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THEORY OF MONEY AND FINANCIAL INSTITUTIONS
PART 36
THE MONEY RATE OF INTEREST
(A MULTIPERIOD NONATOMIC TRADING AND PRODUCTION ECONOMY

WITH OUTSIDE MONEY, INSIDE MONEY AND OPTIMAL BANKRUPTCY RULES) *

by

P. Dubey and M. Shubik

1. INTRODUCTION
A model of trade and production through time using fiat and bank

money is presented. Many of the detailed points concerning modelling

of trade using fiat (= outside) and bank (= inside) money are covered
elsewhere, f1, 2, 3]; however in this paper an attempt is made to give

both a self contained yet not overly discursive analysis of the roles

of the two types of money and production in a multiperiod economy.

We suggest that an outside money serves to finance the float that
comes about when individuals trade simultaneously in even a single period
trading economy. An inside money, however serves to finance intertemporal

trade. In several previous papers [2, 4] we have shown that for a single

el

period economy which uses a money for trade, where the money has no in-

*This work relates to Department of the Navy Contract N00014-76-C-0085
issued by the Office of Naval Research under Contract AutHOYTTY NR-047-006.
However, the content does not necessarily reflect the position or the
policy of the Department of the Navy or the Government, and no official
endorsement should be inferred.

The United States Government has at least a royalty-free, nonex-
clusive and irrevocable license throughout the world for Government pur-
poses to publish, translate, reproduce, deliver, perform, dispose of,
and to authorize others so to do, all or any portion of this work.
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trinsic value, a bankruptcy penalty must be introduced to prevent indivi-

duals from trying to obtain arbitrarily large amounts of money, knowing

that there is no penalty for failure to repay the source which supplied
the money. When that bankruptcy penalty is set appropriately we have
also shown that a nonatomic trading economy will have a noncooperative

equilibrium point which coincides in the final distribution of resources

and in relative prices with a competitive equilibrium point [5].

In the one period model we may imagine that fiat or outside money
is supplied by a government or outside bank. Suppose that this amount
is M . We may imagine that the traders all bid for a part of this supply ;

by offering I.0.U. notes which must be redeemed after trade. Suppose

each trader 7 offers an amount of I.0.U. notes of ui i let u= Ju

then 7 will obtain an amount of outside money of uiM/u and he will !
owe the cutside bank an amount ui at the end of trade. We may regard |
the ratio u/M as defining an interest rate where /M = 1+o . If o > 0 1

it is clear that wu > M and hence some individual will be unable to re-
pay his debts. When the bankruptcy penalty is set appropriately* we have
that o = 0 at a noncooperative equilibrium [5]. When the penalty is
not set appropriately o > 0 and some individuals are bankrupt. The
0 1is not the type of interest rate we associated with intertemporal trade ;

but is really a "loss reserve premium" to cover bankruptcy.

When we consider intertemporal trade, a supply of outside money i
which is fixed at the start may not supply the needs of intertemporal
trade except if there is hoarding. Although, as we prove in Section 3.2

we may obtain a perfectly general solution to a trading economy using an

*Except for sma11<§gf_b?>bankru§£by penalties where C.E. allocations may
be obtained even though o > 0 (see [5]).




outside money where intertemporal prices are adjusted by hoarding, this
solution is not reasonable. It is easy to construct examples, where,
for instance, spot prices continuously fall and more and more money goes
into hoard until finally at the end of economic activity--say after the
kth period in an economy defined for Kk periods--all of the money comes
out of hoard to be repaid to the outside bank. Such a model might be
mathematically correct but does not match either our experience or intu-
ition.

A more "natural" way of incorporating intertemporal trade is to
introduce an inside bank which is held by the traders and can create an
arbitrary amount of inside money. In the latter sections of this paper
we construct a multiperiod model of an economy with both outside and in-
side money and we assert and then prove that with the appropriate bank-
ruptcy penalty there will be two types of noncooperative games whose equi-
libria have relative prices and distributions of goods coincidental with
a competitive equilibrium. One of the games will have internal and ex-
ternal rates of interest of zero, the other will have them both posi-
tive.

When there is no production, even with the appropriate bankruptcy
penalties, at the noncooperative equilibrium all traders go bankrupt for
an amount equal to the "float" payment they incur by having to borrow
to finance what amounts to a lag between expenditures and the receipt
of income. This float is positive precisely when the inside rates of
interest are positive.

The unrealistic or at least unreasonable feature of having all
traders go bankrupt can be removed by explicitly introducing production

that takes time and a "salvage value" for left over stocks. For a Kk
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period economy with trade and production from capital goods, in general,

there will be some capital goods left over at the end. If this were truly
the end of the economy they would have no value. However if they had a
"salvage value" or could be sold to others starting up elsewhere this
credit could serve to balance the debt created by financing the gap be-

tween expenditure and income at a positive rate of interest. We prove

that this is the case in Section 4.

The idea that an economy will end at some specific time Kk is not
a satisfactory construct. In order to justify it, it is desirable to
indicate, that at least under moderately general conditions the k period
model can be interpreted as an approximation for a related infinite hori-
zon problem. In Section 4 we do this, and are able to show a relation-
ship between an equilibrium point to a k+l period economy and a k-sta-
tionary infinite horizon economy (i.e. one in which the stationarity occurs
every Ll period) .

We conclude this section by setting up a series of finite horizon
economies for which all traders have the same "natural time discount"
rate, { , we show that as the horizon is lengthened that although our
noncooperative game models differ from the related competitive equilibrium
models at the infinite horizon stationary state,they coincide and a money
rate of interest p = 0 emerdes.

Although in an extremely special instance 1t is possible to link
a money rate of interest with a natural discount 1n an obvious manner
we must stress that our noncooperative games are defined extremely gen-
erally, and depend uporn fine detail such as the size of the float caused
by interfirm purchases and sales. The money rate of interest will vary

with the float and the noncooperative model wil/ give results somewhat




different to the usual competitive equilibrium model.
The remarks above are at best cryptic. Hopefully the specific

models and the proofs which follow will provide further clarification.

2. THE COMPETITIVE EQUILIBRIUM AND RATE OF INTEREST
2.1. Some Modelling Constiderations

Prior to constructing our nonatomic games to be solved for nonco-
operative equilibria an investigation of the Walrasian or Arrow-~Debreu
model of exchange modified for a role for a money may be helpful and in-
structive. This investigation is carried out in this section.

In this paper we limit our scope in several ways. In particular
exogenous uncertainty is not considered. Our models are, for the most
part, finite; i.e. problems involving the infinite horizon are not exa-
mined in general. 1In setting up the noncooperative game we are explicit
in our description of information conditions, trading mechanisms and po-
sitions of disequilibrium.

In recent years there has been a growth of work on temporary gen-
eral equilibria in sequential markets (6, 7]. An example of this type
of work as applied to banking is given by Grandmont and Laroque [8].

Our work is close to but different from this approach. In particular

we use a full game theoretic formulation which calls for a greater level
of specification of sequencing of moves, trading mechanisms, information
conditions and bankruptcy conditions than is required by the competitive

equilibrium models.

P L a e




A Caveat

We believe that both the competitive nquilibrium. and noncooper-~
ative equilibrium are relatively unsatisfactory solution concepts on which
to base the long term development of economic dynamics. They tend to
be psychologically shallow. Most "dynamic stories" involving expectations
are cut from the whole cloth and the adjustment mechanisms are ad hoc.

In this paper we believe that a major value of our efforts comes in being
absolutely explicit in describing the mechanisms of trade. Even if it

is ad hoc at least it is as simple as possible given the conditions to

be satisfied. We lack a story justifying the noncooperative equilibrium,
beyond the usual attractive features of decentralization and the manifes-
tation of a self fulfilling prediction, i.e. the noncooperative equili-
brium path will be maintained if all predict that it will, and act accord-

ingly.

2.2. The Modified Walrasian Model of Exchange

Implicit in the general equilibrium model of exchange is that pay-
ments are instantaneous, or the float is zero, or that the financing of
the float is supplied at zero cost. In our extended models presented
here this assumption is removed, although it is easy to include any
interest rate into the context of an Arrow-Debreu model and thereby dis-
tinguish futures from spot prices.

We now commence to set up the notation needed for the remainder
of this p;ber starting with a description of an Arrow-Debreu world with

futures and spot prices.

*Including its offspring the "temporary equilibria in sequential markets."




Some Notation

n :
For a positive integer n , denotes the non-negative orthant

: : n 2 -th
of Euclidean space of dimension n . For any x € { , xj is the ¢

_ n
component of &x , and &x is Eieos T || II stands for the maximum norm,

g=1 Y
. 3 n
iceew flell =mex x, : § =21, svop m} . FPorany x and y in 0 ,
J

x>y [> =] means x, >y, [> =] for Jd=21; «owe m » O denotes

dJ
7 . o T 3
both the number zero and the origin of @ (this origin is sometimes

written 01 ), but the meaning will be clear from the context. ej is
¥
the vector whose jth component is 1 and all other components are O .

n ) %
Tﬂ is the unit simplex in Q , i.e., 7t = fre @ = 2=1}.

