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SUMMARY

Time delays and sample-and-hold operations in hybrid
computation can ~a. serious stability problems, with the
difficulty that » erable time and effort is wasted if
this instabilit) ,t known in advance of programming the
hybrid computer. ' A method of analysis exists which can be
used to predict the stability of a given computing scheme.
Although many problems: can be. solved by direct analysis,
large-sized problems present some difficulty.

This report describes a software package which implements
the analysis procedure. The software package provides a quick
and flexible means of determining in advance of programming the
stability of proposed partitioning schemes for large or small-
sized problems. The method is applicable for certain classes
of systems, viz those which can be linearized about a current
state of motion. This can, however, be realized for a wide
variety of systems, since it is not required to obtain an
accurate simulation of system behaviour, only to approximate
the speed of response sufficiently well for the purposes of
stability analysis.
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1. INTRODUCTION

Whenever a simulation problem is to be programmed for hybrid computation, the
first question to be answered is how should the problem be partitioned between
the analogue and digital portions of the hybrid computer? One naturally leans
towards a scheme which is convenient for programming, and which allows easy change
of system parameters and equations during a series of runs. The complicating
factor is that due to the effects of time delays caused by calculations on the
digital computer, and the sample-and-hold operations of the interfaces between
the two computers, the chosen configuration may not be mathematically stable.

Such time delays are always present in a true hybrid simulation, and it would be
useful to know, in advance of actually programming a configuration, what time
delays (i.e. digital computer step-length) can be tolerated within the proposed
partitioning scheme, if the simulation is to run in real time. A considerable
amount of time and effort may be wasted in partitioning and programming a problem
on a trial and error basis.

Reference 1 provides a method of analysis which will allow the user to
determine, in advance of programming, the stability or otherwise of a given hybrid
simulation for various step-lengths, provided the user can find a linear approx-
imation to the response of the system under consideration. One of the
recommendations of reference 1, viz, that the stability analysis procedure
addressed in the report be implemented as a software package, has now been
completed.

The material in this report is a description of the software package, including
information required by a potential user. Section 5 deals with two simulation
problems, and shows the method by which the linear representations of the systems
arc defined in a form suitable for input to the software package. One of these
cxamples is further considered with a much increased speed of response. This
subsequently allows the question of stability of the modifed system to be settled
by theoretical analysis. This example provides a useful test case for the
software package. In addition, one of the applications of Section 5 has been
checked by hybrid simulation giving good agreement.

2. BRIEF OVERVIEW OF THE HYBRID PROBLEM

Once a user of the hybrid computer has decided upon a partitioning scheme, he
needs to answer two further questions. The first is how long will the digital
portion of the hybrid computer take to compute those parts of the simulation
problem assigned to it? The time for computation, h, provides a minimum value
for the simulation step-length. The scheme must be stable for at least this
step-length, and since there are other delays, such as sample-and-hold delays
associated with hybrid computation(ref.2), it is clear that the step-length will
need to be at least

hs = h+bhs

where 8h represents the accumulation, per step, of these additional delays.
The software package provides a quick and flexible means of determining the

answer to the second problem, viz, will the proposed partitioning scheme be

stable for the minimum allowable step-length hs? In practice, the second

question is the one to be addressed first.

Once a system has been linearized it is possible, for little further effort,
to examine a number of differenc partitioning schemes with repeated use of the
software package. Only after careful selection of a scheme from the possible
contenders is it time to address the first question posed above, and then usually
only by specialists familiar with the particular hybrid installation. It may
turn out that the only way to achieve an accurate enough computation time is to
program the equations assigned tc the digital computer and run them on the digital
portion of the hybrid installation. Sample-and-hold delays must be added to the
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computation time, before the user is in a position to establish whether, hs’ the

minimum step-length for the hybrid simulation, is within the step-length for
mathematical stability.

The method of determining the stability of a system reduces to determining
the stability, or otherwise, of integration processes. As such, the method is
applicable only for certain classes of systems, namely those which can be linear-
ized about a current state of motion. However, this can be realized for a great
many systems of interest, since it is not required to provide an accurate
simulation of system behaviour, only to approximate the speed of response
sufficiently well for the purposes of stability analysis.

Appendix I, and further analysis given in reference 1, show that the stability
requirements for a given scheme of partitioning can be derived in a straight-
forward manner. The ease with which this can be done, however, belies the care
needed in the selection of an acceptable scheme. For although the stability
analysis procedure described in Appendix I may show that a particular configur-
ation is stable, the stability may be only marginal. Since we are employing a
linear approximation to the real simulation model, the solution for the latter
may therefore turn out to be unstable. In particular, it should be recognized
that the partitioning schemes under consideration allow in principle for the
part of the simulation on the analogue computer to be unstable, even though the
overall simulation is not.

It was shown in reference 1 that relatively poor stability results whenever
integrations are carried out digitally and derivatives are evaluated on the
analogue computer, or derivatives are evaluated digitally and the remainder of
the simulation is carried out on the analogue computer. The strong inference
is that because of the relatively poor stability of either division, one should,
wherever possible, integrate derivatives on the same portion of the hybrid
computer as they are calculated. In particular, "fast" loops should be
simulated on the analogue portion or if this is not possible, entirely on the
digital computer.

This does not mean that one should rule out alternative schemes. In fact,
the recommendation is that the stability analysis procedure described in
Appendix 7, and implemented in the software package, be used to determine the
stability of partitioning schemes devised on the basis of convenience to the user.
However, if there are no such requirements, the principles described in the last
paragraph should be followed.

3. REQUIREMENTS OF THE SOFTWARE PACKAGE

This Section defines the partitioning problem mathematically, and lists the
procedures required of a software solution for analysing stability of a system.

3.1 Problem definition

Following reference 1, we consider the problem of solving on the hybrid
computer the set of differential equations

2 = Ax (1)

which are obtained by linearization of the defining equations of the system
to be simulated.

Figure 1 shows the general partitioning scheme for equation (1), in which
integrations and evaluation of derivatives can be performed digitally or on
the analogue without restriction. The analysis of the scheme is provided in
Appendix I, with further explanation in reference 1.

The equations can be rewritten as

I!!!llllllg!!--"‘*‘ -—J--!F-’--..---.--.--L—'Q,ﬁ




-3 - WRE-TR-1882(A)

Y = AX +Az+ Dy + Dz
Z = AY + Az + Dy + Dez
where
A X
« - ()

Further, y is evaluated on the analogue portion and Z is evaluated
digitally, and the vectors A;y, A2z, AsY, Asz are computed on the analogue
portion, while D,y, D;z, D3y, and Dyz are determined digitally.

In practice, for all but the most complex partitioning schemes, some of
the matrices Ay, A3, Ay, D, D3 and Dy will be null, and the others,
including A; and D, will be sparse.

3.2 Four steps required of the software package

The main steps in the procedure for analysing the stability of the general
partitioning problem are(see ref.1):-

(1) Specify the matrices Ay, ... Ag, D1, ... Da.

(2) Determine a fundamental matrix ® for A; (following procedures described
in Appendix I of reference 1) by two methods, providing a user option
for either, namely

(i) the direct approach using eigenvalue theory, or
(ii) numerical integration over (o,h) for a given h.

(3) For a given value, or values of h, déterming G(h) and ensure that G(h)
corresponds to a stable analogue simulation, and Q(h), the latter by
numerical integration over (o,h); G(h), Q(h) are described in

Appendix I.
(4) Construct D and determine its eigenvalues, for each desired value of
h, where
G(h) Q(h) (A2 + D) | §
h(A; + D3) Iy x * hDe | "M
4 |
DL Y i e e ey e o e e e e '-— -
Q(h) Dy 6
"
6 h As [

Some of the procedures in steps (1) to (4) above can be carried out using
standard library subroutines. Further, the process can be repeated to
cover a range of values of step-length, h.

3.2.1 Two approaches for step (2), and merits of each

Initially, the direct method for calculating the fundamental matrix
® of A;, was chosen as being superior, because it gives an exact
solution, whereas the numerical integration technique gives an
approximate solution. However, it was necessary to cater for both
approaches in the software package, since the properties of the
eigenvalues of A; may restrict the use of one or other method. A
method of analysis was derived and is described in Appendix II, which
allows a choice of step-length for the numerical integration, based on
stability and accuracy of the solution. In fact, the results for both

methods for obtaining ®(t) did not differ, for the purpose of determining
stability.
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It appears that neither method has any particular merit over the
other, except when the properties of the eigenvalues of A; restrict the
use of either method.

It is suggested that the numerical integration method be used as a
first approach. Regardless of the choice of method for computing
®(t), the software package calculates the eigenvalues of A;.

3.2.2 Further comments on step 3

It is possible to devise a partitioning scheme in which the analogue
portion is unstable. This form of partitioning is considered
undesirable and the software package does address this question. In
step (3) the requirement states that G(h), and its stability, be
examined. G(h) corresponds to the analogue part of the simulation.
This reduces to determining that the eigenvalues of G should not be
greater than unity in modulus. This will be true if and only if
there are no eigenvalues of A, with positive real part. This
constraint is incorporated into the software package output to inform
the user. However, the package will continue to determine the
stability of the overall simulation using the direct method to compute
®(h), but the user is reminded that such stability, if obtained, will
apply only for the linearized system. This is considered to be the
best the software package can do in the circumstances. The problems
inherent in simulating an unstable system on the analogue portion,
e.g. limiting because of particular choices of scaling, are clearly
problems which must be left to the user.

4. DESCRIPTION OF THE SOFTWARE PACKAGE AND ITS USAGE

The purpose of this Section is to provide, with reasonable completeness, the
information required by a potential user of the package.

4.1 Description of the software package

The package is programmed in Fortran for an IBM 370/168 digital computer.
It uses library routines from the Harwell library, for finding the inverse of
a complex matrix, and the I.M.S.L. library for computing the eigenvalues and
associated eigenvectors of both real and complex matrices.

The program is best described with the aid of a flowchart, shown in
figure 2. The matrices Ay, ... Dy and their dimensions are first defined
and printed. The eigenvalues and eigenvectors of A; are computed, and the
properties of the real part of the eigenvalues are examined. The
eigenvalues are also examined to establish if any are repeated. Next, the
fundamental matrix for A;, and the matrices G and Q are computed for a range
of step-lengths, h, chosen by the user. The direct or numerical integration,
(N.I), method is used for the previous step, depending on user choice, or
whether the eigenvalues of A; are distinct, (N.I. method), or the real part
of any eigenvalue is positive (direct method). For each step-length, h, the
partitioned matrix D is computed, and its eigenvalues are examined to
determine the stability of D. The main program prints information at
intervals throughout each stage of program execution.

The Fortran coding and a description of the variables used are presented
in Appendix III and IV. The program uses double precision arithmetic
The matrices A;, ... Aq, Dy, ... Dy, G(h), Q(h) and D(h) are real, while
the eigenvalues and fundamental matrix for A« are, in general, complex. As
a result, some of the subroutines are more involved than might otherwise be
expected.
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4.1.1 Main program

The main program accepts the input data, controls the main branches
. of the analysis, namely which method is used to calculate ®, G(h), and
'ﬁ Q(h), and prints the results. It makes calls directly to subroutines
EIGEN, FUND, LAMBDA, NUMERI, DMATRX, MODEIG, and OUTPUT, which are
described below.

4.1.2 Subroutine EIGEN
This routine controls the computation of the eigenvalues, ki’ and

the matrix of eigenvectors, C, for A;, via subroutine CNVRT.

(C = P™' in the theory of reference 1, Appendix I). EIGEN calls sub-
routine DIST, after which it tests if the numerical integration
technique has beer chosen by the user, and whether Ri are repeated.

If the latter situation exists, the routine forces the program to use
the N.I. method. If neither of the above criteria is true the
routine computes the inverse, B, of the matrix of eigenvectors, C, via
subroutine CNVRT, in preparation for computing the fundamental matrix
corresponding to A; by the eigenvalue method. Should the inverse
routine fail, the N.I. method is chosen.

4.1.3 Subroutine DIST
Specifies the real par: of each of the Ai’ for determining the
stability of G(h), and aiso establishes whether the Ai are repeated,
i.e., whether ki = Rj for i #3j.

4.1.4 Subroutine FUND

The purpose of this routine is to define the fundamental matrix,
®(h), by direct calculation, using eigenvalue theory. For each
value of h, the routine computes two complex diagonal matrices

: A el oon Ak h-1
diag (exp th, ... €Xp kkh) and diag (exp-——-xr— exp = )i
using a complex matrix multiplication routine, DCMPY. It is expected

that the imaginary elements of the above matrices will be less than !
107? in magnitude. The matrices are redefined as G(h) and Q(h). A
diagnostic is printed if the imaginary elements of the complex matrices

do not conform to the above requirement, but the program continues to
execute.

: 4.1.5 Subroutine NUMERI

This routine provides the control for the numerical integration
routines. The numerical integration step-length is established by
routines LAMBDA called from MAIN, and STEP, and the integration, using
the "predictcr-corrector' method, is performed in subroutine SINT.
NUMERI increments time up to the required value of h, and computes G or
Q depending on the value assigned to a variable NAM.

4 4.1.6 Subroutine LAMBDA

7 . In this subroutine the analysis of Appendix II is applied to establish
; the numerical integration step-length, chosen for stability and

P accuracy of the solution. Values for the N.I. step-length, h, are

g computed as a function of the real part of each eigenvalue, ki’ and

o

TR AT

must also meet a criteria related to the imaginary part of the
eigenvalue li (as described in Appendix II).

