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PARALLEL AND INTERSECT I NG FLATS FRACTIONS:

ESTI MA B ILITY AND ALIAS STRUCTURES

LI . Donald A. Anderson
and

Ann M. Thomas

ABSTRACT

Regular fractiona l factorial designs~ for the S
n
, s =

factoria l~ may be obtained as solutions sets to linear equation s ,~~

of the form At = C over GF(s). ~ It is well known how to deter-

mine which factoria l effects are estimab le , and how to construct

the alias sets directly from theA m atr ix ;A. Consider the k sets

of equations over GF(s). —‘

A.t = C . ,  i 1 ,2,...,k
k

where A. is m . x n of rank m ., and let T = .U ft IA .t = c.}.
I =1 — —i

If A
1 

= A
2 

= .. .= A~ , T is called a parallel flats fraction , and

if not all A
~ 

are equa l , T is called an intersecting flats

fract ion .~~There is no unified theory deve l oped for de te rmining

est imab il ity and alias structures from ~4~e&e— types of fractions,._ ~~~~~~~~~~~~~~~~

‘ The purpose of this pape r is to present some preliminary

resul ts in the development of such a theory.

-J  —
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1. Fractional R~~~ ication

As the  number of factors in an sti experiment  increases , the  high

co~;t of • x p ~ r i men t at  ion , expecia ll y in indus t ry , of ten  proh ib i t s  use of

a comp lete factorial design. If economy of t ime , space , and materials

is an important consideration , and if it is reasonable to assume that

certain higher order interactions are negligible , then a fractional

factorial design may be appropriate. The concept of fractional repli—

L i t  ion for and 3~ experirncnts was introduced by Finn ey (1~)45) as a

log ical outgrowth of the theory ~f confounding, and since that time the

theory of fractional replica t ion has developed rapidly . Experim enters

involved in high Cost research have found the designs to be useful ,

particularly as screening experiments run on a large number of factors.

The not ion of linear flats within i finite Luclidean geometry , as

developed by Bose .ird K1 ~~ J~ n ( 1~ L iO )  and hose (1’~L47), is a usefu l  device

for part ittoning degrees of fmeedom and constructing fractional fact orial

des i grv-;. ppose s p ~, w h e i e  p is pri m- , and consider an 3
n fac torial

L:- ~~~r i r ~f t r l t  in vo lv in i :  n f o ~~~~r , each ~ s levc is.  Let  every possible

r~ a t~~i - ~ i 1t comb j i~~ t ion or ‘ r ~~~~ be c . 1 r - ~~~nt  ‘-d as an n x 1 vector t

w it h  l~~rn~~n t ,s  f rom a ( a l o i s .  L I J  of e~-~ r s , denoted G F ( s ) ,  and w i t h

i t  e l ement  correspond m i ’ to t h e  ~evel cf rh. it h  fac tor . Then there

ci .~ i r ly  ex - ts ‘I ofl e— t o — o n .~ ~~ pen e w -  e t w . ’en t he s~ p os-~ I h ie

t r e at m en t  combina t ions and the  ~~ p o i n t s in  the  Eu c l i d e an  geometry of

order n over the  f i e ld  of order s , den ot ed  is

L1;(n , s )  = {( t 1, t 2 ,  . . . , t )  t. € G F ( s ) ,  1 , .. ., m l .



—
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A li near (n - k ) - f l a t  in [C(n , s)  is de f ined  to be the  set of poi~it s  in

I~U~ n , s) that satisf y a consisten t system of k independent  l inear

- L l u a t i o n s , each of the  form ~~a.t. = ar, where a0 0, a1, . ..,

- l e r l o t e  t he  eJements of GF(s) and a = a .  for some i = 0, 1, ..., or s — L

Consider a pencil of s parallel (n - 1)-flats with equations of the

form ~~~,t . t 1 
a , where a1 is fixed , i 1, ..., n, and a

r 
assumes

cons ecut iv ely the s values a 1~, a1, ..., a 1
. Any such pencil p a r t i t i o n s

the s~ points in EG(n , s) into s subsets of s~~
1 poin ts each, with con-

trasts between these subsets accounting for s - 1 degrees of freedom .

Thus the pencil t1 
= ar, 

i fixed , and r 0, 1, ..., s — 1, is used to

d e f i n e  the (~~~ 
- 1) degrees of freedom corresponding to the main effects

of the ith fa ctor , the pencils given by equations of the form

t~ + at., = a , i and i’ fixed , u = 1, 2 , ..., s — I and r 0, 1, ... , s — i ,

are used to define the (s - 1)2 degrees of freedom corresponding to the

two-way interaction of Factors i and i’, and so on. Suppose, for

ins tance , that each factor in a 3~ experiment appears at levels 0, 1, and

2. The two degrees of freedom provided for the main effects of the ith

fac tor by the penci l t .  = r, r 0, 1, 2, correspond to the linear

contrast , written as {t t. 2} - {t t .  o}, and to the quadratic

contras t , written as {t I t 1 = 2 }  — 21t t .  i} ± (t  t .  0 1. For

any two factors F. and F., the same type of contrasts may be used to

par t i t ion  the two degrees of freedom for interaction F1F., specified by

the pencil t~ + L. , r, r 0, 1, 2 , and the two degrees for

specified by the pencil t~ + 2t., r, r 0, 1 , 2. This procedure gives

a single degree of freedom , breakdown of the four dogrees of freedom

corresponding to the interaction of Factors i and i’ . Clearly, the

- 
- ~~~~~ ~~~~~~~~~~~~~~~ -
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componen ts of this breakdown are not the same as the components of the

breakdown into single degrees of freedom for linear x linear , linear x

qua-I r -ati c , and so on , that was described in Section 1.1.

The simplest kind of fractional factorial design for the 5
n 

experi-

ment consists of all treatment combinations corresponding to paints in

EG (n ., s) that lie on a particular (n - 1)-flat in a pencil of s parallel

flats. The aliosing structure for such a design is easily de termined by

tak ing linear combinations of the defining relationship for the sel ected

pencil , say ~~a1
t. a , r 0, 1, ..., s — 1, with the defining

relationships for main effects (t
1 

= ar, r = 0 , 1, ..., s - 1) , two-

factor interactions ( t .  + at. , = ar , r z 0 , 1, ..., s - 1) , and so on .

In general, the defining pencil should be selected so that effects of

interest are aliased , or confounded , with negligible effects.

For example, one fraction of a 3
4 experiment with Factors F1, F2 ,  F’3,

and F4, each at levels 0, 1, and 2, consists of the 27 points on the

three—flat specified by t1 + 2t2 + t3 
+ 2t

4 
= 0. Equivalently , thi s

fraction is often represented by the definint, relations

I = F
1

F~ F~ F~ (= F~ F2
F~ F1~).

In thi s design the F
2
F~ interaction , which by definition is based on

contrasts among sums of poin ts for whi ch t
2 

± 2t
3 

cons tan t , is aliased

with F
1
F~ sin ce ( t

1 + 2t2 
+ t

3 
+ 2t4) + (t2 + 2t3

) = t
1 

+ 2t~ constant.

Similarly , the F
1
1’
3 

interaction is aliased with the F
2
14 

interaction

since (t1 + 2t2 ‘s- t
3 

+ 2t
4
) + 2 ( t 1 + t3) = 2(t

2 
s- t 4 ) .  If three—factor

and higher order interactions are negligible , the alias sets for this

_ _ _ _
________
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tr u ~tion .irc- {I1 }, {I’
~
}
~ ~F2

}, {i~}, {F4}, {F1
F2}, (F1U4

), {r3F~}, {F2F3},

(r11 3, r~F4l , 
~~~~~~~~~~~ 2~ 4~~’ 

{r1r~, F3r~
}, {F1F~, F2F~}.

I n  ~~.-u. - x ’  II , r-e t ular 
n—k 

fract ions of the f a c t o r ia l  exp er ime l i

consist of solutions over Cl(s) to

A t c  ( 1)

-sh~’re A is  a k x n m a t r i x  of rank k and c is k x 1, both over a Galois

f i ~~td of or -J . :- r s. Geonie t r ’ic . i l ly ,  the  equations ( 1) represent a linear

(n - b )-f1~~r of 
5r i r  

points in EG (n, s). If ~~a.t. = a and ~~a t .

= a ’ are two hu a t ior t s used to define a ir.i~~ ion , their  generalized

s t ’. -r - - i c - t i on  i s  spec. i t  ied ~y 
( ~~a . ) + a (  ~~~a~~t .) a , u = I, ..., s — 1

w = 0, . . . , s — 1 , -i :sl it is iii c ’s ,’ m i tt or’ to determine the  alias sets

:or  tn e  t cast  ~en Ly cons id iri mi ~’ all ii se-u-  combinations involving

def in  sr; r-elat lonsh i p -; arid their ~ycrisr’ali Scsi interactions.

In practice a rcs’ular 5n — k  f r a c t i o n  is o f t e n  spec i f i ed  by de f i n i n g

r’.’iat ions  in P “worUs”, chosen so tha t  e f f e c ts  of m t  ~r cst  are - i i i  - i s e l

w i t h  hi~Jter cr ier , negligible interaction e f fe c t s .  Fo~ exam; t’ , a 3
6 2

fraction consisting of the N = 34 
= 81 treatment combinations i that are

solutions to

[i 
1 

~ ~j t [nil  (me l 3)

can be specified by the defining relations

I = F
1
r 1

3
F’ = 13F~ F’ 5F’6 = fl 1 1’2F~F5F6,

L - -~~~~~ - - — —- ~~~~
-.
~~~~~~~ --~~~~~~~~~~~~~~~~~

-
~~~~~ 
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~~~~~~~~~
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w f i e r . -  t’
1

E’~)L3
[’
5
E’( is t h e  general ized in teract  ion ~‘ .~i~ ’r at e h  by I 1F2 J’3F~

and F,~ ’
~ E’ , l ’5• The resu l t ing  f rac t ion  is a design in which main e f f e c t s

are aLLi ed with t t im - — factor amid higher order’ i i i t e i . l ct ion s .  Thu:;, i~

three-t~~~tor and higher’ order in te rac t ions  are negligible , the des ign

provi.Ies estimates of main e f f e c t s  in the  presence of non—neg l i gible

wo—isutor interact ions.

Bose (1.0144) defined a linear combination A ’ P of the para mete rs i n

tinear model to be estimable if and only if  there  e x i s t s  a l i nea r  com--

b ini at ion c ’Y of the  observations such tha t E(c’Y )  = A ’ B .  A complete

fac tor ia l  design provides an es t imate  for every s ing l e  degree of freedom

component of ~?. With  a f r ac t iona l  f a c t o r i a l  design , on t h e  ol:ti er hand ,

B.  s P is est imable if and only if tb ’ column cf X that in m u l t i pl ied by

in ti ~a model E ( Y )  = XtI is l inear ly  ir idc p e ii dent ‘~f -311 remaining

columns of X .

Box and Hunter (l’thi), in a paper dea1~ ng w i t h  r egu la r  f ra c t i o n s

of the 2n factorial, introduced the term reso lu t ion  of a de si ,~’n as a

means of classifying fractional factoria l desi gns on the  basis of

e s t i mab i l i t y  of effects. The term applies dir e ct ly to the regular 5
n-k

f r a c t i o n s  of the s~ f ac to r ia l  exper iment , in w h i c h  cdSe t h e  d i ’ ; ;i gn  is

reso lu t ion  r if all linear combina tions of t he rows of A from e q ua t i o n

(1) have at least r nonzero coordinates. The names resolution III ,

resolution IV , resolution V , and so on , make obvious reference to the

part icular kind of fractions consid ered by Box and Hunter. For example,

a resolut ion Iv des ign  for t h e  sn f i c t o r i - i l  exper iment requires cacti

_ _ _
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word in the -Jefin ito; relit ions to have at lc-,st four l e t t e r s  amid at  least

one word to nave exactly four l e t t e r s .  Such a desig n permi ts es t imat ion

of b- gctt~ - i- - i i  c c- an .~ m id all main ~l fects i f  all t t i ’ c c ’— f a c t o r ’  and higher

.1-dc-n- inter-lotion :; -it -c- neg li gible. Further , the estimates are uncorre—

lated with c -a c t ,  other .

