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ABSTRACT

R. L. Sielken Jr., H. O. Hartley, R. K. Spoeri

Msntiatical PERT 1is & new procedure for obtaining information
about the distribution of a project's completion time when the project
is comprised of a large number of activities and the time required to
complete an individual activity once it can be begun is & random
variable. The project is ;f‘epresented as an acyclic network whose arcs
correspond to the project aq;/tivit:les. This network is simplified by
replacing various activity configurations by single equivalent
activities and then d_econpoicd into several submetworks., The
distribution and moments of each subnetwork's completion time are
bounded and approximated on the basis of two points from each
activity's completion time distribution by using some mathematical
programming techniques and a new result in the theory of networks.
The project's completion time distribution is then approximated by
combining the approximate subnetwork distributions.

This report describes several refinements in the subnetwork
analysis procedure. One major refinement greatly reduces the
computational effor obtaining bounds on the project completion
time moments and distribution. A second major refinement allows the
two-point approximation of an activity's completion time distribution
to better represent skewed distributions. The computer programs
required to implement the new subnetwork analysis procedurs are listed

and documented.
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Statistical PERT: An Improved Subnetwork Analysis Procedure

R. L, Sielken Jr., H. O. Hartley, R. K. Spoeri

The well-known Program Evaluation and Review Technique (PERT) is
concerned with a 'project' comprised of a large number of ‘activities' which
are arranged as the arcs in a complex acyclic network (see e.g. Figure 1).
The activities at any network node 'commence' as soon as all activities
'terminating' at that node are completed. The time required to complete
an activity once it can be begun is a random variable, and hence the time
needed to complete the entire project is also a random variable.

In Technical Report No. 48 "Statistical Critical Path Analysis in
Acyclic Networks: Statistical PERT" a comprehensive new procedure for
obtaining information on the project -complet:lon time and its distribution
was described and illustrated. That procedure involved the following five

general steps:

Step 1: Identification

Represent the project and its component activities in terms of an
acyclic network with one source and one sink. Identify each activity's
completion time distribution or at least two points on each activity's

completion time distribution.

Step 2: Simplification
Replace various activity configurations and their associated
completion time distributions by a single equivalent activity and

completion time distribution.
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Step 3: Decomposition

Decompose the simplified network into several subnstworks by
separating parallel subnetworks and then separating the resulting sub-
networks at each cut vertex. A cut vertex is any node such that every

path frca the source to the sink passes through it,

Step 4: Analysis

Bach subnetwork arising from Step 3 is analyzed on the basis of
two points from each component activity's completdéon time distribution.
The result of this snalysis is an approximation of each subnetwork's

completion time distribution and the moments of this distribution,

Step 5: Synthesis

Combine the approximate subnetwork completion time distributions
determined in Step 4. The result is an approximate completion time
distribution for the entire project.

The purpose of this report is to document several refinements

in the subnetwork analysis step, Step 4.

1. Analysis of a Subnetwork

The analytical procedure described in this section yields the
following information on each subnetwork vhen each component activity's
completion time distribution is replaced by a discrete two-point
distribution:

(a) Upper and lower bounds on the mean subnetwork completion tims

as well as the other moments of the subnetwork completion time,

(b) Upper and lower bounds on tie distribution function of the

subnetvork completion time,

e
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(c) An approximate distribution function of the subnetwork
completion time.
Each subnetwork is assumed to be an acyclic network with one

source, one sink, and no cut vertices,

The analysis of each subnetwork involves essentially two parts:

1. The formation of "clusters" of activities whose effect on the
subnetwork completion time seems to be interrelated.

2, The approximation of the subnetwork completion time moments

and distribution on the basis of the clusters.

1.1 Formation of Clusters

The actual completion time distribution of each individual activity,
A, in the subnetwork is replaced by a discrete distribution with probability
P at the lower point, R’A’ and Q = 1-P at the upper point, U,

Let n be the number of activities in the subnetwork., Then for
each of the 2" combinations of the EA's and uA's there will be a
subnetwork completion time (a critical path time), The r-th moment of
these 2" times will be denoted by Tr’ and the distribution function of
these times will be denoted by F. The approximation of the Tr'l
(especially '1‘1, the mean) and F is the goal of the subnetwork analysis.
Since n will usually be fairly large, the complete enumeration of the
2" critical path times will usually be unreasonable. Hence the
activities which are most likely to be on the critical path through
the subnetwork are identified and their joint behavior investigated.

The mean of the completion time distribution for activity A is
defined to be m = PL A + QuA. The standard deviation of the completion

time distribution for activity A is defined to be s, " /‘Li + Qui - l:
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and is assumed to be positive. (The assumption that 5, > 0 is not really
a practical restriction since the difference between a fixed activity
completion time and one with a very small dispersion is negligible from
a practical viewpoint.) The subnetwork's critical path when each
activity's completion time is set equal to its mean will be referred to
as the "original"” critical path. The activities on this critical path
will be referred to as "critical activities" with K equalling the number
of such activities. Some non-critical activities might become critical
if some of the completion times for the original critical activities
were decreased. These activities are identified as follows., The completion
time for one critical activity, say A, is set equal to mx{mA - ASA, 0}
where A is a non-negative algorithm parameter which the user specifies.
All other completion times are set equal to their means. Then the longest
path thirough the resulting network is determined. Any activities on this
path which were not on the original critical path are now referred to as
the"associates" of A since the effect of these "assoclates" on the networks'
completion time is related to A's completion time. This procedure is
repeated for each original critical activity.

Each critical activity and its associates make up one "cluster".
These K initial clusters are now "pooled” by combining any two clusters
with at least one activity in common. In general there will still be
mre than one cluster, and many of the n - K non-critical activities will
not occur in any cluster.

The asgociates correspond to the activities which become critical
when the completion times of the original critical activities are
lowered. However, some of the originally non-critical activities may

also become critical if their completion times exceed their meens
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and the completion times of the original critical activities are at

their means. These activities are identified next. Each

originally non-critical activity is investigated separately. If activity
A 18 being investigated, then the completion time for A is set equal to
mA + (-)sA where 6 1s a non-negative algorithm parameter which the user

specifies. The completion times for all other activities are set equal A

to their means, and the corresponding critical path determined. This !

critical path will either be the original critical path or a new path i
which includes A. In the latter case, the activities on the original
critical path which are not on a new critical path containing A are

called the "eliminants" of A. Thus, the effect of A's eliminants on

o e ,

the networks completion time is related to the completion time for A.

Hence, A 1s added to any cluster which contains at least one of A's

eliminants. After this procedure has been repeated for each originally
non-critical activity, the resultant clusters are "pooled" again by
combining any two clusters with at least one activity in common.
Although the number of clusters is reduced when the pooling on
the basis of the associates occurs and then further reduced when the
pooling on the basis of the eliminants occurs, there will generally
remain more than one cluster and several activities not in any cluster.
In general the larger the values of A and 6 the greater the
number of activities in the clusters and the smaller the number of
clusters. In particular the procedure for forming the clusters has the
fcllowing properties:
Property 1: If Az > ).1. then any activity which would be an associate
of a critical activity A when A = Al would also be an

assoclate of A vhen ) = Az.




Definition: In any acyclic network a bridge over any two consecutive

Theorem 1: In any acyclic network with no cut vertices there is at least

Property 2: If 92 > el, then any critical activity which would be an
eliminant of a non-critical activity A when ¢ = 61 would
also be an eliminant of A when ¢ = 02.

Property 3: For any originally non-critical activity A there exists

6, such that A will have some eliminants for any 6 > 8,

A
Property 4: For any fixed value of ), the set of activities in the union
of the clusters is monotically non-decreasing as 8 + =,
Property 5: There exists a finite value ¢* such that if ¢ > 6%, then
every activity would be in some cluster.
Property 6: The number of clusters, originally K, is non-increasing as
6 » =,

Property 7: There exists a finite value 6* such that if 8 > e%, then

there would only be one cluster.

Most of the properties of the cluster formation procedure are
fairly straightforward; however, Property 7 requires some special
Justification. This justification is based on the following definition

and theorem which is proven in Appendix A.

arcs Al and A, 1s any arc A, such that all paths from the source to

the sink passing through A3 do not pass through either Al or Az.

one bridge for any pair of consecutive arcs.

Property 3 implies that all activities will belong to some cluster if

6 > 6% and

o* = max{0 Al A originally non-critical}.




Now consider any two consecutive activities Al and Az on the original
critical path. Theorem 1 implies that there is a bridge over Al and Az.

say A Since the original critical path passes through A]. and Az. A3

3
cannot be on the original critical path. Therefore, 1f 8 > 6% > @ AL’ A1
3

and A2 will be eliminarts of Aa and hence will be in the same cluster as

A3. Thus, since each cluater contains at least one original critical
activity and any two consecutive original critical path activities belong
to the same cluster when 6 > 6%, there is only one cluster when 6 > 0%

and Property 7 is established.

1.2 Approximate Subnetwork Completion Time Moments and Distribution

1,2,1 A Lower Bound on Tr and an Upper Bound on F

For each cluster C let n, denote the number of activities in C, and

n n
letv=1l, ..., 2 € i{ndex the 2 © configurations of activity completion

times when
(a) the completion time for each activity A not in C is equal to

its lower point, 2,, and

A

(b) the completion times for the activities in C are at each of

n
the 2 € possible combinations of their upper and lower points,

tv = critical path time for the v-th configuration

and

P, - probability of the wv-th configuration
n
c

- 121 [Pi(l - sv,i) + Qi. 6v,1]

where




8 = 1 if the time for the i-th activity in C is uy in

v,1
the v-th configuration
= 0 4{if the time for the i-th activity in C 1is "i in the
v-th configuration.
Then
e
(o = 2}: tf
- Pty
v=1
and
e
A+ 2
Flees o= 1 op, I,(c)
v=1
where

are the r-th moment of the 2 ¢ critical path times and their distribution
function respectively. Let
Tr(e’ A) = max Tr(c)

Cc
and

F(t; 6, 1) = min F(t; C)
c

which depend on 6 and ) since the composition and number of clusters

depend on 6 and A.
The first step in showing that 'r:_(e, A) is a lower bound for Tr is

proving the following theorem:

Y

Theorem 2: For any cluster C, any positive integer r, and any activity

A not in C,

’r;(c U {A}) > 'r;(c).




Proof: Consider any particular critical path for a particular one of
n
the 2 € combinations of upper and lower points involved in "f:_(c). Consider

the following two cases:

(1) activity A with its completion time equal to !'A is on the

critical path, and
(11) activity A with its completion time equal to lA is not on 1

the critical path.

i R T, it

Let GA - (uA - R.A) and the particular critical path time be t. Then
in case (1) i
(a) 1if the completion time for A is set equal to Uy this will ’
increase the r-th moment of the critical path time by
QI(e +6,)" - t']; and
(b) 1if the completion time for A is set equal to "A’ this will not
alter the r-th moment of the critical path time.
In case (1i)
(a) 1if the completion time for A is set equal to Uys this may

increase the r-th moment of the critical path time by

l; Q(t + GA)r - t¥] or less, and

(b) if the completion time for A is set equal to "A' this will not

alter the r-th moment of the critical path time.
Therefore in either case the contribution to 'i';(c U {A}) - "r;(c) for this 3
particular critical path will be between 0 and Q[(t + GA)r - tt]. Since

the contribution is non-negative for each particular combination,

'rr(c U {aD) > ‘rr(C). QED

A straightforward application of Theorem 2 yields the following

theorem:
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and any positive integer r,

Theorem 3: For any two clusters C1 and C2
T (C, U c,) > max{T (C;), T (C,)}.

L Property 2 of the cluster formation procedure implies that if ¢ 1is

Thus, Theorems 2 and 3

increased the clusters expand or are pooled.

' imply that, for fixed ), 'r;(e, A) 18 non~decreasing as § increases.

b ol

v

Furthermore, Properties 5 and 7 together imply that for 6 sufficiently

large there is only cne cluster and all of subnetwork activities are in

Loy

that cluster. Hence, for 0 sufficiently large T;(e, A) = Tr' and the

following theorem is true:

Theorem 4:
i i

(a) T:_(e. A) is a non-decreasing function of 6 for any fixed >

values of A and r;

(b) there exists a finite value 6* such that 6 > 6% implies

'rr(a, A) = Tr

for any A, and r; and

-

(c) for any 6, A, and r

T (6, A) < T.

Similarly, the firat step in showing that F+(t; 9, A) is an upper
1

bound on F(t) is the following theorem:

Theorem 5: For any cluster C, any value of t, and any activity A not

in C,

#(t; ¢ U (AD) < F(t; O).
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Proof: Consider any particular configuration of activity times used to

determine F+(t; C) before C is augmented by A. When A is added to C,
this particular configuration will appear once with A at its upper
percentile and once with A at its lower percentile. When A is at its
lower percentile, the configuration's critical path time is unchanged.
However, when A 1s at its upper percentile, the configurations' critical
path time is either unchanged or possibly increased if A were on the
configuration's critical path. Thus, the addition of A leaves the
cumulative probability associated with critical path times less than or
equal to t either unchanged or decreased. QED
A straightforward extension of Theorem 5 is the following

theorem:

Theorem 6: For any two clusters Cl and C2 and any t,
ad ade at
F (t; C1 1] Cz) < min{F (t; Cl), F (t; Cz)}.

Since Property 2 of the cluster formation procedure implies that
the clusters expand or are pooled if 8 is increased, Theorem 5 and Theorem
6 together imply that, for all t and any fixed A, F (t; 6, A) is non-
increasing function of 6. Furthermore, Properties 5 and 7 together imply
that for 6 sufficiently large there is only one cluster and all of the
subnetwork activities are in that cluster. Hence, for & sufficiently

large F+(t; 0, A) = F(t) and the following theorem is true:

Theorem 7:

(a) F+(t; 6, A) is a non-increasing function of 6 for every t and

any A;




(b)

(c)

12

there exists a finite value 6* such that 6 > 6% implies
Fr(t; 0, A) = F(t)

for every t and ); and

for any 6, A, and t

F'(t; 9, A) > F(t).

1.2.2 An Upper Bound on Tr and a Lower Bound on F

For each cluster C let n, denote the number of activities in C, and

n n
let v=1, ..., 2 ¢ index the 2 © configurations of activity completion

times when

(a)

(b)

the completion time for each activity not in the cluster is

equal to its upper point, and

the completion times for the activities in the cluster are

n
at each of the 2 © possible combinations of their upper and

lower percentiles.

Let ty P and It(tv) be as before and define

and

B
2
at r
T(C)= %L p t,
r 1 vV

+ o+
T (6, 1) = min T,(0)

n
2c

F(;C =1 p I(),
vel v t Vv

F (t; 6, A) = max i-(t; c).
c
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' Then an argument completely analogous to that used to prove Theorem 4

and Theorem 7 leads to the following theorems:

Theorem 8:

(a) T:(e, 1) is a non-increasing function of 0 for any fixed values

of A and r;

(b) there exists a finite value ¢* such that 6 > 6% implies
+ :
Tr(ﬁ, A) = Tr :

for any )\ and r; and ’ﬂ

(c) for any 6, A, and r i

+
T < Tr(e, A).

Theorem 9: 3
i
(a) There exists a finite value 6% such that 6 > 6% implies ;

3

F (t; 8, A) = F(t)

et ey o e Z
i e s b

E for every t and any A; and

=

(b) for any 6, A, and t

s orart il ot i

F (t; 6, \) < F(t).

i 1.2.3 Summary

Theorems 2-9 together imply that for any value of 6 and A chosen

by the algorithm user:

(a) '1‘;(6, A) < 'l‘t < '1‘:(6, 1), for any positive integer r; and

=T

(b) F(t; 6, A) < F(t) < F'(t; 6, o) for amy t.
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They also imply that, for any r, A, and t,

+ -
Tt(e, ) - Tr(e. A)
and

F+(t:; 8, A) = F (t; 6, 1)

would decrease monotonically to zero if ¢ were increased. In fact,
Theorems 2-9 imply that there exists a value 8* which doesn't depend

onr, A, or t such that ¢ > 9* implies that

- +
Tr(e, A) = Tr = Tr(G. 2)
and

- +
F (t; 8, A) = F(t) = F (t; 8, A).
A reasonable approximation for F(t) is

F(t; 8, A) = [F(t; 8, A) + FT(t; 8, M)].

2. Cowmparison with the Original Subnetwork Analysis Procedure

The original subnetwork analysis procedure documented in Technical
Report No. 48 formed the clusters in essentially the same way as the new
subnetwork analysis procedure described in this report except that in the

original procedure P always equalled 4 and 6 and A multiplied the point

difference, u,

In the original procedure n, = I n, denotes the number of activities
c

-9 A’ instead of the standard deviation, fni + Qu: - I:.

in the union of the clusters, and 'r':(e', A) is defined to be the average
n
of the r-th power of the 2 . critical path times when
(a) the completion time for each activity not in the union of the

clusters is equal to its upper point, and

i
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(b) the completion times for the activities in the union of the
n
U

clusters are at each of the 2 ~ possible combinations of their

upper and lower points.

Correspondingly, F (t; 6, A) was defined to be the proportion of these
n
2 U critical path times that were less than or equal to t. Analogously,

n
F+(t:; 0, A) was the proportion of the 2 U critical path times less than

or equal to t when
(a) the completion time for each activity not in the union of the
clusters is equal to its lower point, and

(b) the completion times for the activities in the union of the

n
clusters are at each of the 2 U possible combinations of

1 their upper and lower points.
n

The only problem with this procedure is that 2 U may be quite large even
1 for relatively small values of (6, A). For example, if the original

critical path contains 10 activities and each critical activity has one

" .20

associate, then 2 ~ = 27" = 1,048,576, and the determi/nation of

T:(O, A), F (t; 8, 1), and F+(t; 8, A) requires the evaluation of over
2 million critical path times. On the other hand, in the new procedure the
determination of 'r;(e, A), 'r:(e, A), F (t; 8, A), F+(t; 6, A) requires

n
the evaluation of only 2 L 2 € critical path times, 80 in the example.
c

Thus the new procedure greatly reduces the computational effort required

to bound the project completion time moments and distribution.
n
A practical alternative to evaluating all 2 U critical path times
n
called for in the original procedure is to randomly sample the 2 U

critical path times when ny is large and base the bounds on the sample
critical path times. A computer program for the original procedure with

a sampling option is documented in Appendix C. (This program supercedes
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the subnetwork analysis program given in Technical Report No. 48.) It
should be noted that the original subnetwork analysis procedure with
the sampling option in effect is still superior to a simple Monte Carlo
simulation of the subnetwork since the subnetwork analysis procedure
(1) provides the information in terms of associates and
eliminants about which activities play an important role
in determining the subnetwork's completion time and the
interactions among activities, and
(11) samples only those activities which most influence the
subnetwork completion time,
Furthermore, the loss in accuracy due to sampling in the subnetwork
analysis procedure seems to be quite minimal even for relatively small
sample sizes - see for example Table 2 and Table 3.

All specific computational results documented in this report are
for the project network given in Figure 1. (This network is the
simplified network from a large naval PERT problem.) A listing of each
activity's two-point approximation except for its P and Q 1is given in
Table 1.

Sampling can also be used in the new subnetwork analysis procedure
in the somewhat unlikely event that 6 and \ are chosen so large that ch
for some cluster C is too large. In this case the probability that the
v-th configuration of activity completion times v=1, ..., ch is
selected on a sampling trial is

n

Cc
= 1 [Pi(l - 5v’1) + Qi‘v,il

P
Vo w1

where
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Table 1.

