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PREFACE

This s tud y was i n i t i a l ly motivated b y ion  Mi k Sin i t l i  ‘ s semi  nar
“Recen t  Developments  in Modern Numer ica l  Methods  and Cos t Saving  Tech-
ni ques ” which  was held at Redstone Arsenal  on 12 , 13 , and 14 F e b r u a r y
1976 [11. It was f u r t h e r  motivated by Professor Charles  A . Hal i j ak’ s
br ief ing on “Numerical Trans forms and Digi ta l  Simula t ion  of Dynamica l
Systems” held during Jul y and August 1976 .

This r epor t  documents  some of the resu l t s  of the s tud y unde r t aken
as a consequence of the previously mentioned seminar and briefing.
Though not intended to be tutorial, it is hoped that it will be
comprehensible to those acquainted with z—transforms .

ACKNOWLEDGEMENTS

The author wishes to acknowledge the deb t he owes Dr. Halijak and
Mike Smith , respectively, for the excellent briefing and seminar . The
author wishes also to acknowledge the willing ear and help ful comments
of a coworker , Victor Grimes .

SYMBOLS

Eta, phase compensation or interpolation factor

£( ) Laplace transform operator

n Index or step number

T Samp le time or t ime step

n-th derivative of x(t)

n-th integral of x(t)

-sT
z delayer , e

Z(  ) z- t rans form operator (Appendix A)

2
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I. INTRODUCTION

‘th e rapid development of digital computers since World War II

has promp ted a reexamination of numerical computation techniques from

the somp ied—datu point of view. A very interesting outcome of this

point of view is that some of the classical integrators are actually

phase shifted va r i a t i ons  of the same integrator ( 1 ,2 1. For examp le ,
t h e  integration recurrence relation

X
n+l 

= x + T ‘~ n+i 
+ (1 - ) x ]  (1)

lead s to the following classical integration formulas (Table I).

TABLE 1. EQUIVALENCE -OF TUNED AND
CLASSICAL INTEGRATORS

Phase S h i f t  (‘-i) C lass ica l  Name

0 Euler ( l e f t  Riemann sum)

1/2 Trapezoidal

I Rectangular  ( r igh t  Riemann sum)

3/2 Adams second order

The fact that the classical integrators listed in Table 1, differ
only in their phase is quite interesting ; even more interesting is the
p o s sib l i t v  of phase s h i f t s  leading to integrators between the classi-
cal ones .

II. THE TUNABLE INTEGRATOR

The dig i tal  computer is of necessity a d iscre te  time sys tem
and , as such , is amenable to analysis using z—tr ans forms [3 , 4 , 5] .

I t  is well  known in z-trans forms that

Z [ f ( s ) g ( s ) 1  = y ( z ) f ( z ) , y ( s )  � g(s )  . (2)

It follows that

,, ,
~ — ___________y~ z, — (3)

and tak ing  g ( s )  as the inpu t  and f ( s )  as the  p lant , y ( z )  cannot  be
determined w i t h o u t  knowing the p lant , f ( s ) .

3
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I f  a cont inuous  sy s t e m  is to be s imul a ted  on a di gi t al compu ter ,
approximations mus t be made. For examp le , if g(s) is not known a

priori [Fi gure l ( a ) ] , Z ( g ( s ) f ( s ) 1  m u s t  be approx imated  in order to
develop a recurrence relation for dig ital simulation of g(s)f(s).

g (sh f (s) \~j~~s) f (s ) 1

(b) 
g (s) 

~~~ 
g 

~~~~ F F f (s) g (z) — i) (zJ

Figure 1. Continuous system .

If  the input , g ( s ) ,  is samp led and then held b y a zero order hold
[Fi gure 1(b )] ,  the ou tpu t  af ter  the second sampler is

Z [1 Z 
f ( s )g ( z )]  , (4)

which may be simplified to

(1 — z) Z (i~.1) g(z) . (5)

Given

f(s) = L 
, (6)

the modified z-trans form of u s 2, substituting Equation (6) into
Equation (5),is (Appendix B)

T..Lm + (1 - YL)7~I 7
(l_ z)2 

( )

and Equation (5) becomes

~ 
(.sL~.)~ \ T[ ,t + (I — rI)z] y(z) 8

S / (l—z ) ‘

the  tunab le integrat ion Equat ion (1) , in z-t rans for rs  no ta t ion .  The
de ta i l s  of the conversion to a recurrence are shown in the samp le
problem section.

4
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For a sufficiently fine timestep , T, it is hoped tha t

v ( z )  TI + (I - ‘~)z J g ( z ) (9) 1 -

and f or a~~iven input , g(s), Equation (3) would allow a check on the
approximation , Equation (9), for f (s) ,  an integrator .

An attemp t might be made to extend this procedure further by inte-
;r a L ir 1~ f ( s )  by “inserting ” another sample and hold ,

Z (!~ 1) (1 - z)Z 
(~~~~) 

f ( z )  (10)

and , after taking the modified z-trans form of l/s2,

Z(g(s)f(s)] T[•~ + (1 — 
~)z] f(z)g(z) (11)

or

v ( z )  T[ ’~ + (1 — ‘~) z ] g ( z )  . (12)

for  any f ( s ) .

The insertion of this sample and hold , Equat ion (10) , is not  ph ysi-
call y realizable because f(z) is not an input; this attemp ted extension
is not t he  proper approximation as will be seen in the next section .

III. TUNABLE TRAPEZOIDAL CONVOLUTION

If a subs t i tu t ion  of the def in i t ion  of the z— trans form ,
Equa t ion  ( A — b ) ,  is made into Equation (2) , i t  becomes

n~ 0 
~f ( n t )*g (n T ) } z

m 
= [
~ 

Y ( n T ) z
r
~
] [E  

f ( n T ) z fl] . (13)

Upon s u b s t i t u t i o n  of the  de f in i t ion  of convolu t ion  and taking the
Gauchy p roduc to f  power series , the fol lowing is obtained :

n~ O 
Z

fl
fg ( T) f ( f l T  - t)d ’r = z z~ ~~ 

y ( k t ) f ( n T  - kT) . (14)

5
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Equating c o e f f i c i e n t s  of powers of z , the  following is obtained :

fT
g(

~~
) f ( f l

~ 

- t) dT = y ( k T ) f ( n T  - kT) . (15)

The mean value theorem of the in tegral  calculus guarantees tha t
there is some y such that [61,

fT 
g(~~) f (nT - ~ )dt  = nT g(~ nT)f(nT - 7n nT) ,  0 1 1

(16)

of course,

nT n-i (k+ 1)Tf g(’r ) f (nT - ‘r)d’r 
~~ 

-L 
g(t)f~~T - ‘r)d’r (17)

and there is some such that

(k+l)T

‘kT 
g(~~) f(nT - T) dT = T g(kT + Yk

T)f(nT - kT - 7k T ) ,

(18)

Knowing 7 and 7k exist is like knowing the solution to a d i f f e r e n t i a l

equat ion ex is t s ;  knowled ge of the existence of a solut ion is not know-
ledge of the solution. Of course , it is wise to check for existence of
a solution before seeking a solution.

For a sufficiently small time step, T, trapezoidal quadrature
might be used to approximate Equation (18),

Tg(kT - 7k
T)
~~

nT - kT - y
k
T) ~-[g(kT + T)f(nT - kT - T)

(19)
+ g ( k T ) f ( n T  - kT) ]  .

6 
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Then, the right hand side of Equa t ion  ( 16) is approximatel y

~ 

[g(kT + T)f(nT - kT - T) + g(kT)f(nT - kT) ] (20)

and chang ing the summing indices

- n n-l

~~ g(kT ) f ( n T  - kT) +1 ~~ g ( k T ) f ( n T  - kT) (21)
k=l k=0

and combin ing ,

T 

~ 

g(kT)f(nT - kT) -f [g 0 f(nT ) + f
0
g(nT)J . (22 )

I t  fo l lows  that , E qua t ion s  (22) and (15),

k~0 
y(kT)f(nT - kT)~~ T g(nT)f( nT - kT) - ~~ g0f(nT ) + f

0
g(nT)] .

