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AES-7804 ERRATA SHEET

INTERRELATIONSHIPS BETWEEN AUTOREGRESSIVE AND
MOVING AVERAGE MODELS--THE ARMA MODEL:
GENERAL CONSIDERATIONS IN M DIMENSIONS

Page 1, line 3 from bottom: should read 
~n,k

Page 1, bottom line: should read E(
~~~ t

) < and...

Page 2, line 3 from bottom: should read “where =

Page 3, line 8 from bottom, insert comma between B~ 
and Bt.

Page 3, line 4 from bottom, insert comma between B~ 
and Bt.

Page 4, line 11 from bottom: should read “converge on x S1,”i=-m

Page 4, line 10 from bottom, add “S1 = {F~~
: F I ~~ 

l}.

Page 5, line 4 from top: should read E[~ -o , aX ~ ,L. K X,~..

Page 5, Eq.(2.3) should read = 

~~ ~ 
k~ l~

n,k n,—k

Page 6, Eq. (3.1), remove parenthesis from exponent e 2
~
1fand

place below.

Page 6, lines 3 and 4: e 121UY should read e 12
~~~.

Page 7, line 4, beginning, should read 4(BX,Bt).
Page 7, line 6, should read 

~Ol
Page 7, line 2 from bottom, add the term +y (9~,K) at end of line.

Page 8, line 9 from bottom, should read “01 =

Page 8, line 3 from bottom, should read “'z,a~°°~ =
Page 9, line 4 from top should read - -‘

~0l ~2~~ lO ~l~ 00

a

Page 9, line 11 from bottom: should read

Page 9, line 5 from bottom. Replace “Taneja et al.” by Voss et al.
Add the following : If 81 = 82 = 0, the ARMA model reduces to the
1 dim autoregressive model of temporal and spatial order 1. The
equations for the autocovariance then agree with the results
obtained by Taneja et al.

(over)

-~~~



AES-7804 ERRATA SHEET Page 2

Page 10, line 5 from bottom , las t term of equation on that
line is 

~~~~~~
Page 11, lines 3 & 4 from bottom, insert “1” at end of each line.

Page 11, bottom line , equations should read :

19 4 + 03 1 < 1

> l 0 3 I + J O 4I~~~~
1

I8 4~~~
03 I < 1

Page 12, line 8 from bottom, las t term in equation is

Page 14, line 4 from top , last section should read

+

Page 14, l ine 5 from top should read :

= 

~~l °1~°~ ~“za~~~~
2
~ 

= 
~~l~~ 2 °2~ 

+ 2~~ l~~ 1~ 
+ (4 3

_O
3)}o~

Page 14, l ine 6 from top should read :

=

Page 14 , line 10 from bottom should read:

~0l 
=

Page 14, line 9 from bottom shoul d read:

~l0 
=

Page 14 , line 8 from bottom should read:

Yll  =

Page 17, lines 7 , 6, 5, 4 from bottom, � should be replaced by < .

Page 18, lines 4, 5, 6, 7 from top, � should be replaced by < .

Page 19, line 7 from top , last term should read (000)
Page 21, line 9 from bottom should read p(g,f) = p(g1,g2,f)...

Page 21, line 8 from bottom should read p (g1,g2,f) 

Re ferences , second page, add: Taneja, V.A., Aroian , L.A. (1977).
Time series in m dimensions, autoregressive models.
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1. INTRODUCTION.

We describe a general linear stochastic model which

supposes a time series to be generated by a linear aggregation

of random shocks at various temporal and spatial locations.

Letting x = (x11x 2,...,
x) ,  a M dimensional vector , the

general autoregressive-moving average model (ARMA ) of

M-dimensional time series is:

(1.1) ZX ,~ 
= 

~~-~~k~l {~n, k~x+n , t_ k _ ® n , k ax+n , t_k l  + 
~~~~

where n = 
~~~~~~~~~~~~ 

and ~ denotes the M-dimension sum

over each of the M components of n (i.e. 1 = 1 1 • . .  
I

ri=~~ n =~~~ n n

and = z -E(z ), the deviation from the mean.x ,t x,t x ,t

The 
~~~~ 

are independent random shocks , so that their

autocovariance function is:
jo n=o ,k=o i.e n = (o,o,. . .,o)

= E(aX ,~
a

X+fl,~ _k) = 
i:: otherwise

and their autocorrelation function is:

(1, n=o,k=o

~o, otherwise

We also assume that 
~x,t 

is a weakly stationary process , i.e.

