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ABSTRACT*

Opening, shearing and combined mode fracture tests were conducted

with long rectangular strips of plexiglas clamped on the long edges and

containing centered and off—centered cracks. The critical stress inten-

sity factors, crack initiation angles, and crack paths were evaluated.

Fractured surfaces were then examined as to crack behavior. The maximum

energy release rate criterion was extended to problems with a large

degree of shearing mode present. This criterion was then used to predict

successfully the initial and subsequent crack propagation behavior pre-

sented in the experimental work. Crack arrest was examined for this

rigid grip configuration. Using in part information obtained from these

studies , a flexible fiber model was investigated to determine the effect

of fiber bending on crack behavior. Certain aspects of crack growth and

arrest in these idealized fiber models were explored.

4

*This report is based on a dissertation submitted to the Graduate College
of Texas A&M University in partial fulfillment of the requirements for
the degree of Doctor of Philosophy in Interdisciplinary Engineering. The
author is now at Haliburton Services, Duncan, Oklahoma.
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INTRODUCTION

In recen t years , there has been an increased interest in the use

of composi te ma terials, though the idea of a composite or multi—

phase material is centuries old [ljJ . There are two general groups

of composite materials , par ticulate and fibrous , depending on the

form of the added material [2]. This discussion will be limited to

fibrous composites, consisting of sti f f , approxima tely parallel f ibers

in a softer matrix material, as in Figure 1. The result is an efficient

structural material. Current research is leading to the use of

unusually strong, high modulus fibers of various materials with

pol ymeric , ceramic , or metallic matrices , with resultant high strength—

to—weight characteristics [3,4]. The most commonly used structural coin—

posite , however , consists of graphi te or glass fibers in an epoxy matrix.

These cons tituen t ma terials are usually considered to exhibit

linear elastic behavior; however , the matrix and composite may

exhibit a significant amount of time and temperature dependent

• 
mechanical behavior in many applications . To Insure safe structural

use of these materials , the elas tic behavior mus t be examined , then

extensions to viscoelasticity made . Much research on polymeri c

composites has been done in this manner [4,5].

Researchers have also found that polymeric composites are

4 nonlinearly viscoelastic . Tsai et al. [4], Lou and Schapery [6].

Ashton [7], and Schapery et al. [8] have shown these composites are not

linear except at very small stress levels, which may be below struc-

tural design limits. Studies with fibrous composites indicate that

• .• - ~~1 ~~~~ 4~;l
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Figure 1. Fibrous composite , HT—S/ERIA 2256 (300x) .
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a sizable por tion o f this nonlineari ty is due to internal crack growth

within the matrix or fiber/matrix interface [6,8,9]. This nonlinearity

due to crack growth Is significant , par ticularly during the first one

or two cycles of loading and unloading of the structure , where a

significant amount of irreversible damage occurs. However , excep t at

high stresses or temperature , after these initial cycles the response

does not change , probably indicat ing some sort of crack arrest [6,10,11].

The majority of the cracks originate as microscopic flaws in the

matrix material resulting from the manufacturing of the composite

structure [12—15]. Upon loading these defects cause stress concentra-

tions, inducing crack initiation and growth. These cracks then pro—

pagate under load (even below catastrophic levels) in the matrix

through various mechanisms [16—18].

The nature of crack propagation in the matrix is very complex.

Geometrically, the micro~ rack in the matrix is at some angle to the

surrounding fibers which are also at some other angle to the applied

loading. The problem of a crack in a low modulus material surrounded

by a much stiffer it~ r~ al (microcrack in the matrix of an advanced

composite) has been investigated theoretically [18—21] . This research

has shown that either the arbitrary crack propagates toward the

stiffer material, causing the stress intensity factor to drop , for cing
a

the crack to slow or arrest , or the crack may actually propagate

toward the center of the matrix and then parallel to the fibers.

~~ dire ction of the fibers relative to an aoplied tensile load

m
~

y have a significant affect on the  tendency  f o r  microerack arrest

wh ether or not the crack is parallel to the fibers : indeed , as we wil l

• s • ‘
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show a crack which is initially aligned with the fibers could turn into

the fibers wi th subsequent arrest if the shear stress along the f iber

direction falls within a certain range .

Resea:chers have presented another poss ible mechanism of crack

arrest , prevalent even with cracks parallel to the f ibers .  Fiber

bending may cause cracks to then “skip” across the f iber and continue

propagation in the same plane as the original crack [8,22 ,23] forming

a crack arrest—growth mechanism .

The engineering theories of fracture mechanics can be used to

investigate the nature of the crack arrest mechanisms on a micro—

structural scale in composite materials. The work presented here

star ts with a rev iew of the classical theory of fracture for a crack

at an arbitrary orientation relative to the applied loads. Experi-

mental data are then presented for a geometry similar to a cracked

ma trix surrounded by perfec tly rigid fibers. Fracture mechanics ,

exper imen tal data , and fractography data are compared. A cracked—

composi te model Is then examined through a frac ture mechanics approach

to investigate some of the effects of fiber deformation in fibrous

composite materials .
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H
REVIEW OF SOME ASPECTS OF FRACTURE MECHANICS

Gene ral Development

The study of cracks , whether large or small, and their affect on

s t ruc tu ra l  or mater ia l  behavior is general ly  en t i tl ed  f r ac tu re  mechanics.

Fracture mechanics is often studied assuming linear elastic behavior , 4

neglecting, for example , the nonl inear  effects occurring in a small region

about the crack tip. However , there are many investigations which treat

plasticit y and viscoelastic effects [e.g. 24, 25].

The formal  stud y of f r ac tu re  mechanics s tar ted w i t h  G r i f f i t h  [ 2 6 ] .

He used a linear , elastic stress solution provided by Ing lis [271

for  a f l a t  p late under u n i f o r m  tension with an e l l ipt ical  hole , which

was then degenerated into a crack . Without using the near tip stress

field directly , Griffith devised an energy—rate analysis for the pre-

diction of ini t iation of crack growth in brittle materials. Not until

Sneddon were the stress—field expansions for the crack tips analyzed

[28]. The general app licability of these field equations were recog-

nized later by Irwin [29 ,30] and l’~illiams [31], and expanded to a

general form for the isotroti c c lastic body.

Using the methods of Westergaard [32], Irwin [33] derived three

sets of equat ions describing th ree  basic types of di sp lacement f i e lds

as shown in Figure 2. The opening mode is associated with a local

a

di splacement in whi ch the crack s u r f a c e s  move d i r e c t l y  apart , normal

to the x— z p lane . The an t i—symmetr ic  or sliding mode is characteri zed

by disp lacements in which the crack surfaces slide over one another

perpendicular  to the leading ed ge of the crack . The th i rd  mode , skew

symmetric or tcriring, is described by the crack surfaces moving past one

.4 .‘ ~~~~~~~~ ~ i ,

~; ~~~~~~~~~~~~~~
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(c) (d)

Figure 2. Three modes of crack surface displacements ,

a (a) crack in stress free body ,  (b) crack in the

opening mode , (c) crack in the anti—symmetric mode ,

(d) crack in the skew—symmetric mode [13].
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another parallel to the leading edge of the crack . Irwin ’s equations

for the local stresses and di splacements (wi th  r ,O the local polar

coordinates in the x—y plane) are:

Mode I

= 

K
1 cos (1 — sin -~~
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2 2 2
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Mode II
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Each of these equations contains only the first term of an expansion

about the crack ti p and is exact as r approaches zero. Since it has

been generally believed and shown by others [34] that the region about

the crack tip is in a state of plane strain, the first two sets of

equations are written for this case.

The K ’s in the above equations are parameters called stress

intensity factors. As these factors are not dependent on the local

coordinates (r,O), they control the intensity of the stress field ,

not the shape of i t .  These factors  depend on the magnitude of the

applied forces and the geometry of the body containing the crack, or

cracks , including crack size [35 , 36] .  Their values can be calculated

from analyses that are either three-dimensional , plane stress or plane

strain, depending on the problem being considered. This leads to confu-

sion since the crack tip region is considered to be in plane strain

[34, 37]. This paradox is due to the attempt to investigate a

locally three—dimensional problem using two—dimensional concepts. Since

these parameters are functions of the applied loads , their values at

failure are considered as “critical” stress intensity factors. These

values then can be determi ned by experiments. Since the inception of

the stress—intensity factor approach , many geometries have been

analyzed [e.g., see 37,38]. Due to limitations of analytical tech-

niques , only relatively simple geometries have been analyzed.

Numerical Analysis in Fracture Mechanics

Cracked structures rarely have simple crack geometries. This

has lead to an increased amount of research in the area of numerical

• technique s needed to analyze cracked bodies. Boundary collocation

• ~ - 7
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schemes and f i n i t e  element methods have been the major approaches.

The boundary collocation technique will be discussed first.

This technique starts with a stress function which is used to descri be

the stresses throughout a cracked body and satifies the boundary

conditions at d iscrete points. This procedure offers some advantages

over other methods such as little data preparation, great accuracy,

and a smaller number of equations to be solved [39,40]. The colloca-

tion technique does nor have the flexibility of other methods in that

of allowing curved cracks, complex external boundaries and complicated

loadi ng condit ions.

Due to i ts  flexibility, the finite element method has been used

extensively in fracture analysis. The finite element method itself

• is well documented and will not be discussed here [41]. However ,

a brief review of the various approaches to fracture mechanics with

the use of fini te elements will be presented .

One approach is called the di splacement method . Displacements

are obtained from a model with a coarse outer grid and a very fine

grid near the crack tip. By using the calculated nodal displacements

along the crack face and the di splacement equations about a crack tip,

described previously, a stress intensity factor can be estimated from

each nodal point. Since the displacements are not exact , a curve of
a

estimated K ’s versus the location of the nodal point w i t h  respect to

the crack tip is obtained , rather than a single value for K. Charm

et al. [42] have found that the curve appeared to he linear

some distance from the crack tip, the distance decreasing with

in creased grid refinement. A tangential extrapolation on the curve

• 

•,.
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to the crack tip was used to estimate K. The answers obtai ned in

this manner can be reasonably accurate (<5% error) but only with

very refined meshes (elements on tile order of element area/crack

length squared , (3.2 x 10
6
) [42]. Obviously, this method is net

very precise in execution and very costly by requiring such fine

meshes.

Others [43,44] have added higher order terms to the local crack

tip displacement equations with some success. Using the logic that

as the calculated displacements increase in accuracy and the local

displacement equations decrease in accuracy as one moves from the

crack tip, a suitable compromise might be achieved. Plotting as

before , a maximum K can be found and can also be fairly accurate

(<5% error). Mesh refinement is still a problem as is the preciseness

of execution .

A novel approach, also using displacements , has recently been

proposed [45]. This method is based on using the calculated nodal

displacements to plot the deformed shape of the crack and compare it

to the ellipse predicted by an elastic fracture mechanics analysis for

an elliptical crack . This method is also limited in requiring some

mesh refinement and is only applicable to opening mode cracks.

An approach similar to the di splacement method is based on using

calculated stresses. The stresses can be handled as were the displace—
L.

ments , by comparing with the stress singularity equations [42]. Since

stresses are less accurate than displacements for codes using the

method of direct s t i f f n e s s, this approach suffers an addi t ional source

of error [46]. This method and the di splacement method , however, are

• 
, ..‘ ..
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theoretically applicable to three dimensional problems .

Another approach using conventional finite element codes employs

line integrals such as ~ices ’ s .1 in tegral  [471. This li ne in tegra l  t s

ds) (4)
V

where ~ is an arbitrary contour surrounding the crack t ip ,  W is the

strain energy density,  Ti 
are the surface tractions , the are the

di splacements, and ds is an element of the arc length along ~ . This

expression can also be related to the stress intensi ty factors for

p lane strain problems by

J = (1 - v
2)(K

1
2 
+ K11

2)/E (5)

where E is Young’s modulus. This approach does not require as fine

a mesh as the previous methods, but the contour must be adjusted to

minimize the error [46]. The integral is theoretically independent

of contour path but is path dependent in practice. The method also

suffers in that only one mode of fracture can be analyzed at one time,

and the crack surfaces can not be loaded [43,48,49].

