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fusion techniques and those corresponding to the classical exponential M/M/l
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ABSTRACT

The diffusion theory is used to model a computer—communication
network in which messages flow from one computer center to another.
The idea is to approximate the various quaueing processes that occur
in the system (of discrete nature themselves) as continuous—state
processes. The messages waiting at the queues to be tran smitted are
considered of small duration so that in the limit the flow of messages
is continuous,

With these ideas a general model for routing of messages in a
computer network is established and expressions for the diffusion
parameters (drift and covariance per unit time) are derived in terms
of the network traffic. The mean length of the queues can thus be
calculated and procedures to minimize the s9stem overafl queue size
may be applied.

Examples for simple networks are shown. One of them corresponds
to a load—sharing computer system and it is indicated how the general
diffusion methods derived earlier for message routing,~can be used ,

Finally, a comparison is made between the expressions obtained
by diffusion techniques and those corresponding to the classical
exponential M/M/1 queue.
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— 1,— INTRODUCTION

-: 1.1.— General considerations

A ccmputer~communicatiOn system consists of several computers

interconnected by communication channels • It is usually referred as a

network j~ which the nodes represent the computers and the links represent

the interconnecting channels. Messages are originated at some node and

have to reach some other destination node according to some routing

strategy which will try to use the network in an efficient way.

The computer network considered here is assumed to operate in the

“ store and forward” mode s a message generated at a computer center will

— be directed into the appropiate outgoing chan nel accordin g to the routing

policy and will be tran smitted over this channel if it is free for

tram smission . If the channel is busy, the message will be stored at the

node in some buffer joining other possible wait ing massa ges . When the

channel becomes free one of the wat ing message s is tran smitted through

the channel according to some queue ing priority basis. This will, be

assumed “fir st—come, first—served” (FC FS) as it is usuall y referred in

queueing literature . [7~ 12 , 221

The queue of messages at each node constitutes a qu.ueing process

of discrete nature iaj(t) such that nj(t) ~ A j(t) — Dj (t )  where Ai(t) and

Dj(t) represent respectively the arrival and departure processes at node

i namely the number of arr ivals and depar tu re s at th. queue i up to the 

. •- - -~~ --- - - - -5 - 5 -.. - - ~~ . - - - --S--- -~~~ - -  - -
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In order to provid , mathematical tract ability a uodsl for th . network

of queues has to be established.

Th. tY.pe of queue depend s on the stati stics of the interarrival and 
- j -

service times, The simplest type of queues is the 11/Mu queue (*), This

means that the intera rr ival and service timea are independent and obey an

exponential dist ribution or equtval.ntly that the arrival and service

rates follow a Poisson distribution, Becaus. of the Poisson property

( a.. [17] f or  example) th• expressions of the system dynamics are easy

to ootain and th. steady-stat. distribution of th . queue length p~ is quite

straightforward [ 7]  s

Pn (1 — p ) f
f l 

n — 0 , 1, 2 , . , .  (1—la)

f — A/j .t 1 (l—lb)

where ).. and ).
~ 
are respectively the arriv al and service constant rates -:

expressed in messages/unit time .

The condition is necessary to assure that the steady—stat.

is reached and th. process does not blow up.

The expression (1—1) allows to calculate the average queue length

(~ ) In qu eue literature it is usual to denominate a queue by the
symbols A/B/X/Y/Z where A indicates the interarrival—time distribution
B the service—tim e distribution , X the number of parallel servers
Y the restriction on the queue length capacity and Z the queue
discipline . Often the last two symbols are omitted and it is
understood that Y = 00 , that is no restrictions on the ~aximun
queue length and 2 = FCFS (“first come first served”). . - ‘
The symbols used for A and 3 are: 0 for determ inistic , M for
exponential , Ek for erlagian type k , G for general and 31 for general
independent, (Reference f 7) )

- -~~ - - 
~~~— -~~~~~~~~ - - -- — - c--—- 

~~~~~~~~~~~~~~~~ 
— — - • —

~~~~~~ 
— I
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= n P .  From the same expression , the waiting time distribution

(including also the time spent in the service , i.e. transmission through

the channel) can be obtained and from this the average waiting time can

be drawn . An alternate way is using Little’s formula [15] which states

that the average number of customers in a queue ing system is equal to the

average arrival rate of customers to that system , times the average time

spent in the system s

~~~= E [ T }  ( 1—2 )

so that E [ T ]  can be calculated yielding

E [ T ]  = (1—3)

In the computer network E [ 1] is the average delay a message suffers

going from one node to another and includes the average waiting time at

the entering node plus the average transmission time in the channel.

When a network of queues is considered , the messages arriving at a

new node along their path lose the independence property mentioned above

because of the strong dependency between interarrival times and lengths of

adj aeerits messages. For example if a message at node i has a length of s 1

second s and arrives at node 3 at time t1, it is clear that during the

interval (t 1, t1, , si,) no messages can arrive at 3 from i since they are

transmitted in a sequential order , and therefore the independence assumption

is no longer valid , This makes the analysis very complicated from a

mathematical point of view, Xleinrock [11] overcomes this difficulty by

introducing the “independence assum~pticn ” which specifies that each time

the messages enter a new node th ey are assigned new independent lengths

— 
~~~~~~~~~~~l~~_ ..____1~~_— ____S___ — -~ ~— —S — -5
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(exponentially distributed).

With this assumption an expression f or the average delay over the

entire network can be found in t.rms of the average delay in each link ,

The desired routin g strategy is that which minimizes the aver age delay

-
. 

and procedures to obtain the optimal strategy have been derived for

example in [1]

1,2.— B~ isting Models for Networks of Queues

a.-

One of the earli est models was established by Jackson 8 - . He

considered an arbitrar y network of N nodes each of them consisting of

servers with constan t exponential mean service time )4 i.  Messages

arrive at each node i frost outside the network according to an homogeneous

Poisson process of rate A~. Each message upon being served , is directed

to some other node 3 according to some probability 
~~ 

or leave s the

system with probab ility 1 — 
~~ 

O~~~ , The transition probabilities e~3
are assumed corr esponding to a 1st order Mar k ov cha in. The total arrival

rate at each node ~ consists of the sum of the arrival rate from

outside the network (Poisson) and the arrival rates from other nodes -:

within the network i

= •

~~ j~l 
r3 e3~ ( 1-u )

J ackson showed that when < r j j .&j for all i as far as the steady

state is concerned , the network behaves as if all nodes were independent

Poisson proc esses M/M /r ~ with rate r~. Therefore the steady—state joint

H-

-_- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~
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distribution can be expressed as the product of the corresponding mar ginal

distributions, and expressions for the queue lengths and average delays

• can be easily found,

In a subsequent work [ 9 ]  Jackson considered a more general network

in which the arrival process still being Poisson , is allowed to have a

rate dependent on the total number of customers in the network . Each node

has rj servers and the service time is exponentially distributed with mean

dependent on the number of customers at that node. Still the joint

distribution factors into the product of the marginal ones and each node

can be treated independ ently.

A modification of the Jackson ’s model was considered by Gordon and

Newell [6) . They consider a closed system of queues which handles a

finite and fixed number of customers. This model can be made equivalent
N

to that of Jackson by assum ing = 0 for all 1. and 
~ 

= 1.
3=_i

More general models that allow a service time discipline not

necesarily exponential , have been considered and explicit solutions have

been obtained. [20) .

In all cases the main diff iculty comes from the fact that there is

-~ 
- 

- 
a very large system of equations due to the enormous number of states.

In order to overcome these difficulties and break away from the —

sometimes too simplistic models that assume exponential service time ,

different approaches to network analysis have been made . Thus 1’ or example

Kinginan [io) has shown in his treatement of heavy traffic theory that

j properties of nearly saturated queues are rather insensitive to the

specific f orm of arrival or service distribution .



- 5 - - 
- - —  - ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~

6

The heavy t raffic approximation is based upon the central limit

theorem . This leads to the idea of approximating a discrete .I state processes

by continuous—state ones which have been called diffu sion processes and

v-ill be explained in a subsequent section •

The idea of approx imating a discrete —state process by a diffusion

one is not new , (See for example Feller [~] ). Nonetheless is rather

recent , Thus for example, Newell [16] gives an extensive treata ment

of queues with tijie dependent arri val rats by using - the diffusion

appr~~imat ion . Gavir applies diffusion approximation techn iques to 
a.

the waiting time in a 14/Gil queue, He shows that the waiting time is

exponential in the diffusion approx imation provid ed the system was

initiall y empty . An asymptotic approximation is supplied for the mean

waiting time near saturation and comparison s are made with the exact

solutions provided by the classical methods (sea [7 ]  for example), The

results show to be rath er accurate for those condition s,

Gayer and Shadier [ 5 ]  have app lied the diffusion approximation &

to evaluate the CPU utilization of a multiprogramined system represented

by a cyclic queueing model. Solutions appear to be easier than the classical

ones and yet the accuracy seems quite adequate F or the case studied~

Kobayashi [13 , iLl ] has analyzed a system of queues by diffusion

methods. His model is based on the Markovian model of Jackson (open networks)

and Gordon and Newell ( closed networks) which we mentioned earlier, In the

first paper [13] and based upon central limit theorem arguments he finds

the steady—state distribution of a single queue , and a system of queues

(open and closed ) assuming independent identically distributed interarrival.

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
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and service times with general distributions, In the second paper [114]

- - 
- and using diffusion - methods too , the transient behavior of those systems

is analyzed. The analysis provides an estimation of the transient period

which shows to be shorter as the system is less congested . A comparison

of results with those exactl y known by classical methods is given in [19]

and they show to be rather accurate for utilization factors near 1.

1.3 .— Obj et ives of this thesis

As it was pointed out in the preceeding section when the number of

states of a Markov model becomes very large , although finite , the search
— 

of solutions appears quite cumbersome • The procedure of approximating the

discrete—state process by a diffusion process can be therefore useful

because mathe matical methods associated with a continuous space ar e very

often more easily treated than those in a discrete—state space . In a

computer—c ommunication network this is the case when the number of computer

centers is relatively large .

The purpose of this thesis is to consider a general type of computer

network and by using diffusion methods find a model for analysis of the

behavior of the network, Then a strategy f  or routing messages throughout

the system in an efficient way is to be found , In order to make an optimal

- — use of the network, messages shall reach their destination as soon as possible

and thus the perfor mance criteria for routing will be to minimize the overall
-

- - average delay on the entire network .

_______ ~T:~1I::T:T1TT TTd1T~TTe
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established - by Segall [23] and have been taken from this reference • The

mentioned paper deals with dynamic routing in computer networks and avoids

the ~ind.pend.nce assumption ” that was mentioned earli er although the model

of [23] assumes a determi nistic scheme with known traffic - inputs whereas

here the model is stochastic in the sense that the inputs are only known

in terms of their statistics ,

1-c 

. - . — ‘ - - - -  - L ~ - —--—- s ~~
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2— TH E D~~ FUSION PROCESS

2.1. — The random walk process [2 ]

It is introduced here the concept of random walk as a discrete-state

discrete— t ime ~‘!arkov process for the diffusion process can be drawn From

it in the limit. Consider the time divided in intervals of duration —

0 , ~ t , 2~~t , ... n~~t ... and the state divided in intervals of

length ~ : 0 , & , 2~~ , ... k~ • . .  . At time t = 0 the state is x0 = ic0 6.

At time t = ~ t the state can jump one step e upwards with probability p,

one step downwards with probability q or remain the same with probability

1 — p — q. No other transitions are allowed . In each interval of time

later the sam e jumps with the same probabilities can happen and are

independent of the previous jumps. This is graphically s)~own in Fig .2.l

and can be considered as the motion of a particle in a one—dimensional

space . If the particle continues to move indefinitely the random—walk

is said to be unrestricted . Nonetheless it is frequently necessary to

have the motion restricted in some way , usually by the presence of

“barriers ” . For example a random walk starting at the origin can be

restricted to move between an upper barrier a > 0 and a lower barrier

at b < 0. Several types of barriers are encountered . One of these is an

“absorbing barrier”~ when it is reached the particle stays there and the

motion ceases. Another type is a “reflecting barrier ” defined as a state

that when crossed in a given direction , say down wards , hold s the particle
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state -~ -

~t 24t . . . .  nAt t
ts me

Fig. 2.1 A random walk

until a positive jum p occurs and brings the particle out of the barrier

resuming the motion, -
- 

-:

We shall examin e hare the properties of a random walk with reflecting

barriers. It is of interest to determine the steady—state or equilibriu m

distribution of the state as t goes to inf inity .

Clearly the dynamics of the random walk exposed above are governed —

by the following equation s

+ ~~t) = p~~ (xi ~~t) (1- p - q) + P(k-l)9~~ 
Lt)  p +

~ ~‘(k— l)9 (xi ~~t) q (2 — 1)

wher..

~ t)  =JProb , of being at state kO at time n~~t given that the j

J
initlal st ate was k09 .1 ‘
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2 , 2 . — The diffusion process as a limit of a random walk

Consider the random walk of section 2.1. Assume that 6 and ~t go

to zero so that n j~t — t and ke —~~ x(t). The resultant process x(t)

becomes a continuous—sate continuous—time - Mark ov process. It is shown

in Fig . 2.2

x(t) 
-

state

ti me

- - Fig 2.2 z Diffusion process as a limit of a random walk

- Equation (2—1) can be rearranged as:

p~(n 
~~t+ ~~t) - p~(n nt ) - p + g  { [P(k.1)9 n

~~
t - ice (~At)J -

k - ~
:.j [~e ~~~~t) - P k-l )9 

~
] } + 2 {[Pk + l 0 (n~~ t)  -

~
_
~~ 1- ~

~ i~~~~~~J - - - 
~~~-- - --- - -

