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PREFACE

AiResearch Manufacturing Company of Arizona has conducted
f a research study for the Office of Naval Research under Contract

N000l4-74—C-03l7, Task NR 061—221 , to develop rapid efficient

I 
techniques for Navier—Stokes solutions. This document reports
the last year ’s activity . Previous activities have been
reported and are referenced herein.
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SECTION I
INTROD UCT ION

I
Traditional techniques of solving the Navier—Stokes equa—

tions for compressible separated flow have utilized time—
dependent methods . These methods have , wi th  extensive develop-
ment , steadily improved in both accuracy and computational times.
Recently, however, Dodge1 and Dodge and Lieber2 have introduced
a new steady—state solution method for incompressible flow that
splits the pressure and shear forces into two separate equations.
One equation is elliptic, and the other nearly parabolic . Con—
tam ed herein is a description of the first attempt to extend
this method to compressible flow . Application is made to the
interaction of an oblique shock wave with a laminar boundary
layer. The development was guided by the realization that the
ultimate value of such a method lies not in the solution of two-
dimensional laminar shock boundary layer interactions , but rather
in applications to more complete two-dimensional and three-
dimensional geometries . Although more development to improve
accuracy and further reduce computational times is suggested ,
the results to date demonstrate the general viability of this
numerical method . The following sections describe in detail the
basic equation development, numerical techniques, results of the
calculations , and suggestions for accuracy improvements .

SECTION II
EQUATION DEVELOPMENT

The basis of Dodge ’s equation-splitting solution method
lies in the separation of equations describing pressure and
viscous effects. To accomplish this separation , the velocity
vector W is expressed in the following manner :

+ -A.
W = V r ~~+ U ( 1)

where = velocity potential

= velocity vector reflecting viscous effects
(viscous loss velocity vector)

~quations are then required to solve individually for ~ andU.

As an initial step, consider the vector form of the momen—

r turn equation for steady laminar flow:

p(~~•V)~ = — VP + V(XV•~~) + V• (iidef~ ) (2)

I
I

1
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6 37~~20

where p = density

P = static pressure

1.1 = molecular viscosity

A = second coefficient of
viscosity

def~ = V~ + ( V ~~)*

= transpose (V*)

Equation (1) may then be substituted for ~ in Equation (2) as
follows:

~ V4.V(V4) + pi~.V(Vq) + p(~~.7)~~ (3)
= — VP + V (AV .~~) + V• (jidef~ )

To treat the static pressure gradient in Equation (3), consider
the density to be described by two terms —— one, p~ , related
to static pressure and the other, p~~, related to viscous
effects:

p = p * + (4)

The density component p~ is defined by

= P~~(l 
- _ _ _

where

pj = reference condition of stagnation density

= reference condition of stagnation temperature

C~, = specific heat at constant pressure

y = ratio of specific heats

I
2
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L Further , one can show that all possible static pressure gradi-
ents may be represented by

I - VP = p~ V~~•V ( V ~~) (6 )

I where ~~ is selected so that the right—hand side of Equation (6)
is irrotational. Substituting Equation (4) into Equation (3),

I 
combining terms , and using Equation (6) yields

-S. -
~~ -S.

(p — p *) V ~~.V(V ~~) + pU~ V ( V ~~) + p(W •V)U

, 
= V (AV •t~) + ~~def~~)

Equations (6) and (7) could then provide the basis for
separate equations for ~ and U, respectively. However, when

$ Equation (6) is combined with the continuity equation and the
equation of state, it yields a relation that becomes hyperbolic
for supersonic conditions based upon potential rather than
total velocity . To reconcile this difficulty , a different
approach was taken in the development of the potential equation .

The pressure gradient may be expressed in terms of the
equation of state, as

VP = a2Vp + a2P(~ji)VS (8)

where

a = local speed of sound at static conditions

R = gas constant

— 

S = entropy

I Replacing the pressure gradient term in the momentum equation ,
Equation (2), with Equation (8), and dotting the resulting
expression with ~~ , yields Equation (9).

= — a2(~~.Vp ) — a2~~(~~ 
L )t~.VS

+ ~~. V ( A V . ~~) + t~. (V. (jdef~ )]

The vector form of the compressible continuity equation , given
by

I V .(p~ ) = 0 ( 10)

I
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may be expanded and re—expressed as

+ -S.W . V p  = — p V • W  ( 11)

Substituting Equation (11) into the first term of the right—hand
side of Equation (9), rearranging, and dividing by ~~, yields
Equation (12)

— a 2 (V•~~) = — a2(T ~ ) t ~~VS
1 (12)

+ ~ . [ ~ . V ( X V • ~~) ]  +

However , Equation (12) may be recast by replacing t~ in the left-hand terms of Equation (12) with the velocity components of
Equation (1). Then , placing all terms involving potential on
the left-hand side of the resulting equation , and expanding the
last two terms, yields the following :

— a 2v2~ = a2v.~ —

_ a 2 (~~~ 
1 )t~.V S + t~.[

1V (XV .t ~)] (13)

+ {~~[ V ( V ~~~) + V 2~ ] + (def~ )~~ -}

E~uation (13) thus describes pressure effects in terms of the
velocity potential , ~~~. The equation will be elliptic or hyper-
bolic, depending upon the local Mach number , defined in terms of
the velocity , ~~.

The equation for the viscous loss velocity vector is
developed from the momentum equation , as presented in Equation
(7). T-ie terms on the right—hand side of Equation (7) may be
expanded in the same manner as for the incompressible case pre—
sented by Dodge1. Then , rearranging, and dividing the resulting
equation by p , yields

~.V (V4) + (~~• V ) ~~ = (
~~ — l ) V ~~• V ( V ~~)

+ . ( ( V ~~~)VX + (V.
~5)VX + (2~i + A )V(V 2~ )

+ (~~
i + A)V(V .~~) + ~iV

2
~ + 2(V (V~ )] Vu I

+ (def~ )V~ } (14)

I
_ _ _ _ _ _ _ _ _ _ _ _ _  — — .
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When expanded , Equation (14) will produce scalar equations
for the viscous loss velocity components , U~ . These equations
may be parabolized by treating the streamwise diffusion term as
a known quantity from the previous iteration , as r~iscussed by
Dod~ e

1 and Dodge and Lieber2.

Because the flow is compressible , an energy equation is
also required. In terms of static enthalpy , the laminar steady—
flow energy equation may be given as

p ( ~~• V )  (h + ~~J
2) = V • ( A ~~V .~~)

(15)
+ V~~(W ijde fW) 4- V . (kVT)

where

h = enthalpy at static conditions

k = conductivity of the fluid

T = static temperature

Expressing enthalpy in terms of static temperature , i.e.,

F I = C  T (16)
p

and expanding the left-hand side of Equation (15), yields
Equation (17)

+ 1 + 2 + +
p ( W • V ) ( C  T) + — p ( W . V ) W  = V . (~ w~7.~~)2 (17)
+ V• (W•jidefW) + V.(kVT)

r Assuming a constant Prandtl number , Pr, given by

Pr = —p (18)
k

then conductivity may be expressed as

I
k = _ _ E  19Pr

I
1
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In add i t ion , specific heat is assumed to be constant. Thus,
sub st i t u t i n g  Equat ion  (1 9 ) into Equation (17) , rearranging, and
d ivid ing by ~~~~ yields

1(W~~V ) T  — 
~~~~ 

V • [ ( p~. )VT)
p

[ —  .
~p (~~.V)W

2 
( 2 0 )

-S. p + +
+ 7~~( A WV~ W) + V . (W.

~~d e f W ) ]

Expanding the second term on the left—hand side of Equation (20)
results in the following :

(~~~7)T — _-
~~~~~~ 

[V~~~VT + ~V 2
T]

1 + 2 + +
= —

~
— [ — ~- (W•V )W + ~7 • ( A W V • W )p p

+ V . (t~
.udef~~) 1 (2 1)

Expanding the last two terms of Equat ion (21)  yields

(~~•V)T — -_
~~
_. ( V ~~.V T)  — —

~~
--- (~iV

2T)

1 p + 2
= {— (W ~ V)W + A(V .W)

+ p [7~~(~~•def ~~) —

+ ~~~[V(AV .t ~) + V•(pde ft~)]} (22)

Substituting the momentum equation in the form of Equation (7)
for the last two terms in Equation (22) gives the final form oftn ie laminar , steady-flow energy equation in terms of static
temperature :

(~~.V ) T  — 
~
;. — ~~~ (~~V~~T)

= —
~~~
._ { — ~

. (W •V ) W  i- A (V •W)
p

+ p [V•(~~.def~ ) — ~ .(V’def~ ))

+ + + +4- pW ’ [ U . V ( V $ )  + (W~ V ) U

+ (1 — 
~— )Vc1 V (V c$ )]} (23) 

1
6 
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- 
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P t  +As with the equation for U, Equation (23) may be parabolized by
treating the diffusion term as a known quantity from the previous

I iteration.