Another contour integral has been developed which can solve

combined 1~bde I and II problems (where both K1 and K11 are calculated),4
even for anisotropic solids [50]. Using a form of Betti ’s reciprocal

work relation and comparing contours, a path independent integral can

be derived that is fairly accurate.

A d i f f e r e n t  approach to f rac ture  problems using f ini te elements is

based on the strain energy release rate , G , where
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G = 4 ~-~ (6)

which is the change in s t ra in  energy dW for a change in crack surface

area dA. This quant i ty  can be related to other common terms as

G = J = (l-v 2 ) ( K 1
2 
+ K11

2 )/ E  (7)

for plane strain and more generally as [30]

= (l-v
2) (K

1
2 
+ K

11
2 +
(~~~)

)/E (8)

By obtaining two finite element solutions of the same body with two

slightly different crack lengths, G can be calculated. This method

has been sucessfully developed and used by many researchers [51—54].

Good accuracy may be realized with course meshes. This is due to the

accuracy of the finite element method in calculating strain energy and

the cancelling of errors when taking the difference in strain energy

for two different lengths of colinear cracks. In order for the errors

to cancel , the local mesh must be identical for both problems . As with

the J—integral , this approach permits the determination of individual

stress intensity factors when only I.’llO mode exists.

Another strain energy approach is to relate it to the rate of

change of structural compliance , C , or the inverse spring constant ,

with crack extension [55]:

...P
2
dC (9)

where P is the app lied load. Pook and Dixon [55] calculated the comp li—

ance of a cracked body for a number of crack lengths by the use of finite

• . - - . .-
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element codes and then used (9) to calculate C . This approach is

comparable to the previous one, but the strain energy is now calcu—

lated as one—half  the summation of the product of applied forces  t imes

thei r respective change in displacements.  The accuracy Is good , but ,

again , only one mode at a time can be analyzed for K.

Since the form of the elastic crack t ip s ingulari ty is known

through equations (1-3), special crack tip elements may be constructed

which have the singularity condition built into the local displace-

ment pattern . Use of such an element eliminates a need for fine meshes

near the crack tip and avoids the questionable convergence of the

finite element method at the crack tip. There are many such methods

presented in the literature and they can be divided into special ele-

ments surrounding the crack tip, special elements connecting at the

crack tip, or modi fied conventional elemencs.

The elements of the first type were developed initially by Wilson

[56] and by Hilton [57], where displacements generated from William ’s

displacement equations [311 were used as boundary conditions for con-

ventional elements. These fracture elements which are circular ,

contain a centered crack tip extending radially to the outer edge .

Wilson ’s element is for Mode III problems and Hilton’s for Mode I.

The displacements in the elements are exact as r-~O , thus a balance
a

must be achieved between the abi l it i e s  of the special elements and

conventional elements to model the overall displacement field .

Wilson extended his work to plane problems [46,58] including higher

orde r terms in the displacement equations , with some improvement in

accuracy.  Byskov [591 has a simi lar t r iangular  element based on

- . ~~1~
--

~~~~~~~~.’

2
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di splacements derived from the complex stress function of Muskhellshvili .

In all the above elements , there is no compatibility between the

singularity elements and conventional  elements along their common

sides. Wilson ’ s C L  ~nt can have an increasing number of conventional

elements , leadin~ to a seudo—convergence , bu t  Byskov ’s element is

coupled w i t h  only Three  cons tan t  s t r a in t r i a n g u l a r  elements  [46 1.

Others have also developed similar app roaches using multiple special

regions [60 ,61] .

Tong et al. [ 6 2 ]  have derived a crack tip element based on

the hybrid element concept that is compatible with conventional

elements [631. Using assumed stress distributions based on the r
l
~
’2

type stress field , a s t i f f n e s s  matr ix  was derived for an octagonal

element (may be r ec t angu la r ) .  Linear  displacement  is assumed at the

boundary so that  the resultin g displacements will then be compatible

with the disp lacements from conventional elements at their common sides.

Due to the nature of the derivation , the stress intensity factors are

an immediate result. Th is € L enic n t , for Mode I and II , is readi ly used

with coarse mc~~lcs and is easily implemented with other firite

eleme ’ t codes [ 6 4 ] .  Others  ha~ie also imp lemented similar  procedures

to derive other  c l e m e nt s  [65 , 66 ] .

Researchers have also developed triangular elements connecting

at the crack tip, notably Wilson [58) and Tracey [671. These elements

have ~. series of triangles centered at a crack tip much like a cut

up pie. In Wilson ’s formulation, the displacements vary linearly

with respect to the angle about the crack tip and are proportional

to the square root of the radius. Displacement is continuous at the

, 
-
~~~~~~~~~~~~~~: ‘
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interface of the crack elements hut are continuous with the conventional

elements at o nly  t~ e nodes. This lack of compatibility occurs because

the di splacements on the radial side of the crack tip element do not

vary in the same way as with conventional elements. As more elements

are used in the overall singular crack tip element , the displacement

over the radial edge of the element approaches a linear relation and

continuity with surrounding elements is approached. Tracey ’s element

allows the displacements to vary linearly at the radial edge assuring

c o n t i n u i ty  with the convent ional  elements .  Nei ther formulation is

easily implemented .

The third approach to modeling stress singulari ties is to modi f y

ex is t ing  f i n i t e  elements  close to the crack tip.  A recent method

utilizes quad ratic isoparametric elements. The modified element ’s

midside node s on the sides near the crack t ip  are moved to the q uar ter

points  uear the crack t ip  [68— 70 1.  The moving of the node causes a

—1/ ’s ingu la r i ty  in the form of r at the crack tip node for strains ,

thus a special element is formed. E i t h e r  the strain energy release

method or the displacement technique can then be used to calculate

the stress intensity factors. This method seems to be easily used

and fairly accurate , but is not qui te as good as hybri d elements [671.

Three dimensional possibilities are also be!ng investigated [71).

There are also a large number of other mod i f i ed  fini te element

techniques. Some are based on Buekner ’s weighting functions [72,73],

others use transition functions [74j, substructuring techniques

[75 ,76], or elements with artificiall y low moduli [771. Plasticity

effects have been considered [57,78] and anisotropic fracture is
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being investigated by finite element techniq ues 179—81].

The previous discussion covered the analysis of stationary cracks.

Also of great in te res t  is the criteri on for initiation of crack growth

and the d i rec t ion  of p ropagat ion .

Mixed Mode Fracture Mechanics

According to Griffith , “the crack will grow in the direction along

which the elastic energy release per unit crack extension will be

maximum and the crack will start to grow when this energy reaches to

a critical value” [82]. At first , analytical complexities prevented

the analysis of non—colinear crack extension problems , so only simple

Mode I problems were investigated. Since real structural problems

often involve comb inations of two or three modes, one must be able to

account for the situation in which the crack growth di rection is not

in the original plane of the crack . A summary of the various mixed

mode criteria will be presented here .

One of the first studies in this area was conducted by Erdogan and

Sih [821 in the investigation of non—colinear crack growth in two—

dimensional geometries. The i’ivestigation supported a criterion stating

that:

1) Crack extension starts at its tip in a radial direction

2) Crack extension starts in a plane perpendicular to the direc-

tion of greatest local tension.

Using the singular portion of the equa t i ons  descr ibed ear l ier  for  the

stresses at a crack tip, but in polar coordinates,
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where r is f ac to red  out of the equat ion . This resul ts  in

cos -~
- [K1 sinO + K11 (3co~ 0 — 1) ]  = 0 (12)

which gives

and

4 sin 0 + 
~~~~~ 

cos 0 -1) = 0 (13)

as solutions. The first solution corresponds to the free surface condi—

tions of the crack and is discarded ; (13) yields the maximum o~~ Know—

lag the p a r t i l - I 1 .u  stress intensity factors of the problems , prior to

growth , the crack traiectory can be determined. Thit, cri terion was
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compared to experiments conducted with plexiglas sheets with various

crack geometries and loading conditions . Most widely used was a large

sheet containing a centered crack inclined to the uniform tension at

the edge of the sheet.  The resul ts  compared f a i r l y well wi th  the

trajectory criteria , allowing for the large amount of data scatter.

An important comment was made [81] in that the greatest energy release

occurs when the crack propagates approximately perpendicular to the

direc t ion  of maximum tension , i n d i c a t i n g  another possible criterion.

The same problem was reinvestigated by 1 .G.  Williams and P .D.

Ewing [83] with a slightly imp roved criterion . Inclusion of the next

higher order term in the equation for o~~ improved correlation with

the previous expe rimental evidence and also with new data gathered by

the investigators . Again a large amount of data scatter was present

and the same inclined crack geometry with plexiglas was tested . A

correction was made by Finnie and S~.ith [841 to the equations Williams

and Ewing used which also improve d correlation with data. The added

term approach has forced the necessity of evaluating the expressions

at a certain criti cal value of the radial distance from the tip ,  r ,

w h i l e  p reviously r had been fac t o r t - I  out as in equation (11). The

value of r is then  ad jus t ed  to fit experimental data. In further

comments . Willi ams and Ewing po in ted  out that  eve n hi gher orde r terms
a

may be needed for  bending exper iments  [85] .  This was fol lowed up with

tension and bending tests with inclined edge cracks and comparison with

the higher orde r term approach met with some success [86]. For com—

r’leteness , Sih and Kip p [87] conducted an analysis examining the stresses

found  f rom the exact  so lu t ion  computed from a degenerate elliptical

• 
-
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cavity. The use of these equations is also dependent on evaluat ion

with a certain value of r. This criterion compared with experimental

data  w i t h  about the  same success as the  previous s tudies  [ 87 ] .  Some

of these maximum stress c r i t e r i a  are presented in F igu re  3 fo r  on ly

one va lue  of r .

A minimum s train energy c r i t e ri o n  has been pr oposed by Sih

[ 8 7— 9 0 ] .  The work is an extension of some ideas presented earlier

[82 1.  The change in strain energy density w i t h  polar ang le at the

crack t ip was derived as a homogeneous quadra t i c  form of K1 and K
11

.

This new cr i ter ion is specified as follows :

1) The cra& wi l l  propagate in the di rec t ion  of minimum strain

energy dL .msi ty  at the crack t ip

2) The onset of grow th will be control led b y a crit ical value

of the minimum strain energy densi ty.

Using onl y the singular por t ion  of the stress equations (1—3),

the s t ra in  energy densi ty of a i n f i n i t e s i m a l  cube is calculated ,

resul t ing  in:

= 2 (a 11 K 1
2 + 2 a12 

K
1
K
11 

+ a
22 

K11
2 

+ a
33 

K
111

2
) (14)

where the c o e f f i c i e n t s  a1. are f un c t i o n s  of the polar angle about the

crack t ip ,  Young ’s modulus and Poisson ’ s rat io . This three dimensional
I

criterion Is written as:

S = ~~ 
(a

11 K1
2 + 2 a12 K1K11 

+ a22 K11
2 + a

33 
K111

2
) (15)

where S is proportional to the strain energy density. This equation

is examined ta f ind  i t s  minimum w i t h  respect to the polar  angle and the

~~~~ 
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va lue  of the  angle  p r o d u c i n g  the m i n i m u m  Is the di rection of propagat ion .

Thi s c r i t e r i o n  has been compare d w i t h  experimental evidence In

t en s ion  and compression [86 ,90-92] and has been found to have little

improvement over the previous maximum stress approach. The S criterion

has been ques t ioned for  i t s  dependence on Poisson ’ s r a t i o , v;  it has

f a i l e d  to predict accurately crack growth direction in cross—rolled

beryllium where the value of Poisson ’ s ra t io  approached zero [91].

in t h i s  case , the maximum stress c r i t e r i o n  was si g n i f i c a n t l y  b e t t e r .

The minimum s t r a in  energy d e n s i t y  c r i t e r ion  has also shown poor correla-

t i o n  w i t h  cone f r a c t u r e s  in fused silica where the mate r ia l  is nearly

incompressible (v .5) [92]. It also has not bee n proven that  the criti-

cal value of S is a material constant as it should be [90].

