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20. Abstract

as explained in detail in Focdy and Hedayat (1977). A method

called 4ade introduced which is very powerful for the

construction of BIB designs with b* ( b. This method is applied

to the case of v = 7, k = 3. For this faniily of designs b must

be a multiple of 7 and the results are:

1) If b = 7, then there is a unique design which ha~
*1~ = 7. This is a well know result.

2) If b = 1k, then the only possible designs are those 
-

with b* = 11,13,14 which are exhibited in Table 1.

3) If b = 21, then no design can exist with b* = 8,9,10,12.

We conjecture that there is also no design with b* = 16.

For all other cases we have exhibited a design in Table 2.

4) if b -~ 28, then no design can exist with b* = 8,9,10,12

and 27. We conjecture that there is also no design with

= 16. For all other cases we have exhibited a design

in Table 3.

5) If~ b = 35, then no design can exist with b* = 8,9, 10,12,

30,32,33, and 3k. We conjecture that there is also no de-

sign with b* = 16. For all other cases we have exhibited

a design in Table 4.

6) For b* = 30,32,33 we have found designs with minimum

number of’ blocks, i.e., b 42, see Table 6.

7) For b* = 34 no design can be constructed utilizing

42 blocks. The existence of a design with b = 49
and b* = 34 is doubtful. We have found a design

with b* = 34 and b = 56 , see page 21. 
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BI~~ D :~~ns ~~~~~ [:~r Iab ie  Support  Sizes
Ther~ Blo~ i-:s a~~o of Size Three

A.  heda7at
Un iv e r s i t y  ot Illinois , Chicago , Illinois

1. ~~ :1~c~ ’ounU ar.d ~iot 1xat ion. Suppose one ~ an t z  to  run an

exp eriment  L e st in g  and evaluating v = 7 t rea tments  based on

b blocks each of sli~e k 3. ~Jr ~J.~~r the usual hor ~oscedast ic

linear a d d i tIv e  model for the mca~nrenents it is known that

the best  possThlc desiL a under any reasonable s t a t i s ti ca l

crite~~icri  is a BIB design . Sut uhen v = rf ,  k 3 for  a

313 desi~~-i to exist  Lt is necessary tha t b be a multiple

of 7 .  if  b < 7 or b li; not a rrai. lt iale of 7 4 hen i t

is s~~ to report ti~~t the exist ing lit e ra tu re  is of no help

te  t hc  expe1i~~~f lsc r .  I f  b i a mu l t i p l e  ~~ 7 th en the

ex is tin~; l i t e ra tu ’e provides the following solution.  For

b 7 there is a B1B dCSi L~~~. On~ such c s2:ipie 15

1 2 4 5 6 1
2 3 5 6 7 2

3 4 6  ~‘ 1  ~~~.

~_ ) 7
If b = t7 then by t a h In ~ t copies of the above desi~ n one

would obtain the necessor ’, de si~;n. in par t icular , if b =

then there ar c  t~:o choices , v iz ., 5 copies of the above de-

Si~~fl or takinf = 35 ~u~ sib 1e blocks of s ise  3 b~.scd

on 7 treatn ’~ent s .  i~ot,e that  a äos~~~n based on t copies of

the above design consists of ( supp or ted  by)  seven di~ t i~ ct

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _
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blocks enly . This might c oncern the experimenter who is not

sure abou t one or more of the mixture of three t reatments

l isted iii the above design.  If it is not possible to avoid

these mi x tures by relabc1in~ the treatments then insisting

on :~ :~ designs the only course of action left is to search
for BIB designs uith more than t distinct blocks . This

leads us to the following problem :

Problem: For v = 7 treatments is it possible to construct

B113 dcs .Lgns based on b t7 blocks each of size k = 5

which are supported by 7 < b~ ~ t7 distinct blocks ,

t = 2,3,4,5.’

Note that we do not have to consider cases where t > 6

since in our setting we can have at most (~
‘)= 5 ( 7 )  d i st in ct

blocks. As we shall see later, fortunateiy the answer is

essentially yes. There are few cases which nc such designs

can be constructed . In all other cases where the answer is

positive we have given at least one such design . To solve

the a’rcbiem we have heav ily relied on a method called ~trade

off” which is introduced and studied in Section 2.

or
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2 . The ~ e thcd  of Trade Off .

