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EDGE DISL OCAT ION IN NONLO CAL
HEXA GONAL ELASTIC CRYSTALS *

by

A. Cemal Eri.~gen

and

F. Balta

Princeton University

ABSTRACT

The solution i~ presented for the problems of edge
di3location in hexagonal crystals with long range
interatomic interactions. The field equations of

• nonlocal elastic solids are employed to determine
the stress fields and the elastic energy for an
edge dislocation in the basal plane. Classical

• stress and energy singularities are found not present
in the nonlocal solutions. Stress distribution
is calculated and maximum shear stress is given for
various hexagonal materials. Theoretical shear
stress to initiate a dislocation having a Burger ’s
vector of one atomic distance i~ calculated and
found to be in the acceptable range known from the
lattice dynamic calculations.

1. INTRODUCTION

It is well—known that the classical elasticity solution of the

edge dislocation contains stress and energy singularities in the

“core region”, cf. I i ] .  In several previous papers (e.G., 1~ 1.

• [3 ] ,  [b ] )  we have shown that the solutions of various Volterra

dislocations based on the nonlocal elasticity theory do not contain

*The present work was supported by the Office of Naval Research
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he~;e I ri~ u lar  i t  i es . Tb I recent theory [5 , 6 1 model the o

r~ t t or i R I  much mo ro at. j fact .  ~r I ly in  t h~tt . t, he e t~c -  t oC I on ~ ran

interatomic ~nteraL-t ions are taken nt o  n ’~~oiin t . t oori~ t h a t  no

artifice such as int roducing various ut~mistic models to o~~t imat .~

the  ~t ress and k ’n rt~y i n the  core re~, ion i s  nece~~o,rv or ’ ’v - r  ,

a continuum theory all problems can be reduced o h o u n d a r y — i n ~ t la l

value srob lens .

The ~i I c ss lon of the  d is loca t ion  probl ern~ in  an ~ot.~~cr ic

~o 1 i 1 s  i s  not a t r ivia l  extension even in i t .~ c l a ss i c a l  fra me of

ro l’ erence. Moreover because of t he  orient ,at i onal cf t ’t ’c t,~ t h e  ~ :it  t ’
of st ross and e l ast i c  energy arc a f fected  co n s i d e r a b l y .  m -~ n~~- n t  ly

the c r i t e r i a  for fa i lure  or the fonerat . ion or di ci coat. I o t i s  o’~1 new

• Inves tiGat ions . The raison d’ etre of’ the present. naper st em s  from

these considerat i ons. In ~ect . iofl  ~
‘ we present. a b r i e f  summary of

the f ie ld  equations of the  nonlocal e l a s ti c i t y  theory . In sect ion

~ we obtain the solut i on of t h e  t-dGe di  s b oat. i on problem lead i t i e

to stress and energy f i e lds  and in ~ecl, i on ~ we c o t H a ~ izc  t h o s e  r e s n l t o

to the isotropic crystals.  In Section ~~~, some results 0r computer

calculations are presented and maximum stresses that cause a s inCl l ’  odCe

dislocation in several hexagonal crystals (hg . Apat.it e , Cd , ~~~ ar c’

calculated . The d i s t r ibu t ion  of normal and shear ot rosses a l on e  rod j u l

line r , 0=0 , and as a function of the polar angle 0 for n f i x e d  r are

calculated. Gince no stress and energy singul a r i ty  occur , t h e  r n x i mu m

stress hypothesis may be used to calculat e the t h eore t i c a l  ( ‘ohes i v e ”

stress. The results are in the accepted range known from t~~ ’ a t o m i c

theory ~~~~~I 1 L  
— 1
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2. FORMU LATION

In previous papers [2,14] we have shown that, under some very

general conditions , the solution of elastostatic problei~ts in linear

nonlocal elasticity can be reduced to the solution of the classical

Navier ’s equation , however the stress field is calculated by

(2.1) tkt
( x)  J ~~~~~~~~~~~~~~

V

where is given by the classical Hooke ’s law which for the

hexagonal crystals can be arranged into the form, cf. Fig. la,

(2.2) °ll C11 C
12 

C
13

a
22 

C12 C22 C12 e22

• a
33 = 

C
13 C12 C11 e33

~23 
2C1414 e23

°3l 2C55 I
~l2 

2C1414 L d12]

