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Abst ract mea ureinent operation . . . has attained a Mate of statistical
control it caanol be regarded in asy logical sense as mess-

Natur e , origin , and treatment of systematic errors in urlng anything at all. “ — “Capability of control me that
menau remeuth and calibrations are dIscussed. ft is shown either the measurements are the product of — identifiable

one ~et ot conditions will become systemat ic error s under or If not , the physical causes preventing such idoatificatios~~ how systemat ic error s can vary, bow random errors under statis tical universe or an orderly array of such enfserses,

anothe r set of cond itions and vice versa. Recommend ations may them selves be identified and , If desired, isolated and
ar c made concerning the assignment of values to limits of suppressed. “1
systematic errors of measureme nts and standards .

No general statem ent concerning the relative magni-
tude of random and lyatematic errors can be made . I.

I. Introduction some disciplines, the best measurements that can be made
have systematic errors very much smaller than random

&at lstica l analysis of measurement errors has become errors. In other s, the systematic errors far outweigh the
an additional tool m.trologlsts are using in an increasing random errors, even far the best measu .emeats which the
rnamber of applications and at an increasing rate in order to present state of the art permits.
determine amiericafly the accura cy of measu rements and
the confidence attached to quoted accuracies. Methods of B. Systematic Err ors
evaluati ng random error s are well known and in widespread
use. This paper examines the main aspects of systematic A systematic error is that value which, when added to,
errors and methods to evaluate them; it discusses ~~ or subtracted from, the limiting mean value of a measure-
nature of the fluctuati ng boundaries between systematic a~yj meat process of a quantity, produces a range in which the
random errors in measurements and calibration s. “true value” of that quantity is bel ieved to lie. We hope that

the systematic error is always equal to or Larger this the
The systematic error of a measurement or calibration difference between the “true value ” of the quantity and that

may be dofined as the largest possible estimated difference value toward which the measuring process ci the quantity
between the true value of a measured quantity and the mean tends, this tendency not being caused by chnaoe fluctuations
value towards which the measurement or calibration pro- of any part ci the measurement system.
cesa tended as a limit at the time of the measurement and
which difference could not be eliminated for technical or The systematic error is a bias, hot generally unkanwa

• economic reasons; it is an estimate ci the maximum limits in magnitude and direction, because the “true value” ii an
ci the effects ci all error sources known or suspected to abstract concept which cannot be physically realized. More
exist which tended to offset uniformly all results of repeated pragmatically ”.. • the systematic error. .  • cia mesa-

~~
‘ applications of the sam. measuring or cal ibration process uriag process refers to its tendency to measure something

at the time ci the measurement. Thus, the “systematic other than what was intended... (in first thongi~, the
• F error ” is not an error in the accepted sense of the word ‘true value’ of the magnitude of a particular quantity

“error”, but rather an uncertainty; however, the term appears to be a simple straightforward concept. (in car.bal
“error” will be used here for brevity and because It has analysis, however, it becomes evident that the ‘tran value’
been firmly estab lished by custom, of the magnitude of a quantity is Intimately l~~~d to the

purposes for which knowIe~~e of the magnitude of this qua.-
thy is needed, and cannot , in the final aindysis, be mesa-

II. Types of Measurement Errors lugjulIy and useMly defined Is Isolation from them seed..”4

A. General A systematic error is always an estimate of a range,
j . and eattmat~~ it requires a profound undersl—’ 41ng of the
I!. The error or uncertainty of a measurement can be measurement pro .... if a realistic figuse is to be arrived

divided into a fixed part and a variable part , where It should at. A quoted figure for the estimate of a systematic error
he ~~~erstood that the fixed part remains approximately means that the metrologtst believes that he would have
fixed only for the duration of the measurement process. For defected — .ini , there fore, been In a position to reduce — say
shorter durations, the var iable part Is likely to be smaller, error larger t~~~ that quoted as the systematic srror. it
and over l~~~er time Intervals, the phenomena causing the implies that the actual, ~~ nown error could he asyw hers
“fixed” error em be expected to vary also, tlaas making the within that range. An d ” .. • the wiser and more caroM the
variable part of the error Lar ger at the expense of the experimenter’s search far systematic errors, and tim more

- ; . “fixed” part. As t~~ time interval under consideration completely he has eliminated them , the less likely is it to lie
becomes very large, say initially fixed error will probably near the limits of the range. ‘4

- 1 vanish and all errors are likely to become variable.
Dors.y’S describes the concept of the systematic error

Tim errors or uncertainties of a measurem ent can also as being ”.. . used to cover all those errors which cnt.~~t
be eategorlzed by a rantha n part and a systematic part. The be regarded as fortuitous, as partaking of the nature of
random error is part of, but not necessarily Identical with, chance. They are characteristics of the system Involved I.
the variable error; and the systematic error includes the the work; they may arise from errors in theory or Ia
fixed error , but may also Include a portion of the variable standards, from imperfections In the appar Mas or in the
part of the error. ______________

‘The word “appear” I. used, “. . . becasse, as is always
All determinable errors which occur during one mess- the case in trying to find a law controlling • p~’nsssnus,