The Nonatomic Economy
Let {I,C,u} be the measure space of traders where I = the set
of traders, C,E the o-algebra of coalitions, yu = a nonatomic measure

on {I,C}. Trade occurs in m commodities through k periods. It

will be convenient to label the axes of the commodity space ka by

{th: L £ t< K, 1 < h<m} . Thus for any commodity bundle x e ka 7

x 4 represents the quantity of commodity h in period ¢t . The initial
t

k

] m
endowments of the traders is given by a measurable function aq : I »> @ #
where a’ is the initial bundle of 7 € / . We assume that Jfa > 0 .
Finally to complete the data of the market we must specify the preferences

s : ; ¢ ) mk i
of the traders. This is given by a tunction (/ : I x Q + R , where
mk

Utts*) ¢ 8 + 0 (alsc denoted ) is the utility function of trader

7 . Our assumptions on [/ are as follows (compare with the assumptions

in [6]):

daat




(Al) U 1is measurable in the product space I x Q"k (where ka is the

standard Borel space).

e 2 : 5
(p2) U is continuous, concave, and nondecreasing for each 17 .

. ) mk
(A3) *** There is an integrable function v : I > @ « D >a , such that:

(i) if x> vt then UY(x+be ;):U’“(x) for all A > 0 ;

o () th
o ; A : , . g th
(1) 1f 2., <. U then U is strictly increasing in the th

variable at x .

A competitive equilibriwn in futures prices (C.E.F.P.) is a pair
(;*,Jﬂ , where p* € ka\{o} is the vector of futures prices,* and

&z I > ka is a measurable function (which describes a reallocation of

the commodities) such that:
(1) fx = [a

(2) xi is optimal in the budget set Bi(p*) of trader 7 at
the prices p' , where Bi(p*) ={y ¢ gk . ptey :.p*.ai}
daen 2t e Bi(p*) , and Ui(xi) = max{Ui(y) fhyle Biﬁp*)}

It is clear, under our assumptions, that if (p*, %) is a C.E.F.P. then

D 3.

We now suppose as part of the data of the economy that there are

intertemporal inside nonnegative rates of interest** P

l' e ey Ok '

where Dt is the rate of interest that operates between period ¢ and

*I.e. Arrow Debreu prices.

**1f individuals were forced by the rules of the game to keep all of their
money or credit resources in a bank, i.e., they are not permitted to hoard
then negative rates of interest would also be feasible. It is the &8tra-
tegic option of hoarding that rules them out.

*** (A3) is required only for Propositions (2)-(5), and may be dropped there-
after.

i-i-i-ﬁ-nun-uu-nn-IIi-lIlﬂﬁﬂIiuuIﬂI-IIl-lulu-unlll-n-lm---.~ - S




period (t+1 .

Before we describe a competitive equilibrium in spot prices

(C.E.S.P.) for the economy, it will help to build up some notation. Let”®

For any X €

A C.E.

L) and (2},

trader 1

L -1
*= I (L +(‘L) s 8y = B (1 +p)
t=1 l=1 :
P YH (! +p()
= I (l+;n)
£ l=t#x1 :
= I ERE
t = =
d"k P o (x,l, Hebers x‘n) For < B ko
v - (240 e -
S.P. is again a pair (p,x) which satisfies the conditions

but with the following modification of the budget set of

X k

i m 7 7
B (p) = {y € & . Ep e —a < 0}
! ty t Nt t) =

Consider the

8

t=1
* .
mapping P <> p given by:

*
e = Fg

mk
Then for any Y € R
T k-1 k-1
*Define | n , and I to be 1.
l=1 L=k (=k+1

23




S, g =i
pry= L (8) p,y,
t=1 :
= oy A :
e S Yy
Thus y € By(p') if, and only if, y ¢ FL(p) . Indeed,
k . :
Pl'(j-d1) 22 ft $E,1 '(xz-.x;) . Hence (r*,x) is a CJE.E.P. 1€,

and only if, (p,x) 1is a C.E.S. Py

*

Let us also recall the notion of "shadow prices of income"** at

a C.E. Suppose (p,x) is a C.E. Then each trader 7 maximizes U [y/)
: pmk 1 . : g
subject to Yy € { , pry -p-a <0, and the maximum is obtained at

xt € Bl(p) . By the Kuhn-Tucker theorem there exists a number it >0

£ : . .
such that x is also a solution of the following unconstrained problem:

max (V¥ (y) + A\*(p+a* -p-y)) , subject to ¥ ¢ g

The function A : I » Ql constitutes a choice of shadow prices at the
C.E. (p,x) . We have shown in Appendix A of [5] that for any C.E. a
measurable choice of shadow prices exists, i.e. X can be picked to be
measurable. Note that if (p,x) is a C.E. with shadow prices X , then
for any K > 0, (Ap,x) is also a C.E. with shadow prices %ﬂ « For

any B >0 we will call a C.E. (p,x) B-normalized if p-fa® =B .

*A C.E.F.P. and C.E.S.P. coincide if pt =0 for all ¢ ; in this case

we call both a C.E.

**yenceforth abbreviated "shadow prices."

24
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A Simple Example

Consider two traders with utility functions as follows:

- = .9xi e UG Zz

I
N
—

2 2
U = 25 .
.L‘l .’L’2 = 9%

where xi is the amount of the consumer good consumed by trader < during
period ¢
Assume that the good cannot be inventoried between periods and
that the holdings of the two traders are® al = (20, 20, 0) and
a” = (0, 0, 40)

It is easy to observe that there is a competitive equilibrium set

. * * * * * *
of futures prices (pl, Py p3) such that Py =ps=p,= 1 and

o L ¥ e e ZR 5 :
xl = x2 =0, x3 = 40 and xl = xz = 20 , x3 = 0 . At these prices
2
the present values of the endowments of traders 1 and 2 are both Il =] =40

Suppose that there were arbitrary nonnegative short term rates of
interest between periods 1, 2 and 2, 3. Let them be pl and 02 . We
: *
may now define three spot prices for the goods being traded. pl = pl =1 ,
* *
. = = d = 1+ Lo ) = (1Fo J(L+p ) .
P, p2(1+pl) (l+pl) and p, p3( pl)( o, ey 2

The futures prices are not changed by these rates of interest, neither

is trade.

al ., stands for (a}, al

2’ “i’
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3. MODELLING AN EXCHANGE ECONOMY AS A GAME IN STRATEGIC FORM

Consider many traders each trading in m consumable goods for
k time periods. Imagine that all goods are perishable and last only
for a single time period. This condition will be relaxed in Section 4.

Figure 1 presents a flow diagram of how this model proceeds. The
symbols -%:) connect with (:>+ . The instruction ¢ = t+l means
"replace time ( by ¢+1 ." At the start individuals bid I.0.U. notes
in exchange for outside money, which they then use in the purchase of
shares in an inside bank. They then borrow or deposit at the bank and
proceed to the market. Depending upon the convention we adopt traders
may be required to sell all of their holdings or may be permitted to
send to the market only that whichthey wish to sell. The various trad-
ing conventions will cause different volumes of trade and size of float.
This is illustrated in Figure 2.

After trade has taken place, the process goes into the next period
and income from the sale of goods is received. Following this the in-
side bank credits all stockholders with the profits it has accrued. As
the bank is permitted to "roll-over" or refinance loans no bankruptcies
need to occur before the end thus profits can be calculated on an accrued
rather than received basis.*

After the final period has been reached, the economy is liquidated
and in the process of doing this, first the inside bank is liquidated
and its capital is paid out to stockholders, then the outside money supply

is called and the game ends.

*Th%s rules out the voluntary election by a traders to go bankrupt before
period k+1 , as the bank can “carry” him whether he likes it or not.

| —
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3.1. More Modelling Considerations
3.1.1. Competitive or Controlled Banking

In this model we assume that the interest rate for inside money
is set by a central authority for each period. Alternatively we may let
the rate be determined by competitive bidding only if the outside authority
controls the quantity of loanable funds each period.

The question of whether it is possible to design a closed system
which produces both the appropriate interest rates and the supply of loan-
able funds* by the forces of competition is not dealt with in this paper.
It is not obvious to us that it can be done always, but a detailed spe-
cification of the difficulties and examination of the possibilities is

left for a further investigation.

3.1.2. Trading Conventions

In several previous papers we have noted that when exchange is
modelled as a noncooperative game there are many different ways by which
we can describe a market clearing mechanism [ 4, 10, 11, 12]. 1In this
paper we concentrate on the two simplest. They are respectively the
"sell-all" and the "hold back" models. In the first all goods must be
passed through the markets each time period. It is as though we forced
the society to monetize national wealth [ 4, 10, 11]. 1In the second only
national income is monetized. Individuals are not required to sell every-
thing and buy back what they want. They can hold back anything they

wish (12].

*Intuitively the supply of loanable funds and the rate of interest are
dual variables. The design of a mechanism that enables us to determine
both seems unlikely.