Activity
Number

WoOSNIOTNREWLN -

The Upper and Lower Points in the Two-Point
Approximations to the Activity Completion
Time Distributions for the Project Network

in Figure 1
Origin Terminal Lower
Node Node Point
1 2 0.0
8 12 336.27
2 3 57.47
2 4 57.47
2 5 57.47
2 6 57.47
2 7 57.47
3 8 68.96
4 8 68.96
5 8 68.96
6 8 68.96
7 8 68.96
2 8 150.36
6 10 333.96
3 9 333.96
7 11 355.10
11 18 141.75
10 13 672.36
9 14 560.89
9 15 560.89
9 16 560.89
11 17 542,80
12 18 111.10
18 19 256.03
12 19 302.80
12 20 311.95
11 21 423.58
12 22 315.35
19 20 7.66
20 21 16.77
21 22 11.49
22 23 39.54
12 26 301.91
5 26 767.09
12 27 . 350.31
12 24 382.32
12 25 385.28
25 24 11.49
24 23 16.28
26 27 7.66
27 25 20.86
4 28 810.17
23 29 15.32

Upper
Point

0.0
429.47
89.96
89.96
89.96
89.96
89.96
107.95
107.95
107.95
107.95
107.95
193.49
403.85
403.85
409.85
221.90
783.11
660.00
660.00
660.00
638.71
173.92
346.98
400.67
410.71
530.74
415.71
11.99
22.55
17.99
48.87
400.86
892.74
460.06
464.98
461.54
17.99
23.00
11.99
28.29
976.10
23.99

18
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Upper
Point

23.99
89.96
77.96
83.96
137.94
6.00
77.96
152.63
811.32
799.83
0.0

[=N=NeNal
[=NeNoNe)
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Table 2. The Effect of Sampling in the Original Subnetwork Analysis
Procedure: Percentiles of the Project Completion Time Distribution

Percentiles Sample Sizes
©0 = (0,0 @0 = (.25,0)
[2Vagf 25 2% | 2o 1000 so0 200 100
.05 1360 1363 1377 1381 1381 1381 1384 1384 _
.10 1383 1390 1413 1409 1406 1411 1406 1414 ;
15 1403 1413 1423 1424 1421 1429 1424 1423 4
~ .20 1416 1423 1436 1441 1436 1443 1461 1446 4
% .25 1630 1430 1446 1451 1448 1451 1451 1453 3
: 130 1446 1453 1466 1458 1456 1461 1458 1463 8
.35 1459 1479 1472 1468 1466 1471 1468 1471 ;
' 40 1476 1486 1476 1478 1473 1478 1476 1478
; 45 1499 1499 1512 1483 1483 1483 1483 1483
.50 1542 1542 1516 1488 1486 1491 1491 1488
é .55 1578 1578 1575 1496 1496 1498 1498 1498
60 1578 1578 1575 1501 1501 1505 1501 1503
.65 1602 1602 1579 1513 1510 1513 1513 1513
Q .70 1605 1605 1602 1515 1515 1515 1523 1515
f 75 1605 1618 1605 1525 1525 1525 1528 1525
80 1621 1618 1605 1533 1533 1530 1538 1530
? .85 1622 1622 1618 1543 1543 1543 1545 1543
.90 1645 1622 1622 1558 1558 1558 1570 1577
95 1648 1645 1648 1585 1585 1582 1587 1597
975 1648 1648 1648 1607 1607 1605 1605 1622
' .99 1648 1648 1648 1625 1625 1625 1622 1647

[d
"i 1.00 1648 1648 1648 1649 1649 1649 1649 1649

-~
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Table 3.

Percentile

1.00

The Effect of Skewed Activity Completion Time
Distributions on the Subnetwork Analysis Procedures.

Estimated Percentiles of the Project Completion

Monte
Carlo

1405
1423
1435
1447
1457
1467
1477
1486
1496
1507
1516
1527
1538
1549
1560
1580
1603
1627
1675
2019

Time Distribution

Original
Subnetwork

Analysis

Procedure
(Sample Size

1402
1416
1430
1438
1448
1453
1462
1469
1476
1481
1487
1495
1500
1510
1517
1526
1541
1550
1575
1646

= 1000/cluster)
lst Run 2nd Run

1396
1416
1433
1443
1449
1456
1466
1473
1479
1483
1489
1496
1499
1512
1516
1529
1542
1552
1582
1648

Subnetwork
Analysis
Procedure

(Sample Size

1370
1390
1402
1425
1437
1450
1461
1484
1504
1528
1528
1528
1563
1567
1579
1587
1598
1610
1622
1720

= 1000/cluster)
lst Run 2nd Run

1374
1398
1410
1437
1449
1453
1461
1500
1524
1528
1528
1528
1560
1567
1579
1587
1602
1614
1673
1720

*
The "lst run" and "2nd run" correspond to two different samples with

different initializations of the random number generator.
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6 = 1 if the time fo: the i-th activity in C is u, in
the v-th configuration
= 0 1if the time for the i-th activity in C is 2y in
the v-th configuration.
Then with It(tv) as before the estimated bounds from C are

n
n
c2¢

- 2
T (C) =—=— I wpt
r N el vpv

r
v

and
n_ "
e o =ﬁzz wpI(t)
N wl VV t'v
where v, is the number of times the v-th configuration appears in the
sample, N is the sample size, and t:v is the critical path time correspond-
ing to the v-th configuration of activity completion times with the
completion time for each activity A not in C equal to "A' Similar
modifications are made for T:(C) and F.(t; C). The corresponding
estimators T;(e. A), T:(e, 2, F (t; 8, A), and F+(t; 6, A) are all
unbiased.
A computer implementation of the new subnetwork a'nalys:la procedure
including the sampling option is documented in Appendix B. In addition
to reducing the computational effort, the new subnetwork analysis procedure
allows t‘he user to specify any probabilities (P, Q) for (L, u) instead
of requiring (1/2, 1/2). This would not be of great significance if all
activity completion time distributions were symmetric. However, since
many completion time distributions are skewed, the ability to specify
(P, Q) can be a real advantage. To exemplify this advantage, the

completion time for each activity in Figure 1 was taken to be a linearly
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transformed chi-square random variable, (x§ - cl) /cz, where cl and <,
were determined so that the points in Table 1 corresponded to the 15-th
and 85-th percentiles respectively. This made the activity's completion
time distribution highly skewed. Then the corresponding project
completion time distribution was approximated using

(1) a Monte Carlo simulation of size 1000,

(11) the new subnetwork analysis procedure with (P, Q) = (1/2, 1/2)

for all activities, and

(i11) the new procedure with each activity's (P, Q) chosen so that

the mode and first two moments of its two-point approximation u

equalled the mode and first two moments of its transformed

chi-square distribution, L
The results are given in Tabla 3. If the Monte Carlo approximation is
used as a basis for comparison, the value of being able to specify (P, Q) |
is obvious.

The Monte Carlo PERT simulation program used in the above experiment
is documented in Appendix D and supercedes the Monte Carlo PERT program
given in Technical Report No. 48. ! *

In the special case where every activity's (P, Q) is (1/2, 1/2),

h- -~ n
the Tr(C) and F+(t; C) can be computed on the basis of the 2 € critical

path times corresponding to
(a) the completion time for each activity A not in C being equal

to the mean, m,, and

A’
(b) the completion times for the activities in C being at each of

n
the 2 © possible combinations of their upper and lower points.

This is a change from the usual computation in that the activities not

in C are at their means here instead of their lower points. This change
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will tend to improve the estimators T;(e,' A) and F+(t; 8, A). However,
this change is only guaranteed not to invalidate Theorems 4 and 7 when
all (P, Q) are (1/2, 1/2). The computer implementation of the new

subnetwork analysis procedure includes the option to make this change.

3. Conclusion

The new subnetwork analysis procedure
(1) forms associates, eliminants, and clusters in essentially
the same way as the original procedure,

(11) bounds the project's completion time moments and distribution
primarily on the basis of the individual clusters instead
of on a pooled cluster, and

(111) approximates an activity's completion time distribution by

a two-point distribution with possibly unequal probabilities

for the two points instead of always equal probabilities.
The advantage of (ii) is that much much fewer critical path times need
to be evaluated in determining the bounds on the project completion
time. The advantage to (iii) is the ability to better approximate
skewed activity completion time distributions.

Computer lmplementations of the new subnetwork analysis procedure,
the original subnetwork analysis procedure, and a Monte Carlo simulation
algorithm are documented in Appendices B, C, and D respectively. Both
subnetwork analysis procedures include options to use sampling for

large clusters.
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APPENDIX A

Proof of Theorem 1

The principle objective of this appendix is to prove the follow-

ing theorem:

Theorem 1: In any acyclic network with no cut vertices there is at

least one bridge for any pair of consecutive arcs.

The networks considered in this appendix are assumed to be
acyclic, have no cut vertices, and have one source and one sink. Also
the two arcs Al and A2 are any two adjacent (consecutive) arcs with Al

preceding AZ.

Definition 1: A bridge over Al and Az is any arc, say A3, such that

all paths from the source to the sink passing through A3 do not pass

through either Al or Az.

Definition 2: An origin violator of Al and A2 is an arc, say A3,

such that there exists a path from the terminal node of A, to the sink

1
which passes through A3.

Definition 3. A terminal violator of A

1 and Az is an arc, say A3,
such that there exists a path from the source to the terminal node of

A1 which passes through A3.

An intuitive feeling for these definitions can be obtained by con-
sidering any path P* from the source to the sink which passes through
Al and Az. If an arc A3 is an origin violator, then there is a path

from the source to the sink which follows along P* through the terminal
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node of Al and then goes through A3. This path "originates" from P*
too late for A3 to be a bridge over Al and Az. Similarly, if A3 is

a terminal violator, then there is a path from the source to the sink
which passes through A3 and then joins into P* before P* passes through
the terminal node of Al. This path "terminates" into P* too early for

A3 to be a bridge.

BRIDGES over Al and Az: H, I, N, O, P, and Q
ORIGIN VIOLATORS of Al and Az: AZ’ F, 6, J, K, R, and §

TERMINAL VIOLATORS of Al and Az: Al, D, E, L, and M

The following three lemmas are straightforward consequences of the

definitions of a bridge, an origin violator, and a terminal violator.




B b vt il e

28

Lemma l: Every branch in the network is either a bridge over A1 and

Az, an origin violator of A, and A2, or a terminal violator of Al

1

and Az.

Proof of Lemma 1: Suppose that A3 is not a bridge. Then there exists

a path P from the source to the sink which contains A3 and either Al

or A2.

Suppose that P contains Al. If A3 = Al or A3 precedes Al on P, 3
then P contains a path from the source to the terminal node of Al which
passes through A3, and A3 would be a terminal violator. On the other

on P, then P contains a path from the terminal

hand, if A, follows A

3 1
node of Al to the sink which passes through A3, and A3 would be an

origin violator.

Suppose that P contains Az. If A3 = A2 or A3 comes after AZ on
P, then P contains a path from the terminal node of Al (the origin
node of Az) to the sink which passes through A3. and A3 would be an

origin violator. If A3 comes before Az on P, then P contains a path

from the source to the terminal node of Al (the origin node of Az)
which passes through A3, and A3 would be a terminal violator. This . é

completes the proof of Lemma 1.

Lemma 2: Al is a terminal violator of A1 and Az, and Az is an origin

violator of A1 and Az.

L 3: Any arc A3 cannot be both an origin violator of Al and Az

and a terminal violator of Al and Az.
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Proof of Lemma 3: Suppose that an arc A3 is both an origin violator

and a terminal violator. Since A, is an origin violator, there exists

3
a path from the terminal node of Al to the origin node of A3. Since

A3 is a terminal violator, there exists a path from the terminal node

of A3 to the terminal node of Al. The existence of these two paths,
however, implies the existence of a circuit which contradicts the given

acyclic structure of the network. This completes the proof of Lemma 3.

Proof of Theorem 1: Since the terminal node of Al cannot be a cut ;
vertex, there exists a path P from the source to the sink which does
not pass through the terminal node of Al. Denote the arcs on P by
Cl’ 02, o9 Cp with Ci-l preceding Ci on P.

Suppose that none of Cl’ c2, ®og Cp are bridges over Al and A2.
Then Lemma 1 and Lemma 3 together imply that each of Cl, Cz, eYetelly Cp

i1s either an origin violator of Al and Az or a terminal violator of

Al and A2 but not both. Since the origin node of C1 is the source,

C1 cannot be an origin violator and must be a terminal violator. 0

Similariy, since the terminal node of Cp is the sink, Cp cannot be a

terminal violator and must be an origin violator. Hence, there exists

= sJZE":hat Cl’ CZ’ ceey CJ are all terminal violators and Cj+1 is .

an origin violator.

Since C, 18 a terminal violator, there exists a path from the |

1

terminal node of C, to the terminal node of Al. Furthermore, since

]

i8 an origin violator, there is a path from the terminal node

Cy01

of Al to the origin node of C 1 (the terminal node of CJ). These

i+
two paths imply the existence of a circuit from the terminal node of
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Cj to the terminal node of A1 and then back to the terminal node of

C (The definition of P implies that the terminal node of Cj is not

5
the terminal node of Al.) This contradicts the given acyclic structure

of the network and completes the proof of Theorem 1.
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APPENDIX B

New Subnetwork Analysis Program

The New Subnetwork Analysis Program is an implementation of the

analytical procedure described in Section 1 of this report. The basic

required input is

(a)
(b)

(c)

(d)

an acyclic network with one source and one sink,

two points from each component activity's completion
time distribution

probability P to be associlated with the lower point,
and

specified values for the algorithm parameters © and A.

The output is mainly

(a)

(b)

(c)

The
times 1s
problem.
analysis

the type

upper and lower bounds on the moments of the network

coupletion time, T'(9, A) and T,(8, ) r = 1, 2, ..., 10;

upper and lower bounds on the distribution function of

the network completion time, F+(v; @, A) and F-(°; e, A);

and

an approximate network completion time distribution,

F(+3 6, 0) = [F(:50, 2) +F (50, M.

basic computational technique for determining critical path

the Simplex Algorithm. This algorithm is applied to the dual
The Simplex Algorithm is used instead of the standard network

techniques because the Simplex Algorithm is-ideally suited for

of parametric programming required to evaluate several critical

]

i
path times when only the activity times vary from one problem to the next.

A listing of the Subnetwork Analysis Program and a program flowchart

are given at the end of this appendix.

i1
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Specific Input Instructions:

Card 1. Col.

Col.

For each activity one

Col.

Col.

Col.

Col.

Col.

Next Card.

1-3:
4-6:

11-15:

21-25:

31-40:

41-50:

51-60:

Col. 1:

Col. 2:

The number of activities in the network, Format (I3),
The number of nodes in the network, Format (I3).
card with:

The origin node of the activity, Format (I5).

The terminal node of the activity, Format (IS).
The lower point on the activity's completion time
distribution, Format (F10,0).

The upper point on the activity's completion time
distribution, Format (F10.0).

The probability P to be associated with the

lover point (1-P will be associated with the
upper point), Format (F10.5).

OPTON1. OPTON1=1 implies that the program will
terminate after the clusters have been formed on
the basis of associates and eliminants. OPTON$1
implies that the program will follow the normal
procedure.

OPTON2, OPTON2=1 implies that the lower bounds
on the moments of the project completibn time and
the upper bound on‘its distribution will be

determined by using all activity times outside the

P

cluster at their means instead of their lower
pointa, This is only guaranteed to be a valid
procedure when all (P, Q) = (1/2, 1/2). OPTON2¢1
implies that the program will follow the normal

procedure,
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] Next Card. Col. 1-3: IEDF, The program computes an absolute upper and
lower bound for the network completion time. This
range 1s subdivided into IEDF equal parts and the

approximate distribution function (F+, F, F)

values are printed at each of these dividing points.
IEDF would usually be between 10 and 100. IEDF,

Format (I3).

T W TN, PO o e T

Next Card. Col. 1-5: 6, Format (F5.2).

Col.6-10: A, Format (F5.2),

Next Card. Col.1-10: SAMSIZ. The number of activity time
configurations to hbe randomly selected for

explicit consideration in each cluster analysis.

n
If SAMSIZ < 0 or SAMSIZ > 2 €, all activity time
configurations will be explicitly considered - no

random sampling will be done. Format (I10).

The nodes should be numbered 1, 2, ..., n with the source being number
1, the sink being number n, and the other node numbers being arbitrary.

‘ The activities should be numbered 1, 2, ... in any order desired.

j Current Dimension Restrictionms:

Currently the program is dimensioned for ; maximum of .
; 60 Activities
40 Nodes
25 Clusters
25 Activities/Cluster and IEDF < 100,

: Example: i

The Program's input and output are illustrated in terms of the

T T L e R VA Py T,

network in Figure B-l.

i sdal S
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Figure B-1: New Subnetwork Analysis Pro'gram Example Network
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PROGRAM LISTING

NEw SUBNETWONK ANALYSIS PROGRAM

IMPLICIT REAL*8 (A-H,0-2)

FOR THE SAKF QOF

M

IDENTIFYING THE APPPNPRIATE DIVMENSIONS, LET
= THE NUMBER NF ACTIVITIES IN THE NETWORK

AMM = NyUM3ER OF NODES IN THE NETWORK
AMMPL = NMM ¢+ 1

N
L
Te

1}

M + AMM
THE LENGTH OF THE CRITICAL PATH
THE MAXIMUM NUMBER OF BRANCHES IN A CLUSTER

TEDF = THE NUMAER OF DIVISIONS IN THE FMPIRICAL

DISTRIBUTION FUNCTION

INTFGER TAIL( M) ,HEAD{ M)sASSGRP( LsL )eCLINCLIL L) EGRP(L)

DTIMENSON
N IMENS 10N
DIMENSICN
DIMENSICN
DIMENSICN
DIMENSICN
NIMFNSIQN
DIMENS I[ON
REAL

DIMFNS IGN

NINCL( C) o INCLUS( Lo C)eNCLINCE L)
FDCIENF) ,NLEFD(L » TENF ) sNSAVE( TEDF) oNIR (L)
AVGE L) THAT(L)
LEFT(M ),LEFTO(M ), NONCP(M)
INRASE (NMM)  XNODE (NMM)
X31 (NMMP1) oy 1 (NMMP1 ) ,REDCOS(N)+ ISTAT(N)
ICRITO(L) sNINAGIM) ¢ [CRITN(L#1 )43 CTIME(N), COT(N)
KI(L) o IBR(LIFLO(M) s FHI(M) ,SIGMA(M) ,B1INVINMMPL s NMMP] )
MOMFENT (L+10)
PR(M),PO(M)

{
[

OF COURSE THESE DINENSIQNS ARE MERELY UPPEP BOUNDS
(R

1

COMMON 31 INV,REDCOS+CTIMEsXB1 ¢ INBASEWHEAD s TAIL o NMMP 1 g NMM NI STAT

COMMON N ,MP]
INTEGER TATL(6C) HEAD(6C )4 ASSGRP(25+25) ¢CLINCLI25425) +FGRP(25)

INTEGER
DIMENSICN
DIMENSTICA

SAMSTZ,RPANSAM

NTINCL{25) s INCLUS(25,25), ACLINC(2S5)
FD(100)NIB(ZS)

REAL*8 NLEFND(254100)NSAVE(10C)

DIMFNSICN
DINMFNS ICN
DTMENS [ON
DIMENS [CN
DIMENS ICN
NDIMENSICN
DIMENS ICN

AVG(25)+THAT( 25)

INBASE (40)

XNODE (40)

XB1(41),Y1(41) REDCOS(100)ISTAT(100)

BI1INV(41,41) ,KR(25)+18B(25)¢FLO(60)IFHI(H60)+SIGMALG0)
ICRITP(25) «NINAG(SC )y ICRITN(26)+CNT(100)sCTIME(1300)
LEFT(60),LEFTO(HC ) ,NONCP(60)

REAL*R LAMANDA MCMENT(25410)

DIMFNSICN

PP(AN)PA(6C)

INTFGF R OPTQONI1OOPTON2
M = THE NUMBER OF ACTIVITIES IN THE NETWORK

NMM =

REAC(S,1C0")

THF NUMBFR DF NODES IN THF PERT NETWORK

Mo AMM

FORMAT (213)

N=ANMM4M
MP1 =M+

NMMP I=NMM+ 1

THE ACTIVITIES ARE CESCRIBED IN TERMS OF THEIR NODES

T11=THF
JJ=TH+F
Ft.O =

TAIL NODE, THE ORIGIN NODE
HEAD NNNE, THE TFRMINAL NODE

THE | OWER PUINT

45

P N = O

Wl wewewe Ul“th{N_N N

LAY XR)

RARAANS P20




FHI = THE UPPER POINT a0

SIGMA = (FHI - FLO)®DSORT( PP%(1-pPP)) = STD., DEVIATION
PP = THe PROBABILITY 0OF THF LOWER POINT

c
c
C
c

NO 61F° I=1,M

READ(S+2501) I1sJJeFLO(T ),FHIC(T ),PP(I)

PQ(I)=1.ND0-PP(T)

SIGMA(I)=(FHT( I)-FLO(]1))*DSQRT( PP(I)*PQ(1))
2501 FOFMAT (10XeT1Se5XsI5¢e SXsF10e60sF100,F1Ce5)

COT(T)=PP( 1)RFLO(T)®PQ(I)RFHI(])

CTIME(LI) = COT(I])

TAIL(TI) = 11

610 HEAD(I)=Jy
COT = THF ORIGINAL RIGHT-HAND SIDES, l.E. THE MEANS

C
C 0OF FiLO AND FHI
o CTYIME = THE CURRENT RIGHT-HAND SIDES
DO S5S610 1=MP] 4N
556172 CTIMF(TI)Y = ~,
OPTONY =1 IMPLIES THAT THE PROGRAM WiLL TERMINATE AFTER
THE CLUSTERS HAVE BEEN FORMED. NO BOUNDS ON
THE PROJECY COMPLETION TIME MCMENTS OR
DISTRIRUTION wiILL BE DETERMINED,
CPTON1 NIT= 1 IMPLIES THAT THF NORMAL PRUCEDURE wiLL Bf
FOLLCWED o
OPTONp2 =1 IMPLIES THAT THE LOWER BOUNDS DN THE MOMENTS
AND THE UPPER BOUND ON THE DISTRIBUTION WwILL
BE CFTERMINED USING ALL ACTIVITY TIMES QUTSIDE
THE CLUSTFR AT THFEIR MFAN, THIS PROCEDURE IS
ONLY GUARANTFEED TO BE VALID wHEN ALL
(PeQ) = (e5¢e5) &
OPTON2 NOT= 1 IMPLIES THAT THE NORMAL PROCEDURE wiLL BE
FOLILOWED «

AOOOOOOINDIAYNINNANAODD

READ(S, 77%51) QRTON1,0OPTON2
77551 FORMAT(1CT11)

I=CPTON1+0PTON?2

IF{1eGEel) WRITE(6477553)
77553 FORMAT (1H1)

IF(OPTONL +SE0e1) WRITE(6,77552)
77552 FORMAT( 1HO»1CX +'OPTION ;= AND THFE PROGRAM wiLL TERMINATE AFTER THF

* CLUSTERS HYAVE BFEN FORPMED+',/+11Xe?*NO BOUNDS ON THE PROJECT COMPL
*ETION TIME MCMENTS OR DISTRIBUTION wiILL BE DETERMINED.®)
IF(OPTYCN2 +EQ.1) WRITE(6,77554)
775548 FORMAT (1HO+10X+'0OPTION2=1 AND THE LOWER BOUNDS ON THE PROJECT CONP
*ETINON TIME MOMENTS AND THE UPPER AQOYND ON THE PROJECT COMPLETION T
*IME PISTRIABUTION®s/ 11X,y 'WILL BrE DETERMINED USING ALL ACTIVITY TIM
*«FS OUTSIDE THE CLUSTFER AT THEIR MEAN.?*,/,11X,'THIS PROCEDURE (S ON
*LY GUARANTEED Tn PE VALID WHEN ALL (PeQ) = (,5¢45) o?)
C 1EDF = THFF NUMRER OF DIVISIONS IN THE EMPIRICAL
(g DISTRIAUTION FUNCTION
READ(S,100) IEDF
WRITE(A,27°0)
T2700 FOFMAT(1HL JISX*INITIAL INPUTY)

WRITE(64,2701)
2701 FORMAT (1HOW 10X 'ACTIVITY ORJGIN TFAMINAL LOWER POINT UPPER P

*0OINT ME AN STANDARD DEVIATION PROA. LOWER 2T,.?)