~~
-- —--—--- —----—--- —-- -~~~~~

I- 

-

_ _
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- ~9~~~t)J + [~~e At) - P(k_l)9 (~~~t)1 } (2-2)

When ~~t becomes very snail, so that xi ~ t 
—

~~~ t , kO x(t)  and k00 
- x0

the state probability : pi~~ (nat ) p(xst/x0).

Let ~~t = K 62 (K being a constant) and divide both sides of (2—2 )

by ~t. Then

p(x;t +~~t/x0) - p(x ;t/xo) 
—_ _ _ _ _ _ _ _  
—

— 

p + q 1 ~ p(x+e;t/xo ) — p (x;t/x~) p(x;t/X0) — p (x_ 9 ;t /x o)1
— 2K 6 e j

— 

p — q 1 1p(~~
O;t1xo) — 

p(x;t/x0) 
+ 

p(x;t/x0) 
— 

p (x_ e ; t/x o )1
2 1 C 9 L  e e j

Taking limits when ~~t -~~O~ 6

ôp(x;t/xo) — 
p + q 1 1~

p(x;t/xo) op(x— e ;t/x0 )
O— o 2K e I  ox Ox

(2.M- )
p — q 1 1Op(x ;t/x o ) ~p(x~~;t/x 0)

e~~o ic e 
~ 

[ ox +

If ~im p + q  
= (2.4a )

K

and him 
p - g  = 8  (2-4b )

6~
1.0 Ke /

O( and ~8 being constants then (2—3) becomes

~ p(x;t/x0) 
— ~ . 

~
2p(x;t/x

0
) ~p(x;t/x0) (2 )— 

~~~~~~~~ OxZ Ox

which is the diffusion equation [2]

For the conditions (2_L~) to be satisfied , the probabilities p and q

must be taken as~

F 
—- ---- - --~---- -- - .- - -  —-- — - - - - - - -~~~~- - - -
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p = K  -
~~ 

(o~~+ f t O )  = ~ ( o (+ ~~~~. ~f~
) (2-6)

q = K (o~ —,p~
) = (o(_ v~~) (2-7)

that is the probabilities of jumping upwards and downwards have to be

nearly the same , the difference being a term that tends to zero as /~J.
Notice that the parameters ft and O( are respectively the incremental

mean and variance of the process x(t )  per unit time since

E [x(t + At)  — x (t )/x( t ) ]  = 6 - (p  — q) —
~~~ 

( ic e2 ) = ,~3A t
Var {x(t  + At) — x(t)/x (t) }= ~~ (p • q) - — q)

2

—
~~~ 9~ K ( o ~ - ft 2 O~~) — o. • At  - -

that is

- him 
E [x(t + At) - x ( t )/x ( t )J  

~~ 
E [  Ax ( t )/x ( t )] (2-8 )

j3 

~~~~~ At ‘~~ t-..o At

= urn .~~~~~ { X ~~ + At ) - x ( t)/x ( tj ]  
li~n 

Var [ Ax(t)/x(t)] (2-9)
At At - 0 At

In general the parameters o~,. and can be dependent on the state x(t).

We can consider as well a multidimensional diffusion process x(t)

with vector mean per unit time and covar iance matrix per uxiit time

A = [
~~ I . In this case the diffusion equation relate s the derivatives

of the multidimensional p.d,f.p(~ ;tf~0) and the expression (2—7 ) becomes

Op(~;t/~o) = 
~~p(x;t/~~) 

- 

OP(~~~/~o~ (2-10)

H - 
* 

where m is the dimension of the process and 
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lii

E[Ax~(t )/  x(t)]
A 

— (2—li

Coy [Ax j(t) Ax.(t)/ x(t)]

~ij - = 1~.m •. (2— 12)At~0 At
i = 1 , 2 , • , , m

The probability of each process i (i = 1,2 ,... n) j umping upwards pj

and downwards qj have to satisfy now the conditions ( 2— 6) and ( 2—7 ) for

each process x~(t)  to be considered as diffusion , and similarly for each

individual process it must be ~ t = ~~ e12 where the constant K~ are in

principle different,

In the computer—network system we are interested the state of each

process represents the total number of messages that are waiting to be

transmitted at an specific queue. For each queue i there is a lower

reflecting barrier at = 0 because the number of messages in a queue

cannot be negative . If there is no restriction on the queue length , then

there is no upper barrier. Practically the size of the queues are limited

by the length of the buffers where the messages are stored. Therefore an

upper barrier i s to be assumed too which if reached indicates that the

buffer is full,

- - - - —_________________________________________________________________ -~ .-- -- -
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3 .— SOLUTION OF THE D~~FUSION EQUATION

U
The solution of (2—5 ) or ( 2— 10) depe nd s upon the conditions imposed

on x(t) .  If x( t )  is allowed to take any value : — 00 <x ( t )<  +00 the
I

joint p,d.f. (p(x t/~~) solution 
of the diffusion equation is the

corresponding to a multidimensional Wiener process with mean ~~t and

covartance matrix A t5

= 
{ ~ (~~~~

- xo - ,Lt)T (At ) ’ (~ - - ,&t)I 
(~~

_ i)

(2 .fl)ITI/2 ,~ t 
- - 

-~

(Taking in (3—1) the derivate s 0/ O x1, 0
2
/ 0x 1 Ox

3 
and bl Ot , it can

be easily seen that (3— 1) satisfies expression (2—1 0) .

Observe that (3—1) has no steady—state solution when t —~~00.

If one reflecting barrier is considered, say at x = 0, the solution I 
-

J of the scalar diffusion equation (2—5 ) with initial condition p(x;0/x0) =

= 6(x — x0 ) can be found by using the method of images {21$]arid it is [2] :

p(x ; t/x0 ) = 

~~~~ {~4 (x _ptl 
2] • exp (~ 

2 fl 
.

exp [- (~ + xo - p t) 2] ~ + 2 I exp (- ~ I 
x )

2~~.t J
x + x 0 + 13t

(3—2 )

_ _ _ _ _ _ _ _  _ _ _ _  _ _1
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wher.

1 I e ~~’’ du
= —

~~~~~~~~~
- j

V 2 f l

The first term of (3—2 ) corresponds to the transient period and the

second one is the steady—state term. By inspection of (3—2 ) it is easy

to see that when t —~~~ Co the first term of (3—2) vanishes and the second

one becomes

0 ; 1 8>0

him p(x; t/x0) = p(x) = (3—3 )

t— .00
21$ I .~~~~~

(

2I $ I~~~~

) 

;j 3 <o

for x~~~~O

that is an steady—state solution exist for negative drift ,8 which physically

means that the service process has to be faster than the arrival process

so that the length of the queue does not become infinite,

If two barriers are considered at x = 0 and x = a > 0 for example

then the equation (2~5) for the scalar diffusion with initial condition

p(x; O/x0) = 6(x — x0) and boundaries O~~~x(t )  ~ a,can be solved by

- j the separation of variables method and the solution is: [25}

P(x;t/xO)=
2
~
(
~~~~~~~~~

) 
+ ~~~~ (_ 

~e! t) exp (4~x — X0 ))

(3-Li )

2
exp (- A.~ ~~-t) 

~~n2 + (j 3 /~:Y2 ;(x ) Y~(x 0 )

- 

-

- for O~~~x~~~a ; t >0

-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -
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and ~ = n n 0, • 1, .2,
n a

; ( x )= c o s  A 1~x +  Blc~ sin A~x
1~~

Regardless of the sign of ft there is a steady—state solution when t -~~~ 00.

This distribution denoted by

p(x) = lint p(x; t/x0)
t —~~ 00

‘an be obtained by taking limits in (3—Li )

p(x) 
exp(~~~~~a)- l 

; O~~~x~~~a ; (3-5)

For the multidimensional process , define a vector

2 4 
(3—6 )

and then the stea4y~state distribution of the process x(t) can be obtained

j by equating to zero the right hand side of (2—10).

This gives [ia] 

in

p(x ) E lint p(x;t/30) J 1 ~~~~~~ 
( 3—7*)

t —..00 1=]. -

where
lix

O ’ Z x i~~~ aj ~3—7b)
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4.- DIFFUSION MODEL, FOR MESSAGE ROUTING IN A COMPUTER NETWORK

4 .1.— The general Model

Let us consider a general network of N computer centers (nod..),

The same notation as in [23] will be followed • Each node can be connected

to any of the remaining (N—i ) nodes in both directions. W . have then a

possible total number of communication lines N(N — l) .

Th. nodes wtfl, be represented by letters I (1=1,2, ...,N ) and the

branches by pairs (i,j) (i,j 1,2, ... N i ~ j). Call

1(i) the set of branches entering node I

D(i) the set of branches coming out from node i

At each node there can be a maximun of (N— i ) queues wher. messages

with destination any of the other remaining nodes wait to be transmitted,

Clearly the total number of queues in the whol. system M is such that

M
~~~

N(N — 1) .

The queueing processes are of discrete nature themselves as was

pointed out in a preceding section. The diffusion model that is stablished

here makes the approximation of considering them as continuous processes.

In order to do this, the messages ( that in principle have different lengths)

are assumed to be divided in small packets of duration ~~t units of tim..

The time will be assumed divid ed in intervals (t, t +At) small enough

so that the following events will occur :

ajj ( t)  = Prob , that a message of length At with final destination node
j  arrives at node I f rom outside the network .

- -

_
- __
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1 — ajj ( t )  = Prob that no message of length ~ t with final destination j
arrives at node I from outside the network

i,j = 1, 2 ... N I ~ j

Therefore during (t , t + At)  only these former events can occur. The

probability that more than one message comes is zero ,

= Prob, that a message of length At with final destination k is
transmitted from node I to node j.

1 — u~j ( t)  = Prob, that no message of length ~~t with final destination k
is transmitted from node I. to node j

i,j = 1,2 , .,. N i 
~ 
j

c1 = Prob . that no message of length ~~t is transmitted succesfully from
node I to node j.

i,j = 1,2, ... N i ~ j

Observe that 
~~ 

corresponds to the capacity of the link (t,j)

expressed in terms of probabilities rather than in traffic units.

In Fig 4.1 a diagram of such a general network is depicted,

The capacities °ij  are fixed for each channel (i,j). The incom ing
traffic probabilities a13(t)  are quantities that depend on the amount of

users ’ demand at the specific time t. We shall consider this demand rate

to be stationary so that it will not be dependent on time but a constant

au .

The outcoin ing traffic probabilities u~~(t)  are the quantities we

want to f ind accord ing to the input traffic and the network fixed capacities
- - so that the system performance is satisfied , according to some criteria

= 
- as we shall see later. For the same reason as aij(t). the probabilities

u~~ (t)  will be independent of time. —

From the previous definitions, notice that each channel (i ,j )  can
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Fig 11,1: G nera l configuration of a computer-co mmunication
network .

handle messages with different final destination. Thu s the total traffic

the channel (i,j) carrie s Is composed of all the messages going during

(t , t + At )  from node I to node j whatever the final destination is, In

order for the transmission to be succesfu l this traffic has to be less

than or equal to the capacity cjj, that iss

~ 
c~~ ~~ 1 (14_la)

— -~ - - -— ---.-- —--- --— --~~ ------. ~~~ -----— —4--- --- —--- ~~~~~ - - —--~-- - -
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• and clearly ~~ 0 ; V (I i) (li_ib )

The constraint (4—la) is necessary to have an errorless transmission.

No-v consider the queueing process representing the number of message s

njj (t) that are waiting at node I to be transmitted to node j at the time

t. If finite capacities are assumed for the buffers , that is N1~ is the

maximun number of messages that can be stored at i to be transmitted to j,  - 

-

then the ratio

x •(t) = 
nij (t) (4—2)

“ij

represents the normalized queueing process so that 
-

0 ~~ xi~(t )  ~~ 1 i,j = 1,2, .., N ; I ~ j

(14~3)

When the message lengths At become very small it is clear that
representing the amount of messages filling the buffer with respect

• to its total capac 4ty , becomes of continuous nature and can be approximated

by a diffusion process with two reflecting barriers at x = 0 and x = 1 as

indicated in ( 14— 3) . The lover barrier represents the queue completely

empty and the upper one representing the queue full.

A+ each node we can have at most N — 1 queues and in the whole system

the uzimun number of queues is N(N—l). This can be visualized in Fig 14 .2

f or N = 3 in which node 1 has been magnified to indicate all the qu.ueing

process.. that take place .