To the extent that the name resolution r still carries imp licat ion

to the regular 5
n-k 

fractions of the s~ exper iment  i t  is ar ~ unfortunate

terminology . A s l i gh t ly modif ied  d ef i n i t i o n  which  is now genera l ly

accepted was given by Webb (1965, 1968) and Margolin (1969a) as follows .

Definition 1. If a design is such that all effects (main effects ,

interactions) involving r or fewer factors are estimable , ignoring all

interactions of r + 1 or mor e factors , the design is said to be of

resolution 2r + 1; if all ef f ects involving r - I or fewer  factors  are

- S t  i tt - iD le , ig noring all interactions of r + 1 or mor e factors , the desi gn

is said to be of resolution 2r .

Dote that th is d e f i n i t i o n  re fers  only to the  e s t i m ab i l i t y  of e f f e c t s ,

not to any specific method of construction . Further , it does not require

est imates to be uncorrelated with each other or p to be estimable . In

general , designs of odd resolut ion permi t est ima t ion of all eff ects not

assumed to be zero , wh,ile desi gns of even resolut ion pe rmi t  e s t i m a t i o n

of cc-ct-n m effects in the presence of other non—zero , nones t imab le

e f f e c t s .  In prac tice, designs of resolution:; iii , IV , and V are of the

most i n t e r e s t .  A resolution I I I  design allows estimation of main effects

when two-factor and higher order in terac t ions  are negli g ible , and a

resolution V design allows estimation of main effects and two-factor

in te rac t ions  when three-factor and higher order interactions are

k ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ---- -‘-~~~-- —- - - --~~~~~~~~~ ‘--~~~ -‘ -- ~~~~~~~~~~~~~~~~~~ -~~
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negli gible. A resolution IV design , on the  other hand , permits esti-

mation of main effects in the presence of nonestimable two—factor

interactions when three—factor and higher order interactions are

negligible.

This paper was motivated by the authors ’ search for resolution IV

designs for the Sn factorial (Anderson and Thomas 1975a , b). This search

led to the consideration of parallel and intersecting flats construction .

At the present time there is no u n i f i e d  theory  developed fo r  de t e r m i n i n g

the alias sets, or even which effects are estimable , from such con-

structions. The purpose of this paper is to begin a development of

estimabi lity and alias structure theory for parallel and intersecting

fla t fractions. Because of the initial motivation most of the examples

relate to estimability of main effects in the presence of two—factor

interactions.

2. Construction Using Interses~4~~ Fla ts

In Section 1 a regular 5
n—k 

fraction of the s~ fact orial experiment

was def ined to be the set of solutions over GF(s) to

A t = c , (3)

where A is a k x n matrix of rank Ic and c is k x 1 , bot h over a f ield of

- - ---~~~~ -- ~~~~~~~~~~~~~-‘-- - ~~---p—~~~~~~~~~~ - -
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order  s. Thus there is a one—to—one correspondence between the

po in t s  of EG (n , s) tha t  lie on the l inear (n — k ) — f l a t  specif ied by (2)

and the  n—k t r e a t m e n t  combinations tha t are in the fraction determined

by ( 2 ) .  An alternative to choosing po in t s  on a single f l a t  in EG(n , s)

is t o ta ke ti-ic union of t hepo in t s  on several f l a t s .  Thus consider the

f l a t s  generated by equa t ions

A . t = c ., i = 1,2 , . . .  , r (3)

where A . is in . >( n of rank m . and e . is m . ~‘ 1. The desi gn T corresponding
1 1 1 —1 1

to (3) is

r
T = U {t I A . t = c .} . (4)

— 1— —1i=l

The 1th f l a t  contains  5m m 1 points , b u t  since the flats may intersect in

various ways the number of poin ts in T as well as the estimability of

fac torial effects depend on the A . and c . in a ra ther comp lex manner .

Consid eration of designs of type (4) was motivated by a search

for a general series of minimal or near minimal resolution IV designs for

th e s~ fac torial. Theorems 1 and 2 pr oduce such a series in N = s(s — l)n

runs , only s(s — 2) more than the perhaps unattainable lower bound .

Theorem 1. Let A1, A 2 , . ~~~~~~ 
A
n 

be (n — 2) x n matrices of rank (n—2)

such that for I = 1, 2 , . . . , n ,

1. th e 1th column of A . is 0,
1 —

2. one column of A1 has all nonzero elements , and

3. the remaining (n — 2) columns of A
1 

are some pe rmut a t ion of 

~~~~~~~~ 
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-0 t hf ~r- - - r let ,

T D { t  A~ 
r (5)

i jt  ~~ 1fl IV Icr it , ’,’ 1 1 ) !’’  01 tb ’’ C ..
—i

-
~~ I : . -- ;ct 1-ow c-: A. c-cot a ins  ‘ix  1’ 1. • i cos’ -no elernen~ s and lies itt

1

- - 1: - t i  s- - t - - : . i 1 i r - t  her , - ri - .’ ii:- - - - I r - comb i - I t  i i  o! two  ‘ ,r tCr-’ row:; of A
1

i IYc-  d t  least cc rs- :ts - :r- - elt: :; - t~ . - ~~d a ocr-c i i  he tb V- sit IOfl .

I~ ~oJ fcc : f~ rectly tb -it H tic - it fi ~~ -t c-f i- - ;  it r on s , ~h ’- t r a i n  c- f  cc i of

‘ t i  j t h  fd I -cr -  i s  ,ili-iceo -c r ;I - i  w~ ’ h ‘ r t r . - -  I- ‘ or or- hi~ gtic-r c t  i - I  i n t e r —

-in t tons . T oo , ;  t h e  main ‘::I-tc t - ; of he ti f-~ or are est itn -~f - t e f rom  the

I-0:; ; ~c;r l’e::p nI1inI7 to

= 
~ 

I = 1 , 2 n ,

so all oli n effects are c-~~t imable from t i e  U r t i ’ L fl

T 

~~~~ 

A .t =

Thc proof i c Ot f l jT- le te

- :;- 1’- .~~~ 
The ~ -~c i g n  T formed by taking t i c -  union of solul ions over

GF (n) to the following five :; ‘ntems of oquat inti s is an s~ r e s o lu t i o n  IV

it n St a — I )‘ runs .

Fl i t  1. Ft - i t 2. Fl - i t  i~

-t 1 0 fl o [-i 0 1 0 —1 1 o o fl
() —i 0 1 0 t~ 1) —1 1) 1) 1 i t t  1 —1 i~1 1 ‘1 I = 1

L° — 1 0 0 1 0 — 1 0 0 (1 ij 1 — l 0 1) (1 1 1

Flat 4. Fl - It 5.

E-i 1 (1 0 °1 0 -l 1 0 0 0
—1 0 1 C) (lit = 0 —l 0 1 0 o t- S

C) 0 (1 1 —1 0 0 1 0

I
- -~~~ ___ - - -  --~~

— 
~~~~~~~~~~~~~~~~~
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l i - - un i c - t i < -I t i, ’ ~O i t i t s  on t i - i t five [ J - i t ~~ w i t h  s = 3 is

01? il l ? 1 1 7  12 0 12 0 12 0 12 012 1)12 1)I2~
01 7 20 ] 120 2 0 1 ‘ 1 ?  012 1 1 7  0 12 01 2 01

T = 017 201 120  17~ 12-7 201 012 (112 12 1 2
012 201 120 120 120 120 120 7-1 1 (;]7 012
012 2°l  120 120 12( 1  120 12 0  120 12 1) 2 1  

5; c - t - t- t in’ : k ; t , i - - n ’ s - : o n - i g jindic -ite :, t O e  t I l e - I t  t i c - n i t  c c n : - i n a t j O f l -j  gel t~~t --J by

‘ :~~ : i t h  s ys t e m  of c - q u I t i o ; c ; , I = 1, 2, 3 , 1) , 7.

i - - o r  s 2.  For ’ = ~~ 1
, pr’ine. there -X~ -c h - i t  c - t i ; 01 r - , - ; c l i J t i r a i  lV

in s(:; — Un n-u: ;-: for the s
0 f-ic: ori - il

i c c - c f. The : - rcof  is b-s c o n s t r u c t i o n .  Let the  column cf all  nonzero

elemen t -: of the I-. . in Ti cer rn 1 ~~� —1 , t i - t  i s , - t n  (n  — 2 )  column t - ; i h

• -vey - j  ej . - - ; - - r , t  — 1 c GF( s)  . i’ur t  her , l o t  t i e  column —i he t i - - s’- r :ond

column in A
1 
and the  f i r s t  in A 2, A 3, . .. , A~1 . Finally , arrange the

re-so of each A .  so that  the  sot of (n  — 2) columns , each w i t h  a s ing le

-c e  and (n  — 3 ) zeros , in or- 1 -cr form ‘n 2 ~ 
l’u ar -r an  ernen t in Example

3 . 1  V I ;  t r o t  t h i s  p o r t  V o l - i c  o rder ing . T t - ~ C ., 1 1 n , are

t h e n  -- ‘- Ic -ct c-ri so tha t f la t s  1 and n i n t e rs ect  in  S ~0l  r its  f lat s  i i n ]

i i  + 1 ) ,  i I , . . . , n — 1, L n t c r - : ; : -t  in s p o i n t s , i t i ; 1  all .  r ’ern i n i n r y ,

l o t  ‘ - r - ; - - : t i o n i : ;  of p a i r s  of f l a t : ;  are , ‘ m n t v .  Tb ’-  con ; -tn’uc -t ion is r i - o r ’ —

- “l it ‘ t i  p i - : t or ’ i - i 1 Ly i i i  F i or -
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r 1~~ i

A r--- 1’l~it 2

I ~~~h u t .  / ~~~~~~ 
-

V I 

• 

/
I i~ it ~ (1 - 1)

Flat t

[tat (I + 1)

F j ;rc- 1. Cet-n; ,’t ri c P c - : - t - e :  om i t a t  ion of Co n s t ru c t  ic-n
for bc -s igr i  i i i  s ( o  — U n  Puns

W i t h c. = (c
1 .,  c 2 • ,  . . .,  c 2 . ) ’ , i = 1, S . . ,  n , t h e  c o n s t r u c t i on

is achieved -is follows.

~~~ — = a l  for some constant a i t ; s i l i e - .: fl a t s  I and 2 i n t e r -

sect in s points.

2. cr + l n  
= ck l  + c

1~~ 
k = 1 , ...~~~ n - 3 implies flats I and n

in s points.

:3. c-~~ = ~~~~~~~ k = 1 , . . . , I — 2 , 1 , ... , n — 2, and i = 3, .

n — 1 , t i l l  l’s f i - i t : ;  i and ( i + 1) ~t ; t c- t ’ ;:ec t in po n i t ; : , i = 1

..., n - 1 .

4. C~~_ 2~~~ � C n _ 2 , l + c
1~~

, i 3 , . .. , n — 1 implie-; flat I does not

iri t ’ -r’ :;’ - - :t with f l i t  1 , i = 3, . . .,  n — 1.

