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We conjecture that there is also no design with p* = 16.
For all other cases we have exhibited a design in Table 2.
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and 27. We conjecture that there is also no design with
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BIB Designs With Variable Support Sizes
When Blocks are of Size Three

v

A, Hedayat
University of Illincis, Chicago, Illinois

dig Background and Motivation. Suppose one wants to run an

experiment testing and evaluating v = 7 treatments based on
b blocks each of size k = 3. Under the usual homoscedastic
linear additive model for the measurements it is known that
the best possible design under any reasonable statistical
criterion is a BIB deslign. But when v =7, k=3 for a

BIB design to exist it is necessary that b be & multiple

of" . T AE BT oR Sibe senete & mltinYe tatuvr < Yhen 16

is sad to report that the existing literature is of no help
to the experimenter. If b is & multiple of 7 then the
existing literature provicdes the following solution. For

b = 7 there is a BIB design. One such example 1is

1258 g 6%
£ 38 6 7 2
= ok PR - B
. e

If b= t7 then by taking t copiles of the above design one
would obtain the necessary design. In particular, if b = 35
then there are two choices, viz., 5 coples of the above de-
sign or taking (;) = 35 possible blocks of size 3 based
on 7 treatments. Note that a design based on t copies of

the above design consists of (supported by) seven distinct
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Problem: For v = 7 <treatments is it possible to construct

blocks only. This might concern the experimenter who is not
sure about one or more of the mixture of three treatments
listed in the above design. If it is not possible to avoid
these mixtures by relabeling the t}eatments then insisting
on BIB designs the only course of action left is to search

for BIB designs with more than € distinet bloecks. This

leads us to the following problem:

BIB designs based on b = t7 Dblocks each of size k = 3
Which &re supported by 1€ b £ 47  distinet biocks,
t = 2,585,457

Note that we do not have to consider cases where t > 6

since in our setting we can have at most <§ = 5(7) distinet

blocks. As we shall see later, fortunately the answer is
essentially yes. There are few cases which no such designs
can be constructed. In all other cases where the answer is
positive we have given at least one such design. To solve
the problem we have heavily relied on a method called "trade

of f" which is introduced and studied in Section 2.
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2. The Method of Trade Off.

Let Bl and 32 be two collections of n distinct
blocks each of size k whose elements belong to a set 0.

Let x§§) and x§§) be the number of blocks which contain
the pair (1,3}, 1,1 € £, 1n B, and B, respectively. Then

we say B and B2 are equivalent for covering pairs if

1l

xﬁﬁ) = x§§) for all 1i,j € l. We shall use the notation
2
B1 & B to indicate that Bl and B2 are equivalent for

covering pairs. For example, the following two collections

n

of blocks are equivalent for covering pairs.

2P i S
1 4 6 2  C e
R = 2- %55
Wt . A

Two immediate and important problems related to the concept
of equivalence for covering pairs are:
2
(i) If B, ~ B, then what do we know about n, i.e.,
1 .
the cordinality of By, B, N B, = d2
(i1) For given k and an admissiable n how to con-
: 2 3

struct By and B, such that B, & B, and By n B, = ¢.

For arbitrary Kk both problems are very difficult.

Here we give a solution when k = 3. In regard to n we

have the following result.

P B M A &,
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Proposition 2.1. If kX =3 and B
o4 3.2.55,

B,, B > =0 then

il

The fact that n cannot be 1,2 is straightforward,
Phe case.ef n= 35 -and 5 can be‘settled by a counting
argument. Also for n = 5 an argument depends on the theory
of Euler's triangulation of a compact manifold can be given
which will be reported elsewhere.

In regard to the construction of Bl and B2 when

n+ 1,2,3,5 we have:

Proposition 2.2. If k = 3 then there exist B, and B,

with Bl i B, for all n * 1.2,3,5.

Proof: 1t suffices to construct such Bl and 52 for

n= %4,6,7,9. We have already constructed B. and B, for

1

n =4, Examples for n= 6,7 and 9 are exhibited below.

s R Vi B
G2 BT 12 6

Bye 23 e 3 By w1 5 wa=6
2.6 & 5.7
o S 3 5.6
56 7 - A
e oy
1 3 4 : T G -
- R | . T

Bl T Bz = g3 & ; n=7
£ %% .5 8
- S| A L
4 5 6 RO S |
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; A B | 2 % 6
2 3 6 367
B o XN
L 5 6 5.6 8
B, = 8T B By, = T 8 9 s oawm g,
P g 5 & 9
) L 1208
284 .
505 9 R T

2
An easy technique for constructing Bl ~ B2 when

n= 4,6 and 6 are given here.

