desired system of linear equations

in the unknown pressures. The contact zone boundary prescribed in

setting up the problem is approx imate since by definition it follows

the grid lines that hound the outermost pressure elements. Moreover ,

the true boundary is an unknown in the problem because it depend s on

the mathematical form of the pressure distribution. Since the approxi-

mate boundary has to be specified to calculate the approximate pressure

distribution , the best approximate boundary for a given grid size is

determined by an iterative process.

Numerical  s o l u t i o n s  are presented fo r  three  d i s t i n c t  m a t e r i a l  combinations

over ranges of the  con t ac t  zone h a l fw i d t h  to layer thickness ratio and

the contact  zone aspect  or ellipticity ratio . A discrete boundary pre-

scribed to represent an ellipse gave satisfactory results in all cases.

Checks on the accuracy of the method include comparison of computed

results with the Hertz solution [1—3 ] and numerical results of Chen and

Engel [4]. The solutions are presented graph i cal l y In dimensionless

form with major and minor halfwidths , relative appr ach , and central

pressure shown at a fixed load as functions of layer thickness and

ratio of the principal radii of curvature of the parabolic separation

p r o f i l e .

- .  -4



The anal y t i c a l  f o u n d a t i o n s  of the  s tud y are p re sen ted  in P a r t s  2 and 3.

Part  2 covers the  Hankel t r ans fo rm anal ys i s  Leading to the  p o i n t  load

so lu t ion ;  Pa r t  3 gives the  de r iva t ion  of the integral equation in dimen-

sionless form . Deta i l s  of the  numerical solution procedure for the

in tegra l  equat ion  are given in Part 4 , and Par t  5 c o n t a i n s  the  numerical

results. A simp le example at the end of Part 5 demons t ra t e s  the  app li-

cation of the numerical results to an engineering problem .



6

PART 2

SOLUTION FOR SURFACE DISPLACEMENT DUE TO CONCENTRATED NORMA L FORCE

2.1 Formulation of Boundary Value Problem

Consider the layered elastic ha l f space  shown in Figure 2—1 consis t ing of an

isotropic layer of thickness h wi th  Young ’s Modulus and Poisson ’s Ratio E1, v1,

bonded unif orm ly to an infinite isotrop ic substrate of pro per ties E 2 , v2 . Th e
halfspace is described by the Cartesian coordinates x , y ,  z, and cyl indr ical
coordinates r , 8, z, with the x—y and r—0 planes coinciding with the free sur-
face , and with the z axis directed into the halfspace. In this section , an

expression will be derived f or the normal disp lacement at any point on the

surface due to a concen tra ted f orce F ac t ing normall y inward at the origin.
This solution will  form the kernel of the integral equation for the contact

problem to be dealt with subsequently.

In cy lindrical  coord inates r , z, beg in with Love ’s stress function X for

axisymmetric  problems [2 J  sa tisf ying

74x = V 2 (V~ X) = 0 7
2 a 2 1 a a 2 (2.1)

V = —
~~~~~~~+

— - — + ----
~~

- 

-

~~

ar r ar az

with stress componen ts expr ess ible in terms of X:

~
trr = ~— (vV~~ — - ~~- -- )X

a 2 l a
T = — (vV — — — ) X

00 a~ r ar

a 2 a 2
= ~~— [ ( 2 —  v )V  — —

~
- 
] X ( 2 . 2 )

az
a 2 a 2

= — [(1— ~ )V — ] xrz ar ~~ 2

T
0

= T
0

= O  . 1
and d isp lacement components:

— 
1 + . ’~ a 2x •1 _ !

u — — 

E araz 
(2.3)

u = 1 + “ [ 2 ( l — ~ )V
2 

— _
~
• ) X

I
_ _- - -

~

--

~

- - -_ _  _ _ _ _ _ _ _ _ _
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It can be ve r i f i ed  by d irect substitution that Equations 2.3 satisf y the dis—

placement form of the static equilibrium equations of isotropic linear elasticity

when X satisfies Equations 2.1. By successive application of the strain—disp lace-

ment and s t r e s s—st ra in  relations , Equations 2.2 are obtained from Equations 2.3.

The solut ion for  a concentrated normal force will be obtained as the limit

of the solution for an arbitrary axisymmetric compressive normal load ing as

the area over which it acts  approaches zero while the total load remains finite.

For the anal ysis which fol lows , it will be convenient to work with the coordinates

z1, originating at a = 0 and z
2 originating at z = h, both in the z direction.

Also , let the superscripts (1) and (2) denote quantities in the layer and substrate ,

respec tively. The boundary conditions on the top surface for a normal loading

p ( r )  wi th  zero shear loading can now be expressed as:

(1)
T (z 1 = 0) = — p ( r )

( 2 . 4 )
(1) 

~ = 0) = 0rz 1

For the case of pe r fec t  bonding which this anal ysis will  be concerned with ,

the con t i nu i t y  condit ions at the l aye r—subs t ra t e  in te r face  are:

(1) (2)
~~~ 

(z 1 = h) = T (z 2 = 0)

(1) (2)
T (z = h ) = T  (a =0)rz 1 rz 2 ( 2 . 5 )

(z = h) = ~(2)  (z = 0)r 1 r 2

~~~~ (z
1 

= h) = u
(2 )  (z

2 
= 0)

In addi t ion , the stress components must  satisf y

t -~~O aszz

-t -
~~ 0 as z , r -

~ ~~rz

r -~~O as r~~~ c~rr

in order tha t  all su r f ace  t r a c t i o n s  vanish at ~~.

I 

. .- ---- - -------- . - -------~- . - -
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I
2.2 Formal Solution by m t  al Transforms

In many cases , partial differential equations can be reduced to ordinary

ones thr ough the use of integral transforms . For axisymxnetric problems

where the rad ial variable ranges f rom 0 to ~~~, the Hankel Transform

is generally app lied . The formulation used here is similar to those

of Lamb , Terezawa , and Sneddon [ S I in obtaining solutions for half—

space and plate problems with axial symmetry.

Let f ( r )  be a function which satisfies the sufficient conditions for

representation by t he  Hankel  I n t e g r al  Formula [ 8 ]. Its Hankel Trans-

form and inverse transform are given by

F(w) = !rf(r)J (wr)dr

:
f(r) = fwF(w)J (wr)dw

0

( Before taking the Hankel Transforms of Equations 2.1 throug h 2 .5 , it

will be hel p f u l  to rewrite them in terms of the dimensionless coor—

dinates p r/h , r~= z /h , and the stress function X = X/h 3 which has the

dimension oc stress. Equations 2.1 become

V
4
X = 7

2(7 2X) = 0  7
(2.la )

v2 = _ ~~~ + li~-~ +-_ ~~~~~ 3a~
2 

p a~ a~
with the stresses and displacemen t from Equations 2.2 and 2.3

a 2 a2
r —- (uV — -—---) Xr r —2

— ac ap

a 2 l 2 ~~-r = — ( v V  — — ----
~)Xoo a~ ID ap ( 2 . 2 a )

a 2 a 2
~~= -

~~
-
~~

- [(2—v) V — —~-)X

- 2
= I ( l - v ) V

2 
- ~: 

-

rz f 2

- -- ---
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~ 
h(l+v)

r E
( 2 .3 a )

= 
h( l+v)  

[ 2 ( l -~ )V 2 - 
~~~

The boundary and continuity conditions from Equations 2 .4  and 2 .5  can

be wri tten as

T~~~~~ (~~~ 
= 0) = —pC~) 7

( (2.4a)
(1) 

~ 
= 0) = 0 irz 1

= 1) = T~~~~
) 

~~2 
=

= = ~~~ 
~~2 

= 0) (2.5a)

= 1) = u~
2
~ 

~~2 
= 0) -

(c ,~ = 1) = ~~
2) 

~~2 
= 0)

with 
~l 

and 
~2 

defined analogously to z
1 

and z
2
.

Denoting the Hankel Transform of X(p,C) by

= .rpX(p,~~) J ( pw) d p

and taking the transform of Equations 2.la , one ob tains
2 2

c = o

which has the general solut ion

G = (A + B~ )e~~~ + (C + D~ )e°~ (2.6)

where the constant c o e f f i c i e n t s, A , B , C , and D , will general ly depend

on w .  Taking the Hankel t ransforms  of Equations 2 . 2 a  and 2 .3a , and

then Inverting, one ob tains the fo l lowing  expressions for  the stresses

and d isplacements in terms of G.

_ _  - — ~~~~~—--—---5- --— --~~~- — . 
-

— — _._ i_ _ . _ . . . . . . . . . _ . . .___ .. -—- 
. —.— .- . 5
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C 3
-r = fuJ ( j 5 w) [ v ~ —~ + ( l —v ) w

2 dG 
~ do — f  w

2
J
1
G5w)~~~ d o

• 0 d~ d~ 0

3
— d G  2 d G  1 2 — dG\)f oJ (po) [ —i — w -

~
j -- I do + _ 5 w J 1

(p w)  —s-- do
o d~ 0

= f u~J ( ~~w) [ (l - v )~ —~ - (2_ ~ )o
2 dG do

( 2 . 7 )

2
T = fo

2
J
1
(~~o) [ v ~—~ + (l-v)w

2G I do
o d~

h(l+v) 2 — dG
U
r 

= 
E 

W J~~(pw) ~— do

= 
h( 1+v) f ~~J ( ~~o) [(l-2v) - 2 ( 1- v )o2 G I do

t 0

The function G will take the following forms in the layer and substrate ,

respectivel y :

(1) ~°~1G = (A
1 

+ B1C1
)e + (C

1 
+ D

1
r,1)e , 0 

~ ~ 
~ 1

(2.8)
(2) °

~2 
wç
2G = (A

2 
+ B

242
)e ÷ (C

2 
+ D

2
ç
2

)e , 0 
~ ~2 ~~~

• In order for  the  tractlons to vanish as 
~2 ~ 

C
2 

= D
2 

= 0. The r emain ing

six constants are obtained from the two boundary and four  c o n t i n u i t y

conditions in Equations 2.4a and 2.5a. Using Equations 2.7 to express

these conditions in terms of G gives:

t d
3
G~~~

’ 
~[(1— u

1) 3 
— (2—u

1
) ‘

~~~ d -  =0 
=

d~~1 
1 ~l 

( 2 . 9 )

[v 1 
d2c~

1
~ + (i~~ 1)~

2GW 
~ =0 o

— ---- --—— -=-,——-.-—.-------.- — -.—- .. -- , --- - — -  5 -— .
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[(l_v
~
) 

d
3
G~~~ - (2_u ~ )o

2 d~~~~ = [(l_u
2
)
~~~~~3 

-

2 dG~
2
~(2-u

2
)w 

d C
2

[
d G  

+ (1-v
1
)o
2
G~~~ ] 

~l
=l 

= [v d G  
+ (l_ u1~

2
G
~
2
~

1 dG~~~ — 
~~~~ dG~

2
~ (Cont ’d . )

E
1 

d~ 1 ~~i
=l — 

E
2 ~d~ 2 ~2

0

l+v 1 d2G~~~ 2 ~1’ 
l+v 2 d 2G~

2
~

E 
[(l—2v

1
) 

2 
— 2(1—v

1
)o G’ / 

~~l; =1 
= ~~~~ [(1—2v

2
) 2 

—

1 d~ 1 1 2 d~ 2
2(l—v

2
)o2G~

2
~ 

~2
0

where P(o) is the Hankel t r a n s f o r m  of the normal loading p ( p ) :

P(w) = fop(p) J (pu) dp (2.10)

Substituting from Equations 2.8 into Equations 2.9 yields six simul-

taneous equations in the six unknown constants A1, B1, C1, D1, A2,

and B2 . It is convenient to express the unknown constants as the

quant i t ies :

g
1 

= - A
1 

[w3/P (w) ]

g
2 

= - B
1 

[w /P(o)]

g
3 

= — C
1 f o  / P ( w) ] (2.11)

g4 
= — D

1 
[o
2
/P(w)]

= - A
2 I o

3 / P (w )  I

g
6 

= — B
2 

(o 2 /P (o) 1

-- I
-- . 5- - -—  — 5— — - -— -~~ .--- — — —
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which  t u rn  out  to depend onl y on w , v 1, v2 , and E
1/E 2 . Table  2 —1

gives the resulting simultaneous equations in g1 
t h r o u g h g

5 
in matrix

form .

At this point , Equations 2.7, 2.8 , 2.10 , and 2.11, and Table 2—I could
be app lied to comp ute the stresses and d isp lacements at any point in

the halfspace due to the normal surface loading p(p). However , the

only quantity needed to formulate the contact problem is the normal

sur face  disp lacement ~
(1) (c~ = 0) which will be denoted by u .

Substituting from the first of Equations 2.8 into the sixth of

Equations 2.7 , se tt ing 
~~ 

= 0, and using Equations 2.11 and the second

equation in Table 2—1 to simplify the resul t, the fol l owing expression

is obtained :

2h(l—v
1
2
) —

u ( ~~) = 
E ~ [g2(w)—g 4(w)]~~o)J0(pw)do (2.12)
1 a

To obtain the specific form of P(w) for a concentrated normal

force F at the origin , begin wi th  the fo l lowing  loading :

r 2 —

lF / ~ a p < a/h
—

p (P) — —
0 p > a / h

Eq ua t ion 2 .10 gives

F 
J
1

(aw/ h)
P( w ) = 

t 2 (a u/h )

for the Hankel t r a n s f o r m  of th i s  normal loading. The limit of this

expression as a 0 is

P(0)
~~~~~
1
~2-iili

the Hankel transform of a norma l load ing  c o n s i s t i n g  of a concen t ra ted

force of magni tude F at the origin. Setting F = 1, write Equation

2.12 for this particular P(0). The desired end result , the su r fac e

d isp lacemen t due to a uni t concen tra ted force , is now obtained .