NnO 2704 I=1.M
2704 WRITF(Ah 2700} loTA!L(l).HCAD(l’.FLU(l).le(l,.CTIME(l’.SlGMA(“DQPP

(1)

Y

60
61
62
63
64
685
66
67




DO OO AIINANOOADNIDDNIDNANAOAONDN N e N sl e nNe)

T30 0 000

47
2702 FORMAT (1H o1 3X o1 345X 4134 7X013e5XeF10,84¢3XeF10.8e¢3XeF1Ce8eaXF10ea,

*¥14XFE44)

THE FOLLOWING INDICATORS APE USED:?

IpAQM = | IMPLTIES THF CRITICAL PATH TIME WHEN ALL ACTIVITY
COMPLETION TIMES ARE SET EQUAL TO THFIR MEANS IS

AFING DFTERMINED
TMPLIES THAT THE LNWFR ROUND ON THE COMPLETION TIME

FOR THE SURBNETWORK IS BEING DETERMINFD
IpPAQRM = 13 IMPLIES THAT THE UPPFR BOUND ON THE COMPLFTION TIME
FOR THE SURNETWORK 1S BFING DETERMINED
IPARM > 3  WHEN INDEXL=0 IMPLIFS THAT THE ASSOCIATFS ARF
REING DETFRMINED

TPARM

"
N

INDEXL=" IMPLIFS THAT INITIAL CLUSTERS ARE STILL BEING FORMED
INDEXL =) IMPLIES THAT THE LEFTOVERS, THEL? ELIMINANTS, AND
PONLED CLUSTFRS ARE REING NDEYERMINED
INDEXL=? IMPLIES THAT THF 2%%NINCL( )Y RUNS FOR FACH CLUSTER
ARF OEING MADE

IMOLTES THAY THE PROCEDURE FOR DETERMINING UPPER
BOUNNDS NN THE MOMENTS 0OF THE NETWORK COMPLETION TIME
AND _(OWER ROUNDS ON THE DISTRIBUTION OF COMPLFTION
TIMFS HAS NOT BEEN BEGUN

1CRCHP = 1 IMPLIELS THAT THF PROCEDURE FOR DETERMINING UPPgR
HOUNDS ON THF MOMENTS OF THE NETWORK COMPLETION TIME
AND LOWER ANUNDS ON THE DISTRIBUTICON OF CNMpLETION
TIMES IS BREING INITIALIZED

1}
O

Icace

CONTINUF

1CRCP 2 IMPLIES THAY THE pROCEDURE FOR DETERMINING UPPFR

INUNNS ON THE MOMFNYS OF THE NETWORK COMPLETION TIME
AND LOWFR ROUNDS UN THE DISTRIRUTION OF COMPLETION
TIMFS IS REING CARRIED CuT

1PARM= | ““ES ““‘
INDFXL= "“ ““G e “
1CBCP=) \ B\E ¥ \“
601C CONTINUE 0“\” “M\-& \H\)\B\i ?““““J‘
PO 108 T=1,NMM ““ E““x
104 INFASF(I)=M4T E“
nn 2001 J=1.M
2001 ISTAT(J)=C,
DO 2002 J=MO) N
2002 ISTAT(J)=1
DN 1F 1I=1 ,NMMP]
DD 12 L=1,NMMP]
12 BIINV(L,LI1Y = n,
10 BIINV(IT,I1) = 1,
NO 3¢ 1=1.AMM
ac xPI(T1) = 0.
XA1(NMMPY) = 1,
TOLR1=1,6D-1C

s - - 4 IO % B Rl ) (st s




280c

22
52800
23
22800

24

22824

50026

26

27

32

NN ww
W o~

38

START THE SIMPLFX ALGORITHM
SOLVE THF DUAL PROBLFEM

THE NUMBER (OF VARIABLES IS M REAL + NMM SLACKS
FNR A TNYAL OF N VARIABLES

CONTINUE

DO 23 J=1,N

RATS = 0,

IF (ISTAT(J).EQ.1) GO TO 52800

IF (JaGTeM) GO TO 22

RATS ==B1INV(] +HEAD(JI+1 )¢BLINV(Ll,TAIL(J)*1) ¢ CTIME(J)
GO TO 52800

RATS ==RB1INV(],J=-M+1)
RENDCOS(J)= RATS
CONTINUE

CONTINUE

TRMAX=1

RMAX=FFDCOS(1)

DO 24 JU=2.N

IF(REDCNS(J) +LF. 7MAX) GO YO 24
AMAX=PEDCCS(J)

ITRMAX=J

CONTINUE

IF(RMAX LLF,. TOLR1) GO TO 401
CONTINUF

NO 26 L=1,AMMP1

IF (IPMAX«GT«M) GO TO 50026
Y1(1) ==-BIINV(LsTAIL{IRMAX)+1)+B1 INVIL.HEAD(TRMAX)¢1)
GO TO 26

vi(L) = B1INV (L, IRMAX=M+1)
CONT INUE
Y1(1) = v1(1) - CTIME(IRMAX)

NUMBER="

N0 27 L=2.,AMMP]

IF(YIi(L) .LE, TOLR}) NUMBFR=NUMBFR+1
IF(NUMBER +FNDe ANMM) GO TO 403
RMIN=e39D 27

IRMIN=0.

N 32 1I1=2,MMMP1

IF(Y1(TI).LFs TOLRL) GO YO 32
RATS =xB1(I11)/yY1(11)
RR=RATS-RMIN

IF(RR «GE« DeDN)Y GO TO 32
RMIN=RATS

IRMIN=TT

CCNTINUE

DO 33 J=2.NMMP]
WW=B1INVIIRMIN 4J)/YL{IRMIN }
DO 37 L=1,AMMPI]

BIINVIL ¢J)=31INVIL,J)-wWwxys (L)
Bl INVI(IRMIN ,J)=ww

UPDATE THFE RASIC VARIABLES: INBASE AND XBl

ISTAT(INBASE(IPMIN=-1}1=0
ISTAT(IRMAX) =1

INBASF( TRMIN~1 }=IAMAX
wW=XA1(IRMIN /Y1 (IPMIN )
DO 38 I=1,NMM?])
XA1(1)=XB1(1)=YI(]1)sw

48
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AYOS

403
530

8s0

S0 ND

ODNOODYONADN

A0 NONONONANDINADN NN NN

43002

A33C1

S S e 1

49
XB1(IRMIN )=
GO TN 350
WRITE(6,539)
FORMAT(1HO +SX+*NO FEASIBLE SOLUTION EXISTSe CHECK YOUR INPUT DATA
*e?)
WRITE(H.85C)
FORMAT (1H1)
GO 10 999

END NF THE SIMPLEX ALGORITHM

CONTINYF
IF(ICACP.EQ,1) G TO 6608
IF(INDEXL «EQe2) GO TD 3204

KKK= THE NUMBER OF NODES ON THE CRITICAL PATH
KB(L)= THE L-TH NODE IN THE CRITICAL PATHs COUNTING BACKWARDS
FROM THE TERMINAL NODE
KKB= THF NUMRER NF ACTIVITIES ON THE CRITICAL PATH
IBB(L)= THE L-TH ACTIVITY ON THE CRITICAL PATH, COUNTING
BACKWARPDS FROM THE TERMINAL NIDE

CONTINUE

INRASE IS A SET OF M INTEGER VARIABLFES WHICH INDICATE THE
COMPOSITINN OF THE CURRENY BASIS. FOR EXAMPLE,
INBASE(K) = 7 IMPLIES THAT THE K=TH CNLUMN IN THE BASIS B
CORRESPONDS TO THE 7-TH VARTAALE

ISTAT INNICATES THE BASIC STATUS OF FACH VARTABLE
ISTAT(K) =1 IMPLIES THAT THE K=TH VARIAHLE IS IN THE
DUAL RASIS
0 IMPLIES THAT THE K=TH VARIABLE IS NOT IN THF
DUAL RBASTS

ISTAT(K)

’

THE FOLLOWING STATEMENTS DETERMINE THE NODES AND ACTIVITIES ON
THE CRITICAL PATH

THE NUAL SOLUTION IMPLIES THE FOLLOWING OPTIMAL SOLUTION TO THE
PRI MAL PFRT PROALEM. HOWEVER SOME OF THE NODE TIMES(OTHER THAN
THE LAST NNE) MAY Bf HIGHER THAN NECESSARY. THUS IN
DETSRMINING THE CRITICAL PATH AN ALTFRNATIVE OPTIMAL SOLUTION
MAY HAVF TO AE IDENTIFIFD.

A1INV IS NOT CHANGED,

DO R30D2 =1 ,NMM
XNCPE( T )=B1TNV(1.1¢1)
KKK=1

KB(1l)=NMM

IK=KH(XKKK) !

DETFRMINE WHETHER THE TIME YO REACH NODE 1K IS NECESSARILY
AS LARGE AS INDICATED FROM THE DUAL SOLUTION

SMIN2999999,
ISMIN=9
NC B3C00 T=1,M

< & Sk
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IF(HEAD(1) «NF 4. IK)Y GO TO 83000
S ACK=XNODE(HFAD (1) )=XNODE(TAIL 11 ))~-CTIME(T])
IF(SLACKGE«SMIN) GO TO 83000
SMIN=SULACK
ISMIN=1
83000 CONTINUE
IF(SMIN,LT,2,2C01) GO TO B3003

aon

THE TIME FNR NODE IK WAS UNNECCESSARILY LARGE

XNODF( IK)=XNIDE( IK)=-SMIN
KKK=KKK=1
GO T 93NNt

R3903 TRR{KKK)I=ISMIN
KKK=KKK +1
KR (KKK) =TAIL( ISMIN)
IF(TAIL(ISMIN) «GTa1) GO TN 83001
KKR=KKK -1
IF(INDEXL . 0et) GO TO 3121
TPAPM=TIPARM+
IF(TPARMLGT+4)Y GO TN 291¢C
IF(IPARV.EN.3) GO TO 6400
IF(1PARM.FN.,4) GO TO 6401

-
r ICRITP(L)I= THE L ~TH ACTIVITY ON THE ORIGINAL CRITICAL PATH
c KCDPR= THE NUMBER 0OF ACTIVITIES ON THE ORIGINAL CRITICAL PATH
c

TATAL = RIINV(1,NMMP1)

KCPBzKKA

ICRTTN(1) = NMM

NN 28r2 1=1.KCPA

TICRITN(I+1) = KE(I+1)
2802 ICRITP(1)=IRA(T)

X=TOTAL

WRITF(5.851) X
8s1 FORMAT (1HC+SX s * THE CRITICAL PATH TIME WHEN EACH ACTIVITY®''S COMPLE

*TION TIMF [S SET EQUAL 1O ITS MFAN IS = *,D15.5)
WRITE({H6+767A) KKK
7606 FORMAT(1HO 10X s* THF *,13,' NODFS ON THF CRITICAL PATH ARE AS FOLLO
*wS BEGINNING WITH THE TERMINAL NODE:?)
WRITE(6,7707) (KA(1),1=]+KKK)
7707 FORMAT (1SX420(13,%,'))

WRITF(HK+771)) KKB
7710 FORMAT(1HA 10X +*THE *,13,? CRITICAL ACTIVITIES ARE AS FOLLOWS REG?T

*NNING #ITH THE TFRMINAL ACTIVITYZ?!)
WRITF(6,77n7) (I8BB(1).1=1,KKB)
RFAD(5,2G20) THETA._AMBDA

292¢ FORMAT (2F€.2)
WRITE(A,3C71) THETA,LAMUDA

071 FORMAT(IHO 1IN+ THETA = 1 ,E15500 LAMBDA = ,E15.,5)

¢

C SAMSTIZ = THE NUMBEP OF ACTIVITY TIME CONFIGURATIONS 0 BE

r RANDNMLY SELFCTED FOR CONSIDERATION IN EACH CiLUSTER
r

C NOTE: SINCE THIS IS A QANDOM SAMPLE « SOME PERCENTILF

c COMAINATIONS MAY BE CONSIDERED MORE THAN ONCE.

C

READN (5,325%9) SAMSIZ
3209 FORMAT (110)
C




S 51
THE CCMPLFTION TIME FOR ALL ACTIVITIES IS SFT TO THEIR LOWER 36¢C

c
c PERCENTILFs THFE RFSULTING CRITICAL PATH TIME IS A LOWER 361,
c BOUND ON THE FXDECTFD CRITICAL PATH TIME, 362"
c . 363
DO €402 I=1,M 364
6402 CTIME(I) = FLO(T) 365
CALL BRINVA(E2800) 36¢€;
6470 CPLA= B1INV({1 NMMPY) 367
WRPITE(6,6405) CPLA 368
6405 FORMAT(1HN,5X,'A LOWER BOUND ON THE EXPECTED CRITICAL PATH TIME IS 369
£ = 1, F15,5) 370
WRITE(6,7606) KKK a7
WOITE(647707) (KB(L)el=1,KKK) 372
WRITF(5,7710) KKB 373
WRITE(6.7707) (IBB(1)41=14,KKB) 374
C 37s
c THF CCMPLFTION TIMF FpDR ALL ACTIVITIES IS SET TO THEIR UPPFR 376 E
c PFRCENTILF. THE RFSULTING CRITICAL PATH TIME IS A UPPER 3r7y A
c AOUND ON THE FXPECTID CRITICAL PATH TIME, 378 E
d 379 :
PO €4C6 T=1,M 380 i
6806 CTIME(I) = FHI(T) 381
CALL BINVA(E2800) 382 ¢
6401 CPUB= BLINV(I ,NMMP] ) 383 .
WRITF(6,€6409) CPUR LTINS
6409 FORMAT(1HCSxe¢'A UPPER BOYND ON THE EXPECTED CRITICAL PATH TIMg S 385 3
X = 1,E15,5) 386 ||
WRITF(6.7606) KKK 387 ]
WRITE(6,7707) (KB(T)elIm14KKK) 388
WRITF(6,7710) KKA 389
WRITF(H.7707) (IRB(I),!=1,KKH) 390
c 391
c FO(I) = THE LOWEFRP BUUND DN THE EXPECTED CRITICAL PATH TIME 392
c PLUS 1/1FDF OF THE DISTANCE YO THE UPPFR BOUND 393
c NLEFD(IR,I) = THE SUM OF (THE CRITICAL PATH TIME FOR A 394
C CONFIGURATION * THE PROBABILITY OF THE 3198
c CONFIGURATION === WHEN THE CRITICAL PATH TIME IS 396
c <= FD(I) ) % (THE NUMBER OF POSSIBLF 397
& CONF IGURATIONS) /7 (THE SAMPLE SIZE) 398
c FOP THE IR=-TH CLUSTER 399
c 400
c FN AND NLEFD ARE USED TO BUILD AN *EMPIRICAL® DISTRIBUTION OF 401
c THE CRITICAL PATH TIMES 402
c 403
C={CPYB=-CPL3) /1EDF 404
NO 6412 K=],KCPR 40S
00 6412 1=1,1EDF 406
FD(1)=CPLA+I*C aCc7
6412 NLEFD( KoI)=0 D0 408
c 409
' THE ASSOCIATF GROUPS ARE NOW FORMED 410
c 411
WRITE(A43165) 412
3165 FORMAT(1H1,5X, *THE ASSOCIATES ARF NOW IDENTIFIED:®) 413
111r1=1 ala
NO 2825 [=1,M .13
2825 CTIMF(I)=CaT(T) 416
TWwWwQ=ICRITP(1) a7
CHANG= LAMBDAXS IGMA (IwwWQ) ate

TEX=COT( TWwWQ ) =~CHANG 419 ||



IF(TEX «LTenat) CHANG=COT(IWWWQ)
CTIMEF( ITwwwQ)=COT(TwwwQ)-CHANG
CALL BINVA(E2AC0)
2301 CONTINUE
IFCISTAT{ TuwwQ)sENel) CALL BINVI(E22825:,COT(IWNWQ)+CTIME(IWWWQ),
*xIwwwn)
RENCOS(IwWwQ) = REDCOS(TwwwQ)+COT(IWWWQ)=-CTIME(IWWWQ)
22825 CTIMF(IwwWWqQ)=COT(IwWwwwQ)
TwwwO=ICRITP(ITITIII)
CHANG= LAMBDA*SIGMA(IWWWQ)
TEX=COT(ITwWWWQ)=-CHANG
IF(TEXsLTaNe)) CHANG=COT (I wwwQ)
CTIME(IwWWN)=COT(TWWWQ) -CHANG
IF (ISTAT(IWWWQ)eEQel ) CALL BINVI(E229C0,CTIME( IWWWQ) +COT(TWWWQA),
*IWWWQ)
REDCOS (1 wwwQ) =FEDCOSCIWWWQ)=COT(IwWWQ)+CTIME( IwwwQ)
GO T 22800

DFTERMINF ASSOCTATE GROUP

N YDA

91c¢ NINAG(ITITITI)=O
DO 2911 K=1,KKR
KK=1
2913 IF(IRR(K)+EQ.ICRITP(KK)) GO TO 2911
IFIKK«GEWKCP3) GO YO 2912
KK=KK+1
GO 7O 2913
I 2912 NINAGOTITII)=NINAG(TIIIII )&t
k- ASSGRP( ITTTI NINAG(IIITI))=IBR(K)
2911 CONTINYE
WRITF(&£+2915) I1TI11,ICRITPUITIIT)«NINAG(TT'III)
2915 FORMAT(1He ¢17 X4 ?*THE NUMIIFR OF ASSOCIATFS ASSOCIATFD WITH THE ®e13s
X'oTH CRITICAL PATH ACTIVITY, [e€Ee ACTIVITY 9,73, IS = *,13)

INDUCK=NINAG(TIITIIT)

IF(IDUCK.FQ.0) GO T 281iC
! WRITE(A«2916) (ASSGRP(IIIITI,1),1=1,1DUCK)
i 2916 FORMAT(1HO,15X,*THE ACTIVITIFS IN THE ASSOCIATe GROUP ARE AS FOLLO
f XWS? 3 /415X e5C(1340,0))
! P2RIN 1111 1=1111141
IF(TIITILLF,KCP3) GO TO 2801}