• urein.nt process and which do not appear ’ to be part of the we can never be sure that we have discovered the law.
random err or must be accounted for , otherwise the process Obviously such appearance Lu not sufficient in the )agl”al

~~~ ~ ~~~~ ~~~~~~~~~~~~ ~~Maol. This ”.. • ~~~~ s sense although It ~~~~ be Ia the practical sines.

I
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observca . from false assumptions , etc . • . .  They are laboratory A measures the stenderd, th. resulting measured
frequently called ‘constant errors,’ and very often they are values will differ slightly from the ones obtained inn er or

• constant thxo~~~oiat a given set of determina tions, but such later. However, once a value and Its limits Cl uncertainty
• constancy need not obtain , . • are reported to us, t h y  are fined, no more variable, least

ci all “random variable.”, and the entire uncertainty,
“In Searching for systematic errors, the Logical pro- including random error , must be considered by us as a

ceder. I. to make a series of measurements, then to change systematic error when we need to apply it. The necessity
something and to make another series, and to compare the ci the foregoing was discussed In detail by Youden in Rofer-
means of the two group.. This will be repeated as often as ence 15. (See also Ref. 10. )
may seem necessary. None of the series can be long, for
an extended delay offers opportunity for unanticipated In part III, B., under “varying Systematic Errors of Bland-• chasges to occur. If the two means being compared do not ards”, we shall see hpw trend charts can help us “unfreeze”
differ by more than the sum at their technical probable the random error and the variable part of the systematic

• errors, their difference is of no physical slgalftcence — it error of laboratory A in the Long run to reduce the total
prove, nothing. Hence, the presence cia systematic error uncertainty accompanying the value at our standerd. But
that doe, not exceed the sum ci the technical probable without such techniques, the total uncertainty ci a higher
errors of the two group. of observations used In the search echelon measurement becomes a systematic error in its
cannot be established without great difficulty, if at a l l . .,  lower echelon application. (See also Rderence 15. )

‘in the absence of such a search, the worker can do
• no more than hope that 1l is going well. The fact that he B. Varying Systematic Errors of Standards

• j sees no reason for suspecting the presence of an unknown
systematic error is of no importance at all, no matter who The certif ication uncertainty of our standard Is not the
the observer Is. The really troublesome error s are exactly only uncertainty Introduced by the standard. In general,
those that are not suspected. ~~ie expected ones can usually another uncertainty term must be found whIch combines all

• be to some extent eliminated. “ • those fluctuations in the value it repre sents as may be
caused by changes in the standard itself , usually due to drift ,

• Sometime. economics dictate the use ci a coarse instability, or use (wear), or by external influences which
measurement system whose major component of systematic temporarily affect the vslue of the standard, such as tern-
error can be determined by comparison with a more accu- perature, barometric pressure, air ionization, solar
rate measurement system. This component can then some- activity, etc. , and which are not ocotrolled — and may not
times be accounted for by a correction . The remaining even be known to have an effect — at the time be value of
systematic error will thereby be reduced ; it may even the standard is being determined. Some of these effects may
become negligibly small, but it will theoretic ally never at least partly be accounted for in the random error of the
become zero. However , the systematic error of the measurement process employed when determ ining the value
coarser system may vary, and it may not be practical to of the standard. But, unlike that part of the random error• determine it each time a measurement Is to be made. In which is entirely caused by the measuring process and the
this case, no correction may be applicable, and the corn- effect of which will remain constant once the measuring

• parison with a more accurate system may only serve to process is terminated and the value of the standard reported,
estimate the range of the systematic error of the coarser the latter effect will continue to change the value ci the
system more accurately than would be possible without stand rd, adding to the uncertainty.
recourse to a more accurate system. This is the case , for
instance, with a working instrument with a rated accuracy in general, we would not know whether differences in
or uncertainty ci 1% routinely calibrated by working stand- subeequent values of our standard as certified by Labora-
ards with 0. 1% uncert ainty Unilts. The 1% uncerta inty of tozy A are caused by the random error ci Labo ra tory A
the working Instrument is its systematic error contribution only, by changes in Labor atory A’s systematic error, by
to all measurements made with it, unless corrections are changes in the value of the standard itself , or by a combina-
provided, in which case the systematic error may be less, tion of these causes. To be able to assign to a standard an
The calibration against the standards then serves to assure uncertainty which includes all experienced effects of vari-
that this systematic error does act exceed 1%. atlon from the unknown and unknowable tru e value of the

• 
• standard, we must analyze the history of that standard.

A valuable tool in analyzing and displaying the history
III. The Changi ng Nature of Errors of a standard is a Trend Chart (see Figures 1 and 2). The

• • dots and x’s on the Trend Char ts represent values reported• The boundartes between systematic and random errors by the National Bureau of Standards (NBS) for the ot~nrIa rds
• are fluctuating. what appears as a systematic error under in question at the indicated dates. Their dispersion pattern

one set Cl circumstances may appear as a random error suggests a Trend Line Which represents the best value known
• under another and vice versa , Just as a sculpture changes ci each standard. The Trend Line value of the standard is

• its appearance to a viewer walking around it. me ommae- most likely a more accura te value of the standard than thh
quenoe. of this fact, as they ~~ect the evaluation ci uncer- latest NBS reported nlue, and the Trend Chart ha.. cc
tainties of standards in a laboratory, are illustrated by a occasion served to oorróct errors In the NB$ reported values.
few exmnples. The dispers ion of the point . shows graphically the effect of

all the variables influencing the known value of the standard
over the long run, such as possible long term variations in
the systematic error of the standardizing Labor*tory (NBS

A, A Random Error Becom ing Systemati c Error in this case), it. random error , and actual changes ci the
• standard. In tact, the Trend Charts of the gage blocks

When a standa rds laboratory A, say the National Indicated a shrinkage ci the blocks before the reasons for
Bureau at Standard., calibra tes a roferenoe standard for such .hr~nkage were known (wear effects could be excluded in
us, laboratory A reports to us the value ci the standa rd, as the case of the blocks repres ented by FIgu re 2).
it has determined itby its measurements , and the limits ci
uncertainty of that measured value. Put at laboratory A’s Furthermore, the calculated envelope around the points

• uncertainty originates from its random error , part front its at two or three sigma of the points’ dispersIon around the
systemat ic error. Random error and part of the .yslon~atic Trend Line represents the total uncertainty ci the value of

• error can be eep.ct.d to add.. entail variable component to the standard, excluding the systematic error of the standard-
laboratory A’s measured value .In such a way that each time Ising laboratory. The systematic error of the atend..r dizing

• 2
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on Acewnulating Sy#~~ aUe Errors •

• A. Linear Mmine I~~v’. B. Non-Linear Accumulation

Where component magnitudes are plainly added to a. Series-Pa ra llel Resistor.
• • ar r ive at an overall m~~~Ituda, aa In the staiSing of gage

blocks or the series connect ion ci reaiat ors , systematic A network at eerie-parall el connected resistor. may
errors are also added. An example Is the series of reals- serve to illustrate the ~~ort~~ ’~~ of errors m a  ,mn-lteear

• tors, Figure A, with values as in Table 4. case. ‘The aetwork is as In Figure B with rates, as In Table B.

r _ 
m _

Lj_~~i~~_ _ _  _ _ _  _ _ _  

i—i ~ ~ 
L_ _ _

•
~4~~]

Figure A. Example of Linear Accumulation ci Figure 8. Serie.-Pnrallul Connected Resistors
SystematIc Errors, Series Connected

resistors or stacked gage blocks
Tatte R.

Values Cl Resistors, Figure 1
• Table A

Values of Resistors , Figure A. Total Uncertainty Cl
Measured Value

• Total Uncertainty ci El Measured Value Sembol !!.I. in Ohms

• Element Measured Value Symbol ~~j  in Ohm. Ri 1000 0 e11 1% 10 R

• 
R3 10 MO e~~ 1% 100 kQ 500 0 e~~ 3% 15 0

5 kO e~~ 5% 250 0
113 350 0 5% 17.50

130 0 e~~ 5% 6. 5-0

114 10 0 e 5% 1.50 114 150 0 e11 5% 7.5 0

R = 10 005. 14 Ml e11 = 100. 257 kO The equation for 11, FIgur e 8, is
11311

The total resistance R of this series of resIstors is 10 005 11 R~ + 112 + + 
~ 1605 0 (B)

140 chma with an uncertainty of 100 257 Chins or 1%. 4

Or, applying the propagatIon of error equation (1): 11 = 1(111, 113f R3~ 114)

The equation for R is Sebutituting R, Equation B, for Q in Equation (1), the result
Ii again as In Equatlo. (A). Ta. partial derivatives Cl

• 
R= 111+ R 2 +R 3 +R 4 Equation (A) sre berco

= 10 005 140 0 1

R = f ( R1, 112, ~~ 114)

= 
111

.111 1 ~I-~ 
efl3 + 