Equations (13), (14), and (23) comprise the system of equa—

I 
tions that must be solved to yield q , U, and T. In conjunction
with these equations , a set of boundary conditions is required.
Figures 1 and 2 illustrate the boundary conditions on the solu-
tion space for the elliptic/hyperbolic and parabolic equations.

In Figure 1, the potential velocities V1, V~ , and VE aredetermined , based upon the oblique shock equations. The value
of 

~~ 
is determined by integrating the values of ~~/~x1 to thedownstream boundary.

The upstream values of ~ an~ T in Figure 2 are dependentupon the corresponding value of W, which is initialized using an
arbitrary boundary liyer profile similar to a Pohihausen profile.
An isothermal plate is assumed , with plate temperature equal to
the reference stagnation temperature.

I
I
1
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SECTION I I I
NUMERICAL METHODS

I Two major numerical solutions are required to implement the
,ibove algorithm : a solution to a mixed elliptic/hyperbolic

I potential equ~1tion , and a solution to a nearly parabolic viscous-
shear equation . Murman and Cole3, in a pioneering paper ,
developed a technique fo’ modifying a difference star with Mach

I number , and then using conventional relaxation to solve a
similar e luation. Modifications to the Murman and Cole method
have been necessary to improve its accuracy , and allow its use
in totally supersonic flow. Dodge4’5 describes such a method

I and its application to supersonic inlet , subsonic exit compressor
blades. Murman 6, in a subsequent paper , reported further improve-
ments in t~e basic methods to account for differencing across
discontinuities. From these works, a list of ideal characteris—
tics can be assembled for the supersonic portion of any such
algorithm .

o Region of influence of difference star matches
precisely the region of influence of the
differential equation .

o Across a potential slope discontinuity, the
method must preserve the proper jump conditions.

o The method remains integrally conservative in the
non-discontinuous portion or the flow field.

Unfortunately, such a numerical method does not now exist.

To assist in the evaluation of the importance of each of
the above criteria , the one—dimensional potential Equation (24)
was studied.

(V2 — a
2)~-4 = 0 (24)

I where

r a = sound speed(
r = velocity potential

I

1 9
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For the solution to be other than trivial , the flow must enter
supersonically, undergo a jump , and exit subsonically. Boundary
conditions then consist of an inlet Mach number and an exit
potential. By integrating Equation (24) and assumina an
ideal gas, a jump condition can be derived that relates down-
stream velocity to inlet velocity .

V (a’2 — I + 1 V 21 6 1

= V2 (a’2 — ~~ 
+ 1 V2

2) (25)

where

a ’ = stagnation speed of sound
= ratio of specific heats

V1 = velocity ahead of the jump
V2 = velocity behind the jump

The analytical solution ahead of and behind the jump is obviously
that of constant velocity. Jump location is determined by
matching to the exit potential boundary condition using
Equation (26).

J 
- 
_
V1 - 

V2

where

Xj = position of the jump
L = total length of the solution

region (X = 0 is the inlet)