(23)

For f
0 

and g
0 

bo th zero ,

y(kT) T g(kT) (24)

and from the de f in i t i on  of the z - t r ans fo rm it follows that

y ( z )  T g ( z )  (25)

and

Z [g ( s ) f ( s ) 1  T g ( z ) f ( z )  . (26)

U n f o r t u n a t e l y ,  r e q u i r i n g  f and g both to be zero is unusual ly r e s t r i c t i ve

because the in i t ia l  condi t ions  on the input  must be zero and many plants
of interest are excluded including the single integrator (Appendix B).

7 
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Substituting Equation (23) i n t o  t h e  r i~ h t  hand s ide  ot  I . c j u a t  ion ( L ~~)

n
T ~~ z~ ~~ g ( k T ) f ( n T  — kT) — 1/2 f 0g(nT)  — 1/2 g

0
i(nT)

n~~ k~~3 ( 2 7 )

T ~~ g ( k T ) z
k 

f (nT kT)z
n_k 

- 
~~~ ~~~ g ( n T ) z ’

~
n=O k=O n=O

+ g
0 

n=O 

f(nT)z
m] , (28)

T [ ~ f( nT)z”] [ ~~ g (n T ) z ~
] 

- f ~ g(n T)z
T
~

n=0 n 0  n 0  (29)

+ g
0 n~~ 

f(nT)zn]

and , f ina l ly ,  from the de f in i t ion  of the z—trans form , and Equation (29)

Z [ f ( s ) g ( s ) ]  T f ( z ) g( z )  — f [f 0g ( z )  + 50f (z )]  , (30)

trapezoidal  convolution [ 7,8,4,]. I t  follows that

y ( z )  T [~ - 

~ f ( Z ) ] 
g(z )  - g0 . (31)

If time step , T , is to be mad e as large as possible for  reasons
of speed in real time s i m u l a t i o n , or economy in Monte Carlo studies ,
Equation (30) may limit how large the t ime s t ep ,  T , may become . In
using tunable integration linear interpolatthn is being used for  Equations
(18) ,

Tg ( kT + y
k

T ) f (n T  - kT - 7kT) Trj
k 

g (kT  + T ) f ( n T  - kT - T)

(32)
+ T( l  - ~~)g(kT)f(nT - kT)

Of course , there is no guarantee  tha t  a linear in terpola tor  wil l  f ind
Equat ion  (18) on the in terval , ~ ~ ~ 1. I t  may be necessary to

ex trapolate. Extrapolation may not produce the desired values of the
f u n c t i o n s ;  the values at the ends of the interval could be equal .
Hopefull y, this would be the exception rather than the rule .

8
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Then Equa t ion  (17) upon s u bs t i t u t i o n  of Equation (32) ,  would be

nTf g(-r) f(nT - T ) dT  T 
:~~~~ 

[ ~k÷l 
g(kT + T)f(nT - kT - T)

+ (1 - 
‘k+l~ 

g ( k T ) f ( n T  - kT)]

n n-l
-
~~ 

‘
~ 

~~ ~k 
:(~~U ) f ( n T  - kT) + T 

k=O 
(l  - 

~k÷l~ 
g ( k T ) f ( n T  - kT) (34)

n n-i
I ~ g(kT)f(nT - kT) + T - 

~k+l)g(kT)f(nT 
- kT)

k=l

- T [i)0 g0 f(nT ) + (1 - i~~)f g(nT)] (35)

Assuming

k+1 
(36)

Equat ion  (35) may be wr i t t en

T 
~ 

g(kT)f(nT kT) - T[~ g f(nT ) + (1 - ~~)fg(nT)} (37)

and it follows that

Z [ f ( s ) g ( s ) ]  T g ( z ) f ( z )  — T[~1 g f (z )  + (I — i1 ) f g ( z ) ]  (38)

Making a f inal  assumption ,

(39)
0 ~

the fol lowing is obtained :

Z [ f ( s ) g ( s )]  T g ( z ) f ( z )  — T [r~g f( z )  + (1 — ~1)f 0g( z ) 1  

(40)9



- — -—-‘-- - -- - — -_ ‘
~~~~~~~~~~~~

‘-
~~~

‘5-
~”~~~~~~~~~~ T~~~’~

’
~~~~~

Ufl
~
--I — --~~ ‘ ‘

~~~ :~~Hi~ir -

tunable trapezoidal convolution. The final assumption , Equation (39),
does not appear reasonable , b u t the  c o n d i t i o n s  u n der  w h i c h  i t  m ay be
j u s t i f i e d  wi l l  be d iscussed  in the analysis of tuning . From Eq u a t i o n  (40)
it follows that

y ( z )  T [1 - (1 - ~~~~ 
g ( z )  - TT~g . (41)

In Section II , a dig ital-to—analog converter was used to recon-
struct an analog representation of the input (Figure 2(a)}.

(a) ~ ~~~~.._._ 9
__~__!_[~~;~. 

‘
~~ ~~~ —i f (s) [ \~‘—z Eg ( s ) f

(b) ~ ~ ~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘-‘ y (4 f (zi

Figure 2. Analog representat ion of the inpu t .

In this  section approximations for cons t ruc t ing  a digital  representation
of an analog input were developed [ Figure 2 ( b ) ] .  The d i f fe rence  is one
of point  of view .

IV. ANALYSIS OF TUNING

For a g iven p lant , f ( s ) ,  and input , g ( s ) ,  the  re la t ionship
given in Equation (3) is the exact di gital representat ion of the
analog input. The approximation,

r £ 11 o T
y ( z )  T - -

~~ ~~~ 
g(z) - g , (42)

would be used to develop recurrence relat ions for di g ital simulat ion
(Sect ion V contains the d e t a i l s ) .  For a g iven p lant , f ( s ) ,  and inpu t ,
g ( s ) ,  the ra t io  of Equations (42) and (3) would be a measure of the

accurac y of the approximation.

For an in tegra tor ,

f(s) , 
(43)

Ty ( z )  ~~ ‘ (I f z) g (z )  — ‘
~~ g 0 . ~~~

10
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- :  For t h e  input ,

g(t) = a 
-at (45)

g(s) = s a ‘ 
(46)

and

g ( z )  
a 

—at  
(47)

1 - z e

The exact representation would be

-at
y ( z )  = 

(1 — e 
—a~~ 

- . 
(48)

1 -  z e

Equation (42) yields

v(z) (1 + z) ( 
1 - z e~~

t ) - (49)

aT -aT-~- ( 1 + e  )z

-aT 
(50)

1 - z e

Divid.~ng Equation (50) by 
Equation (48) to obtai n the ra t io  of the

approx imation to the exact output , yields

~~~~~~~~~~~~~~~~~ 
) . (51)

which is j u s t

~~~ctn~~~ . (52)

For smal l ang les

ctnh a T 2 ~~~~~aT~~~ (53)



- . . _  
________ _____

and the ra t io  would be

i + ~~~~~~ ... (54)

of course “ a” need not be real ; consider

a = iu , 
(55)

then Equation (52) becomes

wr
ctn -j - , 

(56)

the ratio for a sine wave input to a trapezoidal integrator . For
small angles

ctn ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ... (57)

and the ratio, Equation (56), is

2

12

The ratio, Equation (56), agreeS with that obtained by the trans-

fer function approach [9] , which also gives the ratio for a sine wave

input into some other integrators .  Of particular interest is Simpson ’s

rule,

T 1 + 4z + z
2

3 (1 + z)(l - z) 
(59)

for which the ratio is

~~ (2+cos wr 60)
3 ~,, sin wr

and for small angles , Equation (60) becomes

4
I + 

(c~r)_ , (61)

12
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i t  is noted that  for  too large a time step , T , the ratio for an

exponent ia l  input , Equat ion (52) would be too large and for a sine

wave input , Equat ion  (56) would be too smal l , This can be corrected

by tunable integration. Using tunable convolution , Equation (40),

-aT -aT
y(z) 

TLi(1 - e ) -_e ~~ (62)

1 -  z e
a

and the ratio of Equations (62) and (48) is

aT 
[e~~~~~ 

1 
- (63)

For “a” real , Equation (63) becomes

r aT . aT
c o s h— +  sinh —

aT aT 
2 

-~~~~~ (64)

L 2 sinh —
~~

which simplifies to

. [ctni~ ~~ + 2 (~ 
- 

~
-
~
‘
)] 

. (65)

Solving Equation (65) for T i ,  when the ratio is one,

~, =~~~ ÷~~ (ctn 
~~

_
~~~