Here ek~ 
is the linear strain tensor given by

~~~1(2.3) e
k~ ~~

. (u
k t  + u

~~k
)

where uK~~
E
~
uk/3x~

. Since for the hexagonal crystals 2C55 C11-C13,

the number of independent elastic constants are five.
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The attenuat ion function a(x ’—x ) suggested In our previous work

is of the form

(~~•14) a = 
~~~

where ~ is summed over B 1  and B3. Here a is the lattice parameter

and k2 
are two constants which govern the range of attenuation of

the Interatomic attractions. The constant a is determined from the
0

normalizat ion condition on a~

(2 . 5)  J ct(x’—x ) dv(x’) = 1

so that

(2.~;) = k~k2!~
3/2 a3

Now a problem in nonlocal elasticity Is reduced to determining the

displacement field u,~(x) by solving the Navier ’s equation obtain ed

by combining (2.2) and (2.3) with the Cauchy ’s equation

(2.7) °kLk 
= o , k,2 = 1,2,3

where as usual repeated indices are summed over (l ,2,~ ). Once u,,~(x)

is determined one can then calculate strain from (2.3) and the stress

field tk~ 
by using (2.2) in (2.1). We now apply this program to solve

the problem of the edge dislocations.

I 

~~~-‘~~‘—
-.. ,-~~~~~~~~~~~~~~ -— ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~. EDGE DI:ThOCATION

The straight edge dislocation In a hexagonal c r y s t a l  is  p o s s ib l e

in the basal plan e y const. In the x—d irection Fig. la. We v i s i o n

such a dislocation by cutting a cy linder along a radial plane and

pulling lower surface by a constant amount b (called Burger ’s vector~

relatlv” to the urper surface and welding the two surfaces , Fir . lb.

The solution of this problem in classical elasticity i s  well—known

(of. [ ii ,  p. 1i22). The displacement field (u ,u ,f l )  s a t is f y i ng  Navier ’s

equa t i on, is given by

h 
j
lv( -

~. 1) ~~ = [arctan ( , - --—;- ) + u~~~n ( q / t ) )

u~ u 3 [u~~ n ( q t )  — u~ arctan ( ,
~~~~~ ~~~]

x — u
7
y

and ° k Q by

2 3

( s ..  ° xx 2it 1~ 2 2  14 ‘

X +p
1

X Y ~P;~Y

2 3
— 

Mb ~~~
14 2 2  l~x +p1x y +p2y

3
0 = 

0 -
~ 11

Xy

x.y 2ii 2 2  ~x +p
1
x y +p

2
y

all other components of and u~ vanish. Her e we used (x , y ,~~l

for subscripts (i,2,~~) and set

~~~~~~~~~~~~~~~~ ~~~~~~~
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~11 

(c 11C2~~)~~
2

1/2

[(C
1 I

_CL)) (~ 11+C1 ~~~~~ ~~~ll~ 14 14 / c~~C 1 4 , )

0 2 c
11

/ C~ ,~ , E 1 , 0 14 ( C
11/C 2~~)~~~

2

p1 
= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

E (C11
/C ,2)~~

14 
, 4 aroros [ (c~ 2~~ 

L’1~~C~~~-~~~ ) 
~~~~~~ 1 H 1 i) 1.