Deno t Jng  i t by 6 , one has:

— — — -  — —
~~ 

—-



14

TABLE 2—1

SIMULTANEOUS EftUAT IONS I N CONSTANTS FOR HANK EL TRANSFORM SOLUT ION

I n
1 

-l m
1 

0 0 g
1 

1

1 —2v
1 

1 2v
1 

0 0 g
2 

0

2~ 2w1 n
1
+C —e (n

1
—ei)e —e —n

2
e g

3 
0

1 ~ -2 
~ 

e
2w 

(‘~+2 1
)e 2° — e 0 2v 2 e ’

~ g 4 

— 

0

-1 1~ o ~e
2
~ (l4~c)e

2° ye° -ye~ g
5 

0

2w1 w+2n 1 e (w— 2n
1

)e —ye — 2 y n
2 e g6 0

n
i 

= l— 2~~

= 1— 2v
2

E
1 

. l+V
2~y = 

~

-

~~~

-;-

-5

.

~ 

.5 : .. .~~~~.&s* . . .
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2

= ~ Eg 2
(w) g

4
( o) ] J

0
(~ s)d o (2 .13)

To ob tain al gebrai c solutions for  g
2 

and g
4 

from the 6 x 6 system in

Table 2— 1 , f i r s t  solve the third and fourth equations for e°g
5 

and

e and use the resulting expressions to eliminate g5 and g6 
from

the fifth and sixth equat ions. Then solve  the  f i r s t  and second

equat ions  for g
1 

and g3, and use the resu]ting expressions to eliminat e

g
1 

and g
3 

from the modified fifth and sixth equations. The resultant

form of the f i f t h  and s ix th  equat ions  may now be solved fo r  g
2 and

g
4 

to yield :

+ i
22

) — k
2

(9 .11 +
— g

4
(o) = 

- ~l2 i2l (2.14)

where 
~1l 

= 3 — 4 v
1 

~~~~ 

+ ( l+y)e 2W

= (l+y)2oe

~2l = ( l -y ) ( 3 - 4u
1-20 ) + 2y ( 2 v

2 
- 2v

1
) + (1+y)e2° ( 2 . 1 5 )

122 = 1 - y  + e
2
~ [2 + 2y(2v

2
n
1

+2u
1
n
2
+4v

1
-1) - (1+y)(4v

1
-1-2w)]

k
1 

= (1+y)e

L k
2 

= (l—y) + (1+y)e2°

with  n 1 
= 1 — 2v

1 ; n 2 
= 1 — 2

~ 2

E f1+v \ 
(2.16)

y = 2_ 

~
-
~

j
~

-
~-) 

; y =

It  is easily seen tha t  for  large o:

g2
(w) - g

4
(w) = 1 + O( o2e 2W ) (2 .17)

This result permits recasting of the improper integral in Equation

2.13 to facilitate numerical evaluation. Add and subtract J (flw)

inside the i n t e g r a l  and r eca l l  the basic resu l t

I J (pu) du
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to obtain

2

= 
1 - v

1 [
~ 

~~~~~ - g
4
(c) - 1] J (~~

.
-
.) d~ + ( 2 . 1 8 )

The l/ ~ term is the  surface displacement for a homogeneous half—

space of properties E1, 
~l’ 

and the integral contains the effect of

layering . (Note from Equations 2.15 t h r o u g h  2 .17  tha t g
2

(~~) —

g4 (w) — 1 = 0 fo r  a l l  u when E 1/E
2 

= 1 and u
1 

= v
2
.) It is clear

from Equation 2.17 that the improper integral in Equation 2.18

converges like ~
2
e

2 . Thu s, numerical evaluation to high accuracy

is possible using an upper limit -
~~ 

of moderate magnitude. The

error  is given by:

w’ 
[g
2

(w) - g
4

(w ) - 1] J
o ~~~~~~~~ 

d~ = 0 (~~~
2
e

O
) ( 2 . 1 9 )

In this stud y ,  o was ass igned a value of 10, leaving an error of the
—7

order of 10

In terms of the dimensionless Cartesian coordinates:

.7

} ( 2 . 2 0 )
ri = y / a

where a wil l  be a characteristic length for the contact problem ,

Equat ion  2.14 may be expressed as

2

(~ ,n )  ~K ’( ~ r,,~ q) (2 .21)

where

K ’( ~~ ,n) ~~ ![g2
(w) - g

4
(0) - l ]J  (w/~

2 ÷ p 2
)d~ 

1 
2 ( 2 . 2 2 )

and

-t = a/h  ( 2 . 2 3 )

I
4 - 5— —--—— - - .  5— .—  _ .-_—--___ - —— -________________________________ - -5--— ~~~~~~~~~~~~~~~~ —5- - — -_ -
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For notational simp licity, define:

K ’ 
~~~~~~ 

= ~iK’ (~~~~,Lr ,) (2 . ? ’ .)

to  give the form :

2
— 

‘ 1

~ (~~~,r1) - — — - — - — -  K ’(~~,’) (2.2 ~~)0 IT E
1a

E q u a t i o n  2 . 2 5  gives the norma l surface displacement ~ t ~ ,ri due to

a unit concentrated norma l force at the ori gin. For the samt f o r c e

positioned at ~~~~~~ the disp lacement at ~ ,r 1 is s i m p ly :

2
I — v

1 —
= 

~~a 
K ’ 

~~~~~ 
r~

_
~~ ’) (2 .26)

This relation will be used in Section 3.1 to obtain the disp lac ement

due to a non—axisymmetric pressure distribution , with the function K ’

forming a portion of the kerna l of the integral equation for the

contact problem .

It is important to note from Equations 2.20 and 2 . 2 3  that the function

K ’ is s ingular  when i t s  a r g u m e n t s , the  ~ and r p o s i t i o n s  of the  p o i n t

in ques t ion  w i t h  respect  to the  p o s i t i o n  of the concentrated force ,

vanish. The singularity is isolated to the inverse square root term

which was subtracted from the Hankel inversion in t eg ra l  in order to

fo rm an in tegrand  which  would d ie  out exponentiall y for large o.

The integral , as a result , is f u l l y convergen t f or a l l  values of

the a r g u m e n t s  of K ’ . L e t t i n g  R be the d i s t ance  between the con—

) 
cen t r a t ed  fo rce  and the  point in question , the singular term is h R .

This is an in teg r a ble  s i n g u l a r i t y  in the sense tha t  the  singularity

vanishes when Equa t ion  2 . 2 4  is integrated to obtain the disp lacemen t

due to a cont inuous  pressure  d i s t r i b u t i o n  over a f i n i t e  reg ion .

. 5 -— - -  —5- --- - —-— -- - - - -—.  ~~_ _ _ 5 — - 5- -,——-- -.5- —5-- -— _-~~~~~~~~
, — — --



18

PART 3

ANALYTICAL FORMULATION OF INTEGRAL EQUAT ION FOR CONTACT PROBLEM

~~L Sur f a c e D isp lacement Due to  -~ xJsymmetric_ Pressure_ Distribut ion

To formulate the contact problem , an expression is needed for the

normal sur f ace  d ispl acemen ts of a layer ed h a l f s p a ce du e to a press u r e

distribution such as that shown in Figure 3—i . The pressure is

symmetric about the x and y axes and is bounded by a closed curve of

the same symmetry with vertic es at (± a ,0) and (o,±b). The p r e s sl l r C -

vanishes everywhere on and outside the bounding curve .

Using the dimensionless coordinates = x/a and n = y/a defined

previousl y and letting a = +f(~~), (with f(—~~) = f(~~), f(1)) = b/a ,

and f ( ±1) = 0) , denote the upper and lower portions of the bounding

curve. Equation 2.26 can be used to set—up the following integral

expression for the normal surface displacement u (~~,ri) due to the

pressure distribution in Figure 3—1:

a(l-v
1
2) 1 f ’~~’) 

—
Cl (~~,r ) = 

E ~
‘ 

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3 .1)
0 

1 -1 -f(~~’)

which Is the continuous sum over the pressure distribution of the

disp lacements due to concentrated forces at (F~’,n ’) of magnitude

p (~~~,r1 ’)a 2
dn ’dç ’. As discussed at the end of Section 2.2, u (~~,fl)

is bounded and continuous everywhere desp ite the singularity of K ’

at (~~,n) 
= (F ’ ,~~ ’). Of course the pressure p(F ’,n ’) must be continuous

and s u f f i c i e n t ly smooth .

3 .2  Der iva t ion  of In tegra l  Equ at i o n

Under the  c lass ical  H e r t z i a n  assumptions [1—31 , the problem of con t ac t

between two elastic solids can be reduced to a consideration of the

contac t  between an e l l i p t i c a l  pa rabo lo id  and a h a l f s p a c e .  Figure  3—2

shows the situation of interest here in which the paraboloid is a

homogeneous solid of p r o p e r t i e s  E ,v ,~, and the halfspace is the layered
3 )

solid anal yzed in Pa r t  2.  The load d i r e c t i on , parabolic axis of

the  parabo lo id , and z axis  of t h e  layered  h a l f s p a c e  are co inc iden t .

The x and y axes on the  s u r f a c e  of the  layered ha l f space  coinc ide ,

~1
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respectivel y, eith the major and mi no r elliptical axes of the

p a r a b o l o i d . lo the unstressed state , the two solids are in point

contact it the origin with the initial norma l separution g iven by

2 2 
-

Ui 2R 2R
x y

where R and R are the radii of curvature at the vertex of the un—x y
deformed paraboloid in the x-z and y—z p lanes , respe tivel y. When

the solids are pressed together under a load W , the separation at

any point x ,y i_s decreased by the normal approach between the two

solids and increased by the sum of their local normall y inward sur-

face disp laccments. Thus , the final separation under load is

U = U . - d + u + uf i o o

where d is the normal approach; U ’ and U ” are the surface dis-

p lacements of the halfspace and paraboloid , respectivel y. The two

solids will be in contact over a finite region centered at the origin

in wh ich L
f 

= 0, forcing the surface disp lacement to satisf y:

C 2
u + u = d — 

x 
— ,~~~__ (3 .2 )

o o 2R 2Rx y

The load W is transmitted through the contact zone by a pressure

d istribution p(x ,y) as shown in Figure 3—1 which acts normall y

inward on the  s u r f a c e  of each so l id , v a n i s h i n g  on and o u t s i d e  the

contact zone boundary. As in the statement of the classical Hertz

problem , no s’Cear stress is transmitted between the contacting solids.

E q u a t i o n  3. 1 holds  ex u c t l y as w r i t t e n  fo r  U ’, where  p(~~,~~) is the

contact pressure distribution; n = +f(~~) is the  c o n t a c t  zone boundary ,

and a and b are the  major  and .m i n o r  c o n t a c t  zone haifwidths. The

correspond i ng su r f a t e d i s p l a c e m e n t  of the homogeneous solid is given

• by:

a (1-u  2
) 1 ~~~~~

‘)  
F ’

II ~
1 ( , s ,~~) = -i- - -  I P ( ’  ,~~ ~~~ d~~’ d~~ ( 3 . 3 )

-l -f (~~’) ~~~
C~~~I)

2 
+ (q-~’)

5--— — _ - -_- - -_  - - _ - -, --- - C _ _ __ _
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Adding Equation 3.3 to Equat ion 3.1 for  u ’ y ields:

ii: a(1-v
1
2) 1 f (~~’) -

u (~~ ,rt) + u (F ,n) = 
~ . I I p (~~~’ ,n ’) K ( ~~—~~ ’ ,n— n ’)  dn ’dF, ’0 0 71 
~ —l _ f (~~ I)‘5 (3 .4)

where the function K is defined in terms of a basic kernal function

K(~~~ )= ![g
2

(w) - g
4

(o) - 1]J (~~~~~ + q
2
)dw +

1
~~ 

÷ (3.5)

with

/ 2\E f l — v  \
= E 2 J ( 3 .6 )

according to:

= ctK( ct~~, ctn) ( 3 .7 )

Approximating the i n f in i t e  integral  in u as discussed in Section 2.2,

the form of K( 1 , n) to be used in the subsequen t numer ical anal ys is is:

~ f  - g4
(w) - 1}J (w/~

2 
+ q

2)d~ + 
1 + 

~ (3.8)

J~~~~~~~2

wi th  an error of order w 2
e 2w 0 assoc iated wi th  th i s  approx imation .

By combining Equation 3.1 with Equation 3.4 and de f in ing  the d imension-

less quantities:

r = 2R d/a 2

c = R /R
x y (3.9)

2
2R (1—v

1 
)p

7TE
1
a

~1

— I  _ S 5-—. - — .
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one obta ins  the integral  equa t ion

2 2 1 f (~~’) 
—

r — — = I I ~~~~~~~~~~~~~~~~~~~~~~~~~~ (3.10)
—1 —f(~~’)

which holds fo r  a l l  I~ and q w i t h i n  the  c o n t a c t  zone . O u t s i d e  the

contact  zone and along i t s  boundary ,  ~(~ ,n) = 0.

Taking advantage of the symmetry of the problem , Equation 3.10 can

be wri tten as an integral over the first quadrant of the contact

zone :

2 2 1 f (~~’)
I’ — — = I I ~~~~~~~~~~~~~~~~~~~~~~~~~~ (3.11)

0 0

where

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3. 12)
+ K (~ —E ’ ,~~+~~’) + K (l+~’,q+n ’)

A dimensionless contact load W may be obtained from the integral of

over the contact zone :

— 
1 f (~ )

W = 4 1 1 ~~~ ,n)dnd~ (3.13)

Taking the expression for the actual contact load W:

a af(x/a)
W = 4 I I p(x ,y)d ydx

0 0

and wr i t ing  p, x , and y in terms of 4 ,  1 , and n ,  respectivel y , gives

the -definition of W as:

2
2R (1—v

1 
)W

3 
(3.14)

ITE
1
a

This stud y wi l l  be concerned w i t h  numer ica l l y solving a d i scre t ized

form of Equation 3.11 to o b t a i n  ~ipprox imate  d i s t r i bu t ions  of 4 ( ~~, ri) along

with  c , c , and W for var ious layered contact conf igura t ions .  Before
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proceed ing with the numerical formulation , it is of some value to

consider the classical Hertzian solution as a closed form analytical

solution to Equation 3.11 and making use of that  solution t o  define

some d imensionless variables more amenable to d irec t physical
in terpre ta t ion  than 4 ,  W , and I’ . 

-

The problem at hand reduces to the classical Hertzian contact problem

for homogeneous elastic solids when one sets E
1/E

2 
1 and v 1 

=

in Equa tions 2 .14 through 2.16 f o r  [g 2 (w) — g4 ( w ) ] .  It is easily

verif ied tha t under these cond itions g
2

(w) — g
4

(w) = 1 for  all U , SO

that  the Hankel inversion integral in Equation 3.5 for K(F~,q) vanishes

identically,  causing Equation 3.10 to reduce to:

r - ~2 - cq
2 

= 
(1+8) ~~~

‘,n ’)dn ’d~~
’ (3.15)

- - (~~ 
) J(~-~’) + (fl-n ’)

This is the ‘Integral equation solved anal ytically by Her tz [ 1 ] ,

with the well known result consisting of an ellipsoidal pressure dis-

tribu tion and ell ip tical con tac t zone boundary :

~ 11 - ~2 - p 2q
2

(3.16)

f (~ ) = -~ ~,cT7

where

p a/b (3.17)

Due to the ellipsoidal form of •:

(3.18)
3p

The constants  c , 1’ , and q ° are given in terms of comp lete ell ipt ic

integrals whose arguments depend on p :

2~~, ., 
—

c = ~ ‘~~‘ ~1”~ (3.19)
— E(p)

I
&,_. __

_ , : . .

.

