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The potential for optical communication through low-visibility scattering
atmospheres is the underlying concern of this investigation. To access that
potential, the effects of the channel upon the optical signal propagating through
it must be determined. The work reported here is primarily concerned with
one of those effects: the time dispersion, or multipath spread, of the trans-
mitted signal.

The investigation was primarily an experimental one, utilizing the existing
propagation facility operat ing over a thirteen kilometer exnerimental rath
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between the MIT campus and a field station located at an Air Force site in
suburban Boston. Experiments were performed at visible and near infrared
wavelength s, w ith highly collimated transmitting beams. Measurements of
the multipath spread for various receiver fields of view and at various off-
axis angles were made.

Little multipath and angular spread was observed within the realm of
atmospheric conditions for which a detectable signal could be obtained. For
optical thicknesses less than ten, the on-axis measurements are consistent
with the hypothesis that the received signal is dominated by unscattered radia-
tion; however , the off-axis measurements suggest that the scattered field
itself may be only slightly spread in time and angle.

Guided by the observed narrowness of the angular spectrum, an approxi-
mation to the linear transport equation was developed. The resulting equation
is more amenable to solution than is the full transport equation. Here it is
solved for isotropic scatter. For such scattering it is found that substantial
spreading in both time and angle will occur when the optical thickness becomes
appreciably greater than one. This, in combination with the data collected,
suggest s that nonisotropic scattering encountered in the atmosphere is
responsible for the absence of spreading.
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EVALUATI ON

1 . This report is the Final Report on the contract. It covers

research done on optica l conrnun i cation channels during the 15

month period 1 Jul y 1975 to 30 September 1976. The objective

of the research is to determine the effect of low—visibility

scattering atmospheres upon optica l signals. There exists the

potential for imp roving the operability of line—of—sight optica l

comunication links by exploiting the scattered component of the

received optica l signa l in addition to the unscattered part.

Experiments were conducted under this contract to determine the

bas i c proper t ies of the sca ttered part of the transmitted optica l

S I gna 1.

2. The above work is of value since it provides basic knowledge

on optica l conwiiun i cation channels under l ow—visibility conditions

wh i ch wi l l a llow the scattered part of the transmitted signal to

be usef.iI in communication links in addition to the unscattered

part. This research may make the development of new more sensitive

optica l rece i vers possible wh i ch will increase the range of optica l

communication channels des i gned for USAF use.

- . . - - 
,

DALLAS HAYES
Project Engineer
Microwave Detection Techn i ques
Electromagnetics Sciences Division
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SUMMARY

The potential for optical communication through low-visibility scattering
atmospheres is the underlying concern of this investigation. To access that
potential, the effects of the channel upon the optical signal propagating through
it must be determined. The work reported here is primarily concerned with
one of those effects: the time dispersion, or multipath spread, of the trans-
mitted signal.

The investigation was primarily an experimental one, utilizing the existing
propagation facility operating over a thirteen kilometer experimental path
between the MIT campus and a field station located at an Air Force site in
suburban Boston. Experiments were performed at visible and near infrared
wavelengths, with highly collimated transmitting beams. Measurements of
the multipath spread for various receiver fields of view and at various off-
axis angles were made.

Little multipath and angular spread was observed within the realm of
atmospheric conditions for which a detectable signal could be obtained. For
optical thicknesses less than ten, the on-axis measurements are consistent
with the hypothesis that the received signal is dominated by unscattered radia-
tion; however, the off-axis measurements suggest that the scattered field
itself may be only slightly spread in time and angle.

Guided by the observed narrowness of the angular spectrum, an approxi-
mation to the linear transport equation was developed. The resulting equation
is more amenable to solution than is the full transport equation. Here it is
solved for isotropic scatter. For such scattering it is found that substantial
spreading in both time and angle will occur when the optical thickness becomes
appreciably greater than one. This, in combination with the data collected,
suggests that rionisotropic scattering encountered in the atmosphere is
responsible for the absence of spreading.
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C [IA 1~’ l’E U 1. IN TI ~( ) 1)t1 ( ’ !‘l( )N

l’he apparent  l im i t a t i ons  imposed upon a tmosphe r i c  optical communication

systems by low-visibil i ty weathe r condi t ions  (haze , rain , fo g. snow , etc .) have
bee n widel y noted. In pa r t icu lar , for a conventional  l ine-of-s i ght l ink , whose

receiver responds onl y to the unse at  tereci li ght arriving along the boresight
from the t ransmit te r, the major effect  of low-visibi l i ty atmospheric propa ga-
tio n is to in crease the path loss by a factor of exp (—aL) , where L is the path
len gth and a is the extinction coefficient of the atmosphere at the wavelength

of interest . Although the relationshi p between a and visibilit y is tenuous , at

best , some appreciat ion for the magnitude of the attenuation is provided by the
commo nly accepted approximation that , at  visible ~vavelengths , e x p ( — a L)  will

be on the order of io 2 when the  operat ing ran ge l~ equals the visibility [i , 2 ].
A t m ost visible wavelen gt hs , and at many infrared wavelengths , t he extinc-

ti on coefficient  a is due in large measure to scattering rather than absorption
[3 , 4]. Thus , there exists the potential for improving the operability of line-of-
si ght optical links by exploiting the scattered component of the received optic al
fi eld , in addi tion to the unscattered component [5-8] . The extent to which utili-
zation of scattered light will significantly improve low-visibility communication
perfor mance depends upon the energy contained in the scattered component of
the  recei ved field and upon the way in which this energy is divided between the
stat is t i cal degrees of freedom of the field. These quantit ie s are , in turn , re-
lated to the character is t ics  of the scattering particles arid to the geometry of
the channel  rn a very comp licated way. Nevertheless , some basic feat u res can
be discerne .

It is reasonable to assume that when mul t ip le - scattering effects predomi-
nate , as i t . is likely they will in a low-visibility atmospheric chan nel , the opti-
cal complex f ield envelopes receive d on two orthogonal polarizations will be
independe nt identic ally-distributed zero-mean complex-Gaussian random pro-
cesses whose sta t istics are com ple tely characterized by a space-time correla-
tion f unction [9-11] .  When the particle scat ter ing function is sharply peaked
in the fowa rd direction , various analyt ic  tech niques (which have been used to
study wave propagation through atmospheric turbulence)  may be applied to ex -
plicitl y determine the desired space-time correlation function [iz , 13]. At



present , howeve r , n iu l  L i  pi e — s ca t t e r in g  theo ry  is too cornpl i c at ed  to pe rmi t
such an e p h i c i t  dete r m in a t i o n  in t h e  genera l  case , w h e re i n  the f o r w a r d —
scat ter in g a s s u m p t i o n  is no longer applicable [ 9 _ i l ] .

F’ort u nate l y, pre vious experience with radio-fr equency scattering chari-
ne ls  suggests  that  detailed knowledge of the channel correlation function may
not he necessary.  In pa r t icular , specification of “ ph ysical ” parameters such
as multi path spread (t ime dispersion),  Dopp ler spread ( f requ ency  dispersion),
and angular spread (spat ia l - f requency dispersion) can suffice for both the
desi gn of receiver s t ruc tures  and perfor mance calculations [5 , 14] . Indeed ,
based on r € a sonable , but as yet unverif ied , statistical assu mption s, two pos-
sible receiver s t ruc tur es for  exploitin g the information contained in the scat-
t ered field have been identified [5 , 6 , 8].

The first  s t ructure is a wide field-of-view direct detection system that
counts photon arrivals in the entire t ime-frequency-  spatial f requency region
over which scattered signal light is expected. The performance obtainable
with this receiver will depend critically upon the development of improved
wide-angle narrow-band ~p cal fil ters to discriminate against background
light , or operation at wavelengths where such light is negligible. Under favor-
able condit ions , the di rect-detection performance can approximate that of the
optimum one -shot quantum-mechanical  receiver. The second candidate
recei ver is a spatial phase-compensation (mode-com pression) receiver , sim-
ilar t o sy s t ems  pr eviously recommended for a tmospheric  t u r b u l en c e  (c lear-
weather )  app lica tions 115-17 1, but with many more phase-controllable elenients .
The theoret ical  u t i l i ty  of mode compression rests on the assumptions that chan-
nel f luctuat ions  occur slowly relative to the desired information rate , and that
the uncomper sated system is background-limited. The practicality of the
phase -compensation receiver will de pend upon the ease with which a large num-
ber of phase elements may be reliably estimated and controlled.

In the context of the foregoing receiver structures , the importance of the
channel  spread parameters (rnult ipath , Doppler , etc.) is apparent , and the need
for experimental  measurements man ifest. The degree to which these receivers
will extend the operability of atmosp he r ic links depends overwhel mingly on the
degree to which , under low-visibility conditions , the ener gy containei in the
scattered component of the received field substant ia l ly  exceeds the energy con-
tai ned in the urscat tered  component. For exam ple , it can be argued that  for 

a2



bean i source embedded ii i  au i n f i n i t e  lossless  I ioj c  co19 neous scattering medium,
the received energy at path l e n g t h  L w i l l , as vi si b i !ity decreases , ultimatel y
reduce to t~ie leve l of a f re e - s pa ce  ,)mf l id i re Ct iOn al  radiator.  Whether or not
the s ca it er .~d - f ie l d  energy s t i l l  do~:i inat es  t h e  unsca t te red  energy by a wide
marg in  in the  more typ ical case of a p a r t i a l l y  ah. o rh i n g  inhomogeneous scat-
te r ing  medium wi th  boundar ies , remains  to he d e ter m i n e d  (cf .  Chap. U) .

Given That  there is s u f f i c i e n t  energy in t h e  sca t tered  f ie ld  to warran t the

use of a low-v i s ib i l i ty  (wide f i e ld -o f -v iew or mode -compression) receiver, the
ease with which such a system may be implemen ted  depends, primarily , on the
angular  spread of the scattered light. This angular spread must  be accommo-

dated by the optical f i l t e r  in the wide f i e ld -of -v iew receiver. This angular
spread , measured in uni t s  of d i f f r ac t ion - l im i t ed  f ie lds  of view , determines the
requ i red  number  of phase cont ro l le rs  in the mode-compression receiver. In

ei ther  case , the imp lementa t ion  burden is an i n c r ea s i n g  funct ion of angular
spread.

Fina l ly ,  assuming that  a subs t a i c t  ia! a m o u n t  n i sca t tered  energy can be

collected ov~ r an accept  able ( v i s — a — v i s  i r n p l c n i e n i  a t i o n )  f ield of view , the pr i—
marx  l i m i t a t i o n  on the two c a n d i d a t e  l o w — v i S ] l ) i l i  v receivers may be due to

m u l t i pa th  sp -ead .  In p a r t i c u l a r , to a c h i e v e  dat a r a t e s  in excess of the recip-
rocal m u l t i p a t h  spread for the fu l l  ( uncon ip en sa tech  receiver field of view requires
an addit ional  level of system comp 1ex~~y to overcon~ intersymbol interference.
\ loreover , b~ cause mul t i path spreads in excess  01 one microsecond have been

measured  in a cloud propagation e x p er i m e n t  118 , 1)  , the data rate constraint
on s imple rec eivers may be s ev e i e .

The preceding considerat ions have  led us to make the nature of the scattered-
energy d i s t r i b u t i o n  a cen t ra l  concern  of our ongoing experimental  and theoretical
research on tae  poss ibi l i t ies  for  improved opt ical  communicat ion in low-

visibility envi ronments  16 , 20 ].  The obje ctives of the experimental  program
have been to :

1) measure  the ra t io  of sca t tered  t o  un sca t t e r ed  radiation collected by a
receiver as a func t ion  of i t s  f i e ld  of v iew , and meteorological conditions;

2) measure  the angu lar  spectra of pulsed and cw optical signals as functions
of meteorological condi t ions;

3)  m e a s u r e  the  mu l t i path spread of pulsed optical signals as a function 
of3



in t ’t (‘ c i~( I ‘~~ i c 1 c ( ) I i  ( l i i  ci is;  and
1) n i e a s t u r~’ t i n ’  l)opp l i r  spta ;4 ( l Ot ‘. W  ( c i c l i c a l  signals  as a func t i on  ot

met  eoro logica l  eon di t ioio- ~
l’h e approach tak en  iii  t h t  t heore t ic at work  has I ~ en to solve the l inear  —

l ar isp or t  equat ion , suh t ( c t  to  ap p r o x im at  iOfls i i i ot iva te d  by expe r imen ta l
r e su l t s , for the  par a l i et n c  dept ndc :ccc of angular  spread , beam spread , and
mu lt i path  ~ pread on th e t ot a l  ex t  n i c t i on , a lb edo , particle scat te r ing  func t ion ,
and source geometry.