~EXIT 
= exit potential

Consider what happens when the original Murinan and Cole method
is applied. Upstream of the assumed jump location, the differ—
ence star is cast in a backwards direction .

- ~~~~~~ + 

~i-2~ 
= 0 (27)

where

= potential at the ith node

I
10 

. 
I ,
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I Note that the value of V2 — a 2 is immaterial since it is a
non—zero con;tant at any particular node , and thus divides out.
Downstream of the assumed jump location , the equation is

I elliptic.

— 2~~. + ~~. 0 ( 2 8 )
• i +l  1 i— i

I 
Th e solu tion to both Equat ions  (27) and (28) is a linear varia-
tion in ~~~. An initial guess ‘or potential would be made.
Equation (27) is solved starting at node 3, and simply broadcasts

I forward the initial velocity gradient until a node is reached ,
which was initially assumed subsonic. At this point , the sub-
sonic solution proceeds as a boundary value problem with t~ atthe change—over (supersonic to subsonic) point established by

I Equation (27). There is , however, no communication between
I upstream and downstream. Thus , the location of the jump never

changes , and the value of the velocity at the jump is only con-
trolled by the initial guess of jump location and potential

I variation. No aspect of the physical problem appears in the
numerical solution at the jump . To overcome this , special condi-
tions at the jump must be invoked , as pointed out by Murman6.
It is, however, immaterial what form is used away from the jump.
A conservative form results in a solution that is no different
from a nonconservative form .

When actually ipplying methods to introduce upstream—
downstream communication , two classes result. The first class,
into which Murman ’s method falls , allows the downstream flow to

J be adjusted based on upstream conditions. This class allows
only for jump propagation in the forward direction. The second
class , permits the jump to retreat by allowing the upstream flow

— to be affected by downstream conditions. Whether the jump needs
to retreat or go forward is only dependent on the initial guess ,
and thus , for complete generality, both classes must be combined

I into a single method. For one—dimensional flow , such techniques
are readily generated , the results of which are shown in
Figure 3 for a forward propagating jump and Figure 4 for a
retreating jump. The jump—node region is treated by the fol—I lowing algorithm

D = r4..~~1 
+ — (l+r) = 0

I applied to the node ahead of the jump if D >0,

I
I
1 

11 
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applied to the node behind the jump if D ~0

t [)OWN
r

a= V (: ’2 _ 1~~~~V
2
)

where DOWN and UP subscripts refer
to downstream and upstream of the
jump .

It is necessary to evaluate the velocity away from the jump ,
since values at the jumo , particularly for intermediate ite-
rations , are in significant error.

When the flow field is multidimensional and jumps are other
than normal , the proper procedure is complicated by the lack of
accepted numerical solutions. Murman ’s method assumes an
obl ique jump passing through the grid system at an arbitrary
angle. However, this derivation looses sight of the fact that
the differential equation is left behind when solutions are made
to the finite—difference grid. Discontinuities on a fixed
orthogonal finite—difference system can only have one of three
forms, illustrated by Figure 5. A physically oblique wave must
be made up of discrete components of the three jumps. The normal
jump causes little or no problems , but the other two result in
differencing across a discontinuity. To be totally correct, as
Murman points out, any difference scheme applied to any coinbina—
tion of the above discontinuities must be integrally (summation
in difference system) conservative of the desired jump condition .
Even if such a system existed , however, practical problems , such
as detecting a jump and determining proper upstream and down-
stream conditions away from the perturbed region of the jump,
intervene to prevent reliable treatment of jump conditions.

The method by Dodge4 avoids some of the difficulty by only
differencing along characteristic lines, and not differencing
across oblique jumps, which miy explain some of its good results.
However, it requires a nonstationary grid system that is diffi-
cult to implement in two dimensions, and is nearly impossible in
three dimensions. Thus, after comparing other methods , such as
the two by Murman , to a range of six supersonic and supercritical
cases , it was decided to mix a nonorthogonal and orthogonal
difference system, staying with a fixed orthogonal grid system.

I
I
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Figure 5. Possible jump nodes.
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I

The degree of mixing was determined as a function of local
Mach numbe r, based upon a criterion developed from a stability
anal;sis of the basic relaxation difference equation. Figure 6
illustrates the difference stars utilized. In simplified form,
the mixing of difference operators is accomplished in the following
following manner:

— C ~~~ -_~~- + C 
.2 4

C1 
—

~~ 
+ C2 . 2  

— 
1 ~~2 2 ~~,2 H

. 2 2~
+ [C

1 ~~ + C2 2~ 
—

dx

where f~ represents the fraction of hyperbolic difference opera-
tor utiTized , and (1—f~ ) represents the fraction of single—spacedimplicit difference operator. The local value of 

~H 
was deter-

mined for supersonic flow to be

= -C2/C1 for (-C 2/C1) < 1.0

or

= 1.0 for (—C2/C1) > 1.0

based upon a stability analysis.

If the variable supersonic difference star is examined in
relation to the location of local characteristic lines, it may
be seen that , as Mach number increases, the difference star
becomes weighted to more closely reflect the region of influence
of the characteristic lines (refer to Figure 7), eventually
becoming totally hyperbolic .

Admittedly, such a system does not meet all the criteria
for a potent ia l  equation solver set out above , but represents a
workable compromise between complete agreement with the above
criterion , and the practical constraints of computer code
development .

The viscous equation , on the other ha nd , represents a much
easier form to implement. Dodge1 and Dodge and Lieber2 have
discussed many of the difficulties associated with marchinq

‘ 
equation solution. For this program , the strearnwise diffusion
term was determined from the previous iteration. In separated
flow regions , the difference Star for the convection term was
turned upstream , utilizing the values established on a previous
iteration. With these adjustments, the solution to the viscous
equa tion proceeds as a normal marching solution to a parabolic
equation. The component of velocity normal to the wall in the

15 
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• • DIFFERENCE STAR FOR M < 1.0

• • • • • • • • •

DIFFERENCE STAR FOR M 1.0 IMPLICIT HYPERBOLIC

Figure 6. Transonic difference stars.

INCREASU” G MACH NUMBER

• •

CHARACTERISTIC LINE S

Figure 7. Supersonic difference star.
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region between the wal l  node and the f i r s t  relaxat ion node was ,
howeve r , determi ned from the con t inu i ty  equation.  This was

I found in past studies by Dodge l to produce somewhat xtx re
accu rate resul ts .

g 

The program developed to implement this numerical solution
method consisted of a nodularized code written in a structured
FORTRAN language . A basic logic diagram for the program may be
found in Fig ure 8.
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READ INPUT DATA

ESTABL ISH SOLUTION
SPACE GRID
GEOMETRY

QUANTITI ES

HAS YES
INAL ITER A -  EDIT ENDTION BEEN RESULTS

NO

FILL RELAXATION
GRID ARRAYS WITH
CURRENT VALUES OF
FLOW PROPERTIES

PERFORM RELAXA-
TION SOLUTION
FOR

TRANSFER c~VALUES TO
MARCHING GRID
A R RAYS

PERFORM MARCHING
SOLUTION FOR
U, AND T

UPDATE DEPENDENT
FLOW VARIABLES

Figure 8. Program logic diagram .

1(3

.——— -- 
—~~~~ -

- - 
- -  -— -. .~~ 

- -
. - . .— .-- -.--—-—.--—-- --—-- -- . - 

‘- - 
., I



~7-l4°

I
SECTION IV

I 
CALCULATI ON RESULT S

The numerical method discussed herein has been utilized to
:. r~~ i L c t .  sc~) 1r at ion  of a t w o— d i m e n s i o n a l  laminar flat—plate shock

( boundary layer interaction flow . The test case used was that of
P ! ia k k i n t ~n , et  al7, consisting of a laminar flat—plate flow with

o~ a; . s t r eam  ‘tach number  ~~ 2 . 0 , and a Reynolds  n umber
= 2 . 9 6  x ~~~~ whe re

W L
0

Re
L

0

a f l ( I

= freestream inlet velocity
(W0 = 1664 f t/ se c)

= freestream inlet value of kine—
mat ic  v iscos i ty  at s ta t ic  con-
d i t ions

L = distance from leading edge to
shock intersection with plate
(L = 0 . 16 2 4  f t)

i An oblique shock wave , with shock angle 0 = 3 2 . 5 9 ° , intersects
the  f l a t  p la te  as indicated in Figure 9.

1 The grid system employed in the numerical solution consisted
of a linear relaxation grid and a marching grid composed of the
relaxation nodes , with an additional nonlinear grid segment near

( the wall. This scheme permits a coarse grid to be used for
t h~ relaxation solution , and yet provides a more finely—spaced
grid within the boundary layer for the viscous marching equation
solution . Figure 10 illustrates the relative spacing of the
relaxation and marching grid nodes within the boundary layer.

I Results of the present numerical method were co~npared with
both the experimental data of Hakkinen , and results of the time-
dependent scheme of MacCormack8.

Figure 11 compares surface pressure distribution for the
three sets of data. Clearly, the pressure plateau in the region
of the shock/plate intersection is not indicated by the present

I method. A much sharper pressure rise is predicted than
evidenced by experiment.

I
1 19
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Figure 10. Rehttive relaxation and marching grid spacing .
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As a consequence of this too-sudden rise in static
pressure , the predicted values of skin friction coefficient ,

~ C.~, shown in Figure 12 , fail to decrease as far upstream as the
experimental data. The predicted region of reversed flow is
also much smaller than that indicated by Uakkinen ’s data .

I The predicted values of Cf are presented as average values
within a bandwidth of error representing the standard devia-
tion of Cf as calculated at as many as 8 nodes within the con-

$ stint pressure and density portion of the boundary layer. The
sk in f r i ct ion coef f ic ien t  is de f ined  by

1

— 

wVw h2 w
C f - 

~~~p
00

W 2

where the subscript w refers to condition at the wall , and the
subscript refers to the freestream. A considerable fluctua—
tion in values of ~W1/~ x7 takes place, apparently due to thenonlinear character of the grid system near the plate.

Figures 13 through 15 are comparisons of boundary layer
valocity profiles between the present steady—flow method and
MacCormack’s technique. In general , agreement is fair; however,
once again it is apparent that the present £nethod predicts a
smaller region of separated flow, and generally larger displace-
ment thicknesses. Discrepancies in the assumed inlet boundary
layer profile are also apparent. Note that dimensions in the
x2 direction have been normalized by Hf (where Hf = 0 . 0 0 3  f t )  --
a grid parameter used in MacCormack ’s data presentation.

f Figure 16 presents static pressure contours over the solu—
I tion space , based upon the results of the s teady—flow method

discussed here . The incident and reflected shocks are apparent ,
along with a spurious downstream reflection from the upper bound-
ary of the region. The effect of the reflection is clearly
visible in the downstream portion of the skin friction and sur—
face pressure curves.

I

I
I
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1.0 0 PRESENT METHOD (x 1IL = 0.563)
MACCORMACK (x 1IL = 0.533)

I.

M = 2 . 0
0.8 ReL = 2.96 x io~

H~~= 0.003 FT

W0 = 1664 FT /SEC

- 0.6 L = 0.1624 FT
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Figure 13. Velocity profile upstream of separation.
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1 0 0 PRESENT METHOD (x1/L = 0.994)

o PRESENT METHOD (x 1/L = 0.973)
- MACCORMACK (x 1/L 0.970)

M 2.00.8 
Re L = 2.96 x 10~

H1 0.OO3 FT

0.6 W0 = 1664 FT/SEC

L = 0.1624 FTx2
H~
OA 0

c~J
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‘ O
.
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I I I I0 
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Figure 14. Velocity profile in region of shock wave.
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0 PRESENT METHOD (x 1/L - 1.404) ?
—MACCORMACK (x 1/L - 1.406)~i]

0.8 M 2.0
•

H f - 0.003 FT
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- Ic 
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- 0 •  
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Figure 15. Velocity profile downstream of reattachment.

r

I

27

_____________________________________________ - ~-~-~- ~~~~~~~~~~ —-  ~~~~~~~~~~~~~~~~~~~~



4
0
z

2~ I
W CI)
- J W
U . W

~ w~~ 8
~~I.I. ~

V

I ’
(I) \ 

U)

0
W

ci .4.1

I

I-

I .~~
‘

28

____________________________ —



6 3 7 — 1 6 °

SEC T ION V
UOW To IMPROVE ACCURACY

- Because of t ime and f i sca l  cons t ra in t s, the development of
this method halted with the results shown above . It is the

I opinion of the authors , based on an analysis of the computed
r e s u l t s  to date , t ha t  considerable improvements in accuracy are
possible by improving the accuracy of both the relaxation and

I marchinq numerical methods. The relaxation nodes need only be a
subset of the total grid. However , relaxation is responsible for
satisfying the continuity equation . The effects of the increased
dis~ 1acement thickness downstream of the shock are propagated

I forward through the subsonic region of the flow field , creating
the shock spreading observed above . It is of primary importance
that this effect be properly accounted for. Figures 17 and