.) ) 0 .‘ .)

x ” +2)cos~ xy+A y~ t ’
~ x ’ _2\cos4~xy +X~ y ’

u1 
2Xsin~ , u ,~ ~~~ 1

_ C ’
1

) f ( 2 C 11C 14 14 s in2~~)

u
3 

\/(~ 11~ in2~
) , u1 (~ 11 -C 12

)eos~

U
6 

X~ si n2~ , u
7 

\‘c~ s2~

Introducing the cyl indrical coordinates by (~‘if. 2
’t ,

(3 . 14 ) x r c o s O  y rsin 0 ,

x ’ r’ cose ’ , y~ = ~“ 5 j fl~~~ z ’ =

dv (x ’) r ’ dr ’ do’ dz’

~ 

~~~~~~~~~~~~~~~~~~ ~~~~~
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~~~~ h av e  ~ot~ he ~~~~~~~~~ t s s °  n ‘v 1 i rn ’ r i ~ a 1 co~ - ~ .t 1 ~ia~

0 it ’ 0 —0
X X  \ \  X X  \ V

~ ‘.
‘‘ 0 — —  + — —  c. ’s2t’ + c s l t i 2 t i

xy

‘‘ 
.t~, 

‘
, _0

X X  \ ‘V X X  V \
0 - 000. - 0 s~~O . 11

2

0 — 0
X X \ ‘V

0 = — a 11. . + .
t’t~ 2

1 ‘a I ~‘orit’onent s t of t he at t ’ s~~ t en sor  in  t lie tioti 1 son I

theory are given in t e m s  of t ho se o ” t he 55:; i o~~i :t ~‘ ‘ :.: : t ’s 
¼ k 

¼

and oh i ft  or ;; 
~ ~

. ‘

¼ 
¼k ~ I ~ ~ ‘_~~~~~~~ 

~~~~‘ 
~~‘ ~~~ t~~k ’ lv ¼

o f .  (2  1 . a c~ I i  n d r  1 cal cost’~l i n s t  es the oh I f t  ~‘rs t \ n \  0 t be fol  1 ow no

v a l u e s

( ~~~ ) ~l ’  
= — 0 c ’~ ~~~~~~~~

I 2 .. r .r ~~ . t~

— — 1fl (i~’—~~ ~ i’ . t~ 
*

4 k
= ~ ~ k’  k

Thus t he  physical components of t.h st r e s s  t etissi’ l ave t ht ’ ~~~~

T

~

T 
-- ~~~~~~~~~~ _ _ _
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a ‘ 4XY ‘ C ~0

~~‘~n t rr = ~ ( x ’ x~~[ rr 00 + rr  ti t ~

~~~~ +Q ’ c~ — ‘ .~~

- 
rr  00 

Cc : ;(0 ’ -P 1+ c ’
0

s i tl .~~(~~ ’ — t ~~~]dV ¼ x ’

t 0 
= 1~ ’ ~~~~~~ 

rr 000 
o i t i 2 (  t~ ‘~~ ~+o ’ os2(  t~ ‘~~~~~~~ l dv( x ’

where we us o~l t he abrev I at I on c . ( x ‘ ) . U s i n g  t he relat i ons

0~ +~
) ‘ .~~~‘ +~‘ ‘ —0~

~ 
rr  00 _xx yy rr ~t 

= 
XX yy cos 20 ~+~~‘ ;; in2O

2

(~~~.8 ”  r~tay he written as

0~ +c ’ a ’ — .‘ ‘

(3. 10) t rr = J a(~~’ —~~~[ 
XX ~~T 

+ 
XX 

~ cos2O+c ’ sin20]dv(x ’~

0 ’ ~~~~ 0 ’ —0 ’

t 00 
= J ct (x’—x )[ XX 