NETERMINE THFE CLUSTERS

THF CLUSTFRS ARF POOLED TOWARD THE TERMINAL NODE

NCLUJS = THE NUMRER OF NON-FEMPTY CLUSTERS

NINCL(T) = THF NUMAFR OF ACTIVITIES IN THE [-TH CLUSTER

INCLYS(I,4) = THE J=TH ACTIVITY IN THE 1-T4 CLUSTER

NCLINC(I) = THF NUMBER OF CLUSTERS COMPRISING THE I-TH
CLYSTFR AFTFR POOL ING

CLINCL(T+J) = THE J=TH CLUSTER WHICH HAS REEN POOLED INTO
THE I-TH CLUSTER

NCLINC AND CLINCL HFLP KFFP TRACK OF wHICH CLUSTER THE
CRITICAL PATH ACTIVITIES ARF IN

AFLNw FORMS CLUSTERS BY PUTTING EACH CRITICAL PATH ACTIVITY IN
I SEPARATE CLUSTFR AND THFN ADDING EACH CRITICAL PATH ACTIVITY'S
fc ASSOCIATES TO ITS CLUSTER

“
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aaa

NCLUS=K(pB

ND 2029 T1=1,KCPA

NCL INC(T)=1

CLINCL (L2 )=1]
NINCLUT) =NINAG(T)+1
INCLUS(T,1)=1CPRITPR(])

53

TF(NINAG(I).FQ.0) GO TO 3020

IDUCK=NINCL(T)

DO 3021 J=2, IDUCK

JI=J-1
3021 INCLUS{ 1+J)=ASSGRP(1,4J)
3020 CONTINUE
c

C RFL OWw PNOLS CLUSTERS FORMED FRCM ASSOCIATES

c
TtA=C

3031 IA=1A+1]
IF(IAGF.KCP3) GO TO 3C 13C
IFINCLUS.EQ.1) GO TO 3C 30
INTA=NINCL (TA)
IF(ICTA.FQ.NY GO TO 3031
TAA=TA+]
DO 3¢23 1I=TAA,KCPH
IDTI=NINCL(IT)
IF{IDI1+FQe0) GO T 3C23
DO 3025 [=1.,1D1A
DN 3r2S J=1,IDT11

TF (CINCLUS(I14J)FQ.INCLUS(IA,T)}) GO TO 3027

3025 CONTINUE
GO 1N 3323

3027 NCLUS=NCLUS-!
nNO 2928 J=1,1D011
DN 3029 1=1.IDTA

TFCINCLUS(IToJ)eENe INCLUS(IA,T)) GO TN 3028

3029 CONTINUE
NINCL(TA)=NINCL{TA)+]

INCLUS(TANINCL(TA) DI)=INCLUS(II1,J)

3028 CONTINUE
NINCL(TI)=9
NCLINC(IA)=NCLINC(IA)+1

CLINCL(TA,NCLINC(IA)) = II

NCLINC(I1)=1
3023 CONTINUE
GO T0O 3721
0397 CONTINUE

AN W

WRITE(E&,3033) NCLUS

3033 FORMAT (1H1 ,10X,*THERE A"F

BFL 04 DESCRIASS CLUSTERS AFTFR POOLING BASED ON THF ASSOCIATES

*y 13, NONEMPTY CLUSTERS AFTER POOLING O

«N THE FBASIS NOF ASSOCIATHS ONLY.')

1t=c
PO 3634 [=t,KCPA

IF(NINCL(I)«FN.0) GO TO 3024

TI=1T+1
INUCJI=NINCL(T)

WRITE(4+3C35) To(CINCLUS (] +J)eu=1,10UCYH)
3IN3S FORMAT(1HI 410X+ THE ACTIVITIES IN THE %,13,*=-TH CLUSTER ARE AS FOL

*LOWS 21 /415X s5N(134%,1))
301 CONYINUF

480
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494
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496
497
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512
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514
515
516
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518
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522 |
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527
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C
C DESCRIAFS WHERFE EACH ACTIVITY IS REFORF ELIMINANTS ARE
c CONS IDERED
Cc
C
c FXAMINF EACH ACYTIVITY AND DETERMINE WHICH CLUSTERSIF ANY, IT IS
C IN.
Cc LEFY(I) = o IMPLIES THAT THE 1-TH ACTIVITY IS NOT IN ANY
c CLUSTER
ot LEFT(I) = J IMPLIFS THE 1-tH ACTIVITY IS IN THE J-TH
¢ CLUSTER
ot

WRITE(6,3104)
3104 FORMAT( IHC10Xs* THEF CLUSTER T WHICH EACH ACTIVITY AELONGS: ',/,15X

*,*LZERN IMPLIES THAT THE ACTIVITY IS NOT IN ANY CLUSTER)?)
DO 3101 I=1.M
LEST(I) =0
DO 312 JY=1,KCPA
IFININCL(J).,FR,0) GO TO 3102
IDUCK=NINCL(J)
DO 3110 K=1,1NUCK
IFUIWFNLINCLUS(J.K)) GO TO 3107
3110 CONTINUE
31c2 CONTINUE
GO TN 3101

© 3197 LFFY(1)=J

310 WRITE(6,3123) I[,LFFY(I)
3103 FORPMAT(IH (I1SX3¢THE ¢,13,9=TH ACTIVITY IS IN THF *,13,'-TH CLUSYTER

*4)

INDEXL=1
C
a LEFTOVERS ARE ACTIVI'TIFS NOT IN CLUSTERS AFTER ASSOCIATES HAVE
C BFEN CONSIDERED BUT SEFORE ELIMINANTS HAVE BFEN CONSIDERFO
Cc
C
c DETFRMINE THE NUMBER OF LEFTOVFRS. NLEFT
c LEFTO(L) = 9 IMPLIES THAT THE L~-TH LEFTOVER IS THF y-TH
G ACTIVITY
c
3 NLEFT=)

NO 2122 Ju=i,M
IF(LFFT(J)eNF.0) GO TO 3122
NLEF T=NLEFT+1
LFFTCI(NLFFT)=J
3122 CONTINUE
WRITE(A,3123) NLFFT
3123 FORMAT (1HN10Xs*THERE ARE *413,¢ ACTIVITIES NOT IN ANy CLUSTER YE
2T 49)
WRITE(E,2323)
3323 FORMAT ( {H1 +SX s *THF ELIMINANTS OF EACH NON=CRITICAL-PATH ACTIVITY 4

*RE NOW DETFRMINEDZ®)

ELIMINANTS FOR FACH MON=CRITICAL=-PATH ACTIVITY ARE NOVW
DETERMINED
NNNCP = THE NUMFFR OF ACTIVITIFS NOT ON THE CRITICAL PATH
NONCP(LE) = THE LE-TH ACTIVITY NOT ON THE CRITICAL PATH

NNNCF=M=KCP3
LF=r
NO 5000 I=]1,M
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' J=1 600
5001 IF(I.EQ.ICRITP(J)) GO TO 5000 601
J=J+] 602
IF(JLEKCPR) GO TN SIC1 603
5002 LE=LE+1 604
NONCP(LE)=1 605
500r CONTINUF 606
WRITE(6,5005) NNNCP 607
| 5005 FORMAT(1H0+15X ' THERE ARFE ¢ ,13,%' ACTIVITIES NOT ON YTHE CRITICAL PA 608
% *THe THFY ARF AS FOLLNOWS:?) 609
IF(ANNCP.FG.0) GO TO 3124 610
DO SO0E I=1,LF 611
S006 WRITF(6,5CN7) T,NINCP{I) 612
5007 FORMAT(IH L15X,13,¢, 1.13) 613
IF(NNNCP,FN.0) GO TN 3124 614
LF=n 615
3126 LE=LE+1 616
IF (ISTAT(IWWWO)eF2e1) CALL BINVI(E£23127,COT{IWWWQA) CTIME(IWWWO), 617
*[WWwn) 618
RPEDCOS {IWWWQ) = RFDCOS( IWWWQ)=CTIME{[WWWO)+COT(IWWWQ) 619
23127 CONTINUE 620
CYTIME(Twwwn) = COT(IWWWQ) 621
CTIMEINCNCPILE)Y) = COT(NONCP(LE)) + THFTA*SIGMA (NONCP(LE)) 622
IF (ISTAT(NONCP(LE))eEQ.1) CALL BINVI(ET756.CTIME(NONCP(LE) ), 623
1 * COY (NCNCP{LE) )+ NINCPILE)) 624
b RENDCOS (NCNCP(LE))=RFDCOS({NONCP(LE) )-COT (NONCO(LF)I+CTIME(NONCP(LE) 625
*) 626
7756 TWWWQ = NCNCP(LE) 627
WRTTE(6,3157) NONCP(LF) . CTIME(NONCP(LE)) 628
3152 FORMAT(1HC+///7+ 5Xe9THE COMPLFTION TIME FOR THE *,13,'=-TH ACTIVITY 629
* HAS HEEN CHANGED TO *,E15.5) 630
GO TO 228c0 631
3121 CONTINUE 632
c 633
r DFTERMINE THF ELIMINANTS OF THE LE=TH ACTIVITY NOT ON THE 634
c CRITICAL PATH 63%
c NE = THE NUMBER OF ELIMINANTS FOR THE LE-TH 636
ic ACTIVITY NOT ON THF CRITICAL PATH 637
c FGRP(J) = rHF J-TH ELIMINANT FOR THF LE=TH ACTIVITY 638
c NOY ON THE CRITICAL PATH 639
c €40

£ T0 006 DOES MOT <23

PO 3131 I=1.KkKH ﬂuw Avmugl‘iam\i Pmm“‘l“““ ::2

IF(IRA(I).ENICRITP(K)) GO YO 3130 F“ll
3131 CONTINUF PEM“

645
NE=NE+1 646
FGPP (NE)=TCRITP(K) 647
313C CONTINUE 648
WRITF(6,3133) NE,NINCP(LE) 649
1 3133 FORMAT(IHO10X.*THERE ARE ®413,% FLIMINANTS CORRESPONDING TO ACTIV 650
+ *ITY *,13) 651
- IF(NE«EQ.0) GO TO 3171 652
3 DO 3135 K=1.NE 553
; 3135 WRITE(6,3136) K NONCP(LE)ECGRP(K) 31}
i 3136 FORMAT(IH o18Xe*THE ¢l 34e9=TH ELIMINANT CORRESPONDING TG ACTIVITY (-1
¥ 0,13, IS ACTIVITY ¢,11) 686
b c 687
E— C NFTEQMINE WHETHFR NNNCPILE) IS AN ASSOCIAYE 658
& © JA = 1 IF NONCP(LF) 15 AN ASSOCIATE €S9
z - i 2 AL o aak? s i A St S b K3 fit acidi i i aadii S el Cael S
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JA = 2 IF NONCP(LE) IS NOT AN ASSQCIATE

K=NCNCPR (LE)

JA=1

IF(LFEFT(K)EQeN) JA=2
IF(JA.FN.2) GN TN 5010
TT=LFFT(K)

THE TT=TH CLUSTER IS FXPANDED TO INCLUNE ELIMINANTS

GO TN 5911
CONTINUE

ITTTT IS THE ACTIVITY NUMBER 0OF THE FIRST FLTIMINANT
IT IS THE CLUSTER Tn WHICH THE FIRST ELIMINANT CURRENTLY BELONG

ITYT=FGRF (1}
IT=LEFT(ITTT)
LFFT(NCNCP{LE))=IT

THE TT-TH CLUSTER IS EXpANDED TO INCLUDE FLIMINANTS

NINCL(IT)=NINCL{IT) ¢+1
INCLUSCIT NINCLUIT))I=NCNCP(LF)
IF(NE.ENG1 Y GO TN 3171

NO 3172 J=JA,NE

IU IS THE ACTIVITY NUMBFR OF THE NEXT ELIMINANT
IF TU IS IN CLUSTER Xe¢ THFN CLUSTER K 1S POOLED INTO CLUSTER IT

TU=EGRP (J)

K=LFFT(IU)

IF(IT.FO,K) GN TN 3172
NCLUS=NCLUS=T

IW=nCL INC(K)

DN 3183 [A=1,1IW
LEFFT(ICRITP(CLINCL(K,TA)))=IT

NCL INCOIT)=SNCLINC(IT) #1
CLINCLOTToNCLINC(IT))=CLINCL(K,IA)
NCLINC(K)=N

IWw=NINCL(X)

NINCL(K)=n

NN 3134 TAz1,IW
LEFTOINCLUSIK,TA))=IT
NINCLOTT)I=NINCLIIT)¢+1

INCLUS( IToNINCLUIT))I=INCLUSIK,TA}
CONTINUE

CONTINUYE

TFLLF<LT.NNNC®) GN TO 3126

FND NF POOLING RASED ON FLIMINANTS EXCEPY FOR THE FOLLOWING
DESCRIPTION

WRITF(6,3173) NCLUS
FORPMAT (1H]1 ¢0O5X*THERF ARF ¢,13,% CLUSTERS.?}

DO 3176 1=1,KCP]

IF(NINCL(I).EQ.0) GO TO 3176

IDD=NINCL (1)

WRITF(H5,3174) NINCL(IDel o INCLUS(TsJ)ed=]leIDD)
FORMAT( THO W 10X s ¢ THERFE ARE *917¢¢ ACTIVITIES IN THE %40 3,'=TH CLUST
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*ER, THEY ARE AS FOLLOWS:? 4/ ¢2CXs5S0(13e%,1))

IDUCK=NCLINC( 1)

WRITF(643175) NCLINCC(I), (CLINCL (I9J) ¢J=1,1IDUCK)

FORMAT (1HD,15X,13,¢ CLUSTERS HAVE BFEN POOLFD TO MAKE THIS CLUSTER
*, THEY WERE AS FOLLOWS:I®4/+20X+50(13,4%,%))

CONTINUE

IF (SAMSIZJLE.N) WRITE(6:6045)

IF (SAMSIZ,GT,0) WRITF(6+46056) SAMSIZ,SAMSIZ

FOFMAT( Sxs' THE FOLLOWING TARLES WFRE DETERMINED CONSIDERING AT M
*OST *,[A,* ACTIVITY CONFIGURATIGNS PER CLUSTERe"4/¢11X,*IF THERE A
*RE NO MOFE THAN *413,* ACTIVITY CONFIGURATIONS IN A CLUSTFRs's/,11

xX o THEN ALL ACTIVITY CONFIGURATIONS ARF EXPLICITLY CONSIDERED, AND

* NO SAMPLING IS DONFe ')
FORMAT (S5Xs' THE FOLLOWING TABLES WERE DETERMINED CONSIDERING ALL

* ACTIVITY CONFIGURATINNS ')

wARPNING: THE SYSTEM SUBRNOUTINE CLOCK MAY NOT BE A PART OF
4Ll SYSTEMS. XRAN NEFNS TO BF A RANDOM SEFD,

CALL CLOCK({XRAN)
ITYUTS = XRAN

WRITF (6+32238) 1vuTs
FORMAY (1HI«SXe'THE INITIALT ZATION PARAMETER FOR ANY SAMPLING IS 1

Y = v,11C)

STATEMFNT NUMRFR 3124 MARKS THE END OF POOLING CLUSTERS BASED
CN LFFTQVERS AND ELIMINANTS

CCNTINUF
IF(CPTONL +EQe1) GO TO 999

THE FINAL CLUSYFRS HAVE NOW RFEN DETERMINED
THF 2%&NINCL{I) RUNS ARE NOW MADF FOR ALL I wiITH NINCL(T)DC,

IF(ICRCP.EQ.1) ICACP=2?
INDFXL=2

IF(CPTON2 «EQ.1) GO TD 87701}
IF(ICRCP.EN.2) GO TO B877C1
DO 17701 T=1.M
CNT(I)=FLN(T)

CONTINUF

IR=C

IR=IR+1

IF(IP.,GT.KCPAR)} GO TO 3278
IF(NINCL(IR)EQ.O0) GO TN 3200
DN 6031 1=1,10

“OMFNT( lpg') = (‘ 'n:‘

DO 91C! I=1,1ENF
NLFFND(IRI)="oD0

Ip =

NIR(TR)=C

NUMAFR NF ACTIVITY CONFIGURATIONS IN THE SAMPLE

VECTOR CONTAINING THE UPPER BOUNDS ON THE NETWORK
COMPLETION TIME DISTRIBUTION TO BE AVERAGED WITH THE
LNWFR AOUNDS ON THE NETWOPK TO YIELD THE AVERAGE NETWORK
CCMPILFTION TIME DISTRIBUTIONG

NIB
NSA VE

fo e

- S i i it

e e e
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C
IC=NINCL (IR)
[R=?*&NINCL(IR)
! C IDOALL = 1 MEANS ALL ACTIVIYY CCNFIGURATIONS ARF EXPLICITLY
Cc CONSIDERED.
C INCALL = € MFANS TU SAMPLE.
G
o

IDOALL = ©
TF (SAMSI7 LF.C.OR,SAMSIZ.GE.T1R) IDDALL=1
NN 3222 I=1.M
3222 CTIME(TI) = COT(1)
GO TN »00n9

STATEMENT 3204 IS THE RF-FENTRY POINT FROM THE SIMPLEX
ALGIRITHM WHEN CLUSTFR BASED RBOUNDS ARE BEING COMPYUTED

“NND NN

204 CONTINyFE
NN 6032 1=1,1¢
6032 MOMENT (IR, 1) = MOMENT(IR,I) +(B1INV(I,NMMP1)%*%] ) %*SPROR
9900 X= BIINV{1 NMMPL)
X=X=1o )D-l"
I1=0
64?7C I=1+1
IFIXeGT FD(I)) GO TO 642¢
NLEFDC IR T)I=NLEFN(IRLI) ¢SPPOUB
10001 CONTINUE
2000C IP=1IP+1
NIA(IR)Y=NIB(IR)+1

GENERATE NFXT ACTIVITY CONFIGURATICN YO BE FEXPLICITLY
CONSTDFRED,.