) . (66)

For aT < I, Equation (64) becomes approximately

I + aT (~ 
- ¶1)+ ~~~~~ + (67)

and Equation (66) becomes

I aT (68)

For aT >> 1 ,

2 (69)

13
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For “a” imaginary, Equation (63) becomes

(~~~)[ctnf+zi ( f -  -‘
i) ]  

. (70)

Because Equation (70) is complex , mul t i ply b y the comp lex c o n j u ga t e
and take the square roo t, wh ich y ields

~~~~~ [C tfl 2
~~~~~+4 (~ 

- T i )~~~ 
2 

(71)

for the amplitude ratio, and dividing the imaginary part by the real,
yields

tan 1 
[2  (f 

— Ti tan , (72)

the phase error for a sine wave input to a tunable in tegrator .

For zero phase error,

(73)

the trapezoidal-integrator , and Equation (71) reduces to Equation (56) .

For zero amplitude error , the ratio should be one; therefore,
setting Equation (71) equal to one

= f [ ctn2 ~~ + 4 (~ 
- Ti ) 2] 

2 
(74)

and solving for Ti’

Ti = 1 1 2 
~~
2 

~
] 2 (75)

For small angles

±
~~~
[(
~~~
)

2~~ 
(
~~~

-f . . .) 2]i (76)

i 

~ 
{i - 

(cJr)2] 2 (77)
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and for ~T < 1.

-

~~~~~~~~~~~~~~~ 

(fly (78)

that is ,

- - 0.9082482905
— 

0.0917517095 . (79)

To determine the  r a t io  and phase error which occurs from ignoring
the  dependence of -

~ on ~T , Equation (78) is subs t i tu ted  into Equations
(71) and (72) , and the fol lowing are  obtained

(~ )[~ + ctn~ (80)

and

tan 1 
[2  (~) ~ tan , (81)

for the amplitude ratio and phase error , respectively , the ratio for
a small angle approximation would be

1 + - (82)

which compares very closely with Simpson ’s rule , Equation (61), but the
phase error would be

(~~~~~ r

Because w =

where “p” is the period , it follows that

p 2~t
T —

15
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is the number of samples per period . At the Shannon s amp ling l i m i t ,

T

therefore,

The amplitude ratio , Equation (71) , is then

1
~ ~~~~Ti

at the Shannon limit. For the trapezoidal integrator the ratio would
be zero; the cost of zero phase error.

Simpson’s rule also has no phase error but at the Shannon limit
the ratio, Equation (60), would be infinity.

For Equation (78), Equation (80) gives the ratio 1.28 ..., a
287. amplitude error for small angle tuning at the Shannon limit
better than Simpon ’s rule.

For unity amplitude ratio at the Shannon limit,

(83)

that is,

— 0.8183098861
Ti — 

0.1816901139 . 
(84)

For Equation (83), Equations (71) and (72) become respectively,

(
~

) [ctn
2 

~ +4~] 
2 

, (85)

and

tan~~ [± a tan 
~~~~~ 

] . (86)

16
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For small ang les , the  ratio , Equation (86), would be approximately

(87)

not much better than trapezoidal , Equation (58).

Thus far , only exponential  inputs  to an integrator  have been
considered . Since functions may be expressed in Taylor series ,

f(t) = ~~~~~~~~~ ~~ 
(88)

another input of interest would be powers of t.

For

g(t) = 1 , 
(89)

g (s)  (90)

and trapezoidal convolution yields

= 
T z  (91)

5 S (i — z)

which is exact and the ratio is one.

For

g(t) = t

g(s) = -5 (93)

and trapezoidal convolution yields

z(~~~ 1) 
= 

T 2z(l + ;) (94)

17
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which is also exact and again the ratio is one. fhis in not su r p r i s i n g
because a trapezoidal integrator can integrate a constant or a ramp
perfectly for any size time step .

For

g(t) = t
2 

, (95)

2!
g(s) = .... ~~

. (96)
S

and

z = 
T3 2~

and, trapezoidal convolution yields

~ 
(2! 1) 

T3 Z
2
) (98)

Dividing Equation (98) by Equation (97) yields

3 l + 2 z + z 2

2 2 
(99)

1 + 4z + z

The “z”s do not cancel out as in the previous examples. Applying
the final value theorem, in the limit as z approaches one, Equation (99)
approaches one; but applying the initial value theorem, as z approaches
zero, Equation (99) approaches three halves, a 507. error.

Substituting the definition of the z-transform into

Z (z1~1) ~~~ ~~~~~~ 
~~~ g(z) (100)

the following is obtained :

I
(1 — z) 

n~O 

£~
‘(z1~1) /:

fl 
T E T i  + (1 - Ti)zl g(nT)z

n 
(101)

18
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which mdv be red uc ed o

~~ L
l 

(~i~.i)/ ~
n 

- ~ £
1 (~~)/n-O t = n T n 1  t = ( n - l ) T

~ 

g(nT)z~ - (1— --~ T n~o 
g(nT — T)z

n 
. (102)

For

g(t) = , (103)

y(s) (104)

and

L
i 

(.&~i) =
~~~~~~

— ; (105)

Equation (102) becomes , after equating coefficients of like powers of z,

~ [ (nT ) 3 - (nT - T) 3} f [i~(nT ) 2 + (1 - Ti) (nT - T) 2] , n > 0  .

(106)

taking the difference between the right s ide and the l e f t  side to deter-
mine the  error per time step , the following is obtained:

T
3 [(

~ 
- ~ + (

~ 
— 

; 
~i)] (107)

which imp lies , for zero error , tha t

= 

~~~ 

(~ = ~ 

) (108)

19
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For n = 1, Ti = 

i
and i t  is clear why the initial value for the t rapezoidal

integrator , = ~~~, is three halves . I t  is noted t ha t  is d i f f e r e n t  for
each step .

Summing the error per s tep for  m steps

T 3 [(
~ 

— 
Ti ) 

n~l 
~ + ( 3~~

; 2) 
n~l 

1 ] (109)

gives the total error for m steps ,

T3 
- (m + 1) + (~ 

- 

~) in] , m > 0 . (110)

For the total error for m steps to be zero,

~~~~~~(m 3) (111)

n~~~~~ (m + l)

Equation (111) is in agreement with Equation (108). Therefore, the i~

which tunes for m steps is exact for the middle step , and the errors for
each step are averaged out. The mean value theorem applies for one step ,
Equation (108), or in steps taken together , Equation (111). Because it
is not practical to adjust the timing for each step, an overall tuning
using Equation (ill) is indicated . This leaves the initial value of the
ratio uncorrected .

In the earlier examples where the z’s cancelled out when the ratio
was taken, it would appear that ri is the same for all steps , because
there was no dependence on the step number. That this occurs for some
functions seems to be the power behind tunable integration.

The analysis of an exponential input to an integrator would also
apply to a cons tant into a single pole filter because the product of -‘
the Laplace transforms is the same. A damped sine wave and a single pole
filter , etc. could also be analyzed. 

_
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V. SOME SAMPLE PROBLEMS

T u e  f o l l owing  re la t ionships from Laplace t ransforms wi l l  be
found h e l p f u l  in develop ing recurrence relat ions:

.L [x
(°

~~~t~] 
= 

fl 
- ~ n-2-l (112)

and n (-i)

.L [~~)~ ]= ~~~ + (113)

=1

When the initial conditions are nonzero, one shou ld p roceed from the
d i f f e r e n t i a l  equa t ion  us ing these re la tionships , and not directly from

the t r a n s f e r  func t ion .

