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ABSTRACT

In the study of fiber-reinforced resin composites , the

analys is of the progressive failure of a laminate with a stress con-

centration subjected to plane stress poses a very interestin q but

complex prob’em . This thesis approaches this problem by using the

finite element method to examine the proaressive failure of symmetri-

cal lam i na tes .

A modified maximum strain failure theory is proposed and a

finite element computer program developed that accounts for progres-

sive failure . A computer analysis of several unnotched laminate

tensile specimens , with l ariii na at va ri un anqies , was made ari d these

results are compa red with expe riment al data .

Circular hole tensile specimens with (Q .n/gQo/q ~) /O~) and

(0°/+ 45o/gQo )~ lamina were also investigated , and the proqressive

failure through the finite element grid presented. The ulti m ate

failure loads of the circular hole spec i mens are compared with

experimental data . Material properties used were those for Thornel

300/5208 Graphite-Epoxy .

Although the resul ts obtained cannot be considered ~oi 1u s i~~e

for a l l  cases , they do compa re favorably with experimental i ,t

for the unnotched specimens. The ultimate failure loads f ~~~ holr

spec i mens were somewhat hig her than those obtained expe ri’ien t ’il lv .

\

\ /

~~~~~~ ~~~~~~~~~~~ 
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I NTRODUCTION

The word “composite ” in composite material si gnifies that two

or more ma ter i a l s  are com bi ne d on a macrosco pi c sca l e  to form a use-

ful ma terial. The advantage of composites is that the materials can

be combined in ways that usually exhibit the best qualities of their

constituents and often some qualities that neither constituent

possesses . Some properties that may be improved by use of a compos-

ite material are strength , stiffness , weight , corrosion resistance ,

fa tig ue l i f e , and therma l properties .1

Composite materials have been used for centuries. When the

f i rs t com pos it e was u sed i s un known , but recorded history contains

references to various forms of composite materials. For example , the

Egyptians used lamina ted wood as early as 2780 B.C. . and the Israel-

i tes added chopped straw to the manufactur E of bricks in 800 B.C.

A short time thereafter , the Mongol bow wa~ developed from a compos-

i te of an imal tendons , wood and silk bonded together with an

adhesive. Still later , laminated structures appeared in the Damascus

gun barrels and Japanese ceremonial swords.

More recen tly, fiber-reinforced resin composites that have a

hi gh strength-to-weight and stiffness-to-we i gh’ ra ti o have become

i mpor tant  in  we i ght sensitive applications su~..n as a ircraft and space

veh icles. Some examples of these modern applications of fiber-resin

composites are : an AT-6C aircraft with reinforced plastic fuselage

~- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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built in 1 943,’ helicopter rotor blades specifically designed to

reduce v ib ra t i on  an d w i ths tand tors iona l  loads , , s  rocke t mo tor cases ,~
space vehicle structural components ,7 an d p resen tly an i ncreasi ng

number of uses such as fuselage and stabilizer components on the F-h i ,

F—l4 , F -l 5 , and F-l6 aircraft. ’’6 Th rou gh the use of str u c t u r a l  corn-

pounds made of composite materials , strength-to-weight ratios have

been increased 100 percent over that of comparable metal structures . 5

The impact of composites on jet engine perfo rmance may be even more

drama ti c , where an 800 percent increase in the thrust -to-weight index

appears possible. ’

The superior strength-to-weight ratio of these fibrous composites

is relate d to the fa i lure  mechanisms of homo geneous mater i a ls  whe re ,

generall y, t he actual  stren gth is considera b ly l ower than the theo-

retical atomi c strength. The reason for this strength difference is

the formulation and movement of dislocations in the honiogeneous

material . By forming a material into thin whiskers or fibers wi th a

small cross section , conformity in th~ m i cros tructure is  enh ance d , the

proba bi l i ty  of i nterna l  fl aws i s re duce d , an d the forma ti on an d

movement of d i s locat ions  res tr ic te d , m a k i n g  i t poss ib l e  for the f ib er

or whisker to approach its theoretical strength. 8 Composite sheets or

“ l a m ina ” w i t h  hi gh lonqitudinal strength are formed by imbedding many

of these h igh  stren gth f ibers  longi tud i n a l l y  i n a su i t ab l e  ma t r ix

ma terial. A composite “ l am inate ” with the desired strenqth and stiff-

ness properties may then be formed by combining layers of lamina

together at various orientations.

Investi gation of larnina strenrith has generally been approached

from both m i cromechanical  and macromechan i cal levels .1 ’ ”’’ 0 The

LI 
~~~~~~~~~~
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m icrornechanical approach , which treats a comPosite material as a

heterogeneous continuum , has been used for s i mp le lam i na models~
3 ’ 31 ‘ ‘

~~

Alt hough theoretically justifiable , this approach has a major limita-

ti on in  tha t the anal ysis required is extremely complex , and ther e-

fore, lim ited to very simple geometries . 3’

In genera l , macroniechan ical prediction of larnina failure has been

approached from one of the following three theories: the maximum

s t r a i n theory ,  max i mum stress theory , or max imum work theory .’2’’~ Of

these three theor ies , the maximum work approach has been proven to

be the most accurate when compared with experi mental data. ’’’2 ’’1

However , this theory does not easily lend itself to the analysis of

progressive fa i lu re  be cause the dama ge to the com pos it e canno t be

described and put into post-failure relations. The maximuni strain and

maximum stress theories are wel l suited for a progressive failure type

anal ys i s , but the accuracy of these theories deteriorates when the

fi bers are at an an g le between 15 and 60 de grees to an app l i ed un i-

axia l  load . 1 The reason for th i s loss of accura cy at i n terme di a te

angles is probably due to not considering the interactive effect on

failure of combined shear and tension.

Failure of unnotched laminates has been approached by combining

plies through lamination theory and applying a hamina failure theory

to each ply. In doing so , the d i sadvanta ges of p l .y failure theories

are carr ied throu gh to the laminate. In addition , fa i l u r e  of one

h a m i n a  as a fa i l u re  cr it er i on for t he lam i nate i s u s u a l l y too conser-

va tive. Maximum work or distortiona l energy applications to laminate

f a i l u r e , such as that by Tasi-W u ,3 have given good results for

i n d i v id ual  lam i na tes , but  new p ro pert i es mus t be ob ta i ne d for  ea ch
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new lamina te. Sendeckyj ,2” using the method of Sandhu ,’6 success-

fully used larn ina stress-strain data to predict the nonlinear response

of angle and mult i-ply laminates in uniaxial  tension . The fa i l u r e

predi cti ons were less su ccess ful , however. The success of this

a pp roach to p ro gress i ve fa i lu re  of no tched lam i na tes i s s ti l l  to be

determined.

Because of the complexity of the micromechanical approach ,

macromechanical principles are usually employed to determine laminate

behavior in the presence of notches. The anisotropy of the laminate

makes the fa i lure  pro per ti es due to stress concen tra t ions  of par ti cu-

lar interest in tha t the stress concentration factor can be consider -

a b ly hi gher for com pos i tes than for isotro p ic ma te r i a l s . In a dd iti on ,

a hole and crac k size effect has been observed on laminate strength.

Macromechanjcal studies of notched laminate failure have used models

such as the ‘ inherent flaw model’ for holes by Waddoups 35 an d an

‘average ’ or ‘ point ’ stress approach for holes and cracks by Nuisn ier

and Whitney .3° However , both studies neglect the load-path dependent

damage or progressive failure of the laminate. In doing so , none can

be expected to have general applicability , especially when biaxial

loa ding is considered .

The purpose of this thesis is to study progressive failure of

notched laminates subjected to in plane loads.

This thes i s:

(1) presents a modified maximum strain theory for individual

p l i es an d develo ps the pos t fa i lure  cons tit u ti ve rela tio ns

for  the p l y ;

(2) develops an incremental finite element program which uses
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laminated plate theory to account for stiffness changes

in the laminate due to failure in the pl ies;

(3) investigates the stress -strain behavior to fai lure of

several unno tched laminates (under uniaxial tension loads)

and conipares the results with experimental data;

(4) traces the progressive failure of two laminates contain-

ing circular holes and compares predicted failure loads

with experimental data .

~

T

~
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COMPOSITE FAILURE

~~~sotro i~~~~ast ic i i~y

With the advent and increased usage of f ib ers such as gra phi te

in composite materials , the assumption that the material is isotropic

is no longer valid. Graphite fibers are highly anisotropic , with the

lon g i tud i nal s t i f fnes s  bei ng an or der of ma gn i tu de greater than th e

transverse stiffness. Then , in order to analyze such fiber-rein-

forced composites , anisotropic e last ic i ty must be employed .

For a three dimensional stress state , the general ized Hooke ’ s

Law for  an anisotropic material is given by:

01 1:1

T 23 
= [Q ij] 

~~ 

(1)

131 ~
‘3l

T 12 ‘
~l2

where the stiffness matrix is symmetrical wi th 21 independent

constants. ’

If there are two orthogonal planes of material property symmetry .

such as parallel and perpendicular to the f ibers i n a un i di rec ti onal

fiber composite , symmetry w i l l  a l so  ex i st rel at ive  to a th i rd mu tu a l l y

or thogona l p l a n e , and the material is said to be orthotropic. The

stress-strain relations for an orthotropic material in a coordinate
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system aligned wi th  the principa l material directions , or pa r a l l e l

and perpendicular to the fiber direction , becomes: ’

~i i  0 0~~ H
‘2 Q 12 Q 22 Q 23 0 0 0 ‘ 2

03 ~13 ~23 ~33 
0 0 0

‘123 
= 0 0 0 0 0 

~23 
(2)

131 0 0 0 0 Q55 ~ I ~3l
0 0 0 0 0 Q~~~~~

j  ~
‘l2

w here the st i f fness  ma tr i x has been re duce d to n i ne i ndepen dent

constan ts .

La rn i na Const i t u t i ve Rela ti ons h ips

One pe r t i nen t  assu mpt ion i n establ i sh i n g the constitutive or

s t ress-s t rain  r e l a t i onsh ips  for the J a m i n a  of a la m i nate d compos it e

is that a lamina , when  i n  a compos i t e , is in a state of plane stress.

For a state of plane stress , an d with the laniina in the 1-2 plane as

shown in Figure 1 , the fo l low i ng s tresses are assume d zero:

03 = 0, 123 
= 

~~~ H3 = (3)

Figure 1. Unidirectiona l Lamina
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By sutstitut ing into Equation (2), the stress-strain relation becomes:

1°i ~~ii  Q 12 O~~ (~~
= J Q 12 ~22 

0 
~

‘ 2 (4)

~ 
Q

6~~
j  I,,jl2

where the com ponents of the sti f fness ma tr i x for the or tho tro p ic la mi n a

given in terms of engineering constants are :

Q 11 = E11 /(l-V 12 v21 )

= E22/(l-v 1~ v21 )