Let B1 and B2 be tw o collections of n dist inc t

blocks each of size k whose elements belong to a set ~).

Let and be the numbe~ of blocks which contain

the pair (i , j ) ,  i ,j  ~ (
~, in B1 

and B2 respectively . Then

we say 
~~ 

and B2 are ~~~ iva1ent for covering p~ irs if

= for  all i ,j  € ~~. Ne shall use the no ta tion
13

2
B~ to indicate that B1 and B2 ar e equivalent for

coVerIng pairs . For example , the following two collections

of ‘clocks are equivalent for c overing pairs .

1 - 3  1 5 4

1 4 6  2 1 2 6
2~~~~~6 2 3 5

3 4 5 4 5 6.

Two immediate and important problems related to the concept

of equivaienc ’~ for  c e v eu in g  pairs are :

2
‘~‘ ~ l ~ 

then what  do we know about n , i . e. ,

the cordinal ity  of B1, B1 n B2 =

( i i )  For given x and an admissiable n how to con-

struct B1 and B2 such that  B1 ~ B2 and ~ B2 =

For arbi trary Ic both problems are very difficult .

Here we give a solution when Ic = 3 . In regard to ii w e

hav e the following resul t . 
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______ 
k = 3 and B1 ~ 13., , B1 ~ B2 = t~~ then

~ + 1,2,3,5.
The fact that n cannot be 1,2 :~ s t r a igh t fo rward .

The case of n = 3 and 5 can be settled by a count ing

a~gumcnt . Also for n 5 an argument depends on the theory

of Euler ’ s triangulation of a compact manifold can be given

which will  be reported elsewhere .

In regard to the c onstruction of B1 and B2 when

n 4 1,2 ,3,5 we have :

Proposit ion 2 .2 . If Ic = 3 then there exist  
~~ ~~~ B2

with B
1 ~ B2 for all n 4 1,2 ,3,5.

Pr o-of :  It suf f ices  to construct such B1 and B2 for

= ~,6 ,7 ,9 .  We hav e airead~,r constructed B1 and B2 for

n = 4 . Examples for  n = 6 ,7 and 9 are exhibited below .

1 2 5  1 2 3
1 2 7  1 2 6

B 1 1 3 6  , B2 1 5  7 , n = 6
2 3 6 2 5 7
3 5 7  3 5 6
5 6 7  3 6 7

1 2 6 1 2 7
1 3 1 4  1 3 6
1 5 7  1 1 4 5

B1
- = 2 3 5  , B2 = 2 3 1 4  , n = 7

2 11. 7 2 ~s 6
3 6 7 3 s

1 4 5 6  1 4 6 7

h.-S—— __________  
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1 2 4 2 14 6

~ 3 6 3 6 1
1 3 7 1 14 7

p 6 ~ 6 8
i3~~= 6 7 8 , 

~2 
8 9 ,  n = 9 .

If 7 9 5 14 9
i~~~~~8 1 2 8
s 8 9  2 3 9
3 5 9  1 3 5

An easy technique for cons t ruc t ing  B1 ~ 3.~ when

n = f ,6 and a are given here .

For n = 24: Draw the ~‘o11ow ing f igures:

J
i~~~~

- ~ ~ ). ~ & 4

~~~~~~ ~~~~- - 
~~~

. . ,  
~~~~~~~~

b 
~.i

f i g.  1 f ig .  2

:;cte that 6 dist inc t l e tt e rs  are used in naming ver t i c e s .

~n labeling vertices Fig.  1 and Fig.  2 are identical except

for the labe ls of the center ver t ices  • Form B1 and B..

from the vert ices  of the shaded and unshaded triangles re—

spectively .

~~1

~ 

~~— -~~----—
. —- - --- . - . - -  - - -~~
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a c e a b e
b e d  c o d

B, = a b 1, , B2 = a c f
f c ci ‘a f d

Now 35 ~ B2 and one can replace a to d by any arbi t rary

6 numbers . It is easy to argue that wherj ~:ver B1 ~ B2 with

14 blocks each then they have necessarily cor,~e from such two

figures , i . e . ,  that is the only way to cons t ruc t B2
wi th  n = 14 blocks each.  - -

For n. = 6: Draw the fol lowing figure :

~~ p~b~’nFig. 3

Let ‘c-locks of be the vertices of shaded t riangles . Simi-

larly form B2 from the unshaded triangles .

a b  ci d b  e

b c e c e f
— 

o f  a 
— 

a f ciB1 — , B2 --
d e a c a b
e f b .  f b c

f d c  d c a

By not ing the way we have labeled the vert ices it is 
- 

-

2easy to argu e that B1 ~ B2.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~ 

— — -~~~~~~~~-~~~~~~~~~~~~~ - —.-..-- -~~~~-- ——------ .—--- - - —-——~~--- -- -~~~--— — - -~~~~~‘ —-~~-. -- - - -~ ~~~~~~~ 



— ——- -~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ - --- ——-----— .—~-,‘..----‘ -..,-.-- - - --.--— ,--‘ 
--- —~~~~~ ---~- - - - .~~~~~~~~~~~~ -~~~—~~ —~~~~- - ;‘.-~~~-- - -