In order to improve the corre lation with data , a more general

and physically realistic model has been proposed by Sih [87 ,89 ,931 .
N

The crack is approximated by a narrow ell ipse.  The exact  energy

de n s i t y  based on l inear  e last ic  theory is ca lcula ted  w i t h  the

complete series expansion of the stresses about the ellipse crack tip

[8 7 ] .  This modi fied c r i te r ion  is then dependent  upon the radius  of

curvature  of the e l l ipse, —
, and the distance from the crack tip at which

the modified S is evaluated . Sih explains tha t  th is  c r i t ic a l  value of r

de pends on the crack geometry and loading [89] .  By a d j u s t i n g  P and r,

Sih has demonstrated improved correlation with data [87,921.

Francis and Ko [94] have examined the minimum strain en~’rgy den—

sity criterion in terms of the stresses about an elliptical crack.

They deri ved three forms based on the use of plane strain , plane stress ,

and deviatoric plane stress equations. As shown in Figure 4, for one

I
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value of Poisson’s ratio , there is some difference between the various

form~-; of the S criterion .

Another approach to the combined mode problem is to go back to

Griffith ’s quote given earlier and to analyze the energy release as a

crack grows a very small amount. Two investigations have been made

using the advanced analytical tools developed since Griffith to examine

the combine d Mode I and II problem. Hussain et al. [95] s tar ted w i t h

a line crack which has an angular extension at one end . Conside ring a

vir tual  growth of this extension and using the J—integra l  [47 1 and

equa t ing  the i n t eg ra l  to s t r a in  energy release ra te , a maximum of the

release was found with respect to the angle of the extension . The

authors use various analy t ica l  technique s , such as mapping funct ions ,

comp lex potent ia ls  and limi t procedures .

Due to some questionable assumptions and failure to conform with

the  known stress and di splacement f ie lds  in the l imi t  of a strai ght

crack that were pointed out by Knauss and Palani swatny [92], an improved

anal ysis was conducted in [ 9 2 ] .  Using a complex po ten t ial  for  the stress

analys is  of a crack , and a crack wi th  various ang led increments at one

end , the strain energies of various configurations were evaluated .

Then the release rate  was calculated and a maximum found w i t h  re spect

a to the ang le. The length and angle of the increments were varied to

find the maximum . This analysis was correlated with experimental

evi dence with a good deal of agreement [921; however , the length of the

increment had to he adjusted to fit the data. The physical basis for

using other than a vanishingly small amount of crack growth is not

clear .  The an a ly s i s  was not ca r r ied  out for  the total  range of the
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problem, leaving undone the important case where shear predominates

in the combined problem ; see Figure 19. These max i.mum energy release

criteria are compared in Figure 5.

Other  researchers have used f i n i t e  element codes to examine the

combined mode problem. These have followed the maximum strai n energy

release ra te  and maximum stress c r i t er ia  for  plane fracture problems .

Coughlan and Bar r anal yzed the infinite sheet—incl ined crack problem

using the energy release criterion (96 1 and found results that fall

between the maximum stress criterion and the strain energy density

criterion . As seen in Figure ~ the results agree well with the

maximum energy release rate criterion in some portions of the plot.

U n f o r t u n a t e l y ,  the fi n i te  e lement  anal ysis  was also not followed

through in problems where large amounts of shear are present. Marinshaw

and Lindsey [97] performed an investigation of the edge—notched biaxial

strip with experiments with solid rocket propellant and case liner
S-S

materials. Predictions were made of the crack angle using a finite

element code to calculate the maximum normal stresses about the crack

tip . Incorrect T ron a1~attan angles were predicted by the classical

sharp tip solutions of linear thi-~~rv and finite elements , due at least

in part to the blunt nature of the actual tip. Use of an arti ficially

blunt crack tip in the finite element analysis p roduced a favorable

correlation . it may be con]ec tur ed  t ha t  stress equat ions  for  ellipses

could provide eq ually good correlation. Helen and Blackburn [98] have

also conducted a finite element investi gation using the energy release

ra te method . Their results are very poor for cases where shear is more

signi ficant than tension [981.
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Other anal yses are being proposed fo r  mixed mode f r a c t u r e  mechan ics .

l~i l by  and Cardew have [99 1 de veloped a theory comparing the stress

intensity factors at both the initial crack tip and the incremented

crack tip by means of quadratures [100]. This three—dimensional

formulation compare s well in the two dimensional case with certain

experimental  data [ 9 9 ] .  Morozov and Fr idman [101] have made a suggestion

that cracks generate and propagate along a geodesic line (shortest

distance between two points on a surface) passing through the point

of initiation. An approximate variational scheme was proposed based

on the  mi nimizat ion of the d i f f e rence between the  sur face energy and

the s t ra in  energy of the  body . Lindsay [ 102] has proposed a hy b r id

cr i ter ion using the crack growth o r i e n t a t i o n  as found f r o m  the maximum

stress criterion and a failure law based on the stress invariants near

the crack tip .

On the basis of the l i te r a t u r e  r 5 - v i e w , it i s  t h e  h e i j e f  of t h i s

author that , for sufficientl y small regions of nonline arity at the

crack tip , the maximum energy release r a t e ’ h - c i - v geverns crack

growth at all stages of c~rowt !i. The maxi mum stress criterion represents

an approximation which impru ~-c-~ a- the crick propagates and aligns

i t se l f  p e r p e n d i c u l a r  to the  g r e a tes t  t e n s i o n .  An attei~pt was

made to prove that the two cri ’er il Ire equivalent [1031.

For solving engineering p roblems , a surface relating the stress

intensity factors (K
1
, K11, KITJ) can serve as an Initiation cri—

ter ion. Figure 6 shows such a cr11 crion for two dimensional problems

[82, ~8, 94, 951. The •. -Ile rge release rate criterion fits experi-

mental ~af a quite well as shown in a later section o this paper.
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— .  — Minimum Strain Energy Density [90]
I. - ——— Maximum Stress [82]

Maximum Energy Release [92]: T i.:: 
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However, it still remains to calculate the energy release rate for the

comp lex three dimensi~ma1 p ioblem .
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FRACTURE TESTS

Mot iva t ion

An experimental program was designed to provide fracture data to

investigate the nature of crack growth between f ibers  in a composite

material. Thia dat .i was also to he compared to predict ions made by

the various crack trajectory theories to see which criterion fit the

experimental data best. Thus the experimental model should be indica-

tive of a cracked matri x restrai ned by relatively rigid fibers and

should be a new test of combined mode fracture theories. While micro—

crack s in composites are t ruly three dimensional , a biaxial s t r ip

with initial cracks parallel to the long sides was considered to be a

suitable mode l to begin investigation of microcracking phenomena.

Material Selection

The microcracking behavior described earlier is found in most com-

mon fiber reinforced composites: graphite or glass fibers in a plastic

matrix. These plastics usually are epoxy systems that have been especi-

ally formulated for use in composites [1 ,2].

In the interests of being able to compare data with the litera-

ture and ease in use , plexi glas was employed instead of an epoxy .

Overall mechanical proper t ies  of the two materials are ruite similar

[104 , 105]. The f r ac tu re  behavior could also be expected to be

similar even in the matter of crazing [106—113] (crazing is the lessen-

ing in density due to microvoid growth , usually found around a crack

t i p ) .  A f t e r  survey ing the l i t e r a t u r e, i t  was concluded tha t

c r a z i n g  or d u c t i l i ty  m i g h t  he a f a c t o r  in de te rmin ing  the  overall

f r a c t u r e  d i r ec t ion  [114— 1151. Therefore , in order to compare

~~~~ -ij 5 —
~~~~~ - -- -
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experimental evidence on a new geometry with the wealth of data

generated with plexiglas [82,83 ,85 ,86] the same material was chosen .

The ease in producing readily visible cracks was also an important

fac tor  in choosing plexiglas.

Samples and Equipment

CM grade plexiglas sheets as specified by the Rohm and Haas

Company [117] were ordered in three nominal thicknesses (0.03 , 0 .06 ,

0. 125 inches) .  All the sheets needed were ordered at one t ime to reduce

any batch variability. The material was stored in an area where the

temperature and humidity were the same as the testing area (75°F at

50% relative humid i ty ) .

The sheets , which arrived with protective masking tape , were pre-

pared for a cutting to the required Ji~ [~-]Is ions , by drawing the sample ’s

dimensions directly on the tape . All samp le dimensions were drawn

slightly oversize to allow for final trimming . To compensate for any

induced anisotropy caused by manufacturing, half of the samples of

one sheet were cut perpendicular to the other half. Using a tungsten

carbide band saw blade , with a slow feed rate and band saw speed , the

samples were rough cut from all the sheets.  A f t e r  removing the tape ,

several coupons were mounted in a vert ical  mi l l  at one time and machined

to the final dimensions using a fly cutter tool. Inspection of the

edges showed little damage if care was taken to prevent the samp les

from vibrating. The thinnest sheets (0.03 inches) showed a tendency

to edge crack upon cutting; samples with edge cracks were rejected .

(:onstant crosshead rate tests were conducted using a few special

samples taken random ly from the three sized sheets. These samples
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(10 x 1. .15 inches) were :ut as the above . Micro—measurements ’ strain

gages , type EA—06—125BZ—350 , were bonded to the sample’s center both

along the axis and perpendicular to the axis of the sample. Mirror

image gages were applied to the opposite side of the coupon . Micro—

measurements ’ M—b ond AF-lS adhesive was used aii u the gage—adhesive

was cured under slight pressure for four hours at 140°F , well bel ow

any temperature that could cause permanent dimensional , physical or

chemical changes to this material. Strain gage measurements were

recorded using a B&F Instruments ’ Strain Gage Acquisition System and

a modi f ied H e w l e t t — P a c k a r d  561 Di gital Printer. This system operated

at the rate of rue channels per second , with capability up to ten

channels of strain gage signal conditioning with wire length compen-

sation .

The samp les were p lace I with their greatest length in the loading

di rection and clamped in the standard wedge—action grips of the constant

cre~ shead rate Instron Testing ~ilch ine . Usi ng a rate c-F 0.02 inches/

minute and at the temperature and humidity described previously (slight

vari lt io n s i~ these conditions were recorded) the samples were pulled

api rt nt i i  sudden fa i  lure  occure d - i t  the  cen te r , under  the strai n

g a c e s .  Dti r i nc  t h e  tes t  the appl ied  rrosshead disp lacement , resulting

a l oad , the two a x ia l  e t r ~t i n s  (both s ides)  and the t ransverse  strai ns

(h ~~t h s ides)  were r e corded .

In  r f ~( l I - i rr i ~ t h i s  d a ta , t i e  opposing s t r a i n s  were averaged.  The

t r i n - i v , r s €  s t r a i n s  we re a d lu s t e d  fo r  t r ansverse  wire e f f e c t s  in the

gages due t h e  a l p ] led disp lacement , by e q u a t i o n s  p rov id ed  by M i c r o —

measurements F il ~~]. U s in s  the stress ( the resul tant  l o a d / o r i g i n a l  area)

L - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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and the  s t r a i n  (averaged axial)  f rom these tests , a stress/strain

curve was p lo t t ed .  Thi s is shown in Figure 7. The s t ress/ s t ra in

curve is linear below the level of app lied stresses used in the other

experimental work . The calculated Young ’ s Modulus (a/ c  at a point)

was 433 , 000 psi , comparable to the manufac tu re r ’s value of 450 ,000

psi . The Poisson ’s ra t io  was found to agree w i t h  the manufac ture r ’ s

value of 0.35 . The calculated values  were used in the work in this

repor t .

With these prel iminary tests  completed , a review of the l i t e ra—

ture [119—122 1 led to the biaxial stri p size of 8 x 1 inches;  these

dimensions would cause an in t ia l  crack to be in the biaxial stress

f ie ld  ( fa r  enoug h from the ends of the stri p ) .  The samples were cut

in the same manne r as the previous  discussion.  Based on Mueller ’ s

work [121] crack lengths  of one and one—half  inches were decided upon ;

th i s  would let the test  c o n f i g u r a t i o n  approach the geometry of a crack

in an i n f i n i t e  s t r i p.