= ~2 1 E 11 /0~~12 V 21 ) = v12 E22/(l-V 12 ~21~
=

There are now four  i ndepen dent constants : E 11 , E22, G12 and “12’

wh i ch are the el as t ic  m odul i i n the 1 a nd 2 di rec ti ons , the shear

modu lus  and the ma jor Po i sson ’ s rat i o , respectively. The major and

m inor Po i sson ’ s rat io s are rela ted by:

= ‘ 12 E22 (6 ?

where the ma jor Po i sson ’ s ra tio , v12, is the ratio of strain in the

2 di rect ion to stra i n i n the 1 d i r ec t ion  for  a lo ad i n the one di~rec-

t ion . To t a i l o r  a ma ter i al w i th the pro per st i f fness  an d stren gt h

in  var ious  d i rect i ons , u n i d i rec tiona l  l am i n a e  a re u s u a l l y  put toge th er

with fibers runninq in several d i fferent directions so that the lani ina

principal axes are not co incident with the referen ce axes of the la mi-

na te. When this occurs , the constitut ive relations for each lamina

must be transformed to the laminate reference axes in order to

- ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ — ~~.- 

~~~~~~~~~~~~~~~~~
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determine the laminate con stitutive relat ionship. The transformation

relationship for stress between an arbi t rary x-y axes and the prima ry

1—2 axes, as shown in Figure 2, is

(c~1 x

~~~~ 

[T 1~ ] o
~ 

( 7 )

while that for strain is

c 1 x
= [T1~] 1

~ 
(8)

2 2

where the transforma ti on ma tr i x T 1 . i s:

rm2 n2 2mn 1
[ T . .]  = 1n

2 
~
2 -2mn (9)

13 I 2 2 1
~ mn mn in -nj

m = c o s O

n = sin 0

y

Fi gure ?. Pos i t i ve rota ti on o f p r i nc ip al mater i al
axes from arbitrary xy axes

L i .  ~~~~~ ~~~ I I ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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In the same way , the pri I~iry stress and strain relations are

referenced to the xy axes by:

1)
= [T

1J 1 

{12
~

H
= [T .~ ]~ 2 ( 1 1 )

~
‘12

where ~~ inverse is obtained by substituting a neqative angle 0 for

the posit ive angle U in the I ma trix . Thus , T inverse becomes:

2in n -2mn

[T. .]~~ 
= 1n

2 ~2 2mn (12)
I 2 21-mn m -n~j

rn = cos B

n = cos )

Knowing the orthotropic lam ina mate rial properties and refer-

encing them to the xy axes , (-3 is measured in the neqative direction.

Then I becomes T 1 and the xy stress-strain relat ionship obtained f rn~

Equations (4) ,  (8) ,  and (10 ) is

= [T
n
] [Q fl

] [T
~~
]
~~ 

(13)

~ xyJ L%~xyJ
where Q 1,~ is the orthotrop ic lamina stiffne ss from Equation ( / 1 ) .

~ 

~~~~~ • -
~~~~~~~~ 

-
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Denoting the lamir ia stiffness with respect to the xy axes as

Qij ’ then

(0

= [
~j j ] ~~~~ ( 1 4 )  

]

~,,,
Txy I,, ’xy)

where

[
~~

] = [T
n
] [Q~~

] [T
~~
]
~~ 

(15)

Upon multiplication , the terms of the nia tri~ become:

= Q 11
iii

4 
+ 2(Q12 + 2Q66) m

2n2 + Q 22 n4

= (Q
11 

+ - 4Q66 ) m2n2 + Q 12 (m 4 + n4 )

= (p
11 + + 2Q66 ) i,i n - - + 2Q 66 ) mn3

= Q 11 n + 2( Q 12 + 2Q 66 ) m n + Q 22 iii

= ( -Q 11 + + 2Q 66
) inn3 

- (Q 12 
- Q22 + 2Q 66

) m3n

= (Q 11 + - 2Q 66 ) m2n2 + Q66 (m 2 + n2)

A more convenient form of the ‘ t ransformed l am i na st i f fness , in terms

of invariants as given by Tsai and Pagano 3 and used later in the

computer analysis , is:

= U 1 + U2 cos ( 2~) + U3 cos (4- )

= U4 
- U3 cos ( 4 - )

= U,, sin(2 ) + U sin(4 - - )13 2 3 ( 1 7)
= U 1 - U2 cos ( 2 ) + U 3 cos (4~ )

= ~ U2 sin (2~
) - U3 sin(4 -’ )

= U5 
- U3 cos(4 - )
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where

U 1 ~ (~Q 1i + 3Q2~ + 2Q12 + 4Q66)

U2 ~ 
(Q 11 - Q 22~

U3 ~ + Q 22 
- 2Q1~ 

- 4Q66) ( 18)

U4 
= 

~ 
(Q 11 + + 6Q 1~ 4Q66)

U5 ~ 
+ - 2Q12 + 4Q 66)

Laminated Pla te Theory

Strain Displacement Relationsh ±p~

A laminate is composed of several orthotropic l ayers. As such ,

the description of the behavior of a single larn in a , as previously

discussed , forms the basis or building block with which the beh ivior

of a laminate may be described. Equation (14) gives the constitut ive

relationship for a lanil na with respect to an arbitrary xy coordinate

system . Considering the arbitra ry xy axes to be oriented with the

lamina te axes , Equation (14) can be thoug ht of as a stress-strain

relationship for the kth l ayer of a multi-layered laminate and may be

wr it ten as

= [
~
]k{E}k (19)

Knowin g the var i a ti on of s tress an d stra i n th rou gh th e l a m i n a te

thickness is essential to the definition of the extensional and bend-

in g stiffness of a laminate. The laminate is assumed to consist of

layers of perfectl y bonded laminae , such that the displacements arc

cont i nuous  a cross l a m i n a boun dar i es an d one lam in a can not sl i p

L-.~~~~ 
. . .~~~~~ :I~~~-i~~~~~~ _~~ _ _ _ _ _ _ _ _ _ _ _
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relative to another. Wi th  th i s  1SSUIIg )tiO fl , and if the laminate is

t h i n , it may be assumed t ha t  a l ine originally stra iqht and perpen-

dicular to the m iddle surfrc~ of the lam inate will rem ain straight

and perpendicul ar to the m odle when the laminate is extended and

bent.

Considering a section of laminate in the xv  plane deformed due

to some loa ding, as shown in Fiqure 3, the geometr ical m idp lane under-

goes some d i sp lacem en t , U
0

, in the x—di re tinn. W i t h  the above

as sumpt ion , the l i n e  A F3D rema ins str a iqht ~iri d nür ’ iil ~ the deformed

_ _ _

H - u 
-- ~~~.

_A

A

~~~ z~~~~~~~~~
x

z 

~~~~ ~
undeforn ied deformed

cross sect i on cross sec ti on

F ig ure 3. Geomet r y of deforma tion  i n t he xz p la ne

midp lane and the displaceme nt in the x-direction of any point , C , on

the normal ABD is given by the linear relationshi p 3

u
~ 

u0 
- z,~ 

(20)
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where Z is the I r~~inate oF the noint C and -~~ is the slope of ABD

with respect to the ~rig ina1 vertical line. Also , under deformation ,

line ABD remains perpendicular to the middle surface so t’ at the slope

of the laminate surface in the x-di recti on is

= (21)

where w is the displace ment in the z—direction . Substitutin q Equation

(21) into Equation (20), the displacement , u , at any point. z , through

the laminate thickness is

u = u - z ~~~~~ (22)
0

By similar reasoning , the displacement. v , in the y-direction is

v v 0 - z  (23)

The assumptions thus far are equivalent to igno ring the shearin o

stra i ns i n p l anes  per pe n d i c u l a r  to the mi dd le su rface , that is ,

= 0. Also , the line ABD is assumed to have constant length so

that = 0.’ These assumptions , known as the Ki rchhoff-Love hypothe -

sis , reduce the strain-displacement relationships to ’

C

C = -
~~~~~ ( 2 4 )

=

~y Px

Differentiating Equations (22) and (23) and substitutino into Equa-

tion (24), the strains become

-— —--h . ~~I~~~i
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2
— 0 - ‘  WI —

x ~x 2

= - - - - - z - (25)y 
~
y

-~U V
= 

- 
- + — 2zxy -)y -~ X x y

or

x

= C~ ~~+ z (/ b )

~xy “xy) ‘ xy

where the middle surface strains are

0

= 

-

~~~~~~ (27)

o n~V 
+xy y ~x

and the middle surface curvatures ,Ir r’

K

K 

= 

~~~~ 

(28)

xy,)

By substitution of t he  ~trai n va r ia t ion  thr o uq h h i ’  1hi c~~i”ss ,

Equation (26) into E q u a t ion (19), the stresses in the 
t h 1~t ve t  ca n

be expressed in terms of the laminate middle surface str ains and

4
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curvatures as

{
~Jk = 

~23 

+ 

z{
~~~

}} 

(29)

Lami na te Const i tut ive Eqyations

Since the can be different for each layer of the laminate ,

the s tress variation through the l am i n a t e  is not  ne~essar iJy linea r

even though the strain variation i3 line ar. To in ’,’estigate these non-

l inear stresses , the resultant laminate forces and moments , denoted by

N and N respectively, are obtain ed by integration of the stresses in

each layer of larnina throug h the laminate thickne ss. ’ For example,

= f ~-~ 
dz

2 
(30)

t
M = 2~~ zdzx

-�-

where t is the total laminate thickness.

The tota l force and moment resultan ts for a n-layered laminate

may then be def i ne d as

j
~ 

0x
= 

J~ 
(7~, 
(
dZ (31)

Nxy. k ~ 
‘xy)

Ill _ i . 

~~~~~~~~~~~~~~~~~ __
~

_
~~~~i . ~~~~~~~~~ . 

— - - -
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and
tr2 °x

My = vy zdz (32)

M J t  ~xy -
~~~~~ xy

or , using Equation (29) and summin g over the laminate thickness , for

a l a m i n a te w ith n la yers ,’

{
~~~

} 

= 

~ 
Q
3JkL:-l {

~~
y}dZ +5 {

~ 
o~~~~

z
~~~~~ 

(33)

Mx n [~l l  ~12 ~~i~~l 1~
Zk ~

= 

~~ ~~l2 ~22 ~23 I 
~ zdz+ z~dz (34 )

~~ 
k=l 

L~13 ~23 3
~
Jk 

~~~~~ 
~~~ 

JZ k l  ~xy

[c°] and [K] are not functions of z, but are niidplane values , so they

can be removed from under the summation si gns and Equations (33) and

(34) can be written as ’

Nx [E11 E12 E 1~~ r°~ [~l l  B12 B 1~~ ~:

N~ = ~E12 E22 E23~ r~ + ~B12 B22 B23J 
(35)

Nxy [~l3 
E23 E33j  ~~y [~l3 B23 B33J 

K xy

M
~ B11 B12 B13 r~ 1~l l  B12 B13 

~~
My = 

~l 2  822 823 L~ + ~D12 B22 D23 ~ 
(36)

~
4xy B 13 B23 823 ~xy [~l3  023 B33 ~‘ xy

- - r ~
-— ‘-—

~
-- -

~~ ~~~~~~~~ . - ~~~~~~~~~~~~~~~~~~ ~‘ — ., ~~~~~~~~~~~~~ ~~~~



_ 
-__ -.~~~~~~~--- ~~~~- - ~~ - —~~~~~~~~. - ----- ~~~~~~~~

wh ere n

[ Q . . ]  (Z k — z
k l ) (37)

~ ~~l ~~ij ~ k (z~ - z~~~~) (3~~)

~~ij~ k (z~ - zL 1 ) (39)

For laminates that are symmetric in both geometry and material

properties about the middle surface , Equations (35) and (36) simplify

considerably. In particular , because of the symmetry of 
~~~~~ 

and

the lamina thickness tk, all the [B~~
] are equal to zero and the

force and moment resultants for a symmetric laminate are

oN 1E 11 E12 E13 ~x

N~ = 

L12 
E22 E23 ~

° (40)

Nxy E13 E23 E33 ‘
~xy

M
~ 

B11 D12 D13 ~
My 

= 012 022 023 ~ 
(41)

Mxy 013 023 033 ‘ xy

For the remain der of t I is investigation , the lam i na te w i l l  be

consi dered to be symme tr i cal an d i n a state of pure ten s i on or com-

pression , that is. bending moments will he zero and only Equation (40)

wi l l  app ly.