The z-transform of

z [x ~~~ g(s)] 
~ 

x~~~ 8(t) g(nT - t) dt (114)

because a constant in the f requency domain trans forms to a Dirac del ta
in th e  t ime domain .  From t h e  p roper t ies  of tile Dirac de l ta  (Appendix C)
Equa t ion  (114) becomes

z ~~ g(s)]  = x~~~ g(nT ) (115)

g(z) . (116)

Tills relationship, E~~..~tjon (116), will be used in incorpora ting
initial conditions into the recurrences.

A. Sin-,’Je Integration

From Equa t ion  (113) for  n I ,

x ( s ) + X
x(s )  = ° 

- ( ll7~

Taking the  z— t r a n s f o r m  of Equat ion (117) ,  the  fo l lowing  is obtained :

x ( z )  = z 
~~ ) + ~ ~~ (.

~- )  
. (118)

21
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Using trapezoidal convolution , Equation (30),

~ (i~~~~~-)  ~ (~ ~ : ) ~(z) — ~ ( l ~~
0

Z ) (119)

From the d e f i n i t i o n  of the z - t r an s f o r m

(1 - z) x(nT)z° ~ (1 ÷ z) E ~ (nT)z ° - + x . (120)

[x ( n T ) z ° - x( nT)z °~~ } 

~~ 

[k (n T ) z ~ + ~~(nT)z
0

~~~j

(121)
T .- — x  + x2 o  o

x ( n T )z ° - x( nT - T)z ° 
~~ 

k(nT)z
m 

+ ~ (nT - T )Z
n

(122)
- — *  + x2 o  o

Equating coefficients of powers of z,

x = x  n 0  (123)
0 0

x = x~~1 + 
~~ ~~n 

+ ‘~n-l~~’ 
n > 0 (124)

the  t rapezoidal  in tegra tor .

In a similar fashion for tunable convolution , Equation (40),

~ (~~~1)~ ~~~ 
~~~ 

h)z] 

~~ - T71 ( l~~
.° z) 

(125)

and Equat ion  (125) becomes

(1 — z)x(z) T [Ti + (1 — T i)z ]~~(z)  — TTix + x . (126)

22
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I t  iollows that , after manipulations similar to those in Equations
(120) to ( 1 2 2 ) ,

X X , n = 0
0 0

X = x + T E L :~ + ( 1 - ~~~ 
] , n > 0 , (128)n n — i n n— i

the tunable integrator .

To illustrate t h e difference between a consLant in tile time and
frequency domain , the fo11o,- -in~ differential equat ion  is considered

~~(t )  = k . (129)

In th e frequency domain , Equation (129) becomes

s x ( s )  - x = (130)

and solving for  x ( s ) ,

x ( s)  = . (131)

Trans forming E q u a t i o n  (131) back to the time domain , tile following is
obtained :

x ( t )  
=f [k 

+ x 5(T)] d~ (132)

= 

kf  
dT + x  ( 133)

= kt + x . (13-i)

Ins tead , t u e  z— trans form is t aken  of

x ( s )  = . . ~~~~~2. 
, ( l 3 5~

23
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which would be

x(z) = + 1 -
°

z 
(136)

kTz + (1 - z) x
= 

2 
(137)

1 (1 — z)

The recurrence would be

(138)
0 0

x = x  + k T  (139)
1 o

x = 2 x  - x  , n > 1  . ( 140)
n n-l  n-2

This recurrence may be unexpected but  it should be tried because it works .
Consider

x (z )  1 — z L — z  + (141)

and noting that

1 —  z > 2 ~ 
( 142)

one may also have the recur rence

x = x , n = 0 , ( 1-~3)

x x + k T , n > 0  . (144)
n n-l

This recurrence has an advantage in tha t  no difference is taken and
only  one s tep is required to star t , though both are proper , that is ,
correc t recurrences .

24
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Though not necC5S~irv  hj ecause k is a known function and the exact
i — t r a n s f o r m  may be ta ken , it is instructive to app ly trapezoidal
c on v o l u t i o n  to Equation (131) .

z ( ~~~
.
~~~~) = T Z ( - ~~) z ( - ~~) 

-
~~~~~ [k z ( - ~ ) + 1~~ z ( ~~ )] 

(145)

T ( 1
i

) (l
k

z )  ~~~~[k ( l ~~ z ) ~~ (i~~~~z)]  
( 146)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(147)

b ecause  k is a c o n s t a n t  in the  time domain , i ts  in i t ia l  condi t ion  and its
value  at any time are tile s ame . For i n s t ruc t i ve  purposes , they  wi l l
be t rea ted as being d i f f e r e n t .

N o t i n g  t h a t  -

k k~~~~~~~
n

k~~~ (148)

and Equation (147) becomes ,

x ( z )  
~ 

k ( z )  - k 
(1 

1 ) + l - z  
(149)

t h i e  r e c u r r e n c e  would be

x x (150)
o o

Ii 
= x~~1 

+ (k + k) (151)

= + Tk . (152)

t i i e  i n i t i a l  va lue  of  x ( t )  is x , hu t  it only takes on t h a t  value  at

t = 0 (n = 0’~, unless k 
= 0, in which case

x x , n = 0  , ( 1~~~0 0

x x 1, n > 0 . ( l 3 - ~~

25
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B. Double integration

From Equation (113) for n = 2,

x ( s )  
~~~~~~~~~~~~~ 

(155)

and taking the z-trans form

x(z) = z 
(
~~

•
~
)  

+ 
~ 

Z (;
~
) + x Z (i~) (156)

Using trapezoidal convolut ion , Equation (30) ,

~ T ( Tz 
2
’
\ x~(z) - 

Tzk~_
2 

(157)
s / \ ( l  - z) / (1 -

and Equation (156) becomes

2 2 2
(1 — z) x ( z )  T z~~(z) — z~~ + Tzk~ + (1 — z)x . (158)

Equating coefficients of powers of z,

x = x , n = 0 , (159)

2
x x + T c  ~~~~~~~ n 1  , (160)1 o o 2 o

and

x = 2 x  - x  +T2 x , n > l  . (161)n n-i n—2 n— i

In general , the  number of steps before the recurrence for X may

be app lied is equal to the order of the denominator of the “trans fer
function. The required information for the start-up steps is contained
in the initial conditions , even when they are zero (Appendix D).

The recurrence , Equation (161), does not appear desirable numericall y
because a difference is required and it takes two steps to start.
Because no feedback is involved , two single integrators could be used
to overcome these difficulties;

26
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= 
, n = 0 (162)o o

= 

~n-1 + ~~ + x 1) ,  n > 0 (163)

and

x = x , n = 0 (164)o 0

x = x
1 + (

~ + n > 0 . (165)

C. A Sing le Pole Filter

Consider the following different ial equation

~~(t )  = —a x ( t )  + g ( t )  . (166)

This would transform to

s x ( s)  — x = —a x ( s )  + g ( s )  (167)

and f i n a l ly

g ( s )  + x
x ( s )  = 

s + a (168)

in tile f requency  domain . Taking the z— t r a n s  form of Equat ion  (168) ,

x ( z )  = ~ (
g{5)

) 
+ ~ (s  ~ a )  (169)

Us ing  t r a p e z o i d a l  convo lu t ion , Equat ion  (30) ,

(:~ ) 
~ (~~~ 

::i~) g(z)  - 

~ (1 ~z l h ) 
(170)
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and Equat ion (169) becomes

(I  — ze~~
T)x(z) ~

- (1 + ze
_aT
)g(z) - g + - (171)

Equating c o e f f i c i e n t s  of powers of z ,

x x  , n = 0  ( 1 7 2 )

X
n 

e
_aT 

x~~~1 + ~ [g + e aT g~ ..1], n > 0 . (173)

The z— t rans fo rm of tile fol lowing equation might have been used instead

g(s )  - a x(s) + x
x ( s )  = ° (174)

which is

x ( z )  = ~ 
( s( s )  - ax(s) 

) + x z (!) . (175)

The recurrence would then be

x = x , n = 0 (176)

