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In  t h i s  note we po in t  out the connection between some well—known
indicators used in economics and a central  concept in r e l i ab i l i t y  theory .
In particular , we show that the “Lorenz curve” and the “(‘.ini index” are
related to the “total time on test transform” and the “cumulative total
time on test transform,” respectively. TI- as, the recently proposed tests
for exponentiality based on the Gini statistic Inherit the properties of
the tests for exponentiality based on the cumulative total t ime on test
statistic.

Analogous to the “ total  time on tost  process ,” we def ine  the “Lo—
rena process ,” and show i ts weak convergence to func t ionals of a Brownian
motion process. This provides a theory for  developing goodness—of—fi t
tests  for  any gene ral d i s t r i bu t ion using the Lorenz curve and the C m i
s t a t i s t i c. In add i t i on , we s ta te  some new resul ts  on the geometry of the
i.orenz curve that  follow from the geometry of the to ta l  t ime on test
t ransform.

We show tha t  there ex i st s  a r e l a tio n s h i p  between the “mean res idual
l i f e ” and the  Lorenz curve. This mot ivates  us to propose t h a t  the  Lorenz
curve methods of economic theory  also be considered for  use in the ana lys is
of f a i l u r e  data .

We hope that t h i s  note ’ w i l l  hel p t o  consol Idat e  and i n t o gr at e
s ta t i s t ic a l  knowl edge t h a t  has In d e p e n d e n t ly  evo l ved in two d i f f e r e n t
areas of a p p l i c a t i o n .
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Our objective is to demonstrate that there exists a relationship

between the total time on test transform and the Lorenz curve , and be-

tween the cumulative total. t ime on test transform and th e C m i  index.

Thus the tests for exponentlality proposed by Gail and Castwirth (1977a ,

l977b) inherit some very general 2rope’:ties of the tests for exponentlality

based on the cumulative total time on test statistic given by Barlow and

Doksum (1972). The relationship mentioned above also prompts us to define

what we call the “Lorenz process” and discuss the weak convergence of this

process to furtctionals of a Brownian motion process. Such a result in-

creases interest in the Lorenz curve and the Gini index, since it provides

a theory for developing goodness of fit tests for any general distribution

using the Lorenz curve and the C m i  index.

Gastwirth (1972) has given some properties of the geometry of the

Lorenz curve that are of interest to an economist. In this note we pre-

sent some additional properties of the geometry of the Lorenz curve,

and generalize some of Gastwirth’s results.

Bryson and Siddiqul (1969) and Hollander and Proschan (1975) have

pointed out that the notion of a “mean residual lifetime” is useful for the

analysis of biological data. We show that there exists a relationship be-

tween the mean residual lifetime and the Lorenz curve. Such a relationship

enables us to extend the use of Lorenz curve methods for the analysis and in-

terpretation of failure data. We illustrate our ideas by plotting and inter-

preting the Lorenz curves of two sets of failure data.

2. Definitions and Notation

Let X be a random variable with distribution F , and let 11

be the mean of F ; let F(O ) 0 . Then , the total time on test trans.-

form is defined as

Definition 2.1:

~ 
F 1’(t)_

if’1(t) ~~~~-‘ f F(u)du , 0 < t < 1
F 0

where F(u) = 1—F(u) and F
1
(t) , the inverse of F(t) , is defined by

1
— 2 —
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R e lat i o nsh ip s  ( 1. 1) .  (3, 2 ) .  and (3 . 1) now enable us to  s ta t e  some

other results for the Lore’nz curve and the Gin i index.

4. Some Pro~~~~t t es of the Lot-cn~ Curve;
and the Clii i Index

Castwlrth (1972) has given several propertie s of the  Lorenz CUi’Vt’

and the  C m i  index tha t  are of in t e r e s t,  We g i v e ’ hor~’ some acid i t  lonal  prop —

er t  too which  f o l l o w  na tura l ly from tho roott i  t s  of t h e  p r t ’v io ns sect  ion .