——.-
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~2~i fi ed Maximum Strain Theory

Most experiment a l determinations of the stren gth of a mater ia l

are based on uniaxial stress states. However , the practical problem

usually involves at least a b iaxia l  s tate of s t ress.  For an ortho-

tropic l ain i na , strength criteria parallel and transverse to the fiber

direction due to tension , compression and shear strength may all be

experimentally determined. To relate this uniaxial strenqth infortita-

ti on to an anal ysis of ply damage and progressive failure , the follow-

ing modified maximum strain theory is proposed. The lam in a is said to

have failed in the fiber direction if

H X f. or H ‘
~ X (42)

and transverse to the fibers if

1 2 Y~~ or 
~2 

< “~~ 
(43)

where X , X , an d V , V indicate the maximum allowable tensilect cc it  C~
and compressive strains in the 1 and 2 directions. In the same way ,

the lamina is said to have failed in shear if

1~’l 2 I > 
~ u. 

(4 4)

where S is the maximum allo w able shear strain.

This failure theory ,iiak~ s it poss ible t.o nht a in pnst -failLl rr

constitutive equations. However , stress or s t r i i n  i n t e ra c ~ ions , s i h

as the combined effect of transverse strain and shear n~ f ai l ur e , have

been ignored.

k~ . ~f- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
•

~~~
‘ 
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Post Fai lure Const itut ive Eq~~tions

In forming the modified strain theory , the following assumptions

were made :

(1) If a lam i na fails in the fiber direction , the matrix will

still carry a load transverse to the fibers , but will not -J

carr y a shear loa d.

(2) If a lamina fai ls transverse to the fiber direction , it

w i l l  no t carr y a sh ear loa d , but t he f ib ers w i l l  carr y a

normal load parallel to the fibers.

( 3) I f  a lam ina fails in shear , the matrix will not carry a

load t ransverse to the fi bers , but the fibers will carry

a norma l loa d.

(4) If a lamin a fails in the fiber direction and in shear or

fa i ls  both pa ra l l e l  an d transver se to the f ib ers , the lamin a

is cons id ered to have tota l l y failed and will not support

a load .

Each of the above assumptions indicates a partial or total fail-

ure of the lam ina. Examination of Equation (4) shows that for a

part i al f a i l u r e  of a lam i na at a gi ven s t r a in , the stress i s chan ged

by a change or softening of the stiffness matrix. In the computer

solu t ion of the bi ax i a l  stress p ro b lem , the changes in stiffness and

load are used. Therefore , the post-failure lamina constitutive equa-

tions will be expressed in terms of change in stress and stiffness due

to part i al or tota l lamin a  fa i lure .

Usin g Equation (4), the change in stress due to a change in

sti f fness  i s g iven by

—.-- .—-.--. ~~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~ ~. -
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= [AQ~~] 1.2 (45)

Ai 12

where i s the chan ge in  s ti f fness d ue to fa i l u re , or

AQ~~ = Q.~ 
- post failure st i f fness (46)

The terms for the various types of lamina failure are found

as f o l l o w s :

(1) Lamina failure in the fiber direction is assumed to cause

E11 , G12, v12, to equal  zero l eav in g E22 as the onl y factor

contributing to the new st i f fness. Using Equations (5)

and (46), the E~Q~ terms are found to be

- 

E 11
-

E 22(v 12~21 ) 
‘

AQ - ——

22 (1 - 

~l2 ’~2l~ (47)

- 

v 12 E11
~~12 

- _ _ _ _

AQ 66 = G12

(2) In the sa m e wa y,  lam ina failure transverse to the fibers is

assum ed to cause E22, G12, 
~l2  to equal zero leaving E 11 as

the only contributin g stiffness factor. For this type

f a i l u re the AQ~ terms ar e

LTI --
~~

--
~ 

,

~~~~~~~~ 
-
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E11 (~ ‘ 12 v 21 )

AQ 1 1 
=

l2~2l
E22AQ 11 

-

12 21 (48)

- H2 E11AQ - i~~
—.-.-——- -

—

AQ 66 
= G 12

(3) Lam ina fdiiur e in shear is assumed to cause E22, G12~ ~~~~~~~

to equ a l zero leav i ng E 11 as the only contributing stiffness

fac tor . Thus , Equation (49) also gives the AQ 1~ terms for

shear failure .

(4) Lam ina failure in the fiber direction and in shear , or fail-

ure both parallel and transverse to the fibers , is assumed

to cause tota l l arn i na f a i l u r e  and the refore , zero r e m a i n i n g

stiffness. The AQ 1~ terms obtained by Equations (5)

an d (46) are

F
-. — 1 1

- ‘12~
’2l

- ~22— 

‘ ‘ ‘  
- 12 21

• (~~Y )
1’T 2 E 11AQ 12 

- 
- 

12 21

AQ 66 
= G12

Denot i ng ~~~ as the change in lam ina stiffness with respect to

the arbitra ry xy axes and using Equations (8), (10), and (45), the

change in stress in the xy coordinate system due to a chan rir in r, t i f t ~

ness is  g i ven by

— —~~
-. .•- 

,
~- ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ — —,. - ~ — -
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x x
= 

~~~J
1
k 1y (50)

~xy k

where

[A
~ij]k = [T

~~]k ~~ ij 1 k [T~~]~ ’ (51)

The AQ~~ terms are calcula ted by use of Equations (17) and (18) where

terms are substituted for terms .

Lam i nate F a i l u r e  Cr i ter i a

W i th l a m i n a te stren g th , just as with the determination of lamin-

a te s t i f fness , the basic building block is the l anm ina with its inherent

characteristics. Basic to determining the strength of a laminate is

a knowledge of the stress state in each lamina . However , failure of

one la yer does not necessar i ly i mp l y failure of the entire laminate.

The lam inate may, in fact, be capable of hi gher loads despite a

significant change in stiffness.

The strength of an ang le- ply laminate , symmetric about its middle

surface , may be determined by examining the state of damage in each

layer for a particular load. The laminate strains are calculated from

the known load and stiffness prior to failure of a lamina. If one or

more lamina have failed, as determ i ned from the failure criterion , a

new laminate stiffness is cal culated and the laminat e strains recalcu-

lated to determine the post-fa ilure strains. Then it must be verified

tha t the rema i n i n g l am i nae , at their increased strain levels , do not

Ji~T i ~T_~
T
~~~- ~~~~~
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fail at this applied load. Should an applied load cause progressive

fa i l u r e , where all layers successfully fail at the saute load , the

laminate is said to have suffered gross failure. ’

An alternative mim ethod , descr ibed  in  the next  s ec t i on , uses the

original laminate stiffness to determine the strains at each load or

failure cycle. When a failure takes place , a change in stiffness due

to the failure is calculated . Usinq the change in stiffness and the

known strains, a pseudo load is calculated and added to the ori g inal

loa d , giving the required increase in strain. In an iterative finite

element program this method is useful in that the stiffness matrix is

only inverted once.

La m i nate Post- Fail u re Co nst i t ut ive Eq~~t i on s

The strength of a symmetric angle-ply laminate subjected to

plane stress is determ i ned by first finding the strains for a known

load . Inver ti n g the sti f fness  matr i x , Equation (40) can be written

0
Cx

= [E 1~]~~ u~, (52)

Front the previous assumption that plane sections perpendicular

to the midp lane axis remain plane , and for a state of p l ane  stress ,

Equation (52) gives the state of strain for all layers. Then , by

Equation (8), the strain wi th respect to the 1-2 axes for each layer

k, is

~~~~~~~~~~~~~~ 

- 
_ _  

1• _ ~_ —
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0
I1 x

‘2 
= [T ij ]k ~~ ( 5 3 )

~12 2

The lamina strains are compared with the lamina failure criteria ,

Equations (42), (43), and (44), to determine modes of failure.

Shoul d fa i lu res occur , changes in stiffness for each layer are

calculated using Equations (47), (48), or (49), depending on the type

of failure , and Equat~c~r~ (~ l). The total change in laminate stiffness :1

is found by summing the laminar stiffness changes. For an n ply

l a m i n a t e , the total change in stiffness , 
~~~~ 

is

[.;E
~~

] 
~
‘
~~j

1k (z~ - zk l ) (54)

k=l

where AQ 1~ is from Equation (51) and Z k - Zk l  is the thickness of

l amina  n .

Know ing the change in stiffness and the laminate strains , a

pseudo force , PN , due to the loss of st i f fness is found by

PN
~

PN ~ = [AE 1~~] c~ (55)

PN
~~ Y~y

Addin ’ this pseudo force to the applied load of Equation (52) g i ve s

the increased strain due to l anm ina failure. Then , the new Strain

is

Lu’ ‘
~~~
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C N + PN

= [[] l N~ + PN: (56)

t xy Nxy+ PNxv

Equations (53) thr-auqh (56) are repeated un til equ i i  ibriu ~ i s  ob tain ed

or the laminate e x ; I r  I en~~ s gross fai lure.

Apjili~~t t i o t i  t C) Lni ipo~ i t o  ~ t r,, t j r ’ s

Thus far n this thes is , lamn i na and lami n.i ~ have hee ’~ a n t i v1ed

in  a state of plane stress, but t he  geome try and boundary conditions

have not been considered. It has been assumed that the state of

strain is constant throughout the lanm inat e and that the stt -ess is :on-

stant throughout each layer. In actual applications the stress in a

laminate and in a larnina nay vary cons iderab ly  due to geometry m d

loading conditions. Stress concentr ations s u c h  as holes , notches m l

cracks may increase the local stress to a much greater val ie th in the

Stress at another point in the member. Such localized stresses ma y

lead to localized laminate failure and ulti m atel y to complete lam inate

failure at reduced loads.

In order to analyze a varying state of stress at ooints across a

laminate , the finite element method dill be used in con junction w i t h

the previous ply and laminate equations.



NUMERICAL PROCEDURE

L t L e~~.i t±~9~ For Plane St ress  Analysis

In a matrix analysis of composite materials the standard approach

is to divide the composite laminate into a finite number of elements

connected at joints or nodal points. The stiffness or flexibility

properties of each individual element are then established by an

element analysis, and the element stiffnesses combined to form the

stiffness matrix for the complete structure. In the discussion that

fo l lows , a brief description of the displacement method for a constant

strain triangle elem ent will be presented and then incorporated with

the previous ply and laminate equations in an iteration method to

provide a solution to the nonlinear composite laminate problem .

Figure 4 depicts a typical triangular element with nodes i , j .

and m , num bered in counter-clockwise order. Each node may have dis-

placements in the x and y directions. Then , denotinq displacements

in the x an d y directions by u and v respectively, the six components

of elenient displacement may be written as the vector {~ }e where

U .

v .

{ S } e 
= ( 57)
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v
111

y 

X l

y

~ 

~~~~~~~~~~~~~~~~~~~~

F i gure 4. P lane  Stress Tr i an gu l a r  Elemen t

The displacement within an element have to be uniquely defined

by these six displacement values. Representing the displacements by

two l inea r  polynomia ls 23

u + ct
2X 

+

(58)

v + ~ 5X + ~6y

the noda l displacements can be written

ii~ 
= + m

2
x~ + ct

3
y.