The crack s were cut pa ra l l e l  to the long sides of the s tr ips ,

as in Fj c ~-a re ~~. An i n i t i a l  crack or s l i t  was machined w i t h  the use

of a very fi ne circular saw bl ade mounted in a ve r t i ca l  mi l l .  The

resulting s l i t  was nominal ly 0 .005 i n c h e s  t h i c k .  T h i s  machining

produced a f i n e  sli t  w i t h  a small c u r v a t u r e  at each end , the curvature

being more pronounced w i t h  the t h i i -l -er samples.  (Due to the c i rcu la r

n a t u r e  of the  blade and mount ing  of i t , the s l i t  could not have ends

p e r p e n d i c u l a r  to the faces  of the Theet). A n a t u r a l  crack t ip  was

formed by Ii r s t  app lY ing I n—plane cor p r e s s ion  on the long sides of

the  st r i p ali~ a of the c rack  ( w i t h  a vi se) and second by wed gi ng open
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the crack (with a razor  blade) to produce control lable  colinear crack

growth . This extension was for a distance greater than the sheet

thickness. This crack tip had to be perpendicular to both sheet

faces as examined by the naked eye , or the samp le was r e j e c t e d . The

process was repeated for the other end of the slit.

The test  apparatus  was designed so as to tes t  the s t r ips  in ten-

sion , simp le shear , or in a combinati on of the two . As seen in Fi gure

9 two p las t ic  s t r i p s  were bonded pe rpend icu la r  to stainless s teel  bars .

The steel bars were designed to be ext remely  r ig id in respect  to the

plexiglas. The ou te r  two bars were wider than the i nne r bar to

f a c i l i t a t e  the shear e x p e r i m e n t .  The pe rpend icu l a r  bonding was assured

b y a special bonding f i x t u r e  as seen in  Fi gure 10. The bar was p laced

in the bot tom of the f i x t u r e , and the i nne r moveable p lates supported

the p las t ic  perpendicu la r  to the  b a r .  With  the use of a micromete r ,

the moveable p lates were a d j u s t e d  u n t i l  the b i ax ia l  stri p was centered

perpendicular  to the bar .  ih i  m o v e a b l i  p lates were locked into  p lace ,

the two sides of the f i x t u r e  loosened , the biaxial strip removed , adhe-

sive applied , the system reassembled and l e f t  u n t i l  bonding was comple te .

Two s t r ips  of identical d i m e n s i o n s  were bonded to two bars

and then the bars placed so as to have the s t r i p s  paral le l  to the

table ’s sur face . The smaller m i d d l e  bar was placed at a measured

hei ght above the table so as to have the bonded stri p ’s free edge

perpendicu la r  to the middle bar ’ s su r f aces .  Use of an angled square

al igned the t h r e e  bars , adhesive was app lied and the two free ed ges

of the stri ps were bonded to opposi te  sides of the midd l e  bar .  A f t e r

In i t i a l  cure , the ho ld ing  p la te , as seen in Fi gure 9 , was f ixed to the

.5 .5- .5
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system to prevent movement and the whole assembl y was cured at 160°F

in a large walk—in environmental room located in Texas A&M University ’s

McNew Laboratory .

Loading fixtures were designed so as to hold the sample system

and be compatible w i th  the Instron Machine. As in Fi gure 11, the

samples could be pulled in tension or shear . The tension was app lied

through both the samples at one time . The samp les were pulled in

simple shear in th i s  so—called double lap shear tes t  (i , e. the middle

bar stays f ixed  and the two outer bars move up) . In order to pe o form

a combination of tension and shear , the sample system was pulled to

the desired tension level , the holding plates  were li gh t ly  screwed in to

the outer bars , C—clamp s were applied to prevent rotation of the plates

upon tightening, and the p lates were ti ghtened with the use of wrenches.

Two holding p la tes  were used , one for  each side , and were designed to

hold the system r i g id l y in all shear tests, with or wi thout  pre tens ion.

The tensioned sample system was removed from the Instron and the load-

ing f i x t u r e  rotated 90 ° . With  the holding plates , the outer two bars

r emain paral le l  to each other when the outer  bars are pulled upwards.

Fi gure 11 shows the  described apparatus without the plates to allow easy

a 
inspection for  the reader.

Experimental  Considerations

In any experimental  e f f o r t  care must be exercised to insure that

the in tended  exper imenta l  model and the actua l experimental  model are

the  same . Sometimes , due to physical difficult~ es , modifications to

t he  model must  be made and then  correc ted  f o r .  

~~~~~~~~~~~-~~~~~~~- .5 - .5 -- .5 _ _ _ _ _ _ _
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The bonding of plexiglas to s tainless steel was no easy matter

The two dissimilar materials could be bonded together with various

adhesive systems, but the high stress concentrat ions at the corners

of the strip caused premature fa i lu re .  This problem was eliminated

by bonding 0.06 inch thick plexiglas plates to the surfaces of the

stainless steel bars wi th  an epoxy system. This epoxy consisted of

40% Versamid 125 hardener and 60% R—815 resin (by volume ) as supp lied

by the King Chemical Company . Thi s system was cured fo r  24 hours at

room temperature. The plexig las surfaces and edges were roughened

for  bonding using grade 200 ~i1icon paper and cleaned wi th ace tone ,

M—Prep Conditioner A and B were used , then Freon TF was sprayed on

and wiped clean w i t h  t issue . These mater ia ls  were obtained from Micro—

measurements .  Wi th  these clean sur faces  and edges , the bi axial s t r ips

were then  bonded perpendicular  to the p lexiglas p lates with the use

of Daybond Thickened  Cement m a n u f a c t u r e d  by Dayton Plastics Inc .

This allowed the bonding to be essentially cohesive due to the nature

of t he  cement and to have no excess that would mar the orthogonal

ar rangement  of p at e  and strip. Then elevated temperature  was used

f r  - o r  f o g ,  as dL - s c r i hed e a r l  i cr , fo r  at east  t h r e e  hours .

The elevated temperature (at approximatel y 140 ° F) was low enough

to prevent any permanent damage to the samp les such as the dimensional

changes at high temperature predicted by the manufacturer of the GM

p lexiglas  used.  The ma te r i a l  at 140° F was well below the glass t rans—

ition temperature of p lexig las , nominally 220 °F. This temperature is

defined as the temperature above which the physical mechanisms of

deformation within the pol ymer start to change due to a significant

_ _ _ _  
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change in free volume [123} . Since the tests were conducted at 75°F

at 507 relative humidi ty (the samples were at these condi t ions for at

least twelve hours , p r io r  to t e s t i n g)  viscoelastic behavior was

negli gible. gtrai n gage heating was neg lected since othera have found

th i s  to be n e g l i g i b l e  [10]. t e m pe r a t u r e  and h u m i d i ty  were recorded

in all tests to check any affects , and none were found . In order to

check for rate dependence , some t O st s  were made at three di splacement

rates (0.002 , 0 . 0 2 .  0.2 in/miii ). L i t t l e  rate dependence could he

found at these test conditi ons .

Due to the change in the stress field and boundary conditions

of the bi axial stri p eca i i s e  af the addition of the plexi glas plates ,

an anal ysis was undertasen . V L wi n g  the strip and plates as an I—beam ,

(seen from t h e  end of the stri p ) a p lane strain finite element analysi s

was made . (he program used will be described in a later section).

Checking at l conditions wfiec e t ie different stri ps were greater ,

equal  to , and s m a l l e r  in th ickness  than  the  o r e — h e a d e d  p 1 it e s , we found

by adding approximately one half of  eac h y l i t e  t h i cknes s  t o  the

str i p ’ s hei gh t , the correct bi - ixia~ stress field was achieved. Thus

the s t r i ps ’ h e i gh t s  were consid ~~d t o  he 1.06 inches.

When c o n d u c t i n g  an y  m u l t i  - -- ix ia l loading e x p e r i m e n t , p roper

a alignment Is critic aL Ali gnment was kept.  as correct  as possible in

the bonding procedure described earerer. This and the loading align-

ment were checked by a series o f te sts  with strain—gaged samp le

sy stems . t h e  --tages d e scr ib e d  eu icr were ii yed on both ends of the

strip, one and one—half inche s away f r e ~ t he  edge ( to  avoid end

e f f e c t s)  on oppos i t e  s ides of t h e  s t r i p .  The sy stem had four gages ,

——.5 - —.5 - - ---- .5
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two to a s t r ip . This can be seen in Figure ii , The gages were moni-

tored with the use of Vishay/Ellis — 10 Portable Strain Indicators.

Very small amounts of bending occurred in loading in tension , which

was el iminated d u r i n g  the p lac ing  of holding p la tes .  A f t e r  taking

the tensioned sample system from the Instron Machine , strains were

still recorded. Less than 5% decay in tensile strain was achieved

if the hold ing plates were properly fixed. Upon shear loading,

negli gible slipping was recorded by the strain indicators.

Tests were made to check how close the man—made cracks resembled

natural flaws. By scrib ing a plexiglas strip on one side with a tool

and gently tapping the other side with a chisel and hammer , a very

natural crack can be made . Due to the difficulty in producing a number

of these cra cks , an1~ a few strips were tested with these flaws .

Little difference could be detected between test results with these

more n a t u r a l  era -La and the nacli ined c r a c k’ s tes t r e s u l t s .

Test ing

Much of the t e St  procedure has been descr ibed a l r eady ,  but  a

short uni f ied  pre s et -ition wil l  be presented here . The s t r i p s  were

measured wi th  the use of ralipera and , as nearly as poss ible , matched

strips were used together. After bonding to the  stee l bars , a test
a

ratio of tension to shear load was decided upon , and the tes t  conducted .

Tension , t e n s i o n/ s im p l e  shear and s imp le shear tests  were conducted

w i t h  the center  crack samp les .  Wi th  the o f f — c e n t e r  crack samp les ,

onl y t e n s io n  and s t m p l e  shear t e s t s  were made . Table 1 is a summary

of thi s t e st  p rogram . All  the p r e v i o u s ly  described experimental

cons ide ra t ions  were t kt a Into account .

.5 -- -
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The samples were pulled to fai lure and the failuce loads (tension ,

shear , tension and shear) were recorded. Since not a l l  fou r  crack

tips initiated at once , four sets of loads resulted. The c r a cK s

s ta r ted  q u i t e  suddenl y,  propagated qui ck ly in a def ine d d i r e c t i or , and

stopped at the interface between sheet and strip. Further increases

in the applied disp lacements caused slow propagation down the inter-

face . Little out of plane bending resulted as the crack tips init ially

propagated ; but after much propagation down the interface , bending

occured so the tes ts  were ha l t ed .  Examples of the typical load his-

tories of the tests are shown in Figure 12.

.5 Data Reduction

In order to calculate the correct initial stress intensity

factors (at failure), a plane stress finite element analysis was conducted

of the biaxia l strip. Modeling the strip (S x 1.06 x 1 inches)

was accomplished with crack s of lengths 0.25, 0.50 , 0.75 , 1.25 , 1.50,

2.00, and 4.00 inches in length. (The computer programs used will be

described in a later section). The tension test was modeled by displac-

ing ri g idly the long edge boundaries perpendicular to the crack (holding

di splacement parallel to the crack fixed). The simple shear test was

modeled by di splacing rigidl y t i -  long edge boundaries parallel to

a the crack (holding disp lacement perpendicular to the crack fixed).

These two t e s t s  were modeled over the range of crack lengths used.

The load for a uni t disp lacement was found In all the cases by inte—

grating the stresses over the boundary. The analysis also confirmed

that the strain gages used for checking alignment were correctly

placed to avoid end effects. The stress intensity factors were plotted

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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versus crack length/strip heigh~ as in Figures 13 and 14 . The

so l id  and dashed curves represent equations for a crack in an all—

around infinite sheet (solid line) [36 1,  and a crack in  an i n f i n i t e l y

long strip [121]. The f inite element results show the close agreement

with theory .  The slightly lower values f or the stress in tens i ty

f a c t o r s  are believed due to the stri p not being in f ini tely long . The

finite element computed load versus crack length/stri p height is

plotted as in Fi~~ures  15 and 16 . Then the ratio of stress intensity

factor to load was p lotted versus crack length/strip height as in

Figures 17 and 18 . Using these last fi gures , knowing the crack length

of the samp le , and the loads causing crack growth , the co rr ec t  stress

i n t ens i ty  f a c t o r  could be calculated fo r  any amount of g r i p  d i s p l a c e m e n t .

The angles of crack propagation for combined loadings were

initially measured di rectly from the samples. As thi s was difficult ,

later s5~Tpp~ e~ were removed from the bars by a chisel , aid upon paper

sand crack path traced . The i n i t i a l  a~~g 1e of pr o p a g a t i o n  was used fo r
‘

.5-

comparis-m with theory. It Was t ound t h at the crack propagated along

a s~ ra~ ght line for a nignifi -a nt dist-,n -e , then curve d to meet the

boundary as shown in the aee~ ion ‘a fr ic t e g r a p h y .  Th is di s t an ce de cr eased

fo r  increased levels of tension in combine d mode tes t ing.  The ang le

between this initially straight line and the crack was used as the

initial propagation angle

Results

The r e s u l t s  were p lo t ted  in such a way that  they could be compared

easily w i t h  the current  theories describing crack trajectories.

Fi gure 1Y shows the r a t i o  of c r i t i c a l  stress intensity factors versus

.5- - .  
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crack propagation angle. These points were compared to the various

theories. The theoretical energy release rate results of Knauss and

Palaniswamy [Y:~ compared quite well in certain portions of the data

and proved to be best  overa l l .  ( R e f e r r in g  to Fi gure 3 , it is found that

the maximum stress c r i te r ion  based on the singular solution predicts

values which fall along the lower edge of the scatter band in Figure 19.)

The dashed line shows the area left incomplete by the theoretical

analysis , except  for  the  pure mode II problem.

A plot of the relationship between the stress intensity factors is

shown in Figure 20. These points show the problem inherent in most

fracture data; viz., a fair amount of scatter. The curv.)C was generated

from pred ictions made by the energy release rate criterion. The criterion

f i t s  the data reasonabl y well and the plot serves as a failure curve for

plane problems . However , the maximum stress criterion is slightly better

at small angles (cf. Figure 6).

Referring to Figure 19, it is seen that the angle of propagation

should be predicted in problems with low K
1/K 11 in order to complete the

solid curve ; th L— , will be investigated by the use of energy release tech-

niques with finite element C O C o S  10 a l a te r  sect ion . The reason why a

greater load is needed to cause propagation down the interface will also

be examined. Also , the ab i lity to predict the angle change as the crack

approaches the interface will be studied.
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V :iri oi is  i n t e re st i n g  ~~- r v ~i t  i O f l S  can be made concerning the

‘ s p a t h .  T I . - t e~ ~
- s ~rj th the ~-o~1tt- r cracks in e i t h e r tension or

shear w-ithout t,’ns L c : ~ p r o C  je~I I i t t  Ic neo- information. The cracks

e i the r  p r o p ag a t e d  f a i r l y s t rai ght dow-n the  center  or strai ght to the

b o u n d a r y .  The o f f — c e n t e r  L r a c k s  in tens ion  and shear acted s i mil a r l y .

The o f f - - en t e r  cr  oks  in tension propagated  a long a sli ght  curve to

t he i-e n ter  of the s t r i p  and then dow-n the m i d d l e  to the  ends of the

stri p as predicted by Erdogan [18]. As described earlier , the center

crack s under  combined t - - i1s on (K
1

) and s~1e:i r (K
1~~) j ) CC ~a tt -d on a

st r a I ~ h t  l int - at  a we 1 1—d e f ined  ang le  (Li l t  ii ap~i i e a  -
~~~ I i~~ the interf ace .