R e f l k t m k  4 .1 :  , the i n V t ’t ; ,t ’ ot  • is .t di st r i bu t  ion f u ne t ion with

support on [0,11 ; also L F 
is COflC J Ve’ .
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Proof :  The conclusion follows from the fact that

1
LF

(l) = I F (p )dp 1
p
0

wheec F(0 ) 0 , and that L~
1
(p) increases in p c [0,1] . Since LF

is convex , L~
’ is concave.

We shall make use of Remark 4.1 in Theorem 4.6.

Definition 4.2: Let F be the class of continuous distributions on

[O~ co) , and Let Cdeg} be the class of degenerate distributions. Then F1

is star ordered with respect to F
2 , denoted by F

1 ~ 
F
2 , 

if F
1
,F2 

£

- 

F;
1F ( x) 

1F U{deg} , and ‘
~~~~ 

is nondecreasing in x for 0 ,~ x ,~~ F1 
(1)

We shall now state and prove

Theorem 4.3’ If F
1 ~ 

F
2 , and if I xdF

1
(x) I xdF~(x) = p , then

0 0

(a) Lf. (p) > L~, ~~
1. 2

(b ) ( CL)
F > (CL) , andF2

(c) C
F 

< C
F1 2

1 ‘
Proof: Consider LF ~~ 

— LF (p) 
= I (F1 

(u) — F
2 
(u))du ; let

1 2 0~~
’

1
h( u) = F

1
1(u) — F

2
1
(u) , and note that I h ( u ) d u  = 0 . Since F

1 ~ 
F
2

0

by the “single crossing property” of star ordered distributions fcf. Bar—

low and Proschan (1975), p. 107], It follows that h(u) changes sign

exactly once, and from positive to negative values. Thus,

— 8 —
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I h ( u ) d u  “ 0
0

anti C h i ; ;  c t I l t lp le t . t ’S  p a i l  (a)  of t i l t ’  t h eorem.  Proo f of parts (Ii) and (c)

I i’ I 1. w I t o r n  I lie’ above’ re’;,ul I and i t t ’ t i c ’ I I nit inns of (CI.) 
F’ 

and

II F
1 

‘~ F’.~ , anti I tT F’ - i  is t akt’n to  be an exponent tat di st i I —

b u t t  t i l l ’ t h t ’~~ F
1 

hi ’ I ongs t o  t he’ c la ss  of ~1 lot r (bu t  It’,i;; wh ichi have “ l ii-

i’ t-t’.io~1 ug I .til ut-i’ t’i t t  t’ art’ r . lg t ” ’ et - Bar I ow .tiW Prost’h~in (19 7’>) 1 . Theo rem

7 t i t  ( : i st  wi rth (1 ~ /2) Is analogou s to ‘l’heore’m 4. 1 of this paper. However ,

enir  C h t -o r t ’in is more’ gen’ra I than that ot ~as tw i t - t Ii , I mice it app I ies to a

ntut’h I,i mg. ’ t C l,t;;;; of d i  o t r  I hu t  I (ins -

Dc’ I t i l t e ~ i t i  4 . 6 :  l,t ’ t F be t h i t ’  t ’ l.t s  of c’ont i nuou s d i  ot r Ibut ions on

10 . ”) , ,ind lt ’ t { dog b ’  the e I , is ; ;  of  dogener a t V U I 511. 1 bitt lomi : ;  - Then

is ‘‘+s’.’,r ‘i, ’~’.’,1 ~~~~~~~ : t ’ . ’ s . ’~~t ~~ F.~ , denoted by F
1 

< F’
2 , 

it’

h’
~ •

F’, I 1l ( d eg }  , and F ’ F
1
(x) I;; cour t ’s in x for 0 ~ x ,< F

1
1 ( I )

Rem. i r h  4 ‘i : I’ - I” , i Isp I i e’~~ F
1 ;,

~ 
F , t’ I . Rat - I ow and P re) s c han ( 197 ‘~ )

P . i0/ ~~.

in  C he’ I oil owl ug t hit ’.irt’m we sh,i 11 show that the convo x o r der i ng

proile’ r I V is  ~ t i’ ;;t ’ m vis i  liv 1,~~ , I lit’ I nyc’ i-se ’ of Lr - i f  F
1 

< F.> , euud

if F , Is  tak.’n t ~ be’ j,m exponent i,i l d i ;; t r ibttt ton , I he ’n F’
1 he’longs to

the clas s of .1 i ;; t i  (b e t  C I t’fls wi~i e’h has an ‘‘ m e  roast ng fal l ure’ rat o” id -

liar low amid l’ r o;.i - h i , e i t  ( s o )  / ‘ ‘1 1 —

Thtc ’or ’m /, . h~ I I  F ‘~ I- ’ th,’u I.
I t ’ -

, 1
1 e F ,

l’ re iei I : We wi ‘;hi C c i  show that 
~~~~~ 