~~~~~~~ ‘ _ - .  
~~~~~~~~~~~~~~~~~~~~~~~

-.- —
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pK (u) (3.20)

— K(~ ) — E(~ )

= Pu 
(3 “1)

— E(p)]

where

- P - i  
, p> 1 (3 .2 2 )

K(u) and E(ii) are comp le te ell ipt ic integrals of the first and

second kind , respectively, d e f i ned by :

2 1/2
K(p) = I (1—psin 8) dO

(3.23)

ir/2 
2 1/2

E(p) = I (1—psin 0) dO
o

Tables and polynomial approximations of these functions are found

in Reference [ 9].

For the axisymmetr ic  case , the contact zone is circular and u 1.

The constants reduce to:

r = 2

o 4 (3.24)

it (1+8)
— 8
W = 

3it(l+8)

In most physical situations to which contact theory can u s e f u l l y  be

appl ied , the load W and curvature ratio c are known . Typ ical l y ,  one

wishes to determine the normal pressures p(x , y) , major and m inor half—

wid ths a ,b , and approach d. Denoting by p(x ,y), a , and d , the

_ _  
________ _ _  _ _ _ _ _ _



26

values of these quantities for the case of an axisyminetric

Hertzian contact , where the layered halfspace shown in Figure 3—2 is

homogeneous in the layer properties E1, u1, the second , th ird , and

f our th of Equation 3.24 may be equated , respec tivel y, to the first

and third of Equation 3.9 and Equa t ion 3.14 to give:

2

d = 
~~~~~ 

(3 .25)

2a E
o l

p = p (0,0) = 
2 ( 3 .26 )o o 

TTR (l+8)(l—v
1 

)

r iR xw( 1+8)( l_ v i
2 )1 1/3

a = 
[ 4E 1 J ( 3 . 2 7 )

These three equa t ions  can be combined , respec t ive ly ,  wi th  the  f i r s t

and third of Equation 3.9 and Equa t ion  3.14 to yield the dimension-

less quan tities:

d/ d = ~ (a/a ) 2 F ( 3 . 2 8 )

p /p
0 

= ~ r 2 (l+8) (a/ a )~ ( 3 . 2 9 )

a/a = 2 [371(1+8)W] 
—1/3 (3.30)

In addition, a d imen sionless minor ha l fwid th and layer thickness
are clearly given by:

a/a
b/a = —‘a (3.31)

a / h  = —)
~

-— (3.32)

Through the direct mathematical  solution to Equat ions  3.11 and 3.13 , one

obtains the dependent variables of the problem : ~ (l j ~~, W , F , and c ,
as functions of the independent variables: E

1
/E 2, E1

/E 3, v1, v2,

v3, ci , and p .  However , since the quan t i t i e s  a , d , and p° are f u n c t i o n s

of known physical variables through Equations 3.25 through 3.27, Eq ua tions

3.28 through 3.32 provide a useful physical in terpre ta t ion of th is C

solution , whereby the dependent  v a r i a b l e s  are taken as p /p ° , a /a ,

_  5--
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b/a , and d/d , w it h the independen t variables E
1

/E 2, E1
/E

3
, v1, v2 ,

a / h , and c.

When the solution is viewed in this manner , all of the independent

variables are functions of generall y known ph ysical parameters:

W , h, R , R , E1, E2, E3, V 1. v2, and v
3
. The dependent variables

consist of the  unknowns:  p ,  a , b , and d , each scaled on a f u n c t i o n

of the known physical parameters. Unfortunatel y,  a / h  and c ,
while independent variables phy sical l y, are dependent mathematicall y.

Thus , to obtain a solution for particular values of a / h  and c ,

one must perform an interpolation of solutions to Equation 3.11 over

ranges of the ma thema ticall y independent variables a and p.

Equations 3.18 throug h 3.21 may be combined w i t h  Equat ions  3 .28

through 3.31 to yield for  e l l ip t ica l  Her t z i an  c o n t a c t :

a 
= R (K(u) - E(li)\1 1/3

a 
~~ /o

d 
= p K ( i i ) ( a \  — l (3 33

d 8 \ a Jo o

p
0

(a\~~ 2
0

For this case , Equat ion 3.19, together with Equations 3.22 and 3.33,

must be solved iteratively to determine p given a value of c. The

desired quan tities are then de term ined d irec tly from Equations 3.33
and 3.31. 
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PART 4

NUMERICAL FORMULATION

4.1 Discre t ized  In t eg ra l  Equa tion and Me thod of Sol ut ion

Equation 3.11 , which is the integral  equa t ion  to be solved fo r  the

contact pressure d i s t r i b u t i o n  c t (F ~,n), is discre t ized b y d iv id ing

the f i r s t  quadrant  of the con tac t zone in to a rec tangular mesh as

shown in Figure 4-1 with n—i uniform divisions between ~ 0 and
= 1, and the same number of uni f orm divis ions be tween n = 0 and

ii = b/a .  The mesh point  posi t ions are denoted by (1 i, r i . ) ,  i = 1. ..n;

j = 1.. .m(i), wi th 
~m ( i )  locating the mesh po int a t the discre t ized

boundary for  each 
~~~

.. The quantities A~ and ~n deno te the r espective

lengths of the ~ and n divisions , wi th:

=

= 

(4.1)

A~ (b/a)~~

The contact pressure distribution is modeled by assigning a value of c~
at each mesh po in t :

i=1,.. .n ; j=1,.. .,m (i)

with ~ varying linearly in ~ and n between adjacent  mesh po in t s .

This linear var ia t ion is achieved over each rec tangula r  element

bounded by ad jacen t  hor izontal  and ver t ica l  mesh lines by d ivid ing

the element along a diagonal into two r ight  tr iangular segments over

which the d i s t r ibu t ion  of ~ is p lanar .  This is shown in Figure  4 — 2

for  a single element , and Figure 4—3 shows an examp le of a comp lete

pressure d i s t r ibu t ion  comprised of such elements.  Re fe r r i ng  to

the or ienta t ion of Figure 4—1 , the  dividing diagonals connect the

mesh points at the u p p e r — l e f t  and lower—righ t  corners of each e lement .

Al ternatively, dividing diagonals connec ting mesh points at the lower—

l e f t  and u p p e r — r i g h t  corners of each element could j u s t  as easily Jhave been used , bu t  were ruled out  because they appeared less con—

venient  fo r  model ing  a con tac t  zone boundary of the general  shape

shown in Figure 4— 1.

I



29
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The discretized form of Equation 3.11 may now be written for the

sim of the normal disp lacements of the two solids at each contact

zone mesh point by expressing the area integral over the contact

zone us the sum of the area integrals over the component elements

of linear pressure variation. Figure 4—4 shows the (i , ~) elem ent •iI

rectangular region of integration. The linear pressure distrib utions

over the right—triangular subdivisions labeled “L” arid “U” ar e :

(~~ ‘~~ ri ’ )  =

+ 
~~~~~~~~~~~~~~~ 

+ 
~l,j+l 

~~~~~~~~
‘
~~~~~~~

‘
•~~~~~ 

/ t ~
(4.2)

=

+ 
~i+l ,j ~~~~~~~~~~~~~~ 

+ 
~ i ,j+l~~~~l+l ~~~~~~~~~~~ ~~~~~~

where

p E M/t~ = a/b (4 .3)

with the resultant discretized integral equation written for mesh

points (~1~n~):

2 2
— 

~I 
— E f l~

n—I m (i)—1 rl . +l
= E E I I Q(~~1 .n~~;~~’ ,n ’)~~

’ (~~
‘,~~

‘ Ydn ’
1=1 j=l . 1  

(4 . 4)

~~j+l ~

‘
i+1 U

+ I I Q(c 1 ,n ;F,’,n ’)t , (Y,n ’)d~ ’dn ’]
fl ’j ~

‘
1
+C
~
(n ’

~ ÷i
_ n ’

~

I 1  n ; J’~1 ,. . . ,m ( I )  —

I

_ _ _  
___- - ‘

. 

1 _ _ _

~~~~~

_
. 

- 

~~~~~~~~~~ 
-
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Def in ing  the quantities:

F L )  n
,
j+1 ~

‘.+i (n ’ .+1—n ’)
1

~1 1 1,J;i ,j n ’j

= I ,
f  

~~~~~~~~~~~ ~~~~~~~ 
d(• ’d t i ’

(4.5)

~ U i
a I 

~~j+l 
t’ i+lU 1

LflJ

8 = —
~~

-
~~

-- I I Q( ~
1 1
U fl~ 

~~~~~~~~~~~~ 
~~~) 

I J  ~~~~
‘ d~ ’dri ’

j  1 3+1
I,J; i,j

wh ich will be evalua ted by numer ical in tegra tion , Equations 4.4 take

the form :

2 2
F — 

~ I 
— =

n—I, m(i)—l L L L , L
E 

~ ~~~~~~~ i+i
ci
l,J;i , j  

— 8I,J;i,j 
— 

~
‘I,J;i ,j~~ jC~j,j;j,j )l

i=i j_l

L , L U U
+ p (n ’+ 

~j+~ ,j  E8~~j;j j 
— 

~ ~~~~~~~~~~ j+lal,J;i , j  
— 

~ I ,J ; i , j~~

L , L U U
+ 
~ ~~~~~~~~~~~~~~~~~~~~ 

.— n  .a ) + E~’ a Bi,j+l , ,j j I,J;i ,j i+l I,J;i , j  
— 

I,J;i , j

U , U , U U
—

~~ 
a . .+

~~~i+I j+l ~~T ,•I;i ,i i I,J;i ,1 j+l
a
l ,J;i ,j  ~I,J;i ,j~~

’
~ J

I=l , . . . , n ; J=l , . . . , m ( I )

_  _ _  _ _  

I
-.5—. - .——— — — - — ..———-—. ———, —————- — —- -—‘ — -

. 5 i  5 .
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By adjusting the summation m d  ie~~s i n  t h e  second , th ird , arid fourth

l ines of th is expression , one obtains:

2 2
— — =

n— l m (i)—l (1 n m( i— I )—1
~~~. . C ~~~~~. .  + ~

i=1 j=l ~~~~~ 
I,J; i , j  i=2 j=i 1 , I~ J . I~

(4.6)

n— i mU) n m (i—l) 
/

+ ~~~. . . . + ;. ~~ . c~~i=i ~ 
1 ,3 ~~~~~~~~~ i 2  j=2 ‘ ‘~~~

1=1 , . .  ., n ; J=l , .  . . ,m ( I )

where

(1) , , L L LC1j;1 1 
= 

~~ i+l 
+ 
~~ ~ ) 

~r ,J;i ,j 
- 8

I,J;i ,j 
- 
“I,J;i ,j

(2) , L , u UC1j ;jj  
~~ i~ l

c
I,J ; l~ l ,j 

+ 
~I ,J; i-1 ,j 

+ P(n
~~+i ~~~~~~~~~~~~~~~~~~~~~~

(3) , U U , L (4.7)C1 j ;j j  = 
~
‘ 1+1 ‘~i ,~~;i ,j_~ 

- 
~I ,J;i ,j—1 

— 
°~~~ 

~~~~~~ i ;i ,j—i 
—

~I,J; i ,j—l~

C~~~ ;jj = _

~~~~~~

‘

~~~~
—

~~ 

+ ~n ’ .) ci
~~,J; i_ l ,j_l + J• i 1 j 1  

+

I t  is assumed t ha t  the  boundary  c o n t o u r  n = f (~ ) is mono tonicall y
decreasing over 0 ~~< l  so tha t  t he  d i sc re t i zed  boundary  w i l l  a lways

sa tisf y:

n’(l) = m (2) = n (4 .8 )
m ( i+ l )  < m U)  1 =2 n — I

A ppl y ing thi s ~oiid ition while combining the f o u r  d o u b l e  s u m m a t i o n s

in Equation 4.6, one obtains:
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2 2 n m(i)

- 

I’ — — cn~ 
= 

i~ l 
~E
1 

CIj ;~~~j  ~~~~~

1=1 ,.. .,n ; J 1 , . .  .

with the influence coeff icien ts C
1 ~~ 

. . given by Table 4—1 in terms
1 , ,1,J

of the quantitias C~ ~ . . defined by Equation 4.7. The subscripts
, ,1 ,J

I ,J ; i , j  are l e f t  o f f  for conciseness in Table 4— 1.

Equation 4.9 cons t i tu tes  N simultaneous linear equations in the N

discrete pressures where

n
N = ~ m(i) (4.10)

i=l

For given values of the elastic properties E I,/E 2 , E1/E 3, 
~~~ “2 ’

and V
3~ 

geometric ratios a/h and a/b , and con tac t zone mesh parame ter
n, the integrals in Equa tion 4 .5  are computed and tabulated fo r  all

mesh coordina tes:

ç I l , . . . , n ; J=i , . . ., n

~ L i=l ,. . ., n— l ; j=l ,. .., n— l

using procedures to be presented in Section 4 . 2 .  Then , from

Equation 4 .7  and Table 4—1 , the set of inf luence coe f f i c i en t s  C1 J~, ,1 ,3
may be obtained for  contact zones of any discret ized boundary shape

satisf y ing the conditions given by Equation 4 .8 .

For computational purposes , the following notation is adopted for

Equation 4 . 9 :

N
= 1 C p=l ,...,N (4.11)

p q 1  p ,q  q

wi th
— 

2 2I” 
~~ ( 4 . 1 2 )

• 1

-- 5- —---- - -- 5-—
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TABLE 4—1

INFLUENCE COEFFICIENTS FOR EQUATI ON 4 . 9

i j 
— 

C Restrictions

1 1 C~
1
~

2, . .  . ,n—1 + C~
3
~

n

2,...,n—l 1 ~~~~ + C~
2
~

2 , . .  .,m(i+1)-l C~~~ + C~~~ + m ( i + l )> 2

C~
3~ + C~

4
~

m ( i + l )  C~
2
~ + C~

3
~ + m (i+i)~zm (i)I ~~~~

m(i+1 ) C + C m ( i+ i )= m ( i)
C 

m(i+i)+l , . . . ,  C~~~ ÷ C~
4
~ m(i+l)<in(i)-l

m(i)—1

m ( i )  ~~~~ m ( i + l ) < m ( i )

fl 1 C~
2
~

2,... ,m(n)-l C~
2
~ + C~

4
~ m (n)>2

m(n)

I.

I
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C = C
p;q I,J;i ,j

(4.12)

= 
~i,j  

(Cont ’ .d)

where the indices p and q rep lace , respec tively, the pairs of

indices (I , J) and (i ,j) according to:

ç J I’l; J~’l ,. .
p =  ( i—i

L J + 1 m(k) I=2,...,n ; J l,...,m(I)
k=i

(4 .13)

i=1; j=l , . . ., n
q = ~ i—l

(j + ~ m(k) i=2,...,n ; j= l , . .. , m ( i )
k=l

Since any discret ized boundary allowed by Equation 4.8 contains

the vertices (E ~ = 0, q = b/a )  and (F~ = 1, r~ = 0),  the pressure

is implicitly constrained to vanish at these two points. The criteria

for sa t i s fac tory  selection of the boundary shape between the vert ices

is that the discretized pressure d i s t r ibu t ion  obtained as a solution

to Equation 4.11 vanish along the correct boundary . Clearly,  this
boundary selection is an iterative process.