Dcpt-iid ! C C C ~ on L h . - pe r c en t a g e  of  t e n s i o n , t h e  ~C CC L b ~ would  llrvt - to meet

t hC-- i n t e r f a c e .  P ie  tu  r e -s  F L I  k e n  - -: h a ho 1 l o w s — c u- - i r a  sy s te m  shows t h i s

( H I  I I I  r - ( C C  - - 21.

Using an ontu~L11 m i c r os c o p e , a L e i t z  i n s t rumen t  wi th magni f i c a t i o n

up t 2 0 X , the angle of p r p ~i~- , i t i o n  next  to the m t  it i~i 1 t ip was

0 ,-Corn [ r C e ~i - The surface s of the c r - Cck s  were  al so ex a m i n e d . The shal low

dep t h  of f i -  id of t h i s  e qu i p m e n t  in - id e  e x a m i n a t i o n  d i f f i c u l t .

A m or e  s o nh i s t  a - --lted instrument , i IF - ~1E0L J~-~N—I’ 3 scanning e l ec t ron

m i c r o s  C~~~~~~ - (~ I .~[) C - O O  - ( i s o  (150(1 . i h i n ~ i~~i h a s  a 100 r ese l i t  ion w it h

- 
a magni I [ca t ion  f r I - r n  22X to  lP f l  ,000X. flhserv ;itions could bt- made of the

sanries ’ surfaces and record&-d by  the  us€- of ph o tog r a p hy . The SEM

was operated In the  secondary elect r on  I m i g o  mode , ~~ th  va r ious  control

s e t t i n g s  and m a g n i f i c a t i o ns .  Th i s mode , whe re t h e electrons det ec t e d

are e m i t t e d  f rom the samp le or i t s  - o C i h i n t lye gold—pall adium coating,

p- ssesses a c z r ( - : I t aM 1 t y  f or  ~- - t e c t  ~~ i f  details with a g r e a t  depth

- - 5-- - .5-” - . 5 — .5.5 -- --
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of field [124] .  This instrument was used to investigate the cracks ’

angles and surfaces as had others in investigating composite ’s surfaces

[125 ,1261.

In examining the initial angle up to magnifications up to l0 ,000X

it was found that there was a very small reg ion where the crack tip

was not perpendi cular to the surface of the strip . This was roughly

propor t iona l  to the amount of c u r v a t u r e  in the i n i t i a l  crack f ron t ,

pr ior  to l oad ing .  If the ini t ia l crack f ron t  was curved , the propa-

gating front grew so as to align itself perpendicular to the sheet

surface; t h e  m o r e  in i t i a l cC1r ’-atu re . the greater the d i s ta nc e  f o r

alignment. This region of a 1i~~nnt - nt  was very smal l, usually less

than the sheet t h l i -k i i e s s .  Th i s  is shown in Figure  2 2 .  The angle of

p ropaga t ion  used was the a n g l e  between the initial crack and the crack

path after alignment. After examining a number of crack tip s, no correla-

tion could be made between the v ery  smal l  c u ry atu r e  at the  i n i t i a l

crack t ip  shown in Figure  22 and the craze zone size repor ted  for

plexig las [121] .  No evidence of ductilit y or crazing marring the crack

surface  could be de tec t ed .

Inves t iga t ing  the crack s u r f a c e s  revealed the same appearance

reported as others [127 ,128]. At slow crack speeds , a lnrge number

a of parabolic curves roughen the sur f a c e , as speech increases the surface

is smooth , and at speeds approaching the limiting elastic wave velocity

only l ines paral le l  to crack direction can be seen . At the initial

crack t i p a f t e r  the  crack f ron t  i s  a l igned the  s u r f a c e s  showed the

C slow crack veloi-i ty markings . The markings then decreased unti l only

the grooves remained , showing increased  speed as the crack p r o p — i c - i t e d

- - _ _ _ _



59

(a)

• -~~ -

- -

- —
~~~~~~~~

-
~~~~~~

- i b )

a

F i C C C l r t -  2 1  . I’hot ographs ( ( i N  I o f  - r -(- k~- l  sc -np es s h o w i n g  c r i - k  p a t h
w i  t l  ( a )  I I r e  K /K and (1~ low K /K i t  f : i  i l ( I r -

- 1 _ I l  I I T( t o p  l e f t ( S  ( t i l t  l j i I (-rack sur fn-e ) 

.5 —.5 - --.5 - ~~~~~~~~~~~~~~~~~~~~ ~~~~~



5-

60

_  
_  

_

C 
_ _

- -

- -

- -

- 

(h )

~i ~~
“ 

~~~~~~~~~~~~~~~~~ 
:

F 
~~~~~

F ( - C r  2 I - I - - 
- i n  I t  [a I - - n - I k t i r w h e r e  ( a)  shows

I ~C t I I C C ’ I  t Cf I S  I - I I )  C - ( I  H .1 Id (h) shows i ( l i t  ja 1

- r I  k I I I ’  ( t ( n I ( :~~) . U I -  j H~~~ 1 al -rack is the surface

- t I C  - I ~h t t he  e i i ~~k F I p .