St nileies o e
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The distinction is made in Figure 2. This is a simple two trader,

two commodity Edgeworth box with the initial holdings of the individuals

T ! [) ’ () ’

1

(]
B
P
0 Vi
FIGURE 2

at the point [ . T'CT shows the competitive equilibrium price ray.

Under the hold back assumption the amount of trade in the first good is
measured by BI and in the second by B(C . Under the sell all assump-
tion the volume of trade (and hence the need for money or credit) is much

larger. It is given by O7' and 0O'T'

3.1.3. Strategies and Information

Elsewhere we have discussed in detail the problems incurred in
well~-defining strategies in a strategic game (1, 13]. It is our belief
that the essence of the ideas which enable us to extend our analysis be-
yond the single move game and into a multiperiod model is a low tnforma-
tion state. By assuming little information we can avoid having to let

strategies become complex functions of previous knowledge. The way we

— . ' ' . i ‘ 'I‘



can do this is by having individuals not necessarily even know the amount :

of resources they have on hand at any point in time. They still can make
feasible moves by allocating fractions of their expected resources. This
may not necessarily be the most natural or the best convention but it

is well defined for all positions of equilibrium or disequilibrium and
when individuals are small relative to the overall market it is not even

as "unrealistic" as it may appear to be at first glance.

3.2. The Outside Bank Only and Hoarding
To recast the market in the form of a strategic game we must des-
| cribe the strategy sets and payoff functions of the traders. A strategy

c i : 7 .
of trader ¢ 1is to announce a bid u« of promissory notes, and a vector

7
g € ka which constitutes a decision as to how he will divide the fiat

money he obtains from the bank into bids on the m trading-posts. De-

; . z
noting 7's strategy set by S , we then have

8 b 8 s e s 5 e 1,

Given a choice of strategies by the traders, how are the trading-posts
and the outside bank cleared? We are beset by a fundamental difficulty
when we consider the mechanism of Section 2. This is because the mecha-
nism calls for aggregating the bids in the bank and in each trading-post.
These would be Jfu and fbth . But the integrals make sense only if
the functions u and b are assumed to be measurable. It is not clear g
how we would justify this assumption heuristically. Why should indepen-
dent decision-makers behave in a jointly measurable way? We refer to

Section 5 of [14], where a model of noncooperative behavior is suggested

which leads to measurable strategies.

——
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-

Assuming then that « and 2 are measurable, and letting ¥

stand for the fiat money in the bank, we define

= du

1
bt Bl

The amount of fiat money obtained by < is® ul/(l+o) , and thus his

k i th
bid b the th
K th on {2

is fbth/fl‘ﬁ’ and the final holding (of commodities) of ¢ is:

trading-post is gihuz/(l+o) . The price Pipy

7 mk i . . . .
x e , where Ty = bth/)th . His credit at the bank is given by
AN SRR o %
n =-u + Ip,a,, =-(1tc)b* + L p,a
£k th th £ h th th

: . 1
Hence, given a preassigned choice of bankruptcy penalties X : I + Q ,
; s i, 1 T L
the payoff to ¢ is: U (x") + A~ min[0, pn )

We now have a game in strategic (or normal) form. With the rest

1
of the data fixed, it depends on the choice of X : I » @ , and hence
we will denote it by I . A non~cooperative equilibrium (N.E.) of this
A .
- 1 mk T 2
game is a measurable sx : [ > Q x | , 8, €5, such that, for all
T 7
) i
HL(S*) = mar ﬂ(8*|8 7 5
(gl
8 €Eo ¢

2 7 7

where (s*lsi) is the same as 8, except that 8, is replaced by 8§
There exists a trivial N.E. of FA , namely the collection of

strategies in which each trader bids nothing, i.e., w = 0 . We will

focus our attention on active N.E.'s, namely those which produce positive

*pDivision by 0 1is defined to yield 0 throughout this paper.

oo

P




prices in each trading post. This implies that 1l+0 > 0 , and in fact

(as is easily checked) o > O .
We wish to investigate the N.E.'s of FA as A varies. For this

purpose it will be useful to demarcate certain regions in which A may

lie. Let

AN={Xx : T>Q : X is measurable}

A = {Xx € A : A is a choice of shadow prices at some M-

normalized C.E. of the market}

For any X el

*
A*\ =dX & A A > A}
* . * e
Ma,op = UX e Az (140) ) = 2
*
B . .
A? = A\[AOU {/\,‘X : oA e AU}U{A“,O) PAeh, 0> oh

In the following when we say that an N.E. coincides with a C.E., we mean
coincidence in prices and allocation.

The proofs of the following propositions follow by making slight
notational changes in the proofs of the identically-numbered propositions

i (5]

o %
Proposition 2. 1f A e Ak for some A € A , there exists an N.E.
e

| of F*A with o = 0 , which coincides with the C.E. associated with )\

G aad o
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Proposition 3. Suppose there is an (active) N.E. of F*A with o =0 .
Then this N.E. coincides with some M-normalized C.E. (p,x) . Moreover,

*
there exists a set of shadow prices A for (p,x) such that A€ AA -

Proposition 4. Suppose there is an N.E. of F*A with ¢ > 0 which cein-

*
cides with a C.E. Then A E A( ) where A 1is a choice of shadow

A, 0

prices for the C.E. 1

Proposition 5. Suppose A ¢ A' . Then inf{o : o occurs at an N.E.

£ .
o FX} >0

We summarize these result in Figure 3 which is drawn for a non-
atomic economy with two types of traders. We consider only those A
which are type-symmetric, hence we may represent them by vectors in Qz .
Figure 3 shows that A-space. We assume that there are a finite number
of C.E.'s, and for any C.E. there is a unique choice of (type-symmetric)
shadow prices, represented by = in Figure 3.

In this model we have bounded credit by the amount M of outside
bank money. If we were to let credit be unbounded then,* by the same

proof as in Theorem 1 of [14], we would obtain:

Propogition 6. For any X , every active N.E. of FX coincides with

. : R *
a C.E. Moreover, if the economy is "competitively bounded," every C.E.

. : ay ) T
coincides with an active N.E. of FX , where A7 2 sup{kt DA is a

shadow price for 7 at some B-normalized C.E.} .

*For details of the model, see [14]. "Competitively bounded" means that
the 8up above is finite for almost all 7 .




is

is

is
the

FIGURE 3

A" , deleting the broken line

U{A - > 0} . o0 increases as we move towards
L
|

origin.
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3.3. The Outside and Inside Bank

Formally, a strategy of a trader 7 in this model consists of:

¥ & @ : the amount of promissory notes bid at the outside
bank.

i i ’Z.‘ - . ..
(wl, Wss u3) € TJ : wi(w;, wg/ ° the fraction of the outside bank money

obtained that is bid on inside bank shares (depo-
sited in the inside bank, hoarded in the future).
(d?l, J{Z) € CZ : the fraction of the money at hand before trade
at the beginning of period ¢ that is deposited
in the inside bank (hoarded into the future).
bi : amount of inside bank money borrowed before trade
at the beginning of period ¢
(”il’ nfz) € T2 : nil(néz) = the fraction of the money at hand that
is bid on the m trading posts in period ¢ (that
is hoarded into the future).

“1 £ g : :
nt € I' : decision on how to split the bids on the m trad-

ing posts in period ¢ .

However, a moment's reflection makes clear that ¢ does best by
. 8 4 5 .
setting w2 = w, =d,, = = 0 . We describe the payoffs now for these
simplified strategies. Our description will make quite clear how one
would define payoffs for an arbitrary choice of strategies (and how cum-
bersome that would be!). It will become obvious that every N.E. of the
general game is an N.E. of the simplified game, and conversely. Thus

nothing is lost in our simplification so far as the study of N.E.'s goes.

With this excuse* a strategy of 7 will now be taken to be a vector

*We apologize in advance to Lloyd Shapley for not having completely spe-
cified the general game.
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2

) ) T 1 i mk A
s§” = (uz, bY) where u e @ , and b € Q . Here u is the guan-

tity of promissory notes bid by ¢ at the outside bank, and bih is
the amount of inside bank money borrowed by 7 at the start of period
t for bidding on commodity A

Once each trader has picked his strategy the market functions as
follows: Outside rate of interest is o , where 140 = fu/M . Outside
money obtained by ¢ = bid by 7 for bank shares = ui/(l+0) . Price

of h in period t = ; = fb*h/fath . Amount of inside money deposited

P

by © at start of period ¢+l = p,ca. . Amount of commodity ¢# obtained

o

e i = 'L. /
by 1 .I.‘UZ bth/'pf,h
Finally we must compute the net credit of 7 at the end of period
k . For this purpose, first note that the amount of money held by <

prior to the dissolution of the inside bank is:

ko A K £ k ;
I T A . = E Epolz—a b= § &pa
Nt o A t :zlt‘rt ¢~ Mt e
K
il R R A “: S'“t.d; s
t=1
k . ;
Let us denote 3 &ﬁx'ﬂjl by k‘(p) . Thus the profit made by the in-
‘=1 15 L
; k
side bank is fh (p) = h(p) = L &Yp,*ra . {Perhaps this is made clearer

by noting that the profit f[o*p*-ﬂr;-\zi) v h{(p)] = fbi(p)
fx{ = ﬁzf .} When the bank dissolves, trader <7 gets his share of the
profits which is [letting nf = ui/(l+o) ] (vf/ v[)h(p) = vilk(p)/%n