= 

~i 
+ a2

x~ + ~3y~ (59)

= ‘
~l 

+ c~2
x + m3y

~~~~~--.-- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ IT . _~~~~~_ —~~~ --—~ —~~~~~~- -
~~~
=“--
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V i 
1
4 

f I~ X~ + 6
y .

= 

~ 
+ ~ 5 x~ + ct 6y~ (60)

V~1 
= ~4 + (t

5
X

11 
+

Evaluating the six constants 1 in term s of the nodal disp lacements ,

gives 2

u = ~~~~~~~~~~~~~~ + (a~~+b~~x+c ~ y ) u ~ + (a 111
+b

111
x+ c,11y ) u

10 
(61)

and

v = 
~~~

(a1+b~
x+c

~
y)v

~ 
+ ~~~~~~~~~~~ + (a m+b nix 4 c riiy )v m (62)

wher e

a~ = x~y1,1 — x 1,1Y 1

b
~ 

= y
~ 

- y111 (63)

c i = x111 
— x

and

1 x 1 ~2..~ = de t 1 x~ y
~ 

= 2 (area of tr iangle i,im) (64)
1 X m ~m

Neglecting any initial strain , the total strain at any point

w i t h i n  the element can be defi ne d by i t s  th ree com po nen ts th at co n-

tribute to the internal work. From Equations (24)

1~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ .- - -
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u

( 65)
‘
~xy 

+ v

Us ing Equations (57), (61), (62), and (65), the strain with in the

triangular element expressed in terms of nodal displace m ent is

e

~-: 
= [6] e ~6 1e 

(66)

yxy

where
0 b,~ 0 b~1 °1

[B] = ~~~~ c.~ 0 c~ 0 cm~ (67)

[
~

_. b.~ c~ b~ c~1 b~j

and the  B t erms are

b~~~~ y 1~~~~y~1 C
i

= X
m

_ X
j

b~ = y
~ 

= y
~ 

c~ = x~ - X~1 (68)

bm 
= - y~ c

10 
= x~ -

By Equation (40), the stress resultant within an anisotropi c element

is

e e

[E] Cy = [E][B]e~ S e 
(69)

Nxy ~xy

- 
-

~~~~~~~~~ • — •~~.- - 
_ _ _ _ _ _ _
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Nodal forces can also be expressed in terms of the nodal dis-

p lacements . Denoting U and V as the nodal forces in the x and y

directions and assuming zero body forces , the nodal force vector {F)e

for a triangular element can be wri t ten

V 1
U .

{ F} e 
= J (70)

• V
i

U
111

V
111

The stresses tha t resul t from these no dal fo rces can be fou nd

by equating the work done by the forces to the strain enerqy stored in

the element . The work done by the nodal forces is 2 3

W = ~~
- (U~u 1 

+ V 1 v 1 
+ U~u~ + V~v~ + Umuni 

+ V
111
v

111
) (7 1)

or

= ~ {F}~ {~ }e (7 2 )

The stra i n ener gy is  g iven by2 3

U = 
~ ff (Gx

C
x 

+ ~~~~ + t xyYxy )dA

(7 3 )

= 
t (~ }e e

w h e r e  41 is t he area of the t r i a ng u l a r  e lement  an d t i s the element

thickness. Using Equations (66) and (69) ,  the strain energy can be

__ 1___ -~~~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
--

~~~
—
‘~~~~~~~~~~
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~
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rewri tten

= t41{~ }e [B] T[E] T[B]~~}e (74)

Equa t ing  the work and energy equations and taking the t ranspose  of

both s ides ,

(F}e =
~~~~~ [B]

T[E][B](6}e (7 5 )

• Denoting the element sti ffness matrix [Ki e,

{ F} e 
= [K] e{~ }e (7 6)

and

[K]e =41t [B]T[E][B] (77)

Equations (76) and (77 )  are now sufficient for computation with the

actual matr i x opera ti ons be ing accom p l i she d i n the comp uter pro g ram .

Combining the element st i f fness matrices and their force and dis-

p lacement vec tors gi ves the s t ruc tura l  system of equa ti ons

[A] {~} = {F} (78 )

where [A] is the structura l stiffness matrix.

1ut ior Metho~~~~~~on 1 inear  Mate r i a 1~~~~p~!~~es

Initial Stress Process

The expressions derived in the previous sections describe fully

the stress—strain relations for a lam i nated composite mater ial in a

state of plane stress. The essent ia l  nonlinearity is evident from

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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Equations (54), (55), and (56) with the composite stiffness mt matrix

being dependent on the state of total stress. This problem , as

descr ib ed in  the fol l ow i ng sec t ion , can be approached using peace-

wise linearization to obtain a solution iteratively . 18 ’21

The “initial stress ” process approaches the solution of a non-

l inear problem as a series of appr oximn ations. ’ 5 ’~
’20 25 In the first

ste p after  a loa d i ncre ment a pure ly  elast i c pro b lem i s solve d deter-

m i n i n g an i nc rement of stra i n (to ‘} and of stress {Ao ’} at every point

of the structure . The nonlinearity implies that for the increment of

s t r a i n  f o u n d , the increment of stress w i l l , in general , no t be

correct. If the true increment of stress for equilibrium is IA-} , then

the  correct s o l u t i o n  can be m a i n t a i n e d  by a set of pseudo body forces

equ i l i brat i ng t he “initial stress ” system (Ao l —

At the second stage of computation the system of pseudo body

forces can be removed by allowi ng the structure (with unchanged elastic

properties) to deform further. An additional set of strain and stress

increments is caused , and once aga in  they are l i k e l y to excee d those

perm it ted by the nonl i near probl em . The re di str ib ut i on of p seu do body

forces is repeated and the process continued unt il it converges to the

nonlinear equilibrium conditions.

Application to Composite Materials

In laminated composite materials , the nonlinearity comes from

failure or partial fai lure of a ply within a laminate. Ply fai lure

or pa r t i a l  f a i l u r e  i mp l i e s  tha t a chan ge in  sti f fness has  taken p lace

and that the load used and dis placements found , fo r an e l a s t i c  solu-

tion , are not correct. To arrive at the correct solution , pseudo body

IIi_ ~~
-
~~ _iT ~~ _ _ _ _



--• ,------ ,•.- - -~~—-~~~~~~~~- ---  • - -~~~—--- • - - - -- - -  - • — -— - ------ .~~~— - -.

34

forces are calculated using the change in stiffness and the laminate

stra i ns . These pseu do forces are a l lowe d to fu r th er deform th e l am i-

nate using the original elastic properties. New strains are found and

the process repeated until equil ibrium is obtained.

Specific steps in the initial stress process as applied to

composite materials are :

(1) The problem is set up by using Equation (77) ,  fo r  each

element , to construct the structural st i f fness matr ix.

An inc rementa l  load and other boundary conditions are

entered into Equation (78) which gives the following

system of eq ua ti ons to be solve d :

[A] {s} = { F) (79)

(2) The st i f fness matrix [A] is partially inverted and the

disp la cement {I .S} computed.

(3) Strains within each elenient are found by Equation (66)

eCx 
= [B] e(~}e (80)

~xy

(4) From Equation (8) ,  the pr i nc ip al stra i ns i n each lam i na

are obtained ,

e eCl Cx
c

2 
= [T]

~ 
Cy (81)

2 k 2

•i -

~

T.. 
.. r~~ T
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(5) Lainina failure criteri a, Equations (42), (43), an d (44)

are applied. If there are no failures, go to step 10.

(6)  The change in elen ment s t i f fness due to fai lure is computed

using Equation (54) ,
n

[AE] = [AQ] (Z k - Zk l ) (82)

k=l

(7) Pseudo forces at each node point are found using [LIE] as

the element st i f fness and Equations (66) and (75). Denot-

ing the pseudo forces PF ,

(I.~~

• { PF} = [B] T [A E] ~Cy ~it (83)

~
,
xy

(8) The maximum pseudo force , PFniax~ 
is compared wi th  an

accuracy constant  ACC. If PF ma x is less than ACC , e q u i l i b -

ri um has been reached , go to step 10.

(9) Using the pseudo forces and the part ial ly inverted st i f f-

ness mat r ix  of step 2 , a ddi t iona l  d is p la cemen ts are found

and added to the original displacements. Return to step 3.

( 10 ) The load is incremented by adding the displacements

o b t a i n e d  for an incrementa l  load to ex i st i n g di sp lacemen ts

and returning to step 3.

Should the iteration process of steps 3 through 9 be repeated

20 times within an incre m im ent without reaching equilibrium , the laminate

is cons idered to have suffered gross failure and the process is

stopped .

~

-

~

2 T

~
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SOLUTIO N OF PROBLEM S

Uni xi al Tension S2ec imens

To check the reliability of the modified strain theory and the

finite element progra cim , the predicted stress-strain curves and failure

loa ds for (O 0 )~~, (9O~ ), (O~’/90~/90”/O )~~, ( 9 Q 0/ +  45
~
/O°)

~ 
and

(900/÷ 45°/90°)~ laminates were obtained for uniaxia l tension loads.

Figure 5 shows the finite element grid used. The 12 element grid ,

scaled to 5 inches (12.7 cm) in length and 1 inch (2.54 cm) in width ,

was loaded using incremental displacements in the direction shown .

Zero displacement conditions were specified for nodes opposite the load

end in the load di rect i on and a lon g one s ide transverse  to the lo ad

direction.

To establish a stress-strain relationship for comparison to

ex per imental  data , one element was chosen and its state of stress a n d

strain written out at the end of each increment. The failure status

of eacy p ly wit h in  each element , nodal displacements , iterations and

the maximum pseudo force for each iteration were also written out.