We shall report  here on the exper imenta l  and theoretical studies of mul t i -
path spread . These studies were funded  by t h e  Air Force Electronic Sys tems
Division under Contract  F 19628-76-C-0054 [2 1 1



( ‘ILA P [‘lilt II. E \ I ’ E I t I M E N  I S

As p r ev ious ly  noted , i n t u i t  J I ) l e — S C a t  t(~n i n~ t h e o r y  ( i n  i t s  present s ta te)  does
not provide an exp l i c i t  det (~rm i n at i on  of the c r it i c a l  spread parameters  which
c h a r a c t e r i ze  the low-vis ib i l i ty  a tmosp heric channe l .  We have therefore been
pursu ing ,  under  National Science Foundat ion and Ai r  Force Electronic Systems
Division fund in g 121 , 22 1,  an experimental  program aimed at measuring these
spread parameters.  In this chapter , our mu lt i path measurements will be dis-
cussed b eg?nniri g with  a description of the propagation geometry and measure-
men t  apparatus.

A. Propagat ion-Link Specifications

[‘h e m n u l t i p a t h  dat a repor ted  in the  sequel  was ol)tained on a propagation
t a c i l i t y  e s lab l i s h e ( l  unde r  NSF fund ing  over a 13 . c km l ine—of-s igh t  path between
th e  opt ical  communica t ions  l aborato ry  a top  the E a r t h  Sciences building at M.I.T.
and the Air Force Mi l l imete r -Wave  Observatory atop Prospect Hill in Waltham
M ass . The latter loc ation has been made ava i lab le  to us through the generous
cooperation of Dr . E . E. Mt shule r  and h i s  grou p at the Deputy for Electronic
Technology. A profi le  of the t e r r a i n  a long  the  p i t h  is shown in Fig. 1 , and
photographs of the views along the path from each terminal are shown in Figs . 2
and 3.

This propagation facil i ty comprise I~our  l inks u t i l i z ing  continuous-wave
he l ium neon , pulsed ruby , and pulsed holmium lasers. Multipath me asurements
were made  exclus ively  with the ruby l ink .  However , important corroborating
evidence waE obtained from holmium-l ink  angular  spectra. These two links
are described below.

1. Ruby Link

A block diagram of the ruby link is shown in Fig. 4 . The t ransmit ter  is
a Q-sw itch ed  Spacerays rubyt laser , which is loc ated at M. I. T. This laser
delivers pulses of nominal  0 . 5 J energy and 70 nscc duration at a rate of 10 per
m i n u te . [‘h e t r a nsm i t t e r  beam divergence is controlled by a beam-expansion
telescope . I n i t i a l  measu remen t s  were made with a 1 .8  mRad full  width to half
max imum ( E W L I M )  beam divergence; he telescope was later modified to yield5
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a 10 m Itad VWII M beam dive r gence.

A photograph of the ru by- l ink  receiver is shown m Fig. 5 . The optical
subs ystem consists  of a modified Zoomar telescope (1 2 7  cm e f f ec t iv e  ape r-
ture , 1/3. 5, Schmidt-Cassegrain)  mounted on a pair of ro tary  tables for azi-
muth  and elevation control .  These tables are equipped wi th  el ec t ron ic  resolvers
which p ermit  absolute a iming  and rese t t ing  to 0 . 1 m I-tad. l ’inh oles  may he
inser ted into the focal plane to select fields of view from 0 . 1 mRad  to 20 mRad
ful l  cone angle. Kodak Wrat ten neutral density f i l te rs  are emp loyed (in clear-
to modest-visibil i ty weather) at this point in the system to prevent overloading
the photodetector.

After the focal plane , the ruby light is recollimated and t ransmit ted through
a dichroic beamsplitter (which enables the telescope optics to be shared by the
holmium-link receiver) and a l n m  linewidth 694 .3  nm wavelength interference
fil ter onto the photodetector. The ruby receiver employs an EMI 9558B S-20

cathode photomultiplier which has a responsivity of 0. 018 A/W at 694 . 3 nm
and a current gain of (as operated) . The detector has a mean anode dark
current (at room temperature) of 10~~ A, and , including the effects of the post-
detection electronics , yields single-photon events with a 30 nsec rise-fall  time.

The post-detection signal processing for the ruby link consist s of a Tek-
troni x Model 466 100 MHz storage oscilloscope , and a P. A. R. Model 162
boxcar integrator with Model 9002 X-Y recorder. Because of the extremel y
low duty cycle of the ruby laser , the normal data-collection procedure is to
view each individual pulse on the storage oscilloscope and record , by hand , the
peak voltage and time duration. Permanent photographic records are made of
unusual pulse shapes. Under severe weather conditions , for which oscilloscope
observations are insufficiently sensitive , boxcar averaging of 5-20 pulses is
performed , and the results are plotted by the X-Y recorder. Timing informa-
tion for both the oscilloscope and the boxcar integrator is provided by a 450 MHz
radio link , which is described in section A. 3.

2 . Holmium Link

The holmium link , shown in block diagram in Fig. 6, is built around a
2. 06 ~ wavelength Ho :YLF pulsed laser developed by the Center for Materials
Science and Engineering at M. I. T. for use in atmospheric propagation experi-
ments [23]. The 2. 06 ~ wavelength has several virtues for optical communication
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in the atm~ sphere. Mast  notabl y, because this  wavelength is strongly absorbed

by the cornea and aqueou s humor of the eye , it is re la t ivel y “eyesafe ” in that
the energy brou ght t o focus on the re t i n a is r eduei d considerably compared , for

exam ple , t o the 1 . 06 ~ wave length  radiation of a Nd:Y AG laser . The holmium
lase r used in the propagation studies is located at  M. 1. T. , and operates in the
long-pulse mode . It delivers pulses of nominal  energy 0. 1 J and 150 ~sec du ra-
t ion at a rate of 5 per second. Ear l y measurements  were made using the
2 mRad FWHM iatural beam divergence of the laser. Later measurements
were made , using a diverging lens, with a 5. 5 mRad FWHM beam divergence.

The holmium-link receiver shares its principal optical components and
post-detection signal processing with the ruby-link receiver. Specifically, the
holmium light is brought to focus by the Zoomar optics , with the same azimuth ,
elevation , and field of view control cited in section A. 1. In clear to modest
visibility weathe r , Kodak Wratten neutral density fil ters (which have been cali-
br ated at 2. 0 ~ wavelength) are inserted in the focal plane to prevent overloading
the photodetector. After the focal plane , the holmium light is recollimated,

and ref lected by the dichroic beamsplitter through a 33. 5 nm linewidth, 2. 06 ~

wavelength interference filter off a 6: 1 demagnification elliptical mirror and
onto the photodetector. The holmium receiver uses a Judson J - l2  InAs photo-
diode moun ted in a liq uid nitrogen de war . This detector has a respon sivit y of

0 .12 A/W at 2 . 0 6  ~ and a 1.0 ~sec time constant. Its output is coupled to a low-
noise pream plifie r whose nominal current gain is 10 6, and whose root mean
square (RMS) ~~ise current  is 1 mA (both measurements  made with a 50 ohm load) .
The preampl ifier output may be monitored on the Tektronix 466 oscilloscope .
Normal data takin~ procedure , ho wever , involve s boxc ar averaging of 20 pulses

and X-Y recording; longer pulse trains are averaged in the poorest visibil i ty
weather. Synchronization is provided by the 450 MHz radio link described
below.

3. Synchronization Link

Timing information for both the ruby and holmium links is provided by a
450 MHz radio link [24], which consists of two Motorola U44 transceivers mod-
ified for pulsed operation. Trigger pulses from either laser are transmitted
from Cambridge to Waltham . A transmitter output power of approximately one
watt and six-element Yagi antennas at both ends of the line-of-sight path give a
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signal — t o — n o i s e ~ r a t io  in e ~&~~ss ot 20 c113 p r i o r  1( 1 pu ls e  r egener a t ion .  the use
of regulated power supplies :i l  1)0th tt  r n i i u a l  s r( r ld e r s  l o n g — t e r m  t im i n g  d r i f t
negli gible after a 30 m i n u t e  w a r m up  period . t h e  s h o r t — t er m  t i m i n g  t i t t e r  has
heen measured at ± 100  nsec or less (see F’ig. 7 ) .  For the rub y l ink , the sync
pulse ar ri ves appr oximatel y 3 ~‘sec before the optical  pulse; for the holmium
link , the sync pulse arrive s approximately  240 ~sec before the optical pulse .

B. Propagat ion-Link Predictions

The impetus for propagation exper iments  derives from the dearth of avai~.-
abl e theoretical or experimental results for the crucial atmospheric spread
par ameters. Perhaps the only prior effort  at characterizing a low-visibil i ty
optical commun ication ch ann el was the work done on clou d propagation chan-
nels by Bucher et al. at the M. 1. T. Lincoln Laboratory [18 , 19, 25 J .  This
program , which sought to determine the viability of satellite optical-frequency
down links in the pr esence of clou d cover at the groun d sta t ion , incl uded a cloud-
pro pagation experiment  and a Monte-Carlo cloud-propagation computer simu-
lation . In this section we shall apply the scal ing laws obtai n ed in the fo r egoing
computer  simulation in an attempt to characterize,  a priori , the behavior of
our propagation link under low-visibility conditions . We recogn ize that ,
because conditions present on our link violate a aumber of pre mises made in
the Lincoln Laboratory simulation , the re is no guarantee that  the following pre-
di ctions will be borne out in the experiment .  We feel , however , that  the
Lincoln Laboratory work pr ovide s a usef ul set t in g in which to discuss our
experimental  results.