+ 
~~~ [g - ax + g 1 

- a x 1], n > 0 (177)

and solving for x ,

x (1 !) Xn l  + 
~~ 

(g
~~
±
~~~~
1) , 

n > 0 (178)

It is noted that [10]

(i = (1/I) Pad~ approximation for e~~
T (179)
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and 
aT

(.
_~m~~~~

) 

= (0/ 1) Pad s approximation for e 2 (180)

Instead of solving for x , a past value, x~~ 1, might be used ,
that  is ,

x x~~~1 + 
~~ [g - a Xn_ l + g

1 
- a xn_ i ]  (181)

which would lead to

x (1 - aT) x
1 

+ ~ + ~n_ l ]  (182)

and it is noted that [10 ]

(1 — aT) = (1/0) Pad s approximation for e aT 
. (183)

and

1 = (0/0) Pad~ approximation for e
_aT 

. (184)

The declining accuracy of the approximation is also noted .

Additionally , Equation (182) could be used to predic t  x , substi-
tute Equation (182) into the right side of Equation (177), ~

X
n 

x~~~1 
+ 

~ [g 
+ g

1] 
- ~~~ ~~ - aT)x 1 + (g + g 1)

+ (185)

and simp ly f ing

x~ - aT + (aT)
2

) 
x~~ 1 + ~~~ ( 1 - ~~~) [g + g

1] 
(186)

where

(I 
- aT + (aT)

2 

) = (2/0) Pads for e~~
T 

(1 7)

and

( i  - 

~~
) = ( i / O )  Pads for  e 2 

(188)
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In these cases where “ a” is time \ ‘ a 1 v 1 n ~ , and i t is not des i red  to

compute e aT at each time s t e p ,  the de s i r ed  Pade a p p r o x i m a t i o n  should
be substituted directly into Equation (173).

D. A Forced Damped Oscillator

The d i f f e r e n t i a l  equation is

~x(t) + 2 
~ 

~ ( t )  + 2 x ( t )  = g(t) (1~ h)

where (0 is the  undamped na tura l  f requency and is tile d aiip iiig f a c t o r .

From Equation (112)

= s x(s )  — x (190)

and

= 
2 x ( s )  — s x — . (191)

Substituting Equations (190) and (191) into Equa t ion  (189) and s o l v in g
for x(s),

g(s )  + (s + 2 ~ w )x +
x(s) = 2 

~ 0 (192)
~ 

-~-~~~~ t t o  s + c ~- 0 0

I t  is noted tha t

I 
~193)

g ( s )  ~2 + 2 ~ ~ + ~ 2
o 0

only i f x  = 0  and * =0 .
0 0

Three possible ways of implementinb Equations (i~)2) and (1° u~ are
shown in Figure 3. Fi b t I r e  3( c ) would b c ’  a p1-opel- imp lement 01 i c  on
an analog compute r  and is u s u a l ly  the  approach  t a k e n  in I l ib i t a l  S l a l l —

1 at ion .
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Figure  3. Imp lementation of Equations ( 192) and (193) .
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A perusal  of Appendix  B w i l l  reveal :10 / - t r an s form for  I-quation

(193) but

s
2 

+ 2 
~ 

wo 
$ + 2 

= (s + ) 2 + 2 ( 194)

where

1/2w = (1 — 
~ 

) -

~~~ 

(195)

is the damped natural frequency. For convenience , let

a = 
~~~ 

( 19N )

and for

(s + a) 2 + 
2

2 2
0 s + u

(0 , 1) (s + a) 2 + 
2 (197)

1 (S + a)
2

2 2
1 < (5 + a) —

Again r e f e rr i n g  to Appendix B , i t  wi l l  be noted there  are four
possible z—transforms for Equation (193) and the damping f ac to r  d e te r -
mines which should be used .

The case where there is no d amping , = 0 , and no fol’ c in f  f u n c t i o n ,
g ( t ) = 0 , may be of i n t e res t  if a free running oscillator is required .
In th i s  case , Equat ion  ( 192) reduces to

sx + 2 ~

x ( s )  = ( l ~~~

and t ak ing  the z — t r a n s  form

x ( z ) = x Z (~~2 ± 
2 ) + 

~ ~ ( ~2 ~ 2) 
(1~~~
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which  becomes

x (1 — z cos ~r)  + * (z sin cJF)/w
x ( z )  2 

. (200)
1 — (2 cos uff)z + z

Substituting the d e f i n i t i o n  of the  z - t rans form for x ( z ) ,  Equation (200)
becomes

x( nT)z t1 - 2  cos dt x(nT - T)z n 
+ x(nT - 2 T) z~

n 0  n l  n=2 
(201)

= x + [-(cos c~iT)x + * (s in  W1 )/ w] z

which may be wr i t t en

~~ [x~ n~r~ - (2 cos eJr)x(nT - T) + x(nT - 21~]z
~l

+ (2 cos uiI ’)x( — T) — x ( — 2 T )  — x ( — T ) z
(202)

= x + [-(cos Wr)x + x (sin Wr)/~~]z

Equating coefficients of power of z,

x = x , n = 0 (203)

= x (cos lAir ) + ~ (sin lA5i’)/w, n = 1 (204)

x = (2 cos Jt)x - x~~~2 , n > 1 . (205)

The s ta te  t r an s i t i on  method yie lds  tbe fol lowing recurrences [51

= (cos 
~~~~n-1 

- ((i) ~~~~~ cJr)X
n i  , (206)

and

x = 

(
sin c~~

) 
Xn_l + (cos 

~~~~n-1 
(207)
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In comp aring Equa t ion (205) w i th  E qua t ic  ; (20 6)  and (207) , i t  is notod
that  the s t a t e  t r a n s i t i o n  m e t h o d  r e q u i r e s  fou r  m u l t i p l i ca t i o n s , 000 —

addition , and one subtraction and two stores , while E qua t ion  ( 2 0 3 )
requires one multiplication , one subtraction , and two stores after a - 

-one step start up, Equation (204). The s t a r t up s t e p ,  E q u a t i o n  (2 0- 3) ,
is the  same as Eq u a t i o n  ( 2 0 7 ) .

These recurrences are exact because t h e r e  was no r e q u i r e m e n t  to
invoke any approximations . Tue exactness is easily demonstrated , if

x = cos(cii + ~) (208)

it follows tha t

—w sin(wt + ~) (209)

and for t = nT ,

x = cos 41 , n = 0 , (210)

x1
cos tir c o s 4 1 — s i n~~ T sin th

= cos ( tif + 41) , n = 1 , (2 11)

and

x~~~1 
= 2 cos uff cos(ntf t  + 41 ) — co s ( ( n  — l)~ T + 41 ) = cos ( ( n  + 1) ~T

+ 
~~~~, ~~ ~ . 

(212)

Of the four possibilities , Equation (197), the case where t u e
damp ing factor, ~~, is on the interval between zero and one is tiie most
useful.

x ( z )  ~ T z ( 2)  (
~ (z)  - 

~~~ g )
(s + a) + ( L

/ s + 2 a
+ x  Z Io \ ( s  + a) 2 

+ 
2 (213)

. 1  1
+ x  Z Io ‘, 2 2

+ a) ± t~
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t a k i n g  the  z -t r an s forms , the  fo l lowing  is ob ta ined:

-aT 2 -2aT(1 — 2z e cos t~112 + z e ) x ( z )