If this criteria is met for all the eigenvalues, the smallest h is
chosen for the N.I. step-length.
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4.1.8

4.1.9

4.1.10

4.1.11

If the above criteria is not met for one or more of the eigenvalues,
then h, is chosen for the respective eigenvalues according to the
analysis of Appendix II, and the N.I. step-length is the minimum over
all the eigenvalues of the h and h;'s respectively. h must also be
at least as small as the minimum interval between the step-lengths
chosen by the software package user for examining the stability of the
hybrid solution. .

The subroutine is entered from the MAIN program, and provides the
N.I. step-length, hSTEP’ for further refining in subroutine STEP.

Subroutine STEP

Subroutine LAMBDA defines the N.I. step-length purely on the basis
of an accuracy criteria, and the largest eigenvalue. It is necessary
to establish individual N.I. step-lengths for each interval of stability
step-lengths chosen by the user. The numerical integration step-
length, hSTEP’ for the interval (hi, hi+1) is modified, such that

where € is a small quantity, and there are exactly an integral number
of integration steps in the interval (hi’ hi+1)‘ Subroutine STEP is

called from subroutine NUMERI whenever a new N.I. step-length is
required. The subroutine returns the integration step-length hs.

Subroutine SINT

The predictor-corrector steps for numerical integration are defined
in subroutine SINT. The calling vector defines IPASS and NAM, to
control which branch of the routine is to be executed, i.e. the
"predict" or '"correct" step, and for identifying which of functions G
or Q is being computed.

Subroutine DMATRX

The partitioned 2M x 2M matrix D is defined in this subroutine.
It calls the subroutine DMMPY, to perform multiplication of two real
matrices.

Subroutine MODEIG
The routine controls CNVRT to compute the eigenvalues “i’ of D, and
then tests that

Iui|'< o T e T PRRMRR

If this criteria does not hold for all "i’ the routine records which

of the eigenvalues are in modulus too large, and their respective
values, for printing by the main program.

Subroutine CNVRT it

This subroutine controls all calls to the library routines. It
has three branches, each being defined by a value I, assigned in the
calling subprogram according to whether eigenvalues and eigenvectors ;
of a matrix are required (I = 1), the inverse of a matrix is required ;
(I = 2), or eigenvalues only are required (I = 3). EIGEN calls CNVRT ;
for I = 1, 2, and MODEIG calls CNVRT for I = 3.

{

i

!

i
——— evee— e —— - s
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For T = 1, CNVRT calls EIGRF from the IMSL library, which computes
complex cigenvalues and complex eigenvectors of Ay, and a performance
¢ index for the mathematical accuracy of the technique. EIGRF returns

& the performance index and CNVRT prints a diagnostic. It is possible
that if the eigenvalues are not distinct, then the matrix of eigen-
vectors is incorrect. The software package prevents this matrix

being used further, by forcing the program to use the numerical
integration method for computing the fundamental matrix ®(h),
whenever the eigenvalues are repeated. The eigenvalues are not
normalised by EIGRF.

For T = 2, CNVRT computes the inverse matrix B of the complex
matrix of eigenvectors C, using the function MA23BD of the Harwell
library routine MA23AD. The library routine overwrites the input
matrix, and returns the inverse matrix in the storage provided by it.
It is therefore necessary for the program to remember C before
calling MA23BD.

The routine MA23BD makes no allowance for the size of the matrix
in the dimension or common statement of the calling subprogram to
be bigger than the matrix row dimension in the calling statement.
Therefore it is necessary to define another complex matrix, Y,
having a variable dimension in the calling subprogram CNVRT. This
branch of CNVRT is only executed with IMETH = 1.

For I = 3 CNVRT calls EIGRF, to compute the complex eigenvalues of
the matrix D. This call to CNVRT is made from subroutine MODEIG

4.1.12 Subroutine DMMPY and DCMPY

Subroutine DMMPY performs matrix multiplication of two real
matrices. The matrices need not be square, but the program tests
that the column dimension of the first matrix equals the row dimension
of the second matrix. The output matrix is 10 x 10, even though the
submatrix containing the solution is MMM x LLL which may be smaller

. than 10 x 10. DCMPY is the complex version of DMMPY.

4.1.13 Subroutine OUTPUT

This subroutine controls the printing of the input matrices
Ay, Dy, ... Ds.

4.1.14 Library routines

£ EIGRF and MA23BD are well documented in the Computing Services Group
i Library of W.R.E. The Harwell and IMSL libraries are both extensively
used and tested by other computing facilities, and have performed well
in this software package.

4.2 Software package running

SRR SR

This Section covers the data requirements, the program output, and the
method of creating a data file under the IBM 370/168 supplied TSO system.
Operational characteristics are explained, and the identification of the
W.R.E. Library version of the software package is supplied.

4.2.1 Data input and program output

. Table 1 lists the input parameters and the form in which they must
be presented, but further discussion of the parameters is presented
bealow.

Matrices Al, D1, ... A4 must be defined in terms of their sizes
and elements. In most system problems, some at least, of these
matrices will be null, and the others will very likely be sparse.

The user need only define the non-zero elements, and the respective
row and column of each element, for the non-null matrices.

PR e A A e
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Sl

¢ TABLE 1. DATA REQUIREMENTS FOR SOFTWARE PACKAGE
' Data Parameter Constraints on

”’ record Perameter value description parameters

} 1 KM K = Row size of Al matrix K < 10 (nominally) .
M = total number of inte- K + 1 € M < 20 (nominally)
grals computed analogue If no integrals are assigned
or digitally to digital computer i.e.

M = K, then M set to K + 1
2 NEL Numbers of non-zero

3 1,J,A1(1,J),...
for NEL
elements

4 NEL

. This set continues

next matrix in the set.
D2, A3, D3, A4, D4.

18 NT,EL,HINT
(or less)

19 IMETH
(or less)

20 H(I),I=1..,NT
(or less)

defined in records 2 to 17.

elements in Al

I = row number
J = column number
Al1(I,J) = non zero

element of Al in Ith

th

row and J~ column.

Number of non-zero
elements for D1

until A1, D1, ..

1,J are integers

A1(I,J) is a floating
point value.

These values are separated
by commas.

., A4, D4 have all been defined. If
NEL is zero for any of these matrices, the next data record contains NEL for the

The order of input of the matrices must run Al, D1, A2,

NT = number of user
defined step-lengths
EL = value of 1st
required step-length
HINT = time interval
between successive
step-lengths.

User option for choos-
ing direct method for
computing ®(h) i.e.
IMETH = 1, or N.I.
method i.e. IMETH = 2,

H(I) are the user
defined step-lengths.
NT was defined earlier.

The data, if all these matrices have non-zero elements, are
For most problems there will be less records, but
NEL must be defined for each matrix, even if it is assigned the value zero.

The values for EL and HINT,

are required if the step-
lengths are at equal intervals.
Otherwise EL = 0, HINT = 0.

If only one step-length is

to be defined HINT = 0.

IMETH = 1 may be over-
written in program for

N.I. method.

IMETH = 2 is considered to
be accurate enough, in
general, and is recommended
to user.

This record is optional.
It will not be needed if
H(I) is fully defined by
data record 18.
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r : The matrices are ordered implicitly Al, D1, A2, D2, A3, D3, A4, D4 in
- the data.
: i A variable NEL defines the number of non-zero elements for each
matrix in turn. If NEL is zero, then the matrix is assumed null, and
"k ' NEL for the next matrix of the set is the next data required. When

NEL is non-zero, the next data input defines all the non-zero elements
(NEL of them) for the matrix in question.
Consider the example, in which there are 4 non-zero elements

100
Al = {020
011

Assuming the matrix dimension, i.e. 3 x 3, has already been defined,
then two data records are required to fully define Al. The first
data record contains the value of NEL. The second data record
contains the row, column and value of each non-zero element in that
strict order, although the order in which each element group is
defined is unimportant.

The row and column are defined by integers, and the element value
is defined by a floating point constant. The two data records

. defining Al are:

4
b ! 1,1,1.0,2,2,2.0,3,2,1.0,3,3,1.

Following the matrix definition for Al, ..., D4, the user must
F define a value, or values, of step-length h, for which he wishes to
b test his partitioning scheme. The program accepts variables to
define a range of values, h, at equal intervals, or a series of
values h, or will read a single valuc for h. In the last instance,
the software package provides the stability for the single value, h,
and also for 1.5 times that value. This may give the user a better
idea of where his choice lies relative to stability. If the step- i
lengths are at equal intervals, the package computes the array H(I),
from the value of H(1), and the time interval between step-lengths,
up to NT values.

The user has a choice as to which method is used to compute G(h) and
Q(h) via the fundamental matrix ®(h). The direct calculation, using
eigenvalue theory, is allocated by the variable IMETH = 1. The
approximate solution, using numerical integration, is assigned in the :
package by IMETH = 2. Results from either method have not differed j
significantly for the purpose of stability analysis, and the user is :
. advised to use the numerical integration method, if he has no preference.
4 Initially, the program print-out defines the input matrices Al, D1,
..., D4, together with the values of h for program execution. The
output then defines a performance index for the eigenvalue routine,
followed by the eigenvalues of Al, and an error parameter indicating
success (IER = 0) or failure (IER > 0). The distinctness, or other-
wise, of the eigenvalues is defined. A comment is printed concerning
the stability of the matrix G, which provides the user a very important
guide to the likely success or failure of his partitioning scheme.

This stability indication is independent of values of h. Next, the
method, by which the matrices G and Q will be computed, is printed.
The preceding information is printed once for each run.

e P S

S —— PSS 57_-

el B
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4 The next block of output is repeated for each value of h ascribed
by the user. The step-length, h, in seconds, the N.I. step-length
and accuracy, if applicable, and the matrices, G, Q and D are printed.
P The value of the error parameter for computing the eigenvalues of D is
given and the eigenvalues are printed. Finally, there is a statement
concerning the stability of the scheme for the present value of h.

4.2.2 Creating a data file

In order to run the software package under TSO, or via a batch job,
the user must supply a data file, and link this file with the Fortran
program.

For most user problems, the matrices Al, D1 may be of the order
6 x 6, or bigger. The record length required for specifying the non-
zero elements of such matrices will very likely exceed 80 characters.
This is the default value assigned in the EDIT command or by the JCL
accompanying the data cards, to the record length parameter LRECL (or
LINE). (The 8 characters used to specify the line number are included
in the 80). A record length of 120 characters is considered adequate
for problems likely to be encountered, but in any case the value must
not exceed 255.

The BLKSIZE (or BLOCK) parameter of the EDIT command specifies the
maximum length (in bytes) for all the records of the data set.

Hence the BLKSIZE parameter must be an integer multiple of the LRECL
parameter. The default parameter is 3120, (also the maximum allowed),
which conveniently is a multiple of 120, but, in any case, a smaller
number may be specified. For the test data sets, described in this
report, the BLKSIZE parameter has been specified as 2640, allowing for
h a maximum of 22 records of 120 characters. The BLKSIZE and LRECL
parameters are only specified when a new data set is created.

The EDIT command for creating the tracking radar simulation data set,

SEEK4, of Section 5 is given as an example.

EDIT SEEK4 DATA NEW BLOCK(2640) LINE(120)
or
EDIT SEEK4 DATA NEW BLKSIZE(2640) LRECL(120)

4.2.3 Operational characteristics

This Section covers the general operating characteristics of
interest to a user.

The W.R.E. Library program identification for the software package
is 4154, and a user will be supplied with the data-set name of the
package, and any other JCL routines necessary for running the program,
on request from Computing Services Group.

(a) Running time

The program typically compiles and executes, for up to
twelve values of step-length h, in under ten seconds. Exec-
ution time for the same run is less than three seconds.

(b) Diagnostics

The program terminates in the event that neither the N.I.,
nor the direct method for computing ¥, can be applied. This
will occur if some of the eigenvalues are repeated, and one or
more have positive real part.

Most of the printing is controlled by the MAIN program.
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However, there arc several instances where other subroutines
may print diagnostics. In sub-routine FUND, if the complex
versions of the matrices G and Q have i-aginary elements
larger in magnitude than 107, a diagnostic is printed. The
program continues executing.

In subroutines DMMPY and DCMPY, if the matrices supplied
are not compatible for multiplication, then a diagnostic is
printed, and the program terminates.

Whenever subroutine CNVRT uses the IMSL routine EIGRF to
compute eigenvalues and eigenvectors of A;, a performance index
is computed defining how the IMSL routines performed. CNVRT
prints the appropriate diagnostic, and the package continues to
execute. EIGRF also provides an error parameter, IER, and its
value is printed in CNVRT. IER may take the following range
of values,

IER = 0 Routines worked normally.

IER 2 128 The numerical solution failed to converge
for one of the eigenvalues.

IER < 128 One of the parameters in the calling
statement for EIGRF is inconsistent.

The user is advised to regard the program results as incorrect
whenever the error parameter is non-zero. It may then be
necessary for the user to refer to the write-up of the IMSL
routine EIGRF in order to satisfactorily continue with the
problem solution.

(c) Replacing software package routines

Should a user need to modify or replace any of the routines
of the software package, the point is made that modifications
or new routines must use double precision arithmetic.

5. APPLICATIONS

Any physical system if analysed in great detail is non-linear. Most physical
systems are also time-varying, but if changes in the system characteristics are
very slow, compared with variations in the input, a linear time-varying system
can be approximated by a linear time-invariant one.

It has been assumed here that a potential software package user has derived a
linearized version for the system, prior to considering a hybrid simulation
model, and that these equations are in the form

AL A

as required by the software package.