-.5 -.5 
—-5 

~~~~~- -



- -.5 - - -  - - - . 5  .5- .5 -,,

61

to the i n t e r fa c e .  Thi s can be seen in Fi gure 23. Near the poin

where the crack t r a j e c t o r y  curve d , the markings again  appeared indicat-

ing a slowing process. More and more markings appeared , indicating

crack ar res t  as the crack approached an i n t t - r ~ ~~ , as shown in F igure

24.

This examinat ion  of the crack’ s s u r f i - e  O l u ~~~~C - J  t ha t  a p r o p e r ly

made crack is essential in fracture tests . In- - - ~~t i - - a t ion of surface

features also provided evidence of crack arrest as the crack tip

approached  a bonded edge.

a

h 

.5 .5-
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FIN [TE EL -NI- NT ANALYSIS

General

Certai n numerical analyses we re undertaken to supplenent ex istin g

analytical results and investigate problems encountered in the •- C p e r i —

menta l  e f f o r t .  Due to i t s  f l e x i b i l i t y  in solving comp l i c a t e d  p r -i l~ - m - - ,

the f i n i t e  element  method was emp loyed.  Two d i f f e rent  programs ‘.- e re

used. After reviewing the finite element—fracture technique s anc using

some of them , it was determined that codes containing special cri ck

elements would be the best for the mi xed mode plane prob lem. It was

furthe r decided that the hybrid elements based on Pian ’s work [621

would be the best  for  our purposes due to the reasons d esc r i  bed in a

previous section .

The f i r s t  p r o g r a m  used was a modi fied vers ion of the code 1ist .~ d

i n Desai an d A b e l ’ s book [ 12 9 ] .  T h I n  Is a p lane strain/stress computer

code w h i c h  is  l i m i t e d  to l i nea r , e l a s t i c  i sot r opic  bodies .  The e lements

used ar e  quadr i  l a t e r a l s  composed of f o u r  i l n e a r  di splacement  t r i a n g l e s

( w i t h  c o n d e n s a t i o n  of t h e  i n t e r n a l  node) and linear  disp lacement

t r i ang les. ‘-tlnh l f i c a t i o n s  were t w o — f o l d .  F i rs t , th e cap a c i t y  of the

program was e x t e n de d  by the use of l a r g e r  a r r a y s  and more s c ra tch

a 
fi les , to allow l a r g e r p r ob lems to be solved w i t h  more elements.

S e c o n d l y ,  tile f r a c t u r e  anal ysis  capab i l i t y  was enhanced  by c a l c u l a t i n g

and p r i  n t l n g  the s tr ; i I  n energ ies of t h e  e l e m e n t s  and bo dy , and by

t h e  a d d i t i o n  ‘f a - r ack  element to the e lement  l i b r a r y .  T h i s  e l e —

nc-nt  is t i i o  I-- I - rid crack i- I ement p r e se n t e d  in t i l e  1 i t e r I t I l r t  f h 2 —

C .~~, 1 3 1 ) ] .  I t  I S  e- om p ~i t i b l e  ~t i th  t l i - o t h e r  c- l e m e n t o  o f  t h e  co d e .

Extensive check prohi ems were i n v s t . i got  i d t I  1 i- C m  t l ie  c ap a b  l i i i  I es

.5 - -.5- . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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and limits to this modified program called CRACK.

in order to solve larger problems more accurately, the Texas

Grain Analysis Program , TEXCAP [131] , was used , which is a finite

elenent program used for analyzing solid rocke t prop ellant . The ver-

sion of the code emp loyed here is for linearly elastic p lane or axisym—

metri c bodies. The elements used were reformulated isotropic quad-

rilaterals composed of f our quadratic displacement , linear H triangles

(allowing Poisson ’s ratio to be 0.5 for plane problems), non—reformu-

lated quadratic displacement subparame tri c quadrilaterals , re formulated

isotrop ic quadratic disp lacement, linear H tri angle s, and hybr i d crack

elements.

In support  of the e x p e r i m e n t a l  e f f o r t , 1FX (~A P was used to anal yze

the a f f e c t  of the bond ing  geome t ry on t h e  b i a x i a l  s t ress  f ie l d .  CRACK

was use d f o r  the k-termi nation of the s t r e s s  i n t e n s i ty  f a c t o r s  w i t h

some che -ks made w i t h  iI - XCAI’. Both programs were w e l l — s u i t e d  fo r  the

an a [ v si s  of f r a c tu r e d  bod ies .

B i a x i a l  Stri p A1 lys is

-\ stud y was made to determine i f the experimental crack growth

behavior could be predicted. This behavior was divided into three

- a phases. The on g ina l  c o n f i g u r a t i o n  of a centered  crack was used to  deter-

mine the m i t  i -I l  crack propagation angle. This analysis was then used

to predict the change in the angle of prop agati oCi as the crack grew.

The n e x t  phase was to I nv e s t i g a t e  wh y ,  a f t e r  t h e  crack a r res ted  at

the  i n t e r f a c e . Increased applied di splacement was necessary to cause

f u r t h e r  p r o p a g a t i o n  along the  In t e r f a c e . These three  phases  were

analyzed w i t h  t h e  use of the f i n i t e  e lement  codes mentioned previously.
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Due to the l imi ta t ions  pointed out earlie r in the crack propaga-

tion theories , an examination of the maximum energy release criterion

with the use of finite elen~ nts was also undertaken. The exper imental

biaxial strip was modeled with the CRACK pr ogram . Two types of analysis

were made , one with the use of crack elements and one with only conven-

tional elements.

With the use of two cra ck elements (one for  each crack t ip ) f or

a biaxial strip confi guration , much experience had been gained in the

analyses conducted in support of the experimental work . Addi t ional

test problems were conducted to check on the degree of mesh re finement

needed to ca lcula te  tota l  s t ra in  energy. For a uniaxial bar problem ,

increasing the number of elements from five to forty brought the cal-

culation of strain energy from 99.4% to 99.9% of the exact value of

strain energy . Since a comparison of strain energies for a constant

mesh was to be made , this error was felt to be negligible. To check

the affect of the crack elements on the strain energy , two mesh

geometries were used. The refined model used crack elements of one—

half  the size of the other mesh . Twice as many conventional elements

were used about the crack elements in the refined n~~sh, as compared

to the other a sh. Negligible difference was obtained in the angle

of the greatest energy release.

Using f i n i t e  e lement  models of s tr ips of the same p ropo r t i ons  as

the experimental ones, the strain energies of center cracked and incre—

mentlv cracked biaxial strips were analyzed . Varying ratios of applied

normal and shearing displacements (corresponding to different ratios

o stress intensity factors) along the top and bottom of the two strip

——-.5 --5 — . 5  .5.5 —-5- — —.5-
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models were applied through a rigid boundary. In the second geometry,

the crack increment ’s length (0.01 < - --A ~ 0.1) and angle were varied to

search for the maximum energy release as calculated by:

G = 
w initial — W incremented ( 16)

2 Aa

When C was maximized for a particular angle , this was assumed to be

the angle of propagation.

In using this procedure , it was found that only a certain small

range of increment lengths would produce a maximum for a particular

C 
disp lacement ra t io . The ang le of propagation was constant for this

range. As the crack propagation angle increased (corresponding to lower

ratios) the maximum was harde r to determine. It was felt that

this was due to t h e  crack element ’s inability to handle crack tips

that we re too far from the element ’s center. 0ff—setting the element

as in Figure 23 , helped correc t  th i s  a l i t t l e .

Due to these problems , another mesh confi guration using only

conven t iona l  e lements  was used as in Fi gu re 2~~. Thi s mesh was used

to check and c-~ r r e~ t no ’- ie of the pr ev i ous answers , especial1~ - fo r  cases

invo lv i ng 1-j w K 1 /K 1.  r a t ios. I n t h i s  geomet ry , the crack t ip ’ s nodal

p o i n t  was c - h l a l l g e d  for  var ious  ;‘nglc- s and i nc- r~- ;nont l eng ths  to determine

a 
the maxi mum value  of 0 . This method was less sensitive to changes in

h n c r e r n C - n t  l eng ths  and allowed a more r e l i ab le  ri-etb od of determining

t h e  maximum e n er n ’-  release- , ~, and t h e  angle of propagation , 0.

* The q u e S t  i 011 of J~~ i fl~ a J I l t  • in ‘n- tr - - n t  f o r  c a l c u l a t i n g  C must

be fai d . One to the C C I  t t -  c l em en t  il p r -sentat ion , some fini ti value

• has t o  be used.  l i a -  r a t i o s  of m aximum C f u r  combined mode to the G
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(a)

U0 ~—i
I,

V0

U

: 
(b)

— (d )

a
Figure 25. Finite element crack models: initial crack (a),

incremented crack (h), off—set crack tip element
(c), and c rack  t i p  modeled w i t h  conven t iona l
elements  ( d ) .
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for opening mode for this analysis were calculated. Comparison to the

values from Hussian ’s et al. [95} t ili-o ri --t ical analysis for a virtual

(approaching zero)  i nc remen t , the  rat ios were in close agreement. The

fi n i te  element  r e s u l t s  were t I I c r l - l o r , - l i , -iew th o s e  given in [92]  ( C f .

~ i giii i - h

The results of exami ning thi s first phase of crack propagation are

presen ted  in  Fi gure 2h . the i n i t i a l  an g l e  of propaga t ion  is p l o t t e d

against the ratio of stress intensity f a c t o r s  f o r  tile o r ig inal crack .

Th i s  c u r - c , - . w h i l e  c ,o lcu l at ~ d f r om d~ t fo r a spec i f i c  geomet ry ,

can be used for any two—dimensional crack problem. It can also be

compa red to t i l e  e~~) e r im c n t a l  r e s u l ts  of t h i s  repor t  as in Figure 19 ,

as w e l l  as t h e  r e s u l t s  of o t l ~- - r  t I l l -e r i e - s .  The r e su l t s  fo r  th is  f i n i t e

element anal y sis a rc- slight ly lower t han that of Knauss and Palani swamy ’s

i I 1 1 ( I V t i c i 1  r e s u l t s  [ 1 f 2 ] .  hut ogre-c- well with Coughlan and Barr ’s [961

fi n i t e  e l e m e n t  r i - s u i t s .  The r e s u l t s  i l ~~o p r o v i d e  0 ove r  tile range of

v o l  - u - s  I ’~~ i—h 1K , n o t  ~u I i covered in o t h e r  r e s e a r c h e r ’s analyses. The h igh

r a n g - - of values of  w e -r i -  not i n v e s t i g a t e d  due to t h e  agreement

• i l r e  i y foul fl ~ i l C t j l  - -c  t l l i i .

Wi th the first p hase Iii cock p r o p a g a t  ion  comple ted , t h e  ana lys i s

of the  crack  t hat  has p r op a g a t e d  p a r t — w a y  to  the  c l amped  b o u n d a r y  was
a

made . Two I -I t ’S were exami ic  b (1 ( 011  on t i l t . - m t  lal angle of propa-

gation. T in- sc -  a n g l e s  -~u r e  75~ and 55° co r r e spond ing  to ini t i a l ,  s t r e s s

i n t e n s i  t v  I - ic t or r at  ii ’s , K 1 1K
1 I’  of 0. and 1. 1. The urogram TEXCAP

was used In  t h i s  - i - t i y s i s .  ~ilC e r a  k geometry  used f o r  the f in i t e

l e n g t h  i n g l i l i-ra ck t i  p Is shown In H cur- 27 . The other crack tip

was a l so  tn - r emen t -d but not r io t , -  l i _ _ i l  w i t h  a crack e l e m e n t  . The crack

I
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element size was varied as also the number of elements behind and ahead

of the  crack element were increased. L i t t l e  change in answers were

f o u n d .  The displacements  required to produce the i n i t i a l  stress inten-

sity factors were also applied to the biaxial strip with the angle

crack. The new stress intensity factors for this geometry were then

obtained .

These new s t ress  in t ens i ty  f a c t o r s  formed a K1/K 11 ra t io  which

could then be used to predic t  the  d i r e c t i o n  of crack p ropaga t ion .  The

p r e d i c t e d  i n i t i a l  angle of propagation (0=55°) produced a new rat io of

2 . 9  w i t h  a new p ropaga t ion  angle , ~p =32° , to the angled crack line- of

propagat ion ; the  angles shown in Figure  27b are 52° and 24° , respectively .

The mode II problem (0t °75 °)  h&J a new r a t io  of 18.5 wi th  a new p ropaga t ion

ang le of ~~ 5° ; f rom Figure  27a , these ang les are 70° and 6 ° , r e spec t ive ly . -

These new propagation paths did not align themselves perpendicular to the

d i r e c t i o n  of global maximum principal stress , indicating the need of a

local criterion to govern crack direction.

The next phase of the crack ’s behavior to be analyzed was the

matter of arrest and propagation at the interface. Two cases were

considered: cracks with propagation angles of 65° (combined mode)

and 75° (mode II). The program TEXCAP was used with no crack elements.

The total energy release rates at t h e  initial center crack were cal—

crilated for a certain increment  l e n g t h .  The t o t a l  c - n e r g v  release

ra tes  were In approximate agreement ~~ th  Hussa in ’s et a l .  [95 ]  enerc’-

r e l ease  r a t e  m e n t i o n e d  earlier. The crack was th i n  allowed to

p r o p a g a t e  to  the i n t e r fa c e  by means iii djscon it- c t i n g  e l e m e n t s .  ihe

- 
t _ _ _ - ) ¼ - - - -,
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energy of this  configuration was determined for the same applied displace-

ments as the illitial crack. The energy release rate along the interfaces

was then calculated for the same incrc-T’Ient length as for t h e  i n i t i a l

crack to avoid any  effect of numerical errors.

For spec i f ied  app l i ed  displacements , the total energy release for

the center crack was 2.1 t imes the energy release for propagation along

the interface for the combined mode case. The sliding mode case had a

ratio of 3.4. Assuming the initial crack and interface crack propagates

at the same critical value of the total eneigy release rate , the crack

arrests at the interface.

In order  to c a l c u l a t e  the  d i sp l l c c - ’C ;e l l t  r equ i red  to propagate  a crack

along the i n t e r f a c e ,  i t  is he lp f u l  to  1 t i w  upon the linearity of the

problem.  Namely ,  in v i e w  of t h i s  l i n e a r i ty , the  re la t ion  between the

total energy ri -lease rate and t h e  applied disp lacements can be written :

-‘ G = y  u 2 +~~ u v  +~~~~ v~ (17)
11 o 12 o o 22 o

where y11, y 1 , , and are independent of u and v .  In the case of the

s l i d i n g  mode , t ile r a t i o  of dis; 1ac ~ement needed to p r o p a g a t e  the crack

along t h e  interface to tha t  fo r  t he  center  crack is eas i ly  found to be

V I .-~ = 1.84 since v = 0 in this case. Table 2 shows the comparison of
0

the analytical and experimental values of increased displacement needed

t o  cause f u r h e r  p r o p c i g ; I t  lo l l .

1
’ — — •, 

. ,

_ _
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Table 2.  Percent  ol  i n it i a l  D i a n l a c - -mi - I l t  N e e d e d  to L , u ~~c i n t e r f a c e
Crack Propaga t 11)11 .

A n a l v t i  cal Experimen tal

~-tixed Mode 188% 175—200%

Shearing M o d e  i - ~ 4% 175—200%

‘I he range of value s fo r  the exper imenta l  resul ts  is due- to the vari a-

bility of the cohesive bond between the p lexiglas plates and sheets

as described in the experimental section of this stud y.

From the previ ous discussion , it is believed that the- crack path

can be pred ii -t ’d in tile b iaxia l  s t r ip  mode l of a composi te .  For t h i s

mode l w i t h  ve ry s t i f f  or r igid f ibe r s , it has been demonstrated that

( - r o c k s  w i l l  p rel ag r t t e  t ’ ,~-ard the  boundary  provided some of til i - growth

is of the second mode ( s l i d i n g  mode ) .  I t  also has bee -n shown tha t  th i s

propagation path can be predicted. The crack arrests at the boundary

and increases in app l i e d  d isp lacemet it s  must  be made to cause f u r t h e r

crack g r o w t h .  W i t h  a crack a r res t  nlc-chani sm descr ibed  for  composit es

w i t h  combined mode and shearing mode- microcrack propagation , a crack

a r r e s t  m e c h a n i sm  fo r  Dp c- n ing  mode microcrack propagation must be

a exp lored.  This  will  be done by  cons ide r ing  f i b e r  f l e x i b i l i t y .

S i m u l a t e d  C o m p o s i t e  A n a ly s i s

A natural extension of the previous analysis is to go to a mode l

— 
with flexible fibers. The motivation for this is to calculate the

energy re lease- r a t e  due to f i b e r  bendi ng and t o  show tile a f f e c t  on

crack growth , e s p i - c i t l i \ -  On -r a c k s  i n  an opening mode s i t u a t i on . In
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t his  simple- model of a compos ite sub j ec t  to loads at  i n f i n i ty , the f i b e r s

j u s t  ai ~ovc- and be -low the  c-rack tend to respond as h e m - -- on an e li st ~c

f o u n d a t i o n .  Wi th  no crack present , the fibers would just — c-p i rate

s l i g h t ly.  Wi th a crack , the crack is equivalent to an internal pressure

( eq u a l  and opposite to the stress in  an uncracked body) acting between the

fibers of arm e x t e r n a l l y  u n loaded specimen , thus causing local bending.

L’his approach was taken in a p re vious a n a ly s i s  u s ing  a s imple

mode l of a beam on an elastic foundation [ 8] .  For the  case of a uni-

formly loade d fixed—ended beam on an elastic foundation [1321, the

d e f l e c t i o n  and loading was used to calculate the strain energy release

ra te  due to beam bend ing .  The r c - l a t ionsh ips between energy release-

due to beam bending, crack length , and fiber ri gidity were explored.

A simp le but  more - r e a l i s t i c  mode l of a composite- exhibiting fiber

bending was needed. A f i n i t e  e lement  r epresen ta t ion  of the geometry

in Fi gu re 28 was  examined u s ing  i1- ,XgAI ’ . The i a s e s  were exami ned e i t h e r

as pure opening mode or as pure sliding mode w her e  nini f or : n  disp lace—

:Ie n t s  were app l i ed  at  t i le  f i x e d  b o u n d a r y .  Only the ri ght  ha l f  (If the

prob  I icr- was mcde lcd vi Lii Hit - Clse of the  crack e l emen t  . taking a d v a n t ag e

of the- rvmmi -t  rv of tb1 p r o b l e m .  r e s t  cases of d i f f e r e n t  dimensions

were run to - - n a n  r i t i l e  model wa- ;  l ong  e n i I I g l l  L o  be i n t l  n it  & - l v  long

In  th i s  case , a s i z e  of ~. x -~i ’ . was n. - 1- Icd I or t h e  t o t - a l  ‘m dcl

Fl it ’ prob lem was a n a ly z e d  as i f  i t  w~-rc i n  plane s t r e s s ;  fo r

plane -  st r a i n  (p la tes  in b e n d i n g )  t i l e  r e s u l t  c- wou ld  be q u a l i t a t i v e l y

the s inc- arid p lane s t r - i in  i- i - s u i t s  c . m n  be e x t ra c t e d  f rom t i l t -  p l a n e  s t r e s s

anal ysis by an a p m i r i p r i a t e  change I n  the -  ma te r i a l c o n s t a n t s .  The

material con s t a n t s  isei-I I n  t h i s  a n a l y s i s  are those t y p i c a l  o ’ a g r a ph i ’e

___________________________ - ~~~~~~~ ~
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fiher— reinfor cc - -i epoxy matrix. i - m ’ r  equal fiber , ii , and m atrix , h ,

11cm gh t s  in an I d - a l  I r i d  circular fiber composite [8] , t1t ~ f i h ~-i - vo lume

I r a c t  r o n , \ f~ is co m p u t e d  by

h
= — ( 18)

h l— , \ -m 1

wh ich  g ive s a v -mlue of 0 . 71 , n o t  I l n r e ; e — o l m m t h l e  1- - r  ad vanced  i -amp s i t e e

The d e f l e c t i o n  i n  the  fiber ’ s y—direction about the crack tip for

a uai f o r m  ve r t i c a l  g r i p di sp lacement v are presented in Fi gure 2~~•

As can be expec t ed , no fi ber bending  occu r r ed  in t h e  ;am e~l r  ca se an d

i t  w i l l  not  he p resc -n t e d .  For small  c r a c k s , t he center  l ine d e - f l e c —

tions of the fiber are not largi - , but t he i r  bending ex tends  a lmos t  ten

t imes the  crack length. W i t h  i f lc r c ’I s e s  in t h e  i n i t i a l  crack l e n g t h , or as

the  c r ack  g ro w s , t h e  d e f l e c t i o n  :-c c -t s  much l a rg e r , bu t  t h e  l e n g t h  of t h e

fiber . m t f e c t c -d onl ’~- slowly inc r ea se s .  As the crack approaches a leng th

of ten t i m e s tile fi er height , the portion of the fiber above the crack

d e f l e c t s  n e a r l ’.- as much as the appli ed displacement . (This i s  due t o

t h e  use of  a u n i  - 0  - : g r i p d i s p 1ac ~ - nt:- n t  . 1  The e f f e ~~L along t h e

f i b e r  is o n l y  i m v t - r  t i c k e t - lm ~ - cr o c i-: l e n g t h .  As t h e  n i c k  g e t s  l ar g e r ,

t h e  d c - I l e c t i o n  does  l i n t  i t  l a r g ~-r , hIlt i ’  l t ’ l l I -~t it 1 t h e  m u i r  i t  t i t e d

bein gs to ~, I i w I y  m e n - a r - c .

Val ues of t h e  t o t - i l  c I1 L r g V  i - I c - a c e  r o t c -  ~~~~ , .  ye n -  c a i ru l a t e d

I rorn t h~ s t  r i -sc  i n t e n - - it Fact - i r s  ( f r o m  t i l i  I j u l  t i i i  i m O l i t  a n a l y s i s )

by

2
K K

= or  
~
‘Fl I 

= _ L (ie)
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where E is the matrix modulus; it is to bc noted that since them

virtual increment of crack growth l i e s  w i t h i n  the  matrix material ,

onl y the -  m a t r i x  modulus appea r s .  TIte energy  r e lease -  r a t e  due  to fib i-r

bend i nfl , GB ,  can t i l e im  be det I ne d  Or; he difference between t u e total

elmt -r gv re l c a s~- r a te  and t h a t  d ue to  m a t r i x  s t r e t c h in g  
~~~~