The switch 
~l2 represents that the channel a12 can handle messages

from x12(t )  with probability u~2 and messages from x13(t)  with probability

:3
u12 such that u 12 • u12 ~~ C12,

Similarly for th. other switches: messages travel front node 2 to node
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Fig. 4.2. Detail of the queueing process at one node
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1 with probability u~1 entering queue x13(t) and waiting to be transmitted

to its final destination node 3.

14,2... -Diffusion approximation for the routing model

-1

We saw in section 3 the steady—state solution of the M—dimensional

diffusion equation (2—12).

The case we are dealing with is M~~~N(N—1) and the barriers f or all

queues are 0 and 1.

The j oint p.d .f. of the system is given by (3—7) with aj = 1 for

all I.

It was established in section 1.3 that the performance criteria

will be to minimize the overall delay messages experience (on the average)

when they are transmitted f rom their origin to their final destination.

An equivalent condition is to minimize the average queue size of the

whole system, To see this, consider one queue njj(t). If we call Ajj(t )

the number of arrivals at node i with destination j during (0,t) and - I
D1~(t) the number of departures from this queue in (0,t) then

n1j(t) = A1~(t)  — D1~(t )  (4—3 )

represents the total number of messages waiting at that queue at time t .

‘ The quantity

nj j ( t )  dt (14—4)
0

is the total time all messages have spent in that queue during (0,t).

The average delay per message at that queu. will be:

-J
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r t
J njj(~~)dt

* E ITIjI — 0 (4—5)
a1~(t)

and the averags number of meseag.s waiting at the queue:
- f n1~(t )dt

E [n j j (t) ] = 
0 (4 6)

Therefore from (4—5) and (4-6 ) we see that minimizing the average

delay is equivalent to minimizing thi average queu. length or normali~i.ng

scoiding to (4-2), minimizing E [x 1~( t )  ]
In the discussion of section 3 about tb . diffusion process we

implicitely assumed that there were no idle period s , that is when the

process reaches the lower barrier it does not stay on there but jumps

up , This has not to be the case in general because with some probability

there wi1. be certa in idle periods in which the queu . will be empty. This

probability of idle periods can be expreseed in term s of the utilization

factor [12] which is defined as the ratio of the rate at wh ich the jobs

enter the system to the maximun rate (capacity) at which the system can

perform this work . Calling this factor f (C1) th. probability of idle

period will be 1 —f.

Therefore the p.d .f. (3—7b) shoud be modified to include the

effect of idle periods and this can be taken into account by splitting

the p.d,f. into two parts . One representing the probability of empty

queue (an impulse of weight 1..,) and the other representing the cor,tinuous

distribution when the queue is not ertpty

P 1(x) (1 ../j ) ~~(x ) + f i  
~r r  0~~~x~~~l (4.7)

_ _  - -- -
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which is represented in Fig 14,3.

b4rrler ~arr ief

at ~~,, ~ at z if

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

x

• Fig. 4.3 Steady—State p.d .f. of a diffusion process

The expected queue length for the i—tb queue is calculated fr om (14~7)

1

E(x1) = f x~ p1(x1) dx1 = fi  ( 
~ 

- 

~~ 
) (4-8)

In Fig . 4.3 the expression (4-8) is represented , As it C~ be seen

0 <i~(x 1) < f ~. In the same figure it is represented the function

— 1/ 
~i 

( 
~ t < 0) which would be the mean value in the case of no upper

barrier. We can see that f or values of less than —3 both curves

are very close . The presence of the upper barrier prevents
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the queue length from increasing without limit and therefore it does not

become unbounded at 
~ 

= 0.

The significance of the parameters can be seen from Fig. 14.14:

<0  means the queue is on the average less than 0.5 I i  full and

> 0 more than 0,5 full.

The overall mean value is given by

~Pi ( 
~~~ 

—

~~ 

— 

~~ 

)
and this is to be minimized over some region of theM— space determined

from the constraints of the problem as we shall see in section 14,5,

4.3,.. Calculation of the diffusion parameters

F
We want to f ind the components of the vector mean per unit time ~~~~~ 

- -

and the elements of the covarianee matrix per unit time A defined in

section 2 (Eqs. (2—il) and (2— 12)) .

Consistent with the notation in section 4.1 let us redefine sG and

as:

ft = 
E [x jj (t + ~~t) - xjj(t )  ~(t)]

At~~
O ~~t

(4— 10)

= u r n  ~ J ~(t)}

At- 0 ~~t

___ — -  —-~~~-- -~~~~~~~~~~ —-~~~----~~---~~~~ --
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0
~ij ) , (k 1 )

Coy ( [x1j t+~~t) - x1j(t)] [x kl
t i

~~~
t ) - xki(t)] ~~(t))

i lim =

Coy 
[
~~xij t) Axkl (t) 

(4— li)
~ t -..0 ~ t

(i- j), ( kl) = 1, 2, ...... M ~ M ~~ N(N—l)

When At tend s to zero the jumps at each queue tend to zero too

according to -
~

At = ( O~~ )~ , ~~(ij) (4—12 ) -

where the constants account for the possible different buff e; lengths. f.

• We are now going to calculate the parameters i~±~~ ~ (i~ ),(kl ) in terms L
of the probabilities defined in section 4.1.

I
1- -

I.-

Fig 4.5~ Arrival and departure processes in a queue

Consider the queue x1~(t) (Fig. 14.5)

_ _ _ _ _ _ _  _  
~~~~~~~~~~~~~~~~~~~~~~~~~
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1~

then c—

~~x (t) = j .L (t) + ~Ii V~i
( t )  - L V~ (t) (4-13)

ij / ~ mEI(i) nED(i) ~~
m~~~j

where for an. t .).&1~(t) .  ~)~1
(t ),  ))~~1t) are Bernoulli independent random

variables that can take the following values:

j i~ .( t )  = 0 with probability a1
i ~~ ij (4-114)

= 0 with probability (1 - a1~ )

~~ (t )  = . with probability 
~~imi ij (14— 15 )

= 0 with probability (~. — u~j)

3 j
V~~(t)  = ~~~~

.. with probability u
13 iii (4— 16)

• = 0 with probability (1 - u~~)

according to what was established in section 14.1

Calculation of the incremental mean coefficients

The mean value of ~~x1.(t) is from (4—14) - (4-16)

E [Ax1j(t) I 
x( t )~ = ~~[Ax 1~( t ) ]  =

= 6ij (a u + u~ - ~II u~ ) (4-17)
m E 1(i) ml nED(i) in

m~~~j

- - -~~: -

—

~

; - —-- —-— —k - - - -
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-I

Substituting O~~ 
K~~

1/’2) 
~~ and taking limits in (2—13 ) when

At -.0 , we obtain

— 
- E [ A x  (t)J

,8 = ii m _ _ _ _ _ii At—S O At
(4— 18)

au + u~~ - 

n~~~~i) 
u~~

At —.0 1/2xii . ~~t

for all pairs ( i j) = 1,2, .,, M ; N ~ N(N—l)

Calculation of the covariance matrix elements . -

—— Diagonal elements : from (4-13). since ~ x11(t) is a sum of independent

random variables we have :

Var [Ax ij( t )}  = Var [~~~ 1
(t )  } + 

m~~~~) 
Var [~~~~(t) } +

m~j
(14— 19)

+ ~II Var[9~~(t)]n E D ( i )

and substituting the value of the variance corresponding to a Bernoulli

random variable we obtain:

Var Ax 11
(t)  = 0~~ (a ij~ i~ai j~ 

~ m E~~~i) ~~~~~~~~ 
.

m~~~ j
) (4-20)

+ 
n E~ r

’i) 
uin(i_uin)

_ _ _  —-~~~~~~~*•~~~ - - -—~~~ - - - ---— - • - -- —- — - -
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~~—.. Oft—diagonal elements: Consider two different queues x~~(t)  and

xk l(t) (Fig. 4.6)

f~kt(t)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~-
,

Fig. 14.6: Arrival and departure processes involved in
two queues

Ax~~(t)  = ~~~~(t). m E~~~~) 
V~1(t) - 

nE~~~ )
V
~~ I

i~j m~~~j

A~~1(t)  = ~~k1(t)  + 
p€~~~) 

9Pk(t) - q€ ~~~~) 
9~q(t)

k~l p~~~1

Since ).L~1
(t)  and )~k1

(t)  are independent:

I
H Coy [,~.11

(t )  
~~kl(t)] 

Cov {~tjj t vPk
(t)] = Coy [V i

(t )
,~ kl(t)] = 0

then

Coy [~~x~ 
(t )  Ax~ (t)] = (t) V’ (t) —

m E I ( i )  p E I (k )  ml. plc

m~~~j  p~~~~l

-~~~~~~ i~j ; k~i
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•

- ~~~~ V1
j(t) V~q(t) - ~~~ ~~~ (t)~~

1
k (t)  +

mE l i) qED k) ~ f l E D ( i )  p c I(k )  p

m~~~j

+ 
n€~~~) qE~~~ ) 

~~~ ( t )~~~q(t) = 9ui 0
k1{~~~~~~) ~~~~

)

U
Mi

Upk -

m~~~j  p~~~1

- u1~ u~ - ~~~~ u~~ U
i 

+
m E D  i) qED(k) in q n~~D(i) pEI(k) 

pk

p~~~1 - ,

+ 
.~ . 

} 

(4-21)

n E D ( i )  qE D ( k )  q

Consider each term in (4-21 ) separately (see Fig. 4.7 as an example

fo r N = 4 , M =N(N - 1)=12)

1) inEI(1) p€I(k)
-
~~~~ m~~~j p~~~

1
-i

r m ,1 
~ p .  k (a)

V11( t)  9~k(t) =in C) 
~ ,i = p,k and j~1 (b)

cannot be that; in ,i = p,k and j = 1 (c)

The above expression s are obtained because:

( a )  V~1(t )  and are independent (queues at the sane different nc~es)

(b) ?‘~essages with different destination Ci ~ 1) cannot go over the sam e

:~
—

~~~~~~~~~~~~~~~ 
• — -

~~~~~ 
- •- —— -~~~~~~ — - —~~~~~~~~~ --- --- ~~~~~~~~~~~~~~~~~~~ .- .-- •~~~ - I
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channel (m,i = p,k) ~t the same time t (see Fig 14.7, both queues

are in the same node i k)

(a) This ease corresponds to the Var [9~1(t)] and was calculated

previously in ( 4— 19). Observe that the term s correspond ing to

(4-.22a ) when substracting the products of the mean s to obtain the

covaria.ice , will yield

9~1(t) V~k(t ) — V~~~ ( t )  
~~ k

(t)  = U~ i 
uPk - U~~ U~~ = 0

and the terms corresponding to (Ll~.22b) will yield

• 
V~1

(t) V~k
(t )  — V~1( t )  Vpk

(t )  = 0 — U~~~ U
k

2) tnEI (t) q E D ( k )  -

•

m~~~j

U
1 u’ ; ‘n ,i ~ k,q (a)

_______________ ~ i. 
kq

- 
- 

‘~~ 1
(t )  •~~q(t) = 0 ; in ,i = k,q and j ~ 1 (b) (4-23)

u ;in ,i = k ,q andj= l (c)
ml

-

~ 
4-

The equations ( 14—23 ) are obtained because :

(a) and (b) the same reason as In (4—22)

(C) it is the sane random variable 1b)~ 1
(t )  corresponding to two different

• queues x11(t )  and xkl(t) which are in nodes 1 and k respectively. See

for example Fig 14.7: Consider the processes x12(t) and x32
(t) belonging

to nodes 1 and 3 respectively ( i=l , k=3 , jz1a2)

- - 14-

I — -- - ___4-_ _
— -- -- —— p -
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When nak=3 and q=i=1 the term

~~ 1(t) 9~1(t) = ~~~~(t)} 
2 

=

as indicated by (L4~23c)

The term corresponding to (4-23e) in the cova.riance expression will

[V~~(t)]
2 

- E 1 t ) ) 2  = u~~ - (u~~)~ = u~~ (1- u~~)

3) n E D ( i )  ; p € I ( k )
p~~ 1 f

This case is exactly like 2). Just interchange this subscripts

i — k, in 
~~~
.-. p , q ~~~~~~~ n , j  1

4) n -€ D(i)  ; q€Dtlc )

This case I s  similar to 1), The only difference is that it takes the

processes com ing out from node I and node k whereas in 1) we had the -
-

processes entering nodes I an k , Therefore the corresponding expression

U

~~~~~ 

; i,n ~ k ,q - (a)

~ ?~~t)  ~~q( t )  = 0 ; i,n = k ,q and j ~ 1 (b)

cannot be that i,n = k,q and j = 1 ( c)

(4-24)

According to this we can have several cases:

A) Both queues are in the sane node i = k. In this case only the first

and fourth term of (4—20) enter in the covariance (relatin g the inputs

and outputs respectively): 
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Coy [Ax i1(t )  Axi1( t ) ]  - 
m € ~~~~) 

~~~ U I 
-

i~j~i ~~~~~~~ n~i(N—3)te r tn s (N—i ) terms

(4-25) j

B) Both queues are in different nodes I ~ k. In this case the 2nd . and

3rd. term of (4— 20) appear. There are two possibilities:

B—i) Both queues have the same destination j 1

Coy [Ax 11
(t) Axkj (t ) l z — u~~ (1 — u~~ ) — u~ (1 — u~~)

i~Ic#j 
- (14—2 6)

B~2) The queues have different destinations: j ~ 1
r 1 1. ~Coy 
1Ax~1

(t ) Axki
(t ) J = u~~ u~~ + Uki Uki

i~j ; k~l (4—27)

but observe that if k 
~~ 

j

Coy [Ax 11
t) Ax

11
(t)] = u~~ u~j (because U

~ i = 0)

and if i = 1

Cov [~~ xjj
(t) Ax .1(t)] = u

~i 4~ 
(because u~~ = 0)

14.4 Conditions for the diffusion to be valid

Going back to the expression (4— 18), if has to have a finite

value it is necessary that the numerator of that expression tends to

1/2
zero as ( At)

— Recall what was established in section 2.2. concerning to the 
-

conditio~ s for diffusion: for the variance and mean per unit tim e to 

- - -~~~~~~~~~—- --~~~~~~- - ~~~~~~~~~~~-~~~ - -
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- make sense the probabilitites of jumping upward s and downwards have to

be “nearly” the same , the difference being a quantity depending on

(At )~~
2 and therefore this difference decreases proportionally to

(A t ) 11~
2 when ~~t tend s to zero . This is reflected by the expressions

(2—6 ) and (2—7).

Therefore let us assume that the probabilities a11 and U~j are of

the form of (2— 6 ) arid (2— 7) that is a constant term plus another

de~~nding on (At ) ~~
2 , that is:

a
11 = Au + p [

~~~ 
(4—28)

U

~~ 

= tJ~~
1 
+ Yjj  

(14-29)

The channel capacities which are related with the service process

will be considered of the same form too , that is a fixed term plus another

varying with ( At) 1?~
’2 

as shown :

c
ii 

= C
ii 

+ ~jj  (4-3°)

which means that the capacity of channel i — j  is variable about a fix ed

value C
11 

in a quantity prop ortional to (A t ) ~~
’2

Then the conditions that have to be satisfied for the diffusion

- -~ property , are obtained by plugging ( 14—28), (4-29 ) and (14—30) in (4-15).

Thus we obtain:

+ Ui 
— U

i 
= 0 (4—31)

m E  j )  ml n€D(i) in
m~~j

— ---- ---- ------ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~~~~~ -~~~~~~~~~~~~~~~~ . - _
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P11 + m~~~~) ~ 
— p 

~~~i) 
Y~~ = V~ ~~~ (4-32)

m~~~j

for all pairs (I. j) = 1, 2, ... N ; M~~~N (N — 1)

The constants K
11 

are given by the buffer size • From (4— 12 ) we see

that x (  O~~)2 
= Kkl

( 0k]) but = 1/N 11 arid thus Kjj /ICkl = 
~- -

= (N
uj/Nkl)

2.

The expression ( Le.3~.) Is related with the deterministic flow at

each queue and simply states the balance that has to exist at each node

between inputs and outputs I! the traffic were deterministic, whereas

(4—32 ) gives an idea of the infinitesimal variation during (t ,t + A t)

since the drift indicates do tendency of queue (ij ) to increase

or decrease per unit time . Moreover from the capacity constraints (14—1):

I ~~k 
u~1 U~1 ~ 

0 (4_33)

~. ~~k 
~~~~~~~ ‘~~~ ~ 0 (4-34)

4 .5.~~ Optimization procedure

In the model we have established , we have a network whose channels

are given and hav e f ixed capacities . The input traffics a
11 

depend .5.

on the users’ demand so that are considered as fixed quantities too.

The question is to find the best routing strategies within the system
k

which are represented by the probabilities u defined in section 14.1
ii

- - - - -—-----55 ______ s~~ - - ~- S~ - - - .
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subject to the capacity constraints (4—i ) .  The quantities ~~~ viii be

called routing variables and will have to be chosen to minimize the

average queue length in the system according to the given input

traffic and the fixed capacitites. This is an open—loop type control

procedure.

Note (Fig 14.7) that the maximun number of routing variables we can

have per queue is N — 1 so that in the whole system we can have at most —

M(N — 1) control variables.

The expression of the covariance elements follow f rom the

expressions (4—20), (4-25), (4— 26 ) ,  (4-27) and (4—1 1), ( 4— 2 8) , (4-29).

Thus we have

Variance elements (recall (4—20))

A1-(1-A .) + ~ u~ (i-u
3 .) + ~~ u~ (1-U~ )

mE 1(i) ‘~~ nED(i) 
in in

= m~~~ j
(j~)2 K .

(4 - 3 5)

Covariance elements: a) i = k; i ~ j  ~ 1 (recall(4— 2 ) )

m~~~(i)  
U Urnj  + 

n~~~(i) 
U~~

~~(ij),(il) = — 
‘n ~~ 

(4-36 )

(ic~~ K~~

b) 1. ~ k ~ 
j  = 1 (recall (4— 26 ))

U (1 - U~ ) + U~ (1 -
(ij),(kj) = -

y K11 Kk ,

--~~~~~~~ - S ----- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ----- 55----- - -5- - - - -~~~
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a) i ~ k ; .j ~ 1 (recall ( 14—27 ))

i 1 i j
U U + U  Uik 1k ki ki (4—38)

(ij ) ,(k l ) _______ —
V’Kj j Kkl

(Remember special cases of (14—27) when k = j  or i = 1)

Therefore the covariace per unit time is a M x M matrix A which

depends on the N possible inputs A
11 

assumed to be given and on the L

control variablea U~1
where LE M ( N  - 1) . We write A = A(.~.!~

)
where A and U are respectively M and L dimensional vectors.

Notice than the L routing variables U~1 
may not be chosen

independently, because they have to satisfy the system of equations : -

(4—31) so that only L — M variables are independent, provided that they

satisfy the capacity constraints (4-33).

We want to minimize the overall mean (4~9) that is

min F(I)
a~i

in
~~eues ~~ 

fij ( 
~~~~~~ ~ 

- 

~~~~~~~~~~ 

)
where are the elements of the vector 6 defined as 6 = 2A~~~ ~~~

The drift vector ~~ can be expressed in terms of the inputs p1~ and -;

the control var iables y~1(m E I(i) ; in ~ j) and y~~ (riED( 1)). From

(14—32) and using matrix notation:

(4-40)

wher e 
~~~~

_ [fti ~~~]

-5——- — - — — - - - — — --- --- — 1_ ~~——-- - —.-——--~~~~~~~ --------- - ~~~~~~~~
- - ~~~~~~~~—-5- —-— ----~— - -  — ‘- -i-— — __

~~

__
_•___~ _ — -—5—- -— —~————- — - -  _____S5_._________
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7i1~~~tJj~~ m E I ( i ) ; m~~~j
I —  —

y~~~~~ / n~~D(i)

for all possible pairs (i j )  and where H is a M x L matrix depending

on the specific conf iguration of the system and whose elements can be

only + 1 for incoming links, —l for outgoing link s and 0 when there is

no conexion
; -

~

Then we have: —

j  = 2
1 
1. + 2A ’ H ~~~ (4-41)

Call for convenience

2A~~ L = d (N-dim , vector) (4—42)

H
- 

I 2~~~ H = U (N x L matrix) (4— 143)

then

(4-144)

~~~~ and the problem is to find

mm F(d + U (4-45 )

4 where u = U + vt At.  The min imization (4-145) is to be carried over

the vectors U and ~ with the constraints (4—31) and (14~33) on the vector

U *nd with the constraints (14-34) on the vector 
~~~

1 5 ;  The constraints the elements of U have to satisfy are those

given by ( 4—33 ) ( capacity constraints ) and (14—31) (flow balance at
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11.2

each queue). In general for given inputs Au and capacities C11, the

vector U satisfying (14—31) and (14-33) will not be unique, and for

different choices of U the covariance matrix A will be different and

so will be the minimum of (4-45) .  In order to sim plify the minimization

( 4-45 ) it will be assumed in this thesis that A. is fixed , that is we I ;

have chosen a vector U satisfying the requirements of (4—31) and

(14-33) which represents an equilibrium situation for the system and

we shall be Interested in how the system will behave for small

alterations about the equilibrium situation • In particular we shall

seek how the routing variables will vary so that the overall

average queue length of the system is minimum .

With this asuinption the vector d and the matrix U are constant

and the minimization problem can be stated as :

min F(d + U ~y) = min F1(~~) (14_L 6a)

subject to:
V k

~ . ~~
‘k ~~ ~~ q

11 
; y

ii ~~ 
0 (4—146b )

The aim is then to find the optimum vector 
~~ 

that satisfies

the minimization (4—46 ) .

Notice that the function we want to minimize es a sum of ~

functions like the one shown in Fig 4 .14 which is convex for 3’ij~~ 
0

the meaning of this being that the queue is loaded less than or eqt~a1

to O.5f~ on the average. Therefore if for all 
queues ~~~~~~ then

the function F’(j ) will be convex and will have a well defined nthi’n~i’~

over the constrained region . The convexity property is convenient to

____________ -- -~~— -- ---
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include it when the minimum is searched by numerical method s starting

with some initial guess. Physically it reflects the fact that the messages

arriving at the nodes do not stack up at the queues so that the system

behaves “nicely” and does not become congested .

~ 

--- ----——-
~——~~~~~~—————-—--5—--.-—---- 
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5, - ULU S~RATIVE EXAMPLES 
— 

-

- Let us now apply the theory developped in the preceding sections to

some specific examples.

Our purp ose is to minimize a function of L variables subject to some

constraints over a convex region .

Because of the exponential nature of the function (4—8 ) even with a

- small number of vahables it is not possible to find analytic solutions

and one therefore has to use numerical procedures. •

The minimization procedure that will be used is based upon the method

of Zanguill [2?] which is a modification of Powell’ s algorithm [ie] .

- - Basically an initial point arid a set of L directions are chosen.

- Along each direction the minimum coordinate is found . In the next step the

-~~~ first L — 1 directions are taken as the L—1 last directions in the first

step . The L—th direction is taken as the d ifference between the initial

point and the minimum found in the preceding iteration and so on until

convergence is reached .

- 
5.1 .- ~.xample with two queues

1 
In Fig 5,1 it is shown an example of three computers: Mes sage s come

to nodes 1 and 2 and have to be transmitted to nod e 3 either directly or 
—

via the indirect path,, When messages get to computer 3 they leave the

-
~~~ system . No messages enter at 3.

According to what was stated in section 4.1 the t ime is divid ed in

. I

- 55.- —55- - -—55--— ~ --~~—a , - -- --—- -~~~~~~~~ 
-- 

~~ -~~~~ -- - 

- 
-
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small intervals (t , t + At )  and during this time we call a13 and a23 the

4

3

: .
~

cli

1 2
C21

‘
I

’

- —

Fig 5.1.— Network of three nodes: two sources and one
destination

probability that a message enter node 1 and node 2 respectively. 
j~

!.

The traffic a
13 

can go directly through the channel 013 
or through

c
12 

and c23. Similarly for the traffic a23.
As it can be seen in Fig 5. 2 there are only two queues in the system ,

one x13(t) corre sponding to node 1 and the other x23(t) corresponding to

-
~~~~~~ nod e 2. There are no queues at node 3 becau se this is only destination

node . Similarly there are no queues x12( t )  at node I and x21(t )  at nod e

2 because neither of those nodes are final destination but t raff ic  source
1~

_ _ _ _ _ _  ~~~~ . --- -- -- 
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• F ig .  5.2. Network of three nodes. Queues detail

or intermediate destination nodes.

The capacity constraints are

013 ; l223~~ 023 ‘ 
012 1 ~ a21 (5—1 )

The capacities are assumed to he of the form (4-30)

~13 = + q
13 ~ At 

(5— 2)

023 = C2, + q
23~~~

’~~t I 
~~~~~~~~~
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a = c~ + q V At12 12 (5—2)

°21 = ~2l 
+ q21

The external, and internal inputs and outputs are of the form of

(4— 28) and (4—29)

- a
],3 

= A13 + p13
j
~~~

a23 = A23 + p
23

V~~

U
],3 = U3

13 
+ y3

13 ~~
= U~~ + Y~3 V’~~

U~2 = 
~~2 

+ 
~~2 ~~

= U~1 + y~1 i~~ 
5

The proportionality constants 1(13 arid 
~23 which relate the time

interval At arid the queue step sizes 9],3 and 
~23 

will be taken as unity.

Then we have At = 9~~3 = that is the step size in both queues is the

same and tends to zero as (A t )  , This makes sense in the case that both

buffers have the same capacity and it will be assumed so,

The expressions for the mean s per unit time are from (14—32 )

1613 ~l3 + 
~
“21 

- 
~l3 

- 
~‘12 (5 4)

p23 + y12 — y23 — Y2j .

and the flow equat ions from ( 4—31)
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• .

A13 + — — U~
2 =

£23 + - 1J~3 
- = 0

The elements of the covariance matrix are s From (4—35)

= = A13(1 — A13 ) + (1 — U~1) + U~3(1 — U?3) +

• U~~(1 — U?2) (5—6 )

~~(23 ) , (2~ ) E 
~~22 ~~3(1 - A~~) + U?2(1 - u~2 ) + (1 - U~3) +

-
~~ 3 3 (5—?)

+ U~~(1— u 21)

From (4-37)

~ (13),(23) = ~ l2 = — U~2(l — U~2 ) — U~1(l — U~1) (5—8)

-
- 

The expres sion we want to minimize is (14—39)

F(j) 
=y’~ 

- i 
- f  23 

( 
~~~~~~ 1 

- _ _ _  ~~~~~~ 5

where
= ~ 6~] ,3. ~‘)T (5—10 )- 5-,

and such that = 2 LI
1 

~ ~~ ! ~~~ (5—11)

and (~~~ 3~ f t )
T 

(5-12)

1~l1 ~ l2-

- 

5- 

From = I (5—13 )

L ~ l2 ~ 22
V.