For consistency with the above—mentioned constra int , the vertex

pressures ci and ~ must be set to zero in each of Equat ionsn n-m(n)+i
4.11. With some minor rearrangement , this leaves the following system

of N linear equations in the N—2 unknown pressures along with  the
unknown parame ters F and e:

N
= E C 4, p=l ,.. .,N (4.14)

~ q~ l 
p,q q

with

= _
~~~~~ 

p=l ,. . . ,N (4.15)

~1
-.5—--- .5-- - - . -—— - - - — 5 -  —5- ‘ - -5- — — - 5 --



çr q = n

~q 
~~~ q = N—m (n)+1

— 
all other q

q (4 .15)
—l q = n (C on t ’d . )

Cp ;q ( p l ,.. .,N) 
~~~~~~~~~~~ q = N-m(n)+l

C a l l  ot her qp ;q

In selecting the discretized boundary to approximate a continuous

curve as shcwn in Figure 4—1 , the  pressures  at mesh points outside

the continuous curve are set to zero and the members of Equation 4 .14

prescribing the contact surface displacement conditions at these

points are effectivel y discarded . Letting such a point be denoted by:

(i ,j) = (I ,J )  = p = q

this is accomp lished by setting :

— ¶i q = p
Cp ; q  = 

~0 all  o the r  q

is• p
o

= O

which rep laces the p t h  member of Equation 4.14 w i t h  the e q u a t i o n

The resulting system of Equation 4.14 is solved for the N ~q
1 5 using

a standard Gaussian elimination technique , and the solution is in-

spected for approximate satisfaction of the condition ~ = 0 along

the selected boundary  con tour .

The d imensiongess load W , d e f i n e d  b y E q u a t i o n  3 .14 , is o b t a i n e d  f rom

Ilie discretized distribution of ~ by forming the summation over the

contac t zone of the volumes of each r e c t a n g u l a r  pressure e lement

such as shown in F igure 4—2. Letting W
j ,~ 

denote  the  volume of such

an e lement :  

.5 5-— — 5 - T ’  5-
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— 
n—i m (i)—1

W = 4  ~ E W (4.16)
i=l j=1 

1,]

where it is clear from Figure 4—2 and basic concepts of solid

geometry that

= -
~~~ A~~A~ + 2

~ i+1 , j  + 2
~ i,j+l 

+ 4’i+l j+l~

Substituting this expression for w. into Equation 4.16, one

obtains the relation which may be used directly to compute t~
from the solution to Equation 4.14:

— 2 n—i m(i—l )—l
W = ‘j-.~n~~ 

i~ i j~ l 
~~~~~~ 

+ 24’i+l ,j  + 24’i,j+l 
+ 

~~~~~~~ 
(4.17)

with Equat ion 4.13 used to convert from the solution notation 4’q 
to

Wi th t, F , 14, and the 4’ distribution available from this dis—

cre tized solu tion , Equations 3.28 through 3.32 are used to obtain

the quantities : a / h , a/a , b/a , d/d , and p/p°

4.2 Evalu~ttion of Influence Coefficients for Discretized Integral
Equation

4 .2 .1  Formulat ion in Terms of Inte&ral Functions

The integrals appearing in Equation 4.5 of the function ,

Q
1~~

n
J~~~~~~

T 1 )  =K (~ 1
—l ’,r~~—q ’) +K (~ 1+~~ ,n~

_n ’)

+ K(~1+F~’ ~ri~ —ri ’) + K (~~~+~~’ ~n~+n ’)

defined by Equation 3.12 , must be evaluated numerical ly in order to

determine the influence coe f f i c i en t s  C T 1 . 4  
from Equation 4 . 7  and

, , ,J
Table 4— i .  Equation 4 . 5  can be broken down into the integral  func t ions ,

~~ 
~~~~~~~ — I

I( (~~,r ~) = f I K(u ,v) U? dudv ( 4 . 2 . 1 )
0 0  v~\

_ 1
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1
— 

n~~±pv —

1* (~~,n,±p) = I I K ( u ,v) u dudv ( 4 . 2 . 1 )
o o (Cont ’d.)

which are naturally amenable to systematic numerical computation and

t abu la t ion .  To express Equa t ion  4 . 5  in terms of these integrals ,

first substitute the above expression for Q into the first three of
Equation 4.5 and change the variables of integration in each term

such that they are the same as the arguments of K to obtain :

L ,
a 

~~~ j+l ~~~~ 
•+p(~~~~ ~+i

)]_Pv 
— ~

1•J
= —h- ~ K(u,v). ~1

—u, dudv

.‘~
‘ I,J~ i,j 

1 I i

~ 
‘i+i ~~I

’j ~~~~~~~~ — 

1

I I K(u,v)~~l~ 1—t~~dudv
fl
J

fl
j ~I

+
~

’
i

~ ~~~~~~ 
Rj

_
~~

’
1
_ O(nj+n

’
~ +1

)]+Pv 
— 

~ ~~~~~~~~ 

( 4 . 2 . 2 )

+ ~~~~
‘ I I K(u,v)~ u

~~ T~
dudv

flJ+ f l •  
~I~~~

’
i

I 
y1 +r~’~~~ [~~1

+~ ’ +P(n~+n ’ 
1
)]—pv 

— 

1

+ — I I K(u,v)~ u
~~
f
~T 

dudv
n +n ’ . ~J j  I 1

I t should be clear tha t this express ion can be app lied to the latter

three of Equa t ion 4 .5  by changing the sign of each integral  and

replacing l’~ with E ’
i+i 

in the lower lim it of the u in tegra tion for

each term . N w  separate Equat ion 4 . 2 . 2  into in tegrals  over rec tangular

regions denoted as:

çA 
~J~~

’j+i ~I~~
’i —

B = — I I K( u ,v) ~1
— u dudv

I .  n —ri ’ 0
it’ I ,J ; i ,j  i 

( 4 .2 . 3 )

~J~~~ j+l ~I~~~~i 
~
• -l 7

3 
— I I K (u ,v) ~~1

—u~~ dudv
0

_ _  - ~~~
5- 5- —-
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r1
J
+n ’~ +i 1

~I~~~
’
i — 

—1

- / / K (u ,v ) .  u— F~ dudv
I

J 3 f l — v

( 4 . 2 . 3 )
(Cont ’d . )

flJ+fl
’
j+i ~I~~~i — 

1.

— I / K (u , v) . u—~ T~ dudv
0 1J 3 V —fl~~

and integrals over trapezoidal regions denoted as:

çA*7 ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 
— 

ç 1

~ B*~ = I I K(u ,v) ~~~~~~ dudv

ii — Ti ’ I fl —v-‘ I ,J ; i , j  J j U

~J~~~ j+l ~~~~~~~~~~~~~~~~~~~~~ — —l 1
+ I I K(u ,v) 

~i_u? dudv
nJ n 

~ 
° v— ri~\

(4.2.4)

flJ
+fl ’j+l t

~~~i

h

i
(Ti

j
+Ti ’

~~~+i +
~
)\1  

— 
~—l 

~+ I I K(u ,v) . ~u—F ~ ‘, dudv
Ti fl~ I I+ 3 0 I

Ltlj
_
~

nJ+n
’
j+l [

~ 1
+
~~ 1

+p(fl
~
+n ’.+1)]_ pv 

— 
~ l ]

+ I I K (u ,v) ~ u— Q dudv
r1~+r1 ’ . °

to obtain the following convenient representa t ion of all six of

Equation 4 . 5 :

fA A*

~~~~~ :
~
‘ I , J ; i ,j  I ,J ; i , j  I ,J ; i , j

(4.2.5)

\cz
U 

ç A  A*

“ — ~~-- ‘B _ -._.i_~ B*
‘ U ~~

- 1,J ; i , j  LG I ,J;i+l , j  
Gk  

I ,J ; i , j

.5 .5 ... — - - - — —— — —~~~~~~~~ -5
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Equation 4 . 2 . 3  f or A , B , and G can be written in terms of the integral

funct ions  H , I , and J to y ield :

+ - 

~~~~~ ~~~~~~~~~~~~~~~
C n~ H J

I ,J ; i ,j

c - ~
i

- ~~~~H 1  (~1+~’ .~ n~-n ’ . 1) +~~~~~
i_

~~ ~

t~~n H j

— 
(4.2.6)

-H - -~~

— T—~~1
i 

~~I
_
~~
’
i~

TiJ
+Ti’j+l

) + 
1~
! (~1

_
~ ’ .~ n~+n ’.)

~ J
11j  n~ H-J .

- ~1
H (

~ 1~~~
’
~~
,n
2
+n ’

1+i
) + I-l~~H ~~1

+~~’1
,fl~+fl ’ .)

u-flJ~
i,

Similar ly A* , B* , and C~ may be expressed in terms of H*, 1*, and J*:

1*1 ç i;i~*
~ B*~ = (~~U)~~~~~I _~ )_ 

~~I~
*_
~
* (~~

(l)
,~~~

_~~I _~~)

LC *i . . 
ri~H*_J*j

I,J; 1 ,3

.1 
- 

+ 1~I~*i (~~(2 )
f l _ f le +p)_~~~~ *_T*~

J*_ fl H *
- (4 .2. 7)

~ 1i* I
~

*
~ ~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~

n~H*_J*

÷ ~*_~:~*1 ~~~~~~~~~~~~~~~~~~~~ ~~ (~~~
4) 

~~flj+fl ’

j
~~~P

J*...nJH* LJ*_n~H*
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wi th

~ (i) 
= - +

~ (2) 
= 

~~ 

+ -

(4.2.8)

~ (3) 
= - - P(T1 j+fl ’

~~+i
)

~ (4) 
= + + P(flj+fl

’
j+l
)

Equation 4.2.3 together with Equations 4.2.6 and 4 . 2 . 7  give the

desired expression of the quantities aT’, 8L, 1L ~~~ 8~~ , and
in terms of H , I, 3, H*, 1*, and 3*

Recalling from Equation 3.7 tha t K (F~,n) aK(a~ ,an) with a = a/h

and K(u,v) the kernel function given by Equation 3.5 , it is seen that

H, I, 3, H*, 1*, and 3* are ob tainable from computations of the

basic integral func tions:

~
I (s , t) = I I K(u ,v) ~ u dudv

o o

(4.2.9)

111* 1
I t s+pv
1* (s , t ,±p)  = / f  K(u ,v) u dudv

L o o

with

= (1/a) H (a1 ,an)

I(~~,n) = (1/a 2 ) I (a~~,a~ )

J(~~,~~) = ( 1/a 2 ) J (aE ,ari)
( 4 .2 . 1 0 )

= (1/n) 11* (c11 ,aIl ,±P)

= ( 1/ a
2

) 1* (a~ ,a~ ,+p)

(1/a
2 ) J~ (~~r~~~~~4.p)

~1
—---.5- - - - - -~~ —--5--—-  ~~~

—- — —--- ---.- -.
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From E q u a t i o n  3 .5 , i t  is clear that:

K(u ,v) = K (—u ,v) = K(u ,—v) = K(—u ,—v)

and as a consequence of this symmetry:

H ( s ,t) = Sgn(st) H (IsIjt ~)

1(s,t) = Sgn(t) I (!s~, I t I )

J(s,t ) = S g n(s)J (~ s I , j t ~ ) (4 .2 .1 1 )

H*(s , t ,+ 1) = S g n ( st )  i{~ s~ , ~~ , +ii Sgn (st)J

= Sgn(t) 1* [ s~ , I t~ , +c Sgn(st)]
J*(s, t ,+~) = Sgn(s) J* [Is , I t , +n Sgn(st)

wher e
—I x < 0

Sgn(x )  ( 4 . 2 . 1 2 )
+1 x~~~~O

so that the basic integral functions defined by Equation 4.2.9 need

onl y be computed  fo r  p o s i t i v e  v a l u e s  of s and t. By combining

E q u a t i o n s  4 . 2 . 10  and 4 . 2 . 1 1 , one obtains the relations:

(1/a) Sgn ( ; ,~ ) H (-~I~~ ,~x I n~
)

= (l/ri 2) Sgn (n) J (‘z I~ ~~~~
J(~~,n) = (I/a

2
) Sgn (

~~) J ( - i l d , ri I n ! )  (4 . 2 . 1 3 )

= (1/ti) Sgn (~~fl) H* I n I ~ I , ’i 1n k ±  I~~gn (F r1) J

I*(~ ,fl,±p) = ( 1/ a2) Sgn (ii ) 1* 1nkI,~ !n I ,+p Sgn an)]

= (1/ct
2) Sgn ( F~) J* ~~~~~~~~~~~~~~~~~~ (~ nf l

which will be used to obtain the values of H, I , J , H*, 1*, and i*

required in Equations 4.2.6 and 4.2.7 from computed values of

H , I, J , H*, J*, and J*.

Equations 4.2.6, 4.2.7, and 4.2.8, together with Equation 4.2.13 , mus t

now be closely exam ined to determine all arguments s,t for which H, I,

J , H*, 1*, and J* must be evaluated in order to provide the values (If

H , I , J , H*, 1* , and 3* at all arguments 
~~~ 

call ed for in Equations

-

~~~~~~~~~~~~~~~~~~~~~

--

~~~~

--  

T .  
-— 

. 
~~~~~~~~~~

---

~~~~~~~~ 

- -— --
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4.2.6 and 4 . 2 . 7 .  F i r s t , n o te  t ha t  the quantities (A,B ,G)
1 ~~~~~~

,

given by Equation 4 .2 .6 and (A*~~B*~ G*)1 j ;j  j  given b y E q u a t i o n  4 . 2 . 7

must be obtained for all the integer subscripts I= l ,...,n; J=I ,...n;

i=l , .. . ,n—1 ; j=1 ,. ..,n— 1 , in order to obtain all of the in flie rj i’

coeffic ients C
1 J - from Equation 4.2.5 , Equation 4.7, and Table 4—1 .