~~~ ~‘3I + (A) 
+R~~ 

(1k) =

I~
*R4IaR aa ait 

0.4*

I Tbu. EquatioeAbeeontes

hence e1’.e11 +e 11 +e 113
+e 11 e1.lS P + 1 5R + I . I S z 1 ? . 5 R + I . 4 1 x ?.5P -•

100 25 70 . 1% ci lI MO . 20.250 = i.$

Al Lif~III~I~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ iL~~~~~~~ • -
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b. Measuring a High Resistance so that (1)) becomes

This example illustrate. the calculation of the 
/ S A  

~ *
2

systematic error incurred In measuri ng the value Cl a e,~ ’. I~~~ ~) ~A + 2 ~B + —~~ e~4• 1 gIgs~.)ii~ resistor (X) against a 100 kiloohm standard ‘~~~ ~ ~~ 2resistor (A) who.. value was determ ined eaxiter with a
total lmoertab*ty ci 0.018% . The appara tus used In the - 

2measurement is a differential high resistance bridge shown 12 x 100 005 
- 1 18 + 

(100 005) 0 027Ln Flgure C. • ~~1x9.905 / 15(9 905)2
ThIs br kige I. first balanced with resistor X connected 

~jto terminals 1 and 2 and with the calibrated decade resIstor • - + • x o.ooo ii
set to nero (B1 0). Resistor X Is then disconnected and the • • 1 x 0.905
bridge h’.lsecod again by increasing the resistance Cl arm

• B by an amount 03, using di. d.cs4e resistor. The mean- = 3 226 834 ohms or approximately 3.2 x 106 ohms.
ured value otX ls then

2 The value aiX, using equation (C), calculates to be 1.009 6
• X -h—- A ,~ x i09 ohm., so that the limits ci uncertainty dee to systematic

• NB2 er ro r of the bridge circuit and the standard ar e at *0.32%.

C• abe,. P4 is the ~.ke of the voltage divtder C/D.

Hence X = f ( A1B2j1)

Figure C. Differential High Resistance Bridge

The values and uncertainties of the Individual elements of
• Equation (C) are found as tabulated in Table C.

Table C
Values of Elements, Equation (C)

Total Uncertainty of
Measured Value

Element Measured Value Symbol ~~j  MagnItude

A 100 005 0 eA 0.018% 18 0

82 9.905 0 B 0.27% 0.027 ii

N 1.000 - 0.011% 0.000 11

Applying ~qustlon (B) whets Q now must be replaced by Xci
Equation (C), the systematic error of the resislence me..-
urement this to the uncertainty ci the bridge elements then
becomes:

- 
• •

~~~~~
- ?he partial derivatives of X with respect to A, 02. and N are • 

- 
• .then, respectively, -

.I*.~~— i

4 2 
- • 
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Figure 1. Trend Charts of Two Thomas Type Standard Resistors

laboratory Is possibly in part included in a Trend Chart As the Trend Line value of these standards is the best
spooning a b u g  period, but we don’t know bow mush Cl it is known value, this is the value assigned to the resistor at
included, if anything. Thus, to estimate the total rmcer- any time, regardless Cl the latest calIbration value Cl the
tainty Cl the standard’s value at any time, we must add the resistor reported to us by NBS. Note that the reported
reported systematic error Cl the staidard laing laboratory values have been Jumping ~q or dawn by as much as one
to the width ci the envelope an the Trend Chart. And thi. part per million from one calibration to the neat. if we

J total uncertainty of the standard is part of our systematic would always assign the latest calibration value to these
error when we use the .tmo~ ’d no a basis for measure- standards, our entire measurement system would esperi—
meats . Note that this .ystsmatic error Includes random once these ripples, ri~ des which In the end would nocet-
variable. which have been frozen for the time being and each other around the limiting mean value, the Trend
m ust be considered as being part of the systematic error . Line value. Instead , we compute a new Tr~~~ Line value,

a new mean value in this case, every tint, a new cetibra-
- For a detailed description on bow to construct Trend tine value ii obtained. Thus, every new calibration illue

Charts , see References 8’ and 9. will change the new mean enly laslgaifleanfly, If at aR.
• Hence the Trend Line value assigned to the standard will

Figure 1 chews the Trend Charts Cl two standard remain stable over the years.
resistors constructed to July 1944 ned January 1205
respectively (dashed lines). At that time, the best value. To. control limits represent the limits ci uncertainty
for ~~ ae iso reslsto~s were 1.000 012 43 ~~~ 1.000 013 44 Cl the Tread Line value ~~~ hence, represent the limits ci

• ( Tread Lines). In the absence of any informat ion to the uncerta inty ~~~ to variable error ~~aip ’ne.Ie Cl the value
• contrary, the Trend Lines were believed to be borincittal, which we asa~~i to the standard. They ene-~~~~~ many

• aaaumIag no detectable ~~.‘ige In the values ci these metS variables d loarces ci uncertolaip than those
resintors for the near fuinre (t~~ to three years). Because ezpertesesd by Nil in the calibration Cl die a~~ darda. The
ci the seircity of the points available, 2-algaE contro l limits ci maertatoty about the Trend Line Cl the first tie.
limits were drawn based en the scatter of the points around value. Cl Resistor I, TIger. 1, are at 0.?? nioroobas from
their aver age (the Trend Line in th i. case); thi , give. a die ?r~~d Line; ad~~~ to that lie estimated limita ci di.

• 20 percent confidence that the “true value” p.c. the limit- systematic error by Mild shout 0.8 nkvo..hm., di. total
tag mean value of all esperlenced varIables) Ike betwam uncer tainty Cl die value Cl Resistor 1(1. Iii 4$ ~~~ a) Is
those control limft., disregarding for the moment any 1.1? mievo~~~ a. This I. di. systematic error istuudeos d
systematic error Cl Nil. As more points become available
3-sigma control limits would reduce the risk of the limiting ‘koferene. S should ouly be used with sit errata sheet avail-

• mean value being outside the control limits to an insigmfi- able frost the author sInce 9 ooatals s mamerces typo-
cant 0.3 percent. gn~~leM .rrsr..

- 3
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Figure 2. Trend Charts of Two Gage Blocks

by the standard .to any measurement made with ft. Note that next calibratloc of that standard and use the uncertaintythe 0. 77 inicrooba control limits represent only 95 percent reported by the calibrating laboratory (Nil in our case)confidence that this range bracket, the “true value of the as the total uncertainty 1 the standard’s value. The fallacystandard, if we want to Increase the confidence limits to of that practice becomes evident from the above discuss Ion.99. 73 percent (3-sigma equivalent), the control limits These laboratories in fact e~~erience a far higher unicer-wbuld hav, to be lidaned to L?Y miciuobms about the tainty than they are aware Cl.Trend Une valui for a eotai wtoórtainty ci l.7,+O.5 ..
2.27 aicroshas, St order to narrow these limits of Going beck to Resistor I. Figure 1, we note that theunc.rt aa*t~, *e seed a longer history with more values next reported calibration value (September 1968) wasas exemplified by the Trend Chart Cl Resistor U, Pig- • 1.000 011, 6 ohms and fell, therefore, slightly outside theure L control limits. We rejected the value as being In error ,

realizing that we stood a S percent change ci rejecting aThe first five values of Realator il yielded a Trend peii~eot*y valid value. But ~ new measurement confirmedLine (average) ci 1.000 013 44 ohms with 95 percent confi- that the September 1968 value was erroneous.dance limits ci *0.45 ajcroohuns. A sixth value obtainedin Ap~fl 1$? Cl 1.500 013 0 ohms, as reported by Nil, Figure 2 shows Trend Charts of two special pg.• geve rise to a new asstgesd value of Resistor U of blocks to ILlustrate the fact that some standard, under go1.000 113 4? oh.. with N percent ~ojdidence limit. oar- gra dual changes in time. In such cases, a Least Sipiarusrowed dawn to 0.4$ .tcroohms *d a total ~~certatoty Cl Trend Line can be constructed, depicting with sufficientthe at10dazd’s value ci 0.45 + 0.5 (Ut*matêd Nil system - accuracy the behavior of the standhz~i and permitting a -