Material properties used were those for Thornel 300/5208 graphite-

epoxy , listed in Appendix A.

~~~~~~~~~~~~~~~~~~~

Two lam i nates con ta i n i ng c i r cu l a r  ho les an d loa ded in un ia x ia l

tension were investigated using the finite element grid shown in

— 
__

•~9~~ 
. • - •, “,--~~... - .- -_ _ _ _ _ _  -
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load direct ion

‘1~ _ _ _ _ _ _

Figure 5. Fini t .c~ element grid, uniaxi a l tension test 

- -
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Figure 6. The 99 element grid was g iven an incremental displacement

load i n the di rec ti on shown , with zero displacemm ient conditions imposed

on the end opposite the load in the load direction and alorm q the hole

side transverse to the load direct ion . The scale for the grid repre-

sented a specimen 3 inches (7.62 cm) wide with a hole 1 inch (2.54 cm)

in diameter.

At the end of each increment the status of eacy ply wi th in  each

element was p r inted out. Total failure loads were determined using

the nodal displacements and stiffnesses at failure to calculate the

nodal forces at the load points.

Material properties used were those for Thornel 300/5208 graphite-

epoxy , listed in Appendix A.
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RESULTS

~~~~~~~~~~~~~~~~~~~~~

Stress vs .  strain diagra mi ms for the uniax ia l  tension proble ms

are given in Figures 7 through 11. Data points plotted are those

obtained by Sendeckyj for Thornell 300/5208 graphite-epoxy lamin ates .~

The solid line is the predicted stress-strain curve as obtained frni

a chosen element. Changes in nodal displacements written out at the

end of each increment were equal for all elements , indicatin g the

stra i ns , and thus the stresses , were equal for all elements.

Circular Hole Speci n me ns

(0 /9O0/9O0/O~)~ Laminate

Figures 12 throug h 16 g ive the damag o or progressive fa i lure

s t a t u s  of t he  (O0/9O0/90700)~ laminate at the end of each load incre-

ment. The first number code indicates the status of the 3’ plies

and the second nu mb er th e sta tus of the 9O~ pli e s. The specific

numbers g ive the mode of fa i lure wi th in the ply .

The total fai lure load calculated for this notched laminate was

37 ,600 psi (2.6 x io8 Pa) while that obtained experimentally by

Nuismer and Whitney was 28,200 psi (l.~ x 108 Pa). 3°

~ 
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Figure b. Stress v~ strain , (91) )
~ laminate in unia x ial tension
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(00/+ 45°/90°)~ Laminate

Figures 17 through 20 give the damage or proqressive failure

status of the (00/+ 45°/90°)~ la m inate at the end of each load incre-

nment. The numbers in the  code indicate the failure status of the plies

as follows: the first nunmber for the 00 ply, the second number for

the + 450 ply, the th i rd num ber for the - 450 ply and the fourth

number for the 90° ply.

The tota l failure load was calculated to be 47 ,800 psi (3.3 x

8 . . . 8
10 Pa) while an experimental value of 45,700 psi (3.2 x 10 Pa)

was obtained by Nuisn ier and Whitney. 3°

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -..-— ~~~~~~~~ - . V
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D I S C U S S I O N

In general, the theoret ica l  stress-str ain re lilts , Figures 7 
V

through 11 , for the unnotched tensile specimens compare favorably

with experimental data with some variation in the ultimate failure

point of the laminate. Figures 7 and 8 show the theoretical failure
V 

stresses and strains for the Q and 90 laminates to be somewhat below

the experimental failure values. These differences m i q ht  be the result

of choosing low values for the m a x i m u m  allowable strains. However ,

Figures 9 and 11 , using the same maximum allowable strains , indicate

theoretical ultimate strengths for the (O°/YO790°/0°)~ and

(9001+ 45°/9O°)~ laminates sli ghtly hi gher than the exp erimental

values. The low experimental failure values of Fi gure 9 were sus-

pected to be due to damage to the surface 0° plies during specimen

handling and fabrication. 20 In Figure 11 , where the  L 45° plies are

the dominant load carrying plies , deviation from the experi nental

values may be infl uenced by the assumption that the shear V;tress

strain is linear, when in actuality, it is highly n o n l i n e a r/ ”

(90°/+ 450/9O0 )~ theoretical results , Figure 10 , compare 2.011 with

experimental data. The horizontal jumps in the theoretical curves of

Figures 9, 10 , an d 11, indicate increased strain due to failure of

the 90° plies.

The progrc’csive failure of the c ircular hole specimens produced

i n t e r e s t i n g  results in that the failure of both specimens beqan a t
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the hole edge i n  d d i r e c t i o n  ~erpendi cul a r to th~ load d i r e c t i o n  but

did not progr e s -  ~n the shortest direction to the specimen outer edge.

Figures 12 throug h 16 , amid Figures 17 through 20 , seem to indicate
V 

that for both the (QV V / 9 QV V / 9 Q O /Q/I ) and (0 V/+ 45°/go ’) l a imi nates

the fai lure path was a p p r o x i m a t e l y  45 above the shortest , or hon -

zontal path across the grid. However , it should be noted that althou gh
V 

the failure status of the eleijients in Figures 16 and 20 probably qive

a good indicat ion of the ul t imate failure modes , the- .’ may not he V V~~~ t

because equilibrium of the pseudo nodal forces was not obtained fnr

the failure load.

Figures 12 through 16 show the 90° plies of the (O01900/90 IO0 )~

laminate failing first in the m atrix as expected , with the Q V V plies

following essentially the same element failure pattern at higher loads.

The ultimate failure load of 37,600 psi (2.6 x 10~ Pa) obtained theo-

retically was much higher than the 28,200 psi (1.9 x 108 Pa) experi-

mental value. This error of over 30 percent possibl y indicates t h a t

the modified strain theory used needs refinement.

Fi gures 17 through 20, for the (0°/+ 45°/90°)~ laminate show

the 90° ply failing first in the matrix, with this failure pronress ino

throughout most of the structure before the ultimate failure load o.as

reached. Failure of the + 45’ and 0° plies is more li m ited thro uqhout

the load range and indicates the progressive path of total failure.

Although the theoretical failure load of 47 ,000 psi (3.3 x io 8 Pa) is

close to the experimental va 1t j~ of 45,700 psi (3.2 x 1 ~8 Pa), this

ex per i men tal v a l u e i s V V p e c t l -V d t i  he no hi qh . The error is sus -

pected because , in the ~I / l ’ I- ,- 0~- No I c ier and 301 tney. ‘ 0  other failure
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s t r e s s e s  decreased with in (;r I2 (cinq hole size as e V <p (V It I V (1 , whereas

this particular value increased. Comparison w i t h  othe r data  in  t h i s

study 3° indicates that the actual failure stress might be around

40,000 psi (2.8 x 10° Pa). If this is the  case , the error is consider-

able and perhaps is again point ing to a necessary refinement of the

modified strain theory.

In all problem solutions , it was assumed that the lamina had the

same stress—strain curve in coiimpression as tension. Also , compressive-

failure strains were assumed to be the same as those for tension .

These assumptions , made partially because of the lack of reliable com-

pression data , are certainly incorrect and would have to be nmod i fied

for problems involving substantial conmpression . However , for the hole

problems considered , where compression occurs only in a small reg ion

at the top of the hole , this is not expected to result in the appre-

ciable errors.

One other factor not considered in the invest i gation is the free

edge effects. 37 The assumption was made that the  strain through the

laminate was constant at any given point. With this assumption , the

stresses in plies at different orientations will cienerally be differ-

ent. At free edges , although the average stress alonq the free edge

is set equal to zero , this leads to mathematically non-zero surface

tractions along the free edge of each ply, thus violating the actual

boundary conditions . If the actual boundary conditions are used, it

can be shown to result in si g nificant inter lam in ar shear and norma l

stresses that have been shown to be responsible for delamination along

free boundaries. 3 7  However , this effect has been shown to perturb

-- --~~~~~ -~~~~~~~~~ VI ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—-.- .  -- -- - -
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the inp lan e stresses predicted from laminated plate theory in only

a small reg ion near the  boundary . Furthermore , observation of notched

specimens subjected to monotonic failure loads has produced no evi-

dence of delamination at the notch before f a i l u re occurs. Thus , the

free edge effect is expected to be of importance in the proaressive

failure of notched laminates only if fatigue loadings are considered.

L..~~. 
.. ‘~~~~.
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A P P E N D I X  A

THORNEL 300/5208 GRAPHITE-EPOXY PROPERTIES

E11 = 23 x o6 psi (15.9 x 10 10 Pa)

E 12 
= 1.6 x io 6 psi (1.1 x 10 10 p~ )

= .77  x 106 psi (.53 x 10 10 Pa)

~l2 
=

X = 9.5 x l0~~

X = 9.5 x lO~~cc

V = 4.1 x lO~~

V = 4.1 x l0~~cc

S
~ 

= 23 x l0~~

- . ._  
.. ._  ~~~~~~~~~~~ ~~~~~~~~ . .



APPENDIX B

COMPUTER PROGRAM D E S C R I P T I O N

The Main program is the executive routine tha t controls the

sequence of steps by calling subroutines that set up and execute

the problem. Subroutines called by M a i n  a re  g i ven i n  the Computer

Program section .

Subroutines

Setup

Subroutine Setup is called by the Main program. It reads the

da ta deck , adjusts the struc ture s i ze by scal i n g f actors , chec ks the

bandwidth and adjusts it if necessary . Setup then calls Stifgn , and

upon re turn of con trol , wri tes ou t the da ta deck an d re turns  cont ro l

to Main.

Subroutine Stifqn computes the lam inate stiffness matrix by

using the orthotronic lamina propert ies and Equations (17), (18), and

(37). Control is returned to Setup.

Constr

Subrou tine Constr . is called by Main. It controls the construc-

tion of the system stiffness ma trix by calling Subroutine Elcons for

I’
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each element, and then returns contro l to M ain.

Elcons

Subroutine Elcons is called by Constr. This subroutine con-

structs the stiffness matrixes for the individual elements by using

Equation (77), and then combines the element stiffnesses to form the

structure sti ffness matrix. Contro l is returned to Constr.

Excit e

Subroutine Excite is called by the Main program and e n t e r s  t h e

problem boundary conditions. If the boundary conditions are specified

forces , these forces are entered directly into the force matrix. For

displacement boundary conditions , a pseudo force dependent only on

the specified displacenment is entered into the force matrix , the

corresponding diagonal elements of the stiffness matrix are not

changed , but assunmed equal to one, and the remaining terms in the

related rows and columns are set equal to zero . Control is returned

to Main.

Gausel

Subroutine Gausel is called by the Main program. It solves the

boundary va l ue problem by Gaussian elimination , l e a v i n g  the s t i f f n e s s

matrix in partially inverted form . This partially inverted matrix is

subsequently used in Subroutine Foredu durinq iteration . Control is

returne d to Main.