Th us, the mesh coordinates ,n ; ~.
‘ ,ri ’ • ,  w i l l  t ake  on t h e i r  f u l lI J 1 j

range o f val ues:

= (I—1)t. -’ 1=1 ,.. .,n

= (J—l)A ~ J”l ,...,n

Y .  = (i—1 )A ~ i i ,.. .,n

Ti ’ . = (j—l)An j l ,. .

in fo rming  the  a rguments  for  which  H , 1, 3, H* , J* , and 3* will be
needed in Equations 4.2.6 and 4.2.7. Clearl y ,  for any values of

[H , I, JJ (~~,r ) and [H* , 1*, j*J (~~,fl, 
±~) required in Equations 4.2.6

and 4.2 .7 , the argument E~ wi l l  be a positive or negative integer

m u l t i p le of ~~ and the  a rgument  n will be a positive or negative

integer multiple of L~ri. For the corresponding values of [H, I , J]
(s,t) and [H* , 1*, J*J (s,t, ±p) cal led for  in Equa t ion  4 .2 . 13 , the

arguments  s and t wi l l  be posi t ive integer m u l t i p les of ~Lf~~ and
-i i r~, respect ive ly .  Computat ions  of [H , I , J]  (s , t )  and [H* , 1*, J* j

(s ,t , ±p )  are thus r e q u i r e d  over p a r t i c u l a r  ranges of s at  i n t e r v a l s

of ‘zt. ~ and t at  in te rva ls  of -zA n.  By no ting the ex tr eme val ues of
the arguments of H, I, 3, ~i*, 1*, and 3* in Equa tions 4.2.6 and 4. 2 . 7
over the full range of values of the mesh coordinates , and using

Equation 4.2.13 to determine the corresponding extreme values of the

arguments of H, T , .1, H*, 1*, and J*, one can establish the following

ranges on s and t fo r  comp uta tion a t respec t ive in tervals  of ctt~~
and t t r j :

0 ‘ s < 2 ( n — l ) c t A F~
[H , I , J I  (s , t )

1. 0 < t < 2 ( n — l ) a A ~
(4.2.14)

f 0 s < 2(n—1)czA~ —~ t
1~l* . I* ,.T * J  (s . t ,-4-~~) L 0 - - t (n—l )ctAci

=1

. 5 -

________________ _._ _, — ---— --———------ 
. .5- — —
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10 s < 4 (n—1 )-)/.r

ç L~~~~ t < ( n - 1) - - h I r I (4.2.14)
[H* , I* , J*] (s , t , —ç ~) ~ (Cont ’ d . j

L [Pt  
— (n—l)- ~if . ’i s 4 ( n — l ) ’ i t. ;~

~ t -
~ 2(n—l

ay utilizing the computationa l methods derived in Section 4.2.2,

the dt-sired arrays of values of [H ,I ,JJ (s ,t) and [H* ,I* ,l*1 (s,t ,+~. )

are obtained over these r anges .  These n u m e r i c a l  a r r a y s , together

with Equations 4.2.13 , 4.2.6 , 4 . 2 . 7 , 4 . 2 .5 , and 4.7, and Table 4—1 ,

provide for the complete determination of the array of influence

c o e f f i c i e n t s  c1 . in the discreti zed integral equation given

by Equation 4.9.

4~~~ 2 Eva lua t ion o L~~~~~~~~~ Func t ions

Substituting from Equation 3.8 for the approximate form of K(u ,v)

in the integral functions defined by Equation 4.2.9 and separatel y

defining the integrals of the Hankel inversion integral and inverse

square root parts of K(u ,v), one obtains:

~
‘ 
H7 H 7
I ~ (s ,t) ~~ I~~ (s ,t~ + (1+~ ) . I~~~ (s,t)

VL 1 ° (4 .2.1;)

~
I 

I

S ~~~~~ (s , t , + c )  ~~ I~ (s,t ,+~) + (1+~) 
. 1* (s,t ,±c )

/ j *- 1 L o

with

H
11 1

Il
l ~ (s ,t )  = I [g

2
( w) -g

4
(w) - lJ  f  I J (w jZ~~

2
) ~~~ dudvd w

v

( 4 . 2 . 16 )

1

(s ,t ,~~~) = •-
~: 

[g
2
(.)-g4(- )-1~ 

J (
~~~

+v
2
) 1u~

dudvdu

.5 . .5
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and ,

rH’~ Ni
~ oI t S 1/2 ) ,
‘I
)i ( (s ,t) = I / (u 2+v2) ~~~ dudv

IJ
-’ 

° °
L 0 ( 4 . 2 . 1 7 )

cH *) ui 7
~~oI ~ 2 2 —1/2/ I *

ç 

(s ,t,±p) = I I (u +v ) u dudv

LJ
~ 

~
)o

where in Equation 4.2.16 , the natural  order of integrat ion has been

switched by moving the w integrat ion to the outside.

The u—v double integration in Equation 4.2.17 is performed analytically

by following the procedure described in Appendix I. Defining the

quantities:

= i7+ ~2
(4.2.18)

+ =

R~ 
I+2 2

= 5—. + t

the resulting closed—form expressions in s and t take the form :

R° + t 
______H (s , t) slog + t lo R° + s

o

1 2 R° + t 
+ -

~~~ t(R°—tI (s , t )  = S log
0

1 1 2 R° + s (4.2.19)J (s ,t) ~ s(R°—s) + t log j—o

s (o+1)(ot+R t)11*(s , t ,+p) = log 
~~
“ 

+0 0
us— + ~‘R— 11

+ Sgn(s±)t log R
± + !s±i

I.

_ _ _ _ _  ____- -~~~
—__________ - - -5 - -  —5- ~~~ —

. 1  — 
. . 5.  .5 .5 —
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1* (s,t ,+p) 
~ 

2 [±P(R
± - s) 

+ -
~~~ log

1 + ( 4 . 2 . 19 )
+ -~ t(R- — t) (Cont ’d .)

J* (s,-t ,+p) = 
2 

_____ 

~~
- log (0 P)(ot + R ±

)]

+ 1 2 Rt + !s~ l+ Sgn (s—) -
~~

- t log

The u—v-u triple integration must be carried out numerical ly in

evaluating the functions defined by Equation 4.2.16. It is seen that

each s,t argumen t pa ir wi thin the ranges given by Equation 4.2.14
defines a region of u—v integration of one of six types shown in

Figure 4—5. Decomposing these regions in the manner shown , a

numerical scheme is derived for evaluating the functions at intervals

of a~~ in s and ctAq in t. For Region I , this decomposition allows

[ill. I~~, J1
] (s,t) to be expressed in the form :

rH~~ ( 1
I l l  o t s

t~ (s ,t) = / [g (u).~g (~~)—l] I I J (W ~.4{i +v ) ‘u dudvd o2 4 
~~~~~ ~~~~~~~~~~~ 

° 

Lv \
(4.2.20)

(s ,t-aAn) (s-aA~ ,t) - (s-aA~ ,t-a~~)

f Considering Regions II through V. [H~ , l~~, J~ ] (s,t ,—p) can be

expressed in a similar manner for the various ranges of s:

S

S = Pt

.~ I*~ (pt ,t ,—p) =

( ‘I .  2. 21

III t Pt— 4N 
~ 2

/ [g
2

( g
4

(c~~~~~~~ / / J~~ wl~
2
+v ) U dudvdw

° t—ai~n ~ iv

~~~~~~~~~~~~~~~~~~~~~~~~ - -
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çH,7

REGiON I ~ 
I i ~ (s , t ) REGION ~ ~ li~~ 

( s , t , — p )
v L~ii v

t =at ~7~ 

S1;AUS 
1=- u 

t = aAi, 

~~~~~~~~~~~~~~~~
:;_

~
. U

REGION ~~ ~~~~ (s ,t,—p) REGION & ~ I 1 *~~(s , t ,_p)
1 1 * 1  1 1 *V V

s > p t  
~

. s~~ pt— at e

R EGION Z ~~~~ (s ,t ,—p ) R EGION ~~~~~~~ ~~ I~~~~~~~~~ (s,t,+p)
v v
t S c p t — ao e  S’ O

t-a~~~-------,~~~~~

00 S S-Q~~ S-a1~~ S

Fi g. ~~~~~~ C1~i~~ e-i -~~ ii— ~~gi~ n- ~‘f tnt ration for

H~ nko!. [a’.-ers ion tnte~ ra1 s I
_ _ _ _ _ _ _  

---- -—I-- -.
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çH~ ~
(4 . 2 . 21)+ 

~~~~~ 

(Pt, t—aA~~,—p) (Cont ’d.)

1. ~
s > p t

,— ~,IHfl 1 1
)i~~ (s ,t,—p ) = I [g

2
(w)-g

4
(w)-lJ 

~ s-pv 
J ( u  ~~~~~ 2

) u dudvdw
0 t — a C E ~ s—ctA~ —pv 

~~

çH~ 7 ( 4 . 2 . 2 2 )
+ I~ (s ,t —a An , —p) + I~ (s—a~~~,t ,—p ) —~ I~ (s—ct ~~~~,t—ctA~~ ,—p)

L i )

s = pt — a~~~

• çHfl
l~ (pt—aM ,t ,—p) =

( i iw
o t 

J ( w ~~~~~~~) ~~~~ dudvd w (4 .2 . 23 )— ~ [g
2(w)—g4

(w) h1 I /
o t—ct~ fl p t — c tA ~ —v

çH~ 
-

+ ~ I~ (pt—a ~~ ,t—a~~ ,—p )

s < pt —

ç11fl
~ ~~~ (s , t , — p )  =

~~~ 
( 4 . 2 . 2 4 )o t s+aA~ —pv

— / Eg 2(w)—g4(~)l 1 / / J (0 ~~~~~~~ ~u dudvdu
t—ctA~ s—Pv 

(.v \

cHfl çH~~~ ~~Hfl

I 
- 

+~I~ (s ,t-a~~fl,— Q )  ÷ ~~~ (s+at1 ,t,—p ) — I~~~ ( s+t~t r ., t _ o f f l , _ ri )

.4
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Finally,  for Region VI:

(s ,t,+p) = -

- w

? [g (u)-g (~ )-l] ~ 
f  J ( w ~~~~~~~ ) dudvd w 

(4 .2 .2 5 )

o 2 4 t—aAn s—ctAl~+pv v

H~~) 
(~H~

+ I~ ~ (s,t—ci/~n,+p ) + ~~~ (s— aA~~,t,+p) — ~ I~ (s— aA~~,t—aA~~,+p)

L3
~ 

-

In addition , no te the fol low ing from inspection of Equation 4.2.16:

lit 07

~~~ 
(s,0) = )I

~ 
(0 ,t) = I

~ 
- (s ,0,-1-p) = 0~ (4.2.26)

J
l~ U 1 Jt .

(0 ,t ,+p ) = I~ (0 ,t ,— p) (4.2.27)

(Jt _ _J*
i

Equations 4.2.20 through 4.2.27 are app lied directly in evalu ating the
func tions at successive incremen ts of aA~ in s and aA~ in t be tween
the limiting values given in Equation 4.2.14. Each function evaluation

en tails a numer ical quadra ture over the shaded segmen t of one of the
regions shown in Figure 4—5 , wi th quadrature over the remainder of the

region having occurred for function evaluations at preceding values

of s and t.

Since the integrands requiring numerical quadra ture are smoothly

vary ing  continuous functions of ~, u, and v , standard single—variable

Gaussian quadratures are used to integrate in each variable in the

order shown . To avoid any numerical difficulties arising from the
o s c i l l a t i o n  of J , the  w region (0 to o) is divided into uniform

_ _ _ _ _ _ _ _  

5- 
~~~~~~~ ——
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intervals , roughl y equal in length to a period of J (s-) where R

is an estimat.ed mean value of over the u—v region. A

ten—point quadrature in ~ is then used to integrate over each interval.

At each quadra ture abscissa in w , [g
2

(-~)—g4(~~
)] is obtained from Equa t ions

2.14 through 2.16, and the u—v integration is performed with a quadra-

ture in u providing the value of the integrand at  each absc i s sa  of

a quadrature in v. Polynomial approximations given in Reference [ q

are used to compute J
o 

to eight—place accuracy in the u quadrature.

It is seen from Equations 4.2.20 through 4.2.25 that the u—v limits

of integration span regions of at most aA~ and aAq , respectivel y.

For all values of a , A~~, and An considered in this stud y ,  and , wi th

a = 10, the argument of J always varied less than a period between

the u—v limits. Consequently, convergence to seven places was attain-

able by dividing the a reg ion as described above and using 5—point

quadratures over the full u and v regions. Treating the oscillation

of J as appr ox ima tely sinuso idal , the number of d ivisions , rid e was

determined f rom the  formula :

o R
0

n
d 2ir

with the constraint , < 6. Tables of abscissas and weight

factors used for the 5— and 10—point quadratures are given in

Reference [93.

It should be no ted tha t for  f ixed A~ and An , with A~ = 1/(n—l) and

= Ac/p from Equation 4.1, the magni tude of each val ue of s and t

for which the integral functions are to be evaluated is proportional

to the ratio a a/h. Thus, each R and consequentl y each ri
d 

is

also propor tional to a; and , since the number of abscissa points in

a between the limits 0 and o is 10 nd ,  the computing time required

to evaluate each trip le in tegral is similarly proportional to a.

I. This is an important consideration in p lanning a parametr ic  study of
the effec t of ci on the behavior c f  the contact zone .

1~
- -  —- ----.~ .—--- — .5- ------ .5 
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Once all the values of H
1
, I~~, J1, Ht, It’ and have been computed

and tabula ted using the above methods , they are combined according
to Equation 4.2.15 with the correspond ing values of H , I , J , H*,

1*, and J* compu ted direc tly from Equa tions 4 .2.19 and 4.2.18, to
give the des ired array of values of the in tegral f unc t ions H , I, J,

H*, 1*, and J* needed to form thL quantities considered in Section

4 .2 .1  above .

At this point , it is worth noting that the elastic properties of the

homogeneous solid , E1/E
3 
and v~ , enter the numerically for mula ted

con tac t problem only in Equation 4.2.15 through the parameter ~ de-
fined by Equation 3.6. The elastic properties of the layered solid ,

E
1

/E 2, v1, and v2 , de termine the f unc tions H1, I
l~ 

J1, lit , It, and

~t 
through g

2
(w )—g

4
(u) given by Equations 2.14 through 2.16.

4.3 Computer Programs

Two FORTRAN programs , HIJPRG and PSØLV , implement the computational

scheme derived in Sections 4.1 and 4.2. Both programs are wr itt en

f or a CDC 6600 comp ut ing sys tem wi th the NOS Opera ting System . Input

and output descriptions and listings are given in Appendices III

through VI.