(xi I ; ;  t ’~~n~ ’t ’x in  0 < x < F
1
1 (1) —

We’ oh.t I I .e,sumt’ I ha C F’ anti I’ 
, .t, o ,tbs,i I~~t eli’ ceint inut ius . Then we

n. ’i’ tt c m l v ~heiw th at ;
1 

1
~~

. [I~F 
(x ~~ i ; ;  n~sidt ’e re ’.t’; i ng in (1 ~ x F’~~ (I)

— 9 ”
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Let p~ and p
2 

be the means of F
1 

and F2 respect ive ly .  Then

L~ ’(x)

L , [C~~x~1 = j  1 F ’(u)dud>¼ F21 F 1 ‘ o 2

~“l(I
i
()) UL;

1(x)

p
2 dx 

- 
-

I.et

x = L
F ~~1

dp P1

p
1 , 

u1
dx F

1
1(p) p = L

F~~
(x)  F

l’[LF
1’(x)]

dLF (x)

=

and

‘
~~ I F~~ (u)dii - 

l~~~l [L;~~~
(

F
2 F1

(x) —1
Since F

1 
< F

7 
implies that ‘~ nondecreasing in 0 < x < F

1 
(1)

and since F~~i.~
’(x) t is nondecrea sing in 0 < x < F

1
1(1) , it change oí

1

- 10 -

— - -  . ,,. ~~~~~~~i.  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
“

~ 
t~”~~



-
‘

T—368

d l  

L;
’(x)

var iabl e ’ shows that . —— F.> (u)du is nondecreasing in 0 < x <
L

F 1(l) . Since con t inuous  d is lr ih st  Ions can he approximated arbitraril y

closely by absolu te l y cont inuous  d i s t r i b u t i o n s , the proof of the theorem

is C O I Up 1L ’L C d .

‘>. Some ’ S ta t i s t i c s  of interest

Let X < X < ... < X denote the order statistics corre—
(1) -

~ (2) ~
— (n)

spond i ng to a random sample of size n from a distribution F , where

F(0) (1 - The to tal tine on test s tatist ic to the ith failure , T~X (i))
is ekE teted by

T(x (1)) -

~~~~~~~ j~ 1 
(n_i+1)

~
X
cl) 

- X (J_ ]))  . (5.1)

Bat-low anti Campo (1975) have used the sealed tota l. time on test

, :(-:.~ t i ’ ’ , , d~ ’ Cin ’,~~: : ;

W(i) 
~ (n-1+i)(X(J)

- X
(~~i)) 

(5.2)

for ana l yzing failure data.

The cmUnn4ia tiVe total ttm(? on f - oa t .  a f . u f i ~~, V , defined as

n-I

~ 
del  1 y W ( t )n n—i 

~~~~~~ 

n

has been used by Barlow and Doksum (1972) for testing for exponentiallty.

They show that a test based on V Is asymptotical ly minimax against a

class of al ternatives defin’ed by the Kolmogorov distance.