~~~ — 
CX 

~~
‘‘
~~ oos.’0—c ’ sin20 1 1v~ x ’~

0 ’ —0 ’
= f a(~~ ’ —~~) [ —  X X  ‘

~~~~~ : t +c ’ c ;20 1~lV~ X ’ ~
V

The attenuation function a ( X ’ X 1 in cy l indr ica l  coord i nat e s  a sGu i r e s

the form

(3.11) a (x ’ -x~ =~~~ 
2
(k~k/a

3
~exp[-(k~ a

2l(~, ’_~~
’
~]

• ex p[ — (r ’/ a ~ (~~~ccs ’ @+k ’,sin ’ 0

• exp [ — ( k~ I a ’)  (r’ ‘ c~~’0 ~~~~~~~~~~~~~ co~~0 cost~ ‘

,.
‘ ._, , .S

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . 4
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We now substitute ( ~. 1 4 )  into (3 .2), the result and (~~.ii) i n t o (3 . 10) .

This , for each of the stress components , leads to a t r i ple l t i t e ~~r a I

over the domain ( 0<r ’ <tu , 0< € ~ ’ 2 ~ T , —“< z’’- ’~
’) . The Integrations over r ’

and z ’ are tedious but can be carried out , however t ie i at e 4 ’ra. ion  over

0’ wi l l  ha ve t o  he done numerical ly . Leav in~ t h e  let a i is of t h ose

calc ulat ions we ~ive t he results:

(3.12) 
~
t
~~~

t0e~
tr~

} = 

!
2 

T~~ (o ,e ’ ) , T
00

(0 ,e ’~~, T 0 (9 , 0 ’ ) ~

)do

where

(3 . 13)  T = —t ( g
1 

+ g2 cos20 —~~~~ sin 2 0)

= —t ( g 1 — g ,  cos20 +g~ sin20)

Tr6 = t0 (~~~, 
s i n 2 O  +g

3 
cos2O )

= q1 cos’ 0 ’ si n O’  + q2  sin~ e’  ,

2 . 3
= q

3 
cos 0 ’  sin O ’ + q14 sin 8’ ,

= 2(0
3 
cos30’ — 0 14 cosO ’ sin 2 8 ’ )

U 

~~~
--- ..._

~~~~~~~
iii :

~~~~~~~~~~~. _ 
_
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f ( r , 0 ,8 ’ )  
~~~~~~~~~~~~ 

e x p {— ( k r  ‘a Y I l + ( K 2 — l ) s i r , t

— 
c c o o ~~c ; ~~’ +~~~s i x 1 e O t n o ’ l  p

l ÷ (  — 1  \~

‘ I f  / ~ ~‘o s 0 c o s 0  +~ ._ : ; l t i O : ; i t l O

l+~~ —i ~s i n  e ’ ]  -

1. 14 1 ‘ ‘ 5

(cos 0’ +:’1sin ’ O ’ cc’s’ 0 ’ +r 5 s in  8’ [ 1 + ( K ’ _ 1~~5I ’~~~~~

where we also set

(3.11J 
~l

0
3 ~~~~~ ‘I , • ~ : o~~— c

Ic Ic , Ic , , t Miok ‘na
1 ~~~ 1 ‘0

The total strain energy is ~~ven by

(3 .15 )  = 2L JJ  (t e + t
80

e
00

+.’t
8
e

0~
r dr ~e

where L is the length of the cy l inder  and H is the radius . Subot i tu t  lag

for e , e and e calculated from ( 2 . 3 ’t , in the same way as in therr 80 r8

case for a ,o , a , we wri te
rr 88 r8

14 -)

(3.16 ) = N~~~ J J [t (a1cos 8+a2cos~0+a3)sin0+t 00
(a14oos

4
0

cosO ] (cos
14

O+p 1
sin  0css’ 0+i~,o ~~~~



. -  .- --,---- -‘.-—.-—---

~

—-- .- .-.--, 
-.----- ,-- - — ---— — -------- -.—---

~~

- 

~~~
- .

~
---

~~~~~~~~~
--

~

11

where

(3.17) a
1 

E

a
2 

E —c2
a
1
+(2e

2—c1
)a
2
+c
3
a
3
+(2c

3
—c2—c 14)a14

a
3 

— (e
2
a2

+c
3
a14) , a14 —a1

a
5 

E _c
1
a
1
+(2e

1
_c
2
)a
2 2

a
3
+(2e

2
_c

3
+~14 )o 14

a
6 

_ (~1
a
2
+E
2
a14) , a

7 
2a
1

a8

a9 ~~~~ ,

arid .