However, it sometimes occurs, that in neglecting small time constants in the
analogue portion of the model certain of the system equations are algebraic
equations rather than differential equations. This is not covered by the theory
presented here. Rather than extend the theory to cover the general case where
equations may be algebraic or differential, it is considered easier to reintroduce
small time constants for the purpose of stability analysis.

The following sections deal with two linear systems (see reference 3 for a
detailed derivation of the linearization process). In fact, the existing
digital simulation model for example 2, represents the control fin actuator, for
a missile, as responding_instantaneously, to produce a fin deflection, 7, to the
autopilot error signal, 7. A lag of 0.001 s is introduced to express the system
in a form suitable for software package implementation.

S TN
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5.1 Tracking radar simulation

The first example describes a (single plane) simulation of a radar guided
weapon homing on a target (figure 3), in which the motion of the missile
(under autopilot control) is simulated on the analogue computer, while the
signal processing functions of the missile radar receiver and the dynamics of

the radar servo and pedestal systems are represented on the digital computer.
The configuration is as shown in figure 4.

The linearized equations which describe the system are

You = F(S) (¥ - ¥ (2)
T = 30y + %y (3)
b= O]
Y = T (5)
and
r = G(S) 7 (6)
where
Vpy = dish-body angle
ih = missile azimuth
Y = required dish rate to maintain track
r = missile angular velocity
(1 +T, S)
% D1
F(S) T+ T,8+T,.8
and
K(1 +T,.S)(1+T,,S)
G(S) = Al _A2

(1« T3 (1 + T, S+ T, (3]
The partitioning scheme is such that ‘hl and v, and hence *I' are evaluated
and integrated digitally, whilst ‘h and r are evaluated and integrated on the

analogue computer.
It is necessary to reduce the second order equation

Vou = F(S) (¥ - )
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to two first-order equations. Expanding (2), we have

You * Too Yomu * Tos Yom = Y1 -t Tor Y1 - Toy W &)
Define
L= Vg - Yy Yy (8)

Then equation (7) reduces to

: s T e
D2 1 D1 D1

V¥, = =Y. - Zy + v, -

DM Ty 8 T oy '3 TDS‘,'M

Integrating the above equation, we have

P e i Tme e
e R e e ol v

which, together with equation (8) define equation (2) as two first order
d.e.'s. We see that (ibM)N+1 which is calculated in the interval

ty <t< tyeq On the digital computer is a function of (wb“)N and (W&)N from
the digital, and \ll“ from the analogue computer in the interval ty-1 <t < ty
It is also necessary to reduce the third order equation

r = G(S) 7
to three first order d.e.'s.
Express equation (6) as
i K(1+TAIS)T[ 1+TA_ZS z] .
1+ TA3 S 1+ TM S + TAS S
and define
K(1+T,, S)
U (10)
A3
We can then define
K vy
z, =
ookl

and hence

e W

g
Ky
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KS7y
A3

2

Ky - 2,
A3

K 1
= Y -7 %
Tas Tas

Therefore equation (10) becomes
u = 2 *TAIZz
Now for equation (9) we have a new expression

1+T,,S

A2
1+TA4S+TA5

sll.l

T+ TA‘ T+ Tks r = u+ TAZ u

If we put
Zy = r-u

and substitute for Z; in the above equation, we obtain

-T A T
P TA4 $. Tl 25 + TAZ &
AS A5 AS
Integrating, gives
-T T
A4 1 A2
r o= T - Zy + u
TN T

-3 1 Ta2 X
r = res—12y +5— 22+ T Y - Za 3
s u u s (ias TAS )]
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Equation (6) has been reduced to three first order d.e.'s, f, Z, and i,.
Ne shall assume that Z; and Z; are computed on the analogue computer, and can
£ therefore see that the element Yy is computed digitally in the interval

i & g th-1 <t< tys and passed to the analogue portion via the D/A interface at
fi time "N' for computation of *, Z; and Z; in the interval tN CE< tN+1'
¢ Equations (2) to (6) can now be expressed by a set of equations defined
in (11).
:
Mol e, Ta1 1 K Tar Tag
P2 g—reg|l-go|b -5 b g 7]y
8 AS AS A3 AS A3 "AS
g 3 1 K
R -1 + =[]
: Tas g N
i v ey KT
{ Z3 = r -l} - TAUZz ” —T—Al (7
A A3
¢
! e e,
. DM Tos M Tps DM Tps I Tps
d'I = [7]N+1
Z, =Y + ¥ -V
M DM I (11)
where

[y = -H¥ply Iy,

e
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£a £da €a €d
A A | L Wa L N L Wa
gk - Tpgt e " 55 - M- = My
[ 1q, 2q, 1q, . .
o
- €V £V
N HWd L L I-N
: %) . ,Nﬁ - ke (') = g
ﬁ<h A w<& i ~<P xS p
Ny D ¢ L. N o .
P13 T A€ -
m< £V 14 m< - SV, €V
e s e e w e M aie
L g h d 1A
I = ”
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The analogue vector y, and the digital vector z are defined as

v
rM wDM
X = and z = | ¥,
2, Z
Zy
f It remains to express the set of equations defined in (12) in the form
5 defined in Appendix I.
M 01 0 0 *
Ta Tl 1
x b erls e Lando o (Gaik, ) |
: AS A3 A5
x - - 1
2, 00 b 0 22
A3
i . T
B 2 01  -{1--A 0o [ \z
A3
0 0 0 0\ [¥
" Ty Too
: T T 0 0 O T
A3 "AS
g 3K
T 0 0 0f]2
A3
4 KT
324 0 0o o \z
i A3 N-1
0 0o
sacle - he | PO 8
, SR
. A3 "AS 21 (13)
- 3K
0 0 Z
Tu N
3K 'l'Al
T 00
A3

o Sl > o . it
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X = Ayg+ D'XN-I + thN

and A; a null matrix. The equation (13) defines the analogue portion of
the partitioning scheme. a g
The non-zero elements of the matrix D, are components of r, Z, and Z3,
and are computed on the digital computer as shown in figure 4, It is
immaterial whether the elements of D, are computed digitally or on the
analogue portion (then called A;) since the two matrices occur as a sum
(A2 + D) in the matrix, D, of the theory. Similarly, it is immaterial
which of the matrices A3 or D3 is defined in the expression for Z,
Further, expressing (12) in the form of Appendix I for 2z.

"o Y Tz ™1 -1\ [u
—= 0 0 o) [ e b 2 DM
i D3 i o3 Tos Tos| [y e}
-3 0 : -3 0 0 Zy
1 Ly R et "

szN+DazN(orAst+D‘zN)

with Ay, A¢ null matrices.
Consider as an example under consideration the situation where

TDl = 0.1

sz = 0.22

TD3 = 0.016
K = 3,52

P——

ir"i‘------u—— B A O
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TAl = 0.01
": . TA2 = 1.9
TA3 = 0023
TA4 = 0.54
TAs = 0.094

Then the data for defining the configuration for the software package is

K = 4
Mo
M-K = 3

Ay, D1 are 4 x 4 matrices
A, D, are 4 x 3 matrices

Ay, D; are 3 x 4 matrices

and
A¢, Dy are 3 x 3 matrices
’! . | 0 0 0 00 0
0 -5.8 11.4 -10.6 -92.8 0 0 0
NOTRE R gk R T a
oo 3 0.6 4.6 0 0 0
' 0 0 o
‘ 1 -92.8 0 0
Ny i éSQ.I 0 o
: G Tl
:
'i LIRS U e
9 A = 8 D = (-3 0 0
§ P
:
§_ ; -13.8 6.3 -62.5
M o= 0 Dy = -3 0 0
3 S 0

Table 2 presents the data in the form accepted by the package, and
Appendix VI shows a sample output from the computer run.
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TABLE 2, INPUT DATA FOR EXAMPLE 1
Parameter Data Record
e name
K,M
NEL
Al

4

7

1

4
NEL 3
D1 2
NEL (A2) 0
NEL 3
D2 2
NEL (A3) 0
NEL 3
D3 1
NEL (A4) 0
NEL 6
D4 1

,1,-92.8,3,1,-459.1,4,1,4.6

’1)'6-3:2:13'3-033:1v1~0

ol1'13-892n1n‘3-0a3n1:1-0n1|2|6-3n3020
-1.0,1,3,-62.5

NT, EL, HINT 6,0.038,0.001
IMETH 2

5.2 Height control system simulation

The second example concerns the simulation of the height control system of
a missile. For the present purposes, the system is assumed to have the
configuration shown in figure 5. In this, the indicated missile height and
velocity are obtained by integration of the missile acceleration, as sensed
by the inertial platform. Drifts and biases are corrected by comparison
with the indicated height and the smoothed output of the missile's altimeter.
The indicated height, Z, is then compared with the demanded height, Z_, and,
with the vertical velocity, v, is used to form the demanded acceleration,
ap- This is the input to the missile autopilot which controls the missile

aerodynamic response such that the achieved vertical acceleration, a,, closely
follows the demanded input.

One approach to the hybrid solution is to simulate the autopilot and
inertial platform and a portion of the aerodynamics on the analogue computer.
Evaluation of the missile acceleration and the derivative of pitch rate are
computed digitally, since they are functions of several variables, and
integrated on the analogue portion (figure 6). The above configuration is
the "text-book'" version of the partitioning problem viz, that algebra should
be solved on the analogue computer.

The analysis of reference 1 has shown the potential danger of applying this
"text-book" approach, if the resulting scheme evaluates derivatives on one
portion of the computer and integrates them on the other. This "complete
partitioning"” can result in an even less stable division than evaluating and
integrating derivatives entirely on the digital computer, user Euler
integration. Nevertheless, without the guidance which the analysis provides,
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this partitioning scheme might well appear to be a sensible one, and, as such,
provides an interesting test case for the theory. The linearized system
equations are defined below.

V'BZ

a, = aa + a2 "
q = aa +a, "

a
-z
a et

KA4 [‘ KAl(l + TAl S)

143 TAZ S)(1 +T

q - K a, aj]
A3 S) AS “Z D

1 .
bl oy .

b Rty -R -y
For stability analysis we can regard ZD as zero. Thus

Z-K

22 A3 Y

The closed loop response for missile height and acceleration are,

Zp

(1 +0.85S)(1 + 0.15S + 0.039 §%)

and

5§ 3(1 - 0.0035 S)
z {1+0.188)(1 + 0.016 S) D

In the above equations a,, a;, a; and ay are functions of several variables
related to missile incidence, Mach number, and air prassure.

a, = demanded missile acceleration
ZD = demanded missile height

u = missile velocity

xAl""‘ls gains in pitch autopilot

Yiisdini? = time constants in body rate feedback of
A17°A27°AS autopilot

—. ’llm. ,. X3 < oL N
~ sl o v la
: R S i } ‘-,,,,.Wx,éx:'i TarY
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’ Thus the linearized equations for stability analysis are
P 2 = v (15) ‘
vV = aja + an (16)
q = aza + agm (17)
a = & (ama + a;n) + q (18)

i KM[ Kl ¢ Ty S)
T (

n
T TAZ (1 +T.8) q - KAS(a'a’ + an) - KAZ z - KAS v:l - 7 (19)

A3

We must reduce the third order d.e. defined by equation (19) to three first
order d.e.'s.

Put
K
Al
B = q
l‘TAZS
H then
: K
it
A2 A2

We will assume that # is computed on the analogue computer. Equation (19)
now becomes

K 1+T,. 8S)
A4 Al n
§ = — l}—————” % B - Kys(@a + aam) - K, z - Kyq v:l- 3 (20)

Put
(1 + 'l'Al S) 2
(1+7T,s8)
Thus




- 23 - WRE-TR-1882(A)

L Substituting for & in equation (20), we now have a first order d.e. for 9,
i.e.
P | Kaa n
| P o G Rt Kowt - Ky 5Ky 8l - F

Thus all the equations of the height control system are now defined as a set
of first order differential equations.

The partitioning scheme is such that there are no integrations performed
digitally. At time, tN—l’ the values for a and n are passed to the digital
computer for evaluation of (\'I)N and (Q)N in the interval tN-l <t < ty
These derivatives will be integrated in the interval ty <y < they OO the
analogue computer. We will assume, for the purposes of defining A,,...,As

K

K ai K K az
Di,...,Ds that the coefficients, -El. _A_47AS__’ i’., LA_S_._

u T
N-1 <t <tN.

The equations defining the partitioning scheme are

’

are computed
digitally in the interval t

. & &
8 ¢ =B A vy,

4 = a@) +asmy_,

A2 Kaa Kaz
- T

T,, K

: T
A1 Ka1 1 Al

8 - q + (1 _——.—) p -
Tas TAZ Tas T Ty 8

|...