YO 0N

IF (IDNALL.FN.0) GO TN 205C0
IF (IP.GT.13) GO TO 32¢7
RANSAM = 1IP
GO TN 2nsa1
20500 IF(NIR{IR).GT,SAMSIZ) GO TO 3207
. IYUTS = 1YUTS*ESS 39
1F (IYUTS) 6210:6211.6211
6210 1YUTS = [YUTS+21474816474+!
| €211 XRAN = [YUTS
XRAN = XRAN# 4465661 3F=9
RPANSAM = XRAMADFLOAT(IB~1) + 1
20501 CONTTINUE

CONyFRT THE PANNDOM NUMBFRs RANSAMs TO A BINARY NUMBER TO DFFINE AN
ACTIVITY CONFTIGURATION

DO 0N

KRAN = KRANSAM
SPRNB=1 ,D0
0D ASCS 1=1,1C
. THALF = KRAN/2
- 1Z = KRAN = THALF*2
L = INCLUS(IR.I)
CTIME(L) = TZ*FHI(L)=TZ*FLO(L) ¢ FLO(L)
' SPROB=SPROA* (1 Z¢PQA(L ) +(1-1Z2)*PP(L))*2,00

‘e SPR(ONA= 2%xNINCL{IR) * THE PRORAHILITY OF THIS CONFIGURATIAON
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RS05 KRAN = {[HALF

CALL BINVA(£2R00)
3207 NIR(IR)I=NTIA(IR)-}
N0 602Y 1=1,10
6030 MOMENT(TR,T) = MOMENT(IR,II/NIBCIR)
GO Tr 2200
3208 WRITE (6,6362)
613162 FORMAT (1H1)
IF (1CACP,FQ.2) GN TO 6611
NN 17¢70 J=1,10
[ TMAX="
TMAX:O .
nO 5021 I=1,KCPB
IF(NINCL(1).,EQ,0) GO TG S021
IF (MOMENT(1,J).LF.TMAX) GO TO SC21
TMAX = MCMENT(1,J)
ITMAX=T
5021 CONTINUE
WRTTF (645923) JeJyMOMENT(TTMAX s J)
5023 FOPMAT (1HD,SX,%A LOWER BNUNDs T=(*,12:*3THFTA,LAMBDA)s ON THE ¢
%o 12 +'-TH MOMENY OF THF NFTWURK COMPLETICN TIME = *,E15.5)
1000~ CONTINUF

.
c
C BFGIN THFE PRACEDURE FOR DETERMINING UPPFR BOUNDS ON THE
3 NET WNPK COMPLETION TIME DISTRIBUT ION
C
9011 CONTINUE
DN QN7 TR=1,KCPR
IFININCL(IR)«FENen) GO T QCC7
NO °9an 1=2,1EDF
1I=1-1
9990 NLFFDUTIR, TI=NLEFN(TIRI)¢NLEFD(IRLII)
WNNTIR=DFLCAT(NIR(IR))
NN 39930 I=1,IFNF
319990 NLEFND(IRI)I=NLEFD(IFP, 1)/WNNIR
9007 CNONTINUE
DO 19111 IR=1,KCPH
IFININCL(IR).GY, ) GO TO 10112
10111 CCNTINUF
10112 IRR=IF

IRR = NON-EMPTY CLUSTER WITH THE SMALLFST [INDEX

[a S ]

DO 10119 19=1,KCPA
IF(NINCL(IR).EQ.0) GO TN 10119
NO 10117 1=1,1FDF
IF(NLEFR(IRST ) eLToNLEFD(IRR, 1)) NLEFD(IRR,IVI=NLFFD(IRsI)
10110 CCNTINUE
10119 CONTINUF
b WRITF (6,6264)
: WRITF(E,9623)
Q823 FORMAT({1HO+SX,'AN UPPER BOUND ON THE NETWORK COMPLETION TIME DISTR
] *JRAUTTIONS: F#{«THETAILAMHDA) )
DO 9421 1=1,IEDF
NGAVE( T )=NLEFD{IRR, T)
X=NLEFD(IRR,T)
Q421 WRITE(A45422) FN(I)+sTHF TALAMBDA X
9427 FORMAT (17X 'F4(® F1545,¢3¢E1%e5¢%3*oF15:%80%) = 9,£15,5)

we
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C BEGIN THE PROCEDURE FOR DETERMINING UPPER BOUNDS ON THE MOMENTS
C CF THF NETWORK COMPLETION TIME AND LNOWER BOUNDS ON THE
c DISTRIBUTION OF THE COMPLETION T MES,
1] cC
c
= THE UPPER RQOUNDSy T+(RsTHETALAMBDA)s ARE NOwW DETERMINED,
C
C
C
[of
C FOR THF SAKE UF NUMERICAL ACCURACY THE PERT PROBLEM
o C WITH NEw ACTIVITY TIMES IS INITIALLY SOLVED FROM SCRATCH
C INSTEAD NF UPDATING AN QLD SQLUTION. AFTER THIS
c REINITIALTZATIONs THE RFMAINING CRITICAL PATH TIMES ARF
Cc DETERNMINED AY UPDATING THIS SOLUTION.
c
C

{CRCP=1
DN 6001 I=14M
CTYIMF(I)=FHI(I)
6001 COT(I)=FHI(TI)
GO TO 691C
A011 WRITE (6+6264)
6264 FORMAT(/77)
N 10CCY J=1410
TTMIN=IRR
TMIN=MOCMENT(IRR, J)
DO 71Ct T=1,KCPA
IF(NINCL(T }Y+EQ.C) GO Tn 7101
IF(MOMENT(T4J)GT.TMIN) GO TO 7101
ITMIN=1I
TMIN=MCMENT (T, )
71¢C1 COANTINUF
10009 WRITFE (5,6012) JeJyMOMENT(TITMINGJ)
£012 FORMAY (1HO oSX AN UPPE? BUOUND, T#(0 412, iTHETA,LAMBDAY, ON THE °
X, 124'-TH MOMFNT NF THE NETWORK COMPLETION TIME = ®,E15,95)
DO 66930 IR=1,.KCPA
IF(NINCL(IR)JEQen) GO T 669COC
i NO AACO 1=2,1FNF
1I=1-1
6909 NLEFDUIRGIN=NLFFN{IP,TYENLEFD(IRL,IT)
WNNIR=DFLOAT(NTIB{IR))
i DO 49930 1=1,1EDF
49992 NLFFD{ IRsI)I=NLEFD(IR,I)/WNNIR
66900 CONTINUE
DO 20115 IR=1,KCPA
IF(NINCL(IR),EQ,0) GO TO 20115
DO 2011n 1=1,1EDF
TF(NLEFC (IR TI) «GTNLFFD(IRRsE)) NLEFOD(TRRI)I=NLFFD(IR,1)
20110 CONTINUE
20115 CONTINUE
WRITE (Hhe6162)
WRITF(AR,€423)
i 6423 FOFMAT(IHO sSXe tA LUOWER BOUND ON THE NFTWORK COMPLETION TIME DISTR
i *TBUTION: F=(¢ i THETASLAMIDA) )
DN 6421 [=1.1ENF
] X=NLFFL (IFR,1I1)
421 ARTTE(HS4€422) FD{IL) ,THETALLAMBDAJX
6822 FORMAT (17X o 'F=("4F15:84%:0,F15:5493!E154859%) = *,F15.5)




61

c THE APPANXIMATE NETWORK COUMPLFTION TIME DISTRIBUTION

WRITE (6463562)
WRITF(AhG472)

472 FOFMAT(1HO o 5X o+ *AN APPROXIMATE NETWORK COMPLEYION TIME DISTRIBUTION
¥V o/ 16X 'FloiTHFETAGZLAMBDA) = o5 % ( F#+(+iTHETALAMBDA) ¢ F=(4iTH
AETALLAMIACA) ) 4//)

DA 947t =14 1EDF
XT«SDC ENSAYF(T) +eSDOXNLEFD(IRR 1)

G471 WRITF(AeGa73) FDO(T) THETAJLAMEBDA.X

k. Y473 FNENAT(1I7X o' FU® gE1505, '3 E15¢5e¢%53C1%5e50%) = $,F15,5)

999 WRITF(6.857)

: STOP

1 END

SURROUTINE RINVA(X)

IMFLICIT REAL %8 (A-H,0-2)

COMMCN Q1 TNV 4RFDCOS,CTIME  XH]1 + INBASF« IHFADSITAIL +NMMPL s NMMeNoISTAT

CONNCN M MPL

DIMENSICN ISTAT(100),IHFAD(6C),ITAIL(60) +XB1(41))

DIMENSTION G1INV(41441)s INIASE(4C)eCTIMF(100),REDCOS(100)

e

UPDATE THE FIRST ROW OF RBIINV AFTER CHANGING CTIME

IS
o AaA

DN 1 1=2,AMMP}
BIINVI(1l 41} = €,.0
NN 1 J=2.AMMP]
1 BLINVEL,1) = B1INV(L1.1) & BIINV(J,I)®CTIME(INBASE(J~-1))

{ C UPDATE VALUE OF THF ORJFCTIVE FUNCTION
c

Xa1(1) = BIINV(1,NMMP])
RETURN1

FND

SURRUUTINE FINVL (% ,TMNFW,TMOLDID)

IMPLICIT REALKR (A=H,0=7)

COMMOMN A1INV,RFDCNS CTIMF, XAl s INBASE ¢ IHEAD» ITAIL +NMMP1 (NMM¢ N, ISTAT
COMNCN M, MP1

DINENSICN  ISTAT(10C) JIHEAD(60), ITATL (60)sXAL1(41)

PIMFNSTCON RITNV(A1,41) 4 INBASE(40)CTIME(100),REDCOS(100)

COMPUTE THFE RFDCOS CNRRESPONDING TO ONE CHANGE IN CTIME

g ]

DO 2 I=1.ANMM
2 IFUINRASE(I)«FQeID) TI=T¢1
DIFF = TMNEW=-TMOLD
TMNEW IS THE NFEw TIME AND TMOLD IS THE NLD TIME CORRESPONDING
TO THF SINGLE CHANGE IN CTIMFE

S0 N

DO 1 K31 M

IF(ISTAT(K)sENL1) GO TN ]

RENCOS(K) = REDCOSIK)I=DIFF*(DIINV(I] o IHEAD( K)¢1) -
] AIINVIT L, ITAILL K)+1))
‘ 1 CONTINUFR
3 N0 3 K=MPL N

IF (ISTAT(XK)FQe1) GN TO 3

QEFDCOS(K) = REDCOS(K) = DIFFERTINV(IT (K=Me1)
3 CONTYINUE

UPDATF THE FIRSY ROw OF B1INV AFTFR CHANGING CTIME

[a Mel

%
g ]
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DO 10 [=2,NMMP1}
BLINV(1.1)=31INV(L, 1)+DIFF*B1INV(TII,1)
CONTINUE

UPDATE VALUE OF THFE NBJECTIVE FUNCTION

XR1(1) = B1INV (1 NMMP])
RETURNI
END
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New Subnetwork Analysis Program: Flowchart

Read subnetwork description

Set each activity's completion time to its mean

i'.
|
]
!
|

9 e

Determine the activities on this original critical path

LT VR
el

y

Read the algorithm parameters 6, A

Set each activity'r completion time to its lower point

4

Determine the accivities on this critical path. (This critical path
completion time is an lower bound on the subnetwork completion time.)

G 2
Set each activity's completion time to its upper ‘point

Determine the activities on this critical path. (This critical path
completion time is a upper bound on the subnetwork completion time.)

Determine the associates of each original critical
j path activity and the initial clusters

Pool clusters

Determine the eliminants of each non-critical path
activity and pool the new clusters

Describe the final clusters

_, -J

Determine T (+; 8, A) and v;"(-; 8, Aﬂ




!

Determine T (*; 6, A) and F (3 0, A)

|

Determine the approximate subnetwork
completion time distribution, F(+; 0, 1)

l

STOP
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APPENDIX C
Original Subnetwork Analysis Program

The Original Subnetwork Analysis Program is an implementation and

extension of the analytical procedure described in Section 3 of Technical
Report No. 48. The basic required input is
(a) an acyclic network with one source and one sink,
(b) two points from each component activity's completion
time distribution, and

(c) specified values for the algorithm parameters 6 and A.

AR RS AT

The output is mainly
(a) upper and lower bounds on the moments of the network
completion time, T:(O, A) and T,(8, M) t = 1, 2, ..., 10;
(b) upper and lower bounds on the distribution function of the

network completion time, F (-3 8, A) and F (+; 8, A); and

(c) an approximate network completion time distribution,
F(.; 8, A) = 1/2[F (+; 8, A) + F (+; 6, V)].

The main extension of this program is the inclusion of an option
to consider only a random sample of the 2nc activity time configurations
for a cluster C instead of explicitly evaluating the critical path time
for all of the ch activity time configurationms.

The basic computational technique for determining critical path
times is the Simplex Algorithm., This algorithm is applied to the dual
problem. The Simplex Algorithm is used instead of the standard network
analysis techniques because the Simplex Algorithm is ideally suited for

the type of parametric programming required to evaluate several critical

path times when only the activity times vary from one problem to the next.
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A 1listing of the Original Subnetwork Analysis Program and a program

flowchart are given at the end of this appendix.

Specific Input Instructions:

Card 1. Col. 1-3 : The number of activities in the network, Format (I3).

Col. 4-6 : The number of nodes in the network, Format (I13).

For each activity one card with:

Col. 11-15: The origin node of the activity, Format (I5).

Col. 21-25: The terminal node of the activity, Format (I5).

P

Col. 31-40: The lower point on the activity's completion time
distribution, Format (F10.0)

Col. 41-50: The upper point on the activity's completion time (13
distribution, Format (F10.0)

Next Card. Col, 1: OPTON1l, OPTON1=1 implies that the program will

- o v " =
ik L ST e SRR S o

terminate after the clusters have been formed
on the basis of associates and eliminants,
OPTON#1 implies that the program will follow
the normal procedure.
Next Card. Col. 1-3: IEDF., The program computes an absolute upper
and lower bound for the network completion time.
This range is subdivided into IEDF equal parts
and the approximate distribution function #, b
values are printed at each of these dividing
points. IEDF would usually be between 10 and

100. IEDF, Format (I3).




Next Card. Col. 1-5 : 6, Format (F5.2).
Col. 6-10: A, Format (F5.2)

Next Card. Col. 1-10: SAMSIZ. The number of activity time
configurations to be randomly selected for
explicit consideration in each cluster
analysis. If SAMSIZ < O or SAMSIZ > ch,
all activity time configurations will be
explicitly considered -~ no random sampling
will be done. Format (I10).

The nodes should be numbered 1, 2, ..., n with the source being

number 1, the sink being number n, and the other node numbers

belng arbitrary. The activities should be numbered 1, 2, ... in

any order desired.

Current Dimension Restrictions:

Currently the program is dimensioned for a maximum of
60 Activities
40 Nodes

] 25 Clusters

25 Activities/Cluster and IEDF < 500.

Example:

The program's input and output are illustrated in terms of

the network in Figure C-1.
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Figure C-1. Original Subnetwork Analysis Program Example Network
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12. 76
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3.01
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13.75
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536
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PROGRAM LISTING 79
‘ C 1
. C ORIGINAL SUBNETWORK ANALYSIS PRDGRAM 2
. 3
| IMPLICIT REAL*A (A-H,0-2) 4
c FOR THE SAKF OF IDENTIFYING THF APPROPRIATE DIVMENSIONSe LET S
N M = THE NUMBFR 0OF ACTIVITIES IN THE NFTWORK 6
c AMM = NUMRBER OF NODES IN THE NETWORK 7
c AMMP]1 = NMM + | 8
C N = M 4+ NMM 9
c L = THF LENGTH OF THE CRITICAL PATH 10
' c C = THF MAXIMUM NUMBER OF BRANCHES IN A CLUSTER 11
c 1EDF = THE NUM3ER OF DIVISIONS IN THF EMPIRICAL 12
C DISTRIAUTION FUNCTION 13
€ 14
(] 15 |
E INTEGER TAIL{ M) HEAD{ M)IsASSGRP{ LsL ) oCLINCL(L L) EGRP(L) 16 |
c DIMENSICN NINCL( C).INCLUS( Ls CIeNCLINCE L) A
c DIMENSICN NLEFD(IEDF) ,FD{ IEDF ) yNSAVC ( IEDF) 18 |
c DIMENSICN 1ZZ¢ C).AVG( L).THAT(L) 19 |
c DIMFASICN INBASE (NMM) ,XNQODE ( NMM ) 20 |
c DIMENSION LEFT(M )2LEFTO(M ) NONCP{M) 21 |
C DIMENSICN XB1 (NMMP1),Y1 (NMMP1),REDCOS(N) ,ISTAT(N) 22
c DIMENSTICN TCRITP (L) +NINAG(M) 4 ICRITN(L41 )+ CTIME(N);COT(N) 23 |
c DIMENSICN KB(L )4 IBS(L)+F25(M),F75(M) , SIGMA(M) ,B1INVI(NMMPL , NMMP] } 24 |
- C QFAL MCMENT (_+10) 25 |
¢ 26 |
c OF COURSE THESE DIMENSIONS ARE MERELY UPPER BOUNDS 27 f
.c 28 [
c 29 |
COMMON EB1INV,REDCOS+CTIME ¢XA1 s INBASF eHEAD s TATL s NMMP L s NMM Ny ISTAT 30 §
COMNON M, MP1 31 |
INTEGER TAIL(69) HEAD(60)+ASSGRP(25+25) +CLINCL( 25,25) EGRP(25) 32 |4
3 INTEGFR SAMSTZ,RANSAM 33 |
DIMEFNSICN NINCL(25) 4 INCLYS(25,25),NCL INC(25) 3a
DIMENSION FD{S00)NLFFD{S00)+NSAVE(S500) 3s
DIMENSION AVG(25),THAT(25) 36
s DIMENSICN INBASE (40) 37
§ | DIMENSION XNODE(40) 38 |
: o DIMENSIQON XA1(41)¢Y1(41)4REDCOS(ICO)ISTAT(100) 39 |
DIVMENSTICN B1INV(a1,41)sKB(25)4IBR(25),FLO(60)+FHI(60),SIGMA(60) 40
i DIMENSION ICRITP (25) (NINAG(SC) e ICRITN({26) oCcOT(100),CTIME(100) 41
; DIMENS ICN LEFT (60)s LEFTO(60),NONCP(60) 42
REAL*S LAMBDA , MOMENT(25,10) 43
C M = THE NUMBER 0OF ACTIVITIES IN THE NETWORK 44
c AMM = THF NUMBER 0OF NODES IN THF PERT NFTWORK 45
READ(S+100) MyAMM A6
100 FORMAT (213) A7
N=AMM$ M 48
t MP1=M+ 1§ 49
: NMMP 1=NMM+ | 50
c sy |}
‘u c THE ACTIVITIES ARE DFSCRIRED IN TERMS OF THE[R NOODES 52
; “* .C I1=THE TAIL NODE, THFf ORIGIN NODE 53
I JJ=THE HEAD NODE, THE TFRMINAL NODE 54
i ¢ FLO = THF LOWFR PFRCENTILE 1]
AN FHI = THF UPPER PERCENTILF 86
4 c STGMA = FLO - FHI 87
5 c L1 ]
a ; DO E10 T=1 M 89
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READ(S+25C1) I1,0J,FLOGITL )FHI(L )
SIGMA(I) = FHI(I)-FLO(I)

. 2501 FORMAT(10XeISeSXsISe SXeF10e0,F10.0)

cav(l) = (FLO(D)+FHI(I)) /2,
CTIME(I) = CcOT(1)
TAIL(I) = I
610 HEAD(1)=4y
COT (M) = THE ORIGINAL RIGHT HAND SIDES, [+Ee THE AVERAGF
OF FLO AND FHI
DO S§561C I=MP1,N
S65610 CTIMF(1) = 9,

C
C

OPTONY =1 IMPLIES THAT THE PROGRAM wWiLL TERMINATE AFTER
THE CLUSTERS HAVE BEEN FORMED. NO HBOUNDS ON
THE PROJECT COMPLETION TIMF MCMENTS 0OR
DISTRIBUTION WILL BE DETFRMINED.

OPTINI NOY= 1 IMPLIES THAT THE NORMAL PROCEDURE wILL BE
FOLLOWED,

READ{S,77€51) OPTONI

77551 FOPMAT(1011)

IF(OPTONL «FQel) WRITE(6,77552)

77552 FORMAT(IHI »12X*0OPTION1=1 AND THE PROGRAM WILL TERMINATE AFTER THE
* CLUSTERS HAVE BEEN FORMFDe'4/,11X, *NO BOUNDS ON THE PROJECT COMPL
*ETION TIME MNMENTS DR DISTRTIBUTION WILL BE DETERMINED,)

READ(S,100) IEDF
WRITE(6,4,27C0)

2700 FORMAT(1H1 15X+ *INITIAL INPUT?)
WRITF(he2701)

2701 FCRMAT (1HN+1CX*ACTIVITY ORIGEIN TERMINAL LOWER PERCs UPPER P

*ERC. AVERAGE PERCENTILE DIFFERENCE®)
DO 27C4 I1=1eM
27046 WRITF(642792) 1.TAIL(T)JHEAD(T) JFLOCI)FHI(1),CTIME(T) SIGMA(T)
2702 FORMAT(IH 413X, 13¢5XeT3e7Xel3¢S5XeF10e8e3XeF10_.443XsF104444XeF10e4)

THE FOLLOWING INDICATCRS ARF yUsiD:?