_ _
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1
, c , ,  c . . , 1 7 , . . ., n — 2 , - i n I i ’  1 -i- b , b > 1 ,

1 i— I ,;

Ln s r l i ’ - - ; flat I ‘lao:- ; not nItI - r- ’:- I ;-~i t l, flat i + h , 1) > i , = 2 ,

. . ., r n - 2 .

i cr- : I t ’ l . i t l ’ - n’ - /  
~ l = 

~~lJ 
‘ 

~~
‘ ‘ n — 2 , l~ 

- l t l - ~ C17~ 
- i j i l - I t , ,  C

1 
� c- 1 — 

11 ’

.1 f- ~ i :n o’, cu i n ’ ;t r -u c t  ion  clearly sat  i s f i ’- : .  c-er -lit i no 1 — 3.

k2 
= c1, + - 

~~~~ 
k 3, ..., n - 2

IT
1
. = c

1
, i = 3, . . . , n — I

c-k i  ck , ]_ l ~ 
k - I , . . . , n — 2, C

111 
+ Ck l  1 ’ 

k 2, . . . , I —

= 3, . . . , n .

A l : o , cincO C
ln ~ c

1~~ — 
i l  impli eo °ln ~ cn t 2 ,2 

— c- n 2 1

c . c ,~ .— c — ,,  V~~, . . .,  t i - i ,I 0— a , ;  t ; — _

impl ies  c . c + c . , i = 3,n — 2 , i n — 2 , l I n

n - 1,

, : u n i i i t  i c - n  ~ H — a t i s f i e d . And for p lanes i and I’  = I + b , b > 1, i = 2 , 

- 
1 12 °1i implies  c 1_ 1 

~ 
+ C

1 
� c~~~11  + (c

12 
- c11 )

r implies c
1~ 

+ c
~ _ 1 1  � c~_ 1 ,2

i mp lies c. , � C .
in i—l ,i ,

so c ’ s i - l i t i o r i  5 is r ; a t i ; f  ied .

One such c h a i s e  of t he  c .  i s  c = c = n~ = 1.  c , ( s , 1 , 1 ,
—I- --— I -~~i — —2 — —j

., 1)’ , ~~ (0, 0, 1 , ..., 1)1 , . ..  c = ( i , 0 , 0 , ..., 1)’ .

ht x ample 2. T h e  3
5 

d esign in Example 1 illustrates the construction of

Theorem 2.

‘I’he designs constructed by 1’heorom 2 have a convenient representa-

tion in terms of parallel one—flats. Since flats 1 and n, as well as

flats i. and 1+1, i 1 ,2,...,ir— 1 , intersec t in s points , t ’;i ci ’i of t he

_ _ _ _ _ _ _ _ _ _ _ _  - — - -~~~~- - — - --‘ - -- - - ~~~~~~ - — - — - - - - - -— — — - - _ _ _ _ _ _ _ _ _ _ _ _
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sys t em of equa ti ons

rAl r~i r A . 1 rc .i
= 

~~ and 1 I t = 1 1 
~~, I = 1, 2 , ..., n—i , (6)

~~nJ [~J A
~+ij LEi+ii

is of rank n — 1 and consistent. In fact , each can be reduced to the

form

— i

— i
(7)

—1.

Is’ equa tion (7) with the (1 — i) t h  row eliminated , i 2 , 3, ...,

are precisely

A~t = d* 1

where d* is the (n — 2) X 1 vector ob tained from d by elimina t ing the

(i — l )t h  element. In relation to Theorem 2 d* = c~~. Thus the set of

points on the 1th , 1 2 , ... , n , fla t may be represented as s parallel

one—fla ts defined by

— 1

‘n—i ~ 
= 

~k ’ k = 0, 1, 2 , .. . , s—i , (8)

—1

where the (1 — i ) t h  element of d
k 

is X
k 

E GF(s) and the remaining n — 2

elemen ts are d* c1
. Similarl y,  if the first equation of (7) is subtracted

f rom each of the remaini ng,  the r esul t is

j 

~~~~~-~~~~- - - -~~-- ‘ - - - - - .-~~~~~ - - - - - —---~~~~~~~~~~ - -  
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d
2 

— d
1

d — d
1

A
1

t =  
. E 1 ’  (9)

d
i 

:. d
i

and the s2 points on A
1

t = Li are ob tained by keeping c
1 

fix ed and let-

ti ng d
1 

take all values in GF(s). Thus in the parallel flats representa-

tion (7) the coefficient matrix is fixed while vector d is varied.

Example 3. The parallel fla ts repre sentation of the 35 design of Example

1 is given by

—l 1 0 0 0

— l 0 1 0 0 
~ = d~~, I = 1, 2 , ... , 10

—1 0 0 1 0

—l 0 0 0 1

where the d .  are the columns of
-1 

r 0 2 1 2 0 0 0 0 0 0

D = 
0 2 1 1 1 2 0 0 0 0
0 2 1 1 1 1 1 2 0 0

L o 2 l l l  1 1 1 1 2

The one—flat s of each plane are identified by the spacing in the array

T of Example 1. Several addi tional examp les are included in Sec t ion 3.

3. The 3
4 Exp eriment — More Examples.

A somewha t detailed consideration of the 3
4 

experiment will

ill ust ra te bo th t he versa t ili ty and the comp lexi ty of design cons t ruc t ion

from in tersecting linear flats.

I
_ _  _ _ _ __ _ _ _  -~~~~~~ - - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ‘-----‘~~ - --~~~~~~~
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For the 3
4 

fac torial consider first

H r o 2 l O l  f~~o i ã ~ r 2 1 0 0 1  [2100J

1~~~’ ! ‘  2 ‘ 1 4~~~~~~ 
I,

L 0 2 0 1 ]  2 0 0 1 ]  [~~o o i] L 2 o l o ]

as specified in Theorems 2 and 3 of Section 2 ,

c1 
= (c11, c2.

)’, i = 1 , 2 , 3 , 4,

and
4

T = U {t I A . t = c .}
. — 1 11=1

The number of runs in T, which corresponds to the number of points in the

geometric representations of T, clearly depends on the choice of L~ ’ ~ 
=

1, 2 , 3 , 4. For instance, if c~, = 0, i = 1, 2, 3, 4, the de sign includes

the 27 runs represented in Figure 2 of Section 3. On the other hand , if

the Li 
are chosen to be

Cj = (0 , 0 )

= (1 ,1)

= (0,1)

= (0,0)

the result is a design in 24 runs. In general , with A1, A 2 ,  A3, and A4

defined as above) any choice of c. yields a two—flat which is simp ly th e

union of three non—intersecting one—flats , each being of the form
4

(t , t + 1, t + (2)1). Thus a design T = U {t I A . t = C1), 
express ed here

i=l
as the union of four intersecting or nonintersecting two—flats , could

alternativel y be written as a union of parallel one—fla ts. That is ,

4 r
T = U ( t I A  t = c } U {t tB t = d

1
}

1=1 ~~ ~~ i=1
_ 

— -

L - -
. - _ -- -~~- -_

~~-.~-- 
_

~~~~~~~~~~~~~~~~
_ — - — —. —~ —-------——._ - -  

~~
- --- — - - — ---—-
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whe n- c- 13 it : -i It x 4 mit r- ix o n- i iii - It it, - n - ‘ - t i  - - a ‘ii - i tnt - 
~

- -  
~‘-  - i - n i

s t r u : t n n r e  of the t w o — f l - n i t ; .  A ;; iii I~~- - ion 2 , i t  ‘ ho’i l n ; , -  t n - I -n

r-1 1 (I

Ii ~—l 0 I c i i  (11)
0 o ij .

The exantip les n-I nn ic-h loll ow fur- h -c 11 i i ;  - t ra - t l ie ‘I- -p -n ~ ;- - n i ‘i -d t mc -

number of points in T on tire choice of c
1 
, , , H~ 

- n ~ - 1 . I en - ’-

e x a t n j ’l e  i t  is assumed t b-i t A., i = 1 , 2, 3 , 4, -itd B ore - a:; - f - f m e d  in

10 and ( 11 ) , respect ivi-ly . Thin :; C = [
~ ~-2 

c3 
e ]  c c -mi : le t e ly

spec i f ies  d desi gn as a union of t w o - f l a t s , w h i l r  D = [d 1 d 2 - .
s p e c i f  i - -s it as a union of o n e - fl a t s .  In t b -  geometr ic  c o n f i g u r a t i o n s

lines r e p r e s e n t  t w o — f l a t s  arid po in t s  represent  o n e — f l a t s .

~ ~ ~~l 2 ’ 1 2 1 l t 0 0 f l
Lx a nt ;p tc 3. 36 run dc-sign C 1 2 0 2 1~ 

D 1’12 0 0001 2 111
L L201 00 )222012

Figur ’e 2 . Geomet r ic  R e p r e s e n t a t i o n  of 30 Hur t  34 
tlc-~~ l 0 t i

01 217111000
Ex amp le 4 .  33 run den ir , n c 

~ 
P = 01 200 0 1 2 1 1 1

) t 1 2 0 0 2 2 2 0 1 2

-- -~~~-~~~~ — -
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// 

-

Figure  3. Geometric Representation of 33 Run 3~ Des~~ rn

r rol2l711 (t0c~Example  5. 30 run design C = P = 0120012222J
L [3 1 200(t 0012j

A / 
/

Figure L~. Geometr ic  Representa t ion  of 30 Run 3~ Den ;i Cn

r0 0 1 [012 121I11 1
Example 6. 27 run d esign C 

~ 0 0 7 1 D = 10120012221
-J 

{~ 12oo0o12J 

Figure  5. Geometric R e p r e s en t a t i o n  c-f 27 Hun i~ Pesi[,n 

~~~~~~~~~~~~ 
. -- - - -~~~ r
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(‘1o- , in-l- ~’ , th i s 2 1 run l ’ - ’ ; i C t I  is not- the -inc ‘is tine 27 run design

pLC o r - - !  in Figure 1) of lO-s tion 3.1.

‘I t n  -F . ;  I . ;  tn - In I -~u enn - -~ n to t he par t  ic-u  lar-  ceni:; t ruc t ions presen ted in

Tin - i n - tI n-; one and  two of he , - - t  iou 2. Of h -n’ (‘11011 . - of th e A. m a y

-ilso g ve r i s e  to  re : ;o lu t ion  lV desi gns . For ex atniple , t h e  27 run 3 1

foidove ’r d”;; ign s , [given by Anderson and Thonnas (I 9/Sa)] , a l l

have representat ions  as four in t e r s ec t i ng  t w o — f l - i ;  s. Tine  A. , 1=1 , I- ,

for t h e s e  desi gns are l is ted in Example 7. I.n each case c 1 ~ 2 =

= =

Ex arn r le  7. A .  mat r ices  for 27 run 34 resolu t ion  IV Foidover Desi gns

( a )  Design 2 (or thogonal  array of ;- ;t r e tn i ’ th  3)

_ Ii o — i ol _ I i o o — i l  [i o i i l  A h I h b OA 1 
— Lo 1 0 — ij ‘ 

A 2 — Lo i— i oj ’ A 3 - Lo 1 1 Ij’ 4 
- 

[i 1 0 1

(b) Design 3

ro — i i  ol r-i 0 ol [—i 1 0 ol [1 0 1
“I [o -i o I] ’ A 2 = L-i 001 ]’ A 3 = 

[-i 0 0  ij’ A 11 = L~ i i i

( c )  Design 4

A _ [ o —i i ol [ — i o i o l  A [ i o i i l  A _ [ 1 1 1 0 ]
1 

— LU ~1 0 1]’ A 2 [_i 0 0 lj’ 3 
— [o 1 1 iJ ‘ — 1_ i 1 (1 iJ

Tire - m n  lii ’ - t Known di’~ i ‘n:; for’ ti ne expe ii  mcmi t~ it ‘C I t n t  - - a t e : ;  r,ener—

- i t e d  by Theorem two Of 1-ed iOn 2 . himice t ln , ’;;c’ de : :igmn- ; r u n  in -c 0

runs whi le  0- i r I T o l  i n ’ s lower bound for  r c ’so lur  1: -n i lV desiI’,nn ; : is N > 21,

_ _ _ _ _
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t 1:; - i t  i n t ’ -r-e ’: t  to i n i v - - : : t i 0 - i t e  t i e :  !O ; ; s i b i 1  il’ . ot ‘isi np four- in nt -n’n ec—

~irng t x - - f l i t  - t o  c o n s t n - u c ~ a 21 n-urn i ’- ;o luH iii  IV de s i g n .