We have

e A< Ay

and z = 0

=
n
e NI D™Do A
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In the interval ‘N <t < they W have

a 0 0 0 0
q 0 0 0
K
Al -1
8 0 - 0 0 0 0 i
Taz Ta2
-K K -K K K
= -1 4 "A2 A 4
Yy = n =|0 0 o Ar 31 Ad _?A_ n
z 0 0 0 0 0
v 0 0 0 0 0 0 v
T K T
Al Al 1 Al -1
5 0 T T ".r—(l-.r—) 0 0 0 T )
A3 A2 A3 A2 A3
( & 0 0 a8 0 0 0 /a
u u
as as 0 q .
0 0 0 B
-K K a -K K az
5 A4 :5 a0 M e SR 3 :
T
0 0 0 o 0 0 z
\ a; 0 az 0 0 0} \v
\ ()} 0 0 0 0 0 B s
i.e.
2 = A X+ D xﬂ-l
The matrices Az, Do, Ay, D;, Ay and Dy are all null.
Consider the situation where
a = -193.8
a = -34.5
a = -58.4
a = -61.6 i
{
u = 306 ‘
Kyg *
‘AZ = 2.17
,‘AS = 2.17
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! ; Kyy = 0.07
5 ‘ Ko = 0.126
o T = 0.001
; : b &k
g T = 2.0
i Tys = 0.01

Thus the data for defining the configuration for the software package is

; K = 7
§ M = 8
; MK = 1

Ay ,Di are 7 x 7 matrices

Ay,...,D¢ are all null, and

T

! 0 1 0 0 0 0 0
F - 0 0 0 0 0 0 0
% g 158 0.8 0 0 0 0
; M =10 0 0 -1000 -151.9 -151.9 70
, 0 0 0 0 1 0
L 0 0 0 0 0 0
: 0 975.0 75.0 0 0 0 -100.0
and

4 -0.6 0 0 0.1 0 0 0

-58.4 0 0 -61.6 0 0 0

' 0 0 o 0 0 0 0

Dy = |+1709.3 0 O +304.3 0 0 0

0 0 o 0 0 0 o0

-193.8 0 0 -34.5 0 0 0

0 0 o 0 g

Table 3 lists the input data for the software package and Appendix VII
presents computer output for the above example. As is to be expected the
v partitioning scheme is shown to be far from ideal, and the results show that
it would be mathematically unstable for a step-length as small as 12 ms,
even though the bandwidth of the acceleration and height loops are 0.9 Hz
| and 0.2 Hz respectively. The general experience is that even the use of
| prediction will not greatly help in these sorts of application which employ
{ "complete partitioning".
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TABLE 3. INPUT DATA FOR EXAMPLE 2

Parameter Data Record

value

K,M 7,8

NEL 11

Al 1,2,1.0,3,2,19.5,7,2,975.0,3,3,-0.5,
7,3,75.0,4,4,-1000.0,4,5,-151.9,4,6,-151.9,
5,6,1.0,4,7,70.0,7,7,-100.0

NEL 8

D1 1,1,-0.6,2,1,-58.4,4,1,1709.3,6,1,-193.8,
1,4,-0.1,2,4,-61.6,4,4,304.3,6,4,-34.5

NEL (A2) 0

NEL (D2) 0

NEL (A3) 0

NEL (D3) 0

NEL (A4) 0

NEL (D4) 0

NT, EL, HINT 5,0.009,0.001

IMETH 2

A better partitioning scheme is one for which a, and q are evaluated on

the analogue computer, and the inertial platform is simulated digitally.

The software package was used to determine the stability of this partitioning
scheme for the numerical values of the previous example (but with a, = 0).

It was predicted by the software package that instability would occur for a
digital computing step-length of 113 ms, which is a considerable improvement
over the 12 ms of the first scheme. This value was checked against the
hybrid simulation by incorporating a variable delay in the digital computer.
For the same values it was determined experimentally that instability occurred
for a step-length of 110 ms, which is in close agreement with that predicted
by the software package. In actual fact the hybrid simulation was inaccurate
at this step-length, even though stable, highlighting the need for future

work to consider the accuracy of hybrid simulation.

Finally, by using a simplified description of the above partitioning
scheme, the question of stability can be settled by direct analysis, as in
Section 5.1 of reference 1. For values of K;, K; = 6.6 and T = 0.2, and
following the method of reference 1, the maximum value of h for which the
partitioning scheme is stable is 120 ms. Thus there is a good measure of
agreement between all approaches.

6. TEST STATUS OF THE SOFTWARE PACKAGE

The package was extensively tested during each stage of its production.
However, testing the complete package posed a problem since a typical system for
analysis is likely to be quite complex, and one can expect the D matrix to be of
the order 14 x 14. Finding the eigenvalues of this matrix by hand is quite
intractable.

However, it is possible, by reducing the time constants in the response
functions of the analogue portion, to generate 'instantaneous' responses for
that part, and thus produce a system which can be analysed theoretically. One
can therefore theoretically analyse a partitioning scheme for such a system,
and hence, produce a value for step-length at which it will become unstable.
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Such modified system equations can be used as the test data for the software
package.

The homing missile simulation of the first example was chosen as a test case.
The configuration is changed slightly with the dynamics of the radar servo and
pedestal system now being represented on the analogue computer. The configur-
ation is shown in figure 7.

The data defined in Section 5.1 is applied with the time constants of the
transfer functions being increased by an order of 10. The equations for the
instantaneous system are

Digital

.
et
]

'S(wm + M)
ey
Analogue

(1 + 0.01 S)(wI - %)
Vo = M
DM 1+ 0.022 S + 0.00016 S*

3.52(1 + 0.001 S)(1 + 0.19 S) ¥
(1 + 0.0023 S)(1 + 0.054 S + 0.00094 S°)

i -

These cquations reduce to seven first order d.c.'s with the analogue vector,
Y, being aefined by

s |

and the digital vector, z, being defined by a single element.
z = ()

The partitioned system can now be defined in terms of the matrices suitable
for the software package.
In vector form the system is defined for the interval tN'< t < L
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‘?’w -137.8 -62.5 0  -6250 0O 0\ [V
wM 0 0 1 0 0 0 Yy
B : t 0 0 -57.4 0 114.3 -1064 || r .
R i B 1 1 0 0 0 0| z
22 0 0 0 0 -43.5 0/ \ z
Z3 0 0 1 0 -0.6 of \z
0 0 0 0 0 0 wm\
0 0 0 0 0 o) [ v
-927.5  -927.5 0 0 0 ol|| r
0 0 0 0 0 0/l z
-4590 -4590 0 0 0 0/ \z
4.6 4.6 0 0 0 o/ \z
N-1
62.5
0
o :
4 -1 Vg
0 -
0
and

i = () = (-3-30000) YoM
Yoy )
r
Z)
22
23 N

In terms of the matrices A;,...,Ad,D1,...,Ds,

- NETN B, N

with D, null, and \
L - D:x" J

with Ay, As, D¢ null.
Solving the stability problem theoretically, we have on the digital computer
in the interval ty <t <tm_l

;
“.

¢

g, s
el
R0
b

;




- 29 - WRE-TR-1882(A)

B e V- o

using Euler integration.

In the same interval the analogue functions are computed so fast as to be
considered instantaneous. We can therefore represent the analogue functions by
the following sct of equations.

ro= -3.52 x 30 + D

b = T
Yom - Jll "
At time, tN*l
VNSRRI AR YOMRR'») (21)
alo= - sz x hdhy' + (22)
R @
from equation (23), we have
Thus
SRR X (25)
and
UM VR (U (26)

Equations (25) and (26) are recurrence relations, which together define the
complete system. It is clear that the stability of equation (26) depends on
the stability of equation (25), i.e. stability is determined from

St Vo

T
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Clearly a solution to equation (25) is
N
\l); = a 5? + a; B (27)

where B, and B, are the roots of

B* -B +3h = 0 (28)

8 _ 1%+y/1-12n
12 2

If h <f%5, the roots are real, with
181,21 <1

Hence equation (27) is a stable solution to equation (25).
If h >'%7. the roots are complex conjugates, and for stability of equation (27),
their product must be in modulus less than unity, i.e. from equation (28) we need

3h <1

which means, for stability we require
1
D% 8

The software package was run, and predicted the system would go unstable at
exactly

h = 0.33s

7. CONCLUSIONS

The analysis of reference 1 has shown that the problem of stability of a given
hybrid simulation can be solved in advance of programming, provided one can find
a linear approximation to the response of the system under consideration. For
large-sized problems, however, the steps inv 'ved in applying the direct analysis
may be intractable.

This report describes a software package which implements the stability
analysis procedure, thus providing hybrid computer users a quick and flexible
means of determining in advance the stability of a proposed partitioning scheme.
In addition, the report attempts to provide guidelines for interpreting results
obtained by the software package.
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NOTATION
MXM matrix describing linear system response
matrices used in partitioning of A

matrix used in partitioning of A, also inverse matrix of
cigenvectors of A

matrix used in partitioning of A, also matrix of eigen-
vectors of A,

stability matrix

matrices used in partitioning of A
transfer functions used in example

response matrix for system programmed on analogue portion
transfer function used in example

unit matrix of order K

gains used in examples

number of integration steps in interval (o,h)
transfer function used in example

response of the analogue system to unit step input

time constants used in examples

unique fundamental matrix
missile height

demanded missile height

used in example to reduce nth

order d.e.'s

order d.e. to n first

maximum element in matrix A’
demanded missile acceleration

missile acceleration

functions of several variables related to missile incidence,
Mach number and airpressure

hybrid simulation step-length
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hs,hSTEP numerical integration step-length
2 q missile pitch rate

w T missile yaw rate
t,tN time
u missile velocity
() system input
v missile vertical velocity
pS
x,} vectors used in describing system state
Zz
fh error function for fundamental matrix
ek null matrix of order K
®(t) fundamental matrix
"] equivalent to e

; a pitch incidence in example
Y used in example to reduce nth order to d.e. to n first
order d.e.'s
B ,B2 zeros of stability quadratic in example
4 receiver output in example
; ) used in example to reduce nth order d.e. to n first order
£ d.e.'s

€ accuracy of numerical integration solution
n pitch wing angle in example
n pitch autopilot error signal in example
Xi eigenvalue of partitioning matrix A
“i eigenvalue of stability matrix D
T time ncrements for numerical integration interval (o,h)
WD“ radar dish angle in example
WI integral of receiver output in example
‘h missile attitude
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APPENDIX I

ANALYSIS OF THE GENERAL PARTITIONING PROBLEM

Consider the problem of solving, by hybrid computation, the system of
differential equations

x = Bx+ Cu(t) (I.1)

where x is a vector of order M, and y(t) is a vector function of time. This set
may represent the whole, or only part of the system being simulated, but it is
sufficient in the present context for investigating the stability of integration
processes.

For the purposes of stability analysis, one can disregard the forcing function,
and set

u(t) = o

in equation (I.1), and henceforth be concerned with the system

X = Bx 1.2

The general solution to solving equation (I.2) on a hybrid computer is to
allow for integrations and evaluation of derivatives to be performed digitally
or on the analogue computer without restriction. The range of possibilities,
then, is as shown in figure 1.

If K integrations are carried out on the analogue computer and M-K on the
digital portion, then equation (I.2) can be re-written in the form

X Ay + Agz + D1y + Doz

Z Asy + Asz + D3y + Dz (1.3)

where

== ()

and the vectors Ay, Az, A3y, A4z are computed on the analogue portion while
D;y, D;z, D3y and Dyz are determined digitally. The matrix B as defined in
equation (I.2) is then assumed partitioned such that

B = A+0D,

where A, D are matrices comprising those elements of B which are evaluated on
the analogue and digital computers respectively. Further A and D are assumed
partitioned such that

- Ay A2 |
n (Aa Aq
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and

i &
v <DJ Da>

For the purpose of this analysis, the digital to analogue, and analogue to
digital interfaces are assumed to be sampled simultaneously.
Assume x is sampled by the analogue to digital converter at time, tN’ and the

digital computer step-length for each cycle is h seconds. Then at time

the quantity is fed through the digital to analogue interface for determining
AN+ 1

Y in the interval thel <t < the2”

Euler integration on the digital computer gives from (I.3)

Zgep = &yt h(sXy * Aazy o+ DaYy + Dazy) (1.4)

In the same interval, ty <t < ther Y can be integrated on the analogue by

solving
L = AX+ Az +Diyy ; + Doz (1.5)
In equation (1.5) Ajy varics with time, while

Moy + Dty g+ Dazy

is constant over the interval tN‘< < tN+1'

The solution to equation (I.5) is given by (see Appendix V)
- h -
Yyeq = P ¥ (0) x *[ ®(E) D' (0) d (Aazy + DiYy_; + Dagy) (1.6)
(o]

which reduces to

Xy " G s A Q(Ale + DYy 4 + Dagy) (1.7)

where

G = ®h) ¢ (o)

Q 'fG(E)dE
o

and P(t) is a fundamental matrix for A, .
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Equations (I.4) and (I.7) can be combined into
" b AP G QA2 + D)\ [y QD 8 Xy-1 S
P a1 h(A; + D;) IM-k + hDs Zy 6 hA Zy_1

where

6, is a null matrix of order Kx(M-K)

6, is a null matrix of order (M-K)xK

i (QD. e.) Xy.1
e ©, hA, Zy_q

Setting

equation (I.8) becomes

G Q(A2 + D2)
= +
. M1 7 e o 0y I, * hDs T
' (1.9)
¢ Q &
; xN#l e, hAs o

This system can be further transformed by setting

"

and then equation (I.9) reduces to

B el o e

G Q(A2 + Dy) |
§ l IM
x h(Ay + D3) T, . + hDs |
|
: N*l B AT ) i e O WS e S '-_ i l* (1.10)
R QD, G |
\\ | 4
@ . gl
\
= D ,*l (I.11)

"1------------E-?-jr!ll.llllllllllllll!_lbfr

- "g Lin " . LU
s v g :
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s Thus, the chosen computing scheme will be stable if the zeros of the 2Mth order
polynomial

P £Q) = ID-A L, (1.12)

are in modulus less than unity.

