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e * LIST OF SYMROLS
‘ : a, b, ¢ parameters in the equation of the .imit
i - %, yield surface Eq. (13)
2“ ‘sz h = shell thickness (solid shell, Fig 2)
A % d
b § - ¢ = dimensions of a sandwich shell Fig. 2)
B i, i = dindices, i =1, 2; j =1, 2
: i
: eij = strains components of the middle surface
%f / kij = curvature components of the middle surface
"2 e
E 0 = see Fig. 2
n:; . ko
4 . e = column matrix of shell strains (Eq. (22))
g? e = plastic part of e
E s = c¢olumn matrix of stress resvitants, (Eq. (21))
“~ ~
¢ 5 v t = time
A = expression defined by Eq. (31)
" D = elasto-plastic tangent stiffness matrix
E = e'astic moduli matrix
F
FO = subsequent, iunitial, and limit yield functions
i
F |
?ﬁ ¥ = absolute values of the gradiernts of the yield
. M function F (see Eqs. (18) and (19))
. ! IN
ER IM = resultant stress invariants (see Eqs. (6), (7), (8))
Ry N
INM
3 Nij’Nll’NZZ'NL2 = membrane forces in shell
3 1
~ua Mij’Mll’M22’M12 = moments in shell
- Mi? = strain hardening parameters
.;" $ ! 2
E | N My = 04 h /6
- SR 1, 9 = for solid shells
; ' ‘ M, =9 h“/4
E“'Q ; | j . MO = ML = ootd = for ideal sandwich shells
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?éj LIST OF SYMBOLS (Continued)
1
i = a parameter in the yield condition
§ = a parameter in the hardening rule
A = a parameter in the flow rule
v = Poisson ratio
Oij = stress cwvmponents
00 = wyield stress in uniaxial tension
eij = strain components
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I INTRODUCTION §,
5

This report discusses the elasto-plastic behavior of

thin plates and shells whose material is an elasto-plastic

solid, linear in the elastic range, obeying Mises' yield

Fars

~
[

Tt e 27

condition, and deforming plastically according to the

Prandtl-Reuss flow rule. The mechanical properties of this

Er o s

solid are characterized by two elastic constants and the

RN

[

e

yield stress in uniaxial tension, 00.

T
n

The plate or shell is assumed to be a solid layer, with

thickness h; occasionally, reference will be made to an ideal

PR

) sandwich shell (Fig. 1) such that d >> t. The basis assumption

of the plate and shell theory used in this paper are summarized

i vy e v mim e e oo
o«

in the expressions for the strain components, at any point of

i
f
the shell in terms of the strain and curvature components of % "
& T~
the middle surface v "
i*
#
4 .
. . =e,, + k,. .z i -
€;4(2) ij ij (1) )
and in the expressions for the membrane fources and the bending :
moments (stress resultants)
o
h/2 h/2 t
N,, = g,, dz L, = .. 2 dz ;
ij ij ¢ MlJ %13 (2) >
-h/2 -h/2 5
o
It becomes «¢vident from the above equations that, within the i
%
accepted approximation, there is no distinction between a : *é
" 4 %
- xz
plate and a shell, as far as the stress-strain relations are 4 - B
: ;o
- "
X ;
5

~
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concerned, and the term "shell" will be used to describe

the strurture under consideration.

The strain - normal force and the curvature - moment
relations under the conditions of uniaxial stress (i.e. beam
behavior) are illustrated in Fig. 2. The specific objective
of this work is the develcopment of the relations between the
stress resultants, Nij and Mij’ and the strain components,

eij and kij’ for a general type of loading.

The yield conditions for the simplified behavior in
bending have been proposed in several previous investigations;
a critical evaluation and comparison of the existing yield
surfaces can be found in a paper by M. Robinson Ref, [1]). In
order to take into accornt the actual moment - curvature
relation, M.A. Crisfield (Ref. {2]), applias the ideas of
isotropic strain hardening of the .iecry of plasticity to the
elasto-plastic behavior of shells. 'the apprcach reported in
this paper is a continuation and exvension of the above

earlier works.