— i i — 

- - - - - - - .- - . - -
- ~~~~~~~~~~~~~~~~~~~~



(at I and (:tstwlrth (197 7,c~ have’ pronose~d a t es t  ~ot exnonent -Cal I ty

based on the T~o~’.’na s ta t is t m’~’, 1. (p) , Ut’ I Etic ’d a’:

- ~up~ ii

l, (p) d~~1 

~~~ 
~~~~ / a~t X ( 1 )

wh ere’ (I c p ( 1 , and I up i is he Large’s t I nt eger in np . The st a—

C i st  I c L ( ‘ 5) is shown to have good powe’r aga I us t a i-at ;  go of alt e’ m a —

t I yes; this is based on a Monte’ Carlo invOst igat ton.

Recemitly, Gail and Castwtrtii (1971) proposed another test for

expon ent  t a l it y  based on the G-ini s ta t / a t ! ’, C • defined as

Y 1 (n-t)(x (1~ 1) 
- X ( 1))

C ~~ _ - —_ - ( 5 5)

( n— i )  : X ( ( )
I~ 1

Itascel upon Mont e  Carlo stud it’s • Cal I ~e ;itI Cast w I mtii (197 7b) have cone 1.cided

that C Is ,tt~~’o powerful- t han  i .( 5) for n 2() , against most of the

a I t e ’ i t i _ t ~ i V e ’~ t li,it ae’e’ s t  t id ~e ’d -

We e’an east I y yen fy  t lie l o l l  owl tig te’ I a C (out-il; ips bet ween C lie ’ var  I —

Otis Fe’s I. stat 1st ics that we have’ U isc’eessed thus f , e t - :

•~~~ 
( n - t) X ,1~

wi_ I — i. 
i

- - )  + - - - — -  - - -‘ - (s .6)

and

V — I — C  . (5.7)
n ii

In view of (5. 7) above, t he t . ’at f Or  ‘,I’~51~~, ’~j t . i f  i h ,i0 ,  ‘0’ (‘P C the G-!’m (

S t a t I S t  / ‘  is 10’. ‘nt- I-cal to f-he lost for ,r ’on ’c t /a 7 itq l’aat ’,f on the c~rnru—

l.atit’,’ tot-al t-i,m> on tea ~ ,qta t.j v  f/ c . . Thus, we can say t h at  the test for
exponent (alit y based on the Clot stat i st Ic is asyrnptotlc’al Iy n u n  tmax

i n s t  some’ rest r h-C i’d alternatives.

— 1 2 --
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The exact distribution of t; under exponentiality follows from

Theorem 6.2 of Barlow, Bartholomew , Bremner amid Brook (1972), and from

Fqttat ion (5.7) above. Gail and Castwirth (1977b) have also derived the

e’xact distribution of C , but by using a different argument.

- 6. The Lnr cnz Process and its Weak Conv~,~~~jce

Using previous notation , we define the t.orenB process, {~~(t) ;

0 < t < i) , as

~~ {~
(-
~
) — L~,(t)} , -

~~
-
~~~~~ < ~

1 < i < n ; (6.1)

~~(O) = 0.

We are interested in the asymptot ic  behavior of thi s process for  F in

general

• Following the notation and terminology of Barlow and Campo (1975),

we shall say that a stochastic process tW (t) ; t > o) is a “Brownian

not ion p roc&’ss” w ith Un ft &‘o~’ ~ i i c i  en t  ccl ;;:; I t a 0 I I :

( I )  W(0)=0;

(I-i) {W(t), t > 0~! has stationary independent increments;

(iii) w(t) is normally distributed with mean 0 and variance

t , for all t > 0 -

A process {U(t) ; 0 < t < 1) is called a “Brow’nian Bridge” on 10,1-]

when U(t) = W(t) — tW(1) , 0 < t < 1 . Such a process is normal , has all

samp le p a t h s  cont inuous , E ( 1T(t)) 0 for 0 < t < 1 , and has covariance

s(l—t) for  0 < s < t < 1 - Note that V(t) — —U(t) is also a Brownian

Bridge on [0,11

6.1 Weak convergence of the Lorenz process

Let V (u) be a d iscre te  measure p u t t i n g  mass 1/n at u — i/n

1 1 ,2,... ,n - Then

- 1 3 -
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- — — ~~~~~~~~ 

~‘Im’ . dV (u)

n 
j~ i 

X(~)

where’ .\ 
C~~I 

~ X ( ~ /n , and [nei l is the’ gn’ate’st intege’r in flu -

_ i—I -

t
Since i~~( t )  = .1’ F’~~~(u )du  , s u b s t i t u t i o n  in (6.1) gIves

( i )  L i  — ~~~~~ dv (u)
• 0 

-
~~ ~I TI

(6.2)
i/u - F ’