SREPY S

5 . - . - LN S FNIY K
1 ok a3 o S
L, " AR oy -.JW‘?“%HV:_ i i
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APPENDIX II

NUMERICAL INTEGRATION STEP-LENGTH FOR DETERMINING ®(h)

It is required to determine the solution to the fundamental matrix equation
using numerical integration over the interval (O,ho). i.e.,

M W s

®h) = Bb(h)
where
Po) = 1
and
B is a real MXM matrix.

The accuracy and stability of the numerical solution depend on the numerical
A integration step-length, h, which will be determined from the eigenvalues of B.
The numerical integration method chosen is the predictor-corrector method.

For the predictor-corrector method at the (N+1)th step we have,
Predict pass:

N+l T "{’ hBd

TR

If the eigenvalues of B are distinct, then we can find a matrix P, such that
§ PB' P = diag (ll,...,RM)

w#here li are the eigenvalues of B.

VRRRAP T G

am

(If the Xi are not all distinct we need only consider the reduced set of
recurrence relations for which the eigenvalues are distinct).

T s

Setting
i
%™
{
: we obtain !
;% 3
i =
g 1501 1: + h diag (Rn.....ku] 1&
ll
¢ For the kth column we have for the predict pass

. "ﬁox 5 m"‘\'u =
:'Nol n ‘ﬁn *“

_ ——er
- i i o i R ¢ X
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Correct pass:

h .3 2
q& vy (q& o q&+l)

h? A2
B e k%

1&+1

The question of stability can be determined by analysis of the stability of the
set of recurrence relations

A?hz
e k -
s R N 1§, k PRRAED (I1.1)
Putting
N
B ~‘PN
we have
AZZ
ﬂ:l-ﬁkh'ikh
k 2
and require
18l <1
for a stable solution.
Hence the stability boundary is defined by
thl
L€M) = 11+ Ahe 1 = L,k = 1., M (11.2)

and is shown in figure 8.
It is necessary for the accuracy and stability required in the present
application for h to be chosen so that Akh lies well inside the stability boundary

for all k.
Consider the real part of the eigenvalues, i.e.,

u = Re(lk)
Then we have stability if,
uh < -2

In order to achieve uh well inside the stability boundary we choose h so that
we have

uh = -0.2 (I1.3)

R 88 G SNBSS o vt A b
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To further ensure accuracy and stability it is necessary that the above value
of h satisfies

vh

Wy (h) <0.2 (11.4)
where
v = Im ()
wy(h) = “V/~8uh (see below)

If equation (II.4) is not satisfied, then it is necessary to define a new value
of numerical integration step-length, h;, such that h; satisfies the accuracy
and stability criteria. We require an h; such that uh; are small, and vh; lie
well inside the stability boundary for all the eigenvalues of B.

Putting

J\k = u+iv

in cquation (II.2), we have for the stability contour
oF ~¥) i,
f(h) = 1+ uh + s S h® + i vh(1l + uh)

2 2 242
h’ (u ;V) h‘ ‘v2h1(1+uh)2

€12 = (1 + uh)? + 2(1 + uh)(v® - V) 5

4.4 2. 2,4 4,4
e 14+ 2uh + 28K + W *“4” +v=uh3+"_‘2'_"_4"4"
Since
i€l = 1,
we have
343 3 4,4
uh(Z*Zuh+u’h’¢—u-§h—+v’h’*v’Tuh)+!—ih- = 0 (I1.5)

For complex eigenvalues we are interested in those for which uh is small.
Thus equation (II.5) reduces to

242 v*n'
2uh + v°h Iﬂl"T—so

Setting

- .
T e e

i
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we have

4,4
2a + v’hla + ¥ h

# 4
(vh)? = -4a vﬁﬁa’ - 32a
2

2lal *\ABlal + 4a’
V2lal t \Blal + 4a”

vh

Hence for uh small, vh is also small, and in equation (II.5) we can ignore the

term in v?h?, but not the 4" order term since it is independent of uh. Thus
the stability boundary in equation (II1.5) can be expressed by the relationship

Suppose we choose a step-length h;, such that
w = vh

On the boundary we have

We require the step-length to be chosen so that w is well inside the boundary,
thus we choose h; such that

w
—_— < 0.2
wB (hl )
i.e., we have
_th__. = 0.2
4/~8uh,

Hence, h, is chosen by application of the expression

g
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APPENDIX III

LISTING OF SOFTWARE PACKAGE

IMPLICIT REAL#=B(A-H)eREAL=B(D-2)
CUMPLEX%16 E(10)9C(10910)¢B(10910)9FI(109e10)9PHIILD910)¢GGI10910),
LQUEL0010) 9 QFI(10010)eF(2D)eWW(L15D)
CUMMON EoCoboFI oPHI 9GGoWQoOFIoF
CUMMON Al1(10910029A2(10910)9A3(10910)9A4(10910)9DL(10410)¢
1020104102 ¢D3110¢10)9D4110410)eH(20)¢QD1{10e10)eD2(10,10)
Z9All1(10410)
CUMMON W(200)9ZZ(10910)0LI(C1U)oERILOIIGILO0910)4Q(10+10)
CUMMON U(20920) o TIMEsHSoHSTEPEPS U
COMMON PFI(10910)9DFI(LN0910) 9y XINTALULO91lU)oXINTAC(10410)
LeYFIU(10910)sOYFI(1091lU)oYINTAL(L1D910)eYINTA2(10410)
COMMON KoMyMMKe TEIGe INUEX(L10) 9 JCUUNT(10)
LoKCUUNToIMFTHy NToMTWU
DIMENSION TIK(L10)oIK(1U)9DUM(100)¢X(10410)
READ DIMENSIUN OF MATRICES DEFINING THE PARTITIONING SCHEME
READ(Se%&)IKe M
MMK=M=-K
MTWU=M*M
LERO MATRICES Algese9sD4e
D0 3 [=1yK
DO 2 J=1leK
AllIyJ)=0e
2 DltleJd)=0.
00U 3 J=1lyMMK
A2(19Jd)=0e
D2(14J)=0.
A3lJel)=0.
D3(Jel)=0.
DU & I=]1oMMK
DU 4 J=leMMK
A4l 1eJ)=0.
D4(14J1=0.
READ NUN-ZERU ELEMENTS OF AlgsesecceeD4e
REAU(Se %) NEL
IFINELeEQ.OIGU TO S
READ(SeZ=) (TIK(L)oIK(L)oAL(TLIK(L)9IKIL))gL=1¢NEL)
READ(S¢%*) NEL
IFINEL<EQ.O)IGU TO &
READ(Se=) (TIK(L ) IK(LIoUL(TIK(L)oIKtL))gL=19gNEL)
READ(5¢%) NEL
IFINELeEQ.GIGOU TO 7
READIS«Z) (TIKIL)oIKIL)oA2(TIKIL)oIK(L))oL=1gNEL)
REAU(S5+%) NEL
IFINEL.EQ.0)GO TO 8
READ(Se#) (JTIK(L)oIKIL)oU2(TIK(L)oIKIL))gL=1¢NEL)
READ(S5+%) NEL
IFINELeEQ.OIGU TO 9
REAVDISo#) (TIK(L)oIKIL)9AZ(TIKI(L)oIKIL))oL=19NEL)
REAUISe*) NEL
IFINELEQ.OIGO TO 11
READ(Se=) (TIK(L)oIK(L)oO3(TIK(LIGIKIL))oL=1gNEL)
READ(S5+%) NEL
IFINEL.EQ.O)GO TO 12
READISoZ) (TIKIL)oIKIL) 9AGITIK(L)9IKIL))oL=1gNEL)
READ(Se%) NEL
IFINEL.EQ.O0IGU TO 13
READ(So#=) (TIK(L)oIKIL)oOG(TIK(L)9oIK(L))oL=1¢NEL)
READISe®) NTELeHINT
REAV(5¢%) IMETH
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C CLOMPUTE UR READ THE ®RANGE UF H FUR TESTING STABILITY.
00 10 I=1¢NT
10 HUTI)=EL + DFLUATI(]-1)%HINT
IF(HINT ) eEQeO)IREAULSex=)(HIT) 9l=19eNT)
C SceT UP STEP LENGTHS
IF(NTeNEel)GO TU 18
H(2)=1e500=H(1)
NT=¢
C wRITE UUT INPUT UATA
1 WRITE(6419)
19 FURMATIZ2X9"INPUT UATA®9/9cX9l0(1He)s/)
WRITE(6915)KeM
WRITE(6921)KeK
21 FURMATI(2X9'Al MATRIX=('9I2¢" X*9[249%)")
CALL QUTPUT (Al ¢KeKy9X)
WRITE(H5922)KeK
22 FORMAT(2X9'D]l MATRIX-("9I29* X% 9lce%)?)
CALL OQUTPUT (U]l 9KeKeX)
WRITE(6923)KeMMK
23 FURMATIZ2X9'A2 MATRIX=("9I29"' X'g124%)")
CALL OQUTPUT (A2 9KeMMKyX)
WRITE(6924) K¢ MMK
249 FURMAT(2X9'U2 MATRIX=("9129" X' yI29%)")
CALL OUTPUT (D2 ¢KeMMKyX)
WRITE(O 925 )MMKeK
25 FURMATI(2X9®A3 MATRIX=(*9I2¢" X'9I2+¢%)")
CALL OUTPUT (A3 sMMK 4K g X)
WRITE(H926)MMKe K
206 FURMATIZXs'0U3 MATRIX=(*9129°" X929 )")
CALL UUTPUT (U3 eMMKeKeX)
WRITE(592T)MMKe MMK
2T FURMAT(CXe®A4 MATRIKX=(*9Icle® X' 9I29%)%)
CALL OQUTPUT (A4 ¢yMMK ¢MMK ¢ X)
WRITE(6928) MMKy MMK
28 FURMATIZ2X ¢'D4 MATRIX-("912¢" X*9lcze®)?)
CaLL OUTPUT (U4 ¢MMK ¢y MMK ¢ X)
WRITE(6920)NTo(H(I) 9I=14NT)
15 FORMAT(2X9"K=" y1292X9"M="'412)
20 FURMAT (2Xo*THE "ol 29° STEPLENGTHS ARL='9/¢l0(2XeF6e4))
WRITE(64102)
WRITE(6914) IMETH
14 FORMAT(ZX9"IMETH="y11)
DO 16 [=1l9K
DO 16 J=1¢K
16 AlllIeJd)=All194)
C COMPUTE THE EIGENVALUES ANU MATRIX OF tIGENVECTORS FUR Al
WKITE(EL1 )
17 FURMAT(LHL)
CALL EIGUEN
WRIIE(64102)
102 FURMATULLH )
WRITEl 69 105)
105 FOKRMAT(10X9'EIGLENVALUES UF AL (COUMPLEX ELEMENTS) /910Xy 35(1H-))
WRITE(O9 110 (F(T)el=1en)
110 FORMAT(4(2R9*("gillebo s siclledo'))o/)
WRITE(64125)
WRITE(6,102)
C TEST THE ZERQS OF AlsIE WHETHER THE E/VALUES HAVE
C REAL PART NON=-POSITIVE

AP SR M 7 e
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[ST=0
IMST=0
INST=0
DU 36 I=1,4K
IF(JCUUNTI(T)I-1)31433,435
31 1IST=[S5Te1
GO TO 36
33 IMST=[MSTe1
GO 70 3e
35 INST=INST+1
36 CUNTINUE
IFCINSTANESUIGO Tu 60
IFUIMSTMNECO)IGD Tu 50
WRITE(6+40)
40 FURMATI(Z2Xy 64HZERCS OF Al HAVE =-VE REAL PARTe(L MATRIX WILL BE STAo
LLE FOR ALL + )
WRITE(0e102)
GO TO 70
50 WKRITE(64955) IMST
55 FORMATI(2X¢12¢74H OF THE ZEROS OF Al HAVE ZERD REAL PART G MATRIX W
LILL Be MARGINALLY STABLL )
ARITE(64102)
GU TO 70
60 WKRITE(6965) INSTeIMST
65 FUKMAT(2Xe 9HTHERE ARE913929H ZERUS WITH ¢Vt KEAL PART9ANDyI34956HZ
LEROS WITH ZERU REAL PARTTHUS G MATRIX WILL Bt UNSTABLE )
wWRITELGy102)
IMETH=1
IFlUeGEL0.DOIGO TU 70
WRITE(648¢)
STOP
70 CUNTINUE
FUR DISTINCTY EIGENVALUFS THt FUNDAMENTAL MATRIX
IS5 COMPUTED USING THE MATKIX JUF EIGENVECTURS UF Al
UR USING NUMERICAL INTEGRATION- USFR CHOICE.
FOR REPEATED EIGENVALUES THE FUNDAMENTAL MATRIX
IS COMPUTED USING NUMERICAL INTEGKATION ONLY
IFIIEIGEQLC)IGU TO 71
WRITE(69T5)
75 FORMATI(2Xy35HTHE EIGENVALUES OF Al ARE REPEATED
L1°G ANO Q WILL BE UBTAINED 3Y NUMERICAL INTEGRATION® )
ARITE(69102)
IFUINSTSLESUIOLOD Tu 72
WRITE(6,482)
82 FURMATI(2X¢*BOTH NeoI AND DIRECT METHUD FOR COMPUTING FUNDAMENTAL®
Le* MATRIX WILL FAIL®)
sTOP
71 WRITE(6473)
T3 FURMAT(ZXy*THE EIGENVALUES OF AL ARE ODISTINCT®)
WRITE(64102)
12 LL=NT
IFUIMETHOEQL1)GOD TO 74
CALL LAMBULA
T4 CONTINUE
IPASS=0
DO 100 IN=1,LL
TIME=H( IN)
80 IF(IMETH«EQ.2)G0U TO 84
C COMPUTE THE FUNDAMENTAL MATRIX FOR AlsAND THE MATRICES