or sil t -Li ni ng , G~~~, w i t h  r ig id  f i b e r s ; v iz

C = ( -  — C
BI ~I 1  1

or (20)

G
BII 

= GTII
_ C 11

The total energy ni - l e; mse rate ’s are plott ed in Figures

30 and 31 . The two energy release- rates (opening and sliding) are

normalized with respect to the strain energy release- rates for the

ri gid f i b e r  case  as [8]

h
m o 2= 
2 E

m 
( — V )

2 (21)
h T

~ I I 
= ~~ 0 (1 + v )

These normalized value s are plotted against a dimensionless quantity

- a 
de r ive d in [8]  re- f l eet i n g  thc- f i b e r  rigidity and crack length:

4k 1/4
= a(F—i)

I (22)

I ut ’1l2
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where k is the foundation stiffness and I is the fiber ’s area moment of

i n e r t i a .  The value of k for thi s analysis and for an ac tua l  composi te

could be treated as a free parameter used to correlate theory and experi-

ment . For the circular—fiber composite , an estimate was made for k

in [8],

E h F - V .m f Ill I
k - 

(l+~~ ) h 
- 

( 1+ . l- 1~ T 
(2 3)

m ni In I

A b e t t e r  e s t i m a t e  for  k can be calculated with the  use of an equation

*
derived in the previously referenced research [8],

- 2 2
o f 2 (cosll — ens

= - -- - — — - - [ 
~~~

- - - - - - - -
~~

-- — - -
~~~~~~~

— 1] (~~~B I k ( s i m m  + s c n y ) — -

Fi gure 30 shows how the- total en e r gy  re lease ra te  in Mode I is

s t rong l y a f f e c t e d  by f i b e r  bending .  For ve ry  small c racks , the results

are bounded b y the release ra te  of a crack in an infinite shee t given

b y

— ~~~~~~~~~~— 

E
Ut

As the crack length increases , t o t a l  energy  release r a t e  follows the  same

qualitative shape as f o r  t h e  energy release rate due to fiber bendin c

calculated in [8]. For sufficientl y long crack s, the total energy
a

re lease rate  becomes independent  of crack length as does the bending

energy  release r a t e .  The m a g n i t u d e s of  the  bend ing  e l l - r g v  release

ra tes  at these crack l eng ths  cou ld  be pre d ic ted  by the equa t ions

*The f a c t or of 2 In the b r a c k e t s  was i n a d v er t e n t ly  o m i t t e d  in  the  f i n al
t y p i n g  of [8 1.
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deriyed in [8] with a reasonable valut- of k (490,000 psi , which is

coincidental ly c l ose to the value of the matrix modulus).

Figure -  31 shows how the  t o ta l  energy release rate in the Mode II

problem ini-re l c,- s without bound ; there Is little effect of fiber

betiding. I t  too is bounded t o r  ve ry  small  c racks  by the  energy re—

leose rate for  a c rack  in an infinite sheet given by

~l T O  ( 2 6 )

T u e  e n e r gy  r e l e a s e  r a t , -c f or an orthotropic body were calculated

using the effective properties of the material used in the finite

element analysis and art- shown in Figures 30 and 31 . The details of

t h i s  ana lys i s  can he found  in ~~~~~~~~~~~~~~ This was u n d e r t a k e -n  to

examine t I m e  r e l a t i o n s h ip between the ;‘vc - r t l l  composi te ’s and f i b e r

model ’s energ’— release rati-s . The equations f o r  the  plane s t ress

i - n i r v  re lease  r a t e s  [133] are

— K 
2 

a11 a~~ 1/2  a~~ 1/2 
+ 

2a 17 + a
66 

1/2
I I 2 ~ Ka 

) 
2 a11 11

( 2 7 )

C
11 

= K
11

2 
_

~~~~~~~~~~
_

~ 

+ ~~~2
+ 3

66~
u/2

(2 ) ~~~
2 a 11 2 a 11

a

where the- a . . ’s are t h e  m a t e r i a l  c o nst a n t s  f o r  an orthotropic body.

Using  h it-  st r c - s c  i n te n s i t y  f a ct o r s  or t h e  crack in an infinite sheet ,

t imi se re li ase - r;iti-r ; i -ni-iii c t e - d much larger values t han  that of the  f i b e r

bend ing m o d e l .  Ti-m i s  in d i c a t  t i t e  i m p o r t a nc e  u I  fiber bending , and

that  many fiben — m may he af tu- ct e d by even one crack.