In HIJPRC , the arrays of integral func tions H1, I~~, J~ , lit, ‘t’ and

compu ted by numerical quadrature are obtained for prescribed values of

E
1

/E 2, v1, v2 ,  a1 p , and n as described in Section 4.2.2. In PSOLV ,

the influence coeff ic ien ts C
1 ~~ 

. . are genera ted from these arrays
, , 1,J

through Equations 4.2.19, 4.2 .15 , 4 .2 . 1 3 , 4.2.6, 4.2.7 , 4 . 2 . 5 , and 4 .7

and Table 4-1. With Equation 4.9 expressed in the notation of

Equation 4.14, a standard matrix inversion subroutine y ields the

dimensionless contact pressure distribution ~~ 
~~

, approach I’, curva—

ture ratio c , and , through Equation 4.17 , load W . F ina l l y ,  the

quan tities a / h , a/a , b/a , d/ d , and p°/p° are ob tained from Equa tions

3.28 through 3.32. The analysis contained in PSØLV pertains to pre—

scribed values of E
1

/E 3, v3, boundary shape m(i) I 1 ,. . .,n, and boundary

points (i ,j) of zero pressure.

- a  

- - -

~~~~~~~~-
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- 
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PART 5

NU MERICAL RESULTS

5.1 Test for Numerical Accuracy

With the integral functions 
~l’ 

~~~ J1, H~~, 
~
I
~~
’ and ~t computed to

seven—decimal—place accuracy, the numerical formulation is grounded

on the essentially exact computation of surface displacements due to the

d iscretized pressure distribution. The error in the solution is due

to the truncation error in approximating the true continuous pressure

distribution , an error that in princip ]e can be made as small as desired

by using a fine enough mesh to construct the approximate distribution.

To keep computer t ime and storage at moderate levels in the present

study, the mesh was limited to ten divisions along the major and minor

halfwidths (n=ll). The truncation error associated with this mesh will

now be examined by comparing numerical predictions for the limiting

cases of elliptical Hertz contact of homogeneous solid s and axisymmetric

contact  of layered solids wi th  avai lable  exact  so lu t ions .  These compari-

sons serve as an overal l  check on the validity of the numerical formula-

tion.

As discussed in Section 3.2, the formulation for layered contact

reduces to the Hertz problem for homogeneous solids when one prescribes

E
1/E

2 
= 1 and v

1 
= V

2
. This reduction occurs in the numerical formula-

tion through Equations 4.2.15 and 4.2.16 , where the integral functions

H1, I~~
, J1, Ht, It’ and vanish identicall y for all arguments. With

n=11, the elliptical boundary for any ellipticity ratio p is prescribed

by:

i 1 2 3 4 5 6 7 8 9 10 11

m (i) 11 11 11 11 11 10 10 9 8 7 5

This is the boundary exhibited by the examp le contact zone mesh shown

Ill F i gurc~ 4—I . i’he pressure is set to zero a t  the fo I I owing boundary

mesh points (
~~

. , . ) which 1311 outs ide t he true eli ipt h-al. c o n t o u r :

(i ,j) = (2,11) (3 ,11) (4 ,11) (5 ,11) (6,10)
1 - (7 ,10) (7 ,9) (8 ,9) (9 ,8) (9 ,7)

(10 ,7) (10 ,6) (11 ,5) (11,4) (11,3)

(11 ,2) 55

.5— -__-—--•v______ ___ - —- - - -  -- ---.5 --—- — - -- .~~ 
5- 

.5



56

Wi th E
1

/E
3 

= 0 comp leting the definition of t h i s  a p p r o x i m a t e  P e r t z

pr oblem , numerical solutions were obtained at ellipticity ratios of

1, 2, 5, and 10. Table 5—1 shows the resulting values of c , F , ~~~°
,

W , a/a , p °/p ° , and d/d along w i t h  the  exac t val ues g iven by Equa t ions

3.18 through 3 .23  and 3.33.  Note the improved agreement in a/a  and

d/d relative to the corresponding quantities W and F. This is ex-

plained in part by the proportionality of a/a to tItrougI~
Equation 3.30.

A second comparison is provided by an essentially exact computation of

surface disp lacements for a layered solid due to an axisymmetric
ellipsoidal pressure distribution. In terms of the d imensionless

variables = u
oRx /a 2 for  sur face  displacement  and A = n a  =

+ n2 for radius, Equation 11.1 of Append ix II takes the form :