( - s ; . ; i - ! ’ - r -  tie ’ l— ;- o~ rnt con;! i)’ i l r ’ l t i on n  p n e t  ni - i it I’ip i n n- - 6.

H I  n~

~~~~~~~ 0

~~~~~~~ t 2 >

F i 0u r - e 6 . 2 1 - i c i [ n i t  ( I o n f i i u n - ~I t i c n n  i t ; )
~~( 0 . t).

In Figure 6 every pair of two— fl-its i n )  ~:n’s’-e t in - -x ct li three points ,

and every tr i ple of t w o — f l a t s , e x Y e l - t  t ine o n . - i -o n ; s ; - . I nn ~t 0! H its 1 , 2,

and 3, intersect  in exact l y on m t  . T ! n - -  i n - - n  t i o n  of f l a t ; :  1 . 2 ,

and 3 is empty. For i 1, 2 , 0 , - ii i 1-m t b  i L  I l - i t cc - mi ;; i- ; t - of

so lu t ions  over G F ( 3 )  to

A . t  c .  ( 1 2 )
t— —1

where A.  is 2 x Lf of r~ank two and c. ix 2 x I . Thus ; l r ;V two of the four
1 —1

f l a t s , :;,rv f l a t s  I antI ~ , i n t e r s e c t  in ‘X :n ’l  i.y In- - I w n imni s if

[ A .  A.  c~
i i —n - - /rank rank -~~~ ~13)A. A. c.
I 1

- i nn!  any  th ree  of t i n e  four  f l a t s , say fi i t : ;  
~~. 

and K- . i n t t ’i ’s- ’- - f  in

_ _ _ _ _ _ _ _ _ _ _
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- i- i on . - point i

A.l A .  c .

rini n rnk A . c. 4 (10)

A~
J 

A~ ~~~,

f I a t ; ;  1 , 2 , and 3 l - i v ’~ an empty intersection if and only if

A11 A
1 ~-1

n - - in ik A I = 3 and r ank A r , , = 4 . ( 1 5 )2 2 —/

A 3j A 3 a 3

I n  - iccordance w i t h  T i ie ~~c e t i  1 of Section 2 let A . ,  I = 1 , 2, 3, L4 ,

be 2 :< ~ mat r i ce s  of  r a nk  2 such t ha t  the  i t h  co lnn n n n of A .  is 0 , one1 —

column of A . ,  denoted by - i .  (a 1. ,  a 2
. ) ’ , has all  n onzero  e lements , and

the  r emain ing  two columns of A .  form 13 ince  Theorem 1 s.uar an t ee -t

tha t  a f r ac t ion  T = U {t A .t c. } c on s t r u c t e d  u ’n i n g  these A .  as
— 1— —;~ 1

izi

coefficient matrices is resolution IV , it is of primary interest to know

whether  for I = 1, 2, 3, 4 there is some choice of a .  (a
1

.,  a21 ) ’  and

c.  = 
~~~~ 

c2~
)’ from G F ( 3 )  tha t  will  y ield the cons t ruc t ion  of Fi gure 6.

The result , of course , would be a m i n i m a l  resolut ion IV design for the

3
4 

experiment . Unfortunately , if the  A . s  are d e f i n e d  iS i n  Theorem 1

if cond i t ion  (13) is s a t is f i e d  for every p a i r  of t w o — f l a t s , and i f

cond i t ion  (14) is s a t i s f i e d  for f l a t s  i , j ,  and k whe n ( i , j ,  k )

( 1 , 2 , 0), (1, 3, 4), and (2 , 3 , 4), then  i t  is i m p o s s i b l e  for  f l a t : ;

1 , 2, and 3 to s a t i s f y cond i t ion  (15).

Si mi ce the A .n spec I fled by Theorem 1 can n ot Inc ti:, ci to 
~

-

the c o n f i g u r a t i o n  of F igure  6 ,  consider  insi c -- i d

A .  = 1~ 
o a 1. h 1 . ( i t . )

1 Lo I — i , . . -
Oi 2 n

_ _ _ _ _ _ _ _  -— -.~~~~~~~~ - - ~~~~~~~~~~~~~~~~~ -- - -- -. - ~~~~~~~--~~~~~~-~~~~
- --

~~~~~~
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and t i’: -o n -r ’ - spondi ng  t w o — i l - i t : ;  lii LG (n , 3) defined by /~~. t =

I = 1 , 2, 3 , 4 . W I t h  t i 1 -  A . s  ~1.:f ~ n i ’ ’-t i n n  t h i s  w ay it i:o p~ :;o i h l e  to

e d i t ) n -on :i G I ’( 3 )  v - i iu - l ; ;  for - n .  (a 1 . , a 2 . ) ’ , I - . = ( b
1

. , b21 )’ , arnd

(c
1 . , c2~ ~‘ ~ = ~~ 2 , 3 , 4 , so t ! n - n t  t i n e  r e s u l t i n g  two— ) 1 i t s

i n n  F i g u r e  6. However , ann e x h a u s t i v e  c o nsi d e r a t i o n  of all

o-, - ; : : ib i l i t i c :~ y ielded only two i n t r i n s i c a l ly d i f f e r en t  cons t ruc t iorns  of

t h i s  k i  n i ; i , ti; - condi t ions  for w h i c h  ar’e d iscus:;ed b elc -n- ,- .

The i i r - ;t  way to produce Figur ’e 6 is to select a . , b 1, arid c . ,

i = 1 , 2, 3, 4 , w h i c h  s a t i : ; f - j  the  f o l l o w i n g  c o n d i t i o ns .

( 1 )  a 11 � a 12, a 13 = a 14, a11 � a 13, a 12 ~ a 13

(2) a 21 = a 22 a 23

( 3 )  b 13 = 2 ( b 11 
+ h12), b14 � b13

(17)
(4) b

21 = b 22 
= b

23 = b
24

( 5 )  c 13 � 2 (c~~ + c 12)

(6) c
21 

= c22 = c23 = c24

W i t h  the  A . s  def ined  in t h i s  way , no i r i d i v i d i n il t w o - f l a t  provides

‘; c t i m cn t e s  of any of the main e f f e c t s .  Thus a desi gn of t h i s  t ype  could

be resolut ion  IV only if the  t r ea tment  combinat ions  in the  union
4

T = U {t I A.t = c. } work together to separate main  e f fec t s  from each
1=1

other and from interaction effects. U n f o r t u n a t e l y ,  t i n e  r i g i d i t y  of

cornnl itions (2) , (14 ), and (1) in (17) ensures that t n -n ; ; - - m a i n  n - r f c - c t s

and interaction effects will be aliased in identical ways on all four

t w o - f l a t s .  Suppose , for example , t ha t  the ~~~ .,  b 1, and c ., i = Z 3, 4,

- i n - - -  chosen according to (17) to give ; ‘- y - - ; t t - r n ; ;  of equations (18).

- - - -

~

---- -

~
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(18)

(3) LI ~ ~]-~-
= LI] LI ~ ~

]
~

= LI’]
I t  -:1 tows , for  ins to t i c ’ ’, t len t . ‘en ever’ ,’ f l a t  t h e  m a  in  ef ito l -: of Factor

2 , son - ,- r’7 , ;ir-: a I i  ~.UJ -0 with t h e  F 3f’ i n t e rac t  ion of } n s t .or- .- : -3 and 14

- i : c o r- - ! i t t 1 3  to t i l e  - i~~-e~~ - o r n - h - r ;~ e o f l ev e l s  c ’ i ’ ,’e;n in  (if))

F 2
( t

2
) ~- r ( r + ‘ )

(-1 -i --’- I
19)1 ~ —+ 0

2 4—* 2

That  is , for  ever - ’ t = ( t
1 , 

t2 ,  t3, t14 ) ’  in  T the  f o l l o w i ng  are

it  i - ; f i e d :

(tienl e’;’r t2 = 0, t3 ÷ t4 = I .

W ;;- :r ; ever  t2 1 , t3 + t
4 

= 0.

Whenever t
2 

= 2 , t3 + t
4 

= 2 .

Thus tt 1- : design  de te rmined  i g’ systems of e q u a t i o n s  (18) does not

.e: ,:nr n t~~ t !i’; e f f e c t s  of F 2 from the  in ter-ac t ion  of F 3 and F4 .

In  general , s ince  the preceding example i l l udr a t e s  a consis tent

occur rence , desi gns speci f ied  by ( 17) cannot  be reso lu t ion  I V .

The second construction that y ie ld s F igur e 6 can he ach ieved  in a

n n j c~b er  of wa-i:;, a t y p i c i l  one being spec i f ied  i- v tine cond it i o n i c  ( 20)

(1) ,i11 ~ 012~ 
d i~i = n

u t , -
~~ 

� a 13
, 012 � 0 1. 1

( 2 )  0
21 � a22, a23 -1 214 . a 21 � a 23 ,  0;n, ) �

( 3 )  b
22 2h 11 + b21 + h

12 , b 13 
2h

11 ÷ Th 12, h23 = h
11 

+ 
~2 1 +

2b
1 2 ’ 

~1’4 
� h 1 :i’ ~24 

= 2h 1 1 + h21 + 1 114 (20)

_ _ _ _  ---S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~- _ - ~~~~—- - -~~~~~~~~~ ‘-- -- -~~~~~ 
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( I . )  c 22 2 1 + c- 2 1 ~ 
‘ 12’ 

C
1~~ / 

~
‘ I1 + ~

‘ 12’ c 2 = 
~

‘ 1 2  
c

21 
+

, “ 2c + +Ii  24 11 22

- -;; i~’ :; s s) t i1- - n , : -  (20) n ” - - - nil - i ’ - ‘ho;’: -J iv ; - ’ - (17) rn tl 1t tIn ’-

ind i ’ ; 131c . i I  f .l i’s f e  S ot  go - in - . i n i - i n s i l i l i t ,’ of sn- ~ of t f ~’ -  “ i n  ~~~~~~~~~

1-i n - : . i ’- n - , i n  any  p-~c~ 1 1-:  iii t - i n i c ’ - i t  is e.1. ;’/ to :c-’: t b - i t  t f ~~- I I , n l s  do

r ;O n  w o n t n - .-g: i rI ’.’n ’ I -  ~ n - - t - - -~~ t - -~~o 1 u t  n o r ;  I V  I - - s i g n .  For- - -x ; t ; ;~ le , i t  t i n e

1’ ., - i~ -I i = 1 , 2, 3, i, -ire c-i c ; e n i  :c n ’ ! ~~nng t o  ( 2 0) to  g i v e

. ,s, t -cr ; of - ; - g ; -  n i  I - -ne ;

( 1 )  I i  
() 

~~~~~ = 
[tI (2 [1 0 1 21 - F~1

L O 1 0 2 J — L2 i L I  I

(21 )

~ [.
~~~1~= LI] (:i ) L

i t  f e l l o w : ;  ;n 1~ ma i n  - - f ’ - . - ; t s  F~ a n ” -  a l i a - .e~i w i t f n  i r n ’ -  n - cH : ..: ef ’doc t s

t ic; s~~tt ne  ::.;; r :;; ( i r n r n e n ; c e  on all  four  p 1 - t n ; - .- ; ;  . Ties Des i gn ( 2 1 ) ,

I i t . e  D e s i g n  (18) c a n ; n n ’ .:t i ; :  resolution IV.