1. Lincoln Laboratory Simulation

We may succinctly summarize Bucher ’ s Monte Carlo clou d simu lation as
follows. The atmosphere was modeled as a plane-parallel slab of homoge-
neou sly dist ributed scatterers. The slab had thickness L and was infinitel y
wide . The particles were assumed to be nonabsorbing (uni ty al bedo) , with a
common scattering function which was taken variously to be a Mie pattern , a
Henyey-Green st ein function, or a “ megaphone ” (unique scattering angle). The
parameters of each of these scattering functions were adjusted to yield an aver-
age cosine of the scattering angle , (co s 8), of 0 . 875 .
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l’or a r ay  source n o r m a l l y inc i (I ent  on the at mosp heric slab , the distribu-
tion of t r a n s m i t t e d  t’avs e m e rgi n g  f rom the slab was de te rmined  by a Monte
Carlo procedure. Signi f icant l y, it  was found iha t  the output  distribution in
space , an gle , and t ime  was , for  th ick  enough slabs , independe nt of which scat-
t e r i n g  func t ion  wa s  employed in  the  s i m u l a t i o n .  Bucher  a rgues  that  this behav-

ior is ch ar a c t er i st  ( of p ropa g a t i on  when  m u l t i p l e — s c a t t e r i n g  Pr ( ’c lominate s .
He deduces the following scaling laws  for t h e  m u l t i p h - s ca t i er in g l imi t :

i) the f rac t ion of the incident  radiation that  is t ransmit ted through the
slab , T, satisfies

.r~ 1. 69/ (r d + 1. 4 2 ) ,  ( 1 )

where a L ( 1— ( c o s  0 ) ) ;
ii) the li ght t r ansmi t ted  through the slab e. ’I1s  as a c i r c u l a r  spot of medi-

an diameter , d , which sa t i s f ies

d 1. 56 J / 0 .07 (2)s d
iii) the an gular spectrum of the t r a r s m j t  l t d  r a d i a t  i t t  is q u i t e  broad , it

is conce ntra ted within a ir/4 Rad f u l l  cet~ - ang ie  f i e l d  of view with no

sharp peaks to the dis tr ibut ion:
iv~ the RMS time dispersion of the  t r a n sm i t , e d  r : i i a t  o n , satisfies

0 . 82,0 . 64 L( 1
~d

) ,c , (3)

where c is the speed of li ght.
The foregoing results  apply to slabs for which T d 

3 . Bucher attaches the
ter m diffusion regime to propagation condi t ions  which satisf y the above crite-
rion . His justification for this terminology is that computer simulation of pure
diffusion (isotropic scatter) in three dimensions yielded scaling laws for d~ and

that were similar to Eqs . (2 , 3) whe n compared as functions of T
d ( ra ther than

i-) . The par ameter ~r d is therefo re the diffusion thickness of the slab, i .e. , it

is the u sual opt ical thickness, ~r aL , m odified by the predilec t ion of the par-
ticles to scatter in the forward direction .
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Fr an sni  i s s i o n —  l” r a c t ion  A n a ly s i s

Let us app ly Bucher ’s sca l ing  laws to t h e  Cambr idge - to -Wa l tham propaga-
tion path . We shall suppose that thes e  laws are val id  for all  values of ( cos 0).
\l~~reovc r , we shall not a t t empt  to account  b r  ;i lmo sp her ic inhomogeniety,
particle absorption, or boundary (g round)  losses , t h a t  are obviously present
to some extent  in our exper imen t , but wcr ( ’  n ot inc luued  in the computer simu-
lation . Our primary concern h ere 4n wil l  ~s 10 ( It t i f l e a t e  two asymptotic  propa-
gation regimes for this path: the clear -weather  regi m e wherein uriscattered
radiation dominates the received signal, and the ver y low visibili ty regime
wherein diffuse radiation (governed by the  scaling laws of section B. 1) dom i-
nates the  recei ved signal. In par t icu la r ,  we s h a l l  de te rmine  the crossover
optical thickness at which these two a sympt ote s  a re  equa l .  However , because
of factors ne glected in t h i s  analysis , we cann ot  argu e that  the  calculated cross-
over optical thickness (which under some circumstances doe s not exist) accu-
ra tely characterizes the Cambridge to Waltham path . Indeed , we can not den y
the possibility that there is another mode of scatter propagation which renders
the above crossover-thickness calculation valueless. Putting these caveats
aside , let us begin by considering the unscattered radiation.

The fraction , T ,  of the transmitter signal that reaches the plane contain-
in g the receiver ’s entrance pupil as unscattered light is given by the Bouguer-
Lambe r t ext inct ion law

T = e x p ( — T) .  (4)

Of the unsca t te red  light reaching the receiver entrance-pupil plane , only a
fract ion A /(0 t L)

~ is inte rcepted by the entrance pupil , where Ar is the effective
pupil area and O~ is t ransmit ter  beam divergence (full cone angle). Thus
the fraction of the transmitter  signal that is intercepted as unscattered radiation
by the receiver pupil , satisfies

= A exp (—i -)/(8~L) 2 . (5)

Wnen the t ransmit ter  and receiver are in boresight alignment , essentially all
of the unscat tered radiation entering the receiver pupil will pass through the
focal- p lane p inhole and onto the photodetector if the receiver field of view
(deter m ined by the pinhole) exceeds the nominal clear-weather blur circle of
the telescope. This blur circle would have a full cone angle of the order
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of Rad at wavelength ~ f ur  a d i f f r a c t i o n - l i m i t e d  ins t rumen t .  Tele-
scope abe rrat ions , at m Osphe r i C t u r b u l e n ~~~, and platform vibration may typi-
c a l ly  inc cease th e  b lu r  ci r c le  f u l l  cone a ng l e  to 0 . 1 rn I tad ,

l e t  us now con side r  t h e  i i i I t ~~~~j t i i i  r t ’gi x l ie . Wh en th e  v i s i b i l i t y is lo w
enough to sat i s ty  T

1 
3 , I l i t ’  f i ac l i on , 1’ , of t h e  I r an s r ni t te r  signal t h a t  reaches

the p la ne conta ining the receiver ’ s ent ranc e  pup i l  will be assumed to satisf y
E q. (1 ) .  In Fig. 8 we have plotted “U and 1’ ver sus opt ical thickness , i- = aL ,
for various values of (cos o) . The T curves all begin at Td = 3. Figure 8
shows , in essence, what was suggested in Chap. I, i. e .,  for a lossless scat-
tering medium the transmission of scattered radiation may enormously exceed
the unscat tered transmission .

Of the scattered light reaching the receiver entrance-pupi l  p la n e, the
f raction that is collected by the pup il will be assumed to be Ar/d~~ where d5sa t is f i e s  Eq. (2 ) .  Thus , the fraction of the transmitter  light that (in the diffu sion
regime ) is collected by the receiver pupil , Ti’, is

0 .696  A ( T d) ° ‘4 /L
2(T

d +l .42) .  (6)
In Fig. ~ we have plotted T~ and Tr versus optical thickness for various values
of (co sO )  u~-ing Ar 127 cm 2 , 0~ = 10 mRad , and L = 13. 6 km. Evidentl y,
for suff ic ient ly  large (cos o) values (e. g. , (cos o)  = 0.8 in Fig. 9) there will
not be a crossover optical thickness at which the unscattered-light and the
diffusion-regime receiver-pupil transmission fractions are equal , i. e. , for
sufficien tl y large ~‘ cc’s o) we have T~ < Tr at T d 3. However , when there is
a crosso ver optical thickness in Fig. 9, it occur s in the vicinity of -r = 11 , an
optical th icknes s  for which the diffusion-regime receiver-plane transmission
fraction greatly exceeds the corresponding transmission fraction for unscattered
light , c. f. Fig. 8. This is due to the enormous spatial spreading of the
multi ply-scatt ered light as opposed to the small spatial extent of the highly
collimated unscattered beam. The crossover point shifts to higher optical
thicknesses (lower visibj lj tj es) when the effect of receiver field of view is
included . For a receiver field of view whose full cone angle , 0 , exceeds the
full cone angle of the clear-weather blur circle , all of the unscattered light
intercepted by the receiver pupil reaches the photodetector. On the other hand ,
~ 0r ~ ir/4 , onl y a fraction sin Z (O / 2 / sin 2 ij ’/8 of the diffusion-regime light
collected by the receiver pupil reaches the photodetector. In Fig. 10 we have

18



<COS9> = 0.7-

.. ‘

~~~~~~ ~:.- 
.
~~~~ 

~~~~~

U, -

z -
0

-

0
- Fig. 8. Receiver-plane transmission fractions.

LL

z
0 -

‘I)

(1,
z - TU

IO~~~ T

I I I I
2 4 6 8 10 12 14

OPTICAL THICKNESS , t-

19



— __ __ _ —~ _ ___~ __~ _ _ —

tO~

‘a ’0
U~

)
z
0
F-
0

LL _ _ ___ w

— I I 
— — —

~~~IO
—
U) ~~~~~~~~ 06

— 
_ mo

I— -12 
1 U —

T r

-1310 8 tO 1 2 14 16 18 20

OPTIC A L TH ICKNESS, T

Fig. 9. Receiver-pup il transmission f ractions.

20



i612
:

idI3
U) -

z
0

04
a:
LL~

Z — _ — — 
<cos9> 0.875

— _

o — —  _
— —

— 

— — — — — — Q8
(I) — — 

— — _
~~ 

— ..Q. 7.~— ~~~

U) 
0.6

z — 
— — —

4 - 

— — — — — —

a: 
— — — —

I- 0.0
IO’~

- U

T rf

10
16 I I I

OPTICAL THICKNESS, T
Fig. 10. Receiver focal-plane transmission fractions.

21

14 16 (8 20 22 24 26 



plotted Tr and

Trf .~r sin 2
(0 r /2)/ si n 2 (

~ /8), (7)

versus optical thickness for various values of ( cos e) using Ar~ ~~ 
L as

bef ore and 0 = 20 mRad. We see fr om E~ig. 10 that the crossover optical
thickness , at which Bucher ’ s scalin g laws predict that the diffusion-regime
radiation incident  on the photodetector will equal the unscattered radiation
incident on the photodetector , lies bet ween 18 and 20 for the assumed values
of A , 01, L, 0r ’ and 0 .0 ~ (cos o) ~ 0 .8 . Once again for sufficiently large
(cos e) values (e. g. , (cos e) 0 . 875 in Fig. 10) there will not be a cross-
over optical thickness. For such (cos e) values there is little we can say
about transmission-fraction behavior in the gap between the asymptotes.

We shall , for discussion purposes in the sequel , assume that a crossover
optical thickness does exist for our experiment , i. e. , (cos e) ~ 0 .83 .
This assumption need not , however , be physically valid. In particular , using
Deirmend j ian ’s scattering functions [26] for 0 . 7 ~‘ wavelen gth propagation
through water hazes H and M and water cloud C. 1, we have computed ( cos e)
values of 0. 74 , 0. 79, and 0. 84 , respect ivel y. Furthermore, Bucher ’s calcu-
lation [25] of Mie scattering by water spher es (refractive index 1. 34) shows
that 0.8 ~ (cos o) ~ 0.875 for Mie parameters between 30 and 200 such as are
known to occur (for 0 . 7 ~ wavelength radiation) in fog [27].