Denote h(p)/oi by H#(p) . hi(r)/w* by H[(p) . Then the net credit

of 7 on which bankruptcy penalty is levied is:




. * o . i ° //(’.
nt = ap e(zt-a*) - H (p) + UL["‘ML)*f 1 - (l+o)]
Therefore the payoff to ¢ is
; 7, 7 L J
n“(s) = U (x ) + A" minlo, nl]

At an N.E., we claim that

dip) +1 - (140) = 0

M 5 eeT,

(>}

If the term were positive, each trader ¢ could acquire arbitrarily large

7 ! ] ; ' . 7 z Giat
bundles & by increasing v¥ which would violate Jx = fa ; if it
were negative, each trader* 7 would set v = 0 contradicting that
fv° =M . This proves our claim that #H(p)/M = o

To study the N.E.'s it will be useful to rewrite the payoff func-

tions in a simpler form. Let

max{Ui(y) 5 p*-y = B}

ot (8)

p
Then, at an N.E.,

nt(g) = f/;(s) # 2 minto, -8 + p*eat - H(p)]

B e ,
At an N.E. trader 1 in effect maximizes 1 (f) for B > 0 . B repre-

sents the (discounted) sum spent by him in the purchase of commodities.**

X

*We are assuming that the inside bank is "active," i.e. [fv° > 0 . There
is a trivial solution with J¢v° = 0
**Note as we are running out of symbols we use g twice. B beyond this

section is used for the natural discount rate.

B



Theorem (la). Suppose (p‘, x) 1is a C.E.F.P. with shadow prices A

Then there exists an active N.E. of FA which coincides with the C.E.S.P.

(P2l -

o 7 :
Proof. Construct s~ , for < € I , as follows:

& = [%(1 % ﬁggij}//u(r)

I/i = )* .I,‘i
Yen = Penen -

It is clear that this collection of strategies produces the spot prices

p , the allocation & , and an outside bank rate of interest o = H(p)/M .

To check that the collection constitutes an N.E. we must verify that,

for all 7 , 1NY(R) is maximized at B* = p*.al et
1z ~T 7 &
T =l (B) + N[-B P =a“]
P
2 4 _ i i A
n* = 97 (g) + A (-8 + p*a’ - B (p)]
p
% . A % :
Since A is a shadow price, n is maximized at B ; hence so is

2 7 y ) 1.z z 2 7
n which differs from 1 by a constant. But I (B) < I (B) for

AP 20 % ; ; ’
all 8, and N°(8 ) = N (") since -8 + p*-nl - H(p) = -Hl(p) <0 -

7 *
Therefore I (B) 1is also maximized at B .

Q.E.D.

Theorem (1b). Suppose there is an active N.E. of F\ which coincides

with the C.E.S.P. (p,x) . Then A is a shadow price for (p*, B




o B e
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Proof. Suppose not. Then let S be the non-null set of traders for i
|
whom A 1is not a shadow price at the C.E.F.P. (p*, xz) . In what fol- 1

lows, ¢ 1is always an arbitrary element of S . Consider
) ~0 7z 3
nt(g) = 0" () + A" (-8 + p.a”]
p

7
Let N be the closed convex set on which the maximum of the concave
: Foht o : : o * 5
function I is attained. Then we first assert that N C [0, p -a” -H (p)]
5 7 . ; 7 1
(Recall that for all 7 , H (p) » 0 .) Otherwise since p -a £ N ,
and since Nt is convex, there are two possibilities
7; . . .
(a) N = [A,B] , where p*-az - Hz(p) < B < p*-al
1l * 1
® N C(ptadt, =)
7 1y z * 7 7
Recall that N°(B) = N°(8) - H (p) if B>p .a” - B (p) , and that
since (p,x) are the prices and allocation produced at the N.E., the
maximum of 1' must be achieved at p*-ai for all 7 . But, in case

(A), we have
Lt g) > Wt p*.a*)

hence

tteg) = ntg) - #tp) > Wntptat) - whp) = itprat)

a contradiction. Similarly, in case (B), taking ¢ in M~ , we have

T 7 7 : ! E % =0 2
n%(e) > lhz(p*-rl ) ,» which implies Il (e) > I (p*-w ) ., again a con-
tradiction. This proves the assertion that for all 7 ¢ & ,
7 ) T 1 : . ] i C 3 . £ 7
N C 1o, p*.a® - #*(p)1 . pickan o' ¢ N, andan a' e (p*.a*-H'(p), p -a") ,
T 1 1 17 W - 1.2 .
and let a =8§a + (1-68)p :a for <8 <1 . Since 1 is con-
e bt %. 384 % g 3 . ‘ E i
cave, N (a’) > 6 “N°(a") # (1-38 p*-a®) . But pt.a’ £ N,
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% ; O 1.2, % % S .
and a € N , therefore lﬂ (e} > I (p .q¥) . This implies

ar e o : po i i : :
; nt(a*) = b L Hl(p) > lﬂl(p*-al) - H (p) =1 (p*-az) , a contradic-
:! tion. We conclude that u(S) = 0 .

]

| Q.E.D.

| With the same labelling as was used for Figure 3, we summarize
.i these results in Figure 4.

i

|

Al
0 22

FIGURE 4

VX has an N.E. coincident with a C.E. if, and only if, X 1lies

on the ray corresponding to that C.E.

S ——
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Remark: No matter what X we pick, some non-null subset of traders neces-

sartly goes bankrupt at any N.E. of FA . To see this, suppose there were
. i . 1

an N.E. of FA with no one going bankrupt, i.e. n = 0 for almost all

7 . Then

m® = rip* (25 -a*) - B (p)]

o
]

0 - in(p) <0

a contradiction.

3.4. Financing the Float: A Simple Example

In the remainder of this paper we use a relatively simple example
to illustrate our results. In particular in this section we consider
an economy which runs for % periods. There are two types of individuals

distinguished only by their initial endowments.
k i
(1) U = £ B “log x, & =1, 2

0 < B <1 1is a "natural" time discount.
y : “ " $ l
A trader of type 1© receives a "manna" each period a = 100
17
*
units of the consumer good which cannot be inventoried. A trader of

2 .
type 2 obtains aL = 1,000 wunits each period.

3.4.1. The C.E. Problem
It is clear that the competitive equilibrium problem is trivial.

No trade takes place as the distribution is already optimal.

*Note:inventorying is really best considered as a production process.




remate-.

(2)

3.4.

(a)
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z
A = the Lagrangian multiplier for a trader of type 7 ;
7z -
rt = the consumption of a trader of type 7 at time ¢ ;
p: = the (futures) price of the good at time ¢ ;
*
pl = 1 the first price is set to equal one;
1 2
g 100 and x, = 1,000 for = Ly cony K 3
* 2
ptzstl for t=ll"lk'
il

1/10C and Az = 1/1000

o
]

The gain to each trader is given by

k ;
I sid=8 2 201 =n
U 2 -8 and U 3 1-8

The Non-Cooperative Game: Outside Bank Only

Hold Back Model

If we permit individuals to consume any goods in their possession

without having to pass them through the market, then in this simple model

there is no need for trade and hence no need to utilize money. The non-

cooperative game payoff functions are given below:

(3)

(4)

3 k . . k ; ; . .
t-1 T L s 1 ( 1
vt = 3 R log . + ut minto, { £ p (a,-x,)+u - (14c)u }]
: t o i G
t=1 t=1
% 7z
subject to p:mr S Hz
z 1 "
where I =u , I, =p 1 for t = 2, o K

= bankruptcy penalty on a trader of type <7 ;

j <~
I

(2 " i
(1+y)u = amount of I1.0.U.'s bid for outside money;

0 = rate of interest on outside money;




R money held by a trader of type ¢

o e S

M =

: z
6 R = ]
(6) 7 11
” B it A 7 XN

R =R + p a -p .
(7 Ty b1 T ey T Peay®iay

) L i 2
If weset § =X :uy =1/100 and u =

forward to check from (3)

sical outcomes as the Competitive Equilibrium.

%
minor differences. If we wish that ‘:)l =

Furthermor: we have xl = 100 and uz = 1000

k-1

The spot prices are 1, B8, ..., B

C.E. futures prices.

1+ = % =1 ot o= 0

The traders bid for the outside money, hoard

*
final settlement date.

(b) Sell All Model

The difference here is that a maximal volume

on the modei. All goods must be sold. Thus unlike

trade in goods is active. In particular the volume

t 1is given by:

income obtained by a trader of type

1/1000

1 we must set M =

7 at time t ;

at start of £ ;

total amount of outside money supplied at the start.

it is straight-

that this noncooperative game has the same phy-

There are however some

100 .