aae error) 1 mica~~~~ . forecase al it. most likely value for the near futu re. Since• . the h ope of such a Least ininares line is also burdenedMany a l~~~ra$ory I. tiling the latest calibration with som, uncertainty, the bsnd of uncertainty around dievilue at their d~~ dard as the v1196 isalgaed to it until the forecast future values ci such standards continues to widen
- 4
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U94 ti p,,, it, gsi- ~~ i~. ~~ shuu ’i ii~ l igi t ie ~~. cx ~ii-~ i~si ng a measur ement err ol- of :i given nuzgnituck~. and it, M( cOu,,1
nun ui rteall s o u t  uncu rtainiv about the exact tu tu ,- ul ti,, for them or eliminate tjuem. Ii it is known how much ~,I a
slope. This widening bandwidth oF uneert aint~, alno tells phenomenon causes a given amount of a measurement erro r

• 
- us when we need to have the standa rd recalibra ted , toil its and if we are capable — technica lly and economically - of

uncertainty grows lntckrsbly large for the requirement, of measur ing Ike ~~~~~~~~~~~ sad making the required adjust-
our pro ducts. mimi, the systematic error is determinable and should hi

- eliminated . U the state of the technology or economics
The dots repr esent the values known at the time at forb id a determination sad subsequent elimination of the

which the Trend Charts were constructed and on which the systematic error , It rema ins unknown and must be estima ted.
Trend Cha r Is are based. The x’s repre sent val ues obtained The foLlowing example is intended to illustrat e the transitory
later and are shown to illustrate the pred ictive value of the nature of the limits between systematic and random errors
Trend Chart s. The Trend Charts are , of course, updated of a measurement process.
each tints a new value is obtained .

An unknown standard resistor with a nominal value of
As time progresses , however , technolo gy, the 1000 ohms was compared against a known standard resisto r

• methods used in calibrating the standards , and frequently one day between 10:00 a m ,  and 10:20 n.m. • A ratio set
the accuracy requ irements , change. There come times was used for comparing the two resistors in air. The five
then when we can no longer continue the Trend Charts ~~ values obtained were plotted on a chart , FIgure 4. The
before. New values, obta ined by different measurement ambient temperature was 25.4 degrees Celsius , varying by
methods , are no longer readily comparable with old ones, less than 0.1 degree during that time. The temperature
As an example, refer to Figure 3, the Trend Chart ci coefficients of resistance of the two resistors were known ,
Resistor H In the 1970’s. The uncertainty values attached and all plotted val ues were corrected for a base tempera-
to the calibration values of this resisto r in the 1960’s tore of 25 degrees Celsius.
(Figure 1) were at best wIthin 1 microolun ; the uncert ainty

• value, quoted by Nil for the valuée charted In FIgure 3 are The effect Cl temperature on the entire measuring
typ ically arou nd 0.09 mlcroobms. The new Trend Line system was not krown. The ambient temperature varied

• value assigned to this resistor Is now 1.000 013 934 ohms, betwom approxImately 25.5 and 24.5 degrees C at a typical - ;
and 3-sigma equivalent control limits are at & 0.50 micro- rate ci approxImately 0.5 degrees C per hour. It could.
ohms from that Trend Line. (Two-sigma control limits therefore, be assumed that the system was not at thermal
are also shown as light dotted lines at & 0. 18 microchnis for equilibrium at any Ume~ and the effect of this inequilibriuin
comparison purposes, showing how the closer agreement on the result of a single set of measurements would have to
between the plotted points results In a much narrower band be estimated and a numerical value assigned to this effect

-• In which the “true value” of the resistor is likely to lie.) as part of the systematic error If the value of the unknown
• NBS’s systematic error is now reduced to about 0.03 resistor had to be determined on the basis of the first set

mlcroohms, so that we can now say that the beat known of measurement s. The nearly perfect agreement of the
-

• value of this resistor is “1. 000 013 93 ohms with a totai values obtained In the first set indicates that the resolution
uncertainty of 0. 54 microohms, derived from bounds of of the ratio set was inatiffictent for the measuring system
*0.03 mlcroohms on the systematic error and a computed to respond significantly to random fluctuations. An analysis
random error of 0.50 microobms based on a two-tall of the random error of this set based on more than an
0. 0027 probabilIty value for 3 degrees of freedom .” Inspection of the data., where four values are identical and

only one differs from the other four by the smallest un it
C. Varyi ng Systematic Errors ci Measurements possible to resolve, would be of little value.

Th. magnitude of a systematic error of a measure- The correct value of the standard resistor had been
• 

• meat proces s Is established by the capability and willing- determined by a more accurate measurement process before• ness of the metrologiat to measure those phenomena which and after the measurements described in this example and was
cause systematic errors, to find their quantitative effects 1000.0120 ohms with a constant systematic error and with a
(i.e., what quantity of the phenomenon is required to cause rand om error Cl considerably less than 1 ppei.

~-

~

- 

~
t.

RESISTOR -

wso.ois -

g ioso.oti-a IXI UPSER CONTROL LIMIT

1000.014 ~~ __ ... _ __.u_i. 
— TREND Uhf , ~

LOWER CONTROL LIMIT

E 1000.013 -

1OC0.OtT I I I
AlL IS DEC 70 FEC .RJNE 74

TIME

~~0NTIVYEAR)

Figure 3. Trend Chart of Recent Values Cl Resistor H

5

- 

_______

I-i — —  —— 
-- •~~~--~~~ -