For n = 4: Draw the following figures:

| /c? M“« w\ﬂ\l\\@l\m

R R e NS K Do R

Fig. L Fig. €

Note that 6 distinct letters are used in naming vertices.
In labeling vertices Fig. 1 and Fig. 2 are identical except

for the labels of the center vertices. TForm B and B2

1
from the vertices of the shaded and unshaded triangles re-

spectively,

———— -
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Now B, ~ B2 and one ecan replace g te: 4 by any arbitrary
6 numbers. It is easy to argue that whenever By 2 B, with

4 Dblocks each then they have necessarily come from such two

2

figures, i.e., that is the only way to construct Bl ~ By

with n = 4% blocks each.

]
[0)
e

For =n

Draw the following figure:

I Fig. 3
Let blocks of Bl be the vertices of shaded triangles. Simi-

larly form B2 from the unshaded triangles.

gL . &l e

b e R sk

Bl e R : 82 SR Tl S

d e g SHsa b

f a& F b Tisidiee
P Rl < o 5 S o S

1 : By noting the way we have labeled the vertices it is

2
1%B2.

easy to argue that B




based on 7 distinct numbers.
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For n = 9: Draw the following figure:

Form Bl and BE from the vertices of shaded and un-

shaded triangles respectively.

a b 4 s T
o] o A, @ s e
a8 &g d
G T R E s 1)
B1 A - Gl s R B2 s e
TR s G | g
e h @8 g e o
Bt i sl =
R B S e

Again by the way we have labeld the vertices 1t is easy to
s 2
see that Bl ~ BZ’
Before we give an application of the concept intrecduced

we need a formal definition for the support of a BIB design.




Let d Dbve a BIB design with parameters v,b,r,k,\
based on Q consisting of v distinct elements. Note that
the definition of a BIB design does not require that its b
blocks be distinct. Following Foo&y and Hedayat (1977) we

define:

Definition 2.1. The support of a BIB design, d, is the col-

*
lection of distinct -blocks in 4, denoted by d4d . The num-
*
ber of elements in d* is denoted by b and called the

support size of d.

A BIB design with parameters v,b,r,k,\. whose support
size is b  is denoted by BIB(v,b,r,k,Xib*).

We are now ready to indicate how the stated concepts
and results could be utilized for the purpose of increasing
or decreasing the support size of a BIB design. Suppose d
is a BIB(v,b,r,k,klb*) with support a”. Further, suppose
that we can find a collection of n distinct blocks, say
B,, in d" such that there is a B, & B,. Let the cardinality
of B2 n d* be m. Then by replacing B1 by By (trade off)
we obtain a BIB(v,b,r,k,\|b ) with

S [ ¢ x(i) ~ (n-m) ]
i=1 :

where

X(1i)

Lo BE fi = 1

(B fi J. 1

with fi being the number of coples of the i-th block of B

i




*
in dl‘ Depending on the choice of B the value of b y

15
*
could be greater, equal or less than b . We shall now give

*% * *% * * % *
three examples with b < b b = b and D SR T

Example 2.1. Consider the following BIB(7,1%4,6,3,2|1%)

e Bieg ok ,‘
P R
1. 596 3 %6 »
CEET R 2.3 & ‘8
i 26 7 5
5inE 3 5 6 ’
i T o 5T |
Let §
e i
B, = b T Sy g
P A | T {
’, S !
i
Then |
P2 el 3
e B4
ey T
4 6-7
In this example d = d. By N d" = {137} and thus by trading
off By with B, we obtain the following design
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. 56 s Bl g
2 5 7 S0 .
5 T 1% R
' Yoot gz iy
AR T e 2 6
a2 o8 Gy R
U6 77 W

* X *x
which is a BIB(T7,14,6,3,2|13) and thus b =313<b = 14,

Note that the resulting design has two copies of {1,3,7}.