To conclude the a priori link analysis, we turn our attention to the mult i -
path spread predicted for the supposed crossover optical thickness. The
RMS time dispersion of the diffusion-regime radiation reaching the receiver
entrance-pupil plane , 

~~~~~ 

computed from Eq. (3) fo r T = 18 , L = 13.6  km and
various ( cos e) values appears in Table 1 .

Table 1. Diffusion-Regime Multipath Predictions

(c os 0)

0. 0 0. 6 0. 7 0 .8

~~ 
(p sec) 310 146 115 83

This calculation is based on Eq. (3) with i’ = 18, L =
13 . 6 km.
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C. Propagation-Link Measurements

The preceding t ransmiss ion- f rac t ion  anal ysis  suggests that  the following
behav ior should be encountered in our rub y — l i n k  measurements. Under clear
to modest -v is ib i l i ty  conditions , the detected boresig ht ruby signal should be
dominated by unseattered radiation. We should thus observe an exponential
extinction with decreasing visibili ty,  a sharply peaked angular spectrum
(perhaps 0. 1 mRad full cone angle) , and negligible time dispersion. As the
visibili ty decreases, the detected boresight ruby signa l should eventually be
dominated by the diffusion-regime light. Assuming our receiver is sufficiently
sensitive to make measurements in this regime, we should observe an alge-
braic decay of transmission with further decreases in visibility, an angular
spectrum whose full cone angle is order of magnitude 1 Rad , and time dis-
persion (multipath spread) well in excess of 1 ~sec .

We do not know from the transmission-fraction analysis whether the
transition from the unscattered to the diffusion behavior will occur abruptly
or gradually. It may be that the boresight detected signal fo llows the unscat-
tered transmission-fraction curve all the way to the crossover optical thick-
ness, at which point an immediate changeover to the diffusion regime occurs.
On the other hand , it is possible that , due at first to single scatter and later
to low-order multiple scatter, the measured boresight transmission fraction
gradually changes from the unscattered result (at very low optical thicknesses)
to the diffusion-regime result (at very high optical thicknesses) . In the former
case, we should expect to see little or no angular spread or multipath spread
as the visibility decreases until the crossover thickness is reached, at which
point very large angular spread and multipath spread are suddenly apparent.
In the latter case, we should expect to see gradual increases in both the
angular and multipath spread of the boresight signal with decreasing visibility,
1. e., no dramatic changes in the received signal will be manifested as the
crossover optical thickness is exceeded.

The data we have obtained are somewhat equivocal with regard to the
above possibilities. The observed multipath spread was never more than
50-350 nsec , and angular spectra were at most a few mRad full cone angle,
in concert with the hypothesis that our measurements were dominated by
unscattered radiation. However , there was a tendency for the width of the
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observed angular spectrum to increase with decreasing visibility. Further-
more , the near-absence of multipath and the narrow angular spectrum per-
sisted when measurements were made with the receiver purposefully misaligned
to reduce the level of received unscattered radiation. These observations
suggest a gradual transition from unscattered transmission to the diffusion
regime , such as might be due to multi ple forward scatter (cf . [25]). Finally,
it appears that our links are not sufficiently sensitive to reach the crossover
optical thickness calculated in section B. 2 . Thus it is not too surprising that
very large angular and multipath spreads were not observed , i. e. , when the
visibility was low enough to put our links into the diffusion regime, we were
unable to measure any signal.

The details of the experiments are presented below; in section C. 1 we
describe the data , in seccion C. 2 we compare the experimental results with
the transmission-fraction analysis of section B. 2.

1, Multipath and Angular Spread

Under clear-weather conditions (visibility 10 miles or greater), the ruby
laser pulse appears at the receiver to be of 150 nsec duration (see Fig. 11).
We believe that the transmitter produces a 70 nsec pulse; a pulse monitor in
Cambridge shows a 100 nsec duration limited by the monitor electronics. We
ascribe the excess pulse duration observed in clear weather at Waltham to the
finite bandwidth of the post-detection electronics; a single-photon event has
a rise-fall time of 30 nsec. In low-visibilit y weather (visibility <6 miles),
three types of received-pulse behavior have been observed on the ruby link

i) pulse shape and duration identical with that seen in clear weather;
ii) pulse duration comparable to that seen in clear weather, but with

internal structure (see Fig . 12);
iii) pulse duration 50-350 nsec longer than that seen in clear weather;

pulse has a sharp rising edge and a slow decay (see Fig. 13).
In Table 2 we have summarized our multipath observations, using the

designations i), i i) ,  and iii) to categorize pulse behavior as described above.
These observations were made with the transmitter and receiver in boresight
alignment. Measurements taken on or before 7/21/76 were made using a
1. 8 mRad FWHM transmitter beam divergence; measurements taken after
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7/2 1/7b were made using a 10 niRad F W I I M  h e a t t i  divergence. (in all days ,

measurem~nts were made with various receiver fields of view ranging from
1 mRad (or less) to 20 mRad full cone angle; on no occasion was a variation
in time dispersion with f ie l d  of view noted. On :-~evera I days , measurements
were made with the receiver aimed above the t r ansnh i t t er ;  no significant

increase in t ime  dispersion was found , noc ‘~‘as h ere any discernible d if-
ferential t ime delay between on—axis  and u11 - ax i s  ohservations.  (Because of
synchronization j i t ter , dif ferential delays ol’ ies~ than 100 nsec cannot be
distingui shed from timing errors.)

The near-total absence of multi path in th on~ a x i s  data is consistent with
the hypoth€sis that these measurement s are primarily sensing unscattered
radiation. However , the absence of multipath or differential delay in the off -
axis data indicates that the scattered radiation is itsel! largely free of time
dispersion. It is of interest , therefore , to examine the angular spectrum
measurements. An on-axis signa l dominated by unscattered radiation will
manifest a sharply peaked angular spectrum. An off -axis scattered signal
that is esse~-itial1y free of multipath and differential delay should also exhibit
a narrow angula r spectrum, for it would otherwise be likely for there to be
excess path lengths (relative to on-axis unscattered transmission) of more
than the 100 feet needed to be resolvable as 100 nsec dispersion or delay. We
shall examine data from both the ruby and holmium links.

Under clear-weather conditions (visibility 10 miles or greater) , both the
ruby arid holmium wavelength angular spectra are quite narrow; typical
examples appear in Figs. 14 and 15. We believe that in clear weather the
width of the ruby wavelength angular spectrum is due to atmospheric turbu-
lence [ I a]. (Indeed , in a stable S mile visibility haze , narrower ruby angular
spectra are c bserved than in , pr esu mably more turbulent , 12 mile visibility
clear windy weather.) We believe that the width of the clear weather holmium
angular spectrum is due to telescope aberrations. (The Zoomar optics , and
in particular, the Schmidt corrector plate , were not designed for use in the
infrared.)

Under low-visibility conditions , the ruby and holmium angular spectra
continue to have the general characteristics of Figs. 14, 15; typical examples
appear in Figs. 16-19. These low-visibility observations are for coaxial
transmitter-receiver alignment; thus they may be indicating nothing more
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t han u i i sua lt e  red rad iat u s l i .  1’ 1 a certain ex t en t  t l i  iS  inc I U S I (  in is negate(J by
the tendency of the angular  spectra to broaden s I m cwh a t  in the 1 west vi si hi 1—

t II ~~‘ reover , anguIa~- p& -~ t run~ mca.  T h k i~ t S w ~th U u Lr~Lus in i t t e r
purposefu l l y mi sa l igned  (to reduce unscattered t r a n s m i s s ion  to t l i ( -  photodetec—
I i  sr) show the same genera l character as l”igs. I t — i  ~, cf . Fig. 20 . Thus it
would appear t h e  sca t tered radia t ion  ir i t e i - c - & l ) t ed  by the  r’ I - e e i v e r  a r r i v e s  with
a narrow (few mRad cone angle) angular spectrum.

2 . Transmiss ion-Frac t ion  Comparison

We shall conclude our propagation-measurement discussion with an
attempt to reconcile the data of section C. 1 with the t ransmission-fract ion
analysis of section B. 2 . In Tables 3-5 we have assembled our transmission
data at ruby and holmium wavelengths. Using the relationships [4j

-r = 26. 7/V at 694. 3 nm , (8)

and

T = 16. 8/V at 2 . 06 
~~~~ (9)

to convert visibility, V , measured in miles to optical thickness at ruby and
holmium wavelengths, we obtain the data points shown in the transmission
ver sus i- profiles, Figs. 2 1-23.

The rub y-wavelength data (Table 3, Fig. 21) were taken with coaxial
transmitter-receiver alignment , 10 mRad transmitter beam divergence , and
20 mRad cone angle receiver field of view. Thus , the experimental ruby-
wavelength tran smission profile can be directly compared with the unscattered
and diffusion-regime profiles, T~ and Trf , from Fig. 10 . A cursory exami-
nation of Figs. 10 and 21 reveals two immediate features of the experimental
profile: no measurements were obtained at optical thicknesses well in excess
of the predicted crossover point; with the exception of the two lowest visibil i ty
observations , the experimental profile seems to follow a Bouguer-Lambert
law. The reason we have no data well beyond the predicted crossover thickness
is unequivocall y lack of system sensitivity; we have never been able to see
the ruby signal in 1 mile or less visibility at both terminals. To explore the
contention that the experimental transmission profile is explainable as an
exponential ext in ct i on of unscattered light , we have least-squares fitted two
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I ~ I. \~ Fig. 2 1 . Ruby - l ink signal VS optical thickness
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I (based on Table 3).
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exponential  laws to the data. The dotted l ine  in I~ig. 21 ,

v = 7.09 X 1O~ c-:~p(-~
). 4t T) ,  (10)

is a least-squares f i t  of an exponential  curve to all 11 data points; the coef-

f icient  of determinism for Eq. ( 10) is

n I 11 11 ~1
2

- ( 1 1 )  ¶I n n n m
L”= ’ n =l  rn= 1

r 

~~~~ 7 1 1  \21
T - ( 1 1) ~~~1 ~~ T ~ (in v ) 2 

- (ll) 1 ( ~ vLni ~ \‘.n=i rVj Ln+ 1 \n= l

= 0. 702 ( 11)

where {(v~ T
a

): 1 n~~ 1 i } is the data. The solid line in Fig. 21 ,

3v = ‘ .08 X 10 e x p ( — l .  01 -r),  (12)

is a least -squares fit of an exponential curve to the 9 data points with the
lowest i- va lues; its coefficient of determinism, r 2 , equals 0. 827.

On the basis of Eq. (12), we believe our 20 mRad field-of-view ruby-
wavelength transmission profile definitely follows the exp(—T ) extinction law
for unscatte:”ed radiation at least to optical thickness 10 . The two data points
we have at higher optical thicknesses lie well above the exp(—T ) u n ’  at their
nominal optical thickness values. This data may be indicating a transi t ion to
diffusion-regime transmission behavior. However , the enormous error bars
on optical thickness for these two points (which are due to the highl~i inhomo-
geneous character of the propagation conditions that were extant 1 1,’5/7 6)
permit these point s to be placed in close agreement with Eq. (12) .  Thus, we
cannot say with certainty that these point s are not explainable by an exponential
extinction law.

In Figs 22 and 23 we have plotted holmium-wavelength transmission data

for coaxial transmitter-receiver alignment with 1 mRad (Fig. 22) and 20 mRad
(Fig. 23) con~ -ang le receiver fields of view. Both of these figures appear to
follow exponential extinction laws. Moreover , they indicate , when compared
with Fig. 2 1, the decreased optical thickness measured at 2. 06 j~ re lative to
that measureC: at 694 . 3 nm (cf. ruby point s 1, 2 , 4 , 9 and holmium points
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4 , t , 7 , 9).  A least-squares f~t ~f an exponential law to all 9 holmium data
poin t s  y i e ld s  the re la t ionship s

v = i .  i i  x io 1 
t~

- X l) ( -0 .  ~~t ~) ,  ( 1 3 )

lor the 1 mRad f ield of view , and

= 1. 24 X 10 1 exp(-0. 63 T) ,  (14)

for the 20 mRad field of view. These equations (which are shown as dotted
lines in Figs. 22 and 23) have coeff i e ients  of determinism 0. 728 and 0. 730 ,
respec t ivel y .  F we omit the data obtained on 10/6/76 , because of its sub-
stantial error bars on optical thickness , we find the least-squares exponential
curves (the solid lines in Figs. 22 and 23)

= 1.87 x io 1 exp(-0.90 T ) ,  ( l 5~
for the 1 mRad field of view, and

v = 2.05 X 10 1 exp(-0. 86 T) (16)

for the 20 mRad field of view, with coefficients of determinism 0. 803 and
0. 809 , respectively. It might seem that there is a slightly slower than Bouguer-
Lambert decay with optical thickness to our holmium data. Because of the
small optical thicknesses in our data , however , it is more likely that Eq. (9),
for obtaining 2 . 06 ~ optical thickness from visibility, is in error.
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Ch AP TER III. A THEORETICAL AI’PROACH

Fhe angu l a r  spectra  1’~-e s e nt e d  in Chap te r  II  a r e  at most  a few m i l l i r a d i a n s

\V i j e , even t o r  m e a sur e m~mt s made ~it  about l en  ~x t i n c t i O n  len gths (T  10).
This n a r r o w n e s s  could resul t  f rom th e  f ie ld  being domina ted  by unsca t te red

l i g h t , hut that exp lanat ion does not ;~ppear  to be fu l l y consis tent  wit h  the data
obtained when ei ther  the t rans rn i t l e r  or th ~- r eceiver  are pointed off th ~- optical
axis ( se t -  Chapter II).

The observed nar rowness  and the  u n c e r t a i n t y  as to whe ther  it was asso-
ciated w i t h  the unscat tered  f i e ld  led us to develop a theorc .t ical  approach for

anal yz ing  m u l t i p le-scatter  propa gat ion  in the region where the fi lds possess
such spectra . That approach, de velo : ~d f ro m the t ranspor t  equation , is pre-
sented in this chapter . Ii differs  from the approach that has been used so suc-
ce ss fu l ly  to describe propagation in tu rbu lence  in that the particle scattering

fun ction is assumed to be either wide or smooth compared to the angular spec-
tru m of the field.

The order of the chapter is as follows. In section A the description of

photon propagation by the linear transport equation is briefly reviewed and the
interpretat io n of the solution as a channel transfer function is given. In sec-
tio n B the equation is simplified by assuming that the angular spectrum of the
field is narrow relative to the particle scattering fu nc tion an d the solut ion is
reduced to the evaluation of inverse Fourier Transforms. Finally, in sec-
tion C , the sol ution is obtained in detail for the isotrop ic scattering problem.
This proble m is probabl y not the one that best describes the scattering environ-

ment encountered in our measurements, but it doe s i l lustrate , in a relatively

simple conte x t , the approach that can be app lied to that  environment .

A . The Transport Equation

Ou r appr oach to mul tip le-sca tter propagation is through the linear trans-
port equation [28-30 1. That is , the “field” is viewed as a collection of photons,

‘-a a of whi t- h is characterized by its position r and direction of propag ation £2
:is fu n c t i o n s  of t i m e  t .
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1. Vor mulat ion

The t r a l e c t o r y  in r , £2 space followe d by each photon as ti me evolve s is
real is t ical l y assumed to be a M~ rkov process. That is , the statistical behavio r
of the t ra jec to r y for I gr eate i -  t h a n  t ’ , given knowledge of the ent i re  t rajectory
prior to t ’ , is ident i cal  to the behavior given o n l y  knowledge of the values of
r and ~ 2 at t ’ . Thus the probabi l i ty  densi ty ,  p(r , ~ 2 , 1) ,  for a photon t o  be at the
position r with a d i rec t ion  vector £2 at the time 1. sat isfies the Chapman
Kolmogorov equat ion  [31 , 32] . Since changes in £2 take place only at the dis-
crete locations where a photon en counters a scattering particle , thi s equation
reduces to the linear transport  equation [28-3o j

(a +~~~ +~~v) p(r ,~2, t) = 
~ 