~~~



1010.014
• 

I 1410.013 - e s•
• W lOltOti

10I0Ott •eens
MES ON

I I I I I I
10:00 AM 11:00 AM NOON 1:00 PM 2:00 PM 3:00PM

• MARCH 13

• FIgure 4. Two Sets ci Measurements of a 1000-ohm Standard Resistor

Between 2:00 and 3:00 p.m. of the same day, mean has a drastically reduced systematic error, but an
anothe r set of measurements was made m~i is al so plotted apprecIable random error. By taking the measurements
on the control chart. The ambient temperature was 24. 9 over a prolonged period of time , the systematic error of• • degrees Celsius. Again , the five measured values, cor- each grmç was allowed to very and to become part, the
rected for the base temperature, agreed very well; majo r part In fact, of the random error of the measuringperfectly, as a matter of fact. But they differed markedly process.
from those obtained previou sly, It could be said that each

• set of measurements was under (simple) statistical control Reference 1 describes the phenomena of errors chang-
Individually ; but both sets together Indicate an out-of-control ing their nature In the following terms: “If the cause system
condition, the two sets being offset from one another by ~ 

is enlarged, then what was previously predictable bias may.
in term s of the new cause system and process, vary in asystematic error. Since no means were available to keep nndom fashion and therefore be attributable now only partly,the ambient temper ature more stable, and since the effect

of teinperaiure inequ tl ibrium on the components of the mess- if at aft , to bias . Furthermore , enlar gement of the cause
ur ing system was not known , this systematic error is system requires re-evaluation not only of the bias involved

In the stated accuracy but also of the stated precis ion. ”unknown. If it had been possible to predict the systematic
error due to temperature difference and inequllibrium or to Temperature changes, like many other causes of sys-
maintain the ambient temperature more closely, the mess- tematic errors, f requently occur in patterns, such as rough
ured values could have been adjusted for the temperature sinusoids or, in the case of closely controlled environments ,
inequilibriwn , or the condition causing the inequtlibr ium in sawtooth patterns, not randomly. The random appearance
could have been avoided . (The effect of temperature on the of the points on the chart of Figure 5 Is due to the ra ndom

• systematic error of the resistance measurement Is given selection of the times at which the measurements were made.
here as one example only. Many other sources of system- It is interesting to note that an overestimate of the limits of
atic error exIst En practice and may Influence the mess- uncertainty due to random errors would be obtained if the
u rement uncertainty. ) points would follow exactly a sinusoidal or a sawtoo th pattern

• and the calculations were made as if they were normally
The resistance of the unknown standard resisto r was distributed. In fact , all points of a sinusoid are within a

- • then measur ed repeatedly under similar circumstances, region bounded by 0 & j2 aor within 1.41 standa rd deviations• The results of these measu rements were entered on the - from the mean , and all points of a sawtooth curve of isoscéles• chart shown in FIgure 5. Each plotted point Is the mean of triang Les with height h are within a region bounded by
- 

• five successive determinations Cl the resistanc e of the
A unknown corrected, as far as possIb le, for 25 degrees

Celsius. The points now are randomly distributed about a & JiU
mean of 1000.0124 ohms. Whereas each group of five
resist ance determ inat ions was made with a very small ran-
dom error and an appr eciable systematic error , the new or within 1.73 standard deviations from the mean.
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The preceding examples illustrate, the refore , thet: within the company are then in mitts “as maintained at

Company C.” Such an arrangement could gready facilitate1 1. A measuring process ordiMrfly ~~~er statistical the evaluation Cl relative uncertainties ci the me~~~rements
control will get out of control if the systematic made W the various departments and on the various pro-
error of the procesa varies, but control may be duction lines of Company C, especially if the products are

-~ reestablished If enough changes are allowed to ci high precision. The previously neglected systematic
occur and the changes in systematic error are error component ease may have to be taken Into account in
allowed to join the chance system of variations, evaluating the finished product. But in some Instances it

does not have to be reintroduced at all.

t 2. If changes in systematic error are allowed to
- . occur, the standard deviation of the me~*uring v. Accumulating Systematic Errors

- • 
• process wili be larger than in the abeen.~ of

such changes, and the systematic error will be The question now arises: Given the estimates for the
reduced. maximum limIts j aIl non-negligible systemat ic errors

which must be taken Into consideration, how is their effect
• 3. The time element wt fl probably always change on the measurement estimated ? If the systemat ic error of

the “cause system” and transform constant a measurement 1~ dependent upon several systematic errors
• 

• errors to changing errors, and parts of system- whose estimated maxImum limits are given, how are they
sue errors Into random errors , combined to yield the systematic erro r Cl the measurement ?

- The last example, however, rai ses another question. For a general discussion Cl the treatment of systema tic
Is the 0. 4-mlthobm difference between the mean and he errors, let a system measuring the Quantity Q be described

- certified value attributable to a systematic error or could as Q t(a,b.c.. . ,~~, where a, b, c.. • are components of the
- it be caused entirely by the fluctuations which a mean from system *e~r~e8enuuig the known quantities A, B, C... The

a limited number of measurements could be expected tO magnitudes of these systematic errd s have been estimated
display? Is there, in other words, a bias in the measuring to be not larger than eA, e~ , ec..., The prcpaga~~n Cl
process which should be eliminated? Section VI will show err or equation then gives the relative contribut ion of each
one way to answer this question, systematic error term to the resulting ayatematic error as

IV. The Relative Importance of Systematic Errors 
( S Q L ~~~~~ 

+ I ~ ‘~~~
• I4~ 

e1( i... e1 (1)
- The systematic error frequently becomes the Ineur-

— mo~~ able barr ier toward more accurate measurements . provuled the errors are mutmlly Independent.
esprclally at lower echelon laboratories. But sometimes

flea standards to value s vfth uncertaintIes relative to the Mindiut of the facts that systematic errors are umally

• It can be disregarded, no matter what Its magnitude . The application of the propagation of error equation
- • 

- (Ref. 5) is Illustrated In the Appendix with a few examples.
-~ - 

• 
- For Instance, the National Bureau of Standards certi-

I legal unit e as maintained at NBS. These uncertainties — 
as “as “or ”+e11, -ej~”, i.e. with a positive and a

reflect mainly the errors accrued In comparing a sthmltled negative ilini~, and that they can be only positive or negative,
standard with the national reference group, mostly Indirectly, but never both , metr ologists have tended to devise methods

allowance for the systematic errors whE h may be inherent equation 1. The most commonly used method to reduce this
- 

~~

• i.e., through Intermediate standards. Hut they make ho to reduce the purely additive effect of the Individual terms of

- in the national reference group; this part of the systematic purely s.ddltive eftect of errors Is the rss-medmd by which
error Is the difference between the magnitude of the unit of the individual terms are squared and the square-root of the
measurement as represented by the natIonal reference group sum of tue squares used as the estimate ci the overall

• and the absolute magnitude of the unit as the unit Is defined , uncertainty. The conscientious metrciogl.t will in the vast

side ration when measurements based on the legal unit (volt , a~~ere strictly to the additive form of the Individua l terms of
~ ? 