-aT sin tfr l 1T z e  
~ (,,g ( z )  -~~~~g

+ x ( i _ z e ~~
T cos tir a z e ’~~

T 5 t h
~~~~~)

(214)
I 

_ _ _ _+ x  ( z e
o \  (A)

Equating coefficients of z in Equation (214) a f te r  subst i tu t ing  the
d e f i n i t i o n  of the z— transform ,

x x , n 0  , (215)0 0

T -aT sin c.ITx1~~~~~~ e 
~ 

g

-aT / a ,+ e  Icos tlr +—s in w r i x
(0 / 0

(216)
-aT sin til’ x , n l

(0 0

-aT -2aTx = 2e cos tsl’ x - e xn n-l n-2
(217)

+ T e aT ~1n ~~ l’ g 1 , n > l .

The same procedure would be followed in develop ing recurrences
for tile other  values of the dam p ing fac tor , ~ , in Equation (1~ 7) .

One problem , the values of * and ‘x may be desired . This lead s
to a combinat ion of Figures 3a and 3b (Fi gure 4 ) .
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Figure 4. Figures 3(a) and 3(b) combined .

Writing Equation (189) as follows

‘x~( t )  + 2 w *(t) = g(t) - w 2
x(t) (21S)

and using Equation (112), the fo l lowing  is obta i ned :

(s + 2 -‘ w )*(s) = g(s) - w 2x ( s)  + * . (21 03

and f inall y

g ( s )  - 
2 x ( s )  + *

*(s) = — , ( 2 2 0 3
s + 2 -~ w

0

This is tile sin0le pole filter discussed in the previous Se c t  ion .
Taking  the  z — t r a n s  f o r m  of Equation (220 )  , the followin0 is ob t a i n e d :

(1 - ~ e~
2aT

)*(z) ~~~ (1 + z e”23 t
) [g ( z )  - W

2 
x (z ) ]

(2213
T /  2 \

- ~, g0 - ~ x ) +

and the  r ecur rence  would be ,

x = , n = 1) ,
1)
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and

+ 
~~ [g 

- ~~2 x + e 2aT 
(g  - 

2 x~~~i)]. > ~~~.

(22 3)

x would be computed using Equations (216) and ( 2 1 7 ) ;  then * would be

computed using Equation (223) and finally x’ using Equat ion  (224) ,

~~~~~~~~~~~~~~~~ ~~w * - w
2 x . (224) - 

-

Because the proper recurrence for x is a func t ion  of the damping

factor , ‘
, the preceding approach may be too comp lex . Let

x = x + I (* + * ) (2 2 5)n n-l 2 n n-l

and substituting Equation (225) into Equa tion (223) , the following is
obtained :

* = e
_2aT 

+ - ~~2 
[xn i  + (* +

(226)
-2aT 2

+ e 
~~n-l 

- w
~ x 1)

and solving for * ,

= 

[e
2a

~ - ()
~~ 

2] 

*n l  + ~ [g~ 
± e

_2aT 
g
~

_
~ - 

~~2 (1 + C 2aT
)X~~ 1] 

-

(227)

This would correspond to Fi gure 3 ( b ) .

Another way to develop a recurrence would be to integrate twice;
t h i s  is the more traditional approach. Let

* = * + I (sc’ + ‘
~~ 

) (228)
ti n-I 2 n n-i
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and

A 

= ~ + I (* + * ) (229)
n n 2 n n—I

where

. 2x = g - 2 w x - w x . (230)n n - o n o n

Because the re  are t h r e e  equa t ions  and th ree  unknowns , ‘x’ , , and x
11 II fl

Equat ion (230) is s u b s t i t u t e d ; then Eq ua t i o n  (229)  is substituted tnt
E q u a t i o n  (228)  and solved for

1 - ~( 0 T  - (
~~~T)

2 

. T g + 0n-l  
- 2

2 Xn_ l +
~~

• — 

. 2

1 + ~w T  + (
~~~T)  1 + T h ) T  + ( W I )

(231)

This would correspond to Figure 3(c).

E. Newtonian Drag

A nonlinear problem of interest in missile and aircraft
s imulat ions  is the Ricca t i  equat ion r ep re sen t ing  N ew t o n i a n  dra0 w i t h
acceleration , Equation (232):

~ ( t)  -k ( t )  u 2 ( t )  + g ( t )  , ( 2 3 2 3

which  in the f r eq ue n cy  domain max’ be w r i t t e n

5 u(s) - u - £[k(t)u
2
(t)] + b3 (s)

- £ [ k ( t ) u 2 ( t ) 1  + g ( s )
u ( s )  = • 2 1- ’~)

Taking the z—trans form of Eq u a t i o n  (2~ 3 )  t h e  fo l  11’win i s c O t  i i

u ( z )  = _z (CL t ) 2
( t ) })  + ~ (~~~

) + U
, 

. ( 2 3 3
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W ith the help of trapezoidal convolution , Equation (30) ,  Equation (235)
becomes

(1 - z) u (z )  = (1 + z) Z~~ (s) - £[k(t)u
2
(t)]

I
~ ~~[g 

- k u 2]

+ u . (236)

Equating coefficients of powers of z , the following is obtained:

u u  , n = O  , (237)

and

TI 1 TI 2 2 1+ — i g  + g  u - i k  u +k U I , n > On n-i 2 L n n-1j 2 L fl Ti n-i n - lj
(238)

~ 
k~ u~~ + u = 

(1  
- ~ k

1 
un_ i)  u~~~1 + g + g

1 
(239)

Letting

c = (i 
- ~~ k~ _ 1 U~~~~1 

) u 1 + g + g
1 

(240)

and solving for u , the following is obtained:

2 c (241)
Ti , n > O

U — 

1 + (1 ÷ 2Tk c )~~
2

Th is recurre nce , Equation (241), seems a bit complex. Letting

k = k 
[

~~~~~ _ 1  
+ (u 

- u 1)]2 (242)

= -k 2 + 2k u u + k (~ - ~ ~2 (243)n n-I n n-I n n i-i n-1~
2 .and assuming that (u - u

1) 
is negligible

k ~ 
2 

-k ~ 
2 

+ 2k u u . (244 )n n n n-I ti n-l n
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Subs t i tut ing  Equation (244) into Equation (238) and solving for u ,

• yieids

[i + ~ (k  - k 1) u 1] 
U n_ l  + ~ [g + 

~~-l] - -U 1. + Tk U 
, n -‘ 0 (24i )

n 111

(2 + 5)

A small angle approximat ion to the analytic solution of Equation
( 2 3 2 ) ,  for g and k constan t , is [11],

U + gt
0u l + k  . (24o)

It  would appear that Equation (245) is a be t t e r  approximation than
Equation (241) when compared with the analytic solution Ill].

Another possibility is to use the relationship between tile Riccati
equation and the linear differential equation of second order [12] in
Equation (232) which becomes upon trans formation ,

u(t) = ~(t) (~~‘7)k(t)y(t)

wh ich becomes

‘y(t) = ~(t) + k(t) g(t) y(t) . (248)

The procedure would be similar to that in the treatment of tile forced
damped oscilia tor , and w ill not be pursued here.

Equations (241) or (245) would be of use onl y in a one-degree-of-
freedom simulation , say rising or falling. In general ,

= -kVu + g (249)

-kVv + h (250)

= — kVw + j (251)

where

2 2 2 1/2
V = (ii + v + w ) ( 2 5 2 )
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in bod y—fixed coordinates , u V ,

(W)
2]2 2

+ , (253)

= -k [i + (
~

) +(
~

) 
] 

uv + h , (254)

= -k [1 + (v)
2 

+ (w )2 ]  uw + i . (255)

Let

1

k ’ = k( l  + ~
2
)
2 (256)

where

1
2

= 

[

~~~ 2 
+ (w)2] 

I 

(257)

~~5 the total angle-of-attack. Then Equations (249), (250), and (251)
become

= =k ’ u2 
+ g (258)

= -k ’uv + h (259)

= -k ’uw + i . (260)

Equation (258) may be solved using Equations (241) or (245) . The
recurrence for Equation (259) would be