These coincide with the

The outside rate of interest is given by

it and return at the

of trade is forced
in the hold back model

of trade at period

*There are also many other N.E.'s for this problem including having the

traders spend all.
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1,100 units of good and l,lOOBt-l value in money.

In this model, gradually more and more of the outside money may wind up

in hoard until it is to be paid back at the final settlement date.

3.4.3. The Noncooperative Game: Outside and Inside Banks

We must consider two cases: (1) the inside rate of interest equals
zero, or (2) it is positive.
(a)-1. Hold Back Model: p = 0O

Let p = the inside rate of interest at time { (for ease 1in

this simple example we may set = g for al)l & }.

g
If p = 0 then it is easy to check that the solution as in 3.4.2(a)

with the modification that the amount spent on the purchase of shares of

the inside bank is indeterminate. For example: let 3; = the amount

of outside money spent on buying shares of the inside bank. Further let

S = the total number of shares issued. For simplicity set & = 1100

Price of shares is denoted by p .
8

*
There is a solution as follows:

(9) vl = 100 , u2 =1000 and p_ =1

with all other information as in 3.4.2.(a).
(a)=2. Sell 4Ll Model: p = 0O

This has a solution similar to 3.4.3.(a)-1 above with the differ-
ence that the inside bank will lend the individuals at least enough to
finance trade each period. They could borrow more, hoard it and return

it at some point.

*There is a definitional problem when no bids are made for the inside
bank shares. 1Is the offer withdrawn or is the issue given away? If the
latter, then how?
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It is important to note the difference between 3.4.3. (a)-2 and
3.4.2.(b). 1In the first as there is no inside bank the strategic choice
for the disposal of funds during any period is to hoard or buy. In the
second case the choice is to hoard, buy or deposit. The distinction be-
tween hoarding and depositing when p = 0 may be trivial, but it is there
and in any dynamic model with time lags or frictions; this distinction
is of importance.

(b)-1. Hold Back Model: p > 0
If we adopt the convention that bank capital earns a rate of in-

terest then we have a solution with:

(10) 4 =yt w100, uo = pe = 1,000

and although futures prices are given by

2 k-1
ll BI 8 ’ L L 8
spot prices are now
k=1
(11) 1, B(1+p), «.., [B(1+p)]
where o 1s indeterminate.
(b)-2. Sell ALl Model: p > 0

It is at this point that we see a serious divergence from the gen-

eral equilibrium results for a k period market. The need to sell all
creates a need for financing the trade that is to take place. The presence ;

of a positive rate of interest on inside money in effect creates a gap

s

between the buying and selling prices of the same commodity caused by

a lag in payments. We may write the payoff function to a trader of type
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. as follows:
(12) U =

~E T B By 7
g log xt + mn(0, n ]

7
where n = net balances of a trader of type 7 at the start of period

k+1
gl B e o e
(13) n = Ip,la,-x,)-F +=A{F, -0S}
Rl k7 Sk

3
]

the float debt incurred by a trader of type 7 up to period Kk ;

the float debt for the economy as a whole.

X
]

An examination of (13) shows that in a nonatomic market the first
and third terms must be equal to zero in equilibrium hence if F; >0
(which will be the case for any model with active trade and a lag in the
receipt of income) ni < 0 and even though a C.E. distribution of resources
is achieved all traders will go bankrupt; each by Fi

For this simple example we may note that the following supplies

s *
a solution

L z

b = a

) k t< 1—6 ><1+o>

1

r - K

Fy 100( l-B (l+> and F 10]\ .
= f - B p

15 1100 | ————— —

(15) 1 (j -8 :>(;+;> 4

*We may wish to consider k borrowing periods including financing from
1 to 2 up to k to k+l where trade ends in period k

]

3
[}
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From the third term in (13) we obtain the equation in equilibrium

that

= _Jk;;ii;A P
(16) 0 -8 ><l+p>

This solution has the feature that p > 0 1is a parameter. How-

ever once p 1s given the outside money rate of interest is determined

(or vice-versa).

In Section 4 we justify being able to consider certain infinite

horizon problems. Here we note that if this model can be solved for the

infinite horizon then (16) becomes:

A
x4 % = -8} (1+0)

If we were to select 1l+p = 1/f8 then

(18) B = 1 and spot prices become:

e in contrast with futures prices of
(19)

2 .3
1, B, B+ By «n.

We note that this selection of an inside money rate of interest

yields stationary spot prices as well as stationary trade. However all

traders go bankrupt at the end of time! Or more precisely traders go

bankrupt for any finite horizon.

8.6. On Bankruptey

The bankruptcy of all traders at period k+1 appears to be counter-

intuitive but on closer inspection of the nonatomic game it is what we

should expect.

Aoyl  Jb
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In a model without exogenous uncertainty we would hope to show
that bankruptcy should not occur under an optimal allocation. In Section
4 below we show that this is the case. But in order to establish the
appropriate conditions it 1s necessary to introduce production and capital
goods. When this is done we find that in the k+lst period we are left
with an indebtedness which has come about through financing the float
which can be offset by credits given for the salvage value of the capital
goods left over at period k+1 . This possibility for avoiding bankruptcy
will not be unique but is tied in with attaching prices to the salvage
values. In Section 4 we note the connection between determining the sal-
vage values endogenously and searching for an infinite horizon stationary

state.

3.6. Credit Only

There 1s an alternative model we can formulate which is more akin
to the models employed by Postlethwaite and Schmeidler [21] and Dubey and
Shapley [14] than those in 3.4. We dispense with the issue of fiat money
and instead imagine that a bank offers all unlimited drawing rights each
period subject only to penalty for default at a preannounced penalty level.
It also stands willing to accept deposits at the same rate as loans.

If the shares of the bank are held by the government or the "re-
feree" there must be a credit drain to the bank if p > 0 and it can be
seen that the results of 3.4.3 hold.

If the shares of the bank were distributed in some fashion to the
traders then all float payments would be internalized and the device of
introducing a salvage value for capital stock is not necessary for balanc-
ing the books. It can be shown that there is a Pareto optimal solution

without bankruptcy for every p > 0 for this model.




4. PRODUCTION AND EXCHANGE: THE FINITE HORIZON

4.1. The Float-Constrained Competitive Equilitbriwn with Salvage Values
We will establish the existence of a "float-constrained" competi-
tive equilibrium (F.C.C.E.) for an economy with a finite number of con-
sumers and firms. It seems to us that this can be shown in the nonatomic
case as well, by a modification of Aumann's proof of the existence of
a C.E. in [9], but we postpone a rigorous demonstration of this to a
future paper. However note that our proof here for the finite economy
also immediately implies the existence of a F.C.C.E. for a finite-type

nonatomic economy.

Let I = {1, ..., n} be the set of consumers, J = {n+l, ..., n+l}
the set of firms. The symbols 7 and , will be reserved exclusively
to denote elements of [ and J . The firms are completely consumer-

7 y X 7
owned, and 6 ¢ QZ is the share vector of 7 , where ¢ . denotes the
J

share of 7 in firm j . We require, then, that I 6% = 1 . There
: J
el ®

are m consumer goods and g producer goods, and the economy runs through

3 2 K 1
k+1 periods. The utility function Ut of < ¢ / maps me tor Q@ =

7 Q(m+g)K

Firms are endowed with initial endowments aq° ¢ , and with pro-

3 i : ’
YJ(: R( g/ (k+1) . Each yJ € ¥ denotes a possible pro-
duction, with the negative (positive) components of gJ standing for

duction sets

inputs (outputs). Our assumptions on the YJ are as follows:
(A) YJ is closed, convex, and” ¥ N Q = {0}

(B) Inputs in period ¢ yield outputs in period ¢+1

(C) YJ permits a "constrained-inventoryinq"** i.e., there exists

(m+q)1
9] =

a K > 0 such that: for any a ¢ there is a

* 0 1is an abbreviation for Q(m+g)(k+l)

**Note that inventorying is a special form of production.




.l(]
Y
K]

RN g j
Z KQ with ('a, O(k_l)m.'_g’ yk+l) € YJ

o Y >-q, for each jed.
J

z ;
Besides, we will assume that # > 0 for each 7 , and that La >0

j €/
The state of the economy {(xl)icj, (y/). '} is called attainable if:

t/EJ
PR S LA W ea + W

(b) Ll ox ij x Om+g -~ L gJ = 0 for all components except
vel < ' Jed

perhaps the last m+g .

The set of attainable states of the economy is a subset A of

+1) (m+g) (k+
R(n bhfmtg kel , and by (2) in Section 5.4 of [20], A is compact.