+ ~ ~~ ~~~~ d[v ei - u)IL

11 we assume that f xdF(x) — “‘ , and I g — I’~~ has a n omu ;~ero cen t 1.nu—

ous di’ ml vat lye’ g’ on (0, 1) t lieu by Shorae’k (1972)

~~ 
$
~~tu u  

— 
I- ’~~~ t ‘I~ I ,,, -- ~~~t~t ’) U ( t )  — ~~~~ ~,

[n ul ~~t 
p

in t h e ’ e’xpres s ie ’n  above’ “- -—- p 
~~ d e’not c’s converge’nc ’e’ In pr ohabi l i t ~’

U is the Brown iamu Bridge process on (0~ 1) , and 7. — f hI (F(x)ldx is
(1

2 2
norma I w ith meami I) and var iance o~, , where o

F 
is the’ variance at F

Since the second tents of (6. 2) converge:; determinist (c at  lv t o  ~~‘ro ,

it m l  l ows that

1t (t) ~~ — ( i ( )  U (u )  + ~~~~ ;~
) 

Un

We (-an .ilso express ~ (t) as

- 1 4 -- S

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



T- lt ’B

1. 
F t t )  I. , ( t )  “

~~(t )  — - f U [F ( x )  )dx — - ~~ U I F ( x ) l e i x
U

0 ~ 0

By .i d i  Fe ’e’ C bitt t e’d b u s  cal ccii at j ot ;  c C  - Ca i i  ( 19 7 7  ‘)l , i t  e’Ufl bt’ shown

ti , ‘ I  cm ude -r ex$onvm ;t tat I tv

V~i r (~- ( t ) )  2(l-t~~ n (i--t ) + t~~1-i)  - ( t  + ( I - t ~~~u ( l - C~~)’ -

Titus • in  can t  Fast  to an an.; 1 c’gocIs reset It hase’d on t h e ’ csm ~vergof ice’ of the

tat ,ml t m it’ On C e ’St  p te~e’e’Ss I s e ’e’ B ar l ow and Camnp o (191 ’ ) 1~ under exponeci—

i.ulitv ti(t) ; 0 ‘~ t ‘- l} is ~;ot C h i c ’ h ir own ian  B r i d g e .

2 Use;; of the l.ore’n:: p ro c e’ss

The I,o t’e’n:~ proce’ss cam; be used to find the’ n sympt  at  Ic dtstr I h u t  ion of

,~ I i ~ i~sup n t. I I — L — I
• 

- . n i n i  F nI
l’-i’.n

which by the’ I I;V~I m I .‘lf lCe’ pr I t ic  i p 1.’ ~ I 11111 I i ;gsl t ’~’ ( I  968) is the’ same’ as

that ot

‘ I  ~~~

I’l , ‘I ;‘ S C a C. is  C I c  can be’ used C a t c’S C C h e’ h;\ p at  lies i s  t h a t  t h e’ gi ~‘en ~la t a has

d i  st i I but  t o n  F’ versus the geac’ ma 1 a It e’ m’ua t t y e ’ that it dot’s not - As seen

at  t h e ’ .‘nd of See ’ t (on 6. 1., Ufl(i e’ 1’ expon ent  Lii it v it Is ;~ot the Ko Ln;oge’irov—

Sin I m a y  St . m t  i s  t i e ’ , and t h~ is Is f lat  Vt’ tY p le’as t u g .