u (X )  = 
~~~~~ [

~ 
f [g

2
(w) - g4(w )  — l]J (aAw)  (s inaw - aucosciw) 

ds 

~ 
(5.i;

2~ 
(cia)

+ 2 — X J  , x~~_ 1

for the surface disp lacement due to pressure distribution:

A < l
IfI(A) =

0 A > l

For a given val ue of A , the integral in Equation 5.1 is evaluated to

7—p lace accuracy by dividing the truncated region of integration (0 to 10)

into a suitable number of intervals as discussed in Section 4.2.2 and

using a 10—po int Gaussian quadrature to integrate numerically over

each interval. This exact computation of ~~ (A) is compared with the

resul t ob tained by compu t ing the r ig ht—hand side of Equation 4.9 for:

+ < 1

i~~J ~ 2 2
~.0 E

i
+T)

j~~
_ l

with  inf luence c o e f f i c i e n t s  obta ined for  p = 1, ~ = 0, and the m(i)’s

given above for a general elliptical boundary. Computations were per—

formed for the case of an incompressible layer (v
1 

= 0.5) on a r igid
substrate (E

1
/E
2 

= 0) with ci = L , 2, and 4. ~~~° was assigned a value



TABLE 5—1

COMPARISON BETWEEN NUMERICAL AND EXACT

SOLUTIONS FOR HERTZ CONTACT

p 1 2 5 10

c 1.000 2.855 11.95 37.05 Computed

1.000 2.843 11.83 36.54 Exact

0.0 +0.4 +1.0 +1.4 Z Error

F 1.96 1.68 1.46 
- 

1.36 Computed

2.00 1.71 1.47 1.37 Exac t

—2.0 —1.8 —0.7 —0.7 % Error

0.402 0.502 0.777 1.180 Computed

0.405 0.505 0.777 1.176 Exact

—0.7 —0.6 0.0 +0.3 % Error

W ~
- 0.825 0.515 0.320 0.243 Computed

0.849 0.529 0.326 0.246 Exact

—2.8 —2.6 
- 

—1.8 —1 .2 % Error

a/a 1.010 1.181 1.385 1.517 Computed

1.000 1.171 1.376 1.511 Exact

+1.0 +0.9 +0.7 +0.4 % Error

p°/p ° 1.002 1.464 2.656 4.42 Computed

1.000 1.459 2.640 4.38 Exact

+0.2 +0.3 +0,6 +0.9 % Error

d/d 1.000 1.173 1.396 1.560 Computed

1.000 1.173 1.395 1 .557 Exact

0.0 0.0 +0.1 +0.2 % Error

1~

‘1
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of 4/~ 2 to normalize the coefficient of Equation 5.1. Table 5—2 shows

the resulting exact and numerically computed values of ~~ ( X )  f or A
between 0 and 1 in increments of 0.2. As expected from the nature of

the discretized pressure distribution , agreement is good near the

center (A = 0) and relatively poor at the~ edge (A = 1) where the

grad ients of the actual pressure distribution are high and not

adequately represented by the discretized model. The difficult y at the

ed ge is obvious from an ipspectiou of Figure 4—3 which illustrates the

d iscret ized model of an ell ipsoidal pressure distribution for n=1l .

The final comparison is provided by the solutions reported by Chen

and Engel [4] for axisymmetric layered contact. As discussed in

Par t 1, these are approximate solutions to a one—d imensional integral
equation. Nevertheless , the accuracy level ver i f i ed  by the authors is
high enough that the solutions can be assumed exact for purposes of

this comparison. The reported solutions consist of tabulated values of

a dimens ionless load p* = 3irW/8 and approach 6’~ = P12 over ranges of

ci and E
1

/E
2 

wi th E
1

/E
3 

= 0 and V
1 

= v
3 

= 1/3. Values of W and F

computed by the presen t me thod for  ci = 1, 5, E
1

/E
2 

= 0.1, 10 are shown

in Table 5—3 along with the corresponding reported values. Also shown

in this table are the values of a/a and d/d obtained from W and F
0 0

through Equations 3.30 and 3.28. Relative error magnitudes are notably

similar to those shown in Table 5—1 for contact of homogeneous solids.

Again note the small errors in a/a and d/d relative to those in W
0 0

and r.

The comparisons with the Hertz solution and the axisymmetric anal ysis

of Chen and Engel show an error of roughly 1 percent in the solution

quan tities of primary ph ysical impor tance: curva ture ra tio C, major

halfwidth a/a , approach d/d , and cen tral pressure p°/p°. The edge d is-

crepancies in the comparison between exact and computed displacement

prof iles are representative of local errors that can be expected in

comp ut ed pressures near the edge of the contact zone . Thus , the

present  f o r m u l a t i o n  w i t h  n=11 , w h i l e  p r o v i d i n g  a f a i r l y a c c u r a t e  compu ta—

t ion  of c, a/ a , d/ d , and p°/p ° , does not g iven an accura te  p r e d i c t i o n

of either the pressure profile shape near the boundary or the shape of

the boundary  con tou r .  A f i n e r  mesh wou ld be requ ired to accura tel y

determine these shapes.

I
_ _ _ _  ---- - -- 5-- — - —5- -~~~~~ - -.5-- - ——



TABLE 5-2

COMPARISON F~ETW EEN NUMERICAL AN!) EXACT

SOLUTIONS FOR SURFACE DISPLACEMENTS PIlE
- AX [SY!~1ETRIC ELLIPSOI DAL PRESSURE DIS TR IRU Trn~

-~ 0 1 2 4

- 
- O.flS 0.264 0.0579 Computed

2.00 0.7~ 5 0.263 0.0574 Exact

— 0.0 +0.4 +0.9 ~ Error

— 0 . 7 3 2  0.261 0.0583 Computed

- 1.96 0.732 I 
0.260 0.0578 Exact

— 0.0 +0.4 +0.9 % Error

A 0 .4 — 0.659 0.247 0.0593 Computed

I 1.84 0.660 0.246 0.0587 Exact

— —0.2 0.4 +1.0 % Error

— 0.532 0.212 0.0591 Computed

1.64 0.535 0.212 
- 

0.0583 - Exact

- -0.6 1 0.0 +1.4 ~ Err or

— 0 .342  0.130 I 0.0453 Computed

1.36 0.348 0.133 0.0456 Exac t

— —1.7 —2.3 —0.7 % Error
_ _ _ _  _ _ _ _  _ _ _ _  _ _ _ _ _  — .5 _ _ _ _ _

- 0.077 -0.030 —0.0356 Computed

j 1.00 0.090 —0.020 —0.0286 Exact

— —14 +50 +24.5 % Error

El astic Properties: E /E = 0

V
1 

2

Pressure Distribution : 
_~~ 4/~ 2) ~/ T ~

I

.5--- 
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TABLE 5—3

COMPARISON OF NUMERICAL SOLUTIONS FOR AXISYMMETRIC LAYERED CONTACT
WITH RESULTS OF CHEN AND ENGEL [4]

E
1

/E
3 

= 0

V
1 

= V
2 

= 1/3

ci E / E  W I’ a/a d/d1 2  o o

1 0.1 1.012 1.349 0.943 0.600 Computed

1.045 1.374 0.933 0.598 Chen and Engel*

—3.2 —1.8 +1.1 +0.4 % Error

5 
- 

0.1 2.539 1.312 0.694 0.316 Computed

2.615 1.334 0.687 0.315 Chen and Engel

—2.9 —1.7 +1.0 +0.2 % Error

1 10 0.490 4.564 1.201 3.293 Computed

0.500 4.645 1.193 3.305 Chen and Engel

—2.1 —1.7 +0.7 —0.3 % Error

5 10 0.144 2.658 1.807 4.337 Computed

0.149 2.720 1.787 4.343 Chen and Engel

—3.3 —2.3 +1.1 —0.1 % Error

*Data from Reference [4].

I
I
I
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5.2 Numerical Solutions

Numerical solutions over ranges of a and p have been obtained for three

sets of elastic property ratios in order to determine the influence of

layer thickness and curvature ratio on the major and minor halfwidth s ,

approach , and cen tral pressure for a given load . The elastic property

ratios pertain to (i) contact between a rigid solid and an incompressible

layer backed by a rigid substrate , (ii) contact between a rigid solid

and a high modulus layer backed by a low modulus substrate , and (iii) con-

tact between a low modulus solid and a high modulus layer hacked by a

low modulus substrate. The following values represent these configurati ons:

E
1

/E
2 

E
1

/E
3 ‘

~l 
V
2 

V
3

(i) 0 0 0.5 — —

(ii) 10 0 0.25 0.25 —

(iii) 10 10 0.25 0.25 0.25

• Computations were performed with values of 1, 2, 3, 4, and 5 assigned

to ci and with values assigned to p in increments of 0.5 from 1.0 to

the first value resulting in a computed curvature ratio c of 10 or above.

In all cases , a discretized elliptical boundary, specified according

to the values of m (i) and points of zero pressure given in Section 5—1

for n=ll , resulted in a qualitatively well behaved pressure distribution

in the sense that pressures fell to zero at the boundary without any

unexpec ted irregularities. In other words , any departure of the boundary

from the ellipse of the Hertz solution could not be distinguished due to

the boundary truncation error associated with the n l l  mesh.

Figures 5—1 , 5—2 , and 5—3 show the  computed ax i symmet r i c  (p = = 1)

pressure p r o f i l e s  fo r  the three material combinations. The l im i t i ng

cases of a = 0 and ci = = correspond to the Hertz solutions for an

infinitel y thick layer and a vanishing layer. The v a r i a t i o n  of these

pre ssu re  pro l I h-s w i t h  I i  ri-presents the  v a r i a t i o n  w i t h  l ayer  th ickness

of the load requ i red to m a i n t a i n  a f ixed  contac t zone r a d i u - - a .  When

cacti profile is normalized by its center value , the p r o f i l e  shapes

shown in Figures 5—4 , 5—5 , and 5—6 are obta ined . Those in Fi gure 5—4

-—- -— .5 -.5- _ 5- --—~~~~~ ——---—~~~~~~~~~~~~~~~~~-- .5 -
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E1/E2 10
E

1
/E

3
= 0
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for material combination (i) appear to approach a parabo l ic shape wit h

increasing a. For material combination (iii) in Figure 5—6 , very

little change from the Hertz profile shape is evident. This is because

the relative surface displacement is dominated by the low modulus

homogeneous solid . The profile shapes in Figure 5— 5 for material

combination (ii) show a substantial departure from the Hertz ellipse.

These shapes , which show a peak pressure near the edge of contact , also

appear in the results of Chen and Engel [41 and of Gupta and Walowit [61.

Through interpola tion of the arrays of val ues of c , a / h , a/a , b/a ,

d/d , and p°/p° computed for the three material combinations at the

above set of values of a and p , curves are generated to display a/a ,

b/a , d/d , and p°/p° as func tions of a /h a t f ix ed val ues of c

between l and 10. Figures 5—7 , 5—8 , and 5—9 show the a/a curves for

the three material combinations; Figures 5—10 , 5—11 , and 5—12 show the

b/a curves; Figures 5—13 , 5—14 , and 5—15 show the d/d curves; and

Figures 5— 16 , 5— 17 , and 5—18 show the p°/p° curves. Since a , d , and

def ined by Equations 3.27, 3.25 , and 3.26 are constants that depend

on the load W , these curves direc tly disp lay the dependence of a , b ,

d , and p° on h and c.

The range of a / h  from zero to the value at which a given curve

terminates covers the range from ci = 0 to ci 5 for that curve .

The value of the s ta r t ing  point of each curve (a /h = ci = 0) is obtained

from the Hertz solution for a layer of infinite thickness. In the

limit a / h  -- ~ which means a vanishing layer , material combination Ci)

is representing a contact between two rigid solids; for any curva ture

ratio the contact zone is becoming a point with major and minor half—

w i d t h s  and approach vanish ing  and the  central  pressure becoming infinite.

In  the same limit for material combinations (ii) and (iii) , the layered

iv I ld is becoming a homogeneous solid of the elastic substrate material.

Thc va li . s of a/a , b/a , d/ d  , and p°/ p° from the Hertz solution for

h. - - ~ t rate ma icr in 1 arc sIio~~i as limiting values approached by the

1 ~) t c r inl combinations (ii) and (iii).

—.5 - —.5- .~~__~~_ _~_

.5 .5
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Elementary physical reasoning explains most of the trends shown by

these curves. For material combination (i) at a given curvature ratio ,

a decreasing layer thickness reflects a general stiffening of the

system since the substrate is rigid. Thus , at fixed load , the

approach decreases (Figure 5—13) ; the major and minor ~~lfw idths

decrease (Figures 5—7 and 5—10) causing the contact area to decrease

and the central  pressure to increase (Figure 5—16). The opposite

trend is shown by material combinations (ii) and (iii). The layer is

of h igher modulus than the substrate so the system becomes less
sti f f  with decreas ing layer thickness. This is consistent with an

incrcasing approach (Figures 5—14 and 5—15), increasing major and minor

halfwid ths (Figures 5—8 , 5—9 , 5—11 , and 5—12) and , th is , an increasing

contact area and a decreasing central pressure (Figures 5—17 and 5—18).

The approach , major and minor halfwidths , and central pressure are

seen to be less sensitive to layer thickness for material combination

(iii) than they are for material combination (ii). Since material

combination (iii) contains a low modulus homogeneous solid , a given

change in layer thickness makes less of a difference in the overall

stiffness of the system than it does for material combination (ii)

where the homogeneous solid is rigid . In other words , the relative

surface  disp lacement for material combination (iii) is dominated by

the low modulus homogeneous solid , while the relative surface displace-

ment for material combination (ii) consists only of the surface dis-

placement of the layered solid .

Figures 5—19 , 5—20 , and 5—21 show curves of the ellipticity ratio

(a/b) versus a /h  for the three material combinations. These curves

are simp ly obta ined as the r a t i o  of values given b y the  a /a  and b /a

curves. For a given curvature ratio , material combination (i) shows a

.5 steady decrease in a/b wi th decreasing layer thickness; the contact

zone tends to become mor e c i rcular  wi th de creas ing layer thickness.

This reflec ts the tendency of the low modulus layer material to be

displaced in a direction parallel to the minor axis of the rigid

elli ptical paraboloid that is penetrat ing the layer . For m a t e r i al

combina t ions  ( i i)  and ( i i i ) ,  a/ b  has the same va lue  fo r  an i n f i n i t e l y .5

.5 1 thick layer (a /li = 0) as for a vanishing layer (a /h = -‘) since

.5 . .5 — —----—----—-... ~~~~—-— — -- —~~~~--- — —---- - ~~
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a/b depends only on curvature ratio in the Hertz solution. Between

the two extremes , a/b increases to a maximum value and then decreases

with decreasing layer thickness. Material combination (iii) shows

very little rise in a/b as expected from its relative insensitivity

to layer thickness. The rise Is prominent for material combination

(ii) with a/b at a particular c reaching a maximum value that is less

than the value of c but at lower c very close to it. As the maximum

value of a/b is approached , the contact zone boundary contour is

tending to coincide with a curve bounding a cross—section of the rigid

f paraboloid .

As a simple example to demonstrate the app lication of these results

to an engineering problem , consider the loading of an elastomer surface

j layer = 0.5) by the edge of ~i crowned disc as shown in Figure 5—22.

The undeformed separation profile near the contact zone will be an

elliptical paraboloid of principal rad ii of curvature R and R where

R is the crown radius and R is the disc radius. Let the elastomer have
X y
a low enough elastic modulus that the substrate It is bonded to and

the disc can he regarded as rigid . Then the data for material combina-

tion (1) is applicable. Consider the following case :

Disc Radius: R = 2 inches
y

Crown Radius: R = 6 inches

Elastomer: E
1 

= 1000 lb/in .
2

Layer Thickness :  h = 0.10 inches

Load : W = 20 lb

One wishes to determine the major and minor halfwidths a, b , approach

‘ d , and centra l pressure p°. First, from Equations 3.27 , 3.25 , and

3.26:

a = 0.407 inches
0

d = 0.028 inches

p° 57.6 lb/ in.
2

1~
I
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With t = 3 and a /h = 4.07, a/a , b/a , d /d  , and p°/p° can he read
0 0 0 0 0

d irectly from Figures 5—7 , 5—10 , 5—13 , and 5—16 , respectivel y. One

finds:

a/a 0.745
0

b/a = 0 .447
0

d/d = 0.25
0

p°/p
o 

= 3.9

with the result:

a = 0.303 inches

b = 0.182 inches

d = 0.007 inches

p° = 220 lb/in.2
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PART 6

SW-NARY AND CON CLU SI ONS

In this stud y, a numerical method is developed to compute  t he  p r e s su re

distribution and normal approach in a generalized elli ptical contact

between layered solids. The computed quantities are obtained as an

approximate numerical solution to an integral equation formulated for

the most general case of Hertz ’s assumptions , that is , the frictionless

contact between arbitrary surfaces whose undeformed normal separation

can be approximated by the separat ion between an elliptical paraboloid

and the tangent plane at its vertex . The method is app lied to the con—

tact between a homogeneous solid and a layered solid consisting of an

isotropic surface layer in perfect adhesion to an isotropic substrate.

While plane strain and axisymmetric solutions for this case have been

reported in the literature [4—8], no solutions have been reported for

the general three—d imensional problem dealt with here

With the kernel function given by a Hankel transform inversion integral ,

the integral equation must be treated by some approximate method to

obtain solutions in a useful numerical form . The method used here

combines a d iscretized representation of the unknown pressure distri-

bution with an essentially exact numerical evaluation of the kernel

function. Values of pressure are defined at points on a rectilinear

gr id representing the contact zone and a l inear function approximates

the continuous distribution of pressure between adjacent points. By

expressing the integral equation at each grid po int for this discretized

distribution , one arriVes at a system of simultaneous linear equations

in the grid point pressures with coefficients formed from integrals of

the kernel over right triangular regions between adjacent points. The

approach and the ratio of the princ ipal rad ii of curvature of the parabolic

separation also appear as unknowns.

The key numerical task in this analysis is the evaluation of a large

array of integrals of the kernel function required to form the coefficients

-

- - -  -~~~~~~~~~~~~~
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of the unknown pressures .  I n t e g r a t i o n  in three v a r i a b l e s , t he two Spa c e

var iables  of the  in t eg ra l  equa t ion  and the Flankel t r a n s f o r m  v a r i a b l e , ,

is performed by Gaussian quadra tu re  w i t h  a r e s u l t a n t  a c c u r acy  of a r o u n d

six dec ima l p laces. Once the  c o e f f i c i e n t s  are computed , the  sys tem

of equations fo r  the  gr id  poin t  p ressures , approach , and c u r v a t u r e

r a t i o  is solved b y Gaussian e l i m i n a t i o n . In ph ys i ca l  term s , t h e

so lu t ion  permi ts  one to d e t e r m i n e  the  m a j o r  and minor  h a l fw i d t h s ,

pressures , and dpproach fo r  a given load , layer  t h i ckness , and curva-

ture  r a t i o . The dimens ionless load , obta ined  as the  i n t e g r a l  of the

solution pressure d i s t r i b u t ion , is equ iva len t  to a d imensionless

major  h a l f w i d t h .

In se t t ing up the contac t  zone gr id  fo r  a p a r t i c u l a r  problem , the

major to minor h a l f w i d t h  r a t io  or e lli p t i c i t y  ra t io  is d e f i n e d . The

shape of the contact  zone boundary contour  between the  ve r t i c e s  at

the major and minor ha l fwid th s  m u s t  also be de f ined  even thoug h the

true shape is an unknown in the problem . In general , the  t r u e  shape ,

which is an e l l ipse  in the  H e r t z  solut ion for  homogeneous sol ids ,

must  be de te rmined  i t e r a t i v e ly as the  shape along which  the s o l u t i o n

pressure p r o f i l e  vanishes .  W i t h  a grid of ten u n i f o r m  d i v i s i o n s  a long

the major  and minor  h a l f w i d t h s , a d i s c r e t e  r e p r e s e n t a t i o n  of an

e l l i p t i c a l  contour  gave s a t i s f a c t o r y  r e s u l t s  fo r  a l l  cases considered in

the stud y.

Accuracy of the numerical  method w i t h  the above—mentioned g r id  was

checked at l i m i t i n g  cases by comparison of p redic ted  r e su l t s  w i t h

available so lu t ions .  Comparisons inc lude  the Her tz  so lu t ion  fo r  hoino—

geneous solids [1-31 and numer ica l  r e s u l t s  of Chen and Engel  [4 J  for

ax isyminetric layered solids.  The major  and minor  h a l fw i d t h s , cen t ra l

pressure , and approach computed by the  present method agree to w i t h i n

one percent w i t h  the  comparison values.

Numer ica l  r e su l t s  generated over a range of e ll i p t i c i t y  ra t ios  and

m a j o r  h a l f wi dt h  to layer  th ickness  r a t i o s  are shown fo r  three m a t e r i a l

combina t ions  a~ curves  t h a t  give the  d imens ion less  major  and minor

h a l f w i dt h s , approach , and c e n t r a l  pressure  as a f u n c t i o n  of layer

_____ I —— --—-—— — —.--
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thickness at f ixed  c u r v a t u r e  r a t i o .  The load appears  in scale f a c t o r s

for  the dimensionless  var iables .  At a given load and c u r v a t u r e  r a t i o ,

the e ll i p t i c i t y  r a t io  of the contac t zone is shown to decrease with

decreasing layer  th i ckness  for  a low modulus  layer  bonded to a h igh

modulus subs t r a t e  and increase w i t h  decreasing layer  t h i ckness  for  a

h igh  modulus  la y e r  bonded t o a  low modulus  s u b s t r a t e .  Pressure  p r o f i l e

shapes t h a t  d i f f e r  s u b s t a n t i a l ly f rom the  e l l i p so id  of t h e  H e r t z  solu-

t ion appear in the  case of a h igh  modulus  layer  bonded to a low modu lus

substrate.

The same method can be used to compute the subsurface stresses in a

layered halfspace under an arbitrary surface loading. The computation

of subsurface stresses under a loading consisting of a computed con-

tact pressure distribution would be of value as a means of determining

safe operating loads for surface—coated bearing elements in concentrated

con tac t .  In add i t ion , the method can easily be app lied to o ther  con tac t

configurations such as the contact between two layered solid s, layered

solids wi th  i n t e r f a c e  condi t ions  t ha t  involve slip and f r i c t i o n , and

solids that contain more than one layer. The inversion integral for

the kernel func tion would have a different form in each case; everything

else would be the  same.

I

______ _______________ ___________________ _______________________________—
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APPENDIX I

ANALYTICAL EVALUATION OF BASIC INTEG RAL S

The integral functions defined by Equation 4.2.17:

r H  ~ 11
~ 0 !  ~ 2 2 —1/2(s ,t) = I (u +v ) dudv (1.1)

(s , t ,+~ ) = f  _

~~ (u
2
~~

2
)~~~

/2 d udv (1 .2)
~ 0

are evalua ted by carrying out the double integration in polar coordinates

(r,e) with:

u = rcosS

v = r s inO

r~~~~~~~~~~~~

= tan~~ (v/u)

and the d i f f e r e n t i a l  element dudv replaced with rdrd~~. Figure 1— 1

shows the types  of regions which must be considered with (a) appl y ing

to Equation 1.1 , (b) and (c) to Equation 1.2 fo r  a s lope of —
~~~~, and

Cd)  to Equat ion  1.2 fo r  a slope of +~~~ . Ir .  polar  coordina tes , the

integrals over these regions take the following form :

r tan~~~(t/s) s/cos~ ~/2 t/ sin~~ 
1

I ~, (s,t) = I f I + f f Urcos~~ drd O
L ° tan ’

~~(t/s) 
° 

~~jrsin4

s � p t

s/ ( cose+ps ine)
I*~ (s , t , — p )  = I I

0 0

t / s i n9~ 
1 J

+ I I j rcosO drde

tan ~ [ t / ( s — p t ) 1  o r sine  I
_ - -- ---- ~~ 

_ _ _- -

~~~~~ 

--



(j~~

V V

s �pf

/ N
I ( a )  (b)

V V

N ~ t

s pt

1 
(c )  (d )

I
Fi g.  ( — I  R~~g i i ~ ns  of  1fl t eg r~i t ion
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s~~~~~ p t

~ oj ir/2 s/ (cosO+psinO)
I I*~ (s,t ,-p) = I

0 1
I j*\ 0

0-i

r 1 )
— I I

ir—tan~~ [t/ (pt—s)] t/sinO ] )rcoso~ drdO
i r/ 2  s/(cosO+psinO)

__________ 

LrSth 4
‘ 0 ’
c H*~ 

[tan~
4 [ t/ ( s +P t ) J  s / ( c o s O — p s i n O )

(s ,t ,+p) = f  I
0 I

I j *~ 
0 0

‘ o~

t/sinel ç 1 1

+ 
1 I I I ~rcose~ drdO

tan [t / (s- 1-pt) ]  ~ j  Lrsino~
Next , the s t ra ight forward  r integrat ion is carried out and the remaining

o integrals are ad jus t ed  where necessary to give all of the lower

limits a value of zero. This results in:

r~~ 
•
~ I S 

~ 
tan~~ (t/s) 

fl/coso
~ o

I (s
0 

~ s2 /2~~ sino/cos
2
ol (1.3)

, t )  = 52
/2 1 Ll/cosB dO

IJ  ~L o~~
c t 

~ r /2 - tan 1( t/ s)  cl/coso ~
+ )t 2 ,2~ I )

sinO/cos
2
O ( dO

Lt2 ,2~ ° Ll/cosO S
s~~~ pt

1* (s,t,-p) s
2

S 
~ tan~~[ t/ ( s - .p t ) ]  y/ (cosO+psino)

~ J* ~ s 2 0 sin O/ ( cos O~~~sinO) 2l 
(1.4)

— /2~ I cosO/(cosO+psinO)
2 

dO
° I

L 0 )

C t 
~ n/2- tan~~~~[ t / (s — p t f l  

cl/~05O 1
+ 

) 
t

2
/2  I ~ s inO/cos

2 O~ dO
1 2  0It  /2 1/cosO

- -—-- - --- -— —- -_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

. . —
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s~~~ pt

( H*) S ) 
~—tan~~~[t/(p t s)J 

~~

l/ ( co s 9+

~

,.

~

ine)) I*~~ (s,t ,-r ) = L5
2 /2 f  

— 

cosO/( os~+~,s1n~ )~~ d O

S2 /2~~ ° sino/ (coscj+c,sino) )1 o~

( I .