2 0
E(z

~ ,t
) < and E(z

~~ t
z
~ ,t

) = G z4~ x_ y J , ~t~ —t~~j ____

L 
_ _ _ _ _

-~~~~~~~~~~~~~~~~~~~~~~
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In this paper we explicitly focus our attention on the

special case of (1.1) in which only a finite number of the

coefficients are non-zero, that is:

q r v g

+aZ 
- 

- 

~~~— kL O
fl,k

a
X+fl,~ _k x,t(1.2) a —x,t n=-p k 1 n,k x+n ,t k n u

I

Whether or not the coefficients are zero it is easy to

represent the process (1.2) in terms of shift operators.

“I

Btz~~,t =

= ~~~~~~~ 
where = 

~
6
i,

6
i2 , ~~~~ and = 

~l,

~.othexwise
“IF zxi x,t = ~x+ói,t

Powers of these operators are defined in the usual manner ,

for example:

2 ” “B a = B  (B z ) = zx1 x,t x1 x1 x,t x—2& 1~~
—l

In addi tion , we note that B is the inverse of F i.e. B = Fxi x~ , x. x.
1 3.

Equation (1.2) can be written in terms of these shift operators :

a r v s
$ 

k ”’ a + a( 1.3) Z
x ,t

=
r~Lp k ~~1 n,k ~ 

Bt x,t n iu jcL 
0
nk F

~
B
~ x,t x,t

where = (F~ 1 F’~2 . . . ,F%) = (8-n1 B~~2..., 
-nB m)

1, 2, Xm 
X1 X

2 Xm

Equation ( 1.3) can be rewritten in the form :
r V S

(1.4) 
~~~~~~ kL n,kF’xBt~~x,t 

= (1- 1 e F~B
k)an—u k 1 n,k x t  x,t

- J
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or 
~~~~~~~~~~~~ 

O (B
~ s B~

)a
~ ,t where

~
( B B

t) = •(B ,B ,.. . P B~~ ,B~ ) and

O
~~~~

Bt
) = 0(BX ,BX ,.

We may consider this as an A RMA model of temporal orders

r and s, and of spatial orders (p+q) and (u4-v) . By spatial

order p+q we mean of order p .+q. in dimension i for each

of the M dimensions of the autoregressive portion of the model.

Similarly for the moving average portion of the model , the

spatial order is u+v or u.+v. in each dimension i. We
1 1

then refer to this as a M-dim ARMA model of order (r,s; p,q; u ,v).

The ARMA model of equation (1.4) may be considered as a

M-dim autoregressive process:

= 
~~~~~ 

where 
~~~~

is a M-dim moving average process.

This model may also be considered as a M-dim moving

average process:

~x,t 
= O (B

~
Bt)b~ ,t, where b

~~ t 
follows the

M-dim autoregressive process defined below :

•(B ,B )b = a so thatx t x,t x ,t

~ x~
8t~~x,t 

= O (B
~
,Bt)(B xiB t)b~~ t 

=
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The moving average terms on the right of equation (1.4)

will not affect the conditions for stationarity of an auto-

reqressive process in M-dimensions. Therefore, these

restrictions on the parameters of the autoregressive model

alone will apply to the combined ARMA model. The condition
4

for stationarity is that the autocovariance generating function

must converge for IB t I < I. and I B I  ~ 1,

we mean I B I  ~ ~, ~~~ i = 1,2,... ,M.

Similarly the conditions for invertibility of the process

that apply in the moving average model also apply in the ARMA

model. The condition for invertibility is that ll(B
~
,Bt) 

=

o (R
~
,Bt) must converge on S0xS_1xS 2x. .XS _~ , where

S 1 
= 

~~~~ 
EX I < i} and S0 = {B~

: I B t~ ~ 4.
2. AUTOCOVARIANCE.

The autocovariance of the mixed ARMA process may be gotten

by multiplying equation (1.3) by Z X_ L , t_ K ~ 
where ~ = ~~l’~~2’

and taking expectations.

Writing equation (1.3) as:

q r V S
V V n k- n k

= 
flJ~P k~1 

‘
~n,k 

FxI3t
Zx t  

- 

n=—u k=l n,k ~~~~~~~~ 
+ 

~~~
q r v s

= n~~p k~1 n,k Zx+n , t_k - 

~~-u k~l 
0
n,k a

X+fl ,~~_k + 
~~~

Multiplying by
q r v s

Zx_ t t-K Zx t  ~ ~~ n,k Zx+n,t_kZx_L ,t_K
_
nlu k~] n,k

ax+n,t_k
zx_t,t~K

+

~~~ X—~~, t— K
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Taking expectalions:

~I r V s
(2.1) 19., ic 

~~~~~~~ 
n,k 12+n,r-k ~ I 0 n ,k ~ K - k) + ,

~ 
(~.,K)z,a z,an=-u k=l

where y = E(z z ar~ y (t ,K) is the cross covariance
~+n ,K-k x+n ,t—k x-~~,t -K z ,a

abetween a and a and is defined by: “z,a~
9
~’~~ 

= 
~~~~~~~~ , x,t

Since ZX_ ~~,t_ K 
depends only on shocks up to time t— K ,

it follows that y (9~, K )  = 0, K > 0. Since the a are
za x ,t

independent random shocks it also follows that ‘y ( 9~,K ) = 0, R~ > 0.
za

Consequent ly :

q r
( 2 . 2 )  1i~,ic = I ~ 

4) n ,k ~~ +n , K — k’ for e i ther  K s+l or
n=-p k=l

R- . > u .+l , for some dimension i , i = 1,2,...,M .
1 — 1

The variance of this process is:

q S 2
(2.3) V00 = I n ,k 1n ,—k I 

k=l n ,k ‘~z,a~~ ’~~~ 
+ 0a

n=-p n=—u

For a given ARM A model , th is  system of equations can be

solved to determine the parameters 4) and 0 
k in terms ofn ,k n,

the autocovariances

3. Spectrum:

The spectrum of a mixed process in M-dimensions follows

from thE •~-dimensiona1 autoregressive model and the M-dimensional

moving average model in a mantier similar to the zero dimensional

case of Box and Jenkins.

—4
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(3.1) p(q,f) = 2o~ 0 ~e
_ 2 ~~~~~~~~~ 

2 g ~ ~
2

where g = (g1,g2,. ..g~) and i = ~/~~I and :

—2 niq —i2 rr ci — i2nr g —i2 rr g —i2 irg —i2ir f0(e ,e ) = O~~e l,e 2,...,e m,e )

,(~~_ i21T~~~~~_ i2T1 G
) = ,(~~_ i2 7 T g i~~~~~~~~~~i21T g~~~~~~ i21r f

)

4. Partial Autocorrelation:

The mixed ARMA process may be written in the form

~~~~ 
= 

~~~
(B
~~

Bt)$(B PB t)~
’

t, where 0 ’(B ,Bt) is an

infinite series in B ,B ,. . . ,B ,B as in the moving average
X1 ~~ 

Xm t

M-dimensional model and therefore the partial autocorrelation

is quite similar to that of the pure moving average process.

5. ARMA Model (1.1; 1,0; 1,0)

We consider the 1-dim mixed process of temporal order 1,

and spatial order 1, for both the autoregressive and moving

ave.r age portions.

From equation (1.3) we obtain the following model:

(5.1) x t  = •n,k ~~ B~ ~~~ 
- 

~~ 

~~ B~ ~~~ 
+ a

~~t

= 
-11 Z~_1~~~_1 + 

~0l ~~~~~ - 0_~~ a
~_i,~ _i - ~o1 a~~~1 

+ 

~~~

- .~..-
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From equation (1.4), we qet the followinq for~~

(1_4)
oiBt

_4)
11

B
~
B
~
)z
~ ,~ ~~~~~~~~~~~~~~~~~~~~~~

For this model then:

I
(B
~~
,B
~
) = l _ 4 )

o1
Bt

_ 4 )
i~~~

B
~~ 

and 0 (B ,B
~
) = 1_8

01
B
~
-
~~ii 

B B t

For convenience let:

= 00 
= 01

~—1l 
= 

~2 
Q fl = 02

The model then may be written as:

= 2Zx_l ~~~~~~~~~~~~~ ~ _ 1~~~2
a
~~_ i , ~~~1

— O
1
a
~~, ~~~i

+a
~ ~ *

From the corresponding first order 1-dimension auto-

regressive model , this RMA model is stationary if < 1

and 14 ) 1 4) 2 1 < 1, or equivalently k~ I + I~ 2 I < 1. From the

correspondinq 1-dim first order moving average model

this ARMA model is invertible if 
~
O l
+
~
i 2 I < 1 and IS 1~

B2 ! < 1 ,

or equivalently 10
1 1 + 10 2 1 < 1.

The autocovariance func t ion  of th i s  model may be obtained

f rom equat ion ( 2 . 1 ) :

(5.2) ‘
~ 2., K 

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

=



.—
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The variance for this first model is:

(5.3) 100 = ~2~—1 1 
+ ~i~o-1 ~2~ za

1
~~ 

O
iIz,a (0 )+

From equation (2.2), for 2. > 2, or K > 2 the autocovariance

depends only on the autoregressive coefficients and 
~2.

We therefore obtain the following :

(5.4) = 

~~~~~~~~~~~~~~~~~~ 
= 4)jy ]1 +4)

1~~_ 1 
for 2.>2, or K> 2.