A cocos- i  des ig r n  cons t ruc ted  accordi n ig to (20)  cr ;t ;:.  1st ; of

:o l a t  - n-; t o  ce-stoms of c i n o n t l o n s  ( 2 2 ) .

( 1)  

~ ~
j t =  ~~~ (2) ~ ~]~= ~ ( 2 2 )

( 3 ) [~~~~~~] t = [~
] 

~~L I 1~= LI]
The - i i  n - 1; ; r~~’ pat . t. ’ - rt i ; ; d e l  -:r’niiini’d by t l n e ’ ; e  f o u r  fl. , it ~ Ins - nt - ) i - n racy to

- i n - i  J yse as t !io ; ; ; of (2 1) .  However , to c i t  - one example. cmi t i e  I i rst

fl at . t i ; ’  ma in e f f e c t s  for F 1 ~nr~ n h - ascii with m i t - n - - i t  (‘ml i~~l c-s c - n- - ) i r;i ’.

to
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- 

1 I~~~~ 
( + 2 t~~

(1 -~ I)

1 ~~ -± 2

2 ~~~~ I

- -si l l ’ - - i n n  t h e  second fla t ‘ l i e  n’;ain -f fact ., of F 2 - a n - -  n l i , i - e’l w i t h

by t h e  ;;-Ire - :-sr-r ;; c n n d r - t i c ’ -  . T l ; i s  o c c u r - n - ° r n - . - - , -a l ong t-i i t l n  o ther ’  s imn ; i lar-

-:cr - - g c  n r . i ’~t ; ne s .  s n ~~~-~ ;1 n - -i t t ;- it i - ; ; i g n  ( 2 2 )  I s  not r c l i n t  ire IV . - i  

m m  t h a t  P ;s b ee tn  ver fied iy d ir - - - c c r - m e p ; n t - r -  1 f; ;n7~

I n  s i r :;; - in - , , on I t . - i .c ln  t i-C d i  ; , i m n o i -j  ice ; 0 e 
~~~ n’s -c’- i i’s ~

- - ; r - i r r

P ‘c:; r iot m ; o n i -;t i t u r e  a proof ait  m o  2 1 ru m :t~ r ’ r - ; ; o l m ; n Io n n IV i - . - ; j ; ~fl can

cc-n ; - ; t r i o  t o - i from four  i n t el l ec t  1mg t w- .--- I ha ts, it  - c-es m d  i cat o  t i- i t

t h i s  is r e i n - a b ly  t h e  mS -ice . Mor eover , i t  - ; n J ~~~~~~y po n i S s onn~ t h e  need for

a nnl e , i r i ; ;  of - i t n a l v z i r n g  lint-: the  cho ice  of A . and c.  , I = 1 n n, a f f ec t
- 

1 —:
n

oct i o - . i t - i h i t y  ion -a des ign  of the form T = U {t = c.1 .
1=1

- - I  .

‘

. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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. F — n t - i  : ; : - - , - ‘ n - ’

3 :’- - - :: i ; ; ;  - r n  I ni ; - - - -  ; ; -  - i of t - n t - - v  I i i n ; ’ -; - ’ I ui  11 ~ t l i t  1’

o 1- - in - 1 - , P :‘w ’le ’ ’:-. ; - cc - - 1 t t 
~
‘ of of - - n  s ‘ r ‘ - m ; m c: 2 -  ‘r A - =~~— I —  ~~~1

1= 1
1- -: ’ - -: ; n i - - i  - - t ; ~~v - ni ‘h e  i n ; - . 1 v  r i - i l ri. , ‘it -~ iso ~t, 

m~~ . 0 ‘ - n - - t e e  o f

- 
5’ -n ;- ‘c t I : .  n -  - I n i n ~~’ Ix - ci n - h o  i c -  of c. , I I , 2 r; . I f  t l , e 

~

i - -  - n -  - n - ’  I I - ’,’ ~~~~ s-eta 2 o: i - -  t ion 2, i~ I - - r~~t c c i : s i

ii - - - - i i  rio i nn cff .’: t - us i n g  u : : t  on ; -  - l o t  i t  - _  t i t ’ .

i i  w v -  n -  . . l ;’. m i _ S i” i f i i i  tj of th a t  occ ’nr - ; ;  c = c = . . . = = 0
—I —2 —n —

ion pi- m ’’ n -- f  n by , ; : l ’,’ I n n ;  I v  - 
‘I fl - a t . 1 - u t rat  ir ”t b y t - -  n o i n  t liP 1 ] —

c t ’ I - --  of d l i  i t o - - n t  - -o n n i n n i - i t  j c - ;, s in a uniorn of in flam . ; . P i m i l - a n lv ,

:1 o’: r , ~ - s i ;’ t ;  - -; ; -n-- ;t- ~~‘:r1 hi F’i, is-e --le ~ ‘-f ~.‘ - -~ t I -t i 3 are

i l l  n-  - -si - n ’ I I ’’ u t  h- ;nnS t In :n - ; fioh it ’-,- of cc -r t a  I n  ma i n: n - I  f - - t ; ;  i i

n i n - - n ’ E n - -U 1; ’,’ - - ‘ t i c - I 1:: m a ;  th e f I , i t ;  one -~ t on t i n ; - - .

I I  io~~~x - - ‘ . ‘ ::e e~ 1 5 1  i n n n -c- - s c;-.-; - an ~i ; -~ - r - c . ; - l m  t o  t ine x n n ; J , - , j - - of t i e

n - :l :;1 O t t  ~~~~ ins- fr - n c l e s i ; n ; ’; f at-r i --I a:; t i - -  -a n i on of c i i  of fiat

Th e r1 j-;~ nj~;:5~~n , ~ii c l n ~ I- - - ;  .- x - i n r s l c -’s w h i c h  i l l u s t m - n t ’ - c - - ’ - of t h e  -a~~~~ i r

t ~~~~~ ar es .

~~~~~~~~~~~~~~ 3~~~ - - :-: :  - n - i s r - ; ; t consider - ag a i n  ~~m n .g’— n ;- .- r c l d ms i gn i

T ‘- ‘ L I i
~~ i_ = n 1 s  (231

i-i l i~~~t~~ - 1 A . H - ; n n n t .  x n m a t r i x  et r n n ~ nn i .. l - - n - - - n - i , I = I 

- I - I ‘- pi i I I ‘tn - ;  t ‘mci t m m i t - -  
~~

- - n m - I  to ‘ - 
t n i 

‘ t - ‘- ut  i ’ - ‘ i i i  ‘ , ‘ m m n t ’  1 m m

‘ ~~~ 
- -d --- c i: I I  -‘i A. t c .

1— — l

I n ) ( -i)
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whe n - - . - , - i - n  - in n  ~I . x V in it n ’ i :~: oi mio ;qni - ; n i n n . ; t - ;t :t s, -m i - f 3 1 : - a  v x I

vt - O t t -  of n - - n i - n - - i  i i ’ ib l e  u n i t  i n - - cn n  ~ - - ; t ’  is -I - - c s. Thu s t i-- - mo-In ! 5mn - nh , - (I

c - u n - n - - l~ l ! ; . i m ; -  m~ i~~~~ , n i - - n i t  - - c n : i f - i t - m t  i on i c  i n n  (23)  C- tI 1 - ’ -

¶ par t  I i - - m e -i  - i s

u [ I ] = c  
~~ 

=
~~~~~~ 

2 = 1 - I F .

~2

X—n ’

-s n- 1, - er-v i , I = 1 , ..., r , t I m e  .- - e ’ If i c - j r - t n t  n;~~tr i :- : A .  - 
O I t ! r  5

the  :‘ar- -im eters m a  3 into a nn ranaf .;eI- of ne ll - n ; : s - - t ; ; , ;~~- i ’: 2. , . . . . S.

i on’ example , in a 3
4 

~~~~~ is--nt involv I ml ;’ f,ic (cr-; F F~ , I ,1 . and F

t i i - - : ’ enntf j cic nm: m a t r i x

L i ‘t
0 1 2 1

n- n o d -n c - es  t he  f i v e  a l b o n - :  s e t s  S1 {u } , ‘ 2 = (F 1. F2
F.~, F3F~~, i’

2
F~~t ,

( F ’ 2 ,  F
1

F~~, F
1

F~~, r 3 r~} , -
~~ 

= h r 3. F1
F
14. 

F F , . H F ’), a n - I

S4 .  F~ F2, F1
F3, F 2F~~}, where u tm-i ;; oni, -I ’-i. ; - ’ e ; i f  t o -- Icr  arid

- ‘ n - - c  - -tP - :- ot lid 1 -4-a -l i - go- ’-’ -: of in- - I - i n  cort- -a ;pomnd n ng to tim e 1 1 m m - i n -  i n - I

r j n l ~ .i~ -.; c- -ira tn - n ~~~ t n i  t c -  ~I ~ - -  ;i sri -I in  Sect . ion  1

i i j o;:l: now t b - it F ; -in ~ f f , ’: t of i n n t — -r- -st an n-f t b - n t  e;.:t jm ahilit v

of tfe 1 in ’ : -i r  ( £~~ ) and - mc i i - f r - n t  Ic (E
1
) m :o t mm l r ; : t t e t ;  I; ; of F is n i t  n mi - i~ n i t  :‘e- I

by t n n y  one f l ~~t in ( 3 . 2 3 ) .  Let S . {i: 
~~~ 

I I .~ I f-n n l i e

-u i - i s  m : c t  i n c l m n - l i n i g  F t h a t i~; get ” t -  t - -I H’ i ’i~~”{I i” I - - m i t  ‘- - I t  n ’ ;;

= 1 . .. , r , and assume t h at  each 13 .., 1 = I C ., 1 
1 .] 

-

- -i or - j r --c two deorees  of fns:- - ’I or t i  . Then if II.. - i n n - I  F . . , are - i nm - , two

L .

~~~L’— ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-- - --- - - - - - -- —-_-.-----.-- — - - ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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u i - m d - e r - s  -s S , i t  1 ; ;  ;-o- ’ i l l ”  to t n - - a n i ; t o n m n i t i m e  I , ’ve I~ of 13 . . to tine
-r ii

l - ’v,- 1 ; of 13 . , 1 -i ; u t - p I ’ j n r m ~’, one of t he  p en ’m u t a t  io n s in (26 )

F . . h i o . ,  II . .  H .
i J  i i  l~~’

0 0 0 -
~ 1

e m  I 1 ( 0 1 ) :  1 -
~ ‘I

2 -
~ 2 2 -

~ 2

0 -* 1 0 -
~ 2

(012): 1 -
~ 2 (02): 1 1 (25)

2 0 2 - n 0

1 -4- 2 5 - ‘- ( t

(021): 1 0 (12): 1 2

2 -
~ 1 2 -

~ 1

~‘ n ’S— v - r , i f  X r - ’ - n - e ~~~--’nts the submatrix of 1<. cons i s )  i s o , of t h e
1 - 1

c - a l u m n i c  t ha t - ; c , - n - e ; ; p m r n ’ l  to l inear  and qu adr’at  1- - c; - m - n t c.eir -n t s for

F , i = 1. . - .,  t~~, it Is clear t ha t  i . ;  Of r a n t two : i n i c e  ex a c t l y

t w o  S. -gr-e ur -5 ir ne are associated w i t h  each e f fe c t  in  S~~.