- 

~~~~ I ~sinO/cos
2
~i~ dO

‘ t ‘ ir/2—tan~~~[t/ (pt—s)] ~ 1/co sO

l/cosO

IH*~ S 
~ t an~~~~[t / ( s + p t ) ]  ~ 1/(cosO-~ si n O )  

O) 2~ d O
0~~
I~ (s ,t ,+ c )  = s2/2  I

L ~s2 ,2 ° LsinO/ (cosO_psin~ )2S

( 1. 6)

f f / 2 -tan l [~~/ ( ÷ ~~ ) ] /cosO 
~

+ t 2 /2 I SsinO/co s
2

O~ dO

Lt2/2  ° L1/cosO \
I

The above expressions contain the integrals of five basic functions of

0 w h i r ’ . can be eva lua ted  by e lementary  techni ques to yield the

fo l l owing :

dO l + s in4~= log 
cosc~0

( ~~ sin dO 1 — c o s ~
o cos 2 O cos~

( dO______ 
= lo (cT±p ) (c~sin~+l)

cosO + ps inO g ocoscfr4-c~0 —

2[
÷p dO 1( cos do 

= 
1 + I 

cosO+ p sfn OJo (cosO+ p s in O) 2 ° 0

s3~~ dO 1 dO 1
o (cosO+psinO)

2 
= 

~~~~ 
[cos c~~c~sin c~ 

— 1 ~ ~ co so~~ sinoJ0

ere _______wh 

a~~~~~~~~~ p2
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When the appropriate limits of integration in Equa t i ons  1.3  t h rough  1.6

are subs t i tut ed f or ~ in these in teg ra l s , the  f i n a l  closed form

expressions for Equations 1.1 and 1.2 are obtained . Defining the

quantities:

R° = ~~~~~ t
2

+
= 5 ~ Pt

+ /+2 2
= V a —  + t

the resu l t ing  expressions take the form :

R° + t  R° + sH ( s , t )  = s log + t log

I ( s , t )  = ~ ~2 log R ° + t 
+ -

~~ t(R° — t)

J ( s , t)  = -
~~

- s(R ° — s) + -~~ t
2 log R ° + s

H (s,t ,±p) = -
~~ log (a~c) ( ft+R ±)

Os— + pR—

+ Sgn(s~~) t log R
± .4.~s± j

1* (s,t ,±p) = 
1 
(s)~ E±

P ( R
~~~

_ s) 
+ ~~

- log (o~ P ) ( Qt + R ~ )]

1 +t ( R — — t )

(s , t ,+p) — ~ (s)~ F~ ~ log (a~-P )( ot+R ±)
— I os- + R— ,

+ Sgn(s~) ~ t
2 log R± +I s t I

where
ç i  x > O

Sgn (x)  t~
L—1 x < 0

I
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APPEN D IX I I

SURFACE DISPLACEMENT DUE TO AXISYMMETRIC ELLIPSOI DA l .

PRESSURE DISTRIBUTION

Equation 2.12 with Equation 2.10 gives the surface disp lacement u (~~)

of a layered haifspa ce due to an arb itrary axisymmetric pressure dis-

tribution p(?~
) wher e ~ = n h  is a dimensionless radial coordinate.

Let the pressure be distributed over a region of radius a and define

the d imensionless radial coordinate ‘ = n a . Written in terms of

- - 
Equations 2.12 and 2.10 appear as:

2 h ( 1- -
1

2)

u ( ~~) = - 

E [g
2

(- .)—g
4
(~ )]P( .~)J (’x~ .)d~.

1

p (~~) = 
2 

~

• Now consider the ellipsoidal pressure distribution :

ç 0  —

p(,) =
~~ 

—

to - 1

for whi ch P(.,) can be shown to take the form :

2 o sin~ —
P( ~) 

= - i p - - -

F permitting u (~~) to be determined from :

o 2f 2ap (1_
i 

_____- - 
~
‘ 

~g2~~~—g~ 
(.) ]J (a~ .~) (sinc — a,icos’v.) - 

3
o (1~~ ,j )

To write this expression in terms of the dimensionless pressure ~ de-
fined in Equation 1.9, define the d imensionless d i s p lacement:

— 
(2R

o i~ 
\

whIch is the ‘~c’ a1ing used Imp li c i t l y in deriving Equation 3.10. With
2~~~2R (1—v 1 )p

$
0 X 

________
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from Equat ion 3.9, u (~~) can be written as:

u(~ ) = 2~~ °it I E g
2

( )— g
4

(~~~) ) J  (‘ -‘~) ( s inw~ - ~.cos-it~.) 
-
~~~~~~~~~~~

0 ( i t . .)

By l imi t ing  t h i s  expression to A 1, the result

-it I J ( ’ i~ ~) (sina~. — ititcosct~~) —
~~~~~

---
~~ = ~~~ (2—A

z
) , I

0 (it~~)

may be used to obtain

= 
~2~ ° 

[
~~~~ (g 2

(.)_g
4
(.)~~1]J (itAit)(sinit .. - it~~ os~ .~)

(-h.. ) ( 11. 1)

+ 2 ?2] , A 1

As discussed in Section 2.2., the improper integral in this expression

may be given a finite upper limit cu for numerical evaluation with

-2~
an associated error of order ‘.

2
e 

0

‘1

•1
_______ - -- - ----—.---- - - -- - 

0 
—_

- ..~



A P P E N D I X  I I I

DESCRIPTION OF COMP U TER PROGRAM “H I . JPRG ”

T h i s  p r o gram c o m p u t e s  and w r i t e s  i n t o  a d i r e c t a c c es s  f i l e  t h e  a r r ~~-is

of i n t e g r a l  f u n c t i o n s  H
i~ 

r 1 , J 1, H~~, I~~, and J~ a c c o r d i n g  to the

ana l ysis given in Section 4.2.2 . The program uses the CDC c he ck poi n t /

restart facil ity to permit the execlit ion of longer runs in a

of job steps. The parameter TCHECK , defined in statement No . 10 of

HIJPRG, sets the maximum number of central processor seconds for a sing le

job step. In this version , TCHEC!< = 480. The system clock reading

is compared with TCHECK at various points throug hout HIJPRG. If

TCHECI( is exceeded , a checkpoint dump is taken and execution stops.

Execution continues from that point when the restart job is submitted .

The user  should consult the CDC FORTRAN and NOS Operating System ‘~anua1s

for specific instructions on direct access file handling and the check-

point/restart facility.

Input Descr iption

Punched card input is submitted as follows :

Card 1 FORMAT (110)

ICASE = Integer identification number for dire ct access

file containing output data. For ICASE = 0, output

is not written on file.

card 2 FORMAT (5FlO.2)

POIS1 =

POIS2 =

EIE2 = E
J /E 2

Card 3 FORMA T (2F 10 .2 , 110)

AH it a/h

RHO p = a/b

P NDIV = r - 1 (NDIV cannot exceed 10 in  p r e sen t  v e r s i o n s  of
HIJPRG and PSOLV)

a, 
_______________________________ —
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Output_Description

Printer output is given for the computed arrays of integral functi ons:

XH(I ,.J) = 11
i
[(r_l)!.

~~
, (.1—1 ) n ]

XI(I,J) = I~ [(I— 1)~~~, (.1—1) ‘. r jj

X J ( I  , J) = .J
1 [(I—

]) , (.1—1) .n

1=1 ,... ,2(NDIV) + 1

J=l ,.. .,2(NDIV) + 1

X HM( I , J)  = H~ [(I—1)’.~~, (J—1) .n, — c.]

XIM(I,,J) = I~ [(I—l)~~~, (J—l)A ~~, —

X.JM(I,J) = J~ [(I—l)t- .~~, (J—l)t. r1, — :.]

i=l ,. . . ,4(NDIV) + I

3=1 ,... ,2(NDIV) + 1

X H P ( E , J)  = H t~ 
[ ( I — I ) r .~~, (J~ l)t ,~1, + ~ }

XIP (I,J) = I~ i (I—l)~
’.~~, ( J — I ) ’Y , + p 1

XJP (I , J )  = .J~ E (I— 1)A~~, (J—1 ) r~, + p ]

1=1 ,... ,2(NDIV) + I 
— .

.J=i ,...,NDrv + 1

In th e o i 1t ;~~it listing for each array, “I” des ignates the number of

a l i n e  or group of l ines. The q u a n t i t i e s  appear  s e q u e n t i a l l y  In “3”

In each  t i n e  or g roup  of l ines.

/

a,

.1 —..--‘. —..-_ - - 
. — —  -



APPENDIX IV

D E S C R I P T I O N  OF COMPUTER PROGR AN ” P SOIN ”

This program reads the direct access file created by HI.JPRG t h a t

contains the arrays of H1, I
l~ 

J1, H~ , I~~, .J~ and completes t h e  c o m p u t i —
tions described in Part 4. First , with read—in values of E1

/E
3 

and

it computes the arrays of H , I, I , H*, 1*, and J* accord i ng to

Equations 4.2.15 and 4.2.19 from the arrays of H1, I~~, J1, H~~, Ii’, and

given by the file. Then , with a read—in contact zone boundary

descr iption , the computations contained in Equations 4.2.13 , 4.2.6 ,

4. 2 . 7 , 4 . 2 . 5 , and 4 .7 and Table 4 —1 are pe r fo rmed  to g e n e r a t e  the

matr ix of influence coefficients C1j;j j~ 
In the notation of Equation

4.14, the matrix inversion subroutine MATIN is used to compute  the

contact pressure distribution 
~~~

. • ,  approach F , curvature ratio c ,

and , throug h Equa t ion  4 .17 , load W. The q u a n t i t i e s  a / h , a/ a , b/a ,

dId , and p/p° are computed from Equations 3.28 throug h 3.32.

The user should consult the CDC NOS Operating System Manuals for

• specific instructions on h a n d l i n g  the direct access file created by

HIJPRG .

Input Description

Punched card input is submitted as follows :

Card 1 FORMAT (110 , 2F10.3)

JCASE = Integer identification number for direct access

file from HIJPRG . This must he the same as the

value of ICASE spec ified in executing HI.JPRG .

EIE3 = E
1
/E

3

P01s3 =

Card 2 FORMAT (110)

ITER = Integer identification number used to identif y

particular selection of contact zone boundary.

I
101

. _ — - ~0~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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Card 3 FORMAT ( 1 6 1 3)

(NBDY(t), 1=1 , NDIV)

NBDY (I) = Number of g r i d  po in t  along minor halfwidth at

which contact zone term i nates for rth division

along major half w idth.

r r ( J )  = N B D Y ( I )  
-

m U )  = M B I ) Y ( I — l )  1=2 MDIV + 1

Restrictions:

M B D Y f l )  = MDI V + 1

NB DY(I )  N B D Y ( I — l )  , I=2 ,...,NDIV

Card 4 FORMAT ( 110)

MPZERO = Total number of gr id points along boundary at

which  zero pressure  is to be prescr ibed (no t

including points at ends of major and minor half—

widths where pressure is automaticall y set to

zero).

card s FORMAT (20 14)

(r 1 Z E R o (r ) ,  1=1 , NP ZER0)

MZERO(I) = Vertical grid l ine (position along major half—

width) locating Ith zero pressure boundary point.

Card 6 FORMAT (2014)

(rlzERo(r), 1=1 , N PZERO)

MZERO( I )  = Horizontal grid line (position along minor half—

width) locating Ith zero pressure boundary point.

Output Description

P r i n t e r  o u t p u t  is g i v e n  fo r  the  f o l l o w i n g  q u a n t i t i e s :

)CB(I ,J)  = H f ( I — 1 ) A ~., ( J — 1) , ’~r i ]

X I ( I ,J) = I I ( I - l ) M ,  ( J - l ) A n J

XJ(I,J) = J ((r-l)~~~, (J-1)~~n J

1=1 , . . .  , 2 ( N D I V )  + I

J=l ,. ..,2(NDIV) + I
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- X }IM(I ,.J) H*~ (I-l)t.~ , (J—l )Th, -

XIM(I , I) I* [(I_1 ),’.~~, (J-l)t.n, -

— — 

X .JM( l , J) = .J*[(1_1 )/.~~, (.J—l)t .- , — c.)

1 1=1 ,.. ., 4 ( N D I V )  + 1

— 
.1=1 . 2 ( N D I V )  + 1

- 

XHP(I,.J) = H * [ ( I _ 1 ) t .~~, ( J — l ) ~~. r~, + c. J

XIP(I ,J) = I*[(I_l) ,~~, (J—l)~~ ,, + c.]

— 
XJP( I , J) = .J* [(I_l)t~~, (J~ l)t .~ , + c.]

• 1=1 ,... ,2(NDIV) ÷ I

J=l ,. . . ,ND I V + 1

- 
In the output listing for each array, “I” des igna tes  the number of a

line or group of lines. The quantities appear sequentiall y in “J” in

each line or group of lines.

Computed Contact Parameters:

R X R Y = c

- 
GAM = ~

I PHIO =~~ °

W I B A R = W

ACHH = a /h

T
0

BACH = b/a
0

DDCH = d/d
0

POPOCH = p°
/ p

°

(
$ Hertz solution for infinite layer thickness with same values of p, E1 /E3,

and

I.

_~___ ~~0 —-— _
~~~~~~~~0_~ _~ — -- --- - _ _ _ - - - -_- .—~~
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RXRY H = c

GAMH = I’

P111011 =

WBARH = W

Pressure Distribution:

PHI(XI(M),ETA(N)) = 

~M,N 
M=1 ,. . .
N l ,.. .,m (M)

Pressure Distribution for Hertz Solution:

PHIH(xI(M),ETA(N)) = 

~M,N 
M’.l,...,n

N=l ,. . . ,m(M)

The pressure distributions are listed as two—d imensional arrays. The

line number is designated by M and the values on each line are given

sequentially in N.

0t J

a 

.
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LISTING OF COMPUTER PROGRAM “PSOLV”

I
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