1-
- -
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-: We obtain
Vl,] V12

- I  .1 = (5—114)

V V12 22

where

V11 = 2 

~~~ 
— 

(5— 15)

V22 = 2 
0(11 ~ 22~~~~ i2 

(5-16)

V12 = — 2  ~ l2 
2 

(5— 17)

~il~~22 ~ 12

Observe from (5—6), (5— 7) and ( 5—8 ) that V11. V2~ 
and 

~l2 are

non—negativ e and that V11~~~V 12 and SJ
22 ~~

V
12
.

Notice that ( 5_U) can be rearranged es:

= - - - 
~~~~ (5-18)

~~23 = - - (y~2 
-

so that j  as well as are only dependent on three variables rather than

~ 

four; they are 
~ ?3 

y
~3 

and 
~?2 

—

Call for convenience

= p
13 

— y13 
(5— 19 )
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p23 — ( 5—20)

z 4 ~ — y~~ (5—21 )

— £

(5—22)

4823 = ‘~2 + ~

Therefore from (5—11)

~l3 
= V11 ~~ + V12 482:3 = V11 6~ + V12 62 - (V11 - V12) z (5-23)

~~23 = ~~ + v22 4823 V12 6~ + V22 6~ + (V 22 - V~~) a (5-214)

f
The utilization factors are :

113 = 
A13 + 21 

(5-25)

:13 

: 

2

k j  / 
23 12 (5—26 )

23 C23 
+ C21

Minimizing (5- 9) requires 
~13 

and ‘6
23 

as negative as possible

(Fig 14.14,) Therefore from (5—23 ) and (5—2 14) since the coeficients of

and 62 are non negative , ~~~ 
and 6

2 
must be as small as possible or

from (5—19 ) and (5—2 0) ~?, and y~, must have the maximun value which

is the corresponding capacity , that is: y
~3 

= q13 (5— 27)

- -

-
- 

y2
3

3 = q23 
(5—28 )
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as we could have expected from Fig 5.2. because there is no reason for
— - 

not using the channels q1, 
and q

23 
at full capacity.

Than the expression (5—9) is only a function of the variable z =

= — which is bounded by the capacitite s q12 and

— a ~~ q~,2 (5— 29 )

Let us take some values to illustrate the example . Assume:

• A = 0 8  u~3
= 0 . 6 c

, = 0 .75

u~3 = 0 .6 C23 = O .75

U~2 = 0.2 C12 = 0.75

u3 — o c — 0752l 21

which satisfy the flow equations (5—114) arid (5—15) and the capacity

constraints a 
~ 

u~ ~ ci,, V (ij ,
The covariance elements have the value

= 0 .56 0C22 = 0,~ -+ ; o(
~L~ 

= —0 .16 and

V11 = 3.81462 ; V22 = 3.3654 V12 = 0.9616

the utilization factors f) 13 = 0.53 f23 
= 0, 40

then 
~13 = 3.846 2 6~ + 0.9616 62 - 2.8846 z (5-30)

~ 23 = 0 .9616 61 + 3.36514 62 + 2.14038 z (5—31)

- 

-

, 

bearing in mind that ~5]~ = p13 - q
13 

and 62 ~23 
— q23.
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Several case s are shown in Fig 5.3 to Fig 5.8.
Consider first Fig 53. for which we have chosen : 

-

p13 p
2 

0 , q2, = q12 = q21 = 1

and q1, varie s between 0 and 1, For q
1, 

= 1 the opt imum value of

~~2 — 0.2380 and the value of F in = 0.1918.

As q13 decreases ( 6~, increases) 1both 133  
and 

~23 increase but the

effect is more remarkable on because it11 > V12 (See expressions (5~~37)

( 5—38 ) and ( 5-4w), ( 5-45) . In order to have this increase as snail as

possible , a will increase because its co.fiei.nt in the expression. for

is negative. This is what can be seen in Fig 5,3 as decreases.

This physically means that when the capacity of the link connecting nodes

1 and 3 decreases, more messages tend to be sent via node 2 to partially

compensate the capacity loss. As a consequence of the overall capacity

reduction the overall mean value increases.

4 H
= 
~23 

= 0 ; q13 = q12 = q21 = 1

and now it is q23 what varies. By a similar argument we can see that

when q23 decreases 
~2 

increases and and 
~23 

increase too although

- 

- 
the latter more , Therefore z has to decrease to compensate for , that

is less messages travel from node 1 to node 2.

We can observe that in both cases (Figs. 5.3 arid 5.4) the overall

mean has the same value . The reason for this can be drawn from equations
-~~~ 

- (5—23) and (5— 24) ,  In the case of Fig 5.3 = — 1 arid = ó varying
between —1 and 0. In the case of Fig 5.14 = -1 and 62 = 6 varying

I

5 between — 1 and 0. Then
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3j3= v116 - V3.2 - (V~1 - v12) Fig 5.3

~~~~~ 
V12 — V22 + (v~2 — V12) a ’

~~~3
= ••Vfl + v126 — (V11 — it12

) a ”
Fig 5.4

3~,
= —V12 + v2~d + (V 22 — v12) z”

From this equations we can see that whenever a’ - a ” = 1 +6 then

113 = 13.3 
and = so that the overall mean value is the same .

Fig 5.5: Now

P13 = P23 0 q13 = q 23 = q21 = 1

— and q
12 

varies between 1 and 0. For q12 = 1, a = 0.2380 so that there is

no effect ehen decreasing q12 until it reaches the value 0 ,238. From

this point on the value of a = q12.

Therefore the effect over the overall mean takes place only when

a ~ 0.2380, The reason for this is that when a decreases in (5-23) 613

increases and in (5-214) 
~23 

decreases. Therefore the change in the

overall mean is less.

Fig 5.6.~ Decreasing q21 
has no effect because this channel was not

used. The overall nean does not change either,

Fig 5, 7: Now all qj~ = 1, p23 
= 0 and p13 increases. The effect of P13

increasing from 0 to 1 is the same as q13 decreasing 
from 1 to 0 in

• Fig 5 3  because in both cases 6~ increases from 1 to 0, At some point

a reaches its maximum value 3. and cannot increase any more. The overall

—-5-—-- —-
55 --  
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value increases then faster .

_ _ _ _ _ _ _  
AU = 1, p

13 
= 0 and p

23 
increases. -

The efeffect of p increassing from 0 to 3. is the same as q
23 23

decreasing from 1 to 0 in Fig. 5.514. For p23 > 1 we can see there is a

minimum point in the overall mean value and then a increases again until

it reaches 1. “his can be explained from the expression of the derivative

of F ( r )  with respect to a , From ( 5—9) it is obtained

dF 
_ _ _ _ _  ~~

‘
23

_ _ _  - -  + 
~~~~ 

~~ 23 ~~

The utilization factors were calculated: 113 
= 0.53 and 123 = 0.140

and the derivatives of 613 and ~23 
with respect to a are straightforward j - 

-

from (5-30) and ~5-31) yielding :

- ) = 0.53 (~ 2.88~6) ~~F + 0,40 (2,4038) ~~F =
dz ~~

‘
23

wh 

:F

L5384 

T3 

+ 9615 
ô~~~3 ::

6 T~~~2

The expression (5—32b) is represented in Fig 5.8a.

From the observation of equations ( 5—30), ( 5—31 ) and ( 5-32 ) we can

see how the variation of the optimum a is going to be when p23 ( or

equival ently 62 ) increas es.

r 
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For p = 0 ( 62 = — 1) we obtain ~~~* = 0.214 arid thus 6
13 

= ~~~~~~~~

and 62, 
* —3.75 so that the expression of dY /dc in (5—32*) is null .

ff increases, say p2, = 0.2 (62 = —0.8) for the same value

of a = 0,211 the values of 6~, are from (5—30) and (5—31):

~~~, 
—5.30 623 = —3. 08 yielding

d1’ 
= 0.0066 > 0 for a = 0,24 and 6 = -0.8

dz 2

The derivative dY/dc being positive means that the length increase

- 
rate in queue x

23
(t) due to the input increase , is greater than the

corresponding to queue x13
(t) so that in order to minimize the total

effect , more messages are sent from node 2 to node 1 (z * decreases )

As p23 
keeps on increasing both 

~~~~~~~ 

and 6
23 

increase , the latter

one more ( see (5—30) and (5—31)) so that for some value of 62. 
~23

becomes positive whereas 6
1, 

increases too but remains negative.

From Fig 5.8* it can be seen that for this situation bF/ 
T

I

increases and bF/ 
~
623 

decreases for 6
2 

increasing so that dF/dz will

be negative and z~ will have to increase in order to reach the minimum.

For example for p23 = 1.2 ( 6~ = 0 .2) the optimum z* is z~ = —0,10

and the corresponding 6~, 
and 623 are from ( 5—30 ) and (5-31).

613 = —3.36 62, = —0.514 so that dF/dz is null

‘~
‘ 

~‘23 increases : 
~23 = 1.14 ( 6

2 
= 0,Li.) for the same value of

a = —o.10 tha values of 613 ~~ ‘23 
are 

5;

613 
= —3.17 623 = 0.13 yielding

= —0 ,0080 < 0 for a = —0.10 and 62 = 0,14
cia 

---5--~~
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The derivative dY/dc being negative means that the length increase

rate due to the increase of p23 
is greater in queue x13(t) than in

queue x23(t) and therefore more messages have to be sent front node 1

• to node 2 (c c increases). This change of behavior of z~ occurs when

queue x23(t) becomes too 
loaded (above half the full—capacity). Ehen I ~this is the situation and the input traffic at node 2 increases more ,

the increase of the queue length is more reflected on queue x13(t)

(which is below half the full—capacity) than in x23(t) precisely

because of the upper barrier for the queues which causes the

55 corresponding queue length to be of the form shown by Fig 14.14 and

therefore for > 0 the rate of length increases is slower.

The next figures 5—9 to 5— 14 are shown for the same example of

Fig . 5.2. but for other values of U~2 and U~1
, that is for

A
13

= 0 .8 ; A 23
0.14 , u~3 = o .6, u23 = 0 ,6 , U~2 = 0 .5

and = 0,3 and the same value for all C~~ = 0.75

The covariance matr ix per unit time is now

[ 0.86 —0. 46 1
and 

— 1 ~~~~~ 0 ,914 .1

1~~3.150l 1.51416 1
V IL 1.~~ l6 —2.8820

And the utilization factors S

J 113 = 0 ,73 , 123 = 0.60, greater than the former ones, For this reason

the overall mean value is greater for this example
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t -j

~~2, — ~~amp1e with four queues 
- 

I
Assume a 3—node network as shown in Fig. 5.15

~

~~~~1’.

C..,

-‘U.’ —_____—_ø._________-55 I~
_— ~~~(/,i_•’~ \_._ 

~~~~~~~~~~~~~~ ~~~~

)~, 
Js~~~~~~~, cia ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

a,~

~~~~~~~~~~~~~~~~~~~~ ~~~~~~

—

I - -

H-a32 a 31

I

Fig 5.15: Network of three nodes. 3 sources and 2 destinattons

Nodes 1 and 2 are sources and receivers and node 3 is only source 
I

so that messages £12 go from 1 to 2 via 012 or c13 
and c32 and similarly

for a21. At node 3 messages go either to node 1 via c
31 

or to node 2

~~~~ via 032. Therefore we have one queueing process at node 1: x12(t), one

at node 2: x21( t )  and t~o at nodes 3 x
31

(t )  arid x32(t) as in Fig 5.16.

According to section 14.14 the capacities and traffic rates are of

the form specified in (4—28), (14— 29) and ( 4—30) . The system of equations

( 14—3 1)  is now .

-.55—-- — —~~~--- . — —-55 - • ~~~ .- ~~~~~~~-- —-55-— _ _ .~~~~__
m_ _ _ _ _,-5~ —_55-_ - 5 5 -
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NO DE 2 MODE L

______ _______ a1.
X21ft) 

a, 
____  U,t _________

C21 C$3~ 

~~~~

C,’,

S.:’C,

a ,
S

U3:

.
~~1. 4

NO DE 3

Fig 5.16: Network of three nodes. Detail of queues at
each node .