~~~~S(~~~~~~~~~2 ’ )  p(~ ,~~’ , t) d~2’ . ( 17)

In Eq. (17) c is the velocity of light, V is the gradient operator with
respect to r, S(~2- £ 2 ’ )  is the particle scattering function and a and ~ are ,
respectively, the local ext inct ion and sca t ter ing coefficients. In general both
a and ~ can be func t ion s of position but for simplicity we take them to be con-
s tant  th roughout  the medium. Thus exp — ar is the probability that the photon
t r a vels at least a distance r without encountering a particle , ~3/a is the prob-
ability that the photon will be scattered upon encountering a particle and
( a — ~~)/a  is the probabil it y that it will be absorbed.

The directional characteristics of the scattering particles are described by
th  scat tering funct ion S(~ ~ ‘) which is the conditional probability density for
a photon to bE- sca ttered in the direction £2 given it is incident upon the scat-
tere r with direction vector il’. Thus

f S(~~ 2~~~~~ 2 ’ )  d~~ ~
. ,  (18)

where d~2 denotes a diffe rent i -~l surface element of the unit sphere. In spher-
ical coordinates with £ 2 ’  as the zen ith di rect ion

d p f ~’ dO sin e S(cos 0) = 1 ( 19)

In general , the scattering function can depend upon both ~ and £2 ’ , rather
than just upon their inner product and it can also depend upon position. The
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a ssumpt  ion t h a t  t (I ( p( n (l s on I v  upon £2 i s  t t c n  r e a l i s t i c ;  the a s sumpt ion  tha t

i t  i s independent  of posit ion s made b r  Si  n ip i i cit .

l ’or our purposes it  is convenient to express Eq. ( 1 7 )  in t e r m s  of the

I aplace transfor-ni , from t to s, of p (r , £2, t) as an in tegra l  equation rather  t i t an
an int er ~r o — d i f f e r e t i t i a l  equa t ion. For pho tons produced at t ime t 0 w i t h

an in i t ia l  p r o b a l a t t t v  density in position and an angle of P (r , t2 ) the r e su l t  is
easily shown to be.

~~~~~~ s) = ~3 f ~ dv I d~2’ S(~~~~’) P(~~— v ~ ,~~I , s) exp (—v -y ) + S ( ~ ,~~) (ZOa)

w i th

S~
(r ,

~~
) f ~ di’ P ( ~~— v ~~,~~) exp( —y li ) (Z Ob)

and

a + (s/c). (Z O c)

Here ~~~~~ s) i s the Laplace transform of p(r , cl, t):

P(r ,~~, s) = dt p(~~~~, t) exp(—st). (21)

2. The Channel Frequency Response

In pr inc iple , the solution to Eq. (ZO a) can be inverse-transformed to obtain
p(r , iZ, t) fro m which the multipath behavior of the channel can be inferred. How-
ever , it is simpler , and almost equally enlightening, to interpret the behavior
in the s domain.

To develop that interpretation, suppose that the source produces photons at
an instantaneous averag e rate of K(t) photons per second and that each generated
pho ton is distributed in spac e and angle according to the probability density
P ( ~ , ~ ). Note that

f d r f d F P (i~~i ) = l  (22 )

and that X(t) is nonnegative. We seek K(r ,~~, t) ,  the instantaneous average den-
sity of photons per second appearing at the position i~ with a direction ~i at
the time t.

If K(t) were an impulse ô ( t—T)  MT) of area X(-r ) at time T , K(i ,~~, t) would
be X(T) ~~~~~ t t ~~~T) where p(~~~i, ) is the inverse transform of P(i ,~i, s).
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For the general time input X( t ) ,

X (r ,~ 2, t)  = f dr X (T)  p(r , t.2 , t — T )  (23a)

or , in the transform domain ,

A( r ,~ 7, s )  = A(s )  P(r , c2,s)  (23b)

where A ( s)  and A(~ , £2, s) are , respectively, the Lap lace transforms of X(~- )
and X (r ,~7 , t). Thus P(r , c2 , s), the solution of Eq. (20),  can be inter-
preted as the transfer function in the s domain , between the t ime varia-
tion in the average generation rate of the source and the average density of
photons per second at r with direction f? .

N ote that the interpr etation of P(r , £2 , s) as the transfer function for the aver-
age photon rate does not require that different “ photons” are independent . To
the exte nt that they are inde pen dent , P(~ , 

~~~, 
s) also determines the higher order

moments of the flux. In particular , the variance of the local density of photons
at r ,~ 2, t will be

ty
2 (r , c2, t) = X(r ,~ 2, t ) .  (24)

More generally, in the low photon coherence approximation , the number of
photons in the vicinity of r, £2 at the time t will be Poisson-distributed with

a rate parameter X(r , £7, t) which is determined by Mt) through the transfer func-
tion P(r, £2 , s.

It should also be noted, for future reference, that P(r , £2, 0) is just the ti me
integral of p~r , t~2, t).  Thus, from Eq. (23 a), it is the ratio of the total average
number of photons that are ever at the point r with a direction vector £2 to
the total average number of photons emitted by the source. If these numbers
are infinite , but their time averages are finite , P(r , £7, 0) is the transfer func-
tion between these time-averaged quantities.

The transport equation is deceptively simple in appearance but has been
sol ved fo r onl y isolated situations. Thus, to gain some insight into the experi-
mental results discussed in section B, the approximation introduced at the
beginning of this chapter will be developed.
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I ~ . An A pj ) 1 t  ‘‘~ i mat  m i t  t t h c  ‘I’ ransp( ) rt Eq nat i on

I I I t  ~l I t I t I t t \ t I t I ~t I t , t t I  i t t  I t t  
~~~~~~~~~~~~~~~ W~~~s S I l~~ io sl - t I  h ’y l i i , -  , ‘ I t ~~ei  \ t t I  t i a r —

~~~ i t- ~~ Iii, ~ I ~l iIi i t i t ( i - , I )  i i i  _~~ I I I  1t - it~~ -~ — 1 u - t i  i i  I i i i  ~~ti ~
,‘,,~i i I i~ ii w I , i ,  It li i i:; Ii f l it : i :o i i , -  i , ~~ii tl t w i l l  Il i t t i  itt

- A N a r row  Spe (-t r u n i  A p p r ox i m a t i on

Suppose that , in Eq. (2 0) ,  P ( r —  v~~, ñ’, s) is concentrated in £2’ about some
direction £2 which may depend upon r - v~i, denoted by p. Specifically,

p 
— —suppose that the integrand in that equation vanishes when £2 ’ and £2 differ by

p
an angle that is small with respect to the angular width of the particle scat-
tering function S ( -  ). To the ext ent that this is true , P(r -  v~2 ,~2’ , s) behaves
as an impulse in £2’ relative to S(~i~~ ’) and the equation may be writ ten as

P(i~~~~~~i, s) = 1~ dv S(~~~~i )  P(i~—~~i, s) exp(— vy) + Su
(i:,~~) (25 a)

with

P(i , s) r f  P(i~~i, s) d~~ (25b)

and, as before,

S
~
(
~~~

) = dv P (~~— v~~,~~) exp(—-yv) (25c)

Note that P(~ , s) is the Laplace transform of p(~ , t), the probability density
that a photon generated at t = 0 will be at the point r at the time t without
regard to its direction of propagation. Equivalently P(r , s) is the transfer
function relating X(t)  to the average number of photons per unit volume at the
position i at the time t without regard to their direction of propagation.

It is instructive to note that P(~ , ~i, s) will be narrow with respect to £2 ,
as clai med , onl y if the integral in Eq. (25a) vanishes whenever £2 differs much
from ~ — , the direction about which ~~~~~ s) is assumed to be concentrated.
In particular , P(r ,~~, 0), the transfer function for average power or energy,
will be narrow only if the nonnegative integrand satisfies

S(~~.~i )  P(i~—~~’i, 0) exp(—1 ’a) ~ 0 all v (26)
p
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for any £2 that  d i f f er s  Irom £2 by more than h i t  nominal  h a l l—w idth , 0 , ofr C
P(r , 17, 0).

Fo r large enough values of the required v an i s h i n g  r esul ts  from the
exponential factor vu .  For smaller values of i’, in  part icular , for values of
at’ less than , say, f ive , either S(~~~~~ ) or P(~~— i ’~~, 0) must vanish whenever
— p

£2 differs  f r m  £2 by more than 0 . Since t h is w i d t h  is assumed to be sub-
r C

stantially less than that of S(~~), the required vanishing can be cau sed by
S(~ ~~~ ) only if the angle between £L and~~ nearly exceeds the halfwidth, O~,r
of S( . ). Otherwise it must be P ( r — v & 7 , 0) that vanishes. These constraints are
summarized in Fig. 24.

The requirements of Fig. 24 can be satisfied in a variety of way s, depending
upon the geometry of the source and observation region. For the problems
of interest here r is typically located near the axis of symmetry of the source
angular pattern. Were it not for scattering the position i would be illuminated
by the transmitted beam. I”or this situation , Fig. 24 requires that any “ beam”
that continues to exist in the presence of scattering must be such that the
portions of it which lie outside the cone of half-angle 0c and within a distance
of a few a ’ of ~ must be confined to the region where ~~ and ~ differ by more
than O~ . P

For this requirement to be met exactly it is necessary that exceed
in violation of the assumption that led to Eq. (2 5).  However , it will be

approximately satisfied if the beam diameter is small with respect to the cone
shown in Fig. 24 , i. e. , if the beam radius at ~ is less than a few times
a

1 tan
The foregoing argument suggests that the angular width of P(r , £2 , s) will

be narrow as assumed only if the beam diameter is relatively small. This
might in turn suggest that Eq. (25),  which results from that approximation ,
is essentiall y a single scatter approximation. In fact , it is not. Indeed
Eq. (25) is exactly the same as Eq. (20) for isotropic scatter; that is, when
S(~ ~~‘) equals 1/(41r ) for all values of ~~~. Thus there is some reason to hope
that Eq. (25) may provide a useful approximation to ~~~~~~ s) even when its
angular width is not narrow.

That hope is reinforced by the fact that Eq. (25) can also be obtained from
Eq. (20) when S ( )  is sufficiently smooth. Specifically, the integral in Eq. (20)
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can he ova uated by part s to y ield an equation w h i c h  differs from Eq. (2 5) only

through th€ presence of an additional integral whose integrand involves products
of the partial integral of P(r , £2 , s) with respect to £2 and the partial derivatives
of S(~~.~i’) with respect to the components of £2’ . To the extent that the deriva-
tives are negligible , Eq. (25) is obtained.

2 . The Solution for P(r , s) and P(i~~ 2 , s)

The principal advantage of Eq. (25) relative to Eq. (20) is that it can be
solved more simply. In particular, a Fredhoim integral equation for P ( ,  s)
can be obtained by integrating Eq. (25) with respect to ~~. The result is, upon
introducing ~ a - v~ and shifting to a volume integration,

P(r , s) = J d~ K(~~— p ) P(p, a) + S1~(~ ) (27)

with
— 

e x p — y ~ r — p ~K ( r — p )  ~3 S(w) 2 (28)

(r— p)

and

S~
(c) = ~~ exp( —yp) P0(~~—~~,~~/p). (29)

p

Since i~ is the direction about which P(~ , ~ , s) is concentrated in i~, it
p —must be determined before Eq. (27) can be solved for P(r , a). In principle,

can be determined from Eq. (25), but for the beam geometries that will be
p

considered here, it can reasonably be assumed to be along the nominal direc-
tion of the beam. We take that direction to be the positive z direction so that