~~~~~~~~~~~~~~~~~~~~~~

-~~~~ _ ,~)I  ~~~~ 
- 

—

2
BI 

~ 2 wi  
~~~~~ 
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I o r a = : F rau t i i 2  fo llowing  f igure

~wr

I
~~~~~ ~L

~~~~~~

Form and B~ f r o m  th~ ver t ices  of shaded and -e n-

shad-ed t r iangles  resoectively .

a b  ci ‘ a d

C ‘a o f
c a g a g a

-
~~~ d a f e h

B1 = f h , 132 = g B I

g d i d i e
e h a h a b

a I b I ‘a c

± e c e c a

Again by the way we have labeld the ver tices It ~s easy to
2see tn-a t B ~ B.~ .1

Be fore  we give an apelication of the concept int:cduced

we need a formal  def in i t ion  for  the sur -p ert of a BIB d:sign .

Li  
_ _ _ _ _  

_ _ _ _ _ _ _______ 
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Let ci be a B B  des ign with  parameters v ,b ,r ,k ,X

based on C~ consist ing of v distinct elements . Note that

the definition of a BI design does not require that its ‘a

blocks be distinct. Fo11~wIng Foody and Hedayat ( 1977) we

define :

Defini t ion 2 .1. The support of a BIB design, ci , is the ccl-
*lection of dist inct  blocks in ci , denoted by ci . Tbe nun-

* *ber of element s in ci is denoted by b and called the

support s ize of d .

A BIB design wi th  parameters  v ,b , r ,k ,X whos e support
* *size is b is denoted by BIB(v ,b ,r ,k ,X~ b ) .

VIe are now ready to indicate how the stated concepts

and resu l to  could be uti l ized for the purpose of increasing

or decreasing the support size of a BIB design.  Suppose d
*is a BIB(v ,b ,r ,k ,X~ b ) with support ci . Further , suppose

that we can find a collection of n distinct blocks, say
* 2

B, ,  in d such that there is a B2 ~ 
Let the cardinality

of B2 fl d* be rn . Then by replacing B1 by B2 ( trade o f f )

we obtain a BIB(v,b,r,k,X lb ) with

** -* ,— n
b = ‘a .- ~ )~(i)  - ( n-rn)

where

= 1 if f~ = 1

= 0  if f1 > l  -

wi th f~ being the number of copies of the i-th block of B1

— - -—5~~~~~~~~~~~ .3aMS S*  --—. - - - -  ~~~~ _~- .aa - -
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in d1. Depending on the choice of B
1 

the value of b**

could be greater , equal or less than b . We shall now give

** * ** * ** *three examples with ‘a < b , b = ‘a and b > ‘a

Example 2.1. Consider the following BIB(7,11#,6,3, 2j 124)