I1PARM = 1 IMPLIES THE CRITICAL PATH TIME WHE™N ALL ACTIVITY
COMPLETION TIMES ARE SET EQUAL TO THEIR AVERAGES IS
AEING DETERMINED

1PAQM = 2 [MPLIES THAT THE LOWER BOUND ON THE COMPLETION TIME
FOR THE SUBNETWORK IS BEING DETERMINED

IPARM = 3 IMPLIES THAT THE UPPER BOUND ON THE COMPLETION TIME

FNR THE SUBNETWORK 1S BEING DETERMINED
IPARM > 3 WHEN INDEXL=0 IMPLIES THAT THE ASSOCIATES ARF
REING DETERMINED

INDEXL="D ITMPLTES THAT INITJIAL CLUSTERS ARE STILL REING FORMED
INDFXL=1 IMPLIFES THAT THE LEFTOVERS, THEIR ELIMINANTS, ANO
POOLFD CLUSTERS ARE BEING NDETERMINED
INDEXL=2 [MPLTIFS THAT THE 2%#NINCL( ) RUNS FOR EACH CLUSTER
ARF REING MADE AND AVERAGFD

ICACP = 0 IMPLIFS THAT THE PROCFNURF FOR DETERMINING UPPER
BOUNDS ON THE MOMENTS OF THE NETWORK CNOMPLETION TIME
AND LOWFR BNOUNDS ON THE DISTRIAUTICN NF COMPLET ION
TIMFS HAS NOT BEEN BEGUN

7
78
79
80
81
82
83
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86
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89
90
91
92
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94
95
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98
99
100
101
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104
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: c ICRCP = | IMPLIES THAT THE PROCEDURE FOR DETERMINING UPPER 120 §
i c BROUNDS 0ON THFE MOMENTS OF THE NETWORK COMPLETION TIME 121 ¢
e C AND LNOWER BOUNDS ON THE DISTRIBUTION OF COMPLFTION 122
4 c TIMFs Ig BEING INITTALIZED 123
4 c ICBCP = 2 IMPLIES THAT THE PRUCEDURF FOR DETERMINING UPPER 124
1 c BOUNDS ON THE MOMENTS OF THFE NETWORK COMPLETION TIME 125
. ¢ AND LNWER BOUNDS ON THE DISTRIBUTICN NF COMPLET ION 126
k c TYIMES 1S EEING CARRIED OUT 127
¢ c 128
] c 129
3 C 1InLs = 9 INPLIES THAT THE PROCEDURE FOR DETERMINING A UPPER 130
§ C BCUND NN THF NETWORK COMPLETION TIME DISTRIBUTION HAS NOT 131
c BEGUN 132
C inLg = 1 INPLIES THAT THE UPPER pOUND ON THE NETWORK 133
c COMPLFETION TIME DISTRIBUTION IS BEING DETERMINED 134
c 135
| TPARM=1 136
i INDEXL =9 137
§ 1CBCP=N 138
oL = 0 139
. 60°"  CONTINUF 140
ON 104 I=1,NMM 14}
104 INRASE ([)=Msy s
DO 2661 J=1.M 143
2001 ISTAT(J)=n, 148 |
2 DO 2002 J=MP] 4N 145 |
2002 ISTAT(J)=1 146 ||
DO 1C IT1=1.NMMP] 147 v
DO 12 L=1,AMMP] 148 |
12 BLIINVIL,IT) = C. 149
10 BIINV(ITL,IT) = 1. 150
DO 30 T=21.NMM 151
30 XR1(I) = C. 152
XBL(NMMPL) = 1. 153
TOLR1=1,0C=-10 154 |
¢ 155
C START THF SIMPLEX ALGORITHM 156 1
c SOLVE THE DUAL PROBLEM 157 i
| ¢ THE NUMBER QF VARTABLFS IS M RFAL ¢ NMM SLACKS 158 | .
i .c FNR A TOTAL OF N VARIABLES 159
c 160
’ 3ase CONTINYE 161
[ . 2800 n0O 23 J=1.N 162
RATS = Oo ‘63
1F (ISTAT(J).EQe.1) GO T 52800 164
IF (J.GTeM) GO TO 22 165
RATS ==ALINV(1,HEAD(J)+1)¢RLINV(L.TAIL(JI41) + CTIMF(J) 166
GO TO S»28f) 167 |
22 RATS =-BlINV(],J-M#1) 168
52800 REDCOS(J)= NATS 169
23 CONTINUF 170
F 22800 CONTINUE 171
4 19MAX=1 172
;. RMAX=RF RCOS(1) e
NO 24 J=2.N 174
~ IF(RENCOS(J) «LF. RMAX) GO TO 24 178
. RMAX=RENCNS{Y) ' 176
TRMAX = 177 |
24 CONTINUYF 178
IF(RMAX oL.Fe TOLR1) GND T 401 179

k. S e e e peaatal e gs o ot Seed ) TS g o il
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24 CONTINUFE
DO 26 L=1,AMMP]
IF (IRMAX.GT.M) GO T 50026
Y1(L) ==BIINV(L TAIL(TRMAX)+1)+BIINV/L,HEAD(IRMAX)+1)
GO TD 25

26 YI(L) = BIINV(L,IRMAX-M+1)

26 CONTINUF
Yi(1) = vi(1) - CTIMF(IRMAX)
NUMRER =0
NO 27 L =2,NMMP]
IF(Y1I(L) «LE, TOLR1) NUMBER=NUMBER+1
TF(NUMBER +EQ. AMM) GO TO 403
RMIN=4 39D 29
{RMIN=0,
DO 32 11=2.NMMPY
ITFC(Y1(Il)el.Fe TOLRL) GO v0O 32
RATS =XB1(T1Y/Y1(IT)
RR=RATS~-FMIN
IF(PR +GE. D0.,00) GO TO 32
RMIN=RATS
IRMIN=IT
CONTINUF
DD 233 J=2.NMMP}
WW=B1INV(IRMIN L J)/YI1(IRMIN )
DN 37 L=1.AMMP]
BLINV(LJ)=S1INVI(L,J)-wwXY1(L)
Bl INV(IRMIN (J)=wW

UPDATE THE BASIC VARTABLES: INBASE ANp XxB1

ISTAY( INBASE( IRMIN-1))=n

{NBASE (LN 1= A COPY AVAILABLE TO DDC DOES NOT
e oa tr e ™™ PERMIT FULLY LEGIBLE PRODUGTION

XB1(I1)=XBI(T)=v1([)*w

XBI(IRMIN )=w

GO TN 1350

WRITE(6,532)

FORMAT(1HO+5Xs *NO FEASIDLF SOLUTION EXISTSe CHECK YOUR INPUT DATA
e ')

WRITE(6,859)

FORMAT (1H1)

GO 70O 9v9

FND OF THE SIMPLEX ALGORITHM

CONTINYE

KKK= THE NUMBFR OF NODES ON THE CRITICAL PATH
KA(L)= THF L=TH NNDE IN THE CRITICAL PATHs, COUNT ING BACKWARDS
FROM THE TERMINAL NODE
KKB= THE NUMBER OF ACTYIVITIES ON THE CRITICAL PATH
18B(L)= THE L~TH ACTIVITY ON THE CRITICAL PATH. COUNTING
BACKWARDS FROM THF TERMINAL NODE

IFL1ICBCP.EQ.1) GO TO 6008
IFUINDFXLEQe2) GO TN 3204

INAASE IS A SFT OF M INTEGER VARTARLFS wHICH INDICATE THE

180 |
18y
182
183

184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200 |
201
202
203
204
205
206
207
208
209
210
211
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C COMFOSITION NF THE CURRENT BASISe FOR EXAMPLE,
c INBASE(K) = 7 [IMPLIFS THAT THE K=-TH COLUMN IN THE BASIS B
.C CORRESPONDS TO THE 7-TH VARIABLE
¢
(S
c TSTAT INDICATES THE BASIC STATUS OF EACH VARTIABLE
¢ ISTAT(K) =1 TIMPLIES THAT THE K-TH VARTABLE IS IN THF
c DUAL BASIS
C ISTAT(K) = 0 IMPLIES THAT THE K-TH VARTASLE IS NOT IN THE
C DUAL B8ASIS
c
C
C THE FOLLOWING STATEMENTS DETERMINE THE NOOES AND ACTIVITIES ON
c THE CRITICAL PATH
o
] c
j i THE DUAL SOLUTION IMPLIFS THE FOLLOWING OPTIMAL SOLUTION TO THE
) c PRIMAL PERT PROBLEMs HOWEVER SOMF NF THE NODE TIMFS(OTHER THAN
: C THE LAST ONF) MAY RF HIGHFR THAN NECESSARY. THUS IN
} € DETERMINING THE CRITICAL PATH AN ALTERNATIVE OPTIMAL SOLUTION
? c MAY HAVE TO 8F IDENTIFIFD,.
P ¢ R1INV IS NOT CHANGED,
c

No 83002 1=1,NMM
83002 XNODE(I)=RIINV(1,1¢1)
a KKK=1

KR(1)=AMM
AR30NY IK=KB(KKK)

3

N
c CEFTERMINE WHETHER THF TIME YO REACH NODE 1K IS NECESSARILY
c AS LARGE AS INDICATED FROM THE DUAL SOLUTIONN
c
- SMIN=9969¢6G9,
] ISMIN=0
- DO B3I0NAD T=1,4M
IF(HEAD(T) .NF4IK) GO TO A3000
: SLACK=XNODF(HEAD(I))-xNODE(TAIL(I))-CTIME(T)
; IF(SLACK.GE.SMIN) GO TO 830CO
! SMIN=SLACK
ISMIN=T

83000 CONTINUE
TF(SMIN,LT.2.0001) GN YO 83C03

.C
‘ Cc THE TIME FOR NOYE IK WAS UNNFECCESSARILY LARGF
C

XNCOE(IK)=XNODE (IK)=SMIN
KKK=KKK =1
GO TO 83CO1

A3703 IBB(KKK)=ISMIN
KKK=KKK+1
KB{KKK)=TAIL({ ISMIN)
IF(TAIL(ISMIN).GT.1) GO TO 83001
KKR=KKK-1
IF(INDEXL+EQel) GO TO 312t
IPAPM=]PARM+]
IF(TPARMGTW4) GN T 2910
IF(IPARMEQ.3) GO TN 6400
IF(IPARM.FN.8) GN TO 6401

c ICRITP(L)s THE [ -Th ACTIVITY ON THF ORIGINAL CRITICAL PATH

"
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c KCP3= THE NUMBER QF ACTIVITIFS ON THE ORIGINAL CRITICAL PATH

TOTAL = A1INV(]1,ANMMPL)
KePR=KkKD
ICFITN(1) = NMM
DO 28C2 1=1,KCPR
ICRITN(I+1) = KAR(I+1)
2802 ICRITP(I)=IRB(1)
X=TOYAL
WRITE(45,851) X
aS) FORMAT (1HO +SX 4 *THE CRITICAL PATH TIME WHFN EACH ACTIVITY®**S COMPLE
*TION TIMF IS SEFT FQUAL TO ITS AVERAGE IS = *,F15.5)
WRITE(H,7606) KKK
7606 FORMAT [ LHO1OX v THE ® 4,13,* NODES ON THE CRITICAL PATH ARE AS FOLLO
*WwS REGINNING WITH THE TERMINAL NODE:?®)
WRITE(AHA+77C7) (KB(I)eI=1,KKK)
7707 FORMAT (15X 420(13,%,%))
WRITE(6,7719) KKB
7710 FORMAT ( IHO 10X *THF *,13,* CRITICAL ACTIVITIES ARE AS FOLLOWS BEGI!
A*NNING WN1TH THE TERMINAL ACTIVITY:s)
WRITF(5,7707) (IRB(1)eI=1,KKR)
READ(5,2927) THETA,LAMBDA
2920 FORMAT(2FS.2)
WRITE(A,.3071) THETA,LAMBDA

3071 FORMAT(IHC 91 0Xs * THETA = 0 ,E15e540 LAMBDA = ',E15,.,5)

‘C

C SAMS1Z = THF NUMBER NF ACTIVITY TIME CONFIGURATIONS T0O BF

c RANDOMLY SFELECTED FOR CONSIDERATION IN EACH CLUSTER
C

G NOTF: SINCE THIS IS A RANDOM SAMPLF o SOME PERCENTILE

C COMRINATINNS MAY BE CONSIDERED MORE THAN ONCE.

C

‘Nnaon

RFAD (%5,3229) SAMSIZ
3209 FOPMAT (110)

c

cC THE COMPLETICN TIME FOR ALL ACTIVITIES IS SET TO THEIR LOWER
PERCENTILE.s THE RESULTING CRITICAL PATH TIME IS A LOWER
ANYND ON THF EXPECTED CRITICAL PATH TIME,

origies feionl GOPY AVALABLE T0 DOG DOES NOT

6402 CTIME(T)

CALL BINVAIERBCO) w_flﬂ_“_ljﬁ_lﬂ_l.f.ﬁ'mmﬂ

~64CC CPLB= R1INV(1.NMMP]1)

13

WRITF(6.6405) CPLR
6405 FORMAT(1HC »SX+'A LOWER BOUND ON THF EXPECTED CRITICAL PATH TIME IS
* = Y ,F15.5)
WRITE(6,7606) KKK
WRITE(6,77n7) (KA(I)sI=1,KKK)
WRITE(6.7710) KKB
WRITE(6+7757) (IBR(1),I=1,KKB)

c
C THE COMPLETION TIME FOR ALL ACTIVITIES IS SET TO THEIR UPPFR
C PERCENTILE, THE RESULTING CRITICAL PATH TIME IS A UPPER

c BOUND (N THE EXPECYED CRITICAL PATH TIME.

C

DO 6406 I1=1,M
6406 CTIME(T)Y = FHI(T)
CALL AINVA(L2800)
6401 CpURT 3J1INV{I NMMPY)
WRITE(S6+6477) CPUR
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AT

| Lo

6409

AODOYODYON

65412

NN

3165

2825

2801

22825

JQ12

2911

*

FORMAT (1HC+5X, A UPPER BOUND ON THE EXPECTEN CRITICAL PATH TIME IS

= ",F15.5)

WRITE(6,7676) KKK
WRITE(S,7707) (KA(I)seI=1,KKK)
WRITF(A,77190) KKR
WRITF(6,77C7) (1RB(1),1=1,KKRB)

FND(E) = THE LDOWFR BOUND ON THE ExPFCTED CRITICAL PATH TIME
PLUS 1/1IEDF OF THF DISTANCE TO THE UPPFR BOUND
NLFFD(1) = THE ORSERVED NUMBER OF CRITICAL PATH TIMFS
THAT ARE < 0OR= FDI(I)
FP AND NLEFN ARE USED TO BUILD AN *EMPIRICAL* DISTRIBUTION OF
THE CRITICAL PATH TIMES

C=(CPUR-CPLB)/IEDF
DD 6412 K=1,KCPB
DN €412 1=1,1EDF
FD(I)I=CPLB+I*C
NLEFD(I) = 0

THE ASSOCIATE GROUPS ARE NOw FORMED

WRITE(E,31€5)
FORMAT (11 +5X+ " THE ASSOCIATES ARE NOw TDENTIFIED:*)
[Ir1r=1

DN 2825 1=1,M

CTIME(I)=COT(1])

IwwwQ=ICRITP(1)

CHANG= LAMBDAXSIGMA(IwwwQ)
TEX=COT(TwwwQ)-CHANG
TF(TEX«LT«0e0) CHANG=COT(IWWWQ)
CTIME{ [wWwWw))=CNT{IwwWwwQ)-CHANG
CALL RINVA(£2800)

CONTINUE
IFCISTAT(IwWwwQ)eFQel) CALL BINy1(£22825,COT(IWWNQ) CTIME(IWWWQ),

xTWWWN)

REDCOS(Iwwwd) = REDCOS(IWWWQ)+COT(IwwWwwQ)=-CT IME( TwWwwQ)
CTIMF(IWWWQ)=COT(TWWWQ)

TWWWo=ICRITO(IIIIL)

CHANG= LAMBDA*SIGMA(IWWWQ)

TEX=COT (TwwwQ)-CHANG

IF(TEXeLTos0e0) CHANG=COT(IwwwQ)

CTIME( TwwW0)=cOT(IwwwQ)~-CHANG

IF (ISTAT(IwWWWQ) «ENel) CALL BINVI(E22800,CTIME(IWWWQ) +COT(IWNWWA)»

*IwWeQ)

RFEDCOS( I WWaQ)=REDCOS({IWWWQ)-COT(IwwwQ)+CTIME( IwwwQ)
GO 70O 22800

NDFTERMINE ASSNCTATF GRQUP

NINAG(IITILI1)=0

DO 2911 K=1,KKR

KK=

IF(IRB(K).EQ.ICRITP(KK)) GO TO 2911
IF(KK.GE.KCPB) GO TO 2912

KK=KK+1]

GO YO 2913
NINAGOTITITISNINAGITITITTT Dot
ASSCRPUITTITI NINAGUITIT T )=t IN(K
CONY INUYY

st il
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WRITE(6,2915) ITTTIIICRITP(ITITI)NINAGI(IITIIL)
2915 FORMAT(1HO,10X+* THE NUMBER OF ASSOCIATES ASSOCIATFD wWITH THE *,13,
®'=-TH CRITICAL PATH ACTIVITY, T .E¢ ACTIVITY ¢,713,°, [S = *,13)
ICUCK=NINAG(I!TITII)
IF(IDUCK.FQ.0) G0 TO 2810
WRITE(6+,2916) (ASSGRP(IIIIT.1)eI=1,10UCK)
2916 FORMAT(1HO,15X+*THE ACTIVITIES IN THE ASSQCIATF GROUP ARFE AS FOLLO
EWSY /315X e5N(13,%,%))
?81¢C ITTNI=T1111+¢}
TFLITITIT.LF.KCPR) GO YO 2801

DETERMINE THE CLUSTERS

THE CLUSTERS ARE POOLED TOWARD THE TERMINAL NODE

NCLUS = THE NUMBER OF NCN-EMRPTY CLUSTFRS

NINCL(TI) = THF WUMBFR OF ACTIVITIES IN THE I-TH CLUSTER
INCLUS(1+J) = THE J-TH ACTIVITY IN THF I-TH CLUSTER
NCLINC(I)Y = THE NUMBFR OF CLUSTERS COMPRISING THE I-TH

CLUSTER AFTER POOLING
CLINCL(T4J) = THE J-TH CLUSTER wHICH HAS BS8EEN POOLED INTD

THE [-TH CLUSTER

NCLINC AND Cp INCL HELP KEEP TRACK OF WHICH CLUSTER THE
CRITICAL PATH ACTIVITIES ARE IN

BAFLOw FORMS CLUSTERS BY pUTTING FACH CRITICAL PATH ACTIVITY IN
SFPARATE CLUSTER AND THEN ADDING EACH CRITICAL PATH ACTIVITY®'S
ASSOCIATES TO ITS CLUSTER

OO ODNDITOODIOAAONOONOD DN

NCLUS=KCPR

DO 3r20 1=1,KCPA Es N“T
NCL INC ( 1)=1 uu
CLINCL(I,1)=1 B‘_E Tu BBG /
NINCY (1) =NIMAG(I)¢1 Y “M‘-A nﬁ} i n‘
di s, S ALY AEGBIE FRSISCTAN
IF (NINAG(1)+FQ.0) GO T 3020 Pm | R
IDUCK=NINCL(T)
PO 3C21 J=2,10UCK
o JJh=J~1

3021 INCLUS( T +4J)=ASSGRP(1,JJ)
302¢C CONTINUE

c BEL W PONLS CLUSTERS FORMEN FROM ASSOCIATES

1A=C
3031 JA=1A+1

IF(IA.GF.KCPR) GO TO 3030

IF(NCLUS.FQel) GO TO 3030

IDIA=NINCL (TA)

IFCIOTA.FQ.0) GO TO 3C31

TAA=TA+1

DO 3023 11=]AAKCPB

IDTI=NINCLCTIL)Y

IF(IDITLEQ.0) GO T 3023

NO 3025 1=1,INTA

R E NN ES IR EVA R |

IFCINCLUSETL o) oFOLINCLUSITAGLY)) GO TN 3027
302% CONTINUE

GO TO 3023

iR Sate

Sk

i B g o

bR Rk

" g [T RS
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3027

3029

3028

3023

3030

[a)

3r33

3n3%

034

31C4

"m0
AR T\

3117
1101
3103
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NCLUS=NCLyS~-1

DO 3028 J=1,1IDI1

NN 3029 1=1,101A
IFCINCLLSUIT+J0).FA,INCLUS(TIALTI)) GO YO 3028
CONTINUE

NINCL(TA)Y=NINCL(I[A)+]

INCLUS(TANINCL(TA) I=INCLUS(I].+J)

CCNT INUE

A e oopy \ALABLE T0 DUC DOES NOT
st v OO TN EGIE PRODUGTION

CONT INUF
GO 7O 731
CONTINUF

RFLOyw DESCRIBES CLUSTERS AFTER POOLING BASED ON THE ASSOCIATES

WRITF(£.3C33) NCLUS
FORMAT (1H]1 10X ,*THERF ARE '+I13¢¢ NONFMPTY CLUSTERS AFTER POOLING 0O

*N THF RASIS OF ASSOCIATES ONLY.')