The fact that the stress resultants Ni and Mij of the

3

classical shell theory are not sufficient to describe the

state of stress has been recognized by G. Wempner. 1In Ref. [3],

he introduced certain higher - order moments which, together

with the classical stress resultants, form the dynamic variables

of the problem. In Wempner's most recert work, described in
a private communication to this author, the stress distribution

through the thickness of the shell is expanded in teims of

R
PV
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o

Legendre polynomials, with the coefficients of this expansion

being the additiomnal dynamical variables.

It is, of course, possible (and it has been dcne in
many investigations of elasto-plastic shells) to avoid
completely the problem of the shell constitutive equations.
In the "through-the-thickness~integration'" approach, for
given increments of eij and kij’ the increments of strains
eij(z) are determined with Egqs. (1); then, from appropriate
constitutive equations of the material, the increments of
stresses Gij(z) are computed; finally, the increments of shell
forces and moment, are determined by numerical evaluation of
the integrals in Eqs. (2). Although workable and accurate,

the procedure requires sometimes prohibitively large storage

capacity of the computer.
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5# II INITIAL AND LIMIT YIELD SURFACES

The initial yield condition, or the initial yield surface !
in the stress space, can be easily derived £rom our basic
assumptions., The stress components at the top and bottom

surfaces of a solid shell are

where the plus sign applies to the top and the
| minus sign to the bottom of the shell. Substitution of

expression (3) dinto Mises' yield condition

-~
- 1 2 2, _ R
- S 2091 T %9y 7 911 Tpp T3 0),) = (4) :

0 .

results in . :

) = E 4 = .,

. Fog = Iyt Tyt21, =1 (5)
A %

5

where 3

B 1oz e n o +3N2) (6) =
. N L2 22 11 V22 12

0
ke ‘ ! 2 2 2

. IM = '—"—M Z(Mll + MZZ Mll 1122 + 3 MJ_Z) (7)

B 0

I, % —:— (N, M.+ NM., - SN M. =N _M.+3N.M.) (8)

NM NUMO 11 "'11 22722 2 11722 2 227711 12712
N, = O,h , My = 9gh /6 (9)
When the expression (5) is used, the top or the bottom of
the shell should be considered in order to have the larger, -

i.e., positive, value for * 2 INM . This is assured

10




by writing the initial yield condition of a solid shell as .

Fo Iy + I + 2 IxNM} = 1 (1.0)

In t%¥- case of an ideal sandwich shell the stresses are

computed from

l N, M,
' o = A 4 0 4
1j 2t ~— dt

and an identical argument leads to the condition (10) except

]
£ that NO and LO are now

N, =0, 2t , M. =0, td (11) ;

The physical meaning of the auantities NO and MO is
as in Fig. 2. The corresponding strains are e0 and kO,

respectively. For a solid shell

4] 0.2 >
=90 . _0° )
! % "% = ko= I (12)

No direct derivetion, of the type used above, is possible

for the limit surface. TInstead, approaches which ave essentially

surface-fitting procedures have proven to be useful. Suppose

that the limit suxrface is represented by a linear equation in X

IN’ IM’ and INM : :

F..z=alI, + b IM + ¢ INM =1 (13) ! ;

In principle, the parameters a, b, and ¢ should be

determined in such a way as tv minimize th# difference between

the surface (13) and the yield suriace determined by some more

. precise calculations, For practical purpcses, however, the

11




g oty s dpros

following argument results in sufficiently accurate values
of a, b, and ¢. By considering the case of membrane forces -

only, we find that with a = 1 Eq. (13) becomes the exact

limit condition. Similarly with b = M 2/ML2 ,

)

produce the exact results for the cases of bending moments

Eq. (13) will

only. It is now necessary to consider one more loading case,
with known exact solution, in order to find the value of c.
Such a case may be taken as correspoading to the maximum

value of INM' Upon reflection, it becomes evident that it

u

is Nll N22 s Mll = M22’ le = 0, and M12 = 0.

The stress distribution in a section is then as shown
in Fig. 3, and the maximum of I, corresponds to n = h/2v3.

A simple computation vesults in °
_ 1 - 2 2 -
Iy =5 » Iy = &M 7/0M %, T =2 Y3 My /9M,

Equation (13) will be satisfied with the above values if

c = MO/ML V3 .