-
~~~~ 

(30)

With that choi ~e Eq. (27) can be solved by Fourier transform techniques.
Specifically, let ~~~~ s), K (~~~), and tS~ (~~ be, respectively, the three-

dimensional Fourier transforms of P(i~, a), K(~ ), and S~
( ) ;  e. g.
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- 
,

~~~~~~~ . 
s) f d i  I ‘ ( i ’ , s) L ’ \ I t ( — I . , ~~ r) ( -~l a)

and

P(~ , s) = ~~~~~~~ 
d~ fl(~ , s) exp(j~~ ~). (31h)

In the  t r ansform do main ~~~ (~ 7) ca n be wri t ten as

*
~~~ s) , ( ~ ) 3(~ , s) + ~~~~

Thus

- \ (
~

)
u,‘(t..i, s) -_________

-

or , ITIC) Ft. ( O f l \ C U l  c i i i  Iv for ( ) U C  purposes ,

K(~~ ) 
—

~3’(~ , s) - 
~ (t..~) + — ,~~ (~ ) (32)

1 — K ( ( ~)) 
~

It follows immedia te ly  irom Eq. (32)  that  P(r , s) is g iven  by

P(r , s) S ( r )  + ~3 I dp h ( r — ~~) Su(P )  (33a)

with

1 ~ v ( ~ )
h(~~) = (

~
-) .5 ~~~ 

— exp(j~~~F). (33b)

The response function h(r)  can be interpreted as follows. Suppose the
5 U U r C(  funct ion , P ( r ,~2), equals 6(r)  S(~2~ f ) ,  i. e. , a point source with an
angular pattern S(c2~ ~~ ) is located at the or ig in .  Then Su(

~~
) equals K( r)/~ ,

\ ( ~~) equals ~~~~~ and , for this  source, P(~~, s) equals h(r)  -as defined by
Lq. (3 3h ) .  That is , h( r ) is P(r , s) for a point source located at the origin
who se angular  d is t r ibu t ion  is S(~2~ ~/ )~ It is as though the sourc e is a single
s( - a t t ( - r t - r , located at the  origin , i l luminated by photons propagating along the
z axis.

1-or  a general source , the f irst  term in Eq. (33a) is the contribution to
P(i~~, s) of the photons that have not been scattered and the second term is the
integral of the product of ~S( p ) ,  which is the probability that a source photon
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is f i r s t  scat te red  at the po int p and h ( r —  p ) ,  which is the contribution of that
“ point ” source to P(r , s).

Once P(r , s) has been determined through Eq. (33),  P(i~ ~2, s) can be eval-
uated f rom Eq. ( 2 5) .

Time has not pe rmi t t ed  an exp loration of Eqs. (33) nor of the domain of
validity of E q. ( 2 5 ) .  However , the solution for the isotropic scatter problem
has been obtained. For it , we wil l  f ind  that the angular spectrum will not be
narrow when ar is much large r than one. Also , when ar is substantially larger
than one , the bandwidth over which P(r , s) is constant in magnitude is limited
to abou t 0. 32 c~ / (ar ) 2 rad/ sec when a = ~ and about 1. 8 c~J~~7~ [(a/p ) — 

~

rad/sec when a and 1~ ar e nearly, but not exactly ,  equal. Thus, as might be
expected from the scattering character is t ics  of hazes and fogs [1 , 9 ,  2 6j. our
experimental data are consistent  with the theor e t i ca l  r- t s u lt s  for isotropic scat-
ter only when the field is dominated by unscat ter ed radiat ion.
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(~~~. Isotropic S -a t t e r

The i sot rop i t .- scat ter  proI) le m , [ot- w h ic h  5(~~
. 

~,) equals I /4~r , has been
considered h\ others , beginning apparently with (‘ast- et al [3 fl . The r esu l t s
presented here  d i f fe r  f rom those ea r l i e r  one s prim at-ilv through the presence
of the Laplace variable s.

1. Isotropic Point Source

For isotropic scatter Eq. (28) becomes

S(~~ 1) =

~ exp(—yr)
K(r) = 2 (34)

4i~ r

— P
K(i~)) =— l n  (35a)2 i~ - V — ito

or equivalent ly

K( t~) = — t a n ’ -~-. (35b)

Here ~ denotes the magnitude of ~ and the branch of the logarithm is chosen
so that K (~~~) = i3/ for ~ = 0.

In t roduc ing  Eq. (35)  into Eq. (33b)  yields

— 1 ~ d tan 1
(~ /,~) —h ( r )  (-

~
) .5 

— ~ 

exp(j~~ r). (3 6)

For s 0, the integral in Eq. (36) reduces to that evaluated by Case
et a!. [33]. The evaluation for general i maginary values , w , of s is carried
out in Appendix I. The result is , for nonnegative values of

A(w ) exp(Jto r)
— m p exp(—ar)

h(r) Zirr F ~~ar, ~‘°m~ 2 ( 3 7 )
47T r

where
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2
(0

lor j o  Ir , —~ rn c
‘I

,

P 1 1 2 2
A ( )  = + t0p (38a)

0 f o r l t .o HL m c

Here ,
(0s m (38b)

is the unique positive solution of

= coth
(r)~ (39 )

and w is that unique solution ofp
1 + (Jto /-y)

l p
in (40)

1 ( J o ~ /y )

whose imaginary part is nonnegative with the branch of the logarithm chosen

so that in (1) is zero. The function c(ar, born ) is given by

~ -1 1
2 ~~Z1

E ( a r , 
~

<°m~ 
= yr(exp ar) .5’ dv 

tL 1 

— coth vj + exp( — y r v ) .

(41)

Since h (r ) is the Fourier transform (from t to torn) of a real quantity, it

possesses conjugat e symmetry in corn . Thus the above results determine its

value for negative values of com as well as positive values.

The first term in Eq. (37) does not tend to zero as com tends to coc. In

fact , as shown in the appendix , then tends to (1T13.yc)/(2co
~

) . Thus it might

appear that h(i ) changes discontinuously at corn = However , it can be shown
that E (ar , jW~~) also changes discontinuousl y as corn changes from to and that
h(~ ) is continuous, as one would expect.
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l’}u 1 t - t ~i i t  e ( z i - . ~ ) I t ’ . I ) ( — ~~r ) I / t l~~I j  i i i  t h e  \ } ) I t ~~~H I o t 1  b e  l i ( e )  t l t - p e i u l s

upoti a , j 3 , i - and 
~ 

in ~& c o l f l h ) l t c a t t ’d  way.  l l o w t - v & i , i t y o i i t t i l w t e s  l i t t l e  to

Ii (r)  wh en a r i s  appr(-c iab ly  l a rge r  than  one , so I i t t  I t. that we wil l  subsequentl y
neglect it. rn j u s t  i fy  tha t  neglect , note th at 11(i~) evaluated for 0 gives

the total average numb i~ of photons that a i - t - ev - r in the  v i e  inity of the  ~~( ii nt

r when the  source is an impulse in t i m e  and g ive s  t h e  average number of

photons per second there when an unmodulated source is emp loyed. The

contribution of the term in question to either of these averages is
2

E(ar, 0)[exp(—czr)]/[4irr j.
Examination of Eq. ( -11 ) show s  that

€ ( a r , 0) ~ [ar exp (a r ) j  ~~ (
~~~v)

2 
ex p ( — a r v )  (42)

or , upon evaluat ing  the  i n te g r a l ,

c(a r , 0) 
~ ~

-
~~

- (~ 
+ 

~~ 
(43)

Thus the ave rage  f - r i  i p~ ~ • i -  t - a r - r - i t d  by the te rm of Eq. (37) containing

€ ( a  r , j )  decay s  w i t i  r ~t I u si i~ — r a p i d l y  as t h e unscattered field. ~U or eover ,

its value is bounded b-~ h v e  t r~~ s t ad of t nt unst.-att er- ed field if a r  exceeds

one and ~/a exce -ds 2/il. 1-or ‘ t  1 w  absorption problems of interest to us

~ /a will a l wa\  5 ex (- (ed 2/li . Thus th e  term in question can be neglected almost

as saf e 1-; as can t~a un 5~ at r~~- f i e  I I t - r l ( - ( - t o r t h l  it will he.

To the extent that the  s t - v  rid t e rm of Eq. (37)  is neglected,

A(co ) exp( arn )

h(i~)z —a- - -- (44)

where

E

In this approximation, h(r) is zero for (0 > since A ( o ) then equals zero.

For corn <wc~ the behavior of h( r )  is dominated by exp(—arr~) when ar is sub-

stantially greater than one. Note that since is that solution of Eq. (40)

whose imaginary part is nonnegative , the real part of ~ is nonnegative.
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For corn equal to zero i-i is  r ea l .  Its va lue , as ori ginally determined by

Case et a !. [33 ] is plotted as a funct ion of ~/a ~n 1- 1g. 25. Note that ‘~ 
van-

ishes when a/~ equals one , i. c. , when ther e  is rio absorption. In that instance

h(r) does not decay exponentiall y with r but only as l/r. This corresponds

to the diffusion mode discussed in Chapter II.

When both absorption and scattering are present (a � 1~ � 0) h(r) does decay
exponentially with r but less rapidly than does the unscattered field. However,

for the decay rate to be no larger than one fifth of the unscattered decay rate

(rj <0. 2), p/a must exceed 0.985. That is, only a small amount of absorption

can be tolerated if the decay rate iar is to be substantially less than that of

the unscattered field.

The variation of °c’ the frequency above which A(com) vanishes
, is shown

in Fig. 26 as a function of p/a. As noted earlier, when co equals co

equals (Jl3 yc)/(2co
~
). Thus at corn = ‘°c the real part of ‘~b equals (ir~ )/ ( 2a )  and

the imaginary part equals _(7TPc)/(Zco
~
). Note that w

~
/(13c) is on the order of

1. 4 for ~/a greater than 0. 5 and the imaginary part of -r~ is then about one. For

~3 nearly equal to a the real part of i is approximately 1. 6.

In Figs. 27 and 28 the real and imaginary parts of i-
~ 
are plotted as func-

tions of com/(cp) for a/~ = 1 , 1.04, and 1.11. These ratios correspond to

ratios of absorption to scattering cross sections, (a-j3)/~, of 0, 0. 04, and

0.11. Note that as the absorption increases with P fi xed the real and imaginary

parts of -
~~ vary less rapidly with co for co /(~c) 0. 1. Thus the useful band-m rn

width increases with adsorption as one expects. However , th is  increase is

obtained at the expense of an increased attenuation at aH frequencies.

Although it is not apparent in the log-linear plot of I’ ig. 28, the imaginary

part of t-~ is a nearly linear function of corn for com/(c~
3) less than about 0. 04

and 0.11 when (a—ç3)/~ is, respectively, 0.04 or 0.11 . This can be seen in Fig. 29

where part of Fig. 28 has been replotted on a linear scale.

The same conclusion is reached by noting that the asymptotic solution of

Eq. (40) ±or a ~3 and corn small yields

*The other factor , ar , in the exponent will in ert. u~ :*- somewhat with the increase
in absorption just described, but for ~/a near one the effect will not be signi-
fi cant.
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P
= 

~~~ /~ : j ~~~~~~ . (45)

Examination of t h i s  ex p r e s s i o n  shows that t i r e  real part of i~ w i l l  be nearly
constant and the i m a g i n a ry  part nearly linear in com/(cP) when co /(c~) is

substantially less than (a—l~)/~, i. e., less than 0. 04 and 0. 011 for the two

situations just discussed.
Equation (45) can also be used to estimate the nominal 3 dB bandwidth

of the exponential factor exp(—ar-rb) when ar is substantially larger than one.