Example 2.2, Let d ©be the following BIB(7,1%4,6,3,2|11).

i Naes 158 8

Jiimy . i 1

2 3 5 28

a = Wty it g T
.86 T 56

2 65T N

4 6 3% ©

~.f we now select Bl to be

R s
£.8,.7
B, = b
. Bl 8
R
‘ then y
o
. - Sk R
[ BT AL

-x.
For this choice of B1 we have B2 nNd =¢ and £ X(1) = &
i=1l




and hence
%%

b = 11 - [4-(4-0)]

*

=11 = b

Example 2.3. Consider the following BIB(7,14,6,3,2{11)

For the choice

we obtain

Thus by trading

3
which is a BIB(7,14,6,3,2,|13)

ind

and thus

we shall obtain

* K
b
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3. BIB Designs With v =7 And kX = 3, Using the relations

rv = bk and A(v-1l) = r(k-1) which hold in any BIB(v,b,r,k,\),
one can see that if v=7 and k=3 then b must be a
multiple of seven. Thus it is theoretically interesting and
practically useful to investigate the existence and construc-
tion of BIB designs with all possible support sizes when

b= 14, 21, 28 and 35. Using the results in Section 7 of
Foody and Hedayat (1977), Theorem 3.2 of van Lint and Ryser
(1372) and results of Pesotchinsky (1977) it can be argued
that there is no BIB(7,b,r,3,\) based on exactly 8,9,10,12
distinct blocks (support) no matter what the total number

of blocks, b, is. When b = 35 there are also no designs
based on exactly 30,32,33%,34 distinct blocks. These latter
conclusions follow directly from Proposition 2.1. When

b = 28 there is no design based on exactly 27 distinct
blocks (see Theorem 3.1). It seems no matter what the total
number of blocks, b, is, one cannot construct a BIB design
which is supported on exactly 16 distinct blocks if v =7
and k = 3. In all other cmses one such design is given in
Tables 1, 2, 3 and 4. If we allow b to be greater than 35,

then it is possible to construct BIB designs based on %0, 32,

33, and 34 distinct blocks (see Section 4).
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Theorem 3.1. If v =7, K =3 then there is no design with

Proof: The proof is by contradiction. Let 0O = {1,2,...,T}.

b = 28 which is

n

supported on exactly 27 distinct blocks.

Assume that such a design exists. Say, the eight blocks

missing from the design are B B

l) 4}'
repeated block is 89 = {1,2,35. Since 3 = bk(k-1)/v(v-1) = &,

..,B8 and the unique

every palr is covered by 4 blocks in the design. On the other

hand, every palir is covered by 5 blocks in the complete de-
A
3/
cover all the (g) = 21 pairs. The free pairs (1,24, {1,3} and

sign (i.e., taking all of ( = 35 blocks). Thus Bl’Bz""’BS
{2,3) are doubly covered, and all other pairs are singly covered.
ve may then assume that Bl = (1,2,uy, 82 = (1,2,v}, 85 = {1,3,w},
By = £1.3,%1, 35 = {2,3,y}, and 56 = {2,3,z}. But the above
covering properties of these 8 blocks imply that wu, v, w, x,

Vv, z are distinct elements from the l4-element set (%4,5,6,7).

This is a contradiction.
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Table 1
BIB Designs With w = 7 and k=3
All Possible Support Sizes When b = 14

b*
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NOT EXIST
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4. BIB Designs With v = 7, k = 3 and Support Sizes 20, 32,

33, 34.

In Section 3 we pointed out that the following designs do

not exist.

Table 5
Basic Parameters Support Size
g W W b
(AR e 30
(M- - B L g REL 32
3B  HAFS 335
by a5 e 34

Suppose we hold the values of v, ¥ and b* as given in
Table 5. Now a question of interest is, can we construct
such deslgns if we allow the value of b (hence r and 1)
increases, i.e., can we construct these designs if we are
allowed to take more blocks. In case the answer is affirma-
tive then what is the minimum value of b? As we pointed

out before, any BIB design vased on v =7, k=3 has b= 0
(mod 7) blocks. Therefore, we are lnterested to investigate
the existence or nonexistence of BIB designs with v =7,

b = 42, K = 3 which are supported on exactly 30, 32, 33 and

34 distinct blocks. In case b = 42 1is small we would like

PRSP

e 7
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BIB designs With

h*

123
124

245

246
247

3047

457
567

Table 6

v=17, K=3, b= 42

and ‘Support Slzes 80, 325 55

N
o

N
no
N
W

HHEMENHFENN L HOHEREN ] NN NN RN R

HIENEHEN N EENHR T NN R R D N
RO D0 | I = e e b DD RO 1 DD e DN = R DN DN b
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to search for such design with higher b's, namely 49, 56,
etc. Fortunately, there are designs with support size 30,
32, and 33 needing only b = 42 blocks. Examples of such
designs are displayed in Table 6. The three designs in Table
6 are constructed by the method of trade off. At the end

of this section we shall explain the ways we have constructed
these designs. Unfortunately, there is no design with b = 42

and o* = 43 as the following theorem shows.