alalaNalal
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C o AND w FUR THL KANGE OF H SPECIFIED AS INPUT
CALL FUND
b WRITE(64102)
WKITE(69111l4)TIME
1114 FORMATIi3Xe*'H="yFbe4s/)
GU TO Beo
C CUMPUTE GIH)+Q(H) OY NUMERICAL INTEGRATION
84 CALL NUMERTI(IPASS INeHINT)
WRITE(69102)
WRITE(H59493)TIMEWHS
93 FURMATI(Z2Xe'"H="yFbeb9®' NUMERICAL INTEGRATIUN STEFPLENGTH IS'9F9.6/)
86 WRITE(69115)
115 FORMATI(10X, U MATRIXY)
DU 132 II=1,K
WRITE(G6eLl11)IT ol IIeJd)ed=1l9K)
111 FORMAT(1HO92X9 *RUNW *9I2910(1XeELLe4%))
132 CONTINUE
WRITE(64125)
WRITE(G6y112)
112 FORMAT(10Xy *Q MATRIX?®)
DO 133 II=14K
WRITE(Oy LLL)IT o (QUIT9J)ed=19K)
133 CONTINUE
125 FORMAT(1H 9120(1H=-))
WRITE(64125)
C COMPUTE THE MATRIX D OF URDER 2M
CALL DMATRX
WRITE(69130)
130 FORMAT(10XeBHD MATKIK 1}
D0 131 II=14MTWU
WRITE(69L113)I1e(D(II0J)ed=1leMTHU)
113 FURMATULHUO9ZX 9 " RUOW *91291001XeFlle4) o/ e9XelUlLX9ELLled))
131 CIONTINUE
WRITE(G69125)
135 FORMAT(LIH +120(1H%))
C TEST THAT THE EIGENVALUES UF D ARE IN MOOULUS LESS THAN UNITY
CALL MOOEIG
WRITE(69140)
140 FOKMAT(10X9*EIGENVALUES OF DO (COMPLEX ELEMENTS)*y/»
110X935(1H=-))
WRITE(G69110)(F(II)eII=1eMTWO)
IFIKCUOUNT «GT<0)G0O TO 87
WRITE(6485)TIME
85 FURMATI(Z2Xey *ALL THE EIGENVALUES UF D HAVE MODULUS LESS THAN OR Fy
LUAL TO UNITY FOR H="esFbeby * SCHEME IS STABLE FCR CHOICE OF H*)
WKITE(649135)
GO TO 100
87 WRITE(6990)TIME ¢y KLOUNT
90 FURMAT(¢Xye OHFOR H=Fbe49lHy 13y * OF THE cIGENVALUES UF D HAVE MOD
LULUS GPEATER THAN UNITYSTHEREFORE CHOICE 1S UNSTAELE FOR THIS H')
WRITE(SE9110)(FUINUVEXTITI)) oI 1=19KCUUNT)
WRITE(04135)
100 CUNTINUE
sSTOP
END
SUBROUTINE cIGEN
IMPLICIT REAL#B(A-M)oREAL*8(0~2Z)
COMPLEX®16 (L0 )+Ct10910)¢B(10910)eFI(10910)ePHIILNZ1U) +GGL104102,
I1QUIL0910)4QFT(10910)eF(20)9WWL150)

|
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CUMMON EvCoBoFT oPHI 9yGGoUQeQFIoF
COMMON Al(10¢410)¢A2110,10)9A3110510)9A4(10s10)9D1(10410),
102010910)9C3010910) 4041 10¢10)9H(20)9QuUL{10910)9WD2(10410)
2eAl1(10410)
CUMMON W(200) 9221109100 otT (10} 9ER(L1C)9(G(10910)+Q(10910)
CUMMON D1 20920) o TIMEeHSyHSTEPSEPSHU
COMMON PFI(10910)9DFI(10910)oXINTAL(L1O91U)eXINTAL(10410)
LeYFI(L10910)+eDYFI(L10910)yYINTAL(10910)9YINTA2(10410)
CUMMON KeMeMMKy TEIGe INDEX(LO) 9y JCOUUNT(10)
LeyKCUUNT o IMETHy NToMTWO
CUMPLEX#16 Y(10410)
CALL CNVRT (1Y)
CALL DIST
1F (IMETH«EQe2)RETURN
IF(IEIG.EWeV)ILO Tu 10
IMETH=2
RETURN
10 DU 17 I=14K
DO 17 J=14K
WEL)=DREAL(C(IvJ))
W(2)=DIMAGIC(IsJ))
IFLDABS(W(L1)) el TeleD-14)W(1)=0.D0
IFIDABSIWI(2)) el TeleU=14)W(2)=0e00
17 CUIeJ)=DCMPLXIW(L)ewWl(c))
20 CALL CNVRT (2,4Y)
RETURN
END
SUBROUTINE DIST
IMPLICIT RecAL*®BUA~H) 4REAL=8(U-Z)
COMPLEX*16 E(L1D)9C(10910)9B(10910)eFI(10e10)esPHII1N910)¢GGI10410),
1QUEL10910) 4QFI(10910)9F(20)9nW(150)
CUMMON EvCoBeFIoPHI ¢GLeQQsOFI oF
CUMMON AL(10910)9A201091U)9A3(10910)9A4(10910)9D1L(10410)
1020109101 903(10910})9C4(10910)eH{201eGUL{10+910)9QDC10,410)
29A11110410)
CUMMON W(2U0)9Z2Z2(10910)9ET(1U)9ER(L1O0)¢G(Li0910)19Q(10+10)
COMMON D(20420) o TIME9HSyHSTEPLEPSHU
COMMON PFI(10910)9UFI(10910)eXINTAL(LD910)eXINTA2(10,10)
LeYFIU10910)9sDYFI(10910)eYINTALI10410)9YINTA2110410)
COMMON KeMeMMKy TETGe INDEX(10) o JCOUNT(1D)
LeKCUUNToIMETHy NToMTWU
I1u=0
[VI=200
[VIST=0
DO 20 [=1,4K
JCOUNT (1) =0
EICI)=DIMAGIE(]I))
ERII)I=DREALIE(I))
C TEST STABILITY bY CUNSIUERING ZERQOS OF Al.
IFIER(I)elLT«0.00)1G0 Tu 20
JULOUNTI(I) =1
IFIERII)«EQe0.DOIGO TU 20
JCOUNTI]1) =2
20 CONTINUE
C TEST FOR REPEATcD EIGENVALULS DF Ale
TEIG=0
IFIKeEQs1)GO TO 35
KMl=K~-1
DU 30 J=1yKML

B
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JPl=zJel
Du 30 [=JPlsK
1T (ER(J) ebEGetKLT))ID=T
TECELUY) abgeb LTI IDI=])
IF(IUebU LI ITLIG=LE LG
30 CUNTINUE
35 CONTINUE
RETURN
END
SUBROUTINE FURND
IMPLICIT REAL®B(A-H)sREAL®B(0D=2)
CUMPLEX*#16 ECL0)9Cl10910)oB(109l0)9FI(L10910)ePHI(L10910)9GG(10910),
LQUUL0410) eQFI(10910)eF(20)yWW(150)
CUMMON EoCoboFIoPHI 9GGoQQsQF I 4F
CUMMON A1(10410)9A2(10910)9A301041019A4(10910)401(10410)+
1D2110410)9C31010910)9¢D4(10910)sH(20)90D1(10910)9uDc(10410)
29A111(10410)
COMMON W({200)92Z(10910)¢EI(LOU)9ER(1D0)9G(10410)4Q(10910)
CUMMON D(20920) s TIMEJHSsHSTEPEPS U
COMMON PFI(10910)+s0FI(10920) e XINTALI10410)¢XINTAZ(10410)
1eYFIT10010)oDYFI(LD91O0)eYINTALILIDe1lU)oYINTA2(10410)
CUMMON KoMoeMMKy TEIGy INDEX(LD)yJCOUNT(10)
LeKCUUNT g IMETHy WTeMTWU
C CREATE A ODIAGONAL MATRIX
LERO=0,
DU 20 I=14K
FI(1eI)=0.D0
IFLER(I)elLTo0eD0IGO TO o
IF(EI(I)alLTe000)60 TA 6
5 FIClel)=COEXPLELI)=TIME)

Gu 10O 7
6 [FICDABSUE(L)TIME) «LTe1l79.00)1GO TO 5
T IF(CDABSI(E(I)) «EQeZEROIGU TO 10
QFI(I9II=(FI(L1eI)~14DQI/E(T)
Gu TD 15

10 QFI(LeI)=TIML
15 DO 20 J=1,4K
IF(JaEQel )IGU TO 20
FI(I+J)=0e
QFI(19d)=0e
20 CONTINUE
CALL ODCMPY((CoKeKoeFI yKyKygPHI)
CALL OCMPY(PHIsKoKeBoKoKobLG)
C CUOMPUTE MATRICES G AND W
CALL DCMPYIC oKoKoQF IoKoKoPHI)
CALL DCMPY(PHIsKsKeboKeKeUQ)
IMo=0
IMyU=0
V0 50 J=19K
0N S0 I=1l+K
DL=DIMAGIGGLTI4J))
Ou=0IMAGIQU(TIJ})
IF(DABSIDG) «GT41eD=3) IMG=IMG+]
IF(DABS(DQ) euTelaN=3) IMQ=IMQ+1
50 CONT INUE
IFLIMGaGTAOIWRITELH960) IMG
IF(IMQeGTAUIWRITELGTO)IMO
60 FORMAT(3X9129" DOF THE IMAGINARY VALUES OF G MATRIX HAS A VALUE
L GREATER THAN 1E&-3')

TN e T L i
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FORMAT (3Xei29° OF THE IMAGINARY VALUES OF U MATRIX HAS A VALUE
1 GREATER THAN 1£-3°*)
0U 80 J=14K
DU 80 I=1,4K
GUIleJ)=UREALIGG(I9J))
QElod)=DREALIQO(TIVI))
RE TURN
ENUL
SUBROUTINE UMATRX
IMPLICIT RFAL#8(A-H) +RFAL%8(0-2)
CUMPLEX*16 E(L10)eCUL1091UN9BLI10v10)eFI(10910)sPHI(L10410)9GGI10910U),
1QQU10910) 9QFI(10910)9F(20)eWW(150)
CUMMON E9CoboFI oPHI 9GGLeQQ9QFI oF
CUMMON AlLl(104910)9A2110410)9A3110910)9A4110,10),D1(10,10),
1D2110910)903010910)904(10910)9H(20)9QDL(10910)9eQuD2(10,4,10)
29A11110410)
COMMON WI(200)9Z22(10910)9ET(LUNQERILIO0)9G(10910)4Q(10+10)
COMMON 01204200 o TIMEIHSyHSTEP9EPSHU
COMMUN PFI(L10910)90FIUI0g1U)eXINTALIL10410) e XINTAZ(10,410)
LeYFI(1D410)eDYFI(10910)9YINTAL(10410)9YINTA2(10,410)
COMMON KyMyMMKy TEIGe INDEX(10)s JCUUNT(10)
LeKCOUNT o IMETHe NT¢MTWU
MPLlL=M+]
MPl=M+1]
MMK=M-K
Kl=Kel
CALL OMMPY(UWsKeKsD1leKeKyQU1)
DD S0 J=1+K
V0 15 I=149K
O(Led)=G(Ied)
DUI*MeJ)=QLLI]IJ)
JO 2U L=K1l¢M
[=L-K
DILeJ)I=TIME=(A3(I9J)*U3(19J))
DIL*MyJi=Ve
CUNTINUE
DU 30 I=1¢MMK
QDLtJsI )= A2(J91)+D2(Je])
CONTINUE
CALL DMMPY(QeK9Kedul 9oKeMMK4QD2)
00 70 J=1¢MMK
DO 60 [=14K
L=J+K
D(IeL)= QD2(14J)
D(1+MeL) =0
DU 70 I=KleM
L=Jd+K
I1I=1-K
DUIoL)=TIMEZD4(II4J)
DOI*MoL)=TIMEZAG(II4J)
CONTINUE
DO 80 I=K1¢M
O(I41)=D(1gl)¢le
CONTINUE
D0 100 I=1¢4MTWO
DO 90 J=MPLlyMTWO
D(IeJd)=0. |
IF(TI«GT«MIGO TO 100 |
Dllsiem)=]la,
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100

10

20

10

15

16

17

14

CONTINUE

RETURN

END

SUBROUTINE MOOEIG

IMPLICIT REAL=B(A-H)REAL®=E(0-2)

CUMPLEXZ16 E(L10)9Cl10410)9B(1091l0)eFI(10910)ePHI(L0910)¢GG(10910),
1QQ(10910) 9QF I (109 10)eF(20)enWW(150)

COMMON EoCoboFI oPHI 9GGoUQWQFI oF

CUMMON Al1(10910)9A2(10510)9A3(10410)9A4(10910)4¢D1(10410)
1020109100 ¢D3(10910)904110910)9H(20)9QLDL(10910)9euD2(10,10)
2¢4A11(10410)

COMMON WI(200)922(10910)9ET(10)4ERI10)9G(10910)+Q(10910)
COMMON D(20920) o TIMEZYHSyHSTEPGFPSyU

COMMON PFI(10910)9DFI(10910)oXINTALILOD910)oeXINTAZLI10,10)
Lo YFI(10910)sDYFIULO9lU)eYINTAL(10410)9YINTAZ(10,410)