I 13 show the results of the above calculation on the mass balance
of each grid element. In the relaxation grid , agreement is very
good; but inside the marching—only region , substantial error

• occurs. This error comes about from several sources associated
with the nonlinearity between the last relaxation node and the
wall. A finite-difference approach to numerical method deriva-
tion assumes that a match of appropriate derivatives at a point

I yields a reasonable estimate of the founding equation in the
vicinity of the match point. This is only true when variations
in dependent variables are nearly linear , or at most quadratic .

f In a boundary layer , such as shown above, this assumption is in
doubt. Substantial errors can occur in the numerical grid trans-
formation , the evaluation of the source term for the relaxation
equation , the evaluation of derivatives across the jump, and the
like . The continuity error shown in Figures 17 and 18 is the
result of the sum total of these effects. Undoubtly, a similar
momentum and energy error also occur. The cure is to first
produce a marching system that is derived from an integral
equation . Thus , it can be integrally conservative through rapid
changes in dependent variables. Secondly, an integral average

f for a source term of the potential equation must be established.
As an example , for the position shown in Figure 17, 7 . U, part
of the source term, differs by a factor of 9 between the wall
and the first relaxation node. The net effects of the source are
not then well modeled by utilizing its value at the relaxation
node , but rather a weighted average across the span would be
needed. A grid system that is more nearly uniform would also

f help. It is obvious when examining the skin friction coeffi—
cient , as an example , that for W to deviate so far from linear
very near the wall , there must be substantial error in the corn—

I putation of the numerical transformation functions. The super
position of two fixed-spaced grids , as utilized by MacCormack ,
would substantially alleviate this difficulty.

I
I
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1.00 —
ERROR = 

TOTAL INFLOW

• POSITIVE ERROR (INFLOW INTO
ELEMENT EXCEEDS OUTFLOW)

• NEGATIVE ERROR (OUTFLOW
0.80 — FROM ELEMENT EXCEEDS INFLOW)

0.60 —

(d)
OUTFLOW
— — —x  + 1

0.40 — (a) —r i r~ X2

20 (b) 
~~

020 — INFLOW

0
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*2 .
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L. RELAXATION ~~NODES
-020—

BOUNDARY *1 - 20 - 21
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NODE

- 0.40 —

- 0.60 — 4

Figure 17. Element continuity error at x/L = 0 . 9 0 8 .
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Figure 18. Element continuity error at x/L = 1.038.
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SECT IOfl VI
CON CLUSIONS

The purpose  of t h i s  program has been to compare a unique
:~~ t hn 1 o f  numerically solving the steady—state Navier—Stokes

~~i~- i ons with experimental data unconfused by turbulent model
ch~ ice . This goal has been met. On the plus side , the follow-
i n g  c~in be s t a t ed :

o The method has met its rapid speed
potential , with run times in the
v ic in i ty of 1 minu te  on a CDC
7~

,0O for a 3060 node problem.

Run times could be improved sub-
stan tia l ly  by more care ful  pro-
gramming, and better selection of
the grid system.

o A s u i t a b l e  method for  solving the
mixed  e l l i p t i c -hype rbo l i c  po ten t ia l
equation has been developed.

o I t e r a t i o n  be tween march ing  and
potential equations converged
r a p i d l y .

o A simple method for handling both
separation and diffusion terms within
the framework of a single—pass marching
equation has been utilized successfully.

o Calculated results are in general agree-
ment with experiment , although pressure
rise is not spread over as great a distance
as exper imenta l ly  observed.

o A method has been developed that could
easily be extended to three-dimensions.

Agreement with experimental data could , however, certainly
stand improvement. It is € xpected that the route to such improve-
ment is through a more carE~~~l treatment of the numerical
details involved in the solution technique , and does not reflect
any fundamenta l limitation of the method .

32 1 “

~

- - ________



37— i 3

i
_ 

I•1
SECT I ON V I I

I 
RE FE R E N CE S

1. Dodge , Pau l  R . ,  “A N u m e r i c a l  Method for  2 — D  and 3—D
V i s c o u s  Flows , ” AIAA Paper  7 (—425

1 2. Dod ge , Poo l R . ,  and L . S .  Lieber , “A N u m e ric a l  Method
f o r  t h e  S o l u t i o n  of the  N a v i e r — S t o k e s  E qu a t i o n s  w i t h

I Se~~-iratec 1 Flow , ” AIAA Pape r 7 7 — 1 7 0

3. N i r r n i o , F . M .  and Cole , J . D . ,  “ C a l c u l a t i o n  of  P l ane  Steady
T r in s o n i c  Flows , ” AIAA Journa l , Vol .  9 , N o .  1,( J a n u a r y  1971 , pp 114—121

4 .  Dodge , Paul  R . ,  “A Nonor thogona l  Numer ica l  Method fo r

I S o l v i n g  T r a n s o nic  Cascade Flows , ” ASME 7 6 — G T — 6 3

5. Dodge , Pa ul R . ,  “Transonic  Two-Dimens ional  Flow Ana ly s i s
of  Compressor  Cascade w i t h  S p l i t t e r  Vanes , ”I AF A P L-T R - 7 5 - l l 0 , September , 1975

6.  ‘lu r n a n , F . M . ,  “ A n a l y s i s  of Embedded Shock Waves Ca l cu l a t ed

I by R e l a x a t i o n  Methods , ” P roceedings  AIM~ Computa t iona l
F l u i d  Dynamics  Con fe r ence,  Ju ly  19 — 2 0 , 1973