A12 + U31 - U12 - U13 = 0

r A21 + U32 — — U~3 = 0 (5—32)

1 1 1.
= 0

32~~ i~ )1
_ i.132 = 0

I

-—
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and the equations (4—32) where the constants Ku have been taken

equal to 1 for the same reasons as in Section 5.1

2 2 2 -~~~p12 + 7 31— 7
12

— y 13 P12

~2l + ~32 ~2]. - ~23 fi2l ( 3:3)

p,1 + y 2 3 -y 3 1 -y32

2 2 2
P32 y13”~~

’3l~~~~’32 = 
‘
p

32

The expressions of the covariance matrix elements are:

From (4-35)

~~(12),(12) 
E O(~ = A12(1_A12) + U~1(1.U~1) + u~2(1—u~~) + U~3(1—U~3

)

~~(21),(2l )~~ ~ 22 = A~~(1— ~~1) + U~2
(i—u~2) + U~1(1—U~1) + ti~,(i—U~3

)

= A31(l-A31) + U~3(l-tJ~3) + u~1(l-u~1) + u~2(i-u~2)

~~(32) ,(32 ) ~~~ $ = 
~~~~~~~~ 

+ u~3(i-u~3) + u~1(1-u~1) + u~2(i-u 2
)

Frcin (4.36)

1 2  1 2

~~(31),(32) 
E 

~34~ 
‘~3l U31 — U32 U,2

From (4.37)

~~(21) (31) ~ ~23 
—U
23

(1 — U23 ) — 1i32(l — U
32
)

~~(l2),(32) E 
~~14 = -U~3

(1 - u~3
) - U

~~
(1 - U~1)

_____ 
- - -
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From (4.38)

~~(12),(21) ~12 
= 0

~~(i2 ) ,(31) E = T41
- 2 1

— = U U
~~(21) ,(32) = 0(24 32 32 F -

~

* Then -

0 
~ 13 ~ ].4

0 0122 ~ 23 0124

A = (5-314)

~13 0(23 0C33 0(34

• ~ 1L1. ~~2Li ~
‘314 ~ 44

- 
with the former expressions for each element .

To minimize (4—39 ) we have to take into account the relationship

among the 
~~~~~~ 

Front ( 5—33) :

-

l

~ ‘~21 + + a32 = (p12—y12) +  (p21—y21) + (p31—y 31) + I .

+ ( p 32—y )
• 32 ( 5,,35)

From (3— 7)  1 = ~i A 6

Therefore (5—35) becomes

( ~ ~ 
) 612 ~ j 2 ) 621 + !(~ c3 ) ~ +

-~~~~~ 
__55 _  —~~~ 55
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+ — I )  
~~~~ ~~2 

=

~~~~~~~ (5—36)

=(p1 2— y 12)+ (p21 — y 21)+ (p
31 — y ,1

) ( p
32 — y 32

)

The expression (5—36) is a hyperplane in the ~
‘—space and the optimum

j  has to be on it. From (5-34) the coefficients of in (5—36) are non-

negative so that the constraint (5-36) will have a mnaller minimum when the

right hand side is more negative , that is when y~2, y~1, y~1 and y~2 take

on their maximum va].us, From the capacity constra ints (4-34)

y~~ ~~~ q12~~ y~~~~~~q21

1 2 2 (5—38 )
+ 
~31 ~ 

q31 ; + 
~‘~2 ~~ q32

Therefore the max~.:num values are:

= q12 ~
‘2])inax = q2]• ( 5—39 ) 

U .

~~~ 
q
31 ~~32~maX 

=

and from (5—38 ) and (5—39) H

= 
~ 32 

0 (5-40)

Thus we are left in the minimization of (4—39 ) over the eight

components of ~ with only two of them y
~3 

and y~3, the other six being

given by (5—39) and (5-40),

The expression of the elements of L (5—33 ) becomes then
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2
~
B

12 
(p12 — 

q12~ —

= - (p 21 — q21
) — y

1
23

(5—41)
ft 31 = (p31 — + 

~, -

ft32 = +

expressions similar to (5—22) of the former example.
‘Ui

In this case the expression of the elements of 
~~ = 2 A is not so

straightforward because it is a 4 x 4 matrix.

Let us take some values for the traffic rates and capacities. Assume :

0.8 5 1  U~2 = 0,75 U~3 = 0.4.0

A21 = 0.60 ; = 0.70 U~3 = 0,25

A31 = 0,45 ; U~1 = 035 ; U~1 = 0,30

A,2 = 0 ,25 1 U
32 

= 0.35 U32 = 0.35

and C = o.75 for all (ij ) which satisfy the flow equations (5—32) arid
ij

the capacity constraints. L
The covariance matrix is then:

0.765 0 0,105

0 0,865 —0.415 0.2275
= (5—42 )

0.105 —0,1415 0,890 —0 .3325

~0,1450 0.2275 ~0.3325 0 ,9250

and the corresponding V = 2A”

— —-~- --••--~ -~ — ~~~~~~~~~~~~~ -55 —“55— •
~~
1
~ ~~~~~~~~~~~~ ~~~~~~~~~~~ 2~ -~~ -— ..~~~~~~~
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3.7683 — 0,4881 0.0665 1.9772

—0 .4881 3. 0710 1.2922 —0 .5283 —

( 5..43)
0.0665 1.2922 3.1596 0.8503

1.9772 —0 ,5283 0.8503 - 3.5596

In (4-41) call for convenience —

— q
12 = 61 

— q~~ = 62
(5-44)

p,1 — q31 = 6
3 

p32 q32 = 64

from (3—7) and (5-41) we have

612 = 3.7683 6~ 
- 0.4881 62 

+ 0.0665 6
, 
+ 1.9772 -

— 1.7911 y~3 
+ 0,5546 y~3

621 = ~~~~ + 3. 0710 62 + 1.2922 63 — 0.5283 —

— 0.0402 y~3 
— 1.7788 y~3 (5-45)

H ~31 
= 0.0665 61 + 1.2922 62 + 3.1596 6

3 
+ 0.8503 64 +

+ 0.7838 y~3 + 1.8674 y~3

= 1.9772 — 0 ,5283 6
2 
+ 0.8503 6

3 
+ 3.5596 64 +32

+ 1.5824 y~3 + 1.3786 y~3
and the minimization of ( L1._39 ) is carried over .

H

IL
_ _ _  ~~~~~~~~~~~
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In the next figures from 5.17 to 5.16 several results are shown

when one varies, the others being held fixed:

Fi~ 5.17 The effect of q varying between 0 and 1 is shown . It can be

seen that when q
12 

decreases increases that is when the capacit y of

the channel 1 — 2 decreas es more messages are sent from 1 to 2 via node

3.

Fig 5.18~ Now q~~ varies between 0 and 1. The effect when q21 
decreases * 

-

is to decrease the rate of messages that go from 1 — 3  -.2 , that is

P and to increase the rate of messages from 2 3 - 1 because the

capacity q21 of the direct link decreases. -
~~~~~

As earlier in section 5,3 the overall mean increases when the - —

capacity decreases. -;

Fig 5.l:~~ When q
,1 

decreases y
~3 

decreases too in order to compensate for

the increase of the drift in x (t).
31

Fig 5,20: When q32 decreases y]3 has to decrease to compensate this

effect.

3
Fig 5,21: The effect of q12 decreasing °~ y~~ is null until q1, = 0.1701.

From this point on = and overall mean value Fain increases

slightly . This effect is similar to that of Fig 5.5..

r Similar to Fig 5.6. There is no effect on y~, wt~en q13

decreases ,

Fig 5.23: Now the capacities qjj are held fixed and the input 
~~~

_—.•__.•-_ _ll_~~~ ~~~~~ .. ~~~~~~
—
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increases. For p~~ b.tween 0 and 1 the •tfect is th. s~~. as in P14 5.3?

**~ Varies beti~ .n 1 and 0 that is y~~ tnc roas.s up to its .aziavm

value 3, At this sabar stion point ~~~~ tn creas .. tut.r .

L~L1.r.~!±’ The input p2~ increa ses. The s .  .ff.a t as in Pig 5.38 for

b.t~~~n 0 aM 1. BsjoM p~~ v keeps on increasing up to ~c,r c ‘alue

and th.n deer, sass very fast. This effect is siMlar to th. one va~

in Fig 5.8. for th. former case

Fig 5,25 aM 5,26i *sn p~~ and p32 
incr.aas r..puctivel.y. Strilar to

Figs. 5.19 and 5,20 for and q
32 

d.cr.aitng . In both cases decreases

until it r.aches O and 43 .0 .

5,3 .— Dif fusion approxination for co,put.r load shaxing..

Th. general asdel described in Section Li ,] for ~, ss.g. routing in a

compater nebiork can be also applied to the load sharing problem ~~ong a

system of computers. References for this topic are given in [~J and

[211 .
I~J

The goal in a loaded sharing system is to increas. the processing

cspabilities of a single compu ter , so that if tran ission channels

interconnecting several computers are provided • the overall system

performanc. can be increased by tak ing advantage of the compu ter different

loads , For instance if one computer in the system becomes more loaded than

the others , it makes sense to process some of its incoming messages at

other distan t computers that aie less loaded . Th.refore some messages

arr iving at computer A will be sent to some other computers , processed

aL_ _  _ _ _ _ _ _ _ _ _
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there and sent back to th.tr or igination point.

The problem is siMlar to th. routing case ~~ considered only the

tysj jujon channels as the servers itt the dttf.r.nt qu~~.s • P.r th. load.’

sharing case wa have two different types of rvsrs . the ti’en i*sion

channels and the processors themselves, Therefore th.r. viii b. a distinction

b.tvsen the transmission queues (to both wysi forws,ds for the prop s

that have to be processed to th. distant co*put.r and bickwards for the

results that corne out from the cosput.rs)

The aod*l that was established in section ‘e.l can be applied here by

considering queues and nodes as.oøi*ted with them so that. they are COflfleCted

by “li~~s~ which can .ith.r represent transmission charnels or processors.

This is the pn.ral formulation for the Stati stical Load Shar ing Problem”

that Wunderlich suggests [26 , chapter 143 )

The load sharing is formulated as a multicouu’~odity flow problem in

which the optinal flow through the n.twork has to be found for tix.d

capacities and given inputs.

To es how the model of section 14.1 can be applied to a load sharing

compute r system consider th . following xamplez (Fig 5.27)

There is a system of two computers called 1 and 2 which are connected

by two tranemission channels of capacities L1 and 12• The job s entering

computer 1 for example are queued up forming the qusueing process x1( t).

They can be served either by the computer 1 (and upon servicing leave

the system) or can be transmitted by channel l
~ 

to th. other distant

- 
- center. There they wait at queue x (t)  until its turn comes and are

- ~~ 5
processed by compu ter 2. After being process ed they enter queue x

6
( t )  and

-~~~~ 

- — - -—
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wait thetr turn ror tran is.ton to their origination point via channel

1
~
. It can be stoilai’ly uid about the messages entering computer 2. As

we said earlier there are twe types of of’ qusu.s proo.sstng quemes and

e~~ unicat ton queues.

In order to appro ximate this case by a ditfvstcn process ..t us

consider the t ine divided in aiall intervals (t ,  t • At) and the

messages compo sed of small blocks of duration At. During this interval

we call

a.1 a Prob. that a messa ~e 0~ ~~~r.,th At enters at computer 1..

a Prob. that a message of length At enters at computer 2.

a Prob. that a message of length ~ t waiting at z1(t) Is processed
by computer 1.

a Prob. that a me s sage of length At vatting at x Ct ) is transmitted
through channel 1 to computer 2 aM enters queu~ x Ct) to be
processed.

a Prob, that a message of length At vsitin~ at x4(t) is processed
~y computer 2.

cj a Prob. that a message of leng th At waiting at x (t) i~ transmitted
through channel 1 to cceputer 1 and enters que~te x Ct ) to be
processed 2 2

b2 Pr ob. that a messag e of leng th At vatting at x2( t )  is processed
by- cor~puter 1 and enters queue x 3(t) to be retransmitted

a Prob , that a message of length At vatting at x (t) is tranm~itted
2 to computer 2 and leaves the system . 3

b~ = Prob. that a message of length ~~t waiting at x (t) is processed
by computer 2 aM enters queue x6

(t) to be retr~nwttted .

a’ a Prob. that a messa ge of length At waiting at x6(t ) is tran sm itted
2 to computerl and leaves the system

The computer service processed are represented by i
~ 

and r2, the

comp uter capacit ies and defined as the maximwi processing probabilities of