V.— - 
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El fail

Subroutine El fai l is called by the Main proqranm . This sub-

routine controls the system failure analysis , iteration , incre inen-

tation and output . Subroutines called by Elfail are : Strain , Layer ,

P force , Foredu , and Output. Upon failure to reach equilibrium

withi n 20 iterations, control is returned to Main.

Strain

Subroutine Stra in is called by Elfail. It calculates elem iment

strains using Equation (66) and returns contro l to Elfail.

Layer

Subroutine Layer is called by Elfail. This subroutine applies

the failure criteria to each lam nina within each element. Should

failure occur, it is noted in the failure tracing array ITT , Subrou-

tine Dlstif is called , then control is returned to Elfai l . If no

fa i lu res  occu r , control is returned to Elfail.

Dlstif

Subroutine Dlstif is called by Layer. It calculates the change

in element stiffness due to failures determined in Layer. C~’.cula-

tions are made using Equation (54) and control returned to Layer.

P force

Subroutine Pforce is called by Elfai l . Using Equation (83), this

subroutine calculates t h e  pseu do noda l forces  du e to chanqes in stiff-

ness. Control is returned to E l fai l . 

— _.T .LV... ~~~~~~~~~~~~ -
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Fore du

Subroutine Foredu is calle d by Elfail. It uses t h ’ I I r t iall - I

inverted stiffness matrix to reduce the force matrix and t hen b .I’ I

substitutes to solve for displacements due to iteration or i n c r (V I / V n ~

tation. These disp lace miments are added to the total diso lacem ent vp tor

and contro l is returned to Elfa il.

Subroutine Output is called by Elfail. At the end of each

increment or upon failure to reach equilibriu m , Output writes out

the applied displacement or load , the failure status of each lari ina

within each element , the nodal displacements and the pseudo nodal

forces. Control is returned to E l fail.

-V.- -_-- — -. - 
~~~~~~~~~ ~~~~~~~~ 
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COMPUTER PROGRAM VARIABLE S

A System stiffness matrix

FO Force matrix , nodal v a lues

FIN initial force m atrix with boundary conditions entered ,
used in incrementation

DIS Del ta displacement vector , nodal values

TD I S To tal di sp lacem en t vector , nodal v a l u e s

Q Or tho tro pi c l a m i n a  sti f fness

EE De l ta stif fness due to fa i l u re

Ell [11 through E33 make up the laminate stiffness m atrix

El3

E22

E23

E3 3

ANG2R Two times lamina angle in radians

THETA Lamina angle in radians

ITT Fa ilure tracing matrix

STRN Strain in element chosen for output

SIRS Stress in eleim ient chosen for output

F00 Force matrix use in iteration

FOMAX Maximum nodal force during iteration

— - . -- ‘ - .  
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EPX Element strain in the x direction

EPY Elemen t str a i n in the y direction

GXY Elemen t sh ea r stra i n

ESIRN Lamnina strain nmatrix referenced to x.y coordinate system

LMSTRN Lamnina strain matrix referenced to the princ ipal larni na axes

LM STRS Lamina stress nmatrix referenced to the princi pal lam ina axes

B B transpose used in Subroutine Pforce

BB Calculation m atrix used in Subroutine Pforce

EP Calculation matrix used in Subroutine Pforce

~~~~~- - .- - - - V —  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~ • V V - _ _ _ _ _ _ _  V. —~~
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A P P E N D I X  D

COMPUTER PROGRAM INPUT DATA

IBD = Bandwidth; 2 (largest difference in node numbers 4 1)

NRD = Matrix order; 2(number of nodes)

MEL = Number of elements

NXY = 1 ; Coordinate data is input sequentially
= 2; Coordinate data is input as one pair per card

NM = Nodal numbers for each element in counter-cloc kwise order

XYM = Nodal coordinates , ordered pairs , x-coo rdinate first

SEX = X-sca linq factor

SFY = V—scaling factor

NXD Number of non-zero applied displacements . x-face

NXF = Number of non-zero applied forces, x-face

N X 1 , 2 = End points of inte gration path to get a total force, x-fa ce

NSX = 1; Resultin g force is based on loads applied t o the x - fac r
= 2; Resultin g force is based on displacements applied to

the x-face

NY D = Number of non—zero applied di sp l a c 030n ts  y — fa ce

N YF  = Number of non-zero applied fnrc~’s. v-face

NY 1 , 2 = End point s of int c °qration path to clot a total force, y-face

N SY = 1 Resul tIfl I~ forc e is based on londc ipp l ie d to the y — f V o c e  V
= 2; Re su ltinq force is based on displacements applied to

the  y- face

NZC = Tot a l  nu i-it -n’r of ’ zero disp I I l c IV mv n t . s

WANG = Number of u n i que pl ,y orie mit . m tion’:

- -p
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NFAI L = 1 ; Maxim ui rm s t ra in  fa il um e
= 2; Maximum stress failure

N D P X  = Array positions of coordinate num imbers of non-zero appli e d
disp lacem uents , x-face (2 X node numbe r -1 )

- 
NFPX = Array oosi t inns of coordi note n/w I pers of non-zero appl ied

forces.  x - f a ce (2 X node number — l

EX (1) = Ma gnitude of applied displacement i r i c :rm ~r’ient , x-face

EX (2) = Magnitude of applied force increment , ~-face

NX = Nodal numbers adjacent to applied force nodes , x-fa re

NDPY = Array positi ons of coordi nate numbers  of non-zero a t e l led
displacements , y- face (2 V node number)

NFPY = Arr ay pos itions of coord i nat - e nun /hers of non-zero apol m l
forces.  y - face  (2 X node number)

EY (1) = Magnitude of app lied displacement increment , v- face

[V (2) = Magnitude of applied force incre iiie nt , v - f a c e

N Y = Nodal numbers adjacent to appi ied force nodes . y-face

NZP = Array identification numbers for zero displace m ent
conditions

El = Orthotropic material modulus in fibe r direction

E2 = Orthotropic material modulus transverse to fibers

G = Orthutropic material shear mod ulus

V l 2 = Orthotropic material major Poisson ’ s ratio

V ANGLE = Orientation angles of individual plies , positive counter-
clockwise from the x-axis , in degrees

THK = Thickness of all plies at each unique orientation

ALLOW( l ,l)= Limiting ply t en sile strain , p arallel to fibers

A LLO W (2 ,l)= Limiting ply tensile stra in , transverse to fibers

ALLOW ( 3 ,1 ) =  Limiting ply shear strain

A LL O W( 4,l)= Limiting ply tensile stress, parallel to fibers

-

---—V.- . -_ .V~~_~~ L ± - .~ - 
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ALLOW (5, l )= Limitin g p ly tensi I stress , trar /sv orse to fibers

ALL OW(6, I)= Limiting p l y  shear stress

ALLOW(l ,2) L imu itinq ply compressive strain , parallel to fibers

ALLO W ( 2,2)= Limitin g ply compressive strain , tran sverse to fibers

V 
ALLOW( 3,2)= Li m iting ply shear strain

ALLOW (4,2)= Limiting ply compressive stress , parallel to fibers

ALLOW( 5,2) Li mi miting ply compressive stress , transverse to fibers

ALLOW (6,2)= Li is it in q ply chear stress

ACC Iteration accuracy factor

H E M  E lp~ont. on- her of el em ent  chosen for stress and str in
0 Ut puts

-- V. --— 
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A V I 2 I F H . N L X )  + Li x3i i L  Y / . ..[, 3.\ , 3i:, 3~ 50/
s\ ( / , O V I, 4 l , i , i /)  4

4 ~~~~~~~~~~~~~~~~~~~~ ? 3 4 1.) 1~ * P - 2 . ) ’ \ X 0 ~
‘/1 1,1,11) -s A l  1 .111)  + E_~ .,.XX/3 — ?.~~U/ /0 3s1’JL3 -F t .2 3 * Y Y 2 I
, ,( j id i ‘~ .1~~) . 3 (1321 . ( J ) ~~~) + F 1 ~ ‘i.5 .l/’- 5V 3t ’<’~~~— 51:* YY.ioFI 3 - t ~~ ,.I. 3 T
,1( )V ,214 1 , / . 1 l )  A ( , . i s I V . ~~Y )  •

51(1 ,31 • 1 1 1 )  .~ (C.51 •LtY) + L~~3 * x X 2 2 — L 1 2 ~~Y o2 X . -  .1s~~- 0O ~~+01.:~~Y Y 2 2
A ( / - i i i s L ’ H t T )  + Ec X X 2 2 . 3 . Y 2 0 x — L 0 . 5 s ..~~2’l+ I  ),/ * V ( L C

# , (  1.132 K)  z A l  1 s , ~~>.) + L11 sY Y I3 — 2 ,Os11 , 3 s .~Y u 3  + L , ) S * X X L 3
3( 2 ,02K )  A C  e I • I .~~~> ) F L 1 2 * y Y 1 3  — (E1L 4L30J4X ~ l3 + L 2 0 - S A A L 3
A ( ( j 3 c ~4 1• ’ 0 A )  , \ ( : i 3 2 . i . : l - ~> )  + Li. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1.(i,$,:t.-). i , 1 s )  + L1/~~X i 1 Y — o 1 , ’ 4 Y Y 1 I — ~~~3s~~A 1 I 4 - s - ..0ss ( 11K
A (  1 . ) L Y )  A l  1•~~~?)  + E)1~~ s X X 1 3  — 2. 0.L2i~~c Y 1 3  + ~33~ YY1~3( 1,32 ,I.~ V )  A ( i .3 ’- ) ,;- )~.1) r . 12 *YI1 X— L , :3sxx1i —U 13 *Yi11+ L.S3 .\h1 -~
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LU~ I 75

0(1432+1 .1. 1) ~ l~~0u- # 1 . 0.  L 4 ~.2 ‘ r h  ~~~ ~2 
V 11  ~I0i~ ~1 1 t  ~~~~ 11.