11=r

D0 3034 [=1,KCPRH

IF(NINCL(I)EQ.0) GO T0O 3034

[1=11¢1

IDUCJI=NINCL(T)

WRITF(A+3035) T.(INCLUS(TJ) oJ=1,10UCY)

FORMAY (1HO 410X *THE ACTIVITIES IN THF 0,13,¢=TH CLUSTER ARE AS FOL
RLOWS 21 6/4515Xe50(13,%,%))

CCNTINUE

DFSCRIBES WHFRE EACH ACTIVITY IS BEFORF ELIMINANTS ARE
CONS I DERED

EXAMINE SACH ACTIVITY AND DETERMINE WHICH CLUSTER.IF ANY, IT IS

IN.
LFFT(IY = ¢ IMPLIES THAT THE [=TH ACTIVITY (S NOT TN ANY
CLUSTER
LEFT(TL) = J TIMPLIES THE T-=TH ACTIVITY IS IN THE J-TH
CLUSTER

WRITE(6,3104)
FORMAT (1HO +10X+* THE CLUSTER TO WHICH FACH ACTIVITY RELONGS:®./,15X
** (ZFRO TMPLIES THAT THE AGCTIVITY IS NOT IN ANY CLUSTER)')

DO 3101 1=1.M

LFFT(T) =0

PO 3102 J=1,KCPA

IF(NINCL(J)FQ,0) GO TO 3102

IDUCK=NINCL(J)

PO 2110 K=1,10UCK

IF(IFQ.INCLUS(JK)) GO TN 3107

CONTINUE

CONY INYF

G0 1O 3101

LFET(T) =)

WRITE(6,3103) T,LEFT(1)

FNRMAT(1H (15X ?THE 9,13¢0=TH ACTIVITY IS IN
*®e)
INDEXL =1

-
b <

E 0,13,'=TH CLUSTFR
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LEFTOVERS ARF ACTIVITIFS NOTYT IN CLUSTERPS AFTER ASSOCTATFS HAVE
RAFEN CONSTDFRFD gUT AFFORF FLIMINANTS HAVE REEN CONSIDERFD

DETFRMINFE ThF NUMBFR oF LEFTOVERS. NLEFT
LFFTNIL) = J IMPLTIFS THAT THE L-TH LEFTOVFR IS THF J-TH
ACTIVITY

TAY AN AN

NI FFT=?
NN 3122 J=1,M
IF(LEFT(JYWNE D) G TN 3122
NLFF T=NLEF T4+
LFETOINLECFT)I=Y
3122 CONTINUF
WRITE(A,3I123) NLFFT
3127 FOPMAT (1HN 10X THERD AFF 0 4,13,9 ACTIVITIFS NIT IN ANY CLUSTER YE
*T,*)
WRITE(E£,2323)
3223 FOFMAT (1H] +SX s ¢ THF FLIMINANTS OF FACH NON=-CRITICAL=-PATH ACTIVITY 4
*RFE NOw DETERMINFNDLIL)

-
C FLIMINANTS FUOnR FACH NON=-CRITICAL-PATH ACTIVITY ARE NOW
C DFTERMINEN
c NNNZP = THF NUMBFP NOF ACTIVITIES NOY ON THE CRITICAL PATH
C NONCP(LF) - THF LE=-TH ACTIVITY NOT ON THF CRITTCAL PATH
c

NNNCF=M-KCD3

LE=e

nr. e3¢ 3 1=1,M

J=1

s¢m jtj:;t'}.t(‘H!TO(J)) co o scoc  OPY AVAILABLE 10 nnn noﬁs Nm
PERMIT FULLY LEGIBLE PRODUCTION

SA02  LF=LF+1
NINCO(LF) =1
59307 COANTINUF
WEFITE(S5,5775) IFNNCH
5078 FOPMAT(IHOJCHOX ' THFRE ARE 9,13, ACTIVITIES NOT ON THE CRITICAL PA
*TH, THFY ARF AS FOLLNWS:*)
TF(NNNCPLENGO) GO TO 3124
PN &CCH T=14LE
50C»s WOTTF(AWSCN?7) T«NUINCP(T)

SA07 FORPMAT(IH 415X ¢134%, *,13)
TF(NNNCPFQC) GN T 3124
LF=r

3126 LEsLF+
IF (ISTYAT(IWWWQ)eFNel) CALL RINVI(R23127+scOT(IWWWA) ¢CTIME(TWWWN),
*Twww0)
RENCAS (Twww0) = PLDCOS{TWwwwQ)=CTIME (IwwWQ)+COT (TwwwQ)
23127 CONTINUFE
CTIMF(Iwww)) = COT(]lwwwQ)
CTIMEUINONCPELE)) = COTINONCP(LE D)) ¢ THETASSIGMA(NONCP(LLE))
T LTSTATINONCI(I F))ab0e)) CALL HINVI(ETTSACTIMEINNNCPILF)),
. COT ICNUNCD (L)) JNONCH L E ) )
PEDCNS INUNCPILL) Y=pFNCISINONCP (L E ) )= COT (NONCPILF ) )+ CT IME(NONCP(LF)
*)
7756 lwwwC = NONCP(LE)
WRITE(ALI182) NONCP(LE) ¢ CTIMFE(NONCP(LF))
3152 FORMAT(IHO W /Z/7s GX40THE COMPLFTION TIMF FOR THE 0,1 31,9«TH ACTIVITY
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3
(o
C
C
C
C
c
C
c

3131
313¢

3133

3135
© 3136

DN ONAN

D

a0

s01¢

NN AN

o N

5011

89

* HAS HEEN CHANGED TN *,fF15.5)
GO YO 22ACH
CCONTMUE

NEFTERMINE THE EL IMINANTS OF THE LE-TH ACTIVITY NOY ON THE
CRITICAL PATH

NE = THE NUMRERP OF ELIMINANTS FOR THF LE-TH
ACTIVITY NOT ON THE CRITICAL PATH
EGRP(J) = THE J=TH ELIMINANT FOR THE LE=-TH ACTIVITY

NOT ON THE CRITICAL PATH

NE =C

DN 3132 K=1,KCPA

DO 3121 I=1,KKB

IF(IBR(I)FQ.ICRITP(K)) GO TD 3130

CONTINUT

NF=NF+1

EGRP(NEI=ICRITP(K)

CONTINUF

WRITE(6,3123) NE,NUONCP(LFE)

FORMAT ( 1HO ¢ 10X+ * THFRE ARE ¢ 413,9¢ ELIMINANTS CORRESPONDING TO ACTI!V
*ITY *,113)

IFINE«EN«N) GO TN 32171

DN 3135 K=1..NFE

WRITF(E,2136) K NONCP{LE) +FGRP(K)

FORMAT (tH o+1AXe*THF ¢,13,0=-TH ELIMINANT CORRESPONNDING TO ACTIVITY
0,13, 15 ACTIVITY *,13)

DFTERMINE wHETHFR NONCP(LF) 1S AN ASSOCIATE
JA = 1 IF NONCP(LE) IS AN ASSOCIATE
JA = 2 IF NONCP(LE) IS NOT AN ASSOCIATE

K=NONC P (LE)

JA=1

IF(LEFT(K).EQN) JA=2
IF(JA.EQe2) GO TO 5pl¢
[T=LEF T(K)

THF IT=TH4 CLUSTER IS FXpANDED TO INCLUDE ELIMINANTS

GO TC 5011
CONTINYE

ITTYT IS THE ACTIVITY NUMBER OF YHE FIRST FLIMINANT
IT IS THE CLUSTFR T WHICH THE FIRST ELIMINANT CURRENTLY BFLONG

ITYT=EGFRP(1)
TY=LFFT(ITTT)
LEFTINCNCP(LF)I=IT

THF IT=-TH CLUSTER 1S EXPANDED TO INCLUDE ELIMINANTS

NINCLUITI=NINCLUIT) ¢
ITNCLUSCIT  NINCL(TIT))=NONCP(LE)
IFINF,SC,1) GO TO 3171

DO 3172 J=JAJNE

TU IS THE ACTIVITY NUMBER OF THF NEXT ELIMINANT
IF TU IS IN CLUSTER K¢ THEN CLUSTER K [S PONLED INTD CLUSYER IT
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TU=EGRP (J)
K=LEFT (1Y)
3182 IF(IT«EN«K) GO TN 3172
NCLUS=NCLUS-1
ITW=ACLINCIK)
DD 3183 JTA=1,1w
LFFTU{ICRITP(CLINCL(K,TA))}=IT
NCLINT(IT)=NCLINC(IT)+1
3183 CLINCL(TITWNCLINCUIT))=CLINCLI(K,TA)
NCLINC(K)=n
Tw=NINCL (K}
NINCL(K)=C
DO 3184 TA=1,1w
LEFT(INCLUS(K,TA))}=IT
NINCLOIT)=NINCL(IT) ¢1
3184 INCLUSCITWNINCL{IT))I=INCLUSIK,TA)
3172 CONTINUE
3171 CONTINUE
IF(LE.LT.NNNCP) G0N TO 3126

END OF POOL ING RASED ON FLIMINANTS FXCEPT FNR THE FOLLOWING
DEFSCRIPTION

s el a%e)

WRITF(642173) NCLUS
3173 FORMAT(1H] 95X, "THFRE APE *413,*' CLUSTERS.')
DO 3176 1=1.KCPH
IF(NINCLI{I)EQ.0) GO TN 3176
IDD=NINCL(I)
WRITE(A43174) NINCLOIDY T4 CINCLUS(I,3),0=1,1DD)
3174 FORMAT(1HO 10X+ *THERE ARE *o[3s*' ACTIVITIES IN THE ¢,13,°'-TH CLUST
*FERe THEY ARE AS FOLLOWS2' ¢/ ¢20X+v50(134%,°%))
IDUCK=NCLINC(])
WRITF(543175) NCLINC(I), (CLINCL(IsJ) sJ=1,1IDUCK)
3175 FORMAT(IHC 15X ,13,' CLUSTFRS HAVE HEEN POOLED TO MAKFE THIS CLUSTER
e THEY WERE AS FOLLIWS:? 4/:20Xe50(13,%.%))
3176 CONTINUF
WOTTE (6,2776) SAMSTZ
2776 FORMAT (/775X * TYTHE NUMBER OF PERCENTILE COMBINATIONS EXP
*LICITLY CONSIDERED IN DETERMINING THE UPPER BOUNDS AND LOWFR BOUND
ST/ ,6X s '(ON THE NETWORK COMPLETICN TIMF DISTRIBUTION AND THE UPPER
*AOUNDS ON ITS MOMENTS TS FQUAL TO *,15)
CALL CLOCK (XRAN)
IYUTS = XRAN
WRITE (6,3238) 1YUTS
3238 FORMAT (1HN+SX+*THE INITIALIZATION PARAMETER FOR THE SAMPLING IS I
Ry = ¢, 11¢)

STATEMENT NUMHBER 3124 MARKS THE ENOD OF POOLING CLUSTERS RASED
ON LFFTOVERS AND ELIMINANTS

124 CCANTINUE

THE FINAL CLUSTERS HAVF NOW BEEN DETERMINED

THE 2xkNINCL(I) RUNS ARE NOW AVERAGED FOR ALL I WwITH NINCL(1)>0
THE 127( ) ARE USFD Tp REPRFSFNY ALL OF THF 2+%«NINCL
POSSIBILITIES,

THIS IS WHFERF THE BINARY REPRESENTATYION IS CONSTRUCTED.

DO O WAYNDNOO

ANCB IF(ICBCP.EQ.1) ICBCP=?
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INDEXL =2
IR=r

3200 IR=IR+
DN 6631 T=1,10

60 31 MOMENT(IR,T) = N,0
IF(IR.GT.KCPA) GO TO 3208
IFININCL(IR)ZEN0) GO TN 3200
IDUCK=NCL INC(IR)

o DD 341C I=1,1DUCK

E K=CLINCL{IR.T)

3410 CONTINUE

A
] L=ICRITP(K)
3 3310 1P = 0
4 Nig= €
3 c
c NIB NUMRER OF PERCENTILE COMBINATIONS (N THE SAMPLE

7l PNIR PERCFNTAGF OF THE TOTAL NUMBER OF PFRCENTILE COMBINATIONS
C FxPLICITLY CONSIDEPFD
! C NSAVF = VECTOR CONTAINING THE LOWER BOUNDS ON THE NETWORK
C COMPLFYION TIMF DISTRIBUTION TN BE AVERAGED WITH THF
& UPPER RCUNDS ON THF NETWORK TO YIELD THE AVERAGE NETWORK
C COMPLETION TIME DISTRIBUTION.
& KNIR = NIS3 ASSOCIATED WITH NSAVF.
C
C
TC=NINCL(IR)
(B=2%*NINCL (TR)
c IDNALL = 1 MEANS ALL PERCENTILF COMBINATIONS ARE FXPLICITLY
C CONSTDFRED .,
C ICOALEL = 0 MEANS TD SAMPLE.
C
C

IDCALL = N
IF (SAMSIZ.LE«O «NP,SAMSIZ,GE.IB) IDOALL=1
Ne 2222 1=1.M
3222 CTINE(IL) = cOT(1)
6GC TD 20601

STATEMENT 3204 1S THE RE-ENTRY POINT FROM THE DUAL SIMPLEX
ALGORITHM WHEN A CLUSTER AVERAGE IS BEING COMPUTFED

“wOON

208 CONTINUE
IF (IDLA.EGC.1) GO TN 990¢C
DO €032 I=1,10
6732 MOMENT (IReI) = MCMENT(IR,T) ¢ BL1INV(1.NMMP])#*]
IF ({ICACP.NE.2) GO TO 10001
9900 X= BLINV(1,NMMDt)
XzX~1eON=123
=0
6420 I=1+1
IF(XeGT.FD(I)) GO TQ 6420
‘i NLEFD(T1) = NLEFO(I) + 1

10001 CONTINUE
20000 IP=1P+1
NIEB = NIB+1}

GFNFRATFE NEXT PERCENTILE COMAINATIONS TO BE EXPLICITLY
CONSIDERFD.

MO ON

IF (1DCALL.EQ.C) GO TO 20500
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IF (1P GT.IR) GO TN 3207
RANSAM = [P
GO TN 2¢50)
205C0 IF (NIBGT,SAMSIZ) GO TO 3207
IYUTS = TYUTS*€5539
IF (1YUTS) 6210:621146211
6210 [YUTS = IYUTS+2147483647+1
6211 XRAN = 1YUTS
XRAN = XRAN%,4656613F~9
RANSAM = XxXRAN®DFLNAT(IB=«1) + 1
20501 CONTINUF

CONVERT THF RANNNM NUMBER, RANSAM, TO A BINARY NUMBER T0O DEFINE A
PERCENTILE COMBINATINN,

s s lNaNal

KRAN = RANSAM
DC 8575 1=1.1C
THALF = KRAN/2
1Z = kRAN =~ THALF*2
L = INCLUS(IF,T)
CTIME(L) = TZ*FHT(L)-1Z%FLO(L) ¢ FLO(L)
8505 KRAN = [HALF
CALL BIAVA(E28N00)
3207 NIR = NIB-1
IF (IDLA3.FNa1) GO TO 9C11
D0 6039 I=14,10
6030 MOMFNT(TR.1) = MOMENT(IR,I)/NIB
IF (ICACP.EN.2) GO TO &6G11
GO TN 2200
3208 WRITE (F£,6362)
6362 FOPMAT (1H1)
PNTB = DFLOAT(NIB*1C3)/0FLOAT(IB)
IF (SAMSTZ . Fe0) WRITE(E,6045)
IF (SAMSIZoGToC) WRITF(6:6055) SAMSIZ

6056 FORMAT( 5X,*' THE FOLLOWING TABLE WAS COMPUTED CONSIDERING AT MOST
', 18, FERCENTILE COMBINATIONS ')

6746 FORMAT( Sx+* THE FOLLOWING TABLE WAS COMPUTED CCNSIDERING ONLY °*,
®*  [8,' PERCENTILF COMBINATIONS OR ¢ ,F6e2,¢ PFRCENT OF ALL COMBINA
*TICAS )

€045 FORMAT (5X+* THE FAOLLOWING TABLE wWAS COMPUTED CONSIDERING ALL PERC
*ENTILF COMBINATIONS.*)

NO 10000 J=1,10
[TMAX=0
TMAX=0 e
DO S5C21 T=1,KCPR
IF(NINCL(I).FGQ,0) GO TN 5021
IF {(MOMENT(IL,J)eLE.TMAX) GO T 5021
TMAX = MCMENT (1,J)
ITMAX=T
S5021 CONTINUE
WRIYE (645023) JeJeMOMENT(ITMAX +J)
5023 FNARMAT (1HO,5X,'A LOWER BOUNDe T=(*¢12+*ITHETAJLAMADA)y ON THE ¢
®, 1?2 +'=TH MOMENT OF THE NETWORK COMPLETION TIME = ¢ ,F15,5)
100C0 COCNTINUE

BEGIN THE PROCEDURE FOR DETERMINING UPPER BOUNDS ON THE MOUMENTS
OF THF NETWORK COMPLETION TIME AND LOWER ROUNDS ON THFE
NDISTRIBUTINN OF THF COMPLETINN TIMES.

TN DO AN




65000

6003

AN

YOAODYON

. 6006

6007
7101
6011

6264

. 10009
6C12

93
POOL ALL OF THE PREVIOUS CLUSTERS INTO ONE CLUSTER

NCL = THE INDEX 0OF THE RESULTANT POOLFD CLUSTER
NNCL = THE NUMBER OF ACTIVITIES IN THIS POOLED CLUSTER

IFINCLUS.GTel) GO TO 500CC

1=

I=14

IF(NINCLI{TI)EQe0) GO Tp 6C01}
NCL =1

GO TN 60C2

NMAX = 0

NO €CN3 1=1,KCPA

ITFININCL(T) LENMAX) GO TO 60C3
NCL =1

NMAX=NINCL(T)

CONT INUE

DO €cnAa I=1,KCPR
IF(NINCL(I)«EQ.Q) GO TO 6C04
TF(T.FGCNCL) GO TN 60C4
K=NINCL (NCL)

JJI=NINCL (T}

NINCL(TI )=

DO AOCS J=1.JJ

K=K+

INCLUSINCL K)=INCLUS(1+J)
NINCLINCL)=NINCLINCL)+JJ
CONTINUFE

NNCL=NTNCL (NCL)

THE UPPFR BOUNDSs T+(R+THETALAMBDA)s ARE NNW DETERMINED.

FOR THE SAKE NF NUMERICAL ACCURACY THE PgERY PROBLEM

WiTH NEw ACTIVITY TIMES IS INITIALLY SOLVED FROM SCRATCH
INSTEAD NF UPLATING AN OLD SQLUTION. AFTER THIS
REINITIALTZATINON, THF PEMAINING CRITICAL PATH TIMES ARF
DEYERMINED BY UPDATING THIS SOLUTION.

DO 6CFA I=1eM
CYIME(I)=FHICT)

COT(I)=FHI(I)

DO 6007 J=1+NNCL

1 =INCLUSI(NCL ¢J)

CTIME(I)=eS*(FLOCI V+FHI(T ))

DO 710t I=1,1EDF

NLEFD(TI) = 9

ICACP=1

GO TN BO10

WRITE (6416264)

FORMAT(/7/)

PNIR = DFLNATI(NIS®100)/DFLDAT(IB)

IF (I1DOALL.EQ.0) WRITE(6.6C46) NIB,PNIB

IF (IDNALL+EQe1) WRITE(6,+6045)

DO 100C9 J=1,10

WRITE (6+6012) JoJe MOMENT(NCL  J)

FORMAT (1HD+5X+*AN UPPER BOUND, T4(®,12,® $THETA,LAMADA)y, ON THE °*
ks 124 0=TH MOMENT OF THE NETWOPRPK COMPLETION TIME = *4E15.5)

N0 69€n 1=241EOF
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Ii=1-1

6900 MNLEFDL(1) = NLEFD(I) + NLEFD(I1)
WRITE (6.6362)
PNIRB = DFLOATI(NIB*100)/DFLOAT(IR)
IF (IDOALL ,EQe0)Y WRITE(6,6046) NIB,PNIB
IF (IDOALLEQel) WRITE(6,6045)
WRITF(6+€6423)
6423 FORMAT{(1HO+5Xe *A LOWER BOUND ON THE NETWORK COMPLFTION TIMF DISTR
*IBUTION: F=(+iTHETALAMRBRDA)")
KNIR = NIB
DO 6421 1=1,1EDF
NSAVE( T )=NLFFD (1)
X=NLFEFN(T)
X=X/NT 1Y
6421 WRITE(6,6422) FDUI1) . THETALAMBNDA,,X
6422 FORMAT( (17X e 'F=(?4E15e54*3%',E15e5:%5',E15e59') = 1,E15,5)

BEGIN THE PROCEDURE FOR DETERMINING UPPER ROUNDS ON THF
NETWORK COMPLETION TIME DISTRIAUT ION

FOR THE SAKF 0OF NUMERICAL ACCURACY THE PERT PROBLEM
WITH NEW ACTIVITY TIMES IS INITIALLY SOLVFD FROM SCRATCH
ITNSTFAD NF UPDATING AN OLD SOLUTION. AFTER THIS
REINITIALIZATION, THE REMAINING CRITICAL PATH TIMES ARFE
NFTIRMINGD BY yYPDATING THIS SOLUTLION.
DO QCOH. [=14M
CYIME( I )=FLO(T)
9006 COY(I)=FLO(I)
DO SON7 J=1,NNCL
I =INCLUS(NCL 4 J)
9007 CTIME(T)=eS%(FLO(T J+FHI(I ))
DO 9171 I=1,I1FDF
9101 NLFFD(1) = 7
1cacP = 1
oL = 1
GO T /010
011 DO 9993 1=2,1FDF
I11=1=1
9990 M.EFD(I) = NLEFD(I) ¢ NLEFD(IT)
WRITE (6,6254)
PNIB = DRFLOAT(NIB%10N)/DFLOAT(IB)
IF (IDNALL «FQen) WRITE(6,6C46) NIB,PNIB
IF (INOALLsFQel) WRITE(646045)
WRITF(6,242723)
9423 FORMAT(1HO,5X,*AN UPPFR BNUND ON THE NETWORK COMPLETION TIME DISTR
*JBUTJON: F¢(l 3 THFTA;LAMBDA)?)
D0 9421 1=1,1EDF
X=NLEFN(T1)
X=X/NI%
9421 WRITF(6,9422) FD(1),THETAJLAMRDA X
0422 FORMAT (17X s *F4(? yF15:50'0 515654 ¢F185e%5,') = L E15.95)

s NaNaNa e Ne Ne NeNelal

C

(o THF APPRNXIMATE NETWORK COMPLETION TIME DISTRIBUTION
WRITF (€.6362)

c

WRITE(6,9472)
Q472 FORMAT(1HO ¢S5Xe*AN APPROXIMATE NFTWORK COMPLETION TIME DISTRIBUTION
R0 /74 165XKe *FleiTHETALLAMADA) = o5 # ( F4{«ITHFTAWAMRBDA) ¢ F=(,3TH