1 2 3  1 2 5

1 2 4 7  1 3 7
1 5 6  1 2 4 6

d =  2 2 4 6  2 3 2 4

2 5 7  2 6 7
3 2 4 5  3 5 6
3 6 7  2 4 5 7

Let

1 2 3

13 1 2 4 7
1 2 2 4 6

3 6 7

Then

1 2 1 4

B =  1 3 7
2 2 3 6

1 4 6 7

In this example d~ = U. fl d* = [137J and thus by trading

off B1 wi th  we obtain the following design 

- _ ,~~ _ _ _ ,_-_~~~~~~ & -
~~~~

-— — — —  -- -—-5--  --—-- --— 5-- -- —- 5-
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1 5 6  1 2 5
2 5 7  1 3 7 *
3 24 1 14 6
1 2 24 2 3 if

1 3 7 * 2 6 7
2 3 6

14 6 7 If 5 7
* *  *which is a BlB(7, lk ,6 ,3, 2~~l3) and thus b = 13 < ‘a = 114.

N ote that the resulting design has two copies of [l ,3,7J.

Example 2 .2 . Let ci be the following BIB(7,14,6,3,2~ l1).

1 2 14 1 2 3
1 3 7  1 4 7
2 3 5  2 4 ~~~

d =  24 5 7 3 5 7
i~~~~~6 1 5 6
2 6 7  2 6 7

3 24 6 3 14 6

~f ~~ now select B1 to be

2 3 5

B = 
2 6

1 14 6 ’
14 5 7

th en

2 3 6

13 2 5 7

3 ‘~~~D

1 4 6 7 .

For this choice of B1 we have 
~2 ~ 

d~ ~ and ~.X (i) 4

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—~~~
.--- 

~ _ _ _
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and hence

*
b = 11 - [ 4 — ( 4-O)]  = 11 = ‘a

Example 2 .5 . Consider the following BIB(7 , 114 ,6 ,3 ,2j11)

1 2 4  1 2 3

1 5 6  1 2 4 6
2 3 5  2 4 5

d = 14 5 6 3 5 6
1 5 7 1 5 7
2 6 7  2 6 7
3 1~. 7 3 ~i~ 7

For the choice of

1 2 2 4

B =  1 5 7
1 2 5 5

3 4 7 —

we obtain

1 2 5

3 1 2 4 7
2 2 3 2 4

3 5 7 .

— Thu s by trad ing off B1 with B2 in d we shal l obtain

1 2 5  1 2 3
1 3 6  1 4 6
1 24 7 2 14 5
4 5 6 5 5 6
2 3 2 4  1 5 7
2 6 7  2 6 7
3 5 7 3 24 7

which is a BIB(7,114,6,3, 2,jlS) and the~ F l~ > b~ 11.

_ _ _ _ _ _ _ _   ____

~

JT

~

-

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~
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3. E- .ii Designs ~ ith v = 7 And k = 3. Using the relations

rv = bn and X ( v — 1 )  r( !c-1) which hold in any BIB(v ,b , r ,k ,~. ) ,

one can see that if v 7 and k = 3 then b must be a

mul t ip l e  of se-run. Thus it is theoret ical ly interes t ing and

practically useful to investigate the existence and construc-

t ion of BIB de signs with all possible support sizes when

‘a = 124 , 21, 28 and 35. Using the results in Section 7 of

Foody and Hedayat (1977), Theorem 3.2 of van Lint and Byser

(iy~2) and results of Pesotchinsky (1977) it can be argued

that there is no BIB(7,b,r,3,\) based on exactly 8,9, 10,12

distinc t blocks (support) no matter what the total number

of’ blocks , b , is. When h = 35 there are also no designs

based on exactly 30,32 ,33, 524 distinct blocks . These lat te r

conclusions follow directly from Proposition 2.1. Nn en

‘a = 28 there is no design based on exactiF 21 dis~ inct

blocics (see Theorem 5.1). It seems no matter what the total

number of blocks , ‘a , is, one cannot construct a BIB design

which is supported on exactly 16 distinct blocks if v = 1

and ic = 3~ In all other cases one such design is given in

Tables 1, 2, 3 and 24. If we allow ‘a to be greater than 35,

then it is possible to construct BIB designs based on 30 , 32,