-.5— 
-5— —-5 -.5 .- ~~~~~~~~~~~ .J~
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Fur ther  X esult s

u sing the rcou! ts from the  r i g i d  f i b e r  models , some’ ol ser yLmt inns

can he m a d e  :15 to crack growth and arrest. assumIng that the energy

per unit are t , 
r’

, required to  p r o 2 — i ; - o new surfaces , is independent

of l o a d i n g ,  c r i c k  g r o w th  wi l i  occur  when CT 
— 2~ and a r r e s t  when G

T

2~
’. Considering the entire crack fr nt , the p o i n t  of i n it i a t i  mu of

crack g r - i th w i l l  he :- l l t - r c  t i - m i s  c r i t e r i o n  is I~~~t

In order to  d c : .  i n l i n e  how t i h ~- r  b e n d i n g  a f f e c t s  -r a c k  extension

of on i n i t l - t I l v  c i - n - cr e -d v-rac k , K1 /K 11 
was plotted vs y ,  in l : i ;~l 1ri  32 ,

t o r  equal  i - m r — u  i c id  ten~~h a m m  :111 1 s h ear  s t resses .  The r ig id  f i b e r  model

res u l t s  Ir e -  t i c -  p l o t t e d  f o r  c o m p a r i s o n . For very small cracks , the

c-r ack behaves as if i t  mci -n in art in f i n i t e  s h e - i - i , w i t h  K 1 fK ~~ = 1,

cor r e s p o n d ing Ic a c rack  p r o p a ga t i o n  angle  of ap p r o x i m a t e ly  55° (from

F i g u r e  1b ) .  g u i r  s ’me-vh~ t ar c1r  m i t  m l  cr ~ucks , t h e i r  behav io r  becomes

a f f ec ted  b y f i b e r b~- a d i ng , in t b : : t  K
1
!K

11=lJ , i-or r e spond ing  t o  a

crack angle of approximatel y u 7 ° . ‘he ri gid g r i p  s o l u t i o n  w i t h  K1/K 11 
=

57 , i n d i c a t e s  — m c r a c k  prop ;tg-at ion angle  of  approx im-u t e l v 65 ° . This

variation in a n g l e  w i l l  not unduly af~ ect c r ack  p ro g a gu t i e;; the

crac k wi l l  s t i l l  ulropa fl :ute to tile f i b e r s  at  a fairly steep angle - a nd

w i l l  then  ar r t - e t  at the f i b e r s . Tho se- changes in s t r e s s  i n t e m l s i t v

f ac ’  or r a t i o s  due to  f i m cr bending will also h ive art - u f F m - c t  on c r a c k

a initiation. The change - in  r a t i o  c - - ’n g e s  ti ie ’ p i n t  of f a i l u r e  on the

K 1/K 1 ~ 
m t  - r u e  t Ion c u r v e  as i n  Fi g ~~ h A “i gNu -n rut in would i n v o l v e

g r e a t e r  a p pl i e d  s t re s se s  to cause c r i c k  p r o I m -i~’a t  i on .

Of g n i - : m t I n t u r e s t  is Or r e s t  I L l i - c l l a n i s m s  fo r  o p e n i n g  mode c r - i d - s

l i n e  possible : m o -h m n i s m  is the p r o p a g a t i o n  of cracks in ~dj  a c e n t  m at  r i x  
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a rea s .  Ti l e  s i - m i - i n  s I r esces  produ ced  in t it  is ne Ig lub or i ng mat !x , c t m i sed

by f i b e r  bend i ng,  helps to cause  cracks  to grow f r u r  pro—exist I n g  f i  u s- — ,

c ro c k s  of s u f f i c i e n t  l e n g t h  to  r e l i e v e  the  st r e s s es  at  t he  t ip  of  tite

in i t ial crack.  As seen in F i g u r e  33 , t h 1  shea r o t r e o s  d i r e c t l y  above

the  c rack  t i p  increases and then levels o f f  as the  c r ack  length  increases .

The r e l a t i v e  magn i tude  of t h e  sh e -ar stress to a p p l i e d  s t ress  is smal l ,

hut a small afllOllnt of increase in a stress concentrat ion can be signifi-

cant in determining crack ini ti atlin ; three dimensional effects will

probab ly  increase  this stress concentration . R e l a t e d  crack ski ppi ng l m : u . ~

bee-n observed experimentally ~8,23I. The shear s t ress  caused by fiber

bend ing  w i t h i n  the m a t r i x  about the cr a i -k is of some- s i g n i f i c a n c e .

The shear s t re s s e s  above the  c r u ck ti p and b c - l o w  the fiber are p l o r t i - d

in F igu re  33. For an o f f — c e n t e r e d  c rack , a s h e -m i r i n g  mode c o n t r i b u t i o n

can he added to what  had p r e v i o u s ly  been on ly  o p e n i n g  mode p r o p a g a t i o n .

Th i s  w i l l  then turn the crack to m - a rd the f i b e r s , causing c rack  a r r e s t .

Ac t he e r i c h  con tinue -s  to grow , e i ther  in the i l l : - r f a c e  betwe-en

t h e  f i b e r  and m a t r i x  or in the  m a t r i x , ti -me g rowth w i l l  con t inue  t e

be con t ro l l ed  by the n e i g h b o r i n g  f ib ~-~ a .  Comparison of the  el ter gv

r e l e a s e - r a t e s  of the f i b e r  model and those f o r  the ! u m u u g ~- n c u - u 1 s  i m r thot n- m g ic

mode l , in Fi g ur e s  30 and 31, s l u o w u m  t i m u t  a c r acked composite  w i l l  r -  - -

ent i re much hi gher  appl ied  s t r esses  for  sm al l  cracks to p r op a g a t e  than

had been p r e d i c t e d  by u s i n g  the  l a t t e r  the -o r ’- . Th is i n d i c a t e s  tim _ ut iL

e r e u -k  must  be very  l a r g - - , compared  to t h e -, Nor spacing and d i i m u - t i -r

d i s c ussed here , In  o rder  Ic- treat the material as l l i ’m o g i - u u o o l u e  -

C o m p a r i s on  of energy  r e l e a s e -  r a t e s  and s t n - c - u  i n t e n s i ty  f a c t o r s

ha ve lead to  sorn~- co nc lus ions  u -n i n i c r o c - r a c k growth and a r r e s t  in

-~~~
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fibrous composites . The simple models used here have neglected many

aspects of real composi te-s  such as f ibe r  randomness , f l a w  size distri-

bution and interface inhomogeneity. The complex , re:u1 three—dimensional

problem was also approximated with two—dimensional models. Even with

these approximations , it is believed that the-se models portray some

of ti - me-  f e a t u re s  of m ic roc rack ing  found  in the  ac tua l  co m p o s i t e .

I
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CONCLUSIONS AND RECOMMENDATIONS

A f t e r  examining the l i t e ra tu re , i t  was concluded t h a t  of all

e x i s t i n g  cr i ter i a , the maximum energy release rate  cr i ter i on had the

strongest physical basis and best corre lation with data , espe cially

fo r  brittle mate r i a l s .  The usefulness  of the f i n i t e  e lement n~~thod

in fracture mechanics analysis has also be-en demonstrated in the

literature surveyed. The maximum energy release rate criterion was

extended to those combined mode fracture problems wh i ch are largely

composed of the shearing mode. This was accomplished with the use of

the f i n i t e  e lement  m e t h o d  and supported with experimental evidence

provided with a test ge ometr ’.’ not p rev ious ly  used for combined mode

problems .

This completed c r i t e r i o n  was then used to predict the crack paths

and stress intensity factors interaction in long rectangular strips

of p lexi glas clamped on the  long edge- s .  The p r e d i c t i o n s  con~~ared

f a v o r a b l y  wi th exper imental  evidence . By c o r r e l a t i n g  energy re lea se-

r a t e s  of c racks  i n i t i a l ly in the -  c en t e r  of the  s t r i p wi th cracks

a l ready  propaga ted  to t h e  long edges , i t  was c a l c u l a t e d  and experl —

men ta l l y  v e r i f i e d  that  s ign i fi c~u n t 1v  increased disp lacements were

nece sm-u arv  to cont ifll,C crack growth.

Building up on the b iax ia l  st r i p  mode l (or  r ig i d f i b e r  m o d e l ) ,

the affect of fiber fledbilit y on crack arrest was explored. Fiber

bending decreased the- tendency of the crack to p r opaga te  t oward the

fibers , but supp lementary crack me chani sms resulted . These cim ~-

due to  the shear St resses  induced by bending : shear str e sses  In  ad l ,mcent

m a t r i x  reg i - -ui -- p o s s i b ly  ~aus l n g  -r a c k  skipping and shear st r u - - -  ~
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in the matrix about the crack causing propagation toward the fibers,

both resulting in increasing the tendency for crack arrest. Drawing

upon both the rigid fiber and flexible fiber models used, the nature

of crack growth from a small defect to a crack whose dimensions are

comparable with fiber spacing was discussed.

Examination of fractured surfaces, obtained from the experimental

tests, showed that the direction of initial crack growth was contin-

uously changing, reaching a constant growth direction within a distance

which was less than sheet thickness but much larger than the estimated

craze zone size (approximately 6800 
~~
). The crack surfaces showed

that the crack velocity increased as the crack initially propagated

and then crack velocity decreased as the crack approached the long edge

of the sheet.

While it is believed the study presented here provides a basis for

tracing certain aspects of microcrack growth in fibrous composites,

extensive work is still required to completely understand the problem.

A wider range of fiber flexibility and geometry should be examined.

• The nature of arrest for cracks propagating normal to the fibers

should also be studied. The flexible fiber model could also be ex—

tended by a more realistic three—dimensional model.

To predict crack growth direction in the three—dimensional case,

the interaction of all three crack displacement modes will have to be

explored . The finite element method may pi ive to be promising in

this problem , in conjunction with the total energy release rate

criterion. This criterion itself needs further experimental verifi—

cation , especially with materials other than rigid plastics.

L ~~~~ -— -••~—-• —~-~~~~~~~~~-~~~ ~~-— - .•
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APPENDIX

Effective Properties

The effective propertie s of the orthotropic material can be de-

rived from the propertie s of the constituent materials by various means.

There are various theories proposed that are based on descrete element

models , var ia t iona l  princ iples , semi—empirical  approaches and o thers .

These methods can be found in [3 ] .  The me thod used here is the des—

cre te  element model. Here, each constituent , fiber and matrix, is

considered separate ly  and the sum of thei r individual  contributions is

assumed to be the same as that  of the o r tho t rop ic  mater ia l .  The over-

all stress—strain relationship used here is for an orthotropic body

in plane stress as in [142].

6
= a.. cii,  a.. = a~ . , (i ,j l , 2 ,6)

E
l 

= C , £~~ = C , = ‘
~
‘
xy 

(A—l)

0 0 , 0 0 , n = t
1 x 2 y 6 xy

First , an element  of the mater ial  is conside red to be in uniform

s t r a i n  paralle l to the f ibe r s .  One considers the forces in each f iber

and matr ix  section , and sets the sum of all the forces in the individual
a

fiber and matrix sections equal to the overall force . This gives the

stiffness in the fiber direction in ta~:m~ of the volume fractions of

the constituents.

• —~- - - = E  V -l- E V (A—2)
a11 

f f m m
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By considering the lateral contraction of the overall material , one can

determine that

“12 
= V V + V

f 
V
f 

(A .-3)

with (A—l) and (A—2) one finds

a12 “12 
a
11 (A—4)

By considering an element of the material in simple shear parallel

to the fibers, the shear stresses in each constituent is the same.

• The values of the shear displacement in each fiber and matrix section

is summed and set equal to the overall shear displacement . In terms

of the fiber and matrix shear modulus one finds

V V
f in

a66 
= 

~~
— + (A—5)

N. f m
H

For the compliance of the material perpendicular to the fibers ,

one can consider an element of the material to be loaded by an overall

force perpendicular to the fibers and with no overall force parallel

to the fibers. By adding the di splacements perpendicular to the

fibers , for each fiber and matrix sect ion, and setting the sum equal to

the overall displacement of the element , one can derive

V v (~~ E — y E )
- J~ r i  - 

_~_ in f f m 1 +a
22 

— 
E L E + E Vm 1 m m

V
(A-6)

V v (yE — y E

~~~ r 1 —  ~ f i n  m f
E L E + E  VI in f f

V
in
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These compliances were used as the effective properties of the
continuum Composite model in equatjo~ (27).
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work . Crack arrest was examined for this rigid grip configuration. Using
in part information obtained from these studies , a flexible fiber model
was investigated to determine the effect of fiber bending on crack behavior.
Certain aspects of crack growth and arrest in these idealized fiber models
were explored.
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