CUMMON KoMeMMKy TEIGe INDEX(10)9eJCUUNTI(10)
LyKCOUNT9IMETHy NTyMTWO

COMPLEX%16 Y(104,10)

M2=MTWO
KCOUNT=0
ONE=1.D0

VO 10 I=1leM2

INVEX(1)=0

CALL CNVRT (3,Y)
DO 20 I=14M2
IF(CODABS(F(I))eLEONE)GU TD 20
KCOUNT=KCOUNT+1
INDEX(KLCOUNT I =I
CUNTINUE
RETURN
EnD
SUBROUTINE CNVRT (I,Y)
IMPLICIT REAL*=B(A-H)REALES(0-2)
CUMPLEX=16 E(L10)oCILi0910)9B(10910)eFI(10910)ePHI(L0410)eGLI10410),
LQUC L1091 0) 9QFI(LUe10 ) e (20} 9 nW(150)
CUMMON EeCoBoFIoPHI 9GGoWQQF I oF
CUMMON AL(1091000A2%1091U0)9A3(10910)9A41(10910)¢D1(10510),
1020109100 903(10910)904(10910)9H(20)9Q01(10+410)9QD2(10,10)
2+A11(10410)
CUMMON W(200)92Z(10910)9ET(10)9ER(LO)9G(10910)9Q(10010)
CUMMON D(20420) o TIMEGHSoHSTEPJEPS U
COMMUN PFI(10¢10)¢DFI(10510)oXINTAL(LO091G)9XINTAZ2(10410)
LoYFI(10910)oDYFL(LO9lU) g YINTAL(LIO9w1UD9YINTAZ2(10410)
CUMMON KeyMeMMKe TEIGy INUEX(10)4JCOUNT(10)
LeKCOUNRT o IMETHy NToMTWO
COMPLEX% 16 Y(KyK)
IFTI-2)10420430
CALL EIGRF(ALy KeolU929E9Co1lO0OgWyIER)
WRITE(G6915)IER
FORMAT(2Xe *ERRUR PARAM_TER FKOM ELGENVALUE ROUTINE HAS THE °
Le*VALUE *9134/)
IF(W(]1)eGE1DO)GO 10 17
WRITE(6416)
FURMAT(2X 9 *THE EIGENVALUE ROUTINE PeRFOKMED WELL®9/)
GO TO 40
IF(W(1)«GTe100.00)GO TO 19
WRITE(6418)
FURMATIZ2X 9" THE EIGENVALUE RUUTINE PERFORMED SATISFACTURILY®' /)
GU TO 40
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19 WRITE(H421)
21 FORMAT(2Xe*THE EIGENVALUE ROUTINE PERFOKMED POORLY® /)

SU TO 4Q
20 00 2 TI=14K

D0 2 J=14K
2 YUIIeJ)=ClI1eJ)

U=le

CALL MA23BU(YsKoKeWWoU )
IF(U«GE«0.D0)GO TO 3
IMETH=2
WRITE(6480)
80 FORMATI2X9*MATRIX INVERSION RUUTINE HAS PRODUCEC UNRELIABLE RgSuLT
1S%9/92Xy* THEREFURE NUMFRICAL INTEGRATION METHOO WILL BE USEDe'y/)

GO TO 40
3 OU 5 II=1yK
00 5 J=1lsK
5 B(ILed)=Y(I14J)
GO TU 40
30 CALL EIGRF (DeMTWU920909F9Z2Z2910eWeIER)

WRITE(6415) [EK
40 RETURN
eENO
SUBRUUTINE DMMPY(DPMLyMMMeNNNL yDPM29NNN29LLL 9DPRES)
MATRIX MULTIPLICATION

DPM1L == INPUT IS AN MMM X NNNI MATRIX

BUT IS GURVERED BY THE CUMPUTER AS A 10%10
DPM2 == INPUT IS5 A NNNZ2 X LLL MATRIA

BUT IS5 URDEREDL BY THE CUMPUTER AS A 10%10
DPRES == UUTPUT IS5 AN 10 X 10 SQUARE MATRIX

Ne Be INPUT MATRICES UF URUER ¢

IMPLICIT REAL*B(A-H) 4 REALF810-2)
OIMENSIUON OPMLU10410)4DPM2ILL10410)¢DPRcS(10910)

CHeCK THAT DIMeNSIONS uK
IF(NNN1.NE«NNNZ2) GO TO 70

DU 50 K=lsLLL
OUTSIDE LooOP

DO 50 I=1eMMM
INSIDe LOQP

BUILD EACH ELEMENT OF THE PRODUCT
CTEMP=0.
DO 40 J=1sNNN1

COLUMN®ROW
CTEMP=CTEMP + DPMLII+J)=DPM2(JsK)
40 CONT INUE

50 DPRES(I¢K)=CTEMP
RETURN

INPUTS NOT EQUAL
70 WRITE(69201 )NNNL1y¢NNN2
201 FORMAT(1Xe* UMMPY ULDIMENSIONS FED Iil NOT COMPATIBLE FOR *,
1 /¢® MULTIPLICATION == EXECUTION TERMINATED® o/¢e2Xe*NNN1=",
2 1395Xe"NNN2="413)
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STuP
END
*ﬁ‘ SUBRUUTINE OCMPYLCUMPLL yMMMoNNNL 9CUMPLZONNINZ2 9LLL yCMPKE 5)
C CUMPLEX MATKRIX MULTIPLICATIUN
C CumMpPL L -= INPUT IS AN MMM X NNNL COMPLEX MATRIX .
C BUT IS URDEKEDL BY THE COMPUTER AS A 10%10
C CUMPLZ == INPUT IS A NNNZ2 X LLL CUMPLEX MATRIX
C BUT IS ORDERED oY THE CUMPUTER AS A 10*10
C CMPRES -= OQUTPUT IS AN 10 X 10 SQUARE CUMPLEX MATKIX
C Ne Be INPUT MATRICES OF URDER 2
C
COMPLEX®16 COMPL1(10910)eCOMPL2(10910)osCMPRESI10910)9CTEMPoCMPLA
C
C CHECK THAT DIMENSIONS OK
IFI(NNNL<NE«NNNZ2) GU TO 70
C
DO 50 K=lelLLL
C OUTSIDE LOOP
00 50 I=1l.MMM
C INSIDE LOUP
C
C BUILDO EACH ELEMENT UF THE PRODULT

CTEMP=CMPLX(0Ds9Ue) .
DU «0 J=1sNNNI1

C
C COLUMNZ=ROW
CTEMP=CTEMP ¢+ CUMPLL(I4J)=CUMPLZlJYK)
40 CONTINUE
C
50 CMPRES(I+K)=CTEMP
C
RETURN
C
C INPUTS NOT EJQUAL

TO WRITE(69201 )NNN19NNN2
201 FORMAT(L1Xe®* OCMPY DIMENSIONS FED IN NOT COMPATIBLE FOR °*,
1L /¢* MULTIPLICATION ~= EXECUTION TERMINATED® 9/ 92X *NNNL1=",
2 I13¢5Xe*NNN2=°413)
STOP
END
SUBROUTINE NUMERI(IPASSeINGHINT)
IMPLICIT REAL*=B(A-H)REAL*B(0-Z)
COMPLEX#16 £(10)9l(10910) 9B (10910 )oFI(LO0910)sPHICLO0410)oGG(10910)
1QUU10910)9QFI(10910)eF(20)9WWI150)
CUMMON EsCoBoFI oPHI ¢GLeQQ9QFI oF
COUMMON Al1(10910)9A2(10910)9A3(10910)9A4(10910)9DLL10910),
LD2110910)903(10910) 904 (109100 9H(20)9Q01(10010)9&D2110,410)
29A11110,410) :
CUMMON WI(Z00)9ZZ(10910)9ET(LIU)GERIL10)eGI10e10)4Q110910) %
COMMON DU 204920) o TIMEGHSoHSTEPWEPS9U . :
COMMUN PFI(10910)90OFI110910)¢XINTALI10010)9XINTA2(10,10)
LoYFIU10910)9yDYFI(10410U)oYINTALILO0910)9YINTA2(10410)
CUMMON KoeMoMMKy TEIGe INDEX(LO)9JCUUNT(LO)
LeKCOUNT o IMETHy NToMTWO
C PERFORM NUMERICAL INTEGRATION PROCESSES Tu
C DETERMINE MATRICES G AND e
DIMENSION UNIT(10410)
IFUIPASS«NE.OIGO TO 40
C INITIALIZE VARIABLES FOR SINT.

‘ B"“-----—b—» I et
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C CALCULATE STEP-LeENGTH FOR NUMERICAL INTEGRATION INTEKVAL.
LSTEP=0
TAU=0.00
DO 10 I=1¢K
D0 5 J=1+K
b UNIT(IsJ)=0.00
10 UNITUIsI)=1.00
DU 15 (=14K
DU 15 J=1yK
PFI(IJ)I=UNIT(I4J)
XINTAL(ILoJI=UNIT(1ed)
XINTA2(1+J)=0.D0
DFI(IgJI=ALL1I9Y)
YFI(I4J)=0.00
DYFI(IeJ)=UNIT(14J)
YINTAL(I+J)=0.D00
15 YINTA2(I9J)=0.D0
40 IFILSTEPGT0)GO TU 45
CALL STEP (INJHINTLLSTEP)
45 NAM=-]
IPASS=1
TAU=TAU+HS
50 IPASS=-1PASS
CALL SINT(IPASSoNAM)
IFINAM) 52452054
52 CALL OMMPY(AlloKoKePFIl 9yKeKyUOFI)
GO TO 60
54 DU 56 [=1¢K
DO 56 J=14¢K
S6 OYFI([eJI=PFI(IeJ)
60 IF(IPASS.LT.0)GO TO SO
NAM=-NAM
IFINAM.GLT L0)GO TO SO
TAU=TAU+HS
IF{TAULESTIME)GO TU 50
TAU=TAU-HS
DO 70 I=14K
DO 70 J=1¢K
GlIeJ)=PFI(IvJ)
70 QUleJ)=YFIlIsJ)
RETURN
END
SUBROUTINE STEPILLeHINTJLSTEP)
IMPLICIT RCAL%*B(A-H) ¢REALZ8(0=-2)
COMPLEX%=16 £(10)9CL10010)eBlL0s10)9FI(10910)ePHI(L0410)¢GG(L0g1UY
1QUU 109101 eQFIL10010)eF(20)eAWt]150)
CUMMON E9CoboFI oPHI 9GCLeJdQeQF I oF
CUMMON AL1(10910)9¢A2(10910)9A3(10910)9A4110910)9D1(10410)
LD21109101903(10910)9D4(10410)9HI20)9QD1(10910)euD2(10,10)
29A111010,410)
COMMON WL200)92Z(10910)9EI(10)+ER(10)9eG110910)+QL10e10)
COMMON U(204920) o TIMEWHSsHSTEPJEPSHVU
COMMON PFI(10910)eDFI(10910)oXINTAL(L10410)¢XINTA2(10,10)
19 YFI(10910)9DYFI(1091U)eYINTAL(LO910)9YINTAZ(10410)
COMMON KoMoMMKe TclGe INUEXKIL10)JdCUUNTLL0)
1oKCOUNT S IMETHy NTyMTWO
C ESTABLISH STEP LENGTH FUR NUMERICAL INTEGRATIUN FuUR
C STABILITY AND ACCURACY OF NUMLRICAL SULUTION.
C SUPPLY STEPLENGTHeHSeFOR EACH INTERVAL (H(Tel)oH(I))e

e
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IF(1GTe2)GU TO S0
IF(I«GTel)GOD TO 20
HH=H(1)
GU TO 21
20 HH=H(I)-H(I-1)
21 XVAL= HH /HSTeP
NSTEP =DINT(XVAL) ¢]
HS = HH JUFLOATI(INSTEP)
Gu TO 66U
SO0 IF(HINTeLEeUe)GU TD 20
LSTEP=1]
60 RETURN
END
SUBROUTINE SINT(IPASSesNAM)
IMPLICIT REAL%#B(A-H)¢REAL*=8B8(0-2)
COMPLEX%*16 £(10)9C(10910)9B(10010)eFI(10910)ePHI(L0910)¢GG(10910)y
1QQ(10¢10) ¢QFI(10910)eF(LO) e WW(150)
COMMON EoCobDoFI oPHI 9GLewNsQFI oF
COMMON Al1(1091009A2(1091U)yA3(10910)9A4(10+10)2401(010410)+
102( 109100 ¢03(10e1U) 9DG( 10910 oH(20)9QULIL0s10)9euD2110,410)
29A11(104,10)
CUMMUN WI(200)1922(1G910)skT(1U)¢ERIL10)»6(10910)9Q(10910)
CUMMON D(20920) o TIMESHSIHSTEPSEPSyU
COMMON XIMT(10910) oDXINT(10910) o XINTAL(10910)eXINTA2(10,10)
LoYINT(10910)9oDYINT(L0910)9YINTALUL10910)9YINTAZ(10,410)
CUMMON KeMeMMKy TEIGeINDEX(10)9JCOUNT(10)
LeRCOUNT o IMETHy NToMTWU
HON2=HS/200
IF(IPASS)Llel,43
1 IF(NAMeGTO0IGO TO 15
DO 4 [=1,4K
DO 4 J=14K
XINT(I@JI=XINTAL(T o) +HSEDXINT (I 9J)
4 KINTAZ2(1 9Jd)=0XINTU14J)
GU T3 10
15 00 16 I=1¢K
uh 16 J=19K
YINT(IoJ)=YINTAL(I 9J) ¢HSH=DYINT(I4J)
l6 YINTAZ(1+J)=DYINTU(I yJ)
GO 1O 10
3 IFINAMGT0IGD TU 25
QU T I=1¢K
Ul T Jd=14K
XINT(TgJ)=XINTAL(T oJ)¢HONZZ(XINTAZ( I o JI*UXINT(I0d))
1 XINTAL(T oJ)=XINT(I 9d)
50 1O 10
2% 0U 18 I=1,K
VO 18 J=1+K
YINTUIgJ)I=YINTALII 9J)*HON2=IYINTAZ2II9J)+UYINTUIJ))
18 YINTALUI9J)=YINT(19J)
10 CONT I NUE
RETURN
END
SUBROUTINE LAMBDA
IMPLICIT REALTB(A-H)oREAL%=8(0D-2)
COMPLEX#16 E(LC)IoCtL001U) 9BI10910)oFI(L10010)ePHI(LO10)sGu(1041U0)0
LOQI10410)9QFI(109L0)9sF(20) 9nW(150)
COMMON EsCosoF I oPHI 9GO wQoQOFI oF
CUMMON AL(1O091UIeA2(109100+A3(10910)9A4(10510)24D1(20410),