For then exp(—a r~) will change by a factor of two when 1 changes only slightly,
and the bandwidth can be estimated from

0. 69~ (ar)—~~~ 

~
[- f~ 

+ Re/a 
P 

+ ~~~~ (46)

where co,0 denotes the value of corn for which the real part of (arl) increases
from its zero frequency value by 0. 693.

When there is no absorption (a =~3) the solution of Eq. (46) is

cob 
— 

0. 32
cP 

— 

(ar)
2

On the other hand, if there is some absorption and ar is enough larger than

one, the solution approaches

3/4
~~ 1 .8  

_ _

For large optical thicknesses, ar, the increase in bandwidth that results from

the presence of a small amount of absorption is substantial.

2. Ray Source

The density P(~ , s) is equal to h(~ ) for a point source that radiates uniformly
in all directions. For a point source with an angular radiation pattern

S ( ~2~ ~~~ 
P(~ , s) is, by virtue of Eq. (33a),

P(~, s) -~ S~
(r) + P f d~ h(~~—~~) S

~ ( P ) ,

t) 3



w i n - c t -  ~~( r ) ,  t h e  t i u ; i - ; i b  t t - i - t - d  I i  • I d i s , i i i  t i n  ~. ( ‘ . ‘ij ,

~~ P( v i - )  / i C
I -  ) ( - I ] )

We ignore t h e  unscat ter ed f ie ld  t erm S
11

( r )  in the expression for P( r , s)
and focus on the rt. in a in ing  term. That t e rm has a component involving the
function € (., j c o )  de l ined  in Eq. (-11). As discussed in conjunction with
Eq. (43), its contribution is not significant when ar is large. Thus, as there,
it will be neglected here. The remaining term is

dpS (p)
P(~, s) = PA(w ) 

.5 
u exp(ico r-p ). (48)

2il Ir—p~ 
p

The properties of P(~ , s) have already been determined , through h(r), for
an isotropic point source. To see the effect of source collimation, the other
extreme of a ray source will be considered.

Specifically, suppose that S0(~~ ~~ 
is an impulse in solid angle, in the

direction Then

exp( — yz )
S (r )  = 2 6 (p ) ,

z

where 6 ( .  ) is a two-dimensional  impulse , p is the component of ~ perpen-
dicular to and z is the projection of r on t~. Consequently,

P A(co ) ~ exp(Jco ~~~~~~ ( z _ ~~) 2)
P(r , s) ~~~~~ di-’ _ _ _ _ _ _ _ _ _  

exp( —y i- ’), (49)
2‘V p  + (z—v)

where p is the length of p.

The integral cannot be evaluated in closed form but its essential proper-
ties can be disp layed through integration by parts. To this end , define

- / 2  2
~~ jV + W P + ( z — v)  — f (v)

ari d w r i t t .- I
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~ A(co ) 
~~~~

-‘ 

~
f ’  (i-’ ) exp f (v ) J 

______P( r , s) = — — - \ (Iv ——— _______ — •— -•  ——  ______

Z7T 2‘y ~/ p + (z—v ) i-

where P ( v )  denotes the der ivat ive of 1(v). Integ ration by part s yields

~ A(co ) exp~~c o r )

P(i, s) = (l— 61) (50a)
Z7T(~1’r+ico z)

with

~ 
1y(z—v) +i co~ /~~

+(z_ v) 4j ex pt bw pT/P
2 

+( z—v )
2 

— r 1  — v ~
61 (yr + jco z) dv —________________________

~ ‘-~0 / 2  2 1  / 2  2 1
2

~~ 
p + ( z — v )  j co ( z — v) + y i~j  p ÷ ( z — v )p

(Sob)

where

/ 2 2r =  ~ p +z

It is not difficult to show that, asymptotically,

‘~ Z + jco r- p

2 ( 51 )
(yr + Jco z)

a~ z tends to plus infini ty with either p or p/z f ixed and nonzero. It can
further be shown that when co equals zero, 61 is a function of only a z and p/z.

The behavior of 61 strongly suggests that P(r, s) approaches

__________ ~
A(com) .

___________ - exp(Jco r)~
y + (jco z/r) L 1 p j

rapidly as yr exceeds unity — at least when p is not zero. The behavior for

p = 0 is more complicated sin -e P(~ , s) contains some unscattered contribution

along the z a~cis (p = 0). h owever , if this component is locally integrated over

a small area ibout the axis, it is found that the result converges to the local
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iiit egi’a l nI  the ~bo\ (‘ expr e ssi o n .  Si -net .- t iLi t  t - x p l t - s s I o n  i s  hu st  li( r) ( iiV ide(I
by [(y/P) I- ( i c o  /~ i - ) j ,  h i t - f i e l d  ihil iers from that pro (Iu (-(-d by an i sotropic
point s( ’i lr ( - e- o n ly  by [(y/P ) 4- (ico~z/Pr)] once ‘yt - apj)re (-iahly exceeds unity.
Indeed , when a = ~ and 0, in which case co 0, Eq. (SOa) becomes

P(r, s) h(r)(l —

3. The Angular Spectrum

Finally, let us determine P(r ,~ 2 , s) from Eq. (~ 5). Since P(r , s) for an
isotropic point sour (- t- and 4 ra~ -s i i r  e diffe r o n l y  slightl y, an isotropic
source will he considered. Also , tir e unscatt r- t d - omponent of P(r, ~2, s) will
be ignored and only  t hr * - dominant term , A(co )[exp( r)J/(2lTr), of P(r , s) will
be used in the int t- ~’ral. S u l e t - ( - t  to thu-se (-onditlons , I- q. (25) becomes

~lA(co ) eX p( Jco I r —  v 12 I )

I(r,c2, s) = ., dv exp(—yv). (52)
81T~~~ 0 r — v ~2 j

Upon denoting by z the projection of r on ~2 and by p the length of the
component of r perpendicular to c�, Eq. (52) can be restated as

PA(co ) ~ exp (~co~ Vp
2 

+ ( z — v) 2)
P(r,c2, s) —

~~~
- 5 dv 

__________  
exp(—yv)

81r 0 / 2  2
~
/ p  + (z—v )

The right-hand member of this equation differs from that of Eq. (49) only
by a factor of 41T . Thus the argument that led from Eq. (49) to Eq. (50) can
be repeated here. Specifically, if z tends to inf in i ty  with either p or p/z
fixed, P(r ,ii, s) converges to

PA(com) exp( jco r) r yz + J co r 1
P( r ,~~, s) 2 1 1  — 2 (53)

Sir (yr + jco1,z) (yr + jco~z)

As with Eq. (SOb) , ~~~~~~ s) includes an impulsive term when p = 0 (
~~ 

in the
di r ect ion of ~ ). However , if ~~~~~~ s) is integrated over a small solid angle
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sn ut t~~e ( u t ; e ~ t i t ’ f l  r , t i i t  S l t i; J a rI t \  is c t - r i i o v e d  and t i r t  resul t  is given by

Eq. (5 ~) int e t ~r a t t - l I ver  the s.~ I a t -  si l i d  au~~t e .

F i n a l 1\ , i t  is fl -~t - r u i t . - U t  to t - x p i e s ~ l- .q. ( 53 )  in t e rms  of the angle 0

between ~i 4nd r- . Then z = r ens (~~, ~ = r sin 0, and the conditions on

Eq. (53) become t h at  r iflc !- , -; i~~ ~t. I L  • i t l t - r  0 or r sin 0 fixed. The eval—

• uation itself ht-c )Ifl&S

( \ i l  
- 

~~~ 0 + ~
* P(i~~i , s) - — I - -

~~

4 i r r (y  f ~ ens I t )  r(~ f ~ 
(S os 0)

or equivalently

- r
P(r ,~ i , s) - ---——- -- - -—-— 1 — — — P(r , s). (54)

41T (y  + j~~ (-Os 0) L r(y + co cos 0)

Note that P(r,~~, s) is a v ery  weak funct ion  nI 0 whenever Jco~ di ffers

substantiall,\ from ‘y. Indeed, i i  corn = 0 and a = 3 , in which case = 0,

P(r, s) -
P(r,~2, s) 41r (1 — 

~~~~ 
)

and P(r,l~, s) quickl y becomes uniform in ~2 as ar exceeds one.
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I ’ I ’ t N i  ) t \  I

l Ire t a n t  i t  h a n d i s  I n  t~~~~ ~d u a t t -  i t ~~. ( ~~) ~V i i i  - 
~- 101 c~ 0 . ‘Pci

- i l l  U i

t h i s  end i t  s c ‘n y - I l  a - i i  t o  ~~t - a t t  t h a t  t - q t i ~c t  u n -

3 K ( ~~)

hf t ) = 
~~~~

--  +
~~

- (
~~~~) \ (l~ — -~~~~ - c X P( bL r ) ,  (1-1)

-t~~r I - K ( ~~~

w h e re

I t ‘ 1 + 3 ( i)
t~ (~

) = —— — - In - (1 — Z a )2j ~ ‘Y~~~ j (i)

or e q u i v a l e n t l y ,

it
K (~~ =— t a n 1 -~~ ( J -2b )

‘1

‘~ - q - c I s  ~ + 
~~~~~~~~ 

Her  K (s) has been w r i t t e n  as K (~ ) sinc e it  depends

on c m l v  t h r o u gh  ~.
Up on  t x -p re ss ing  t h i  i n tegra l  in polar cooru i iia te s  wi th  ~ as the zeni th

• d i r t - c t  ii c c i  -\ - u~u at i ng  the in tegrals  on ~ and 0 , one obtains

C i(
2 (w) exp(— ’y r)

h i ( F ~) : -
~-~--- - — \ d1~ [~ sin (~ r )j  — —-—---— +

(211 ) ~tr ~ fl I — ~~(ui ) Tr r

S in c c  K L 1  is d t - f i n e d  and anal ytic  in the s t r ip  [Im 
~

[ < Re ‘j , and s i r r e  both

~ s in  ~r and K ( J ~ ) a r -  i - V t - f l  f unc t ions  of ~ , t h i s  may also be wr i t te n as

t r ( r - ) - \ (1(i) —  exp(jw r) + - - ,- — - . ( 1— 3 )
(2~~)~ .U3 i -  — d~ 1 —

T h i t -  : n t t i - ~~i a h  n - t n  Is-  fu r - th -r  reduced by con tou r -  i r t t c - g r - a t i o n  i n  the compl~-x

~ plane.  To hat  t nd , i i  te that K (
~~ ) , c o n t in u e d  beyond tb - s t r i p  Tm 

~ J < a , is

• ana ly t ic  in the w h o h t  - uppe r h a l t —  plane except I o n -  a h n’ani ~~h p o r n O  at ~ = ~ and for
i 5 ( I u t l - ( l  p oles  at tb - m s  of I — g (

~~
) . M o n e o v e  r , ~ K (c~)/ [ I — ~ (w) v a n i s h e s  as

the im ag i n ar y  pa rt n f  ~ pot s to i n f i n i t y .  Thus the  i r l t e c i - a l  arou nd the contou r
i f l  t h e  cu t  plane shown in V i p .  1-1 equals the sum of the in teg ra l  1

~ 
a i on g  the
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real ~ ax i s , the i n t e g r al s  ‘ 2 and 13 a long  tit t cut and the in tegra l  14 around the
branch  point .  I” u n -t h e r m o r e , the in tegra l 1

~ 
can h sh own to van i sh .  Thus the

I n t t ’gral around the c ontour  t’ c duc r s  to I. + where  I~ is the in t eg ra l
appea l -t i lL ’- i n  I q. (1—3 )  T h i s  ( - on t - ur  i n k - p t - a !  equal s 2~~ t i m e s  the sum of the
r e s i d u e s  of the r n t egr -and . Thus

exp(— ’i- r)
h ( i~) — — = (T~ + 1 3 ) + 2ir j  �2 I - ~e s i d u c  (~ ) ( 1— 4)

41T ’r~ 
p

w h e r e  the sum is ove r the poles , 
~~~~

, of the integrand w i t h i n  the contour .
The integrals  12 and 13 d i f f e r  only in that they are  on opposite sides of the

cut  and are in opposite d i rec t ions .  When they are added one obtains

-1 1
2 (~~~~~2 ~

~~~ ~~~1 -~~~~~~~~ coth v] + -

12 + I = -a——- dv 
2 exp (— v rv)

T 
—1 1 (~~1 — — coth v + 1—

j  ~ 2 V v

i- -ri .