A ( 1.l~3X) 1,( i,f -~~ ) • LI )’1112 — , 1~~~~ ’~~~ I 13 .c~ii + . I~~A , .12
A l  2,~ , 3 X )  A l  ? , l . .-~~~) -s EL5~ Y Y 1 2  — ( [12
A l  1 , 1 ,3 1 )  A (  1 . 1 ) 3 1 )  • L22 ~~X X i 2  — 2. 0 4 1  2., +i ,(12. F 1.33* 1112

Subroutin e Excite

SUC kOUTI lE . EX C ITE
COi. M. Ut. / ACIRAY .., / 3(30.2uC) , FC)(200> • F1 11 12 00 )  • OI S (2 -30) ,TDIs(203)
0.0 13513 / (‘)_01’ L.I / It 1 • 1 4 1 .1., p 13/C , I , 35), 13~~~ . f l ( I , ( I )~~ ( 1 ( 2 0 0 )
çQi’MQN / V/L05’.~~S / i. ~L • ~.F , ( 5 0 1  (10 ) , t i r Px  ( 10 )  , oX (2, 10), EA (2)
CONi ’)O )i / 1L.O/\ 3~~ / (YJ ~ ( 4 1 1 -  • V I

V
T (10) • Ni- ~~ (10), 4Y (2, (0) • El ( 2 )

151 1U1~ — 1
I A U + ~~

IF (c~0C ,Llj. 0) ~0 TO 240
~O I S O  i 1 , 0 C C
iF  C i  — /5) 10, 10, 2Q

10 , 13LA-~ X ( L )
0 = LX II )
~~/,/ j O  .50

20 113 N . i l ’Y ( l  — NXL))
1) = 0 1 ( 1 )

30 11- (13) — 5) 40, 40. 6~)/4 3  1)0 50 r. 1 , lLsj
F0 (,j+K—IU3) f-~ jt,J FK ~~~~c - 3 )  — A ( 1~.K + lU Q ,5 (13 <—I5 Q )  * Li

53 CC ItINU~.

00 iF (5 e r..), 1) Co 10 60
51.1 5 —

U0 70 I’ 1, 01-I
1-01 (c) z 1 - 0 ( i )  — 3 ( J — K + l , K )  * 1)

/0 OQI~~Ij1lJL
60 IF (11)3 — Nkl) F o l  90 ,  ‘j O ,  11.0
90 00 100 ~

F0 ( 5 l r ~’ 1 )  1 - O L + K — j )  — 3(~V~,J ) * 0
IOU 031,1 ( l , 1~ ,,

vU 10 .13’)
113 IF (0 e L .  • sIlL ) 00 T~ 130

IL ) - . o i~ — U -F t
Ut) 120 K 2.IL
FO (.s4K l) F) L J F K 1) — A ( r . 5 )  • D

1~. i) CO l~ T 10Li.
133 00131 11.0- 0

L~3 2 - 0 1
11- (I — - KLj ) l’ iO,  j 4 Q ~ 150

140 ~ N C P A ( I )
0 L X I I I
31) 10 1.60

150 ,j I t  4 ’ ( ( j  — rJ X ~.)
t) L V I I )

i~ U II- (131) — .13) .171i, 110’ 190
1/0 00 1r~) ‘. I ’ lL ).

A ( 1—t < F i t ~3,.,+i’ —I ~~U) z 0.0
160 COl-ITINUL

GO TO 210
190 IF (0  .LU , I )  GO T O 2 10 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — -  - . ... Ii



11,
- I 

~ ~ ~ 
r 1 - ;

— ~ — ~~ 
~~~~~~~~~~~~

— 3.
1)3 200 ~ 1 , 5 I~l

Z 0 , 0
Lui) CO 1311t,U~Liii UO 220 K z

0 . 0
~2U CO C4IINU L

- - 0 ( . .j) = 3 ( 1 , 5 )  * 0
,_i O C .- N T LI UL
2~~ 3 oF (  NA (’  + NYC :

IF (131-C .00 . 0) s.,~~ To 21i0

00 270 
~ 1 , 1 1 - c

IF (1 — 1.I’~- I 21)3. 250. 230
253 ~~

K N X ( i . L )  • 2
0 = NX ( 2 , I )  * 2
3
S ( X ( N ( L )  — X U~ ( 1 3 ) )  / 2 ,0
uO 10 270

260 U Z LFl’ I( I  14X(’ )

K 1,1 (1 ,1 — 1/1- ) • 2 — 1
L NY ( 2 , 1  — NX (- ) s 2 — &
1) 01(2)
S (XVN( L) — X l i  ( K ) )  / 2 , 0

~7O F3 (o) ‘0(j) + ~ -+ 0
Lbu cONT1l U~CO i40 1 1 .NL C

U = N Z P ( j )
1-0 (13 ) 0,0
1,0 ~.)O K = 2,1 (31)

0.0
~9O C0i~T Ili U~IF ( IOU — J) 300, 300’ 320
.300 00 310 1’. =

0.0
.310 cUN1INU~.

~0 10 3 +0
.320 IF (3  eLO , 1) Go TO 3130

51’l = U — 1
00 330 K 1,5 N

.530 A ( i — K + o , ( c )  = 0.0

.)4(~ çOoiLNUL
30 .550 1 1 ,C iH ~ 

V

Fh ’’ (l ) FO IL )
j5~~ 

CI)),[  11,00
<E. TU ’ -( 14
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sub rout ine Gl u Ve ]

SUUN CUTIO, G - - s :L L
COS. t,i0), / AR R A T :  / l’ (SOPLUO) , ~O (20O) • 

r I t l ( 2 0 0 )  • LISL :O0) ,TDIS (200)
C01 .IIV IHI , / i)LOV~~1 / 13~.. .LI~ 

(~t’J, NZC . (0 (450), 5 ,21 (40), 4(1.1(200)

lu’. — I O U  — 0
131 tO o) — 11)2
132 t~1 + 3.
,.iL, 20 (-

~ 2,N1
132 z 1i3 2 + ( 4
00 10 1 13,32
k AC 1— Ci+ 2 , i—l ) / A (1.13—I)
A C  1— 0 + 1 . 1 3 )  A ( j — t ,  F 1’N ) — N * A (2 • 14— ’ l
l ’ O ( I )  F0 (1) — N • F0 (N’ J.)

10 0313111133t
N + 1

30 20 U M,32
Ut) 20 1 = 3.32
3( 1 — 3 + 1 , 3 )  I A ( j — ,J+1,.~) — A (1—1 )+2 ,t-I— 1)-+A (U— lJ+ 2 ,tl —l ) / 3 (1 ,14—1 )

20 cONT INUO V

39 if I,~ N z N2,IJRU
~0 30 1 — IV (, IJL

k A (l— N + 2 , ; J — L 1  / 3 ( 1 . 1 3 — 1 )
A ( L — 1 3 + ’ l , N )  A U — L F 1 . C i )  — 1- * A ( 2 . N — 1 )
1-3(1 ) = 1-0 (1) — 44 • FO( N’ • l )

30 CO Ol 11+00
N~~~~N + I
(JO ~s Q ~ 1-1,32

03 40 I J,J2
I F ( U — I \ R [ ) ) 45,  / 45 ,  35 V

.35 3 1 1 — 3 * 1 , 3 )  = 0 ,0
‘45 A (1— o- i ’11J ) ALI — ..i+1..J ) — A (I-—N+2 ,?.— ’i )PA( ,J—N+2 ,)J—1 ) / 3(1,11- i)
‘10 0013111,31.

1)0 bI) .13 = 1,t-:NO
N = 0 ,0
I ( Ri) — U
(jO 50 K —
IF ( I +~~— hkL )  55 , 55, 80

80 TUIS (Iti ~.) 0.0

~5 R + A (K .1+1 ) * T U I S ( I - + K )
50 COilII rJU& .

T L I S ( j + 1 )  (FO CI-fl ) — 4’) / A (1,1+1)
tuii CONT 11100

~.N0
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Subroutine Elf a il

SUbl (OLJTI’,sl LL.FA IL
LO L I1V IOC,  / 34413315 / 3 ( 3 0 . 2 0 0 ) ,  F O ( 2 0 0 ) ,  F l f 4 ( 2 0 0 ) ,  0 I 5 ( 2 C 0 . ) , T I I S ( 2 0 0 )
CUO V UN / CC i,.V 1 1  ~ 1 4 0 5 ,  145 /,  ( S l I D  IA ’S, NF~~tt_ , V A 1 ~~ 13> 2 ,  1.11. ( i Y 2
LUi ’I-I-)(s / SL U-~L1 / j r : L , 0 L. , t.~~r , I l L ,  i:~~ ( 1 , 1 3 I )  , 1 , 1 ( 1 + ) • X~~I- ’ ( 5 ’ ) O )
LO IN’ Uo / ‘ - 

~4 i h ~ I / 1.11, 4. 12 , 1113. / 2 ,  023, LOS . ‘ ~~~~~ • LI: C- ) , 3)
L O ’ ’ I U l  / ‘ 1415 0 1  / [1,  ~/, ~ , I,I] , ~~~~ . T ’ 1 r . ( 5 ) ,  AIN .L’~(5), t,LLO . (0.2), (IT

L~~.
, V o I ,  / ~.O1- s T i  / 31 1 . 21 ( 5 ) ,  THO I MC 5), 111(15’), 5)

C ( d r h i ’ U ? J  / CU 1 T - - T2 / AC s _ ,
oIl L0SILl~ 5 1~~.(3) , S 1r~S ( 3 ) ,  F 0 0 (2 0 0 )

00 ‘4 1 1 ,113133
THL 1A ( i )  Al o L L ( I )  * (3 ,113159 / 100 ,0)

4 cC (+TLl-.UE
iN C 1

5 000TI r100
00 10 1 1.NR1)
F O C I )  z 0,0 -

10 CONIINUL

~0 .30 1 1.t-ILL
13 1 3
C A L L  S 1 t J ’V 1 I J  (1.3 , LPX . LI lY, ( iXY )
CALL L 4 I I L N  (Ii. L I - c ,  L I V ,  ~X Y ,  L A Y )
If (LAT . 13L .  0) CALL PF ( PV C E ( 13 ,  EPX , EP( ,  1)/I)
14- (1 .t.L, l~~:I’ ) ~0 10 iii

t .L( i , i)  Lii. — L0 (I,i)
Lie’s — Lc. (l,2)
013 — 0 0 ( 1 ,3 )

‘s L~~2 —

023 —

L~_ ( 3 , 3 1  ~~~ —

LL(~~.l ) 00(1.2)
00 (3 ,1) LL-. ( 1 t 3 )
L 0 ( 3, 2 )

1)31 Lb Ic 1,3
S1r~S((c) 0.0

Li, CO NTINUE

~T N N ( 1 1  LPX
STRN (2) LP’(
S i kId i )  = GA Y

1)0 27 rI 1,3

00 27 0 1,3
STbS (r~) = SIRS (i,) + Lt.(K.L) -• S T R N ( L)

27 çuCi1I1 ~3~
00 ‘.8 K 1,3

Liv 21) L 1,3

LSL (i’,L) 0,0
20 C s.2(T1NU~.
.50 c01311130.

1)0 .55 1 = 1,NLC
.13 20 (1)
1-0 (3> s’s 0,0

.55 L L O 4 T A ( ~Ut.
ru~’-AA 0.0

00 40 1 1,NN D
F z F O C I )
F O C I )  = ~O (I) — (100(1)
FQ Q( I ) F
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FO MA X A K A X I ( A 0 5 ( F s j ( 1  I) .  FQI .IAX)

40 LOIIIIS UL
RITL (o, ”b ) I C C .  III’ 1- uMA X

‘45 F~~~M,~T (1~~.\ , 1 I H I V - , C N L - ’ I , I J = , 13, lii., 2Xc  12 441  I I LRA TJ ON ~~ 13.
11,i,. c x ,  T 4t ~-~. . I ’AX ::, Lii .”)
IF (1-LNO \ ,LT . A LcI l.0) TO 50
Ui = l i i  + 1
IF (lI T ,u 1. 20 )  (,O 10 70
CALL FO(~oUU
ut) 10 5

SO 0 L L  CUTI~U1 C 1130 , III)
. . f t jT L lb. 7 5 )  NLM
.1 1 1 2  ( b .  ~0 ) (S lO Is ( I ) .  I 1,3)
. 1 41 T L ( i~ , ~5 I ,
01 IL ( o , 9 0 )  ( 5 1 4 , 5 ( 1) • I = 1,3)

-.IUTL (b , IUO)
— -ihU / 2

Ut) 55 I

• I
w R I F L  (0.110) I, T 3 1 s ( o ) ,  131 5 ( K) ,  F O ( U ) ’  1 - O C X )

55 50 14 111300
~~~~~ (o ,99)
INC = INC + I
DO 00 1 1,NND
FO (I)