i 7. H a k k i n e n , R .J . ,  Greber , I . ,  T r i l l i n g ,  L . ,  and Abarbauel ,
S . S . ,  “The I n t e r a c t i o n  of an Obli que Shock Wave w i t h  a
L a m i n a r  Boundary  Layer , ” NASA Memo 2 - 1 8 — 5 9 W , 1959

~~~ . ‘lacCormack , R . W . ,  “An E f f i c i e n t  Numer i ca l  Method fo r  So lv ing
the  Time—Dependent Compressible Navier—Stokes Equations at
H i g h  Reynolds  Number , ” NASA TM X— 73 , 124 , J u l y  1976

I
I
I

I I
I
I
1 3 3

- 
-—— 

- - —~ ———- — - 
_ -..— - .  •— -- --- ..-. - - - - — 

— 

- II



6 3 7 — 1  3 1 — . ? )

~;f : C ’L ’ 1ON  v i ir
D I S T R I B U T 1 )

~

T. rh~~ic .t  1 L ib r i r’, ) f f  ‘:o 11 J , v , 1  R~ search
t i ’ q  ~ 1 1 C ’1O 102 1P ONR L )

p 1 :  LS~ ic -b  r i t o r l o s  A r l i n ’ ; t - r  Vf~ 2 2 2 1 1  6 Copies
- r- - - nq  b - i n ’ ) , ~~i) 21005

D r .  J. 1.. P ot t o r
F .  b. -: n”tt  y Dir c t r , Technology

Ex’ .-~rn~~1 l ol l  s’ i -  . l - r . i t o r y  .‘ r  Forman Gas Dynamics Facility
I - ;~~ic ~co r - : ’  I , >bo~ itc r~ es A r n o l d Air Force S t a tion , TN 3 7 3 8 1

P r ’ .’ n’~ r- - n - I , Ml 2 1 00 5
Pro fe ssor J . C. W u

C. I i :  O - o  Georgio  In s t i t u t e  of Technology
S c ,  - Cci: c: Schoo l of Aerospace Engineer ing

lose A t l a r ? a , 51 30332
‘1 • 81115

Library
- -1-sso r P. 2. 5 > 1 ’ -  Aerojet—Gener al Corporation
?: ‘:c - n -a m l c s R~’se c- - c Ass -cil te s , Inc. 6352 North Irwindale Avenue
1’. 0 . fOx 3172 Azusa , CA 91702

-0” i - , 87108
)ASA Scientific and Technical

0’ . ‘ . D. Shr - ’”-- , Jr. Information Facility
S a n - l i - i  C r : - ra’~ ‘0 P .  0. Box 8757

Base Ba 1tin ~~r e/ W a sh in gt o n  I n t e r n a t i on a l
A l t  r i’ , C M  8 1 1 1 5  Airport , Maryland 21240

D, :ense Do : r ’r t , 1~ i -rn Center Dr . S. A. Berger
C i n.~~’ ’:: St i ’ion , - - i l - l i n i  5 University of California
‘- l x  :-lri - i , ‘IA 22314 12 Co?ies Department of Mechanical Engineering

Berkeley , CA 94720
P r i r y

p ~- Professor A. J. Chorin
“: 0 : -  u s , ‘el) 21402 University 0 California

Department of Mathematics
Dr. G. I? . Ue iln”i”r Berkeley , CA 94720
Dir.- - .  i , I ’  I c - se A I i m  :e I Research

p . 7-~- ; Professor ft. 1101’-

~40 ’) - - J i . lson I>— 1 -,> r -1 University of California
A r l i ng ’ n , ‘ A  2 2 2 0 3  Department of Mechanical Engineering

Berkeley , CA 94720
‘ I : . 1’. A. ‘-i- -- > ’
De ~ty n r c  “~- x , Tact i ’ > l  Technology Dr. L. Talbo i

Offie ,’ University of California
Del -ns , \ I ’ : , ” j  1rn~ ,trch Projects Department of Mehcanioi l Engineering

A ‘ - c - ,’ Berkeley , CA 94720
1 -~ 0 ’ ?  ~ -; or f o  I ‘ i >  r )
fr i  in - ; ’ c , VA 2 2 2 0 i  Dr. H. R. Chaplin

Code 16
C i v i l  Research David W. Taylor Na val Ship Research and

‘ ‘1” 411 Development Center
A r lir ,C t or , ‘II> 2217 Bethesda , I~) 20084

0ff. - ’ - t ; i v i l  Research Code 1800
c c),. 421 Da-iid W. Taylor Naval Ship Research and
T n :  c-:.n , VA 22217 Development Center

Bethesda , ML> 20084
C ’ !  ci. ’ , ) ’ - i - i l  c . ’  i r c h

‘ - ‘ ‘ 1 ’ ’  4 38
Ar l i: ;’ or,, VA 222 11

-34

—--5- - --- -—-.- -
- - - 

_ 
-

5- .-.--~~~~--- --- . -  - — --— -~~~ - -



I
6 1 , -I , ;

‘ f ’  ‘ > 1 3  ‘ r - ’ O ’ i : ; - , r  H. T. L - i ’ .r ; s
‘‘ r I  5 . ~‘ i y I ~~ ’ ‘1 ‘ ‘ i i  Shi - <. ‘~~~ - - a r c  t o  I Ci>i- i’ ’ r s i’ / 0 1 C i r c ’ i n r -t ’ i

‘ -U 0 ’  ( T a - t ’’ r Depa r ri -c ‘ - I A - r - . ;  - E : 5  1 f l ’O~ r 1 r -~ m lI ‘ ‘ ‘ ‘ 0 ’ ’ ‘ 3 3 %  ‘ ‘ 1 r f ? ’ 3 ’, A;~~ ’ i 1 ’  ‘1’ n i :  rn,
C : - - - - ‘ 1 , > 3 !  4 - 2 2 1

- - . - , R .

V t  - n i  a ‘ i. ;‘‘c h f > - I n ’  - ‘ Ii- ’ -  ac ,O r  i r ’,’ ‘3. I , ) —

S ‘ a ’  .‘ ?‘ n ‘‘ - n S ‘ .‘ ‘115/¼ 1, - s .  s 5 -  ,‘ , r : : , C’ n ‘ - r

J I ‘ ‘ ‘ : - a ’ ;- r - c ’ ’ ,’ ’ r -  
~ 

- i - n ,  n ; ;  0’ S ’ ’  : 5  . 1 10 0 0  Br - - - i r k  H - m d
“ I i  ‘k :~i Ir’: , ‘.1, - ‘ l  ‘ ‘ 1 ’ ,” 1, :, , ‘ d i  4 4 1 3 0

I - - L ’ - m ,~O : ‘.. c .  - . ,~~ f e n .  ( i  . 2 .  I) . ,‘, r c J ’ r ; - c , Sr .
- i n 0 1 I ~~‘ : ‘‘ ‘‘ ‘-c - .n I ~~‘ ‘ ‘ in I C:; > : rn ,: - , ‘‘ - r r n - ’ : ’ - , f ’s , - r - , < pi n-

- , ‘ ‘‘  C c i  I’ - s ‘ ,, I :o; I : ’ - ’ ’  r ny
- 

‘ - :  t~~ ’~~~’ ’ ’  o f  lb ’; : ’’ r i : q  loi n : ‘ ‘ 1:0 Co 1’~’ - ’~ ’ o f  E n ’ ; i n ’ : ’ rj n 0
, nh t n i c s  IJ r1~~- ,’. - n S I ! 1 o f  ‘ f . r , a c - i

I - i - -i ‘~- s b ’~~ 0 , C’  .110 C o il  ‘ - ‘p  - ,r•: , 1) 1. - 2 0 - 4 . 1

:c l i i n o  U n i ’ ’ - : c< i t - :  Pr-of. osor IT. L. ‘1ol,,~ k
- -h  - ‘I of T ; -: , li ’ ’ I ‘‘ ‘ ‘< - n i t  ics tln iv , - r ,t , ’ .’ f ’ ’ , r :lm:; I

I 1 4 1 ’  ‘it , : -  n ’ : , I’; -17401 Depar ’ n o t . 01 A r ; - ; ;  a ’ ; ’ ’ - :, ‘i; nf’ ’rin’j
Glenn I,. C r ’ in 1 n’~ t i r  ute of  ‘1” ’ ‘c: .~

C i : - ’ - r C l i ’ ’ ;’’ r- ., ‘0 20 /1 2
0 <  n ” u ’ , i - ’ t , Hcs ’~ - i r - :’n < r i o - c l; o f fi c e

I ; ‘0  S o r - n  5’ r ’ - ’ ’ t  I r fcsc- or - ‘ o r q - i r a I
II -s ’ :0 , ‘ C .  32210 ohio  S t - m ’ c I t n i  v : r x  i to ’

) ‘ : , , j r ’ t n t  01 A ’ r ’ ’n a utj , c a l  and
S c  ‘ ‘ r v i  r , ‘I’’ : ; n c .  ‘ 1 - . 1 ;  t r y  Se ‘‘i o n  f o r - - c o t  i ca l  E n ’ C m n : ’ r ; n ’ l

- - C l ; ’ ’ n i- n j l  C’ r ; o r ~~t i on  1314 K : ’  ir  il - i - I

I ,

~ 

, ‘ ‘‘ , P i ’ J r 5100 C a l - r I .  10 , ( f f  4 1 2 1 2
l ir ;  h- in  C i t y ,  CT 8-I 3 0 2

- ‘ - il LiL r- r’;
)r. ,. H a l l  ‘;~- a ’ .r ii 5- rio - c’ l’,’ ’ t ; - - ng Can ’ or

I S’ . J o i - ’ ’ ’ r s n  ‘ - . ‘ i f  Sos ‘Tori: it l i - n f f a l o  : a~< :  ‘ ;r ’ : ,  , i : ~~ -~ i t ,

~‘I Cnp;n ’±a ring in’) Ap p l i i ’ I 1) : 1 ’ ;  n ’ ’ : . ,  VA 2 . 1 4 8
- i ’ :

El . ;  I a n d  ‘ ‘ - r n - ’, ‘.c ’’nc,’ s C - O c r - i >  -c r~ - Cr . I’ . ‘-C r’:

‘ 
H~~ff . , 0 ”  i - ; . H - h a i t i  , - ; x f l ’ ’ ’ -  .~‘‘ - i pons cen-~’r

D ah l ’j r ’ ’ : :  l , d r c  r :
‘- I i  . H . .J .  0’ : I i i  Dc i ;  1 pr  ‘ :.,  ‘‘A .1.448
‘2 > 1  Spa n 2 -~ r : -  o, r i or ;
n. , ’ r - i::; a r : : ; r s  5 < ’  i r n ? ;  Sp a r ’  flent Te, ’ l ; n i c,il  1 , 1 - i  ar’ , 2—011 31

I P. 0. t i - x 2 1.TV 1’’ r - I~~> inc Co — c r i t  i -
H m f ? 10, 5’,’ 1-1221 p . o. ( ‘ i x ‘ ‘ ‘ I ’ l l

P - tilt:., TX 70122
i i -  f ’ s;;’;: IC .  F.  I r ’ ) , o t ’ n i l ;

I ‘‘,i~~-; , - n h i o, ’ t i g  I n n ’ ii :mte a! Tachno logy  ! , ; 3 , r i r l ’ , 1111 ? e l  A i r - ’r i i t Cor~’ r-ition
‘ I ’ ’ ;  i n ’ n - ’ ’ ’ of ‘1’’-;?; in -n-il C ’  J ; n ’ e r i n . ;  R e g e . ar . ’ ; 3. O r  > ‘ ‘,r  ‘ - S
( T - a r ’ n ’ r  n p - , ‘3; 021 ‘i S i l v er I i : ,

C i : ; ’ l i a r >  fo r - I , CT Oa 108
D i r  c-n ’ r

I ) ‘ ?  i n’’ o f  ‘ O v a l  ‘c - ,’- i t ’ ;  i r a : ’’; 1 f ona Technical 1 , I r , n i
5 3 ( , ‘ 1 ;  O r ’ -. .  0 r i ’ ’ >  A V ( ’O— i- v ’ ’r ’ ’  t ’  ( C t - a r c h --  aI , - ’ r a t or ,’
Ch : - 

‘ - , I L  ‘ ‘u ’ -O S 23 1< , R ’v , - r . - I i i ’  m - T h  P a r  s a y
I v - f i t , “IA 0.1 1 2 ’)

I C- r i ’ ’  7 5 3
a- ,’ a , ,

~ ‘ p ’’ Os Can I ‘ - r - i’ 1 - 0 - ; : ,  r - . Ma ‘ ‘I  t i
‘ ‘ n . j  ii: ’ ’ , ( ‘ A ‘ a 3’ > ’~5 i ” ’ l , ’’ ’ ’’ ’ h O; ’ :  I t ; s t; r  i t ,,~~’ i ‘l. w ‘t’ork

1, - ; p  I s l  j r  I ‘ ‘ i t  i t

I “It , P . ‘ - f i r , :  a l l  p p  ii ’ m’ ’ct  0? A . ’r - i s p , i ~’.’ I n j o a i ’r  n.j

C - i l ’  4 c , 3 a :  A~-p1  i’’ ,I ‘I, - : ;  i i ;
a t  W i ; ’ -  , r i s  ‘ ‘‘ n . ’ ‘ -  r It - i i ’ ’  1 1 )

‘‘P; a 1 . - a k ’ ’ , CA ‘I I S C  I r n - n  n ’ 3 . i  > 1 ’ : , 11’ 1 1 ?  35

I
1 

— - - “— -. - - -‘~~~~- ,.— - ‘-—‘ ‘ -. --_ ‘_-,_——-i,’_ __
~~~~