J ~ This additIonal systematic error must be taken into con- majority ci cases avoid such an arbitra ry reduction and

• • • meter , ohm , kilogram , etc.) are to be expre ssed in absolute that equation as written.
• unit a or In the fundamental units of physical measurements

(kilogram , meter , second , ampere , kelvin) from which the Youden15 has shown that the combination ci error term s

r 

unit unde r consideration is derIved . It must also be taken in quadra ture yields erroneous results In a chain of Isbera-
into consideration when measurem ents are compared inter- tories because it is deficient in logic. (See also Ref. 10. ) In
nationally , I.e. when measurements made In terms of the fact , say method to reduce the combined meets of several• U. S. legal unit are compared with meadurements made by ~ systema tic error ,.crms is arbitrary and can seldom be
foreign labor atory which had its standard s certified by ~ justified logically for the following reasons:
different natIonal laboratory. In the case of the unit of
electromotive force, the volt , this additio ns) systematic
error is in 1576 estImated to be less than one part per
million and probably less than one-half part per mIllion. 1. IndIvidual systematic erro r terms come from

different populations , distri butions, having

the U.S., the systematic error of the national referen ce
However, In most electrical measurements made In diflerant origins awl means , and are unre lated.

- group Is disregarded , for it is of no consequence as far as 2. in most practical problems, the number of
compatib Ility of measurements and production wti~In the u.s. separate , Individual e~~~r terms is s~~niL. ~~~
are concerned, as long as all measurement s are based on the proh ibility that all error tsrms have the
the same reference group . same sign is appr ciable ; four error terms still

have a 12.5 percent chance of paging up with
The same reasoning for disregardi ng some system- the same s~~~, and the consistent motrelogist

• su e errors can he applied to similar cases on a much will net quote 3-s~~~it lImIts ci uncertainty on
- smaller scale. The reference standard of Company C may the randem error and take a 12. 5 percent chance
-
• have an uncert ainty due to systematic errors of esso. Since cm th. systematic error.

all measurements made within Coin~~~ C Plies tl..l common
sy.t.matle error component, the uniformity of production L Although systematic errors are moady believed

il. awl tim compatibility of subsystem and hardware components to be overestimates, they may also be under-
can be assured even it ease is neglected. The measurements • 41m~stS5 — and f._ .~___dy are.
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But this problem appears to be more a theoretloal Figure 6 is a hypoth etical example of a control chart
than a practical one. In accordance with Jur an ’s prIncip le for a 1000-oh m standard resistor. The resisto r serve s as
of “the vital few and the trivial many ” , in most practical our standard and is periodically calibrated against a higher
cases only a few individual component er rors determine the echelon standard. Its value is established by a Trend Chart.magnitude of the resulting overall systematic error , while Each time we calibrate a 1000-ohm standard resistor for
the others are ci little or no consequ ence. aumebody else, we al so measure one of our own 1000-ohm

standards (In th is case the one whose control chart appears
Thus remains to consider the theoretically possible in FIgu re 6) by the same process and using the same inst r u-

- . • but rare case of a large number , say ten or more , of sys- menta , In a pilot measurement.
tem*tic error term s of approximately the same magnitude
where some mutual cancel lation is likely to occur , In this Each pilot measure ment oonslr to of a set of fourcase , the critical metro logist wiU accept any logical ration- measurements taken at different times. The mean of each• - ale to reduce the total erro r to something less than the sum set of four Is plotted on the X-cbart, and the range, the— of alt individual terms. However , pr udence and conBiatency difference between the larg est and the smallest measuredwould dictate that the resulting tota l error be not less than values , Is plotted on the R-cbart. Upper and lower controlthe sum of the nine larges t individual terms when three- limits are calculated as outlined in References 2 and 7.sigma limIt s are quoted for the random error and not less
than the sum of the six largest Individual terms when ~~~~~

- Although occasionally a point may fal l outsIde thesIgma limits are quoted for the random error. control limits as a m&tter of pure chance, each time this
happens the existence of some abnormality In the measure-
ment is suspect ed, and the measur ement is repeated . If the

• VI. Keeping Measuremen t Errors Under Contr ol point of the repeat measurement al so falls outside the control
• In a Standard s Laboratory limits , the existence of an abnormality is taken as being

confirmed. The causes for this abnormality are then deter-A standards laboratory involved In certifying standards mined, removed , and the measurement Is repeated. if the
- - for lower echelon laboratories must make considerable points on the 3~ and the R-chart fall within the control lImits,effort s to keep its errors under control . OrdinarIly , it does the measurement is cor~uldered valid. Since our customer ’snot suffice that the measurement errors are determin ed unknown standard was measured by the same process, itsperiodically and that It Is assumed the errors thus deter- valu e thus determined Is also consIdered valid.• mined are typica l and recurring at the same magnitude. A

positive proof tha t the random error of a measurement was Points of the 3~ chart wIll reveal the existence of shortIndeed typical and that no unusual systematic errors have term trends or cycles , and unusual systemati c error s. Theoccurred during the measurement would go a long way In B-cha rt is predom inantly an indicator of the quali ty of theenhancing the laboratory’s confidence In its measurements measuring process , reflecting, among other th ings, the care
• and contribute significantly to an eventual reduction of of the operator and the control of the environment in which