Eet (> nmx{HJ}]], HyJ]] : xi or yj occurs in an attainable state

of the economy}. The positive intertemporal rates of interest are given

We will find it convenient to split the prices

" Q(M+g)k

as before by o o

p? Trer O

into two parts: the spot prices p in periods 1 through k , p 3

€ Qm+g

and the salvage price 1 in period Kk+1 , 7 Introduce also

the mapping p «* p given by: pt = F’tpt for € = 1,

P denote the simplex in & defined*by P = {(p,7)

Q

Let C; be the cube of size & in Rq . for any @ >0,
. & 4 , :
g+ iie., Cq ={xeR" : ||x|]| <@} . Define

A1 mk ;
X g N ka

>

Y"; = g“; : n P
(@ +¥) Y omeg e

-7 n]
The X and Y are clearly compact and convex, and
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n g n+!
AC T v x 10, S e X
i=1 kg+mtg J=n+1

Given prices (p,m) , the production yJ yields to firm J the

following revenue: :

o

K41

:"'7((::,1!), ) = 2h€t':pth max{0, yt;h} + Zhétp+h min{0, y‘;h} # T Y
1 Ey &

B

(i = " j . J‘
tzhgtpthyth tz;,gtptk max{0, yth} + 1 Yol

3 35

Clearly Hd((g,n), yJ) is a concave function of yJ for a fixed (p,m)

Let™ J‘j(g,n) = (+y‘i € ?‘7 : RJ((g,n), +y‘;) = max .Fr‘]((p,n), y‘])}
yl e

3 _. . P ;
and denote the value of RJ((p,ﬂ), +yJ) for +yJ ed’(p,m) by R (p,m)
Clearly éIJ(p,n) is compact, convex and nonempty and is u.s.c. in

(p,m) € P . Also RJ(p,n) is continuous in its variables. Next, define,

for (pym) &L,

T Ta o i 7o
B (pn) =1 e X «p-xf < & ejﬁ“ p, ™)
W E J.EJ N

and

B s T
U ("x”) = max (o )}

*yz(p,n) = {*z¥ ¢ Bz(p,n)

(e
x*eB* (p,ym)

: AR . 5 RIS " PO ;
Since B is continuous in its variables, and is continuous on

-7 s T . R
% 1 &Y is u.s.c. in its variables. (Y is also clearly compact, con-

vex, and nonempty.

*For the ctymologists: since we have run out of Latin and Greek alpha-
bets, we have had to take recourse to Hindi ( d is pronounced "wo" as
in "wonder").

**Note that, on account of (C) and the fact that o' s 0 and b a3 > 0,

. X J&J
we have Hz(a,ﬂ) = X whenever Hcl| is sufficiently small.




We digress from our development to make the

Definition. An F.C.C.E. of the economy is a price vector (p,m) , a set
of consumptions, x"). . , and productions (yJ);E, such that:
LEL J E¢
@y e )x o - ¢ y/ = 0 except possibly for the last
ra ‘\';,"HTH‘LJ ie ,'\
e d l/l ¢

m+g components.

i L ot Frows 1 z
(ii) x € B"(p,n) and maximizes U on B (p,m)

(iii) g’ ¢ 2/ + v and maximizes R/((p,n), Yl for Yy e & + Y

Our aim in this section is to demonstrate the existence of a F.C.C.E.

To this end, we return to our development.

For any (p,n) ¢ P and yJ g J ed ; put

) +1 + 7z i ey N
HL((p,ﬂ), yn 5 s gn Z)) =y 8,(p,n)'yJ = 7 B_EJ; Pty Yl
o jed 4 = jed 9 -
z : e . m+
Note that #H > 0 and continuous 1in its variables. Take an € ¢ g '

e >0, |el 1, and keep it fixed. For m # 0O , put

: % ! Yi((? ) n+l nfl,
K (Cloym), gn+, e 1/n+‘)=[ l:”:finiﬁ---;ﬁ /
pDefine the set-valued mapping Cl by :
n+l  ntl

(K*((p,n)y ¥ s ueesy “Je} if m # 0 and

{1Ge} if m #0 and K° > IG

; + +1
Eep,m, ™Y el ) = Z,
{te:0 <t <1IG} if n =0 and H =0
{lGe} if m=0 and H >0
.
It can be checked that (i) (] is w.s.coy (Li) for any

%3
A

<

‘
L



g cl((p,n), y"+1, by y"+l} ; Meg < Hl((p,n), yn+l, o ale y”+1) ; and
s i G : 7 1 n+1l
fariy & Cm+g . Define vy ((p,ﬁ), ge e Ly

*Yt(e:“) x {Okg} X {Ci((g,n), yl, e yn+1)}

i Note that for any (p,n) in F and JJ in ' ,

T 1 n+l o7 G
Y (([3,1!), P ocom I NE {Okg} X Cm+g 2

and that y is convex, compact, nonempty and u.s.c. in its variables. Finally,

Al el

for any T ¢ i x (O e (7 e e and yJ € fJ (7 e 4} o de=
kg m+

fine

= X 7
O(Il, S yn+l, Seleis ) = [Q?',ﬂ') e P :

(p'un') (5 & - 1y

el Jed

]

max {(p,m)°[ & - 1 y'/]}]

(p,m)eP ~ el Jed
Now for any (p,m) e P £i € 2i x {0, } x CZG qj € 9j let
i L kg ma o
L ~n it 7
¢((P,ﬂ), L 5y ssepy x”’ Y l’ o ,U+L)
. nontl n+l e 1 &
:6(.’!7,...,1‘:1/ 3 seey Y )X(XY(l;,ﬂ)’ e ot o )]
1=1 i
n+l ;
% b % & (T
; J=n+l N

$ is then a nonempty, compact, convex-valued, u.s.c. correspondence from




n
S=Px [ X
i=1

Aq 77y n
w0 22 iad
kg m+g

+L .
z ¥
J=n+1

into itself.

Hence by Kakutani's theorem there is a point

* * A1 k% NFL x ntl
s = (( D) n), Loy ey L, Y 3 ey Y ]

: N * * ]
in S such that 8 € ¢( 8) . Consider

* A7 *
2= & 41,‘1 = % LJ
LE[ jC(/
Now
* %7 T * % J
(*p, “m)e &t < P (pe i ) yJ
B ,].EJ J -

Summing over 7 € / , we obtain

T % % J

This shows that 2 < 0 . For suppose some component, w.l.o.g. say com-

ponent 1, of 2 is positive. Then take (p', n') to be (1, 0, ..., 0)

* -
to get (p', n'):z > 0, which contradicts that (*p, ) € O( 2

ey
M+ 1 Jn+t)

/
y <weagy

* % 49 *
Let y denote I ¥y . Then ¥ €Y, and since & 1is non-
]

JEe

o - *
positive, we have, by our conditions on Y [see (D)] that y+nelt

7 Dt

Hence there is, for each ,j in J , a ¥ g a¥ * Y such that

’




41
! j
A X
: B =u
']Er]
Then
&
‘ & 1
! g x - ng =0 .
A el ,jEr]
H * * T ~d ) A * 1: "J. 5 s . .
| Thus {((x"), (y')ted. Therefore each & (xy‘) is in the interior
i G G .
] of the cube (C C o ) . Next we claim that
| mk (m+g) (k+1)
* *
oy wiegi= 0
i
i
! To show this, we must establish that
* 4 7 * * * * ntl
me ot = B (("p, n), y"*l, e R
. . b o L : .
for every ¢ € I . If this is not true then x° = lGe for some 1 ,
* y y )
contradicting that =z < O (since l]}l :x]) < lG ), which proves the
Jed
claim. But (p,n)ez =0 and 2z < O . Hence Z, < 0 1implies that p .,
~ s 1 R
(or w,, , if t =k+1 ) = 0 . By our assumption (D) on the ¥ , we
£
can find a *yJ in aJ + }J for each J in ¢ such that:
. g v R J : % :
T oy = L g~ 4+ 3, and Y differs from Yy only if =2 < 0
e T " th th th
o Ee J Ee
j e j i P * 7
: Thus (p,ﬂ)'*y” = (p,m)e y* , and B oy Tly 42 = R ((p,m), yY°) for
g : * AL ol ‘ y
i each j . Also note that I " - L y* =0, hence each *y" is in
2€] JEJ
; y 7
the interior of C
(mt+g) (k+1)
. * 1 g I Ak
x denotes the appropriate components of o A (1 -
* A £ 7 ) * 7 s ol x| t » * n+t
&= % qu X {7 . Observe that xT e L {6 ps W gh+l, TN s
* * 2 L, % #* £ n+4 £ n+l
and thus e & = H ((ps wly ¥ l» ooy Y )




EPRSS

£ 2 . e .
We now set out to establish that {( x°), (*yJ), {p; mlt is

a F.CJC.E.
: MR 5 A 7 S 1,
Properties of x” . We know that = maximizes [/ on the set
L 4 4 i mk G * ; L Ed % .
B (p, n)=1{z e¢q [ Lmk : p'xl < I BJJ&’J( p, m)} .. We wish to

T Jed

i1

: 7 T
show that in fact a0 maximizes on the set

S S SR S - TR e i T
B"={x e = px < LBH(p, w)}. Suppose not. Let x be

B Jed d - i

o
=
X
>
o

optimal in B . Define fxl = (1-t)x° + t*z* for t e (0,1) . For

e o
each such ¢t , Nl(‘xt) > I/"("x#") . But for ¢ close enough to O ,
G

& y G . £ 4 . . @
& would be in ( since b is in the interior of C“k , hence
m

& mk

- *
also in BY( p, m) , a contradiction.