Ano C hue r SC  a C 1st 1 e’ t ha C e ’ .4fl be Ci Se ’d k it  t hi t ’ same purpose’ is the a rca

h.’ C We ’eii t he e’urve of ~~, 
(-~ ~ and thi ’ curve ’  at  I - ,( t ‘~ . A Cons tde’rat Ion a

u%uI 1’

t im i .1 t e ’,t 1 eads us to ‘l’hie ’~’re ’m ii - ,~ • WI; ( -‘b ; f~ 11 e;w:; f rom Thie’oren; 6.6 of

1%,;’ I e ’ w e’t . t l  . ( 19 12) .

I
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The’eii’ e’tn 6 .l  I Bar low , Bar tho lomew , Bremi t e’ r and Brunk ( 1 9 1 7 ’) ) :  1 f

• 
f xeIF (x)  < “ and ci

2(F) < ~ ,

WhIi. ’ t e

• 

. 
• (F’) 2 1 1 {2[l-r(s)) - V F

) ‘< ~2 [I-F( t)J - V F (s)(1_F(t)) ds dt
s<t

I hen

~ 
n~ 1 

w(!) — V ~ 
02(F) 

-n n F n•~ 2

whe ’rc “~~~~~~ —> “ denotes e’om ;vergen ce  In distribution .

Using the  f ac t  that  C 1—V • and C 1—V , we are now in aF F n

~~~ i t  Ion to o b t a i n  t he l i m i t  lug dl st ribut ion of the C m i  s t a t  1st Ic. We

have

llie”orern 6. 7: tInder the (‘ofld I t ions a i l’h;eorem 6. 1

- ~~~~ (~~ 
~~~~~~~ 

- - ~ ~ (
~
, (1~

1 2 , 1In C hi’ Cast’ of F exponent  1,; 1 , (~~ , — 
, and 0 ( F )  ~-c~ . Thus

~“ I ~ (: — 

~ 

) ‘

~~~~~~~

“ N (0 , 1)

a ri’su it .i I se’ oh C ~i I ned by G a i l  and Ca st wi rt Ii (1 Q 7 7b)  us lug some.’ a rguments

due t o  flew lid I tug ( 1 ~~~ ‘I -

1. The ’ I ,e ’r e ’I v’ Cut - vt’ •in~I t h e ’ Me’,iti
Ke ’;  i d ua l  I. i f t ’t Inc

Rm y se ’i ;  and S [thU I qu I (1969) ,;n~h ,i i so  lIe i i  anti c’ t . i t ie l  I’rose’han ( 1 9 1  S)

have’ po j u t  ed t in t  Lht,;t  C hi c ’ fla t t on  at  “me.in m’ e’si elua 1 liii ’ I i me” I’. e’ spe~’ I .tl I v

ci,;, ’ (ci i ( a t  Ch i t ’  .111.4 I ys Is of ii It ’ le ’t ~t e ’ ,i 1 ch at a. in this ~~e ’ e’ t  t ern We’ ~ O tnt out

C he i c  I , i  C I ~ n~ b; i p he t wet-ri t he I .oreni  e’u rt’e and t h e  mean re’s I de..i I l i t  e’ I me

S
— 16 —
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Such a re lat  ionsh ip  suggests to us t h a t  th e’ t,~ it ’m i z curve . ’  methods , which

have’ so far been mainly used in  the social scietuces , could also be used

in Ch ic b i o l o gi c a l  sciences. This possib ility has also been hinted at

by Thompson (1976).

The’ r:,’-t n i ’’; ; iJa o! I ~f~’t- ~~ cor r e spond ing  to a random variable X

w ith dis ir ibut ion F , F(0 ) 0 is defined in

U!_I • i~ui I t  I on 1 . 1 :
0,)

J F( u )du

CF
(x)

Wt’ say that a d [sir  ihut  lot-i F has a ~~~~ ~~ ~o (i~z ’re~ua-inq) ~~cp~ ro—

-
, 
ife~t-i’~rte~ If r~~(x)  is decreasing (in c reas ing)  in x for all

x ~“ 0

S my s o n  and Sidd iqul (1969) have used the decreasing mean residual

1 It e t i nto p r o p e r t y  to I n t er p r e t  SOflit’ s u r v i v al  dat,i on p a t i e n t s  s u f f e r i n g

I rein I euki ’m I.; .