This form of FL is identical with Iliushin's, (Ref. [4])

yield condition obtained from different cousiderations.

0

coincide, since there is no distinction between initial

For an ideal sandwich shell, the functions F_, and FL

yield and limit state.

12
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IIT PROPOSED YTIELD CONDITION AND HARDENING RULE “

The following yield condition is proposed to describe i
the "subsequent" yield surfaces as the loading path moves

from the initial yield surface towards the limit surface

; FEIN+I§+0L|INMl=l (14)
where ‘ é
Iy = ;lf[(Mll Mli)z (M, Mz§>2 |
0 (15) :
- (Myy - Mli)(mzz - Myy) * 30y, - M1§>2] v

%
The quantities Mij’ which will be referred to as "hardening

parameters”, are defined by the following

If F =1 and —& 5., + 25 5 5 o .
ON, . "1 M, ., ij ~
1] ij :
% MO FSZ " e :
dMij = B(1 - FL) T3 dkij (16) B
0O F ~
M
9T OF ’
£ < < H ,
I£ F 0 or N Nij + T Mij <0 ‘ ‘
1] 1] 1

d M, =0 (17)

ij .
The symbcls F_ and F, are defined as
2 2 . X
oF 9F F | ¢4 :
Foo= [(N, 557—) + (N, 55—) + (N, 55—) :
s 0 3“11 0 3N22 0 3N12

(18)
1/2 X
OF |2 9F .2 aF 2 %
+ M, w5—) o+ M ) (M, w) . .
0 Bmll 0 GMZZ 0 3“12 f

14
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5
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e e e el LA, e s o
1/2
9F . 2 oF 2 3F | 2
F,o=[M, =) + M, =) + (M, =) 1
M 0 aMll 0 aMZZ 0 3“12

FS is evidently the absolute value of the vector grad F, in
a dimensionless formulation; FM is the part of grad F which

corresponds to the bending moments only.

The function F, which appears in Eq. (l6) is defined by

L
Eq. (13). With the values for a, b, and ¢ as determined in
the preceding section and with ML/M0 = 3/2 (for solid shells),

it reads

4 2
FosIo+g I, +——|[I

!
T

The above formulation contains two parameters, o and B.
The parameter ¢ should be variable. When the loading path is
still in the initial elastic range, its value should be

& = 2 to assure correct predictions of the instant of first

¢

yielding, As the loading path approaches the limit surface,

the value of o should approach the value of ¢ in Eq. {(13).

It appears however, that sufficiently close approximations

to the exact results can be obtained with a constant value

of o, Here, o = 2 has been used, i.e. the limit surface
3/3

is reproduced correctly while an error is accepted in the

initial yield surface.

The parameter £ controls the moment - curvature relation
in the plastic range. Again, a constant value of B = 2, has

been found reasonably satisfactory for solid shells,

15

(19)

(20)
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The hardening law represented by Eq. (16) is neither
isotropic nor kinematic. Its choice is motivated solely by
the fact that it reproduces fairly closely the actual
behavior of a solid shell in the plastic range. It reproduces
also the lowered yield point ("Bauschinger effect") which
manifests itself if the bending moment is reversed, the shell

unloaded and then loaded in opposite direction.
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iv FLOW RULE AND TANGENT STIFFNESS

To complete the formulation of the behavior of elasto-

plastic shells, it is necessary to state the elastic law

and the flow rule. For this purpose, the stress resultants
and the strain components of the shell will be represented

by 6 x 1 column matrices

$ = DN Nygo Nyps Myge Mpp My ) (21)
—_ 5
e = 1 eyps eyps 28195 Kygs Kyps 2y, )} (22)
The following elastic law 1s assumed
s =L (e-e") (23)
where the elastic matrix E is the usual shell stiffness
matrix relating the membrane forces Nij and the membrane
strains e,,, and the moments M,, and the curvatures k,,
1) L] 1)
(its size: 6 x 0).
The associated flow rule is assumed for the plastic
strain rates:
oF
- ot
< A 9s
if . (24)
= o > .
F=1 and (35) s >0
e =0
if ) o8, T . (25)
¥ 1 or (5§) s < 0.
The symbol 3F/9s stands for the column matrix
OF = { JF oF 9F oF oF oOF } (26)

8§ oN ’ 3N Ble oM

b 3
3M22 3M12

11 22 11

ety o e 4TS
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and superscript T indicates the transpose.