- 
- 

• realistically quoted limits of uncerta inty, the measurement was performed. Since a control chart Is
- the result ci a compila tion of a considerable amount of dataQuality control pr actices , time proven and honored concerning one measuring pr ocess, the average e~q eriencedin produ ction processes , provide us with excellent tools range R can be used to determine the standard devlat i~~- - f  thefor the observation of the quali ty of measurements : Control measuring process. “Most experimental scientists have veryCharts. “Measurement of some property of a thing is good knowledge of the variabili ty of their measureme nts , but• ordinarily a repeatable operation . This is certainly the hesita te to assume known i without additional jus tification .case for the types of measurement ordinarily met in the Control charts can be used to provide the justification.”7calibra tion of standards and instr uments. It is instructive,

therefore, to regard measurement as a production process , The last point on the control than for averages and that• the ‘product’ being the numbers , that is , the measurement for ranges in Figure 6 represent the last calibration of 1000processes In the -laboratory with mass production processes ohm resistors performed by our lab. The average of thein indus~~ . ‘4 Reference 2 gives detailed instr uctions on f~~r measurements taken on the pilot resistor chart ed in Fig-establishment and maintenance of control charts . ure 6 was 5c = 1000.0121 ohms and the range of the four
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mt 8 ~-l* i- i’n~i’nl ~— u a~— thi n :i • -. ~~ j l~ j t 4ii~~~ . ‘I i,, - ,- , - i • ,- t t t  gr rnul — ‘llwn, from Equation
a~ i- i-ag~- 1t1 pilot Oil a i t-im nt uii:iiI ,- w II I I  l i i i  ~ I .  ~i ~ ttii I ~ X

- liWi) . 012:1 ithnt~ anti I l ti :i~ era~~- l ait ill’ Ih  H 2. 2 Iltifli4t hIfl$ 
~- I. fit . 0.26 milliohms.

- ~~ )ltit % i’d. 1 PI~~l 011,1 Itnici i t i l t I  rot h u t  iii. i~ i - t hi ~ —t ’Iuur t of
• thi - avt’ra~,-&~ al- i- at :i hsta *wt- ill

Since the difft rcnct- bctwven our measured average andA.i~ 0. 729 X 2. 2 1. 41 inihlitth ms the cert ified value Is (1 .4 mlhliohm s and , therefore , large r
than ~i • the difference is significant, and we conclude that a• Innni the grand avi’ra~i~ ~~~. l ppe&- and lower ount i’ul limits bias exists which calls for immediate correctIon.

- 

of Ihi- R—eha, ’t of rang es a n -  at
To allow for chang es in the systemat ic error coatri -- 1)4 14 2.282 x 2.2 0.0 milliobma buted by the measuring process or the standard , the grand

- and average must be updated periodically, at which time it may
— be necessary to omit seine of the oldest points and recalcu-

late the aver age on the basis .i the latest points. ~~tweenU U x 2 . 2~~ 0.0mllUohm s I0 and 2b polnta should be ava*lsbIe for calcvtaUng~~ and I
Initially, and their valros should be updated when aMitlonal

respectively, as plotted. The estimated mean standard groups of points become available.
devIation of the calibration process which yielded these
results is VU, CONCLU60ON

= ~~~~~~~ = 1.07 milllobma, (2) The majurity of all sources of wicertainty which a
metrologist normally enoowuters must be treated as system-
atic, even though many of them may have orIgi~~ ed as random

and the uncertainty of measured value of 1000. 0121 ohms errors. The boundarIes between systematic and random errors
• 

- due to random error at 3-sigma levels is are fluctuating, and systematic errors may at times recover
their ran dom nature It we increase theIr “cease system ”,

_____ 
3 x 2.2 i.e. f requently the time period over which we consider them.

d~ ~/ii 
= 2.059 ~/~j  1.6 m~~ 0hms The statistical treatments developed for the deter~An~~ m

• • and analyses of random errors do not normally .~~ly to sys-
— -

~ tematic errors. We have seen how we can determine the
The factors A2, d2, 1)3. and 1)4 are tabulated in references magnitudes of systematic errors of standards and aeare-
2 and 7, ments, 1mw we can control them, and how a control ci the• systematic errors, combined with a control of the r~~~om

The two last points , like the others before, fell within errors of measurements, can lead to a positive and definitive
the control limits , indicating that no abiormal systematic or control of the entire measurement process. Trend Charts for
random error had occurred during the measurement and standards and Control Charts for measurement processes are

- 
- I that the measurement was , therefore, typical for this partic- Invaluable tools for the sophisticated metrologist to enhance

ular process, his knowledge of the behavior and uncertainty of hIs standards• and measurement processes.
The distrIb utIon of the points in FIgures 4 and 5 is not

necessarily typical for normal laboratory comparisons The emphasis Is on collecting and analyzing information.
betw een standard resistors where It Is frequently possible Proper handIng of data can then help to convert available
to control the factors Influencing the measurement (e.g. Information Into a different form, bit data manlpuletioc cannot

• temperature) more closely and attain narrower unce rtain ty be a substitute for knowledge.
bands , i.e. narrower region. hounded by control limits.
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Using Equation (3) , we can now answer the question at article. Any errors of commission or omission which maythe end of Section III C. Let us assume that the average have inadvertently slipped Into this paper , however , remaInt range of the five measurements (n=5), was R =0.7 rnflhiehms. the sole responsibility of the author.-

- 
Choosing a = 5 ~~or 0. 05, p = 0 . 9 75. We first calculateti

- from EquatIon (2) as
- I- 

-
~

~ 0 76 = ii~6 0.30 mlllioluns.
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