S - —’ ._



3 7 — .h l  6 3 7 — 2 4

0 , 0  S. 5. R u b in  L i b r a r y
l’ ,;l - t , ’ . - l ; n ; i c  I n st i t u t e  of New Y ork  Midwest  Research In s t i t u t e
1,- n ,  I s l , i n~ C, ’nt o r 4 2 5  Vo lke r  B o u l e var d
: > ‘i- , >l ’co’nt ‘f Ar’ r--: - ;~dc’e Engineering Kansas City, MO 64110

A O l  ;c:1 M a’ ’ n l r , a n i c s
R O e  i i  I Dr. M. M. Ilafez
1’,itnin n - I  t i e , PT 11735 Flow Research , Inc.

P. 0. Box 504 ;
1” ‘Lnin ’ . 1 Documents Center Kent , WA 98031
n, : : ’ , - ?-1~ n - u i ’ ’ ,’ I . - ;u;~ ;r:i:flt R&D Canter
- l o i n’ ; 115 Dr . E. M. Murman
I - ’ ‘ , - r ’ i v , , i r , VA 22060 Flow Research , Inc .

I ’ .O.  Box 5040
I r . 1’, . H. Briley Kent , WA 98031
I: ,. :,  5 1 1 ic  Re~~’ ’ , ; r  oh Ass o c i a t e s, I n c .
P . . 1’ x 4 8  D r .  S.  A.  Orsz ag

:u i y ,  C’:’ 0 c 0 3 3  C a mb r i dge  Hy d r o d y n a m i c s , I n c .
54 lj a sk i n  Road

L i n t - t n ’ ,’ , ‘lL i 8 5 )  L e x i ngt o n , MA 0 2 1 7 3
1,51 ,‘, C , an ’, - ; ) , - ’,’ H ’ ’c e , a r c } ;  Center
L , t n - : l r : ’, 5’ ‘ ‘ ; -  0 P r ’ f> ’ : , o o r  T . Cebeci
- ‘  , ‘ ; - ‘o ’n ; , 0’, 2 < ’ ’ -  California State University. Long Beach

Mechanical Engineering Department
I n  . S. P,i~ 1 rr io r;’J Beach , CA 90840
he : ‘ hr’-; C- - n  2, - n ati”n
A i r  c n  i f ’  1 - r n o n  c Mr. 3. 1, . IIon,s
3 a i~~ “ ‘ B: .,~iw,ao ’ Douglas Aircraft Company

I i  ,,-0 n , ‘ I O u , CA ‘ - i ~ 50 3855 Latewood Boulevard
Long R,’.;ch , CA 00808

n I c - - - n A .  C l r ~a~ .mar’ n
C’, ai n n’ .cn , M, , n : ; , i r r ; c a l  F.n’;ineerinq Dr. H. K. Cheng

P t ’ ;  i ; ’ :’—i’nt University of Southern California ,
I I .  ;~ M. ICice In:~titute ;;niversity P a r k

Pox  2 3 3  ‘2 Department of Aerospace Engineering
I I ’  ‘u s ’ -n , TX 77001 L,os An ,~eles , CA 20007

Di - . 1 . C-inc Professor J . B. Cole

~:, 1— Assoc;,tt”:;, Inc. University of California
7 IIi : I; 1. n . - ” t  Mechanics and Structures Department

, : , ; t ’ ’r ’, ,  NY 11743 School of Enqineering and Applied
Science

0 ‘“ ‘lni n - al t.ii. r - a ry L’s Angeles , CA 90024
- n - u n ;  i n ;  n ’ C t , , t  o n

I n d i a n ;  i i i ’ - , - ) , Ml) 2 0 * 40 E n g i n e e r i n g  L i b r a r y
Un iversity of Southern California

1; . A. Caug hey Box 7 7 > 2 9
T D ’ x  n i r l ,  ‘‘ no ’ /a :r S i t  y Los A n g e l e s , CA 9 00 07
Sr  ol ’y ;-; ‘ ‘ I ’ ~ 1 - f M i - - :h an i c a l  and

- (p’~ a - -
‘ - l op  ; n’s’ r I n’j Dr. C. M . Ho

I ’ l , u:,a , C’.’ 1 4 1 < - i un i v e r s i t y  of Southern C a l i f o r n i a ,
Un i ve r s i t y  P a r k

‘ i t ’ - - - - - i  I . I , .  Hen 1cr Depar tmen t  of Aerospace Eng inee r ing
(2’ ’ a n , a ’ i  1 ‘ r i ’ J u r S l t ’ /  Los Ange les , CA 90007
: - ; i u ] . ’,’ Scho”l - 1  M e c han i c a l  and

A’ ‘ r ‘ n-p ~m - ’ - I. n ; ’ ; ; r i a ’ a n i  ing  D r .  T • B. Taylor
l ’ k ; , a c~a , PY 1 4 8 5 3  The Aerospace Corpora t ion

P . 0. Box 929 5 7
i ’ , ? c - : . o I  S .  F .  - h i n t ;  Los Angeles , CA 9 00 09

‘“ ‘r n o i l  U n i -i’’ r c i t y
. ; l ~1”y Sct > ’ r , l  ‘f Mechan ica l  and Commanding O f f i c e r

/ ; a . x ’ . o p a c i n  E r a g i n c e t m n ’ .j  Naval  Ordance S t a t i on
1 1 0 , - a , N Y  14 1<’, !  Louisvi l le , KY 40214

36 

— —  - - ‘ ‘-: ‘ ‘ ‘ ‘  — — — - ~~~~~~~~~~ 5 ’ T ’
_ _  

- - ‘ nrnn~~ n ~~~,
- ‘



- -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
- -

I
‘ 3 1 — 2 5  - 3 7 — ,’’ ,

1; . I I .  l o t t i e , Ji . I r r , f ’ -  - ‘ i  1 - .