~q

" ~ j !,7‘ . . . ’
Properties of *yJ . Each y maximizes profit on Y . By an argu-

* 7 . .
ment similar to the one used above for xr , we can establish that in

J

fact each hy maximizes profit on QJ + Y [recall that *yu is in

o~
e

the interior of (

C(mtq ) (k1) for each J 1.

*
(*p, ML s ' B.C.CLE.

: % g J
This shows that [( x )ieI’ (*JI)JEJ’ D

We have proved*
Theorem 2. Under our assumptions, an F.C.C.E. always exists.
Remarks. (L)Y At an F.C.C.E.

B 2o ) < el S nt ntl
(*) me( 5 Yyl = THU(Cp, n), g, L, Y
Jed 1el :

i.e. the salvage value of the left-over goods is equal to the total float.

*Our br&bf follows the outline of the proof of the existence of a C.E.
in Chapter 5 of [20], but with enough variations to warrant having written
1t in detail. Ward Whitt is responsible for any errors. We are greatly
indebted to him for a detailed midnight check of the proof.
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(2) It is easily verified that there is no F.C.C.E. with p > O
and ®"=60. I p=0, any FP.C.C.B. has *n = 0 and coincides with
a C.E., and conversely.

(3) Note that the e 1in our proof was arbitrary. Thus an F.C.C.E.
exists which has the left-over vector of m#+g goods in period k+1 in

any proportions that we may specify.

To describe the nonatomic version of the production and exchange
economy let {] tlie, C, 1} be the nonatomic measure space of agents,
where I Qd =¢ , u(I) >0, u(J) > 0 . We will use exactly the same
notation as in the previous section to denote the characteristics of the
agents, but with the added stipulation that they vary measurably. Thus
the production sets of the firms is given by a measurable mapping Y from

2 +q) (k+
J to subsets of R(m g) (k+1) . the shares of consumers by a measurable

function 6 : I x J - ul where 6(7,7) - 8; , etc. The symbols Bl(p,ﬂ) 5

3

AJ(p,n) 7 RJ((p,n), Yy) carry exactly the same meaning as before. An
F.C.C.E is then defined as in 4.1 with " £ " replaced by " [ "
i ;
At an F.C.C.E. {(= )ieI’ (yJ);EI, (p,m)} there are shadow prices
o e

\* for each i € I such that

1 7 T . ,
ax (U (y) + X\ [-p*y + [ 6.F (p,n)dul}
il T &

(7

5
is attained for Yy = x . Moreover, as shown in the appendix of [5],

:
the A may be picked measurably.




4.2. The Game with Production

We now proceed to construct the nonatomic game in strategic form
for the above model. The game will depend upon bankruptcy penalties

A2 I > Ql , and the salvage prices T € g » hence we will denote

it by FA " (M and p are fixed.)
3
The strategy set of ¢ € I is, as in 3.3., the vector (u%, b')
: T 1 7 mk el . .
with w € @ ; b e @ . The description of a strategy by firm

is rather more complicated. First, the firm must decide how much to bor-
row from the inside bank to bid on the m#+g trading posts in each period

before the market functions. This we denote simply by a vector

v e Q(m+g)k

(ruling out hoarding at N.E.'s as we did for the consumers).
But in addition, a strategy of firm J , also includes a plan for pro-
duction which tells him what to do for every possible situation that might
arise in the course of the economy. We can best represent this by a set

of functions ®M = (fi, ey fi) where

j M m+ +
fi R g D g X Qm g

: ‘7. — ’ " L
and, letting jt(y) = (y', y") , where y' ¢ (0(m+g)(t—1)’ Ys 0(k—t)(m+g))
+ Y]{1 Qm+g > y" <y' . Here y' is the output in period ¢+l given

n

the inputs Yy in period ¢ , and Y is the portion of the output that

r "

is held back by J (the remainder Yo=Yy being put up for sale).

6 3 | J
Thus a strategy of firm |, is the tuple (bJ, f}, ey fk) . Once all
the firms and consumers announce their strategies, the market mechanism
functions exactly as is described in Section 3.3, with the obvious changes.

See Figure 5. The revenue earned by the firm is determined as on page 37.

To describe the payoff to consumer 7 , however, we need to determine

e i

e
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the bankruptcy penalty levied on him. For this purpose note that <'s

net credit at the end is

nt = ..p-xt + [ 93.1?](([):")) I:']
~ of i

(Note that p depends upon the collection of all the consumers' and firms
strategies.) The payoff to 7 in the game is then defined to be

Ul(rl) + AL min [0, nlj . We wish to study the N.E.'s of FA q as (A,m)
’

' . fi :
varies. Define AC = {A € A : X 1is a choice of shadow prices at some

F
F.C.C.E. of the market . For any A € AC r  let HA = {m : m occurs

v

as a salvage price at some F.C.C.E. with shadow prices A} . Our main

result is

F
Theorem (3a). Suppose A € AA' s AL e AC , and 7 € HA' . Then for
any F.C.C.E. associated with A , there is an active N.E. of Fx & which
’

coincides with the F.C.C.E. No consumer goes bankrupt at this N.E.

Theorem (3b). Suppose there is an active N.E. of Fx . at which no con-

sumers go bankrupt. Then A € AA‘ for some A' € AC o Ch e Hx' , and

the N.E. coincides with an F.C.C.E. associated with X' .

The proof of (3b) is obvious, requiring only minor changes in the proof

of Proposition 2 in ([5].

5 7 i
Proof of Theorem (3a). Construct s and 8’ as follows (where

(ud) ¥ is the FL.CJC.Eu)t

5 i
{(E’n)’ (x )ie[’ AN~
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{p'xi - Rl({',ﬂ}}

z M
= + .

" . IJ M u(I)

z z
b N

th Eenen

g J J
by = Pp min [0, yth]

[
(y', y") where y' and y" are the produced and

. held-back outputs obtained from yJ 5 e b
fy) =<

/ minl0, i ol
‘5 o e h

L(0,0) otherwise

It is clear that this choice of strategies produces the prices p , the

3 7 . J
consumptions (& )icr , and the production (y )je’ . Also clearly

n =0 for all 7 ¢ I . That these strategies comprise an N.E. may be
verified exactly as '‘n the proof of Proposition 3 in [5].

Q.E.D.

For e 50l QYIRS [(psml, X] is associated with an F.€.C.B. 1f,

ik : :
and only if, [(Kp,m), EX] is. Suppose we restrain 7 to satisfy
m =1 . Then this degree of freedom is lost, and in the A-space, the
F .
set AU will no longer be a union of l-dimensional sets. We draw a pic-

ture again for an economy with two types of traders (compare with Figures

3 and 4).
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N\

A\

consists of the points

FIGURE 6
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Remarks. 1In the game A , 7m , p and M are specified exogenously [where

p is the set {pl, saep Pt 1. For the game to have am N.E.

]\,

ruptcy, there must be related by (*) and (**):

without bank-

(#) oM =T B (psy My oss 4 = way .
o, p , © are linked also to A as the proof shows even though this
is not implicit in (#). We can think of X , @n , p and as the con-

trol parameters that are specified by a government or outside agency.

The choice of these parameters determines how production and exchange takes

place, and in particular determines the vector of left-over goods. We

may imagine that in period k+1 the outside agency turns over this vector

. " g S
to the successive generation of agents. Thus the agency can, by its choice

of A, p, and M , guide the initial capital stock that is made avail-

able to each generation. The money m+y that it introduces at the end

of each generational cycle as salvage value is precisely the float [

which 1s recouped as the extra amount oM that goes into the outside bank.

This rivets our attention on the possibility of an invariant ini-

tial stock that is made available to each generation.

[19] that, supposing that the generations have identical size,

We will show in

tastes and

technology, there exists an initial stock which can remain invariant for

each generation if A , p and M are selected appropriately.

* n is indirectly determined by these according to

(#).




4

. i ; . . *
4.3. A Simple Example with Production

We modify the examples presented in 3.3 by introducing a produc-
tion technology. In particular we consider one type of firm which takes

as input an amount ». of the single consumer good and transmutes it

int o : 2

into an output o t41 where

(1) 2 = oV &
t+1 It

l: .
Let xt be the amount consumed by a trader of type <

Let Yy be the amount used by a typical firm. Then:
(2) g2, =x +y, .
Let a trader of type 7 own Gi% of the shares of the different firms.

As we are only looking closely at a position of equilibrium assum-
ing symmetric treatment of identical traders or firms we dispense with
using the extra identification needed to distinguish a specific trader
of type 7 or a specific firm. Concerning holding of shares we assume
that traders of the same type hold the same "market profile" of firms
of the same type.

The easiest model to consider is where the only endowment of a
trader of type ¢ is his supply of shares; 7 holds (0, 0, 0, O, 05)

to start with where the vector measures:

*For this example no attempt is made to use the same notion as has been
used for the general theorems. Furthermore the equation numbering re-
fers only to this section.




51

(consumer good; outside money, bank shares, inside money, |

firm shares).