33, and ~4 distinc t blocks (see Section 4).

- 
~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Theorem 5.1. If v = 7, ~c = 5 then there is no design with

b = 28 which is supported on exact~ y 27’ dIstinct blocks .

Proof: The proof is by contradict~ on. Let (~ =

Assw m~ that such a design exists. Say, the eight blocks

missi from the d~ sign are E~ , ~
2’•••’

~8 
and the unique

repeated block is = ~1,2,5j. sinc e ~ bk(k-1)/v(v-1) = 24 ,
every pair is covered by 14 blocks in the design . On the other

hand , -every pair is covered by 5 blocks in the complete de—

sign (i.e., ~.aN1ng all of (
~~ 

= 35 b locks ) .  Thus

cover all the 
(~~~~ 

= 21 pairs . The free pairs (l,2J, (1,3 .~ and

~2,3J are doubly covered , and all other pairs are singly covered.

We may then assume that 
~~ 

(1,2,uj, 
~2 

= (l,2,v J , 13
3 

=

~1,3, xJ , 13
5 

= [2 ,3 ,y~ , and B(- = [2 ,3, zJ . But the abov e

cover ing  properties of these 8 blocks impl-T that U , v, w , x,

:-‘, z are distinc t elements from the ~f—e1ere c-nt set (24 ,~~,6 , 7j .

This is a contradiction.

_ _ _ _ _ _ _  

It
-

, 
-——--—--. -- --—— -—- —-- —-- - ---— ---5-
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T~wlc  1
BIB Design s With  v 7 and ? = 3

All Possible Support Sizes When b = 124

7 8 9 10 11 ld 15 14

126 - - - 1
127 - 1 1 —

1324 - - - 1
i55 I — — 1
256 — 2 2 —
137 - - - -
l14~ — 1 1 -
l~6 — - — -
114i — — 1 —
16  - - - -

- 1 - 1
161 2 E-4 E-~ E-’ — - 1

— C1) (-‘) (/2 .i Cl) 1)~~ -
~ H H ~- I—I -

2 y )  - - - 1
El E-4 El E-~L. 0 0

2145 - Z ~~~ Z - - -
2146 — Cl) Cl) - 1 —

- 0 0 0 - 0 -
256 2 1 1
257 - - - -
267 - - - -
5245 - 1 1 -
3146 2 - — 1
54- 7 — — — —

- - - -
557 - 1 1 -
367 - - - 1
2456 - - - 1
1457 2 - - 1
467 - 2 1 -

567 - - 1 -

—. ——-~~~~ 5---— -— .—. -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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14 . E1B •~Ies  ~~~ns U i th  i; 7. }c = 3 and S-e~ p c r~. Th’~~ i 30, 32,

35, 54.

~~ F 1 Sect~~ori 5 w e ointed out that th~ following designs do

no t C X C S t .

Table 5

i3as~ c t —am~’ters Support Size
-x

v b - i~ X --

7 55 5 5 5 30

7 5~- 5 5 5 32

7 ~:) 5 3 5 53
_

( 35 5 _ 5 5 5 14
*Suppose we hold the values of v, i~ and b as given in

Table 5. i.ow a c1u~ s tion of interest  Is , ca~-ì we cons truc t

such des i~~is if we allow the value of b (hence r and x)

increases , i. e . ,  can we cons t ruct these designs if we ~re

allowed to take  more blocks . In case t i e  answer is a f f i rn a -

t ive  th en .s’h ~ib  is the minimu m value of b~ As we pointed

out b e f o re , any BiD design ansod on v = 7, Ic = 5 has b 0

(.r.o~i 7) blocks . Therefore, we are Interested to investi~~tte

the t~x1stenc e or nonexIstenc e of BIB designs with v = 7,

b = 42 , Ic = S which ar e supported on exactly 30 , 32, 35 and

34 distinc t blocks . In case b = ~2 is small we would 1ik~

__ —-  ~ 5--- ~~~~~~~~~~—-- ~~~~~~~~ -- --
~~~~~~~~~~~~~~~~~~ 
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Table 6