The remaining autocovariance terms depend on both 0 11 6
2 a~~

and from equation (5.2) are given as:

(5 5) 1~~ ~2~
’-~l 

+ 
~ 1b OO

_ O
21za~~~

l
~~ 

— O
l1z,a (00~~ ~z,a~

°1
~

V 10 
= 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
Oil 

(1-i) + Y z , a
( lO)

~ll 
= 4)210 0 i h iO O

21za~~
0) — 0l~~z , a~~~°~~~ ~za~~

1
~

Since this ARMA model is of temporal order 1 and spatial order 1

for both the autoregressive and moving average portions of the

model , the only non-zero cross covariance terms are :

= a
2

1z , a 
( 0— 1)  = ( 4 )

i
_ 0

i
) ‘~

= 

~~~~~~~~ 
0 a 

-.-.______________________________ —-



‘=‘- ,.
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Substituting these cross—variance terms in (5.3) and (5.5)

yields the following:

Y oo = 02+4)110 1 + 
~~~~~~~ 

0l (4)l 0l)0~~
02 (4)2~

02)0~
— 1 -4)1

~o1 
— 

2~
’—l O + 

~l~~00 1~~a 1 2 —

~1O 
= 4)210_i + - 0

2
(4)

i
J
i
)0
a

I ll 4) 2y 00 +4) ly l0~~0 2 o 2 ; 0 2 
I ii 2~

’00~~~l~~l0

The expressions for 01 and 02 may be substituted in the

equations for 100 and Y10, which results in a pair of quadratic

equations in 
~~ 

and 
~2’ 

that may be ~o1ved for and

and subsequently for O i and 02 in terms of the autocovariance3

~ 1 
= 

2 ~~ the A~U4A model reduces to the 1 dim

moving average model of temporal and spatial order 1. The

equations for the autovariances then agree with the results

obtained by Taneja et al.

The spectrum of this mixed first order process is obtained

from equation (3.1) as:

20 E)(0 12 ,o _12n9
)1
2

p ( f  , g)  = - __
~~~~

.._ - 
~~~~~~~~~~~~~~ 

-. -—___________

I (~~_ 3 21r f 0_ i21v g ) ,
2

2 J l 01e~~~
2
~~~-02e

1 e~~~
2
~~~I

2 
0 <

0 < g ½



-
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As in the case of the autocovariances , if 01 
= 02 

= 0 ,

the spectrum reduces to that of the 1-dim first order

au toregressive model ; and if = 

~2 
= 0 , the spectrum reduces

to that of the 1-dim first order moving average model.

6. 7~RMA Model (2,2; 1,0; 1,0)

The next model considered is a 1 dim mixed process

that is of second order in time for both the autoregressive

and the moving average portions and of first order in the space

dimension for both the AR and MA portions , i.e. an ARMA model

of the form (2,2; 1,0; 1,0).

From equation (1.3) we obtain the following form for

this model:

ri-I k~ l~
n,k x ,t nLlk~ l

fl
~
k X t X l t~~~

(?t

(6.1) = 4)_l ,l
Zx_l ,t_1 _l2,

ZX_l,t_2+4)O1
Z
x,t_1~~O2 

Z
~~, t_~

~
O_1l a~~ i,t_1-0112 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

From equation (1.4) we get the following form :

2 2 ”(
~~

$oi 8t _ 4 )
ii B B t 4)

12 ~x
Bt~

4)O2Bt~~x ,t =

(l-e
oiBt— O _ii BxBt

_ O
_ 12 BXB~~

0Q2B~
)a
~~~



- 
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For convenience , let:

01 
= l ~ — l 1  

= 
2 ~— l2 

= 4) 3 ~ 02 
=

001 = 0~ 0_ il  = 02 ~— 12 
= 03 002 = 04

The model then may be rewritten as:

~x,t 
= 4)l~x,t_l+4)2~ x_1 ,t_l+4)3~x_ 1 ,t_2+4)?x,t_2

_ 0
1ax_ l ,t_l

From the corresponding 1 dim AR model of temporal order 2,

and spatial order 1, this  mixed ARMA model is stationary if:

+ 
2 + 4)3 + 4)41 < 1 14 ) i ~2 

+ 4)3 
- 

~4 l < 1

+ 2 
— 4~3 4)4 < 1 1 1 

— ‘
~2 

4)3 + 4)4 1 < 1

From the corresponding 1 dim MA model of temporal order 2,

and ipatiai order 1, this mixed ARMA model is invertible if

the roots of e(B
~~

Bt
) = ( 1_ ( 8 i+e 2 B~

) B t
_ ( 0

4 +0 3B
~

) B
~ 

lie outside

the region IB t I < 1 and H I  ~ 1, therefore:

O i+ 0 2 + 0 3+ 0 4 
< 1 O l

_ 
~~~ 