The firms are assumed to be run by fiduciorus for the stockholders

| who each attempt to maximize profits for their stockholders. This may

{ also be interpreted as maximizing the present value of net worth.

Each firm owns its production function (which may be interpreted

as comprising the special worth of untraded or unaccounted for inputs

as well as unimputed organizational structure.

At the start each firm has (a, 0, 0, 0, 0) . We assume, for the
sake of simplicity that beyond its production function each firm owns the 1
supply of all resources available. It neither owns nor bids on outside

money and on the shares of the inside bank or upon shares of its own or

of other corporations. Thus we may keep track of the firm via two num-
bers (gt, wt) its current supply of consumer good and current wealth
net of its inventories, where gt is its inventories and W, is wealth.

Let = the futures salvage price per unit of the consumer-

"k+1

producer good remaining at period k+1 after all trade has ceased.

4.3.1. The Modified C.E.

A typical firm attempts to maximize:

‘ (3) 'f~*-+]§(*~ ST SN A
s s e B e P eiglen k k1 k+1

subject to zf = a/yt g3

and its cash flow constraints. Where Fk is the cost of the float to

A
the firm and the p  are futures prices.




A consumer of type <{ attempts to maximize

k -
(4) £ 85 tog o
t=1 Z
subject to:
Bt ol
(5) (0R ~ % p"xl - FL) = 0

In this simple example if the firm does not have to sell all of
its output it will incur no float cost as it will finance its production
from inventories. This is not true if we assumed "sell all" or if pro-
duction involved firms buying from firms.
(a) The hold back model

In particular let us consider the case where g = 1/2 , a = 76.594

then there will be a stationary solution as follows:

1 2
M= 1,160 , @ = 1711 , 8

}

10/41 , @ = 1,100

z=1,466=, z = 1,100 , g=366§
k
5 o o pt=E 3 : _ 38
P = 0, p, = B fors = e siey R oy Teel = 1-8
k
: 1 -8 1,100 K
6 e f,100f 22b. §g featd
(6) °O<1-s> L B

A consumer of type 1 obtains FA/11 and of type 2 obtains 10//11
Thus for a consumer of type 1 we have that his budget constraint

gives:

o SEPep—

DBl s



: 1000f1 - g1 100 &
N T+c V1-8 | 1-p P

and
= S R
(8) &% Te ¢ -t T Ju0e
or
k k
(9) I%E‘= ‘“—§‘7;“ or p = ’—ji“jz
=g 1-28

for B =1/2 amd k=2 , p=1/2 and as k > , p +0
(b) The sell all model

This model has a float for the firm and the need for covering the
short term financing will change the production policy of the firm. 1In
particular the stationary state maximization for the firm will be given

by calculating the stationary values of jy that maximizes

(10) Bay _
1+p ¥

2
1100/3(1+p)2 , =z = 4400/3(14p)° , and

hence, in this case: Yy

]

2
%= 1100/(14p)° and 7 = 3 /(1-8) (1+0)° .

In this simple model we observe that for Kk periods

13
(11) p=—L—
1 - 28
and as Kk »» , p > 0 and the sell all and hold back models give the

same outcomes.

. ETURE T W T e -

——__e

w .

A
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e . s

4.3.2. The Noncooperative Game
The Sell All Model
The maximization for the firms is as before in 4.3.1. However

the consumer faces a more complicated payoff

: k ’ ¢
: t-1 p 3
(12) Ut = 1 8" log 2¥ + A* minto, n¥)
t=1 -
where
. ) k i
T _ 4t S_
(13) n =60R - tflptxt - Fk + {F - 05} + "k+lzk+1

where Fé is the total float, § the value of the total number of shares
in the inside bank and ¢ the outside money rate of interest.
This gives us the same solution as in 4.3.1 with the additional

condition that we have on equation linking inside and outside rates of

interest. 1In particular

(14) F, =

In this instance all outside money will be spent on bank shares hence

S5=M., Or

1 -
(15) £ 2200 < B> of .
LT

In this example M = 1100 hence

pyTe 1 {} - B i} }
3(1+p)2 S i




5. COMMENTS AND OPEN PROBLEMS

5.1. The Infinite Horizon

In 4.3 we illustrated an example in which as the horizon k be-
comes longer the money rate of interest approaches zero as does the future
price of the capital goods left over for salvage. This is a result which

will hold for any model with a "natural time discount" of the type

e
(9}

k31 1
LB p(r‘) g

i

g
Although utility functions with a time discount has been used in
some growth models [15], Ramsey in his seminal paper [16] chose not to
consider this restriction. This avoidance of an easy way of bounding
an infinite series of payoffs does not prevent us from considering models
with an indefinite horizon which can nevertheless be analyzed. In par-
ticular when we consider stationary states we can consider economies in
which the payoff per period is bounded rather than the total payoff.

Once we try to consider models of economies with infinite horizons
several basic problems in the formulation of growth models must be dealt

with. They concern conservation of matter and energy; the meaning of

free disposal and unappropriated resources and the possibility of modelling

successive generations of indivicduals in a model of this type following
through the type of modelling suggested by Samuelson in his "Pure Con-
sumption Loan" model (17, 18]. 1In a subsequent paper on "Growth in a
Finite Universe" [19] we arque that it is reasonable to model both pro-
duction and consumption as activities, to introduce a device for at least
symbolically appropriating al/l resources and to dispose with the free

disposal assumption. Under these circumstances we conjecture, but have

not yet proved rigorously, that it is possible to sustain a stationary
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state with a positive money rate of interest over the indefinite horizon.

The problem we face in sustaining a positive money rate of interest
appears to be intimately related with the mechanism whereby one generation
passes resources on to the next, i.e., the "bequest" or "inheritance" prob-
lem.

A monetary system can be designed to be "cash consuming" so that
at the end of # periods all are indebted to the banking system for the
financing of the float. This debt can be removed by the pro forma trans-
action of equating it to the worth of the remaining capital stock. We
might then imagine that if the economy continues to function beyond K
periods (say with a new generation); the referee hands out the capital
stock in some manner to the next generation. This convention is not as
arbitrary or far fetched as it may seem at first sight. In particular in
a centralized state, or in a state without exogenous uncertainty which
feels that growth policy is a public not an individual decision, the pro-
position that an individual should die with a net worth of zero is reason-
able.

If however, we require specific individual motivation to lead to
the survival and growth of future generations we need the present gener-
ation to have both the desire and the resources to provide the capital
stock for the next generation.

The conditions on motivation appear to call for an explicit inclu-
sion among the preferences of the present generation, the desires to leave
an inheritance.

In order to ensure that the present generation owns the resources

it wants to pass on we might wish to offset the cash consumption that ap-

peared as a property of the models in 3.4 and the first model in 3.6.




i

S

There are at least two ways to achieve this, the first is indicated in

the second model of 3.6, i.e. unrestricted inside credit with bank shares
held by the traders. The second way involves having both an outside and
inside bank, as in 3.4. , but the cash flow drain to the banking system

can be offset by the introduction of interest paying bonds which are held

by the traders. These models are considered further in a subsequent paper

{27

5.2. Institutions, Tastes and Technology

We have taken institutions, tastes and technology as given and
fixed in all of the models discussed here. The mechanisms of change for
these items are essentially exogenous to those models. Furthermore it
should be noted that because implicit in this formulation is the propo-
sition that tastes, technology and other aspects of organization can neither
be created nor destroyed, then there is no need to attach accounting values
to them; as they merely represent a constant added at the start and sub-
tracted at the end. Thus the books always can be made to balance. Looked
at this way the value of a firm as an entity over and above its mere sum

of assets is accounted for by a "goodwill” entry that remains constant

over time.

5.38. Concluding Remarks

There are a host of problems that we have not even bequn to answer,
yet which are directly relevant and related to this type of model. In
particular exogenous uncertainty plays no role in our work (although en-
dogenous uncertainty is implicit in the formulation of the model as a

game ) .
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Our bankruptcy conditions are levied at the end. A more reason-
able condition is to have intermediate settlement dates. This point also
ties in with the treatment of the length of life of the individual as con-
trasted with the species and with the role of bequests and inheritances.

The models we have presented do not have competitive banking or j
changes in the outside money supply. We conjecture that as the rate of
interest and the quantity of money over the appropriate ranges must be
dual variables that it is unlikely that a competitive system can be de-
signed which produces both endogenously for an economy during a period

of growth. We note that we have not modelled bank reserves and our cen-

tral bank and private bank descriptions are rudimentary.

Details concerning the effects of the trading of corporate and
bank shares appear to make no difference to the model without exogenous
uncertainty. Furthermore neither does the difference in lengch between
production and consumption processes.

It is not difficult to create many different patterns of float
depending somewhat upon the depth of trade and production (i.e. the amount
of intra-industry trade required for a unit of final sales). Furthermore,
at least part of the float can be regarded as being generated by strate-
gic variables. Thus "living off the float and checkkiting can be modelled.”

Given the way our model has been set up the velocity of money appears

to be fixed at one. This feature is fundamentally an artifact of the

exchange technology (or mechanisms) and can be modelled otherwise.
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