~~ 

- ‘~. - , ‘ - - r — P r ’ o r q i - a  n ’ ’r i’ . a n ; y  I’, ’ , , ’ , , r r ’t F’ - - u i , U - , t ; O i a  nf  to ’’  Cit ,

1’ , ’: - ,a l ’ :’ - ’ ’n ’ ‘ 7 2 — 7 - 2  , ;‘ - ‘r u t ’  i t -  ‘ a t i n ; ‘ / , - i : ~ ; t~ -; of Mew f - r ‘ or ; n - I a i f

“0: r F ’ ’ ,a , CA 3 0 s l  a t  t O ’ - C i P , ( b ~~1i ’ - ’j ’’
4 11 D r  ‘ - isa ’

D ;  . C. C- ‘s, 1, -s ‘i t , . ,  h I t ’ 1 - 08
St  i n n  n i, i” , ’ - : , , > r  - I ;  l : c t ; t  i t ’ ’

P : ; ~~~, CA ‘i ’ 1 5 2 5  i , ; ; - r , a n  - a ; : , P,er ’,i, ao ’ i c - i l  I n  z a n y
O a t  ; , : , , , l  Roe-c - i r c l i  ‘ - , - , u c ; l

I :  n~ - - :  ‘ ‘ I  1.. H . G .  1. ‘~:cr t  M o n t r a : a l  I’ ’
- ‘ ‘ ‘f  P n ; r ue  - C a - ‘I as’ i , C - i n ;  c l - i

“, , - - : , , n ; r , ’ - a l  n ; ’ J ;  n ;, ’oI  m y  I lu r  1 d m ’;
, I - - 1 S , MI ,’ - ‘ ‘ 1 ’ ’  L o c k ; ’ ’- d M i s s i  I i — - and ~~~ 

i : ’  Com p a n y
T c c : ,n o i~~~,l , : l - - r r , a t i o n  C’ i C r

C i  I ’ :  i i  y 32 5 1  l I , , r ; ’ , ’i ’n r  : t  t o t
: 1, , ’,’ >1  P o t ,  : u  i ou  i t , ,  School i - t b  A l  t -  , CA ‘‘ 4 3  - 4
‘-I n ’ ‘ ‘ ‘ 7 ,  CA - . (~~ ‘i - i

‘-? - ‘- ; ; h i  ‘ n , l v er s i ’ ’,’ ) f f i ;n c  of N ,o . ’ - , l Rc:, ’,, a r - : :  c r 0 0 0 : ,  - 1 1 1

E n :  o e - - ’ ; l  ‘ — G , i s  D y n a m i c s  Resea r ch  1030  l i n t  G r een  5’ n “cC 

C ‘ u  y ‘ - > 0  ,U , ’n a , CA 1 1 - W
De; ’~i ,’ ’ : - - : . ’ - f h - C d ;  in i c a l  E n qi n e cr :n ;q

~‘ b - b : , ‘ c r i b  12 , Cu ~’ i , ’ c , Canada  C i l ; f - ’ r n i a  l : c ; t i t - u t _ ’ -  of ‘1,0: 0- 1 -‘j ,’
i n ’;; f l o or ;  op D i v i s i o n

L m b r , i r ; - a n  l O a - ; ,i d , ’r , , i , C” ‘ l ip ’)
l-~n ’ ; i  n, ’ ,- r i n ; ’ u  C C - n - i c y ,  1 2 7 — 2 2 3
R a d i o  b r ;  - i , t i o n  -f  Amer i ca  1 , ; l , r , a r v
~‘ 3 r - n  r i  C -so , , NJ ) 7 ’ i c O  I t t  P r o p u l ; ; mo n  , , i u , o r a t o r ,’

4 8 0 0  Oak Cr  ~~‘i~ C i

D r .  S. P .  ; : t - i h , i x  a Pasadena , 12 1< * 1 1 0 3
;L i t i ::en E n g i n ee r ;  p & R e s e a r c h, In c .

01 0 C ;  r’ ; ir ’ Avenue  P r o fe s s o r  H .  Li  r ’pm ann
“ C - - i n ; ’ - t i n ;  V i e w , CA i 4 ( ~4 3  C a l i f o r n i a  i n s t i t u t e  of To ‘ b ;n o l o - j y

D e p a r t m e n t  of Aeronautics
‘; ‘;L n0n ’ ’Iin > 3 So,n ;’rt ;en Lr )r ;ry I’ a ; ;, t dcr ;,; , CA 9 1109

3 - ’~ l en t ,  4 7t h  - C I  ‘ ‘a t.
1, ’ ,’: Y o r k , 5’.’ 10017 M . L .  I .  Chas~~fl ,  M G R — M S D  L i b r a r y

Genera l E l oc tr i c  Company
P t - - I  io n , - ,  n A.  J amc ’son  Missile and Space Division
5 ’s- ‘i - - ,’ L u ; i ’n’ ,,n  s i t y  P.  1, . Box 8555
Co ’rr in ; t, I n s ti t u t e  of M a t h e m a ti c a l  P h i l a d e l phia , PA 19101

a P n n ; , ~n i c e s
2 , 1  M c I  n m ;  - t r c ” t  Mr. P. Dodge
b e ’s  ‘ T ’ n r k , NY llo ;1 2 AiResearch Manufacturing Company

D i v i s i o n  of Gar re t t  Corpora t ion
i x  ‘ , f i ’ ; , : - ; ’r G . M i l l e r  402  South  3t , t l i  S t ree t
h o w  i ” - r f r ,  U n i v e r s i t y  P h o e n i x , AZ 8 0 - 3 4
Dep o t I ; : ; , , i , t  -f App l ied Science
2 > ~— 3 6  S t u y v e s a n t  S t r e e t  T e c h n i c a l  L ib r a r y
lo w York , N Y 1 0 0 0 3  N O V 1 1  M i s s i l e  C e nt e r

P o i n t  Mupu , CA 9 3 0 - 4 2
) t  I i  c a n  ‘C N a v a l  Resea rch

I l o w ‘ 1- - i S  I t r e , a  o f f  icc  P rof e s s o r  S. ilogd o no f f
715 ( ; r ’ , a ’ I w a y  — 5 th  Floor I’ r i n ; n m ; t o f l  U n i v e r s i t y
be’ , ‘m u i R , hI’T 10003 Gas Dynamics  L~nh o r a ry

Department of Aerospace and
U t ’ • I s .  V a y l  jo—La ir in Mechanica l Sciences

I - ’,, ‘f ’ - r k  U n i v e r s i t y P r i n c e t o n, NJ 08540

D m ’ ; a r  t n - - a n t  of Ap ;’l ied Science
— 5* , S t  - i ’ ,’V , ’ n ; , u i t  St r eet

I a ’ s York , N Y 10003

I

-- - —



a 3~’— .’ 7 6 3 7 — 2 8

u 5 .  1 . - n ; m ’ n y  M r .  T . Brundage
En i v t ’ I  :- ‘ ‘ 7  D e f e ns e Ad v a n ced Rese ar ch

- n ; ’ of A m ’ t - - ’;~~~a~~e and P r o j e c t s  Agency
‘1’ ~~~~ on r c a  i 5- - r n-ce , Research  and Development

2 z on -
‘ ‘ nm , NJ 0 1 < ” 4  F i e l d  U n i t

APO 14 1 , Box 271
n i  . , . . ‘i’- ’ s San F rancisco , CA 9 6 2 4 6

- n ; , . ‘ i - n , ,  ~ I ’, , n , a z  ‘ ‘ in  A s s o c ia t e s
- ‘ i n  0 -ii , I n c .  O f f i c e  of Nava l Research

i t  .s a ; ; I , , : , - n ~ ni Ra id San F ranc i sco  Are a  O f f i c e
i i  i n ,  - ‘ n , ‘1 085-1 0 760  Market Street — Room 447

San Franc isco , CA 94102
- n J . H. CI-i rke

i - n  s:’. 0 i V a ’ i  o ~~ y L i b r a r y
- : ‘ ; “ ; - ‘ n  i n :: :no’cx ;n’-j The Rand Corporation

‘ ‘ v . ’ ’nice , RI , 2 ’ 1 2  1700 Main Street
Santa Monica , CA 90401

I n ,  1’ - - - ’ - r T. C .  Liu
,,z -S n I n ; i ’ .’; z : l t y  Department Librarian
1; i ’ .’ i S r - - n ; I r ; ’ ; ; n m ,’&’ri n y University of Washington
I n “n o n ; ’ ,’ , RI 02)12 Department of Aeronautics and

A s t r o n a u t i c s
- o b ’ -  - - i C .  -irovich Seattle , WA 98105

- ‘sn  : 01,-n s it y
) ; ‘.‘iSi”ri --I Appl ied Mathematics Dr. P. E. Rubbert

- : c i ’ , RI 02912 Boeing Conuniercial Airplane Company
P.O. Box 3707

• 2’ . K. Dci (Rl/2 178) Seattle , WA 98124
0 ‘Is Sy s’’ -: ’ ’ Group , Inc.