(I;
’ ::~1) v~~~ +

~~~ (1~~;:~ t~)~~ 
(261)
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The recurrence for  Equa t ion  (260) would b t i l e  Same as f or Equation (259);
tha t  is , the obvious s u b s t i t u t i o n s  are mad e in Equation (261) . Tile

ra te equa tions would be handled in a sim ilar manner .

VI. CONCLUSIONS AND RECOMMENDATIONS

Those who d idn ’t know have p r o b a b ly  guessed t h a t  a i ) o t P ou r r i
is a “dish of severall  meates bo\-led and s tued to~ + t I i e r . S ome t~i~ I~
be of the opinion it should have been allowed to cook a li t tl e longer ,
but  t h i s  r e p o r t  was no t in tended as a f i n a l  summary ;  i t  was i n L e i l d e d
to document the  r e su l t s  of an i n i t i a l  inves t ig a t i o n  and su~ g c s t  aye~me S
for  fu r ther  deve lopment .  They are as fo l lows:

a) Place z—trans fo rms  on a f i rm f o u n d a t i o n  using dis trihu—
t ion theory . This has already been d one wi th  Laplac~ and Four i e r
trans forms [ 13]. The in timate  r e la t ion  between z-t r ans  fo rms  and t i le
Dirac de l ta  is suggested in Appendix A. Such a foundatioll would allow
extensions and further development of z—transforms .

b) The e f f e c t s  of tun ing  for otiler inputs and trans fer
funct ions  require  analysis . The times when modi f ied  s-trans forms
and/or tunable convolution are advantageous and in what combination
they are advantageous require study. This  would inc lude  t i le  use
of higher order holds .  The f i r s t — o r d e r  hold lead s to Simpson ’ s r u l e ,
Equation (59).

U l t i m a t e l y ,  it is hoped tha t  there  would  be soni c u n i f i c a t i o n
between z-transforms , classical numerical methods , and distribution
theory. And catastrophe theory..

*Als o, a I t terary prodite t ion composed A ) I uncounet -t ed par  (S.
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A ppendix A. Z~TRANSFORMS AND OTHER
DEFINITIONS AND RELATIONSHIPS

Laplace trans form:

£(f(t))a f  f(t)e
_8t 

dt (A-l)

f ( s )  . (A—2)

Convolution:

t

f ( t) * g ( t ) a f  f(-r ) g ( t  - T)d~ (A 3)
0

£ ( f ( t )  * g ( t ) )  = f ( s )  g(s)  . (A—4)

The Dirac delta , 5( t ) ,  is the unity element in convolution.

Cauchy Product of Power Series:

( ~ fn) (~ 
~n) 

= 
~~ ~n 5n-k ‘ ~~~5)

n O  n O  n—O k O

Samp ling with Dirac delta dis tr ibut ion:

f(rtT) = f  ~(t - nT) f(t) dt . (A—6)

-00

z - trans form :

Z(~~( f (t ) ) )  
~~~ 

f  b(t - n T ) f ( t ) e~~~
t dt  . (A-7)

n=O -00

I t  is noted that  f ( t ) e
_ St 

is being samp led , then summed . From the
proper t ies  of the Dirac del ta ,
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Z(C[f(t)]) 
f 

f(t)e~~~ 
n~O 

- nT)dt (A-8) 

H

= f (nT)e~~~~ (A -9)
n:O

= ~ f ( nT)z~ (A-iD)
n 0

= f ( z )  ( A — i l )

Equat ion (A— b ) seems to arise in the literature like Venus full
grown from tile fo am , or is it like Athena from the foreilead of Zeus?

Modified z-t r ans form:

co

n~ O f 
o (t  - (n + ~) T ) f ( t)e s~ dt , 0 ~ -

~ < I (A- l2 )

f ( z )  f (nT + iT)e
_ +

~~
5T (A-13)

= e~~~
5T 

n 0  
f (nT + i~T)e n5T (A-14)

but

f ( z , ~~ n~ o 
f (n T  + ~T)e n5T 

; (A- l5 )

therefore,

nz f ( z )  f ( z , -
~~
)  ( A — l 6 )

where z~ is a f rac t iona l s h i f t .
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Sii i  f t  i ng t ileorem: A -

~ f b ( t  - (n + m)T)f(t)e”~
t 

dt , 0 < m  (A 17)

n~O 
f (nT + mT)e~~~~~~~~

T (A-l8)

= e
_m5T 

~ 

f (nT + mT)e~~
T5T (A- l9)

= e
_m5T f (z ,m) (A 2O)

= ~
m f ( z ,m) (A—2 1)

m- 1
= f ( z )  - ~ f(riT)z° ; (A—22)

n O

therefore ,

f ( z ,m) = ~
_m 

[f ( z)  - :~ 
f ( nT)z~

] 
(A—23)

or

~
_m 

f ( z )  = f ( z ,m) + ~
_m 

~~~ f ( f l T )Z
n 

, (A-24)

the s h i f t i n g  theorem .

S h i f t i n g  the other way ,

r~~0 J ~(t — (n  — m)T)f(t)e
5t 

dt , 0 < m , (A—25)

= 
~~~ f (nT - mT)e~~~~

m)5T (A-26)
n O
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e
rnsT f(nT ml)e 

nsT

r~ 0 
(A  ~~~i )

= -m f ( z ,-m) 
(A-28)

—l
= f ( z )  + ~~~ f ( k T) e

kST ;

k-m

therefore ,

f ( z ,-m) = ~
m 
[f(z) + 

k~~ m 
f ( k T ) Z k]

or

~
m 
f(z) = f(z,-m) - f(kT) (A-il)

m- I
= f(z,—m) — ~~~ f(nT - mT) z n (A- 3~ )

n 0

Just because f(nT), n <0 , may not be known does not mean it is 
zero.
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Appendix B. TRANSFORM TABLE FOR SELECTED FUNCT IONS
AND DISTRIBUTI ONS

~Hea 1v , M., Tables of Laplace. Heaviside, Fourier and Z-tramsfonns,
London: 14. and R. Chambers Ltd ., 1967. Cadzow, 3 . A . ,  Discrete—Time
~y~ tems, Englewood C l i f f s , New Jersey:  P ren t i ce  h ail , 1973.

49

_ _ _ _ _ _  _ _ _ _ _ _  
——-5--

-- - - 5-- -5 - -- --  ---55—5-—--- - - —



_ _ _ _ _ _ _ _  — ---- 5 

- i i : :-- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

c—I
f-A

*

C—I

+ H HcAj N -j
-4

C) -~~

+ N_A
C’) I H

s ~~~ I
N ~~ N

C’) ‘—4 C’J I aj
Li., I ‘- ~~~ —

C’.I ~~ H H N
— c-~-5- + I I I

C) Ci
H —

NI C’-) c~ ~~
I I

I q IIc—i A-_A
~~~~~~ — H NA — HI~~~ ‘ ~~ ~—‘ ‘- (C I

-
-

‘—1 1 + C) H I ‘—4
(-‘ I - 0 C i ’-_ -

N I — i  C—I A-_A —

+ 1 — — i,-A I
ci c—i

‘-~ E-l h H ‘-~ 1-4

H
C_A

C—I
A-_A C)

+ C-_A N_A N’

_ N H H I
A-_A NI -~~ A-_A H c_~IC’) Cl H I ,-4

C’I + ~ + I I (C C) C.) ‘—
I N C) • -~~N ‘—4 j  —4 ,~-4 

~~~ C) N I N
N N ‘—

~1 
I ‘- N

1—’ S NA N I —i I
.—l N I—’

~—4 C—I ‘s- Cfl -1 ,.
H A— ‘5-

C--I

—4 +
—

‘—~h n I VI C—I An An An ‘— An

c_A
4.A I
Cl Ci

‘4-4
C’) I

— i-i 0)