I w ’ de.’uiat e ’ t h e’ mean o I F by p , t lien w ’  ca;i w r i te  
~ F 
(x) as

r ~~ 1
‘4 1 — - 1 F(u)du
L U O j  

-

F(x)

From Do I (n i t  ion 2.  2 , I t  fo l lows  tha t

~ F (u)du  WF(F(x))

t h u s

1LL -r
F

(x)
F( x)

The’ above express ion when use’d with Equ at  ion (3.1) gives us a relationship

between t F
(x )  and LF

(
~~

) ; spec i fit-al i v , we have

S
— ‘7 —

•- ~-
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:

L
r(F(x)) 

s - ~~~~ tr
F

(x ) + xl - (7.1)

In order to demonstrate the use of the  Lorenz curve fo r  biological

- applications , we shalt consider the’ d a t a  given by Bryson and Siddiqut

(1969). These data pertain to survival time s (in days), from the time

- of diagnosis , of patients suffering front chronic granulocytic leukemia.

The ordered 63 survival times in days are : 7, 47 , 58, 74 , 177, 232,
273, 285, 317, 429, 440 , 445 , 455, 468, 495, 497, 532, 571 , 579 , 581,

• 650, 702, 715, 779, 881, 900, 930, 968, 1077, 1109, 1314, 1334, 1367,

1534, 1712, 1784, 1877 , 1886, 2045 , 2056, 2260, 242 9, 2509.

If we denote the number of survivors at t ime x by S , and if

the size of the initial population Is denoted by n , then Bryson and

Siddiqui estimate the mean residual life at time x by

~(x) S 1 
(X~—x) ,

where X~ denotes the survival time of the jth element and the sum is

for those having survived up to time x

in Fl get r~’ 7. 1 we s~i - w  a p h o t  al ( x) ye rs us tim e t im,’ x , for

the data in  quest ion.  Thus , the  d i st r ib u t i o n  of survival time s has a

decreasing mean residual l i f e ; this conclusion is based upon an inspec—
• tion of Figure 7.1.

In Figure 7.2 we give a plot of the sample Lorenz curve for these
data. The sample Lorenz curve is simply a plot of the Lorenz statistic

L (p) (defined In Section 5) versus p , 0 < p < 1 . The sample Lorena

curve L (p) represents the proportion of the total lifetime contributed

by the least fortunate p.100 percent of the patients; for example , 50%
of the patients contribute only 20% of the to ta l  lifetime . The sample

Lorenz curve can also be used to compare the heterogeneity of the survi—

• . val patterns of two groups of patients. To illustrate this, we give In
Figure 7.3 the Lorenz curves for the data on the survival times of guinea

pigs considered by Doksum (1974). The Lorcnz curve for the “control

— 1 8 --
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H
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0
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‘ ‘  800

~~~~~6O0 ,

-~~~4O0

a)
.—4
0.

~ó T i ~bc~o ~~~~~ 20~ d~~ 2500 Time (in Pays)

Figure 7.1——Sample mean residual lifetime versus
time of leukemia patients
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1.0

0.9

0.8

0.7

U
0.6

a)

0
-
~ 0.5

Co-I
0

,~~ 0.4
0.
E

— ./

:z: 
~~~~~~0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 7.2——Sample Lorenz curve versus proportion
of leukemia patients
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0.9

0,8

.•‘

A - I- ,
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~ 0.6
U

0
a) U, )
I-I
o

.~ 0.4
9. \

~~ -~~~~

0. 3 .c~( ,. . 

~~~~
P.

.
~~~~~~~~

0.2

0.1
~~t ‘

I . .

.~~~
‘ .. 

..

~ ‘ •
“ .. .. . ProportionI a -4——— -——~-- - -  —— —*— -~~———-.—_-—
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