Sup~’c- ;o e S I - n C  i I i s- i l lv t 15  t l inear  and quadr~it  i c contrdnn t ire - ; : - c n c :  I fje3

t ’ /  t b ’  o r t l u - s - , - - r ; -  i i n - o ] ’ ; n r ; m i - i t crn ,affi- :ient s

Linear  Qua d r a t i c

0 — 1 1
1 0 —2
2 1 1

Then if  ciii-! F. ., in are r e l at e d  by permu tation g cmi (26), and

i f  . . , con:; i - to of the four co lumns  of X~ a s soc ia ted  c it in 13. . aridn ;I] 1]

F. . , , - _‘ni ’ f i nn - I- ; t t i - i t
ii

= 0 ,

w h e n - - - I~g is  - i t  ‘ -n -nm I ned by n - - r r n u t a  t ion  g in  accordan ce w I t i n  ( 2 7 )

t
___ __

~ 

-
~~~ 
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2 0 2 C)
e 1) 7 (01) ~ 2

~~~~ 0 -1 - -1
0 — 2  —i 1

2 0  7 fl
(~~i 2 )  0 2 (52) 0 2 (77)

1 3  7 0
1 0 - 2

( 021) ( 1 2)

I t  is i n st r u c t  lye to consider  f i r c ; t t he  spec I - i l  c - a - ;e  f r ;r  w h i c h

A. B , a c on s t an t  m x n c o e f f i c ie n t m a t r i x  m d c - ’  - ; t i ti of i . The n

-2 :5 i~~n n (23) I - cOU r t S-;

T U {t I B t = d . } , ( 2 8 )

each f l a t  consists of 1.  :3 nim 
t r ea tmen t  c o t n i h i n a t i o t i ; - ; , a n n - I  t h i ”

r e r m i t t i n g  u n i o n  of paral le l  (n  — m ) — f l a t c  inc lude ,c  a to tal  N = (r~ 3n m )

t r o l l  rm-; nt combinations. Moreover , S~ = S 13 
= {F = E~~, E~ 

is t I m e  same for all  r f l a t s .

Cons i- i c r  for each i , .i = 1 r , t i n e  null s j - ise  of x’:. T h i n

i- a , given tinat 2
1 

inc ludes  ~ e f f e c ts, each w i t  Ii two -h g n ’ - . ’:; of u -c - - - m n ,

c-on ;; t i ler t l ; ~’ np- ace  of all 2f x 1 v- - - t , - t - ~ : w such tha t y o.
Tlmean - - - n nm’ . 3 - i nn - - I 4 , w h i c h  fo l low , e c t - u t a l i s t i  ,i t n ; - - - u m i - ;  t - - t -  i t5, ’ - ; t  !~‘ i t  i f l~ ’.

tt ie - ; - t i n n a b i l i t y  of 1
L 

i n n ! t hu n- - r ig S ; ‘-- t m ; ; i I - - t- . it ion  - - I  t b ,  n - n i l  . ;g e r ’; ;

1 3 .
for X ., i = 1 , .., r.

~i._
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ili ’ ne n - ’.- u . l . Let W~ be a 2 C x 2 ( L- — 1) m a t r i x  of f u l l  column rank  such

t h a t  ;< : w:  = 0 , where 0 r ’e 5r e : ; ; i ’nm ts  an I I .  x 2(~ — I ) n n i a t r i x  of - i l l  zer o-a .

Tb :: t i n e  colum n p l c - i -  of , den o te d  C( W~~) ,  in ; t i n e  ‘;anne ,in - ; t I;- - i -n u l l

1 r-oo f. b lan c , .- X~ is  of rank two , i f  w is a s olu t i o n  to X~ w 0 , i t  in ;

b o s s  hisi~ to solve for  tw o  com~mnn er i t s  of w i n  t an- tn ’ :  of 2~ - 2 m I - i t  i - - m n ’ ~

co rm p on a-  - n i t  s. Thus  t i n e  nu l l  space cit i - i ; d Pe nsion 2C — 2.  I f

is of f i x  11 co 1n~n mni r ank  a t c I  such t h i t  W . 5, t he c c l  u n n n l n :  of  ~~

c leort - ,-- for ’s a t i 5 5  is for t l i - i  nu l l  ‘ n b - - i ; ; ’  - cit . Tb ~~
- p t ’ Oc F  s — ,r n in l , m t

Tb -c ; :nn 4 _  T ln- :  1_ in - a m ’  -a rid - ; u - n d r - - i t  I c  n i - - n i t ; ;  n o r  13 , i n u -  no t  c ’ s t i —

~~ b ie I r -on c ; t he  co rn ; ;  of d e s i g n  (28)  i i  and .nm J ,r i f  h- ’r c- c x i  I s a

\ ‘ e c t m - t ’  y ~~ I’ (W’. 1 s i x - - t n  t h  i t  t I  .om:. ’j n i - -n ’ ; of c w I n  i - - h  - - - s ~ ge n i I  to
— 

Hi 
--

i n n - cur - fl- an lZ ; .- r m  - .

F-t -cof . In t e rms  of model (25)  c tr- ,’ component of ~ i s  Os i Imulmie if

and only if th e  c-or -responding column of X I -; linearly inndr- I -’ . -n m b:nt of

all rem - l in ing  columns of X . S ince  t f  - t r i n - ; t u r e  of -i , - ; I ; - ’nn (2 8)

guarantees that and FI T. can is’ al iased en S- ;  w i t h  ‘t (,S- ;t--: i n S
1 

, H

s u f f i c e s  to c o n s i d e r  only the  s u b mat r i x  of X cons i st  i Cy  n~ c o l u m n s  c i i -

the 1 in-- ar and qu-n ,iratic com ponent n; of i - I f  e e l s  in l’ - u t  i t  I c - i n  t h i s

suhmn ,itr ix - n - n

~~~~ LI
- - -~~~~~—- -- 

-~~- ~~~— - .- - - -
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and i t t  t h e  I i  r~- : t  t w o  colunnns of X c ’or - r ’ , :- ; ; eon i -f  r - ’ - ; : t ~e c -t i v e ly  to  E L and

ins II~ ; - ;  r iot - - n inn ab le  I f  ari d o n l y  i f  t h e r e  e x i s t s  a 2 C  x I

r 1 13Vc ’( t ot’ W = L W
1.  

W 7,  . . .  , ng _ ;, J ’ - m u c h ;  t l ; i t  X w = C) - n c - I an  w h i c h  � 0.

‘i~~ mt ’I ~r su ch a w r ; m x . ; t  I - c in f lC (W ~~) .  A si m i l a r  ,x r - g u n s r r ; t  hold :; for

a r n-i n f -  ins - I i nn corrip Ic to

~~~~ 0 . 1 : 1  i - : i :  t l C r  n n a t r - i x  i’1~ w in ich  provid~~s t h e  h — i r i s  f o n -  t he  n u l l

oF c- mn; I-” r on -m u ; - si in a n l y  of a nnunnbcr of n-:a ’j-c . Tw& of t hi n- Sic: t

t j -; e n; ;l I or-ce-; ~n ’ . si~ec1’ifir .;-d f~/ D e f i n i t i o n s  2 a n d  3.

D e f n n n t i o ~~~ 2 , a m n n for the rull ~~~~~~ e of / , ~aid co  I ~ n n

: ; t - i nnd i n !  h o ci n u n ;- i i th  r- - pect to e f f e c t  13k ’  where E k may or- nn ;.a -z not be

e :ju .ml t m  13 , i t W~. i n  written as

—

~~~~~~~ 

I 

_ _ _ _  ~~~~~~ 
g~~ ...

-‘1 0 0 0

5 7

0 .

‘

~~~~~~~~~~~~~~:~~~

- . 0

H 0 0 0

wt nt mn - ’ in - id ; 0 lock  is a 2 x 2 m a t r i x  of zeros and each Z
k . i s  deter-

mit ;e-l f r - o n  (27) accord ing  to the permutation required to change t h e

l e v - l - ~ of to t h 5  l ev e l ; -; of E . ,  j  1 , .. ., t , ~ � k.

D e l i n i t i c - t 3. W~~, a b - m u ; f m i’  t b -  nul l - -~~ e of X~~, is s a i l  to he in

- i -ni,: 1 form If W~ is w r i t t e n  -i s  -

.~
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~~~~~~~~~~~~~~~~~~~~~~ ~~~~

~l2 0 2
2 0  

_

0 
~~~ 0 2

• 0

-

~~~~~~~~~~~~~~~~~~~~~~~~

- 

~~~~~~~~~~~~~

where  Ion ’ :-n - -i r i s ; ’, of tie- - S f - a c t s  in  S13
, F is - f - - t ’ - r m ; m h n i ’ a - I  f r - - r n

27 ) ~iccor  d i  n i m ’ to t h e  ; - c r ’r uu t am t. ion r e - m u  i c -- I to  c i i - u n 5 ’ e t he  level S -:;

tic the  i r j e l s  of ~~~~~ k = 1 , . . . ,  L’ - 1.

h I x - m a -  t c -  9. i - a n- the 33 c’x;-i .-riment irnvolv I tnt’ . I ic I -jro F - F , - t n - I  1~
7 -

; a a n - ; i - b - r ’  ic - i g . n T = 1 h i I—i d. I ,
1=1 1

- [2 1 0
It = Li 0 i

and = ( 0 , ~~~~ 
~-2 

= ( 0 ,  1 ) ’ , ( 0 , 2 ) ’ , 
~~ 

(1 , O Y .  d ç (2 , 0 ) ’

- I  ( 1 , 1)’ , and d7 = ( 2 , 2)’. Thi n n - e . ; i n l t  i n n ’  d e s i gn  T c o n s i s t s  of t h e

21 t r e at m e n t  c c r -uh i na t l o r i s  shown in  (29)  , w t s ;r - e ‘ ; t - - u c i n g  m d  i c i t e r ,  t h e

na cnveri m i - I iv liii ml I b i t  -;

012 0 12  012 - ° 1 2  017 0 112 012
T = 0 1 2  0 1 2  0 1 7  1 7 0  2°I 1 , t i  2 ,1 1 ( i i )

012 1. ’:m 2 11 1 - 1 1 2  512 120 201

- .  . . - j  1 2  1 3
~‘oe f !  i c - t ent n- . u l r n x  B prortuci- -s a l n . u - n e t  - = 1 - = N = 2

= {r 1, ~~~ F ,~ 1’
1F 2~ 

r 1 r 3 , F,,F,~) - me l  the w~) w~ 2 = w ’. -~

I. I 7 , i - - n i - l i  wn ’ i  t t o n i  i n n  - I  i - m y - - m i - i l  f e r m i , , it ~- -  0 0  C ly n n  in (30).

I ‘n:;nsn ’ if  i pci - -n~~n - r ‘ - ; lt ~ i’_ i c h i 14. ar,’ - i i  I ~‘ r i m n ~ ml t o  (I. 
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-

~~ C) 
— 

2 0
0 2  0 2

- 2 0 2 0 -2 0 2 0
0 - 2  (1 2 0 - 2 0 2

—2 0 2 ‘1 1 7 2 On

0 — 2  0 2 —i 1 0 2
— I  3 2 0 — l —~~~ 2 1)

1 1 U 7 — 1  F (1 7
—2 0 2 (1 1 ‘ 2 0
0— 2  0 2 — l 1 2

—2 0 —2 F

— 
0 - 2  

— 
0 - 2

W

2 0 
— 

2 0
0 2  0 2
-2 0 2 0 1 3 2 1)

0— 2  0 2 — i 1 0 2
1 —3 2 0 1 —3 2 0
1 1 0 7  1 1 0 2

2 0 2 0 — 1 — 7 2 0
0— 2  0 2 1 1 0 2

1 —3 2 0 1 -3 2
1 1 0 2  1 1 0 2

—2 0 1

• 
0-’~_, - 

-1

14
3 

WL4

— , 
( 30)

2 0  2 0
0 2  0 2
1 — 3  2 0 1 3 2 0
1 1 0 2 — 1 1 0 2

1 3 2 0 -2 0 2
— 1 1 0 2 0— 2  0 2

2 0 2 0  2 0 2 0
0 — 2  0 -’2 0 — 2  0 2

1 3 2 0 —2 0 2 0
— —1 1 0 2 m i _ 7  1 1’

1 — 3  1

— 
I l~ — 

_ _ i

14
5 

W
t
_
-

_ _ _  - - -‘- --~~~~~~~~~~~~~~-
- —  ---