- 2 — 1
(c1, E

2
,~~ 3

) = (c 22 , -c12, c11) ( C
11C22-c12

) , = C1414

l~. ISOTROPIC SOLID

In the case of isotropic solids we have

(h.i) M = M / ( i . -v)  , ~=1 , q1 q2=2 , q~~ 14 , q14=0 ,

~ 
02 0

3
=0 14=l , p1 2 , p~~1 , I’

____________ A
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a8

()

— [ 2 (  \ +~I)  j l a l/ p

iTs Ing t hose value s In  t h e  expressions or ( . 1 2)  , ( ~. 13) , ( ~. i t  and

we obtain

( 14 •
t )  

rr - :~ii ( i - ~1a ( 1 — [ 1—exp( -p ’ )  1p~~~1p~~ a l aO

= 
.‘ (1—v)a 

( i — ( 2 + p ’ ) 1 —exp( — p )  1 
~~~ a I nO

_______  
2 —2 — l

rO 
= 

( i — v  ) 
{ 1— [1 —exp (—p ) lb 

‘I p ~e~O

( I i . 
~
) = ,, {2(l—v)[C+thp +I~1 (1~~

) 1— i + (  l. — e x p ( - p ) 
-

~~~~~

whe re ¼’ is  the Euler ’ a constant. and

( 1 4 . 1 4 )  p kr/ti , E 1 ( x )  J ~~~~~~ 

I t  • C

These result s ar e In comp let e agreement w i t h  t hese given In I

S . DtSCU~~ I0N

Components of the st ress tensor are plot ted In T’I ~‘. ~ i t . ; n  1’iint ’ t. Ion ¶

of the polar angle U for a fixed rad i al dist an ce . It. Is observed t hat

t. and t have the same shape with t h e i r  ext ,r ema occurr ing at. the santerr 00

angle. The extremurn values of t rO dl rf e r by an anple n ’:’ rrem t hese

of the normal n t r ensen .  For the f raoture  ca lcu l a t i ons th e st a t i ’ ,st ’

st~r esa at 0— 0 and n /2 are Important . It. Is known I hat. the c

— -—~~~
..
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of the crystals is at least twice the maximum shear stress (Kelly [TI,

p. 17). Of the two state of stress investigated it is foun d that

the one at 0=0 plane is the most important. In Fig. 14 the shear stress

is plotted as a function of p—kr/a , for a few hexagonal crystals (Zn ,

Cd , Apatite , Mg ) .  The elastic constants of these materials listed in

Table 1 are taken from ref.  [8] . The shear stress for an isotropic

crystal (with v 0 .3)  is also plotted in Fig. 4. The ratio of the

shear stress in hexagonal crystals to that of the isotropic solids may

be useful from the point of view of technological applications. This

is given in Fig. 5 for the same crystals. Finally we give a plot of

the elastic energy as a function of the radius of the cylinder , Fig. 6.

Of course as the radius of’ the cylinder H increases the elastic energy

also increases. We note however that no singularity is present either

in the stress field or in the energy. The usual singularities present

in the classical elasticity solutions however appear when the lattice

parameter a~O. This is the classical continuum limit. In Table 1 we

give the material moduli, the maximum shear stress and its radial

location . The ratio of the attenuation constants K is taken , by an

anology to the wave propagation [10, ch. 6],  as K=2 C 22’~C11+C22 ) .  In

Table 2 the energy ratio of the hexagonal crystals to the isotropic

solids is listed for various radii of the cylindrical specimens .