- ~~~~~~~— -~~~~~ - • - --~~~~~~~~~ a -~~~~ -— -— — -
~~~~~ 

- 
~~~~~

— 
—

~~~~~~~~~~~~

• 

~~~~~~~~~~~~~ 

— — —

~~~~~~~ 
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a message of length At during (t t . At ) at .osputars 3. aM 2 re.pectiwa3 ,

The channel capacities are 1~ aM 1.2 defined as the mazimem p.robebilit,y

that a messag. of length At is transmitted through the respective channel

during (t,t+At).

According to this the computer processi ng constraints are

b1 +b2 ~~~ r1
aM bj . b~~ Er 2 (5-~6)

and the channel capacities constraints

°.1 °2 ~~ l~, aid oj • c ~~~~~l~ (5..”?)

As it sin be sean ecspu$ar 1 prOcesaSs its oem Jobs with probability

and jobs from the oth er center with prrb.btlity b2. A.s soon as a job

gets through the computer it com es out and waits in case it has to go to

the other end . Similarly for computer 2.

The tran smission channels are either used to transmit Jobs to be

processed at the other ci*piter (probabilitie s a1 aid cj ) or Job. that

have be.n proce s sed to their or igin (probabilities 02 and c )

In order to use for this case the general expression s that were

developud in section ~& this model will be mide equivalent to that of Fig .

Z~.1 by edding two dusmy nodes aid considering general capacities for the

links between nodes without . specifying whether they are refered to the

• 

computer processing capacities. This is shown in Fig 5.28.

As it can be seen , computer 1 is unfolded in two nodes I aid 2.

Messages enter at node 1. The “channel ” 1 2 represents the computer

processing so that a 11. Once a mess age is served is goe s out if it

was local or waits at node 2 to be transmitted to its origin The capacity

of the “channel” 2 —~~~ 1 a = 1 because the only queueing process for
21

I I ~~~~~~~~~~~~ ——a---— ~~~~~~~~~ — - — -—— -——---— - - .—-————-- • - ---~~~~~ -- -• - — - - —- -- — - —- — — ——-— —- -
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r.tran tisston is due to the t ransmission channel w~oee capacity is

a Therefore the models of ‘ig 5.2? aid Pig 5.2B are equival.nt

provided that,

zu(t) a z1
(t) z,,1(t) .

x~~(t )  a z2(t) z~~(t) a x
5
(t)

x~~(t) a z3(t) x~~(t) . z6(t)

1

c~ 1 a r 2<l

a,~~usj

u~~~a b 2
u~3 a c 1

2 ~‘ 3 2 2 1u~~~a u 13 a u 13 . o 2 U a U
)1

a~~~;31~~~~ O I

The capac ity constraints ar e :

~ ‘ 
C
34 

(5-44 )

‘ 
Cl) ; a31 (5 1*9)

and u~~ ~ 0 for all U~ j  (5—5 0 )

The capacities and traffics are asswied of the ror~ t

a + qjj / At

~: j ajj a + Pjj V~At V ij ) (5-si)

ujj U~j  4 Y~~ ~~At

—•—— - — -
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~e can obtain the expression of th. vector drif t component. ~~
From (11.32) (asewi. the constants a 1 as in the fo rmer sect ion s )

10 2 2a p
12 

- y~~ - ~l3
1* 4

a y,1 - y
12

ft~4 a Y ~~~. . Y~, (5-52 )

,8)2 = y
~

) — Y
~

24

E~xpression of the covar iance —ttr tx  elements

From (11 35)

~ (l2)(l2) ~~~ 
a 

12(1.*1]2) + 32 (l..U 12) + U13(1.U13,

4 4 11

~22 ~i31(1—U 31) + u12( :— c 12 )
4 44

~ (24 )(24) ~33 u12( 1—U1~ ) • ~13( l—U 13)

4~
a A34(l— M~

) + u~4( l—U~~ ) • 41(l_U~1)

~ (32 )(32 ) 
~ 55 * u~3(1—u~3) + U~4(l—U~~ )

a U34(1~Uy1 ) + U31( 1.. U31)

From (4— 36)z 
~(l2)(lZ ) ~ ~12 r ..U

12 U12

From (1i.38) and (4—36 ) ( Remember 43)

- -- A
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— 2 4  2 4
12)(24 ) = 

~ L3 = U
12 

U12 — U13 U13

From (4-38)

~ ( 12)(34) E = 0

From (4-37) 
- 

-

~ (l2)(32 ) ~ l5 = —U~3
(1 - U~3 )

~~(12)(42 ) ~~16 
= 0

~
‘(l4)(2 11.) = U~2(). — U~2 )

0(
(14)(3L& ) 

* U~1(1 - U~1)

From (4-38)s
H

~(l11)(32) 
= 0 - 

-

2 11
~~(14)(42 ) ~ 26 = U31 U31

From (4—37)

~ (24)(34) 
a 0

From (4..38)

.4 2

~~(244 )(32 ) 
~_35 

= 
‘3 ~13

~ (2Zi)(442 ) ~ 36 =

From (4—36)

-~~~~~~~~ 

O(
(34)(32)  = —U~~ U~~
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From (4-38) and (Z*~.36) (Remembe: U~~ a u~1) 

2
= 46 U34 U~~1 — U,1 1533.

From (4-3 7)

~~(32)(112) 
tX56 — —U~4(l —

~~11 ~ 12 ~ 13 
0

~ 12 ~ 22 ~ 23 ~~2~’ ~ 26

~ 23 
0 0

0 0(214 0 
~~~ ~

‘445

• 
(5.53)

~~15 
0 0(35 ~~

‘
445 ~ 55 ~

‘56

0

The flow equations are (f r o m  (L~_3I )

- 

- 

A
12 

— U~2 — = 0

= 0

14 14U - U  012 13 I (5~34)

= 0

• : :3 31 

~~~~~~~ -- - -— -- - -—- ‘. — -- - -— -- --- -
~~~~~

-——-— --
~~~~~~
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.

Subject tos

~i2 ~~ c12 $ U,~~• ~31ê ~~ C
,~

~~, + ~~ C
13 

4 U~1 ~~ C31

for all

As we did in th. preceding examples , we asswise values for C1,. A 11 aid

that satisfy ( 5-54 ) and (5-55). For given inputs p1~ and capacities

we want to find the set of that aininise the overall ~ea’

constrained bys

~~~~~~~~ ~~~q34 (~~~~
) •

~~~~~~~~ ~~~q1, * y31 .y 33. ~~~q33.

for afl yk ~~o ~
summing up both sides of (5-52):

all 
= P12 • - (y~2 

+ 734 • y~3 + y~ ) 
• -

pairs (ij )

From (3—7) = 
~~

- A 1
— 

6 6

~ 1ç ~~~ ~
‘
12 

+ ~~~ ~i2~ c4 ~ 
(
~ 

~~ 
~~3 ) 124 +

+ ( . ~ 
~~~ ~~~~ ~34 +(! 

~ ~~5
) ç2 .(~ ~~ 

c~~~
t142 — :~

2 2 4 2 (5-58 )-: 
~l2 

+ p34 - (y12 • 734 + y13 + y31
)

S
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From the expressions ( 5-53 ) it can be seen that not all the

coefficients of the in (5.58) hay, to be positive. Therefore we

• cannot assum e that the optimum values for 
~i2’ 

7,~. 7~, ~~
the maxim um ones that is q~~ , q34, q13, q31 respect ively .

The minimization of (4-39) has to be carried over ail the

components of the vector z $

2 4 2 1* 14 2 4 2 ?z (ia. 734. ~i~~’ ~31 ~
‘12’ 734. 7-3. ~3l~

Let Us assw’te an example. Suppose

A12 0’8 ~L2 a O
~~S Cl, a 0 , 50

Ay4 — 0.50 C34, a 0.75 C31 a 0 ,50

that is, the computer capacities are greater than the tr ansm ission

channel capacities and. computer 1 is more loaded than co’nputer 2.

The set of values

U~2 = 0.50 ; U~~ = = (J~1 
= 0.30

U34, a 0.4.0 U,1 ~l2 
= * 0.20

satisfy (5-514) constrained by (5—55 ) . Thus the matrix A is determined

0,62 ~0,05 0,02 0 —0 .21 0

—0.05 0.18 —0,09 -0.09 0 0,03

002 .0.09 0.18 0 0.03 0
A * (5.59)

0 —0,09 0 0.58 ..0.12 00 9
- 

- 
—0.21 0 0.03 —0 ,12 0.42 —0.21

0 0 ,03 0 0.09 —0.21 0.li2
~
_i_ ‘I

— — —•—--—-.- -.——— I_____ ~ _
~~ ~ — — — — —— _d_’_•___ _~*_ —— ~

__
•

__
~ — — .— a— — —— .--
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Several case s are shown in the next f igures,

Consider Fig. 5.29: The inputs p12 a p
34 

— 0 and the capacitie s q
12 

a a

a a 1 whereas q
15 

varies,
-‘ k

For q1, a].  vs obtain the optimum Yjj

2 2 2 1~ 2
‘12~~~~Ye ’31 1 713 731 712 *734 a0

and 7~3 
0,8141. As q

13 
decreases nothing happens until q13 a 0.8141. From

this point On y
~~ 

a and because of this decreasing in the capacity the

overaU mean ‘~~~
(z) starts to increase considerably. :1

Fig 5.30, q31 varies and the other parameters are held fixed. Nov we

obtain
2 2

712 734
_ i  y31 q31

2 14 li 2 4

~13 73] ~12 y34 = 0 aId decreases with q31 decreas ing .

This can be explained from the fact that if the capacity of the link

between computer 2 and 1 decreases , less nessa ges hav e to be sent from • 
-
~

computer 2 to computer 1 and therefore less messages have to come back .

The conseq uence of q
31 

decreasing is an increase of the overall mean

Fig. 5.3 1$ All = 1, a 0 and p
3~1 

increases that is computer 2 starts

being more loaded, It is obtained y
~2 = y

~~ 
a y

~1 = 1; a 7~ 
a 2 =

= = 0 and 7]3 increases from 0.81141 up to 1: messages coming back

to computer 2 have to do it faster.

¶5 - 

I’

!‘~~~ 
5,32: All qj j a 0, p

34 = 0 and p12 increases. The effect is the

p~ ____ ~~~~~ _~_~~_ - - — ~~ ------——- -~~~~~~~~--- ---- -—--- --— - ---- - — - - —— — -  —~ —---- —~~~~ - — - S_•~~~~~~
_ __ 

— —
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opposit. to that of the previou s figure that is y~3 
decreases , The

overall mean increas es more than in the former case ,

Let us assun~e now that the capacities of the tranamission channels

are greater than those of the computers. For examples

AU]2 a 0 ,60 C~~~
_ 0.50 ; C13

0.75

• A34 
a 0.5(1 ~ C34 0,50 ~ C

31 
a 0.75

The set of values:

U12 = 0,Z$0 U13 a U,4 — U~~ = 0.20

14 14 1$ 14
U
34 = 0.20 s U

31 
U12 a (1) 3 = 0.10

satisfy (5—54) and (5-55). The matrix A is

0.614 —0,014 0 0 2  0 ...0.16 0

—0 .014 0,18 ~0.09 —0.09 -0. o.o~

0.02 ..0,09 0,18 0 0.02 0
A (5-60)

0 -0.09 0 0.Ls6 —0,04 0.02

—0,16 0 002 —0,014 0.32 —0,16

0 0.02 0 0,02 ~0.16 0,32

The sane cases are plotted in the next f igures.

~~ ~~~~
-

Fig. 5.23: For p12 = p ,4 a 0 , q12 = q34 — q31 a 1 and q1, varying it is

obtained:
2 14 2 2 14 2

~‘l2~~~~314~~~~31 ; y13 a y ,1 a 7 12 = 7 ,4 a O

4~:- -~r 4

-.
~~ ~~~~~~~~~-- - --- --

-— 4 .  - -
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t -U

jnd y~~ a q13. The overall mean increases for decreasing.

~~~~ 5.34 s For p12 a p~~~~ O i q12
a q~~~.q13 a 1and q,1 varying.

w, obtain

2 4 2 14 11 2
713 a 7 31* 712 * Y 34 t . O

14 14
and y

~, 
a 1 for a 1. AS decrease s 7] , remains th. same

up to some value of q31 ~ 0.8 at which y13 decreases.

Compare Figs. 5.29 and 5.33 and Figs. 5,30 and 5.314, Similar

-‘- - 
behavior is observed. In th ese cases the overall mean is less than in the

former ones because both computers are less loaded,

~~ g. 5.35: q12 = q314 q1, = q31 = 1 ; p12 a 0 and p34 increases.

It is obtained :

2 14 14 2 2 14 14 2
y12 = y 34 = y 13 = y 31 = l  and y

13
a y 31 y12 = 734

Fig. ~~~~ = q34 = q13 = q31 = 1 ; p34 = 0 and p12 increases. It

• is obtained:

2 14 2 4 2 Ii.
~~~~~~~~~~~~~~~~~~~ 712 713 5 7 31 0

and at some value of p
12

— 0.2 y~4 starts decreasin g from 1 and y~4
starts increasing from 0 such that 4~+ Y~~ = = 1. That is computer

2 processes more jobs from computer 1 until a = q34/2 a 0.5

- - This load shar ing in this case can be explained from the fact that nov

the tran smission channels ar e faster than the computers . In Fig. 5.32

there was not such effect because the computer were faster, One can also 

-
~~~~~~~~~~ —- —-
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observe that due to that fact the increase on the overall mean is

considerabl y less than in Fig. 5.32
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6. — COMPARISON CW THE DIYFUSICN MODEL WITH THE M/M/ 1

The model M/M/l has been extensively used to study networks of

queues because of its mathematical tractability [uJ . its attractivness

stems frost the fact that the intararrival and service t imes are

exponentia l. This and the a8sumption of infinite buffer capacity lead to

simple expressions for the distribution in steady—state. For X/14/1/N

queues that is for finite buffer capacity N , the mathematical analysis

becomes much more complicated [7. 121 . Therefore in order to compare

the const inuous—state diffusion model developed in the preceeding

sections for computer—co mmunication network s with a discre te— state model ,

N/ Mu queues will be assumed.