~~~~~~~



- ‘— -  — — — - 
- ‘—“

~~
--—— -- -‘--— --- -- ‘ ~~~~‘~~~‘ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~

33

2 0
0 2
ii — ‘3 :‘ in

1 1 1 2
-2  n 2 1)

0 -2 0 2
-1 -3 7 t~

— 1 1 1) 2
-2 Ii (1
() - 2 (1 2

1 — 3

- I ~
14
7

0-~ Theorem 4 for k = 1 , 2 , or 3 the  l inear  arid l m x : i r i i ’ ~l t  Ic e ffe c t s  of

f ac to r  are not es t imab le  I f  and only i f there  i- slo ts a vector

= ~~~~~ w 2 ,  - . . , w 12 ]’ with nonzero components corresponding to 
~k L

and 
~k 2  such that  ~ can f-c written as some linear c o m n i h i n n u n t i c m n of t h e

columns of W .  , sm-i W .ct . , fo r- eai --h i , i = 1 . . . - , 7 .  T h u - u  to; n y -ave t b p ~1. 1—1 -

e s t i ma b i l i t y  of 1~~~~~ F~~ Q jl - ; m i l f i c e : ;  to s fnow tb-it

w W 1a1 
= W

2
m~ = . . . =

forces the  connponents  of w w h i c -h  correspond to - m d  1’•~~~ t~~ f ’

sec-a .  Now if = 
~~~ii ’  ru 12, 

~~~~~~~~ ~1,1)’ , ~~ - 
= 14

1LI~i 0 .~~ = 147a7
imp lies tha t

2m 11
• 2ii
-3a~~ - 3m 12 + 2a

13
— 3m + 2i t

(~~‘) —3~~ ~ 0 m t ~ ~ + ir iS

÷ 3m~~ - 3m~~ + 3m
~~ 

- s- 20 17
i j j  

- - ‘3°12 ~ I t
1, 5  

÷ 3mh
m 

+
3ci

1 ~ 
+ 3m

1 2 
— 3m 1 ,~ 

+ I3~ + Ia -i
1 ,

~
- 

- 
~~

il
l 2  

+ ru
15 

+ i i m
~~~ 

- ‘0
1 ,~~

-

~

-— 
-~- — - - - - - ---~~~~ -~~~~~~ - - - •— - -~~~~~~ - --—- -~~~~_ -- -~~~~~~~~~ -—- — - - -— -~~ ~~~~~~~-~~~~~~~~- - - - - -- --~~~~~~~~~~ — -
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2- i
11 

-

‘~~12
+ 3m 12 +

I 
- - 3m 12 +

117 = ~~~~~ -~~~~i
1 

+ 3m 12 + I-c
~ ~-- a11 

— 3m 12 + mi
31

- t~
l 11 

- 

~~12 
÷ 

lb 
+ 2-i

17
— ~~ 1 ÷ _

lrt
1 2 

+ 2- i . ÷ 2nm
1 ~— — C i  ÷ -t -1- i i- i i  ; i - i i~ 

-

: a11 + ~i12 + 2ct~~5 
+ 2cm

1 111

TI : ;:; = — 2-n 13 = 3ce
ii  

— t i
12 

+ ; -n ~~ + a~~7 + 3m
1 ~~~ 

= _ l
~~~t

f 2 
— 3;u

I h l

+ 0
13 

— 3m
1 1 0  

and w
12 

= _2c1
i 1(1 ~~~j l  

— 2 :1 12  ÷ 2r u, 15  — cn 10 
- t 1 1 , 10

= 
~~~~~ + a15 

÷ 3m 16 + + ~~~~~~~ so the  e~u n u i t  ions  of (31) mu -:~ l e

‘ ; u t H f i ’ ; - l . 

~~n 

~~~~~~~~~ ~~~~~ 
1~~~~~~~~~~ 

( 3 1)

1 , 1 0_i

Elem entary opera t ions can be used to reduce (31) to

-
~ (

_ -
1 0 0 0 0  ° I  rn11 0

l~~ 
1 0 0 0 0 1  a 12 — 0
0 1 -3 -2 01 a

15 

— 

0
0 1) 2 1 i,j cz

1~
. 0 ,

~l ,10

which impl ies tha t a~~ = 112 
0. Thus t he  l i nea r  and q ua d r a t i c

n l f ec t - ;  for  F 1 are c i st  i n l i a f i f . m .  S im i l arly ,  w = W
1-i 1 

= W ,1 ri =

i m p l ie s  t b - i t  r 2 L  and r 2 1  are c’;-; I i m - ib l e , and w = = 14

impl ies  t h a t  F3 L  and 1 3~~ are e s t i ma b l e .

Two additional results concerning the a l i a s in i g  s t r u c t u r e  for

c’on-;tructionsoftype (28) are given in Theorems 5 and 6.

_ _ _ _  - - - - - -~~~~--- - ~~~~- - - ~~~~~~~~
_ - - - - - - --- -

~~~~~~~
- -- ‘ - - - -
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T b - -ar - - m n ; 5. b - I  t h e  7 nm l - - - - i - - n m  T = I lo dJ , where  B i n  ann
i=1

( r n  — I ) x n mmn a t n i x  of t ine  fornn n

-a
2
2
2 1 ( 3 2 )

n-I

2

and d .  = ( d .
1

, (1 i
2~ 

. . .
~~~ 

d i n•, i ) ’
~ 

i = 1 , • . . ,  r .  [‘or any k ,

k = 2 , . . .,  n , t h e  l i nea r  and quadratic effects of tI ne ktli factor are

es t imable  fr -om t I m e  runs of T If the set of a l l  d . ,  i = 1 , . . .,

includes a subset of size three , say d , d and S , in w h i c h  d = d- -‘S —U —v n-I U’1’

d for y = 1.,  - - .  , k — 1, k -t 1, . ..  , n - 1 , w h i l e  the  [t h  component

ranges over the three values in G F ( 3 ) .

Proof. Consider the set of treatment combina t ions

Tk U {t I Bt = d . } , where B is def ined by (23) . F i n c e  - 1 ,
i=s , u ,v

and are equal except for the  kth component , whi ch ra nges over

all ehy - ,a~; possi i m l c a  values , the levels of Factor  k are not assoc iated

w i t h  t ine  levels of any other effect by one of the permutations in (26~ .

Thus g i v e n  t h e  model E(~~~) = X,<~~ , where 
~k is the vector of raridont

observat ions correspond ing to t reatment  combina t i ons  in T ks it  j r - not

possible to involve the  colunrn s associated w i t h  l inear  and q u a d r a ti c

Fk in a l inear combina t i on  equal  to 0. Thu s in  t ine model for  the f u l l

design T th e co lumn s of X ~i nusociatc’d with 1’
k 

ar - c 1 inear l , y i n n - 1 ’ - l - - n m ’ ! n - n n t

of all rem a in ing columns of X , so ti - me linear and quadratic effects of

are estimable. The proof is comp lete. — 

- - ~~~~ --— -- -
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hu~.-posm-  t h a t  t ine  condi t ions s-f T lne oren n  5 ar e ~ ;t  I of i-a - h h o t ‘‘- i- ni

k , k = 2 , . . .  , n .  I f  the  condition is s a t i s f i ed  for k I a f t e r -  ;~m k i n g

the  dppropr i n t o  lirne,i r o - D m : m i : i n n , m u t on  of t he  rows of B and t i n e  e l e m e n t s  of

1., 1 = 1 , - - . , r t li - -n t h i - :  1~ en ;  I yn ; I r -csolut  ion I’!. Examp le 10 i l lu s —

t r - m n n n ;  ! n U - ,-t t h i s  approach -: -~ n1 he U n - c - i  to consider e s t i m a b il i t  -J in a 34

foldover desi gn of t he  type d i - - - u - a : ; ed pr -eviou: ; 1-i  in Sec t ion  3.

bx lun g Ic 10. A 3
4 
foldover (lesigrn for a factor ial di--nign i nmvolving

fac tors  F1, F2 ,  F 3, and F4 was g i v e n  in Section 3 as a union of fou r

intersecting f l a t s .  This design can be expressed in the  format  of
I-n -

Theor em 5 as T = U (t Bt d . } ,  where
1=1

[2 1 0 ol
B = t 2  0 1 0

L2 0 0 1

and the d . ,  I = 1 , . . ,  9 , are the columns of the m a t r i x  (33) .

1~o 0 0 0 0 1 2 1 21
0 0 1 2 0 0 1 2 1 [d 1, d , . . , d 9] (33)

Lo 1 2 0 0 0 0 1  
2J 

— — 2  —

Est imabili ty  of the main e f fec t s  of F2 ,  F 3, and is guaranteed h-v

Theorem 5 as follows : F 2 by d1, ~~ and d 7 ; F3 by d 1, ~~~~~~, and

F3
by d 1, 

~2 ’ and d
3
. Since elementary row transforma t ions wil l t i - i n n :-

form

[2 1 0 0 (a 1 7[ B I d 1~~
d g ] = L 2  ~ ~

_ _  —~~~~~~~~~~~~ ‘~~~~~~~—
‘_---—--

~~~~
-- -

~~~~
-- - - - 

~~~~~~~~~~~ - - ‘- - - - - - - --
~~~~~~ --- -
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‘0 1 2 0 0 2 1 m
(1 2 1 0 0 0 0
0 2 0 I 0 0 0

I I , n m : m j n ’n ‘ - f t  i n n - t o  c-f F 1 ,i r ’i .’ ci imabi- : -iln;o . Iafnins i I ’ -  do - - - i g n m  i- ~ r e so lu—

1 - _ U ;  1 1 ,1 .

6. Fui :noo n t h a t  d 1, . . - d of (28) - m c i -  n n - I ’ - - t - - : I so t h u

a-  c-am” i n n  = { F , E 2 , ..., i ~ 
} t h o  f o i l - -s i t u  m’ c l - n i - I l l i -  i n ’

- : - n t i~~f l - - I .

1. h : r  cmcm c ln i � 1- , the  l : e r - r m i m m t a t i o n  of (26)  t h a t  r l i n e s  1~ m o 1.

ins - 1 - - - i -  - - n - h  o~ S , -2 
~ l —2

2. T h ; ~: l i s t  of r p e r m u t -u t  ions r e la t i ng  fI t o  F for 5, . . . .  , ‘I- -i

o----: ~~i ’z - -1y , i nc ludes  a t  least  two d i s t  he t n ’ - m - u n n u t - : t  ( I n n s .

Ia h ’ ’ ri :-: - i yn  (2~ ) - -re ar’-:; i;- ~ ~~~ t 5 r ~~~J : 5 1  n t ’  of ~~ } . - - l ie - - i t -  a r i d  i t u ,~ 5 u ’ ; t 1 - :

e f f e - : t s  c f  U.

i n : : o f .  I I  ni ’ - c e o - : . m r - y , ri~ory - -m - the -=lement :; of S~ so 1 ; i  FI~ = I and

E = [1~~~ . For each i , ~I 1 , .. . , r , wri te  a basis 14 . for the  nu l l

space of in s tandard  form w i t h  respect to E~ = U
1 

- That  I .