BIB desI gns With v = 7, k = 3, b = 142

and Support Sizes 30, 32 , 55

~~ 3~

3145 — 1 1
3146 1 1 1
3147 2 1 1
356 2 2 2
357 1 - -

~67 1 2 2
456 2 1 1
457 1 2 2
1467 1 1 1
567 1 1 1

I 

_ _ _ _ _  
_ _ _ _ _ _ _ _ _ _  

_ _ _ __ _ _ _  _ _ _ _ _ _ _ _

~~~~~~~~~~~~~~~~~~~~ —.-- - 
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to search for SU ch design with higher b 1 s, namely 149, 56,

etc . Fortunately , there are designs with support size 30,

3~, and 35 needing only b = 142 blocks . Examples of such

desi~;ns are disp1a~Ted in Table 6. The three designs in Table

6 ar e constru c te d by the method of trade off. At the end

of this section we shall explain the ways we have constructed

these designs . Unfortunately, there is no design with b =

and b* 143 as the fol lowing theorem shows .

Theorem 14.1. The following ~wo designs co-exist .

v b r Ic X b*

d1: 7 28 14 3 14 27

d 2 : 7 42 6 6 34

Proo-r : By taking two copies of the complete design and re-

moving f rom it the blocks of d1 w e obtain a design with

p arameters  of d2 . A s imilar argument can be used to shaw

that  d 2 ~ d 1.

Since by Theorem 3.1 no design with parameters of

exists, thus no design with parameters of d2 exists. We

have not been able to show the existence or nonexistence

of a design with support size 314 wi th  49 blocks . However ,

we now show that iI~ we ~ i1ow to take b = 56 blocks then

we can have a design whose support  s ize is 3 14.
2 2

- - Consider the following B1 ~ B~ and B~ ~ B4 . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -.--— - .- ~~-- - 5- - - - -- - ------~~~~~~~ —-‘ - -- —- - - -
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125 23~ 125 123
157 5147 136 2 156
146 2 2146 2514 ~ 2145
247 ~~ 136 , 256 346
3145 1146 B B256 12 ’! 5 14
B1 B2

Thu s the blocks of B1 together with b locks of B3 are

equivalent for covering pairs as the blocks of B2 together

wi th  blocks of ~~~~~

# of cop ies # o f  cop ies
125 2 235 1
136 1 3147 1
157 1 2 146 1
1!~6 1 2 136 1

2147 1 127 1
1 123 1

2 5  1 i~6 I
1 245 1

3- and 346 1
1 B2 and B4

:cc’~i acid the following - 21 blocks to the comp lete des ign

( note that the blocks in each column is a BIB design).

125 136 1456
137 23 14 l2~41146 1145 155
247 127 167
3145 256 3147
236 357 236
567 1467 257

From the resulting designs remove the blocks of and

and add blocks of B2 and B4 . In these processes  we lose

the block (l ,2 ,5J  only and the total number of blocks wil l

be 3 5 +2 1 = 56 .

- - ~~
. -- ~~~~~~~~~~~~~~~~~ 
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We shall now e~p1ain in detail the way the designs ex-

hibited in Table 6 were obtained by the method of trad e o f f .

*
Design with b = 142 and b = 30:.

Step 1. Add the following BIB design to the complete

design.

1 2 5  3 5 6
1 4 5  2 1 4 6

1 6 7 3 14- 7
2 5 7

Ste p 2. Trade of f the b locks of B1 with blocks of

- ~2 
in the result ing design Ia Step 1.

1 2 3  1 2 6
1 1 4 6  1 3 6

B 1 5 6 B — ~~ 5
2 s 6’ 2 2 3 14
2 4 5  2 3 5

3 LI 5 4 5 6
1 2

Sinc e B, ~ B2 the net result is a design with b = 42

and b = 30 .

Design with b = 142 and b* 
= 32:

Step 1. Add the following BIB design to the complete

des ign.

1 2 7  3 6 7
1 3 5  2 3 1 4

1 1 4 6  1 4 5 7
2 5 6

_ _ _  _ _ _
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Step 2. ~~ade off the blocks of with blocks of B
2

in the resulting design in Step 1.

1 2 7  1 2 6

— 1 5  6
3 

1 5  7’
2 3 6’ 2 2 3 7
3 5 6  3 5 6

2
Since B1 ~ 

B~ the net result is a design with b = 14-2

and b = 32.

*
Design with b = 42 and b = 53:

Step 1. Add the following BIB design to the complete

design.

1 2 7  1 4 5 7
1 5 6  2 3 5

1 3 4  3 6 7
2 1 4 6

Step 2. Trade off the blocks of B1 with blocks of B2

in the resulting design in Step 1.

1 2 7  1 2 6

— 1 5  6 B — ’ ~
2 3 6’ 2 2 3 7
3 5 7 s 6 5

2
Since B1 ~ 

the net result is a design with b = 142

and b = 33.

~‘Te close this section with the following Theorem.
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Theorem 14.2. If there exists a d1, a BIB design wi th

v =  7, k=  3, b1 = 28, b~

with no block repeated more than twice, then there exists a

d2, a BIB des ign with

v = 7, Ic = 3, b2 = 142, b = b~ + 7.

Proof: Take two copies of the complete design based on v = 7,

Ic = 3. Delete from it the blocks of d1. The resulting de-

sign has the parameters of d2.

Thus the existence of a d1 with b1 = 23, 25, 26, 27

whose blocks are repeated not more often than twice implies

the existence of d2 with b2 = 142 and b
2 = 50 , 32, 33, 314. 

-
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