- n i , -  ;-;-ac e l ark Mr . R. Feldhuhn
I’,’ n m - I ;; hu tch , CA 90278 Naval Surface Weapons Center

Whi te Oak Laboratory
Sc n , ‘ ‘ n i t  S c i e n t i f i c  I n f o r m a t i o n  Silver Spring , MD 20910

C’ r t e u
In- -c u rrent  Section D r .  G. Heiche

-‘ u : ’ ’ , M i : ; s m i c  Command Naval Surface Weapons Center
I’: . n : , t -  - : ; c  Arsenal , AL 35809 Mathematical Analysis Branch

Silver Spring, MD 20910
S. AIr y Rese,arch Office

2’ . 0. Box 12211 Librarian
H, ’ ;, , t r c i n  Triangle , NC 27709 Naval Surface Weapons Center

Whi te Oak Laboratory
‘a o ’ , t o ’ : ; s ’  n M . Lessen Silve r Spring , MD 20910
Th~ i n iversity of Rochester
De; a n t n a ’ nt  of  Mechanical Engineering Dr. J . M. Solomon
P r i e r  “ t n ; - u ; ;  S t a t i on  Nava l  Sur face  Weapons Center

u ’ ‘b;’ - : ,t ” i  , N Y  14>27 White Oak Laboratory
Silver Spring , MD 20910

L ; ; i t , ’ ; r , App lied Mechanics Review
,, -;tl ,w , ’n t Research Institute Professor 3. H. Ferziger
8500 Cule i , i ’ a Road stanford University
:-;,an A n o t ’ , n ; i ’ , , TX 78228 Department of Mechanica l Engineering

Stanford , CA 94305
L ib rir y ,inc l Information Services
C e r i , ’ i a l  D y n am i c s — C O N V A I R  Professor  K. Karamche t i c
1’ . ‘ . D x  112 8 St a n f o r d  U n i v e r s i t y

a n  ‘ 1 ” ; ’, , CA 92112 Department of Aeronautics and
As tronau tics

Cx • H. Magnus Stanford , CA 94305
p a ’r i , ’ r a l  Dyna m i c s — C O N V A I R
P”ar ny Mesa P l a n t
P. ( n . BOx 80847
:,,a r a D i e g o , CA ‘32138

38

- b’ ~~~~~~~~
‘ ‘

~~~~~
‘
~~~

‘ . . .  - - ______



3 7 1 — 2 4  3 7 1— 2 5

i’ n - ’ t e : ; s o z  H. van Dyke Dr. K. T. Yen
, t , , : ; 1 , - n  ,i t’ niversity Code 3015
I ; a’~ - i n  t o-s-nt “f Aeronautics and Naval Air Development Center

A :nti -‘rca; itics Wax’minster, PA 18974
- t , a x m t o i d , CA ‘>4305

Air Force Office of Scientific
I n n ;  n ‘m r i t t  L i b r a r y  R e s e a r c h  (SREM )
b ’In ’O-nnehl [)oUgI,is Corporation Building 1410 , Bolling AFB
[)epart.” ’nt 218 , Building 101 Washington , DC 20332
1’ . - - . Box 51b
- . l~~’uiS , MO (~3l66 Chief of Research & Development

Office of Chief of Staff
Dr. R. 1 , Hakkinen Department of the Army
h’h - ’D’-nnioll Douglas Corporation Washington , DC 20310
Ci ’

~~

- o :  t r i ’n t  2 2 2
I . - ‘ . ,O,X 516 Library of Congress

• Louis , MO 63166 Science and Technology Division
Washington , DC 20540

D i .  R .  I’ . H e i n i s c h
Hon ’

~~~

el1 , I n c .  Director of Research (Code RR)
lO~-st ~’nr o and Re search Division — National Ae ronautics and

A ” n - - :o - ,ice Defense Group Space Administration
2345 W ,tjn ;rit Street 600 Independence Avenue , SW
- C .  Paul , MN 55113 Washington , DC 20546

ProI ’-o ;or P. G. Stoner Library
Ar i zona State University National Bureau of Standards
1S’ 1- i r trou t of Physics Washington , DC 2)234
‘Cempe , AZ 85281

National Science Foundation
Dr. N . M,tllfluth Engineering Division
Rockwell Internationa l 1800 G Street , NW
Scim’nce Center Washington , DC 20550
1 4 ’  C,ammno Dos Rios
P. - ; . Box 1085 Mx- . W . Koven (AIR 03E)
0 h n , ; ; n ; , a nd Oaks , CA 91360 Naval Air Systems Command

Washington , DC 20361
P’-,nkwoll International
Sc;’-nce Center Mr. R. Siewert (AIR 320D)
I 4 ’  ( ‘ - a m i n o  Dos Rios Naval Air Systems Command
1’. ‘ - . Box 1085 Washington , DC 20361
‘1’I, ’,u s , an d  Oaks , CA 91360

Technical Library Division (AIR 604)
The Libr ary Naval  Air Systems Command
C’niiv ”rsrty of Toronto Washington , DC 20361
In;;titute of Aerospace Studies
‘1” ‘r ’,n t ; ,  5, Canada Code 2627

Naval Research Laboratory
Professor W . R. Sears Washington , DC 20375
Univers ity of Arizona
Aerospace and Mechanical Engineering SEA 03512
Tucson , AZ 85721 Naval Sea Systems Command

Washington , DC 20362
I ’ r c ’ i m ’ M C ( , r  A. K. Seebass
University of Arizona SEA 09G3
Department of Aerospace and Naval Sea Systems Command

Mechanical Engineering Washington , DC 20362
‘J umnsui n , AZ 85721

Dr. A. L. Slafkosky
Dr. S. M. Yen Scientific Adviser
University of Illinois Commandant of the Marine Corps
Coordinated Science Laboratory (Code AX)
Url,,i,,~a , IL 61801 Washington , DC 20380

39

I
— -  — - -~~~~~~~~~~~~- ~~~~~ —

- -
~~~~~~~~

. - ‘~~~~~~~~~~ _ _ _



371—2> ’

- i n n  Sys tems E v a l u a t i o n  Group
i~ ,i - C m i  n i t on , DC 20305

‘ n .  P . i > , i x ; ’ n t r
Ca’n ;a’ral Applied Science

I , ; i i ,m ,i r at o ri e s , I n c .
M a n  n ick  and Stewart Avenues
Wa’ : ; I , n  un y ,  N Y  11590

I *i ’ l l  I , ,a i , o r a t or i e s
a~ ) ;  1 ) - a n y  Road
W l ;  i j u  m y  , 5, 1 07981

C hi  - — I  Ac i n n i y n i , t m ;  cs
;~
‘:
~~ - - - r a t i o n

M m S ’ ; i l m ’  S y s t e m s  D i v i s i o n
2 i 1, - w e l l  Street
W m i n ; i : n - : t , - n : , MA 01887

n , ’;, an oh Library
AV C( ’ ‘“ - n ,n n at i on
b’C i : n: :i l e  Systems Division
201 Lowell Street
a’. i 1:: - i r n ’ ; t o ni , MA 01887

‘:‘~ 
L

Wi i ::,t Patterson AF B , OH 45433

D x .  Donald  J .  H a rn e y
A) t o l ,  F :.:
W r ; ’ t n ; t  ‘ , a tta ’ rson AF B , OH 45433

40

a’

- — ~~~~~- ‘  -