10

15

16
18

20
30
40

50

- 55 - WRE-TR-1882(A)

10201001 0) 9030100 U)gD4l1091U)9HI(20) 9QULIL1UP10) 9D 1Cs1U)
2eAl1(10,101
CUMMON W(200)9Z2Z2(1Usl0)yETIL10)9ER(LO0)9uL(10410)9Q(10910)
COMMON D(20920U) o TIMEJHSIHSTEPEPSHU
COMMON PFI(10910)euUFI(L10010)eXINTALI10910)oXINTAZ110,410)
Lo YFI(L1091U)oDYFI(10el0O)oYINTAL(LO9lU)eYINTAZ(10910)
COMMON KyMeMMKy TEIGeINDEX(LO)9yyCUUNT(LG])
Loy KCOUNT o IMETHy nNToMTWO
DIMENSIUN HNO(10) oHNIL1O)
NTiLi=NT=-1
HUSER=H( 1)
DO 10 I=1eNT1
HSTAB=H(I*¢]1)=-H(I)
IFI(HSTABSLTeHUSER) HUSER=HSTAD
CONTINUE
WRITE(6915)HUSER
FOURMATIZ2X9"MINIMUM USER STEPLENGTH INTERVAL IS *ytl3en)
EPS=06100
IFLER(1)ecQe0eD0UILO TU 16
HMIN =(=-2.D0%EPS)/ERI(])
G TO 18
HMIN=2000.00
DD 100 I=14K
IFIER(L) eEQeQeDO)GU TU 20
HNO( [)={-24DO%*EPS) /ER(])
L0 Tu 30
HNO(I)=10.00
IF(ELLI))IL00440450
HNI(I)=10e00
L T 70
IFIHNO( 1) eEVe 10eliu) GO TU 00
OMB=(~84D0RER(I )#=HNUI L) ) F%0425
VH=LEL (L) #HNO(T ) ) /0OMB
IF(VHeGEeDecDO)LO TUu o0
HLAM=HNO(])
GU TO 90

60 OUM==tR(II/(EI(]I)*%4])

PSI=3eUC*((24DU*LPS) %%4)
EXPN=1e00/3400
HNICL) =(OM&PST ) ==L XPN

70 HLAM=DMINL (HNO(1) yHNI(TI))
90 IF(HLAMeLT<HMINIHMIN=HLAM
100 COnWTLNUE

HSTEP=OMINL(HMINyHUSER)
WRITE(o0e 105 IHSTEP

1U5 FORMAT(2X9*Nele STEPLENGTH FROM S/K LAMBUA IS 'stl3e6)

RETURN

eNO

SUBROUTINE UUTPUT (XXgeLeNeX)
IMPLICIT REAL®3(A-M)REALZB(0-2)
DIMENSIUN DUMMY (20) o XX(10910) 9 X(LeN)
DU 2 1=1lsL

DO ¢ J=19N

XtIed)=XX114J)

DO 10 I=1lyL
WRITE(GeSIIX(TIeJled=1eN)
FORMAT(LIH s10(F9e292X))

10 CONTINUE

WRITE(6015)

15 FORMAT(1A9400(1Hs))

RETURN
END
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A1, D1
A2, D2
A3, D3
A4, D4

Al1l

KK

MKMK

EL

HINT

IMETH

ER

EI

JCOUNT

i RB
APPENDIX IV
LIST OF VARIABLES USED IN SOFTWARE PACKAGE

This family of real matrices form the analogue and digital pairs
which describe the partitioning scheme being tested. The row

and column dimensions in the calling program are 10 for each '

matrix. The actual size of each matrix is defined by the user
for his problem.

Stores Al which could be lost during execution of the IMSL
eigenvalue routine EIGRF.

Number of first order d.e.'s in the system, X = Ax, once reduced.
(M2 K+1).

Actual row or column size of Al, D1 (K < 10).

= K x K; number of elements in Al, D1.

K x (M-K) number of elements in A2, D2, A3, D3 (M-K < 10).

]

(M-K) x (M-K) number of elements in A4, D4.
2M (2M < 20).

Real vector of length NT containing the user values of step-
length for testing the partitioning scheme.

Length of the vector H.

first element of H; defined when the required step-lengths are
at equal time intervals. :

Time interval between successive step-lengths Hi and Hi+1 when
EL is defined.

= 1 The eigenvalue method is used for computing, ®, G, Q.

= 2 The numerical integration method is used for ¥, G, Q.

The user defined value for IMETH can be overwritten by the
program depending on the value assigned to IEIG.

Complex vector of length K containing the eigenvalues Ri of Al.
Real vector defining the real part of E.

Real vector defining imaginary part of E.

Complex matrix of order K x K of eigenvectors of Al.

Inverse matrix of C. .

Working space, dimensioned at least (2 + K) x K, used in the
library routine EIGRF.

Vector, of length K, which is used to print the results of the
stability analysis of G.




INST

IEIG
TIME

FI

QFI

PHI

GG

NOTE*

NAM

IPASS

TAU
EPS
HNO }
HNT
HUSER
HMIN

IST
IMST }
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Counters for recording whether each eigenvalue of Al has
negative, zero or positive real part. The result defines the
stability of G.

Counter for accumulating the number of repeated eigenvalues Xi.

IEIG = 0 means the Xi are distinct.
Set to Hi for i = 1,...,NT.

Complex matrix defined by (exp(klh),...,exp(kkh)).

()‘lh)-l (kkh)-l
Complex matrix defined by <exp-——x———,....exp x )
1

Complex matrix defining (i) CxFI when computing G(h) and
(ii) CxQFI when computing Q(h).

PHI x B for (i) above.

PHI x B for (ii) above.
GG and QQ are complex matrices. It is expected the imaginary
part of these matrices will be less than 1073,

FI,QFI ,PHI,GG and QQ are all defined in subroutine FUND for a
range of step-lengths defined by H. The order of each matrix
is K, while the row and column dimension in the calling program
is 10.

Real matrix of order K; GG for IMETH =
®(h) for IMETH

ot

]
N

Real matrix of order K; QQ for IMETH = 1
h

[ ®(7)dr for IMETH = 2

o
Both G and Q are defined for a range of step-lengths H.

-1; G being computed in numerical integration routines.
+1; Q being computed in numerical integration routines.

0 Set in Main for initialisation in integration routine SINT.

-1 Set in subroutine NUMERI for operation of the 'predict"
step of SINT.

+1 Set in S/R NUMERI for operation of the '"correct' step in
SINT.

Keeps tally of time from O to Hi for numerical integration.
Describes the accuracy of the numerical solution for ®(h).

Real vectors of length K, defining values of N.I step-length as
functions of kj, for j =1, ..., K.

Minimum step-length interval between elements of the vector H.

Minimum of HNO(j), HNI(j) over the j eigenvalues, Aj'

L)
b
t]
%
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HSTEP
HS
NSTEP

XINT

YINT

DXINT |
DYINT |

XINTA2 |
YINTA2

-~

XINTA1
YINTAI1

PFI
YFI
DFI

DYFI
2z
QD1

QD2
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Minimum ot HUSER, IIMIN, and defined as the numerical integration
step-length in subroutine LAMBDA.

N.I step-length based on HSTEP, but modified to suit the interval
(Hi' Hi+1) fori=1, ..., (NT-1).

Integral number of steps of length HS in the interval
.. H.. ).
i

Variable x(tn+1), computed in numerical integration routine SINT,

i+l

where
x(to ) x(t ) +h x(t,) for "predict" step
and
x(t ) = x(t)) + h/2(x(t)) + x(t _,)) for "correct" step.

Used for computing G(h).

Analagous to XINT, but used for computing Q(h).
Define i(tn) in SINT, for G(h), Q(h) respectively.

Hold previously computed values for DXINT, and DYINT
respectively from the 'predict" step in SINT.

Hold previously computed values for XINT and YINT
respectively from the '"correct'" step of SINT.

Defined in NUMERI as ¢(tn+1), and is equivalent to XINT from
SINT.

Defined in NUMERI as G(tn+1)’ and is equivalent to YINT from
SINT.

Defined in NUMERI as ¢(tn) = Al. ¢(tn), and is equivalent to
DXINT.

Defined in NUMERI as é(tn) = G(t_), and is equivalent to DYINT.
K x K working matrix

Real K x K matrix defined by Q x D1.

Real K x (M-K) matrix defined by Q x (A2 + D2).

Real 2M x 2M matrix which is a function of matrices G, Q, QD1,
QD2, A3, D3, A4, D4. Defined in Section 3.2.

Complex vector defining 2M eigenvalues, “i' of matrix D.




KCOUNT

INDEX
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Counter defining the number of "i’ with modulus greater

than unity.

Vector for storing the value of those “i’ with modulus

greater than unity.

EE—

o PR R NENS
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APPENDIX V
SOLUTION TO THE EQUATION Xx(t) = Bx(t) + Cu(t)
Consider the general equation
x(t) = Bx(t]) + Cu(t) v.1)
and let X(t) be a fundamental matrix of the n x n system
x(t) = Bx(t),

i.e. X is a matrix such that its n columns consist of n linearly independent
solutions to the system. Then, by definition, X(t) satisfies the matrix
differential equation

—d—.dxgt) = BX(t) (v.2)

A fundamental matrix is always non-singular (by definition), and is uniquely
determined for a given set of initial conditions(ref.4).
We must prove that the solution for (V.1) is

t
x(t) = X(t) X (0) % / X(t) X&) cu (¢) &
0
s BT m >y ¥D) , say
complementary particular
solution solution
with
x(0) = Q.

To establish this, we need only prove that the particular solution, y(t), satisfies
equation (V.1), since the complementary solution is well established(ref.4).
That is, we have to show

%Q_ = B y(t) + Cu(t) (V.3)
Put
v(t) = X(t) Z(t)
:"--.--'-'-""'”’ e
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Then

X = XZ+Xi
'ﬁ = BXZ + XZ from cquation (V.2)

= By + xé
We have from equation (V.3)
X = By+Cy
" we must have

X2 = Cy

1.€.
% i X '(t) Cu(t)
t -
Z(t) = [ X' (§) Cu(t) dE
(o]
and
x(t) =

t
f X(t) X' (§) cu(¥) d
(o]

Choose X(t) such that X(0) = I. By definition, since X(t) is unique,

X(t) = e°t
Also, by definition,
X1E) = o o x(-b)
and hence
: xe) X'y = ) . oxe -
| Thus

t
xt) = [ X(t - £) cu(¥) d
o

g A AL A W R i =,
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and

%
P x(t) = X(t) % +j X(t - £) Cu(¥) d&

o
If u) = !N = constant, say, and t = h

h

gh) = X %o+ [ XCh - ) dk Cuy

Yo

Replacing h - by 7, it can be shown that

h
xh) = X x ¢ XO) dr Cy
‘o

However, any fundamental matrix, 9(t), for the system, can be written as the
product of the unique matrix X(t) and a non-singular constant matrix C.

i.e. ®(t) = X(1)C
Thus
c = &' (0)
and
X(t) = @) ¥ (0)
giving

h

x(h) = Ph) ¥'(0) g + / ®(r) ¥Y0) dr Cy

(8]
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APPENDIX VI
RESULTS OF APPLICATION 5.1
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APPENDIX VII
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WRE-TR-1882 (A)

Figure 1
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Figure 1. Partitioning scheme for general solution
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Figure 2
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WRE-TR-~1882 (A)
Figures 3 § 4
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Figure 3. Block diagram of tracking radar simulation

A/D -—

¢DM = f(wv ‘pM. Zl)

i| = N’DM: ¢|' \"M) b

Y i wl g .3(WDM+WM)

/ ’ | Z)

KT, 7 Y| ¥ v

A Ay z; = hiy oM :
TAJ TAS 23 = 1{v, 23)

A foncg

-, TSR ——— |
. woi D/A
W|

Figure 4, Partitioning scheme for tracking radar simulation
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Figure 5. Block diagram of height control system simulation
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Figure 6
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WRE-TR-1882 (A)
Figures 7 § 8
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Figure 7. Partioning scheme for tracking radar simulation
with instantaneous analogue response
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Figure 8. Stability boundary for the predictor-corrector
numerical integration method
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