-xp(— ’ 1r) ‘1 C 
rr ~ 

~~2 
~~ \

2~ 
—

‘2 + 13 = — 

41rr 2 + 
~ L’ — — coth v~ + 

~
—) 

~ 
e x p (— ’1t r v) .

~‘or  
~ m equ~ I to zero the las t  in t e g r a l  is e s sen t i a l ly one encountered by Case

- t  ~ 1 . [ 1 J - I’ o l lowing them we ck-! ine

_J
—I — l

fr ~ — 
~ 2

= ~ r( exp  ar )  dv 1 -~~— coth + (~) ~ 
exp~—y rv~

(1-5)
and write

cx p (— ’1’r’) c ( a r , j ~
‘2 + 13 = — + — 

2 exp (—aI). (1-6)

The f u n c t i o n  € (ar , 0) is i d e n t i c a  to the f u n c t i o n  ( a m )  u s t - d  by Case (1J .
It  r e m a i n s  to -v t i l u a l i - the r es idue  term i i i  k q .  (I — - I ) .  The poles are th o

upper half —pla in - zeros of I — K (ci)) , i . e , t hey  are the s o l u t i o n s  of
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I I (~ / ‘~
l i i  - - ) ( 1— 7)

~ (iw~,/V) h - ( I
~~~~ 

/~~~~l

fm w h i c h  I w is  p si ti  ‘ - i  - • • l i i  - n iu rnb e  r cii  sur l i  so lu t ions  is  given by the

n u m h s - r -  of t i n -s t i l t  ~/ t i n t  i i i  t i n -  - o i i t p !t x plane is  e nc i rc l e d  by the locus

t f  [2 J (~ /’1)
l In ~ [ I  (Y— ~) / [ 1  — ( l~ /’1) j } as w v a r i e s around the contour  shown

in Fig.  1— 1 - That  I~~t - us  has t h e  ~, - i t -  r a t  shape — Hi own in Fig.  1— 2.  Thus the i-c

w i l l  he one uppe r p lane so lu t ion  of Eq. ( 1-7) i f  ‘1/p falls  in the shaded area

and c fit ’ I i t  do t’s not -

The i- c is c i w a c s  a s o lu t i o n  whet  Wm 
equals  zero since y/~ is the n real

and p o s i t i v e  and h e n c e -  is c o n t a i n e d  in th e  shaded area. More general ly , a

so lut i on  c v i i i  ex i st  for  sn i a l !  v a l u e s  of Wm but not for large values. The tran-

s i t ion  occurs when Wm 5 such t h a t  the po in t  ‘1/it l i e s  on the locus shown in

l i p .  1—2.  Fhe v a lu t -  of wm for w h i c h  this occurs will  he denoted by 
~~~ 

It is

the value of for w h i c h  th e so lu t ion  of I- :q. ( 1—7) lies on the le f t  side of

the cut  in F i g  I - i  - TI-us is t h e  real nonnegat ive  solution of Eq. (1-7) for

some v greate r than 1 when equals j ’1v . Specif ical ly,

I 1 — v  ~ •
i-’

~C -- — 1 n j -~~---=-~- - + j - ~~-- w i t h v > 1

or

1 v + 1  - a - c
— in + — = — +  3av v — i  Zv ~

w h -  r e  the branch of the  loga r i t hm Ira s I n - - i t  chosen to be on the lef t  side of the

cut  The i m a g i n a r y  part of t h i s  equa t ion  imp l i e s  that

(1-8)

U s i n g  th i s  re sul t  to t h i r n i n i : t t t -  v f rom t h e  real parts of the equat ion y i e l d s

a (~ T I t - ) / ( 2 ~~~~~) — I

~ \2~~c) 2 (7T 13c )/ (2( i ) ) + 1

or , e q u i v a l e n t l y ,

_ i -l
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~~ 

, - U  ~ac~~ 
- ( 1-9)

~~ 
~~~~~~~~~~ I

- Phi  is is I ire dt - f u r  n i t  t - qu a  I i ’  I ,  t r  
~ 

-

Sin c e  the h 1 \ p - r - b t i l e  - t ~~n n ~~- n r t  ~‘~r n - e -~ I r ou ir  i , i I u i r r t ~v to un i ty , 1~q. ( 1— 9 )  w i l l

a s ing le p o s i t i v e - ~~~ h i t t i e ’ t e .  I I i u s  t1~~ -e is a s ing le  value , w~~, of w for

c~ h i c h tb ’ - ‘1/~t p ’- i  u t  i n  F i g .  I — ~ I n e - s  fl t h e  boundary of the shaded reg ion.  For

all s m a l ler  v a l u e ’s it  l i ~-s w i t  i i ,  a h ’-  —J a e ! t .c! region , and 1 — K (~~~) possesses a

s in i 2 l e  uppe r h a l l_ p lane -  - ,er o. I - o c  a l l  la rge r values  the y/~ point is outside

the shaded reg ion  and t b - i t -  is  no up p er  ha l f - plane zero.  We note in passing

that when 
~ 

= t b -  zero  is located at (7T~ V C)/ ( 2w ).

It  r emains  to - -~-a a t -  th~- n - t - s i d u e  of that appears in Eq. (1-4) . Sinc e

is a simp le pole , i t s  r e s i d u e  is given by

I 
O

p
K ( U

p
) ex~(~~~r)

Res (i-i~ ) 
-------~ ------- —-- -—----_____

~ (2~ ) j~3r

where  K ’( ~~) is t i n - de r iva t ive  of x (~ ) wi th  respect to ~~~~. Since K ((i)~~ ) 1 and

s ince

1 ‘Y1~
= — — K ( ca) + —

u~ 2 2
‘1 + (i)

this can also he written as

cxp (Jw r)

Res (c~ ) = - -- - -
~~~~~~~

- - --- - -- --—— . ( 1-10)

2 ‘iI-~ ‘

(~~ ) j~ r~ 1
‘1 + w

pJ

I n t r o d u c i n g  I- ;q ii. (1 — 6) and (1—10) into Eq. (1—4) yields

\ ( , )  ) e xp(— a r)
h(fl = • 

~~~~~~~ ex p ( ~~ ) + E ( a r , Jw m ) 
~~~‘ I 4lT c

w her e

7 t 1



- p
- • for 0~~~~ <LI— m c

3 1 — — 
-)  

• • 
-,

‘1
\(L~~~ ) = ~- 

-

L° for >

and El (ar ,JLI ) ,  ~~~~~~~ and 
~~~

, are given by Eqs. (1-5) , (1-7) , and (1-9) .
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METRIC SYST~~4

BASE tiN1TS~
Quantit y Unit SI Symbol Formula

length metr e 
- - m

mass kilogram kg
t im,- second
electric current ampere A
thermodynamic t i-m perature kelvin I.
amount of substati t-e mole mol -
luminous intensity andeia

SLIPPL EMLN TARY UNITS :

plane ang le radian rad
suli d ang le s ierad ian sr -

DERWEI) LIMTS:

A , :c e l erati o n metre per second squared mis
a c t . v i t ~ (o f a rad ii- ac l ive source ) d isintegration per second Id is in te g rat t on }/s
angu lar act elerati o n radian per second squared red/s
angular ve lo c it y radian per second red/s
area square metre m
densi t y kilogram per cub it metre kgi m
cit-c tnt . capac it an i e farad F A s/V
electrical ‘ ndu c :t anc e siemens S A/V
eli-t Int field strength volt per metre V ’ m
e lectric inductance henry Ii V.a/A
e lec tric potential difference volt V W/A
e lectric resistance ohm V — A
e lec tromotive forc e volt V W A
erierg~ t ou le I N.m
entr o py joule per kelv in JfK
force newton N kg.niis
frequent hertz Hz (cycl e)Is
i ll umtna rn e lux ix lmlm
luminance candela per square metre - cd/rn
lumino us fl ux lumen lm cdii
magne t ic field s tr i -n gt h ampere per metre Aim
mag netic flux weber Wb V.s
magneti c f lux dcn~ c tv  tesla I Wb!m
magnetom o t ive f o c i -  ampere A

watt cv JIs
pressur e pasc al Pa Nim
qu a n t c v  cit i- li- t i l t  i t ~ cou lomb C A-s
1u~ t-c t i t , 1 i t tu le N m

- tnt nn , - nsi t v wat t  p r  st e ra d i a n W -s r
-p c ’  ifi h, rd ’ jtc u le per ki logram-kelvin J ekg .~

St r c - s pas c it l’ s Nim
t h .- rm a( e r , ndu t t t v  Iv w a t t  p . r nw tr c - kt - lv n
V l r i t , (  tv  rcci- tr e per see ciiiii m S

v i s c os i ty dy nam o pasc al-second Po~s
v i s c , , s i l v  k i nemat i squar e metre per set t c nd mis
v o ita ge v o lt V W/A
v o lume cubic m etre m
wav enum be r re iproca l metre (wavft )/m
Ssot k joule I N.m

SI PRFYIXES

Mult ijil it  at ii,n Fat t cs l’ref i s SI Symbol

I 00(1 ( (iii t it i() (tOO Iti’’ t ’ ’ rti -r
1 tioti t u b  00(1 - 1(1 ’ g iga

I Intl 00(1 i i i ’ mega M
1 tN)( I lii ’ kilo k

10(1 Ui ’ hecto ’ I-c
10 iii ’ dek. de

(11 i 0 , l p t : i
ii (I I  lit - I i-nfl •

h o o t  I t t  - ‘ ini l li iii

l i i i  i i i  ( l i l t  ii mIc ro U
it til l tP ( i i t  ‘til l i i i  lent)

it i t( $ i i l t I l l  ( f l i t  (t i l t I ,  ‘ t’’ i i  II
ii 0(14) ito h h u h  111111 ‘( i i i  i t t  ‘‘ fi ,nttoi

ii  ~~~~ tiutit ix,~i t~i~i~ h u h  i t uut i t t  ciii,’

To bf. av id — u ~s l it re jio aaitilc -
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MISSION
of

Rmne Air De-uek~pn wnt Center

RAEti~’ plans and conducts research , exploratory and advanced
development programs in command , control , and convtunications

3~ (C3) activities , and in the C3 areas of information sciences
and intelligence . The principal technical mission areas
are communications , electromagnetic guidance and control,
surveillance of ground and aerospace objects, inteYligence
data collection and handling, information system technology, ~

~% ionospheric Propagation , solid state sciences, microwave
~ ?h Vs~ics and electronic reliability, maintainability and
9s~ 

compatibility.
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