Finally, the maximum value of the ratio t re fC 1414 may be used to estimate

the theoretical shear strength of the crystal. To compute this we need

to estimate the attenuat ion constant k in c~(x’—x). This function

decreases to its one percent value at n lattice parameter distance if

k = 2 .l46/n

-5 5-- —~-- -- ~ - -— —
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As an example , for zinc we have

(kb/ a Y~’ t r0 max = 0.197 1011 dyn/ em’

It’ we choose b a  ( [ o ) ,  p . 516) then

t = 
0.197 ~~~ Ic = 0.050k

rO max 1414 3 Q (  1(111

The maximum value that Kelly ( [ 7 ] ,  p . 10) gives

t IC = 0.0314rO max 1414

Thus by comparing we obtain

Ic = 0.0314/0.050 = 0.68 , n = 2.1146/0.68 = 3.1 14

The maximum values of t IC are shown on Table 3 for variousrO 1414
hexagonal crystals for n=2 , n 2 .5  and n 3.0. These results are

In the ri ght range as predicted by other methods and atomic

considerations. For example , in the atomic theory of crystal

lattices it is known that one must take into account the Interact ions

of’ at least eight closest neighbours to obtain a result consistent.

with experiments [ii , 12] .  For hexagonal crystals eighth neighbours

corresponds to n 2 .

While clearly there is one parameter (namely Ic )  which need he

estimated , the range of’ th i s  parameter can be ascertained from our

knowledge in condensed matter . The detail  shape of the  nonlocal

_ _ _  

_ _ _ _ _ _ _  
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1
moduli seems to be less effective so long as It is a candidate to he

a distribution . The flexibility fri the choice of cz (x’— x )  and Ic

should be considered an asset in the sense that for noncrystalline

materials and imperfect crystals the attenuati on funct ion  can be

adjusted for a given materIal once and for all. Afterward all

problems for such a solid are reduced to boundary—value problems .

~: ~~
-
~~~~~:

--
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Table 1. Maximum Shear Stresses

Elast c Constants x1011dyp/ cm’

Material C11 C12 C
13 

C2,, (~ 1414 ~ 
t rO /t o ~~

Zn 16.5 5.0 3.1 6.2 3.96 0 .5146 0.217 2.30

Mg 5.93 2.114 2.57 6.15 i . 61 4  1.02 0.398 1.145

Cd 11.14 14.00 3.914 5.08 2.00 0.617 0.237 2.05

Apatite 16.7 6.6 1.31 114.0 6.63 0.012 0.389 1.55

Ice(257K) 1.314 0.53 0.65 1.145 0.313 1.014 0.396 1.145

Table 2. Strain &iergy Ratio Z/~

pkr /a

Material
1. 2. 5. 10. 20.

Isotropic(v .3) 0.7147 2.000 14.355 6.265 8.i°Q

Tsotropic(K 1 0.7148 2.001 14.3514 6.263 8.105
v= .3)

Zn 0.265 0.889 2 .751 14.~ 63 6. 1462

Mg 0.739 1.956 14 .2014 6.02 1 7.858

Cd 0.260 0.8146 2. 1456 3.960 5 .5 22

Apatite 0.8145 2.338 5.272 T.679 10.121
Ice 0.675 1.777 3.807 5 . 1414 8 7.107

I 
____________ _____________

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 
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Tabl e 3. Shear Stress t
8/C 1414

I 
_ _Material — - —5-—— -—--—--- --—-‘-— - _____

2 .0

Zn O.O5~ 0.0143

Mg 0.102 0.08.’ 0.ot~8

Cd 0.071 0.05’I

Apattte 0.075 O.0~0 
(
~.0”0

Ice 0.112 0.OQO 0.075 
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FIGURE CAP~’IONS

F1~~ re 1: (a) Hexagonal crystal

( i ~) Straight edge dislocation

~‘i ~ Ure 2 :  (‘yl i ndr t ca l  coordinates

Figure ~ : 2t reuses  in xy p1 ane versus 0 t~~.’ .

F’lgure 1~ : t 0 /t  ve rsus p . 0=0. (v= 0 .  ~ for i sot ropic’ case’ )

Figure ~: t 0/t L
9 , ratio of anisot rop le t o  isot ropic

shear stress at 00 . (v 0. ~ for i oot- r ep i 0 case)

gure ~‘: s/Lb versus p kR/a

Table I: Elastic  constants and maximum ehe’ar st ressee

Table 2 : St ra in  energy rat io Z/~

Table 3: Shear ~treso t /CrO 1414
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