2 0 2 0 2 0 2 0 2 n ~7 (1
0 2  0 2  . 0 2  ( 1 2  0 2 .  - . 0 2

V .  0 0 V . 0 - . . 0

_________ -~~~~_____________ _____ 
i2 ______-________________ —

0 V . .. • . = 0

= 
. 

1

0

4 

. 

. 
. -

0 V .4 ~ 1)

sl ie r ’: mj~ = ~ , ~ , e i n :  - l i - I  i ’ rnt nini ’- l by ( 2 7 )  - n c - - o i - : I i n g  to t h e

permut ation t i - i t  i l - r i  , b m 1 1 b e t w e e n  
~‘k 

= and I h .  f l i n w  w ~ fl s ( W , )

I

_

~

_ _ _ , _ . _

~ 

-- ___________
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~ 

-
‘m r-i; 1. n I t i j ,  3~~~ U( 1 t Ou t

21 2 1 . 2 r~i= = 1 i2  0 . . .  ‘3 i = i r - .

L -
~~~ 

v i 
-

S~~r n c 4 n  j~~ n~~ 
Es 5, . . . ,  w .~~ ] ’ for -i l l  I , 1iv = - 

~~~~ 
f -t-

all i , 1 1, . . . * r .  Thus

Tm 1 ul
= — 7 [ 1  . ..  u .

I I
-- 

= - , - [ i  . . .

1-I —
- 2~c- c- a l l  • -a;-; —

a . 2 i2 w~ , 1, . . . , r .

Thins for i � I’

, r m .
ii ra .,1i

= 0 , ; = 1 , . . ., r
~ i2 [‘1i ’ 2

— l  ~ i• 1~
—..
‘ V . = 0 , = 1 , ..., n ,i 2  - i .~~ 

-

so w c fl ( 1(~~.)  i m p l i e s  5
9 

= w4 = 0 . and i t  f o l l o w - - i h : n t  t O ’ - m a i n

ef f - ~:~~’m of 1 -.u r e  i - n u t  i m - i l l i - - . T in -  proof it ; cm s p l i ’t e .
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t hi s- t ‘ - x ; - - r - i u : ’ - t n t  in ’~’- -1 vin; ~; I n -  t - - t :;  
~

‘
1~ 2 ’  

13 f l  n d

C i~ - - - n i h r  T = 1! { r  Bt  = - i . } , w i - - n - c

- r ~1 2 1

- i n - n  = ( 0 . 0 ) ’ , (i
~~ ( 1 , 0 ) ’ . d .~ = ( 2 , 0 ) ’ . 1 o ’ - f ; i n  i l - n t  m a t r i x  B 

c m i ’:; - i l l s  ‘~~~ {F 1, F 7 i: ;~ F3F4 ,  F~~V~~} , - a r i d

:2 11 1 21 -m i 1 - ~ 2 19-00’1 2 1 9 ° f l 1 i 2 2

= 
0 ’ 7 0 1 2 1 Y 2  11 - 12 012 1120 1 - 12  

(~~n i )
- - 1 ’ l  1(221 It ’ ~190 2 : ]  - !  1 1 0 - 2 2 1
112 (11. 1 2 1 2  0 f l i  2 1 7 1 2  0 1 ) 1 1 2 1 2 1 2

n-f i r ’-  t i n e  ;( i c i t m f  m u - - m t  e u i ; -  t r - - ,~ tnlent - - - -m ’9 h - n i t i - - n ~ 
- ~ n t i e — i t i ! i v i ~

- h i - i l  1 1 - n t : : . From ( 14 )  , one sees 1 l i -u t  t l n - ’ ~ , - r n n m n t  a m  icon r - i ’la t  i ng  F 2 1’ 3

to is ann fl -a t 1 , ( 0 12 )  on fla t 7 , — mm d ( m i 2 l )  C - t i  f l at  3. ~~i r i c m ’

1 1 1
3 

is ,  r i - l a t e - ;  ; - ~ i F
3F and F 2 F~ l v  the  ( 12 1  - - - i u n ’ n ’ j (  ion  f n r  a l l

,~--n ~~~s in  T , T:- 5.-r - - uni 6 g u - n i - - u r it c e s  t l n m t  T t -Y-:Y!1 -b - cstim at -:’ - - r  t h i s ’

l i e - a ir n a n - I  ‘ 3 n n i : i r a t  I - - ef fi :is ci F1 .

The ~ r - ’ -cr ’ -J leg d i s~~ m i - ; - ;  1cr: f i n n e  a i I is l u g  St rm u ;:( m ul fo r  Ii  : 1 g m ’

fc rn ’~-i ~ms the  u i o u ,  o f  t m u i i l e l  f l a t - -  - ‘st - r i - I s  r a d i i ’ .’ t o  d e s i - a u s

:1-CC i I ied  0’,- (2 3 )  as m un i o n  of h - it i- i - - ct nn( 1 -I t ; - - u ; n i i t  er n : -5 i n s .

t i - i t : ; . In t I m i ;  more i.~-ti ’ r - - ; l c i  :n , f i - - w ’ - v - - ’ - , t b ’  i i i  is set

— f L . 1  — U , U. e t m - I  t~ i ; ; - l i i : ’ - i’f -n  1 - 1 ’  - i - - s o l e  on A .  , - i n S

i - n  t a k e n ;  t o  I i -  t i m e  : ; m n I  - m a n t  r I s of - . c o t e n  ~o i ing o f. - i i I co lunim i : ;  th at

- ‘ - i r - r ’ i ’ : ;pn n - l  t o  - ‘  t i - c  I : n  i n n

r C .

0 1
N ’ = 1 II

m l  ~= 1

- - .. . . —
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wh- -~ - - ’  I) M I ~~~. ‘ l 9 ; - n t  I c , S~ C ( 1 n n  i s I s  nI all i 1 1  ‘ o  l i i i ’ i i -  - i i  i - i . e - - i

- m i t h  - n u n  e f f e c t  i n  Q on - i n - -,- flit , i = 1 , . . .,  i’ . I~ I- of - e o n ; ’ ,

1 1 : rm : - n l* ( I )  - - l i u - ; I u i . i t , -  4 7 - i t m i  - i n ; -! -’  i l l - m t th i t  i: ~~m - en t o  0’

“n ’ im ’ m II le t t s n n :  t h e  I I - , - l t n : - nit c-a r nf m i n ia t ie tinn on en; ’- of t 0- - i n iI i -i~ - h - i - i l

t o : . F o r  ‘ ‘- m c h m  ~i , 1 = 1 , . • . , r , tie -1~ m atrix t h at  :,upp  ~-; a h-i sis

or r h -  n u l l  space of X - ian con - .;e. o-:d of - - t i -  or’ ta-n i t: i t r i c e : ;  of I h i ’

type nn I - ’ - - i f i - - I  in l Id m i t  in t o ;  2 amid 3 , d e 1 - -n i r I h-ag on how nary of

(- I
t f ~’- -i l; - ;’ ; siut - -: g- :rn-r-ited by A. ir° i n L  l u d i - d  i~n N . T i m ’ ’  i t  j o n i - ;  Of

01-; n - i t  - I !  i ;  ii - ic-a ito . ; t ~~-~~ t --5 i~ s it- plc ’ 12 . -

- - 12 . :) ‘a s i - , m m 3 of ils - mt t inlc ’ 8, ~-c ct  ion  ~h , is

T = Ii {t A . n = ~j l ,

— 7 
~1 — [2 0 1 fl

~i 
- 

~i 2 0 t J ’  ~2 
- 

L2 0 0 I *

tm.
~~~~~[2 Q 0 1]’ A 4 = [cm ~ ~ 

is

all over Gr(3). Theorem 1 gu -m rmn; tet-s the --: -t im abi lil\ - of th e m ; i n

c~U f ,~ ; - t ;  of Factors F1, 
~
‘
2’ 

and F
9 

i n n S  i v i l u - i I L ’ ,- f r -eu- i  f t a t  s 1 • 2 .  and 3,

r c n ;p e c t iv e l y .  E s t i mab i l i t y  of t h e  1 t i e - m r  me d - u i i a t l r a t  Ic corr iponer i t s  of

- - 
t’

Lt ’ 
on the  o ther  hand , does not follow im m e d i a t e ly  from c s m n a s h - I c - r n t  me n

I of - n n iv one fiat. In fact , 1~~ ’~ (F
11 , 

I’11~ 
F3. F2F3. ~2~~~’ 

, 1 n
i4

} ,

— 
= {l ’ 4 ,  F 1, ~~1l ’  1

l
i

3~ ‘ iH ’  1 :3 I i-n
}~ *~ =

~in i s  CF~ , E’
1 F9, 

r 7 r 3~. Thus 0 S~~~ = ( F t ,  -~~ ~~~~~ 
1

i 1 
}
~~~~~i ’

i~1 ~
‘ 

* ~I F~4 , F
2F ,1 , F 2

1’
4 , “31 n~ 

} • N - i nu t- F
1 F7, in S F3 nan re known to l- ~-

‘ - n t  i n t i - i h i - -  t m-em f l i t : ;  1 , 2 , and ‘3 i t i - l I v i - l i n i l l y ,  I m ~~O

N ( F ’
~~~~, 

‘
1 L ,  1 1 1.1 . 

F
1
F
~1 , F2

1’3. F7
F~4 , 

1 41 4L

-~~~~_---. - —~~~~~ 
-
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‘rho all - in ; n; ’  Is n ; c - - : - - l - - - l  I I .  - - e t i : : ’ r U ( t ~~~~ i = 1 , 2 , 3 , i i an-i t b — i ’j

complete I;’- - mn; - m l-n: 1- . ar- - f~ 1F2 = 1r~ F2 ,  F’ l r m~ F1F~ } 5F11’2

= ( F
1
r 2 ,  

~ 2~~’3’  21 14 }, t~~
2H = {F I I 3s F 1

F 3, F 310
} , ~.

1t ~~~~( 1
1

F 2 , l
3

J 0 i ,

and! = ~~~1
F

14 , F
2

[’~4
}.  Tim -4 ’ t~ i 1, 2, 3, 0, wln inl; - mn- - -

i n n (35) ,  i r e’ c c t u i ; - o : : i r ’ . -:; cii r a - m t ri - : - n n c t n  i ; n - I  ed in  t~ t ot-I - u -t form

a p i m c i t i t ,’d ~. I ’1’ I u c i i t i j t i o n  2. Tiit: m u n n o i - i - - n i f i - .-- .l -. r i t r i e e  in ‘.‘ai:l; ~~~ are

all c I I n . m  1 I - 0 .
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w C fl C(W
1
F0) implies there exist o~~

, m~~, 
~~~~~~~ 

and such that

= ~~~
F o = = ~~~~~~ ~~~F (1 ( 3 6 )

~~ ~ 1 ~~l1’ 
“12 ’ ~1 1 0
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~
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- 1
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- ~~~ - 
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15 “12 “ 1l4
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1 
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) = 2 ( m ~~~ f 4
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-
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17 

1
11 

- - I I )  2(o
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-

t l ; m e q u a t i o n s  of (37) mus t  he s a ti s ii e d~

~ ~? L~J = [
~
] 

(37)

Elementary row operations wil l  reduce ( 37 ) to

ri 0 ~ “11
0 C) 1 — 1 Ct~~3 — 0
0 — 1 -2 1 ct

1 
— 

0 ’
0 1 1 0 

~~~~~~ 
0

w h i c h  impl ies  t ha t  0. A similar consi - l - - rm t i on of w
0, 

w 1 , ari d

w
10 

i m p l i e s  that a12 = 0. Thus w
1 ~

“11 ~‘ ‘3”l? = ~ and 
~2 

= “1l~~
” 12
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