‘—4 0 0 0 ~~-1 C- C

50

5- -- - - 5- 
- -- __ 5_5  - - - - ~~~~~~~~~~-- -‘S - -- - -



:c ~~~
~~~H C -  ~( + 0 C  — A C  F

‘~I . — u - .o ~ + — ‘ ~ 0 0
44 0’ 0 - I N U tO U c
- — N 0 N U N - Li

+ I (2 I N + N £ N
4) I + N 0 A-4 C N m

(‘4 N 1.2 El C-I El (‘1 0 (‘4
—~ I — A--v I — A (C I -

~ 
0

N - 
I —~ ~— —-A - —4— I - .—A AC 44 C —I 0 ,—l I~ 4

— I (0 C 0) C
0 --1 4 I 0 ~~ I
0 lb 4) 4) U ~I 41

N

£5
IC

4)

A—
44

4— (-4 C-A
(4 N N

4-1 4) 
~~14 14 4

4 N 1 (‘A
GA A

El 44 0)
I I-. -

1 + A-’ +
N —- ‘— ( C I  III 4 (‘1 (‘-1 (‘-4

04 (‘1 0 £5 - 4-,) N tI N
C’) £5 (‘4 N I~I A ~+ —‘ 44 N N -., + -+ +

N + £5 01 01 01



_ _ _ _ _ _  - - - 
- 5- -- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

__  --5

(-I 4>
I C ,) +
(‘4 I

‘-4 ’ 1-0) 1-
—

C C’ )  I
- ,-4 N ~~C’1 (N
10 N I N

÷ I
El + +
CC 1- —--4 —
I i  

~~~~ ~~~~NI .C 0 ---4
5- N (0 0 (0 01 10
1~ 4 0 0 0

+ 0 N U N 0

I N + 1)

( : 1  — C’) — C--I
C) ~~ I I

C N + +
- --4 _-4 _4 -—
4)) I El — ‘  - ‘  -‘  0

5- -~ 0 C) C
F— .—4 ç 5- ~~~~ — 

- - -
CO — — 

~~(C- 0) C 
~~ Cl Cl

I 0 ~ 4 I I I C
41 0 0) N N N N

0)

(‘I
N

+
El 

~~~~~~~ 
— ( - -4

N A) N
- -C C I 

+ + -F
NA -,-1 0)
‘5- W 0 El 4--’
10 (2 J 3

I,) (-4 ~ C ‘n
I (4 0 0 —i 0

~ I ~ lb U
01

N 
N 

N N N N

C-I 
I ~~ + (‘1 0

o , tO I 0 —‘ —
I (4 AC 0 C

0 ..-~ —‘ - C
,1 U lb AC) 3~ AC N

0 9
C C

C-_A —4 -‘-4

3
C-)
3

+ + + 
+

14 0 - C 1  9
10 0) 4--’

+ 0 0 (4 IC
0 U C

01 CC
5- ,—A 14 04 0)

o •0

— 
-
~~ + +

0 -~ 4 - -  C
5- 4) II
04-I £ - ~~~ —

44 ‘5- —-A , 4J ~~~
~S (0 C ~-I CC 04
I 0 ---4 -~~ - - -  - -
0) U (I) 2)  AC) - _

o u

- - --5-- -- - -  _ --- 5 ---- --5--- -5 - -  _ _ _ _



-~~~~~~~
T . HH::~~~~~~~~~~~~~~~~~~~~~~~~

T- 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~

Appendix C. DIRAC DELTA DISTRIBUTION*

f f ( t )  5(t  - n T )d t  = f(nT) (C-i)

where f (t )  is a wel l—def ined  function at t = nT.

5( t )  = 5( -t )  (C-2)

5(at)  = 
5(t) (c-3)

5[g(t)] 
~~~~~~~g I(f l T)~~ 

5( t  - n T ) ,  g ’ ( T ) O (C-4)

t 5( t )  = 0 (C— 5)

f ( t )5 ( t  — nT) = f (nT ) 5 ( t — nT) (C— 6)

Jb(t  
- -r ) 5(t  - nT)dt  b(-r - nT) (C-7)

~~ 
(m) m (m)

J 5 (t )  f ( t )  = ( — 1 )  f ( o )  (C— 8)

-I_c-

f 5(o) e st  dt  = s (C-9)

~;Dirac , P. A. M . ,  The Pr incip lcs  of Quan tum Mec i lan i c s ,  London:
Oxford University Press , 1958 , Messiah , A., Quantum Mechanics , New
\I rk: John Wi le s-  and Sons , 1964.
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Appendix D. PAST VALUES FOR DIFFE1~ENCE EQUATIONS SOLVING
DIFFERENTIAL EQUATIONS WITH iNIT IAL CONDITIONS

As was seen in the sa- p ft :~rob I 1.-m s ~U ~3 I _ - O  t~ [ ( Il l  V , I he  C l i i  ( A  of I he
p Lint  (and the forc i n~, 1) 11. t LO~ ) dcl rOuu4 _ -  I ic iumhc- ii i start — u p  st  (-p3
b e f o r e  t h e  r ecur rence  july he app i L c d . in 1 5 11)10 1 it 100 CI)Llta i 11itA l -~ ~~~~
ent  order  d i f f e r e n t i a l  CI ~~ I A l i on s , t h e  r e c l ) r i 4 - t l c e s  ‘ 1) 4 _ l id s tar t  on diff er—
ent steps , which could add c2siip l c- x i Lv to t h e S i tnu la t  ion .

To s t ait  a l l  rccurieuces , r ega rd les s  of t h e i r  order at SLop  1
(n = I), in genera l , values before n = o w i l 1  be r e q u i r e d . Fi r st , t he
requi red  number of s teps must  be solved backwards  in ~ imc be~~or e  p o -
ceed ing forward in t ime with the recurrence at S tep  1 . The d i t f e r e n t i t i
equat ion could also be solved backwards in t ime (odd d e r i v i l i v e s  and
funct ions  change s ign , e t c . ,  and the startup steps would be O b LiiIll L~
f o r  computing backwards as wel l  as the backwards r e c u r r e n c e , wl -i i 1 i i  is
not r equ i red .

if the forward start-up steps have already been determined , t i l e

backwards ones may be de termined by s u b s t i t u t i n g  -T for T and -n for
This would also app ly for  the  recurrence . For examp le , Eq1l~tt 10Al: - ( l b L ) ,
(160) , and (159) would become , r e s p e c t i v e l y ,

x 2 x  - x  + T 2
~~~— n - ( n - i )  -(n -2 )  - (n - i )

(1)—i

2 x  - x  + T 2
~~~ , n > l-n+l -n+2 -n+l

2
x = x - T ~~ + ~~

— x , n -l , (D-2)
-1 o o 2 o

and

— , ~~ = . 
(D—3)

o o

With  Equations ( D — 2 )  and ( D - 3 ) ,  E q u a t i o n  (161) may then be written -is:

x = 2 x  - x  ~~~~~~~ , n - l  . (1) - - 4 )
n n-l n-2 n-l

Because the e q uat i o n s  were solved backwards , t he p i s t  v t  Lie s  r e q u i r e d
for  s t a r t i n g  the  recur rence  at Step I (n = 1) are  not  nc - eee-ilrll\- the
pa s t  va lues  of the  ac tua l  sys t em . The fo rc ing  function m i v  not h ive
been present before tune zero (n = o); nevertheless , it must  be t aken
in to  considerat ion to s t a r t  the rec urr ence at Step 1.
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A Ill -~~1 examp le w i l l  i l l u s t r a t e.  For x = = = 2,
0 0 0

md T = I , Eq u a t i o n s  (159), (160), and (161) become

x =1
I)

= I + 1 1 - ‘- 4- - ‘ 2 = 3

x 2 = 2 x 3  - l + l x 2 = 7

Using Equa t ions  (D -2 ) ,  (I)-3), and (D-4) twice ,

x 1 
lb - ~~ + ~~- < 2 1

x = 1
0

x
1 

= 2 ‘< I - 1 + 1 ‘-c 2 lb 3

l + 1 ’ 3 2 = 7

The f ree  running o sc i ll ato r , Equations  (203) ,  (204) ,  and (205) ,
noting that cosine is an even function and sine an odd function, would
become

x 1 
= x (cos efr ) - ~c (s in IAYT ) , n = -1 , (D- 5 j

X X , fl 0 (D—6)

and

x lb (2 cos (eT ) x~~~1 - x~~~2 ,  n 1 . ( D - 7 )

In th is  way a “preprogram” could convert initial conditions fo r  the
d i f f e r e n t i al equa t ions  into the  required p a s t  values  for the  d i f f e r e n c e
equa t ions  at Step 1.

There is considerable confusion on this point in the lituerature
and caut ion is advised .
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