The parameter A in Eq. (24) can be eliminated with the

aid of the condition F = 1, or
= 25T 50 &N se -0 (27)
s’ =~ 3s*/ 2
where
k2 (0,0, 0, Mo, M 0, M &} 28
§" i » 9‘11, 22’ 12) ()
OF . oF oF 3F
~—.5 {0, 0,0 : } (29)
* ’ ’ ’ % 0 [ Yo
Bg Z)Mll 6M22= aMla
both being column matrices. Following a, by now, routine
procedure, one obtains
IF\ L E e
(55) ~ ~
A= T < T (30)
2E," g 2F _ r T 9F
85 N ds s% das
where
M_F 2
0 " s
A= B - F) — (31)
L ko F 2
M
Substitution of Eq. (24) into Eq. (23) yields
. . dF
s =BG -2 g (32)
or, with A as in Eq. (30),
s =D é
where the elasto-plastic tangent stiffness D is given by
9F. T _ 3F
(35) P55
D = E[1 - T T ] (34)
T @E, g 3F _ @F ), oF
9s ~ 938 as% ds

It srould be noted that the stress-strain relation,
Eq. (33) is of rate type. A proper numerical procedure

18
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\Y SXAMPLES

In order to test the present theory, the effect of some
typical loading histories has been applied to the following
shell: thickness = 1 in, Young modulus = 29 x 106 psi,
Poisson ratio = 0.3, yield stress in uniaxial tension,

3
00 = 30 x 10 psi.

Figure 4 shows moment - curvature relation for bending

in one plane; the curvature k increases from zero to

2

11
0.4 x 10 ° then decreases to =0.4 x 10-2 and increases again
to 0.4 x 10_2. The results of the present theory are shown
with continuous line. For the same strain history, the
computations have been performed with the use of through-the-
thickness integration (trapezoidal integration, 21 points

through h); the corresponding results are shown with broken

line in Fig. 4.

Figure 5 contains a similar case of bending in one plane,
except that the maximum and minimum values of the curvature
kll are double of those in Fig. 4, i.e. + 0.8 x 10—2 and
- 0.8 x 10"2, respectively. It is evident that further in-
crease of maximum and minimum of kll would not bring any new

aspects of the wmoment - curvature relation, since both curves

approach the values Mll = iML for larger Iklll .

The interaction of membrane forces and bending moments
is obviously important in various problems of shell analysis.

Figures 6 through 9 show the effect of interaction between N

11

and Mll' The loading histories in these figures are: first,
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the strain component e is increased to e1q = 0.25 ey

11
(Fig. 6), ell = 0.50 N (Fig. 7), ell = 0,75 ey (Fig. 8)
and ey = 1.00 o (Fig. 9). Then, with e kept constant,

the curvature k11 is varied through the cycle from 0 to
+ 0.8 x 10—2 and to ~ 0.8 x 10—2. In Figs. 6 through 9,

the results of the present theory are shown in continuous

line, with the results of through~the~-thickness integration

in broken line.
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VI CONCLUSIONS

A theory of elasto-plastic behavior of plates and shells
has been presented in terms of the membrane forces and moments
and the strains and curvatures of the middle surface. The
structure of this theory is analogous to the classical theories
of plasticity of solids. It consists of a yield condition,

a strain hardening rule, and a flow rule. The concept of the
yield surface, as known in the classical plasticity, exists
N N M

here in the stress space of points (N M

11’ 722 "12° 11’ 22

120 Myp)-

An examination of the test cases presented in this paper
indicates that the accuracy of the results of the present
theory will probably be acceptable in a large number of en-

gineering applications.

There exists always the possibility of furthar optimization
of the accuracy of this theory. It can be achieved by adjusting
the values of the parameters o and B, by introducing integer
or fractional powers of the terms (1 - FL) and Fs/FM in the
strain hardening rute (Eq. 16) etc. Finally, some thought
should be given to comparing the predictions of approximate
computations not to some other theoretical results (even if

they are "exact") but to realistic experimental data.
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