0 3+ 0 4 <

~i. 
02+ 03+ 04 < 1 01+ 

~ 2 ~ 3+ 0 4 <

10 + ~e I < 1
~ 3 

~ ===~~ 10 3 10 4 1 < 1
I 8 4~ 03 < 1
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The au tocovar iance  f u n c t i o n  for  t h i s  model may be obta i ned

from equation (2.1):

(6.2) 12.,K 
= 4)li~2 .1,Kl 

+ 4)—12~2.—1,K— 2 
+ 0l~2.,K—l~ 

4)0212.,K_2 _ illza
(2._1 I K U

O l2Yz a (2.l?K 2) — °~i~za ”~~
1
~ 

—0 1 (9.,K—2) + I (2.,K)O2 za za

= 4)l~2.,K—l 
+ 4)2~~—l,K—l 

+ 3~2.—l,~c—2 
+ 4)4~2.,K—2 ~

Oi1za(2.~~~
U

— 0 y (L—l ,K—l) — 0 y (L—l ,K—2) — 04Yza (2. lK ~
2) + 1 (2.,~ )2za 3za za

The variance for this ARMA model of temporal order 2 and

spatial order 1, is:

(6. ~ ‘~l~’0—1 ÷ ~2~
’—l—l + 

~3~— 1—2 + 4)41 — 
— 0 -y (0—1) 0 •y (1l)02 iz a  2za

— 

~~~~~~~~~ 
— 04~za~

0 2
~ 

+ 
2
a

From equation (2.2) the autocovariance function for P.. > 2

or K > 3 only depends on the autoregressive coefficients

We then have :

(6.4) 1t ,K 
= 

—1i~&—l ,K—l 
+ —l2~L—l,K—2 

+ 01~2.,K—l 
+

= 4)11 
+

£ ,K— l 2~ L—l ,K—1 + •3~ t—1 K 2  + 4~ 2.,K—2 ,

for 2 . > 2  or K > 3
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The remaining autocovariance terms depend on both the

autoregressive and the moving average coefficients and are

given as obtained from equation (6.2):

(6.5) 101 
= 4)1100 + 

~2~~l0 
+ 
~3~~l l  + 

~4~0i 
0i~ 

(0,0) —

— 03Y~~~(—l l —1) — 04~ za~
0’ 1

~ 
F

~iO 
= 4)111_i + 

~2 0—i + 
~3~O—2 + •4~ 12  

— 0l1za Ul i
~ 

— 021za(01 U

— 03~ za~
0’ 2) — 041 ( 1 1 2) +

111 = ~Yio 
+ 
~2~oo 

+ 3 O-1~ ~4~l—l 
8l~za~~

’0
~ 

— 02~ za~°’0
~

— 031 (01 —1) — 041 ( 1 1—1) + 1za t11 1)

= i~—io 
+ 2~-2o 

+ 4)31_2_1 + 
~~~~~~ 

- 0i1za~~~~~
) 0

2
1 ( 1 1 1)

- 031 (  2, 1) 641za(l l U  + 
~za~~~’

1
~

~O2 
= l~ol 

+ 
~2~—il 

+ 
~3~~lO 

+ 4~OO 
— Oi1za

(
~~~
U — 02~za~~

1’1~

— 041za~~
1
~ 

+

~12 
= + 2~0l 

+ 
~3~00 + 

~4~10 
— 0l~za~

1 ’1~

— 

°31za(°’°) 
— 04za~

1’°~ 
+ y ( l ,2)



~~~~~~~~~~~~~~~~~~~~~~~~~ — ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~
. .

14

Since this A RA4A model is of temporal order 2, and spatial

order 1 for  both the autoregressive and moving average portions , [
the only nonzero cross covariance terms are:

Yza (°0) = 

~~~~~~~ 
= (4)4—04

) + 4)i(4)i 0i) ~~

1za (0 1) = (4)
~~

0) o~ ~za~~
1 2

~ 
= •1(4)2~02 ) + 4)2(4)1 61) + (4)3—03) 

2

2
= (4)i 0)Oa

Substituting these cross covariance terms in equations

(6.3) a~d(6.5) yields the following :

(6.6) 
~I~o—i 

+4)21_i_i ~~3~—l—2 
+ 4~0—2 

01(4)1
_0
1)Oa

_0
2(4)2~

02)0~

03{4) l (4)2 02 •2 ~~1 
01)+(4)3 03) }a~ 04~ (4)4~04 ) +4)1(4 )l~0l) }c,2+cj 2

101 4)1100+$21_10+4)3Y_1_jf4)410_f Oi ~ 
— 03{4)2 02}Oa ~

04{4)l Ol}Ga

h o ~~~~~~~~~~~~~~~~~~~~~ 
02{4)l 0l}0a 03{(4)4 04~~

4)l(4)l 0l)}0a

~l1 
4)11lo+4)21oo+4)31o_l+4)41i_c020~

_0
3{4)l

_0
1)0~

~—ii
= 4)iY_1o+4)21_2o+4)31_2_1+4)41_l_ 1

_0
4{4)2

_0
2 ~~

~02 
4)11o1+4)2Y_11+4)31_lo+4)41oo

_0
4~~

~12 
= 4)i1ll+4)21o1+4)31oo+4)41lo 03~~

Through an iterative procedure this set of AR and MA

coefficients may be solved in terms of the autocovariances.

if 
~2 

4)3 4)4 = 0, this ARM.A model 
reduces to the 1-dim

moving average model of temporal order 2 and spatial order 1.
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The above equations for the autocovariance function agree with

the results obtained by Voss et al. If the e i = 02 = 03 = 04

are zero , the model reduces to the 1-dim autoregressive model

of temporal order 2 and spatial order 1. These autocovariances

agree with the results obtained by Taneja et al.

The spectrum of this mixed process of temporal order 2 and

spatial order 1 is obtained from equation (3.1) as:

p(g,f) 2 
~ 

0(~ _i2n
~~,~~

_i2
~~f) 2

I •(-i27Tg —i2rr f) 
1
2

= 2a2 i_0
2e

2 e 2 _O
3e

_12
e
_12 _0

1e
2
~~ _0

4e
_14

~~ 
2

~~~ 
—i 2nf_ ,~ —i2rr f —i2rTg ,,

~ 
— i4nf —i2 irg —i4 ir f 2

e -~,-3e e -4)4e

0 < f < ½

O < g < ½

As in the case of the autocovariance function if

= 

~2 
= 4)3 

= 4)4 
= 0, the spectrum of the mixed process

reduces to that of the 1-dim moving average model of

temporal order 2 and spatial order 1. If 01 = 02 = 03 
= 04 = 0,

the spectrum reduces to that of the 1-dim autoregressive model

Qf temporal order 2 and spatial order 1.

A

~ 4
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7. ARMA Model (1 ,1; 1,0, 1,0; 1,0, 1,0):

The next model considered is a 2 dimensional mixed

model of first order in time and each of the 2 space dimensions ,

for both the autoregressive and the moving average portions ,

i.e. and ARMA model of the form (1 ,1; 1,0, 1,0; 1.0,1,0).
x dim y dim x dim y dim

AR AR MA MA

From equation (1.3) we obtain the following form for

the model:

(7.1) ZX~~~ 
= 

n1 l n2Li k~l 
4)n1,n2,k~~

l
~~~

2 B~ Z
X~~~~~

- 

n1Ll n2~—l kL 
On ,n ,k~~~~y

2 B~ ~~~~~ 
+ 
~~~~~

= 

~-i-ii 
2x—l,y—1,t-i + 

~—ioi 
Zx_i,y,t_i # 

~o—ii 
Zx,y~l,t~i

+ 
~OO~ 

ZX,y,~_1 
0_i_li ax_1,yl ,t_l -0101 a~_1,~ ,~_1

— flo— Il ~~~~~~~~ 
— 0001 a~~~~ _i + 

~~~~~

From equation (1.4) we get the following form :

~
‘4 )ooi ‘3t ~~ —iol B B t ~o—1l 

B
~
Bt ~~~ lll BxBY

Bt
)
~x ,y,t

(1 — 0001 Bt 
- 0 101 B~

Bt 
- 00_il B~

B
t 

— 0_i_li ~~~~~~~~~~~

- -~~-- --- --- -~~- - - -
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For th i s  model then :

= 1 —

O(I3
~ 1

B
~
Bt)= 1 

— (O
oo1

_O
_ ioiBx

_ O
o_ iiBy

_ O _ i_ i1BxBy)Bt

For convenience , let:

001 ~1 ~~~~~~~~~~~ = ~2 ~~~~~~~~~~~ = 4)3 ~—l—ll =

0001 01 ~~~~ 02 00_li = 03 O_l_ll = 04

The model then may be rewritten as:

Z
X~~~~~~ 

_
~~1

Zx ,y, t_l + •2
Z~~_ 1~~~~~~_ 1  + 4)3z~~~ _i t_i + 4) 4 2x—l ,y — l , t-l

— O1a~ ,~~,~ _1 — O
2
a
~ _i ,~~,~~_ 1 

— 63ax,y_l ,t_1 
— 04ax_l ,y_ 1,t_l + 