60 LOI4I ZCIUL
CALL 1-0(4030
111 0
Ut ,) 10 5

‘10 CA LL CUIFU T ( I NC .  III)
‘.kI T~ ( b , 7 5 )  IJ EM

~‘-< ITL ( u , i ,O )  ( S T s t s (  I) ,  I 1 .3)

~.kj T 0 (b, t 5 )  NLI.1
~.+c Iic. (o,UQ) ( S T r S ( 1 )  , 1 1,3)
.~R ITL ( b ,100 )
.4 I J kD  / ~
CO /2 1 u N
. 1 3 = 2 * 1 — 1
K 2 * I1,110 ( b , 3 . 10 )  I, T D I S ( U )  ( L ) I S ( K )  , f - O ( U )  1- 0 ( K )

~ ~0 1 . rj t . U~
75 F u t ~.Ai ( 1~~O , 15x , 2~ - I V I  00 STR3IN Ill EL E~.!E. N T • 13. 2X . 3H15 , / /)
1)0 roF- ’.1 ,l ( 1 / / ,  10jI ~ — 5 T 1 < A I +  , [12.5, / 17X , l C i i Y STi(AI (i , 010 ,5.

1/ 17x, I’ sHN1C LA I4 5li ’- l ~ 1 -J . 012 , 5)
1)5 1-OF 4 0 -~T C i s O ,  j, s A ~ 2 2l1I’ ST NOSS IN ELEYENT , 13, 2X .  34 11S: • / / I
91) 1-v i.i” ,tl (~~ ‘X, 1 O V ~~ 5T~~LSS = , ~. 12 . b.  / 17X , 101iY—5IRLS S = .  Elo .5.

1/ 17~ , H’-5- LAR SI13LoS z’ 012.5)
1(j O I-0 k(~~T (1.40, 15~c, L I l V IUs. , 4 4 ç ~ OIIX DISP, 4X, ~5iY ~ D15P, SX,

1/ 11 A 1 -L44C1.. &IX, 7ri+ FUkCc., /1
9 9  Fu13~~A T (liii)

110 ~o(1.:- 1AT (X~ X i 1 3, 2(4/ , Fb .’l), 2(’IX, E11.4))
riO 1014(4
OM)

~ 
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Subroutine Strain

ULUNOU T I I IL  S t RA I N  ( 13 .  0 F’X , LO T .  (iX Y )

LO~- I( -i U(, / 31-o i l S  / A ( 3 O t ~1 0 C ) ,  4 0 ( 0 0 0 ) ,  FI~- ( ~~0 O )  • ~ IS (5C0) , T Q j~~ ( 20 (j )

COMMON / ~,L u:-’0T / Iho’ I4LL I  N O U .  O ZC ,  1 3 V.I ( V , 5 f l )  • (,~ P (9U) • X T Y ( 2 0 L 1 )

.11 I1( 13—0) *
13 - 1 (1 3—1 ) * 2

~3Y = )O~5~~i3 ) * 2
~12 X i - ( N 1 C — 1 )  — X V I . l ( 1 J L Y — 1 )
A l ,.) / 1 . 1 ( 4 , 1 1 — 1 1  —
A 4 3  X 1 - I ( 1 J 0 1 — 1 )  —
‘IlL A Y i - i ( Nj Y  ) — X I I V 1 ( I S ~ .V

~13 X 1~~( 1~1Y I — \(~~(C 3V
12.5 X r : - ( i s L Y  ) — X’ s ’ LJiY

= 3051/ 12* 113 — ~13 C1 2)

01 10 -151 011 1)

u2 1315(IN1Y
()i 1L~I S ( i j 2 V ~~1)
LI ’4 ILJ IS (13 2Y I

IliIsd ?iY—1)
i.~b 1~~IS(~43Y

= (Y...3*31 — ‘IiA - ’u3 + 112*05) / 3112

~.0Y —(X03*Uo — Ai3’ s. ’4 F X l2 s Uô )  / 4 142
( V �3*u2 — ‘y 13~~~’4 + 112*30 — X 23 * DJ. + X13*L)3 — /12+35) / 344 2

‘IL 10(4(1
0130

SUUI ’CU UT 14~ . LA Y L R  (13, LOx, 1.1-1’ GXY t LAY)
LO” ’~i t ) ( I  / COtsST -1 / 2_ i, li _ X , l~S Y ,  ‘L’,5G~ A l l . . rOd_ , 11i 2, -~1i, ‘4(2
LOl’ .0.1, / - - o  11)4 r / C_ il ’ L1/ , oh . E.-~2 , 1123. 1 3 - 1 / ,  5 ( 3 ,  3 )  • 01.1.), ~)
LCY - LI , / 3131501 / Li, 1.2, 3, V12, TH~, (54 ‘ A Is _ L L(5I • 5LLO~~( b , 2 )  • HI
L1)~’/ ) Oi 1 / SC~~I 11 / ,‘~~-.~21- (~~) , Il E.T~ ( 5 )  • III ( 15U , 11)
‘4 E.A L LS iNN ( 3 ) ,  L I V J  1k~ ( . 5 ) ,  L~~S 1 445(3 ) , 1 (3,3)

L S tO i d 2 )  =
LSIR ld ))  O ” Y  / 2 ,0
L/’,1 1)

13 / 3

~u 151 ,c = I ,NAI.s .,
ITT (U.L) 1
1 ( 1 , 1)  — (COSC T r-r .. TA(r ’))) • ( C O S ( T 4 i L 1 A ( ~~) ) )

( S i t . ( 1 t 1 1 5 1 A ( + - , ) ) )  • (sIr (THLTA( K )))
1 (1,3) ‘s L.u sio (1HET~. ( K )  • c O S (  T H E T A  ( K ) )
1(2 , 1 )  1( 1 ,2 )
1(2 . ’ . )  = 1(1,1)
1 (2,3) — 1( 1,3)
1 (0 , 1) .s — S I - i  1 1 1 0 1 3 ( K ) )  $ C 0 S ( 1 F 4 1 . T A ( K )  I
( (.5,;.) — 1( 3 , 1)
1(3.3 ) 1(1,1 ) — 1 ( 1 .2 )

4,0 10 1 1,3
L t - O 1 k 4 ( 1 )  0,0

Lu 1’) L 1,3
L1.S rl-Ii( 1 = L t - N T I O J ( 1 )  4’ I (I.L) * ESTRN(L)

10 LLI N I I  NUL 
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30 00 1 z 1.2

1)0 ‘40 L
L~’ 5T 1-C S ( I) = LI- - U T R S ( I) 4 (.(j~~L)  * 1_ - ’S t ICrJ ( L)

~~~0 LO TI I ICJ UL
L,~5 T F , S ( O )  5 ( 3 , 3 )  + L 4S T I ,13 (3 )

Ut) 111 1 1.3
14- (Hl-~~~L ,L, . 0)  31) 10 50
if - ( L ’ INT IO; (  I) .‘ .. • -0.0) GO TO 40
IF ( L : - I ~~T 4 c l ,  ( I )  — A LLO C i .  1 )) 140, 140, /0

4 0 IF  ( L ’ I j I k I 1 ( L )  + A LL L ~~( i , 2 )  ) 7 0 ,  1~~O ,  140
SO (j0,sTIi - 4OE

L~~~~~1 f 3

iF (~~1’ 1ST RS(I )  .LT , 0 . 0 )  30 10 bO
IF (Ll; -. T K S U )  •ILLO ( L , 1 ) )  1413 ,  1~~O, / 0

uU 11- ( L i ’ S T R~~( i )  + A LLO4 ’. ( L . 2 ) )  70,  1”0. 140
V 70 COO I LOoT .

GO TO (1 .0, 50, 100). 1
80 I T )  ~~~~~ = 2

30 10 i~O
9u 11- ( I I T ( 3 , r 1 ) •Lu, 1) 3~- TO 95

1 1 4 (3,4’ ) 5
00 TO 14Q

95 111(J .K)  z 3
1)0 Iv 1130

.100 (.1 = I T T
uO TO ti(j5, IOo. 107. 1130 , 106), N

.~.O5 ITT C - .J , K )  z 13
80 10 113Q

.106 J T T ( 3 , h )  6
GO TO 140

3.07 XTT(J,,c ) = 7
30 10 1-~+O101) IIT(J;t ’ ) 8

140 CO NIINUL
1-4 1 C O C I T L I 4 U L .

IF ( 1T T ( .J ,F~) ,Lu, 1)~~0 10 150
N III (~.,R)
LAI LA Y  + 1
IF ( L A (  .01, 1) 60 TO £ 135
00 1132 £ 1 ,3

00 1~~-. 13
L L C I , L )  z 0 , 0

140 COC i1Ii V 4~JL
1+5 (. IIITLNU1.

L~ LL UL ST IF ( f 1 , ’ l )
151) cs ;.TjtU ~.
1~~l ç u i J F I UE

LE (’4,I) = 1.13 (1,2)
LL( 3 ,1)  L o ( 1 ,3 )

L L (2 . 3 )
It . 104141
LOU
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Sub ro u t i n e  D iN tif

Uu k U1Ir ,L 3 L S T i~- ( 1 ~ , K )
Ow l - s. / I’AIl..’1 1 / I_ li. L~ 2, ~i3. 022, 1.03 , 1-3’, 0(3 ,/I. 42 (3 ,3)
CU

~~
i• -j’- - / 55 1501 / ~ t . 33, 3 , 

V~~~~3, T ’ ’~~( ::) , ‘I~~~ . l . . (N). L L N V ( 6 , 2)  . (IT
CC

~ 

- ‘ - ‘: -~~ / (.11 ’- 11 / ;i; ,~~- ( s~ ) ,  1 4 1 .  A ( 5 ) ~ 1 1 1 1 1 5 0 , 5 )
ut) TO (100, iu, ~-), , .V P  2V 0~~ .54) . 23 ,  / 0 ) ,  N

10 U~ • 1.s5 ~ ( -~ • (3 C 1 1) 5 1 1 , 3 ) )  2 , + ‘) 11 ,:: ) + 2, s -,. (3,3))
.503  • ( - . ( i , - j )  —

v .5  • i2~ + ( . 1 1  .1) + (1 ,3) — S . * ~0( 1, 2) — 2. * 0 ( 3 . 3 ) )
* ( s ( t , j )  + 3 (1,3) + i. ,  * o (1.2) — . •

r .105 * (~~ ( i , j )  F 5 (1,3) — 2. ~. J(1,2) + 2. *
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