The comparison between both models will be made first for a single

queue and then for the network analyted in Section 5,1 with two queues. 
U

6.1.— Single queue

- 

- 

Consider a singl e N/Mu queue with inpu t rate A and service rate

The steady—state distribution is : [7] -~ 

-

= (1 - 

*~ ~ 
; n = 0 ,1,2 ,... (6—1)

and the mean value

(6—2 )

Consider now the diffusion queue x(t ) with capacity N messages ,

_ _  -—--4. --—- - 
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and where and ~ are respecti ve ly the mean and variance per unit tine

of the process x(t).

As we saw in Section ~i .l th . number of messages in the queu e is

n( t ) = N x(t) so that its mean and variance per unit time respectively

E N E (x( t’~] N ft (6—3a)

Var ( n(t)J = N2 Var C x ( t )j  
= N2 oc~ (6—3b)

For the N/N/i queue the mean and variance per unit tine are

E [
~
n (t

~~ ),, ~ (6—4-a )

- 

- - 
Var t n(t)] = + (6-iib)

Therefore the diffusion queue has the same mean and variance U

per unit time as an M/M/l queue whose arrival and service rate are

respectively

)~ ! ( N c ~~+p )  (6—5a ) ‘1

j .t= -
~~~ 

(N a. -p )  ~~—5b )

Provided J3 <0 and 113 1 < N  o(

Assuming the input and service rates given by (6—5)  let us

calculate the expression of the mean value .

Substituting (6—5) into (6—2) we obtain 2

N c +~~ = C’ — — (6— 6)
2~ 2

f t < O  and L~I< N 0

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Let us cail the mean valu, corresponding to the diffusion

queue. Clearly 
~d 

* N where

j
~~~

( e _ i_ ) (6— ?)
e~
’
— i  I

and is represented in Fig . ‘4.4- and where Is  2ft /o( (R~~e.b.r S.c.3)
Therefore

fld N C( 
~~
. ~~~29/.c ) (6—8 )

2ft (2~I/.~ )e — l  U

For (2ft / o )  < —3 the expression (6—8 ) can be approximated by

~ -N (6—9 )

Looking at (6—6 ) and (6—9) we can see that for (2,g /oL ) < .3
both expressions are very close except for the term —(1/2 ) in (6.6),

but this difference becomes paltry as N increases. -U-

For —3 <(2,6 / o(. ) < 0 the exponential tern in (6—8 ) becomes

significant and cancels the pole of o(./2~ at 5= 0 whereas the

expression (6-6) becomes unbounded for ,6 = 0. This is due to the fact

that the N/N/l queue has infinite capacity. For 48 >0 it does not mak e

sense to compare 
~e and 

~d because for ft > 0 there is no steady—state 4
for the N/ M u queue since this would imply A > p . (See expressions

(6—5 )) .

In Fig 6.1 and 
~d are compared in terms of 

p 
for a fixed

value of ~~~= 0 ,5 and for different values of N.

The solid curves , corresponding to ~ do not become unbounded
d
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for ft 0 but their value at this point is the corre sponding to N/2.

I” At some value of 
~~~~ ~d 

and intersect , The value

decreases as N increases. For ft<fto ~d and differ approximately

in 1/2 as we saw until Iftl * NCL in which case ~~, 
s 0 since this impl ies

A. 0. For N • 10 this happens tar ft. 5.

Therefore we can conclude that both models are -very close when

the N/N/i queue is far from saturation ( A  =

6.2.— System of two queues

In Fig. 6,2 it is reproduced the model of Fig. 5.2 where the

queues n
1
(t) and n2(t) are of N/N/i type with the indicated arrival

and service rates,

The arrival and service processes are assumed independent. The 
-U.

expressions for the mean s and covariances per unit times are

E [n1t 1
- - 

t ~l ~ 
)~21 — )~i )“~12 (610a)

E [nz(t)1
- 

~‘2 + ~$l2 — 

~$2 — (6—lob)

Var

• - 

= “1 + )~2l .).L1 + $2 
(6—lOc)

- - Var [n 2(t )] 
—

- 

t “2 ~ J~12 
+ $2 + $21 

(6—lad)

Coy [n1(t) n (t)]2 
= — 

)~t2i 
(6—lOe)

- U- - —
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Fig. 6,2: Network of three nodes and two queues

For the diffusion model of Section 5.1, if the maximum queue lengths

is N
1’ 

N2, respectively we have .

E {n (t) ] E [x1 t ]
N1 $1 (6—h a)

E [~ (t) 1 E [x 2(t )}
2 = N2 = N2 ft2 (6-jib)

~: Var [n2(t)] N 2 Var [x 1(t)] 
= N 2 (6-lie)

Var [n2( t)I 
= N 2

2 Var [X 2( t )]  
N2

2 
~~22 

( 6—lid )

L t t

~~ ~~~~~~~~

S
- 

__
~~~~ U-~~~~~ _-U~U~~~~ -~~~~
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Coy [n (t)n (-t)] Co-v [x1(t)x2(t)]1 2 
N1N2 

- 

-
~~ 

N1 N2 ~ 12 (6—hlc)

equating expressions (6— 10) and (6—li ) we obtain

N1
= —i— (N~ C(~~ • $~ ) — $21 (6— 12a)

N2
= — (N 2 ~~22 ~ • N1N2 ~ 12 + (6—nb)

,.
~ 

= (N 1~~~~ — Al ) + N1N2 ~~12 + $21 (6—12c)

U 

/UL2
= 

2 (N 2~~22 - i~ 2~ 
- $21 (6—12d )

$12 - N1N2. ~ l2 - $21 (6—12e )

where $21 can be chosen freely provided the others are not negative. U

The equivalent arrival and service rates of queue s n
1(t) and n

2
( t )

are respectively

)‘
~ 

= 
~1 + 

$21 $1 
= 

Pi 
+ 
$12 

(6—13 a)

= A
2 $12 $2 

= $2 + 
$21 

(6-13b )

and therefore the corresponding mean values are:

— = = A1 4 $21. N1 ~1l~ ~ i =

- 
- - 

1. 
- 

~~ ~~ + A . - $21
(6—14-a)

— — N —— 1 2~~ 2
‘~1
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4

_ _ _ _ _ _ _  = 
A2 + $12 = 

N2~~(22 +~~~2
2. 

~4 — ~ $2 + J L 21 — )~2 — ,u12 —2f i2

= .— N ~~22 .2 (6— 14b )
2 —2

~~ 2 
2

provided that

< ° < N1 o(~ (6-15a )

ft2 < ° 1ft2 1 < N 2 ~ 22 (6— 1~o)

For the diffusion queues the corresponding mean values are

_ _ _ _ _ _  

~~ ~~~~~~~ 

) 

(6-16-a)

-: ‘~2d 
= N

2 
x2 = N2 

- ) (6-l6b ) f
e~~~- 1

where and 
~2 are the components of the vector = 2Lc

’
,~~~~

that is:

r1 = 2 ~~22 81 
- 

~ 12 $2 (6-17a)

~~~~ ~ 22 ~ 122

‘2 
~~~ ft2 ~ l2 ~ 1 (6-i7b)

~~11 ~~22 — 

~ 12

When and are less than — 3 , the expressions ( 6— 16 ) can

be approximated by

—U----- -U-- - ------~~~~ .-- -- — --4-v—-- ~~~~
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2
_ _ _

~~~~~~~~~~~~~~ 
—N1 

_~~~~ = —N1 

— 

~ 22 (6-18a)
t 

2 ( f t1
_ 

~~~~,2)

2
~~l2

~ 22 0(11
~~ —N2 ~ = —N 2 (6—18b)

2 2(,8 — oc~~

Compare expressions (6—15 ) and (6—l8). The difference now is not only

the term 1/2 in (6—15) but the terms affected by the element cC12 of

the covariance which did not show up in (6—15).

Let us take for instance the values of the first example of

Section 5.1, that is = 0,56 , 
~ 22 = 0 .61.1., = —0 ,16 and

assuine N1= N 2 = 10 .

Take = — q23 = —1 and = p13 — q13 variable. The value

of z~ that mir.imizes the overall mean value is represented in Fig . 6.3

as a function of The corresponding values of and are

given by expression (5—22 ) that is

= 6
:1. 

— (6—19a )

A2 — d’2 + z * = _ 1 + z * (6— ]9b)

and the correspondin g an can be obtain ed from expressions (6—17 )

We want to compare the expressions of the rean s corresponding to

I - U,-
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the diffusion model and to the 14/N/l model when var ies. This

is depicted in Fig. 6.4-. The values of if and 71 are very closedl e].
whereas “d2 “~~ 

‘
~e2 ‘~‘ not. This is du. to the fact that the

po1e of~~~1 corr.sponding to $1=O o c cu r s at 61— l w h e r e a s

the po1e of~~ occurs for 6 O.O5 so that x* .l an d  ft .0 ..2 1 2
In the same figure sum of the mean values ‘ • • ande 31 e2

= • • Similar conclusions to those of Section 6.1 cand dl d2
be drawn : the diffusion model cancels the po1e corre sponding to

zero drift due to the inclusion of an upper barrier that prevents
the queue length from increasing without limit . As the drifts
become more negative s the mean value s correspond ing to both
models are nearly the same.

•

I
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7. — CONCLUSIONS AND SUGGESTIONS FOR FURTHER ~I’~~)RX

The diffusion approximaticn can be useful for modeling a computer

coimnu nication syrtsm becaus . it allows to consider th. queueing processes

like if they were of continuous nature rather than discrete. Therefore

the increase in the number of states for complex systems can be avoided

-
~ s implify ing then the mathematical treatment.

In Section 2 the requirements a process has to satisfy in order to

be approximated by a diffusion process was established , This was obtined

as the limit of a random walk processes when the size of the steps became

very mnall as well as the time intervals. The probabilities of jumping

up and downwards were nearl y the same • the difference being a quantity

dependent on the square root of the time interval and tending then to

zero as that becomes very small.The size step e and the tine intervals

U- ~ t were related by an expression : ~~t = K ~ 2 so that the variance of

the process makes sense .

This approximation led to the diffusion equation (2—5) which rolates

the distribution of the continuous—state continuous—time process by

-
- 

- 
j mean of its derivatives with respect to the state and time . Our interest

was addressed to find the steady—state distribution which gives an idea

of what is to be expected in the long run and after the transient

• period has died off. The procedure was to solve the ~iiffusion equation

when the derivative with respect to tine was zero and with the appropl ate

- - 
boundary conditions.

The same can be applied for a multidimensional diffusion process
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representing ail the single diffusion processes that take place in a

network of queues.

— It is to be remarked that the boundaries ( called wbarriersN in

diffusion literature) come from the physical fact that the queueing

processes represent the messages waiting to be served and therefore a

lower barri’~r must exist s ’~ce the number ~‘ messages cannot be less

than zero. An upper berrier was provided too for each process because

finite length buffers were assumed .

In order to optimize the system operation a performance criterion

had to be taken. This was to consider the sum of all the expected

queue lengths whose expressions are quite straightforward once the

length distr ibution is calculated via diffusion equation.

U In Section ~ a general model for routing messages in a compu ter

communication network was established. Then a procedure to calculate

the system parameters is provided. The system parameters are all the

coefficients of the diffusion equation, namely the mean per unit time

of each queue and the elements of the covariance matrix per unit time. —

Once the system parameters are known, the expression of the

overall mean can be found and the problem consists of minimizing that

expression by properly chosing the system parameters and subject to

the specific constraints of the problem.

• In Section 5 several examples are shown for ilustration for 
—

systems of 2 , 11 and 6 queues. The last one though , is a modification

-- 
U .  of the gene~-al model that was established in Section ~1. The difference

is that the compu ter network is considered as a computer load sharing

- - - -— --U--U—-— -U-.- -----U. -- U— .-~~~ -_ —_--- --~ ~~~~~~~~~~~ -t_ _____  - -U-U--US- - - . S.. .-. — ~~~~~~~~
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system rath er than a general routing network , Nevertheless the diffusion

model can be applied to this case too by considering as generalized

“channels” not only the trans mission links but the computer processor

themselves.

PtnaUy, a comparison is made between the established diffusion

model and the exponential M/ M/ l  for a single queue and for a •ystem of

two queues. The main difference between the two models arises from the

fact that the M/N/l has no limit for the queue length and therefore a

pole appears for equal arrival and service rates (null drift). The

more negative the drift becomes the more both models resemble and i ~
this resemblance is more evident for larger queue capacity N.

Su~gestioiis for further work

- : It was said in Section ~.5 that although the minimization problem

- 

- 

was dependent on the elements of 
~~ 
(vector drif t per unit time) and A

(covar iarice matr ix per unit time) we considered that one as fixed and

carried the minimization over the elements of 
,~~~~. This was because the

computations involved became easier. It would be desiderable to accomplish U

the minimization problem by including in it the elements of A .  The

difficulty arises from the fact that even though the constraints of the I

problem are linear, the - function to be minimized is not linear but

exponential .

It could also be interesting to find other algorithm s for the

minimization problem that take advantage of the system structure in
‘U

order to investigate and eventually provide faster convergence .
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