~~~~~~

From the corresponding 2 dim autoregressive model of

temporal order 1, and spatial order 1 in both x and y directions ,

this mixed model is stationary if:

14 ) 1 k 
~2 

+ 4)3 4 4) 4 1 1

— 

~2 
+ 4)3 

— 4)4 1 < 1

+ •2 
— 4)3 

— 4)4 1 < ].

14 ) i — 

2 
— 4)3 + 4) 4 1 < 1

From the corresponding 2 dim moving average model of

temporal order 1, and spatial orr1r~i 1 in x and y, this mixed

model is invertible if R(B
~ 1 B~~

Bt) = 0 1(I
~~.

B
~~

Bt) converges

~~~~~~~L.
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~ ~~~ ~ ~
‘—2 ’ whe re = {Bt:IE t I 

< l} and

_ {~~: IB X I ~~ . i4. Since i1(B
~~

By i Bt
) = [l_ (Ol+028x+O3By+O4BxBy)B

tI_ll

this mixed model is invertible if :

10 1 
+ 0~ + 0

3 
+ 041 ~ • 

1

J O 1
_ 0

2
_ 0

3 + 0 4 J . 5 . l

10 1 + 02 
— 63 

— 04 1 < 1

10 1 
— 02 + 03 

— 041 ~ 
1

The autocovariance function for this model may be obtained

from equation (2.1):

(7.2) 
~~~~ 

2.2, K _l_li12.1
_i,L2

_l,K_ l+4)1o112.1
_l,2.2

,~~ l
+4)o_l112.1,2.2

_l,K_l

+$00l1&,L ,K_l
_O_1_1i1za(P.

~l
_lI 2.2

_i
~
K_l)_O_i01Yza(2.l~

lI 2.2,K l)

_0
O i i1za (2.lP•Q~2~l

lK_l)_OOOl1za (Lls2.2~
K_l)+1za (2.il 2.2f K)

= •1~2.1,2.2,K—l~
4)2~&1-l,& 2,I— 1

4 4)3Yz1l
P
~2

llK_
~~~

4)41&1
_1,2.

2
_i,K_l

_oh
l1za (2.ll2.2

lK_U_ 0
21za (2.

1~~
l2.2h L

~~
031za (2.ll 2.2 1

~~
i )

~
04Y a(2.1~

l
~ 
£2

_l
~
K_l)+Yza(Ll~2.2~K)

The variance for this ARMA 2 dim model of first order in

time and in each space dimension is:

(7.3) 1000 = l~Ool ~~2
L10_1 + 4)310_i_i + 

~4~-l-i-i 
- 
°i~za~°°~~

— 0
3~ za~°~~~~~ 

O4YZa(~
l_i

~
l) ‘F Yza (000)
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(7.4) From equation (2.2) the autocovariance function for

2, > 2, or £2 > 2 only depends on the autoregressive

coefficients and is given as:

I—

+ 4)21&1—I,2.2,v— 1 
+ 4’319..112.2

—1,K—l 
+

The remaining autocovariance terms depend on both the auto—

regressive and the moving average coefficients and are given as:

(7.5) Yooi = ~1~ooo 
+ 
~2~~ioo 

+ 4)3bo_lo + 4)41_l_io 
— OiYza(000

— 

2lza ( l00) — ~ 1 (0—10) — 0
41 (—1—10) + 1 (001)3 za za za

= 

~Yioo 
+ + 

~ 3~
’l—l0 ~~4~

’O—l O 
— O lY za (iOO)

— 0~y (000) — 01 (1—10) — 04Y za (0
~

lO) + .
~
. (101)

. za 3za za

‘
~
‘oii = 4)i~oio 

+ 4)2~—U0 
+ 
~3~000 

+ 
~4~~ioo 

— O iyza(O1O)

— 0 y (—110) — 0 
~ za~~°~~ 

— 041za (~
lOO) +2 z a  3

~~11l = 

~1~l1o 
+ 4)21010 + 

~3~l00 
+ 
~4~ooo 

— O iyza(ll0)

— 0 1 (010) — 0 1 (100) — 0 1 (000) + ,,. (lii)
2za 3za 4za ‘za

~l~io—i 
+ 
~2~oo—i 

+ 
~3il 0 

+ 
~4~ o_ l— i 

— (10—i)za

— 02~za~
00 1) — 03 1 

(1—1 0) — 0 1 (0—1—1) + 1 (100)
za 4za za

= 

~l~ol—i 
+ 4)21_il_i + 

~3~OO—l 
+ 4)41_ — 

— 0 1 (01 1)
101 iza

— 0 1 (—11—1) — 0 y (00—1) — 041 (—10—1) + -
~ 

(010)
za za za2za 3

1110 = ~ i~ ll-1 + 
~ 2~ol-1 + 

~ 3~ l ol  + 4) 4100_ i + O iy za (u l l)

— 0 1 (01—1) — 0 1 (10—1) — 04Y za (OO
~
l) + 

~ 
(110)

2za 3za za

= 