Theorem 4.1. The following two designs co-exist.

v b r k A B
dl: 7 28 l 3 4 27
dy: T 42 6 3 6 34

Proof: By taking two copies of the complete design and re-

moving from it the blocks of dl we oObtaln a design with
parameters of dz' A similar argument can be used to show

that d2 = dl'

Since by Theorem 3.1l no design with parameters of dl
exists, thus no design with parameters of d2 exists. We
have not been able to show the existence or nonexistence
of a design with support size 34 with 49 Dblocks. However,

we now show that if we allow to take b = 56 blocks then

we can have a design whose support size is 34.
2 2
3

Consider the following Bl " B2 and B, ®» Bu.




125 235 125 125

35 54? 176 2 156

146 o 246 234 o 245

247 ~ 13§ y 256 346

b5 146

236 127 B, n Ry

Bl B2
Thus the blocks of Bl together with blocks of B% are
equivalent for covering pairs as the blocks of B2 together
with blocks of 34.

4 of copies * of copies

125 2 235 1

1%06 X 347 1

157 1 2#@ 1

146 1 2 136 X

234 1 s 146 1

247 1t reT X

345 1 125 X

2%6 )3 156 1

456 1 245 ;

B. and B 346 1

L . B nd B
2. 4

Now add the following . 21 blocks to the complete design

(note that the blocks in each column is a BIB design).

125 136 456
157 234 124
146 145 135
247 127 167
345 256 347
236 357 236
567 467 257

From the resulting designs remove the blocks of Bl and 52
and add blocks of B2 and 34' In these processes we lose
the block (1,2,5§ only and the total number of blocks will

be 35 + 21 = 56.




z2z

We shall now explain in detail the way the designs ex-

hibited in Table 6 were obtained by the method of trade off.

Design with b = 42 and b = 30:.

Step 1. Add the following BIB design to the complete

design.
1 2 Uy
1 a5 2. W 6
R E SHE T
CAe L

Step 2. Trade off the blocks of B; with blocks of

B in the resulting design in Step 1.

T
et e L2 G
R T L3 .6
B, = s 6, B, = 1T
2L 1006 B 1Dt
2 his S 3E
2 s R
&
Since B, ¥ B, the net result is a design with b = 42

*
and b= r500

*
Design with b= 42 ‘and b = 32:

Step 1. Add the following BIB design to the complete

design.
g - A0 T
§ I S G A
1 4 6 s o e 4
2 5. 6




and

Design with b

23

Step 2. “rade off the blocks of B, with blocks of B,

1 e

in the resulting design in Step 1.

L S e p O
B, = & B 6, B, = it PR
2 '3 B e, S
B B 505 %
4
Since By ~ B, the net result is a design with b = 42
B

Il

*
42 and b = 33:

and

Step 1. Add the following BIB design to the complete

design.
St Bk Bl T
L5 8 e 3.5
L3k b
2 L4 6
Step 2. Trade off the blocks of B, with blocks of B,

in the resulting design in Step 1.

H

I
R N T e
Ul W WU, o
(o) WGV O 2 B o)
Ui =3 3 O

Since By ® B, the net result is a design with b = 42

*
b = 3%,
We close this section with the following Theorem.

R
S




Theorem 4.2. If there exists a d,, a BIB design with

v=7,k=3,bl=28,b

¥*

:

with no block repeated more than twice, then there exists a

d2, a BIB design with

\,':7,}{:3,‘02=

Proof: Take two copies of
Xk = 3. Delete from it the
sign has the parameters of

Thus the existence of

*
k2, b,

x*

= bl + 7.

the complete design based on v =

blocks of dl'

a

2.

1

.X.
with bl

The resulting de-

= 2%, 25, 26, 27

whose blocks are repeated not more often than twice implies

Ty

*
the existence of d2 with b2 = 42 and b2 L G s e
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