~~~ i~i~i 
+ 4)210_i_i + 4)311 2 1  ‘F 

~4~0-2-1 
- 0i1za(l~

l
~
l)

— 0 1 (0—1—1) — O _y (1—2—1) — 0  1 (0—2—1) + -y (1—10)
4za za2 za .i za

- —4
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Since this ARMA model is of temporal and spatial order 1, P
f or both the moving average and the autoregressive portions ,

the only nonzero cross covariance terms are;

y
~~
(0O0) = o~ 1za(0O~~

) = [4)i 0i1
~ .~ ‘za~~’°~~

14)3 ~za~~
’1

~~

Substituting these cross covariance terms in equations

(7. 3) and (7.5) yields the following :

1000 = 4)1100_i + 
~2~—10—1 

+ 
~3~o l l  + 

~4~~i i~i 
-

~
O2(4)2~

O2)Ca 
— 03(4)3—O 3)a~ 

— 0
4(4)4—04

)o~ + c

ool = + 
~2~~1oo 

+ 
~3 O—1O + 

~4 —1—1O 
-

~l0l = 4)lhioo + 
~2~ooo 

÷ 
~3~1—l0 

+ 
~4 o l  

—

TOll = + 4)
~ _uo + 

~3~000 
+ 
~4~-i00 

- 030
2

1iii 
= 
~l’~iiO + ~2’~OlO + 

~3~1OO 
+ 
~4~000 

- 04O~

1i00 = ~~~~~~ 
+ 
~2~oo—l 

+ 
~3~l—l0 

+ 
~4~o~i-i -

1010 = ~l’Y Ol~l + 4)2~-li-i 
+ 
~3~00-i 

+ 
~4~~lol 

- 0
3(4)1

-fl
1)a~ —

YiiO = 4)i~ii-i 
+ 
~2~oi-l 

+ 
~3~l 0 1  + 4)4100_i 

— 04~
4)1~

0l~°a

~1~1o = 

~l~l—1-l 
+ 
~2~o—1-l 

+ 4)3h i_2_ l + 
~4~0-2-i 

- 0
2~~3

03~°a

Through an iterative procedure , the coefficients for the

AR and MA portions may be solved in the terms of the autoco-

variances. If •2 
= 4)3 = 4)4 0~ this ARMA model reduces

- - - —
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to the corresponding 2 dim moving average model of temporal

and spatial order 1. The above results for the autocovariance

function agree with the results of Voss et al. If the

U
2 

= 04 0, the model reduces to the corresponding

2 dim autoregressive model of first order in time and each of

the space dimensions . The autocovariance then agrees with the

results of Taneja et al.

The spectrum of this mixed process of dim 2, and first

order in time and each space dimension is obtained from

equation (3.1) as:

f = 
202 ~~~~~~~~~~~~~~~~~~~~~ 2 = 20

2 I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 2
pg, Pg 1,g2f) a a

I 4 (~ _i27Tg,~~
_i2TTf

) ~2 I ~(~
_i21T~10 i21~Y20

_ie1Tf) 2

p(g1,g21) = 
20~11_ (01

_Q
2~

_i2
~~1 — 03e

’2
~~2 ~~~~~~~~~~~~~~~~~~~ I

I1~(4)1~4)2e
_’2

~~1 
- 4)~~

_i21Tg
2 — 4)~~

_i21rg
1~

_i27Tg2)~ _i27tf
1
2

0 < g 1 <~~, 0 < g 2 <~~, 0 < f  ~

As in the case of the autocovariance function of

= •2 
= 4)3 = 4)4 0, the spectrum of this 2 dim mixed process

reduces to the spectrum of the corresponding 2 dim moving averacje

first order model; and if O i ~
‘2 

= 03 
= 0

4 
= 0 , the spec t rum

reduces to that of the corresponding 2 dim autoregressive

first order model.

- J
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