RETAJLAMADA) ) ,o//)

900
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908
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910
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915
916
"7
918
919
920
921

922
923
924
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926
927
928
929
930
931

932
933
934
935
936
937
938
939
940
941

942
943
CLY
945
946
947
948
949
950
981

982
953
954
9ss
956
987
9%a
959




9471
9473
Q99

00
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0

fa ]

[a N1
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1
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N 9471 I=1,1EDF

X = «S*DFLOAT(NSAVE(I))/KNIR+SsDFLOAT(NLEFD(I)YI/NIA
WRITC(6,9473) FD(I) +THETAZLAMADA X

FORMAT (17X, F("ElSlS":"E‘S.S";'.Els.s.., = " ,E15,5)
WRITE(5,850)

sSTNP

END

SUBROUTINE AINVA(X)

IMPLICIT RFAL%8 (A-H,0-2)

COMMON B1INV,RFDCNS oCTIME , XAl ¢ INBASE o IHEAD+TTAIL «NMMP1 JNMM(NoISTAT
COMMON MV oMP)

DIMFENSION ISTAT{100) s IHEAD(G6C) ,ITAIL(60)eXB1(41)
DIMENSTIGN 31INV(41:41), INBASE(40)+CTIME(100)REDCOS(100)

UPDATF THF FIRST ROW OF BIINV AFTER CHANGING CTIME

NO 1 1=2,ANMMP}

B1INVI(1,.,1) = 0.0

N0 1 J=2,AMMP]

BIINV(1,41) = BIINyV(1,1) ¢ BLINV(J,T)*CTIME(INBASE(J~1))

UPDATF VALUE OF THE OBJFCTIVF FUNCTION

XB1(1) = RIINV(1 ,NMMP])

RETURNI

END

SURROUTINF AINV] (%, TMNFW.TMOLD+ID)

IMPLICIT RFAL%8 (A-Hs0-27)

COMMON RITAY,REDCNS ,CTIME ,XB1 4+ INBASE s ITHEAD« ITAILoNMMP ] sNMMoN.ISTAT
COMMON M,MP1

DIMENSICN ISTAT(100) 4IHEAD(60),ITALIL(60)XB1(41)

DIMFNSICN B1INV(41+41), INBASE(40)+CTIME(100),RENCOS(100)

COMEUTF THF REDCOS CORRESPONDING TO ONF CHANGF [N CTIME

DO 2 I=1.NMM

TF(INRASE(T)eFQID) T1I=1¢1

DIFF = TMNEW=-TMOLD
TMNEW Is THE NEw TIMF AND TMOLD TS THE OLD TIME CORRESPONDING
TO THE SINGLE CHANGE IN CTIME

DO 1 K=1,M

IF(ISTAT(K).EQ.1) GO TO 1

RENCNS(K) = REDCOS(KI=NDIFFX(BIINV(II ,THEAD( K)¢+1) -~
% RITNV(ITI,ITAIL( K)+1))

CONTINUF

NO 3 K=MP] (N

IF (ISTAT(K).EQ.1) GO TO 3

RENDCOSE{K) = RENCOS(K) = DIFF*B1INV(II.K-M+1)}
CONTINUF

UPDATE THE FIRSY ROwW OF BIINv AFTER CHANGING CTIME
NO 10 [=2,AMMP]
BIINV(1+1)=B1INV(1:1)4DIFF*RLINVIIL,I)
CONTINUE

UPDATF VALUE OF THE NBJECTIVE FUNCTION

XB1{(1) = R1INV(] NMMPL)




TR

RE TURN1
END
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Original Subnetwork Analysis Program: Flowchart

Read subnetwork description

L

Set each activity's completion time to its average

Determine the activities on this original critical path

“

Read the algorithm parameters 6, A

Set each activity's completion time to its lower percentile

“

Determine the activities on this critical path. (This.criticnl path
completion time is an lower bound on the subnetwork completion time.)

i
]

d

Set each activity's completion time to its upper percentile

X 2

Determine the activities on this critical bath. (This critical path
completion time is a upper bound on the subnetwork completion time.)

y

Determine the associates of each original critical
path activity and the initial clusters

4

Pool clusters

Determine the eliminants of each non-critical path
activity and pool the new clusters

Deacribe the final clusters

Determine T-(+; 0, A)
| ——
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Pool all clusters

J

Determine T+ (*; 6, ) and F - (*; 6, A)

Determine F+ (*; 6, 1)

A

Determine the approximate subnetwork
completion time distribution, F(*; 8, A)
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APPENDIX D
Monte Carlo PERT Simulation Program

The Monte Carlo PERT S1 alation Program will generate a random
sample of network completion times. The required input is

(a) an acyclic network with one sink,

(b) parameters describing each activity's completion time

distribution, and

(c) the size of the random sample to be generated.

Currently, the program generates each activity's random sample of completion
times from a chi-square distribution with 3 degrees of freedom that has
been linearly transformed to have specified 15-th and 85-th percentiles.

The activity time distribution can be easily changed. The basic output

is the ordered sample of random network completion times and the correspond-
ing empirical distribution function. The critical paths associated with
the sample of network completion times are not determined.

The generation of the random sample of network completion times
involves only one network but varying values of the individual activity
completion times, It is computationally faster to find the network
completion time for a new set of activity completion times by "updating"
the network completion time for a previous set of activity completion
times than it is to start all over each time. Since the Simplex
Algorithm applied to the dual of the PERT problem ig ideally suited
for this type of "updating', the basic computational technique for
determining the network completion times is the Simplex Algorithm

(see e.g., G. Hadley, Linear Programming).




end of this appendix.

100

A listing of the Monte Carlo Simulation Program is given at the

Specific Input Instructions:

Card 1. Col. 1-3:
Col. 4-6 :

Card 2. Col. 11-15:

Col. 21-25:

The number of activities in the network, Format (I3).
The number of nodes in the network, Format (I3).

The number of random network completion times to

be generated, Format (I5).

The number of parameters needed for generating the

random activity completion times, Format (15).

For each activity one card with:

Col. 11-15:
Col. 21-25:

Col. 31-40:

5 Col. 41-50:

The origin node of the activity, Format (I5)

The terminal node of the activity, Format (I5)
Parameter 1. The 15-th percentile of the activity's
completion time distribution, Format (F10.4).
Parameter 2, The 85-th percentile of the activity's

completion time distribution, Format (F10.4)

The nodes should be numbered 1, 2, ..., n with the sink being number n.

] Example:

The program's input and output are illustrated in terms of the network

in Figure D-1.
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SAMPLE INPUT
2
2
12 336.27
3 57.47
4 57.47
5 57«47
6 5T7.47
7 5Te%”
8 684 ‘0
8 680"6
8 68. O
8 68.96
8 68. 26
8 150.36
10 333.96
9 333.96
11 355,10
18 141.75
13 672.36
14 560.89
15 560.89
16 560.89
17 542.80
18 111.10
19 256,03
19 302.80
20 311.95
21 423,58
22 315.35
20 T.66
21 16.77
22 11.49
23 39.54
26 301.91
26 767.09
27 350.31
24 382.32
25 385.28
24 11.49
23 16.28
27 T.66
2% 20.86
28 810.17
29 15.32
30 15.32
31 5T.47
31 49.81
31 53,64
3 88.12
32 3.83
13 49.81
33 109.01
32 745.50
32 Ti4. 74
14
16
15
17

429.47
89.96
89.96
89,96
89.96
89.96
107.95
107.95
107.95
107.95
107.95
193.49
403.85
403.85
409.85
221.90
783.11
660.00
660.00
660.00
638,71
173.92
346.98
400.67
410.71
530.74
415.71
11,99
22.55
17.99
48.07
400.86
892.74
460,06
464.98
461.54
17.99
23,00
11.99
28.29
976.10
23.99
23.99
89.96
17.96
83,96
137.94
6,00
77.96
152.63
8l1.32
799.83
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PROGRAM LISTING 106

MONTE CARLO PERT

IMPLICTITY RFAL*8 (A-H,N=2)
FOR THE SAKF OF IDENTIFYING THE APPROPRIATE DIMENSIONS, LET

M = THF NUMBFR OF ACTIVITIES IN THE NFTWORK
NMM = NUMHBFR 0OF NODES IN THE NETWORK
AMNMDL = AMM & 1
N = M ¢+ NMM
NTRTIAL = NUMAER NF SIMULATED SFTS OF ACTIVITY
CCMPLETIAN TIMES
NPARM = NyYMBER NF PARAMETERS NFEDFED FOR GENERATING RANDOM
ACTIVITY COMPLETION TIMES FROM A PARTICULAR DISTRIBUTION

INTFGER TAIL{ M) HFAD( M)+spARM(M NPARM) s TIMES(NTRIAL)
DIMENS [CN BIINVINMMPL sNMMP 1), CT IMEIND) « XBL(NMMP1),v1({NMMP1)
DIMENSICN REDCNSIN) ,ISTAT(N)+» INRBASE(NMM) CDF(5) s NSPEC(20)

CURRENTLY THE NDIMENSIONS ARE SET FOR
M=50
NMM=410
NTRT AL =2020

COMMIAN BITINV,RENCOSsCTIMF(XR1e INBASFoHEADsTAILAMMP L o NMM, Ne1 STAT
COMMON M MP1
INTEGFR TAIL(6C) +HEAD(EC) s TRIAL 4NSPEC(20)
DIMENSTICN INBASE(40) ¢PARM(60:¢5) +CDF(S),TIMFS(2000)
DIMEASTICN BIINV(41441)CTIME(100)
NIMENSTION xX31(4a1).Y1{41) REDCOS(109)ISTAT(10C)
DATA NSPFC(1) NSPEC(5)+sNSPEC(9)s NSPEC{13)4NSPFC(17)/5%*(NON*/
DATA NSPEC(2) s NSPFC{6) 4 NSPEC(10 )¢ NSPECI14)NSPEC(18)/5%*F Spe/
DATA NSPEC{3) (NSPEC(7) NSPEC(11)+NSPEC(15)+NSPEC(19)/5%*ECIF/
NDATA NSPEC(4) JNSPEFC(8) ¢ NSPEC(12) +NSPEC(16) s NSPECL(20)/5%°IED) ¢/
DATA SLANKS/* v/
M = THE NUMRFR DF ACTIVITIFS IN THE NFTWORK
NMM = THE NUMHER OF NODES IN THE PERT NFTWORK
CFAD(S. 100} My NMM
FORMAT (217)
N=ANMM+ M
MP 1 =M+ ]
NMMDI=NMM+1
TRIAL = ¢

SIMyULATION VARIABLFS

NTRIAL = NUMBER OF SIMULATED SFTS 0OF ACTIVITY

COMPLETION TIMES

NPARM = NUMBFR OF PARAMFTFRS NEEDED FOR GENERAT ING RANDOM

ACTIVITY COMPLETION TIMES FROM A PARTICULAR DISTRIRUTION
TIMES = VECTOR CONTAINING THE OPTIMUM VALUF FOR FACH TRIAL
PARM(I4+1) = THE LOWER PERCFNTILF POINT FNR THE 1=TH ACTIVITY
PARM(I ¢+?) = THF UPPER PERCFNTILE PCQINY FOR THE t«TH ACTIVITY

RFAL (5,257 ) NTRIALNPARM

THF ACTIVITIES ARE OESCRIBED IN TERMS OF THEIR NODES

T f‘»‘%
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610

22?2
2700

27n1

2509

2704
2702

12
1n

3e

55610
350

AN N

2800

22
52800
23

*APAMETEFR 2

1I=THE TAIL NOOE, THE ORIGIN NODE
JJ=THE HEAD NODE, THE TERMINAL NODE

DO 10 TI=1,M

READ(S5,:25C1) T1,0J,(PARM(TsJ)sJ=1sNPARM)
FORMAT(1CX+s15e5Xe15y SXeS5F1Ced)

TAIL(T)Y = I1 .

HEAD(T)=3y

NNPARM = 4%xNPARPM

DO 222 1=1.NNPARM

NSPFC(I) = RLANKS

WRITE(A,270C0)

FOPMAT (1H]1 15X, * INITIAL [INPUT*)
WRITE(BR,27Nn1)

FORMAT ( 1HO 10X, *ACTIVITY ORIGIN TERMINAL
PARAMETFR 3 PARAMETFR 4
WRITE (6,2509) (NSPEC(1)+1=1,20)

FORMAT (41%Xs48A48,4(1Xe4A4))

DO 2704 I=1,M

PARAMETER 1
PARAMETER S5°)

WRTTE(622702) T+TAIL{1)HEAD(T )4 (PAPM(14J)+J=1¢ NPARM)

FOPMAT (1H 213X el3e5X el 337Xl 341XeS5(7X,F1044))

DO 1Ca =1 s NMM
INBASEF(1)=M+]

DN 2001 J=1 .M
ISTAT(J)=0.

NO 2002 J=MP1 N
ISTAT(J) =1

DO In 11=1,NMMP1
DN 12 L=1,NMMP1
RIINV(L LTT) = €,
BIINVOTITI,II) = 1,
DO 370 1=1.NMM
XH‘(') = 0o
XB1(NMMPL) = 1.,
TOLRI=1.CD~-10

DO SS612 1=MP1,N
CTIME(T) = 0.
CONTINUE

GENERATE A SFT OF ACTIVITY COMPLETION TIMES

TRTAL = TRTAL + 1
CALLL. PANTIM (CTIME.PARM.M)
CALL BINVA (£2801)
START THE SIMPLEX ALGORITHM
SOLVE THF DUAL PROBLEM

THE NUMBER NF VARIABLES IS M REAL + NMM SLACKS

FOR A TOTAL OF N VARIABLES

DO 23 J=1.N

RATS = n,

IF (ISTAT(J)«EQ.1) GO TO 52800
IF (J.GTeM) GO TN 22

RATS =-81INV(] HFAD(JI+1DI+BIINVII,TAIL(JY)+1) ¢ CTINME(J)

Gn TN 52800

RATS ==-B1INV{14J-M¢])
REDCODg( J)= QRATS
CONYINUF

107

1]

90
91
92

100
101
102
103
104

105}

106
107
108
109
110

111 ]
112
113

114
119
116
117
t1n

119

1
i

i
“h




22800

24

22824

50026
26

27

38

4ac3
530

CONYINUF 108

I RMAX =1

PMAX=PEDCNS(1)

DO 24 J=2.N

IF(REDCAS(J) +LE. KMAX) GO To 24
RMAX=REDCOS(J)

IRMAX=J

CONTINUE

TF(RMAX +LFe. TOLR1) GO T0O 401
CONTINYF

NO 26 L=1,NMMP1

IT (IRMAX.GT.M) GN TO 50026
YI1(L) =~BULINV(LTAIL(IRMAX)+1)+BIINV(LJHEAD(IRMAX}#+1)
GO TO 26

Y1{L) = BILINV(L, IRMAX=-M+1)
CONT INUFE

Yi(1) = v1(1) - CTIME(IRMAX)
NUMARFR=N

NC 27 L =2 .AMMP]

IF(YI(L) .LF, TOLRY) NUMBER=NUMBFER+1
IF(NUM3ER +EQ. NMM) GO TO 403
RMIN=499D 20

IRMIN=),

D0 12 II=2,NMMPL

IF{YI(TII).LF. TOLR1) GO TN 32
RAYS =xa1{(I1)/vi(11)
RR=NRATS-FMIN

IF(RQ +GF. 2aDOC)Y GO TO 32
QMIN=RATS

IRMIN=TT

CONTINUF

NEe 23 J=2,NMMP 1

WW=RIINVIIRMIN L J)/ZY1(IRMIN )
NnO 37 L=1+AMMP]

JIINVIL +J)=RIINVIL,J)-ww2Y1 (L)
BI1INV(IRMIN oJ)=wWW

UPDATE THE RASIC VARTARLES: INBASE ANp XB1

ISTAT(INBASF (IRMIN-1))=C
ISTAT(IRMAX) =1

INAASE (IRMIN-1)=TRMAX
W=XBI(IRMIN ) /YI(IRMIN )
NO 28 [=1.AMMP]

XA (D) =XRI(T)-Yi(])*w
XBI(TAMIN V=W

G0 TO 2890

WRITE(6,530)
FORMAT(1HOSX+*NO FEASIALE SOLUTION FXISTSe CHECK YOUR INPUT DATA
*,)

WRITE(S5.RA52%)

FORMAT (1 H])

GO TN 9499

FND OF THE SIMPLEX ALGORITHM

TIMES(TRIAL) = RBIINV(l.NMMPL)
[F (TRIALLTNTRIAL) GO TN 3%0

INBASE IS A SET OF NMM INTEGER VARIARLES WHICH INDICATE THt

o

T Y




T o R

WY ONADDAODDIINOOAANON N

(o]
o
(e ]

3951
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3013

2050
. 999
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COMPNSITION OF THE CURRENT RASISe FOR EXAMPLE,
INBASE(K) = 7 IMPLIES THAT THE K-TH COLUMN IN THE BASIS B
CORRESPONDS TO THE 7~-TH VARIABLE

ISTAT INDICATES THE 9ASIC STATUS OF FACH VARTABLE
ISTAT(K) = 1} IMPLIES THAT THE K-TH VARTABLE IS IN THF
DUAL BASIS
¢ IMPLIES THAT THE K=TH VARIABLE IS NOT IN THE
DUAL BASIS

ISTAT(K)

CRDOER THE RANDOMLY GENERATED NFTWORK COMPLFTICON TIMES

LIMIT = NTRIAL
IPASS = NTRUAL-1
TCHNG = 1

DO 4CN1 JU=1,1PASS

LIMIT = LIMIT-]

IF (ICHNG.FQs0) GO TO 3060
[CHANG = ©

DO 4CC2 T=1.LIMIT

IF (TIMES(I)«L.F.TIMES(TI+1)) Gn TO 4002
TEMP = TIMES(T1+1)
TIMFS(T+1) = TIMES(I)
TIMFES(1) = TEMP

ICHNG = 1

CONTINUE

CONTINUF

DFSCRIRE THFE ORDFRFD NFTWORK COMPLETION TIMES

WRITE(6,6662)

FORMAT(1H1)

WRITF(642012) NTRIAL

FORMAT (1HAI1CX,*THE CRITICAL PATH TIMES FOR "+ I5¢' TRIALS ARF AS

* FOLLOWS: (TIMF/ORASERVED PERCFENTILE) )

LINF = (NTRIAL +4)/5

DO 2757 J=1.LINE

12 = ()=1)%5+1

13 = Jx5

T1CNT = 0

IF (NTRIAL-I2#]...Te5) 3= NTRIAL

DD 3051 K=12,.13

ICNT = ICNT#+1

COF(ICNT) = DFLOAT(K)/DFLOAT(NTRIAL)
WRITE (6+43011) (TIMES(TI)el= 12,13)
FORMAT ( 1HO 45X, S(6XeF15.5))

WRITE (643013) (CDF(K)eK=14ICNT)
FORMAT (EXS(EXF1565))

CONTINUE

sTOP

FND .

SURROUT INF SINVA(*x)

IMPLICIT RFAL*8 (A=-H,0-2)

CCMMON H1INYREDCOS CTIME X011 o INDBASE o THEADS ITAIL«NMMP] ¢NMM¢No I STAT
COMMON M MP]

DIMENSICN TSTAT(1CO) o IHEAD(GO) (,ITAIL(60) o XBI1(A1)

196
197
198
199
200
201
202

203

204
205
206
207
208
209

210 |

211

212
213
214
218
216
217
218
219
220
221

222
223
224
225
226
227
228
229
230
21

232
233
234
235
236
237
238
239

el e
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NDIMENSICN 31TNV(41+41)¢INBASE(40),CTIME(100) ,REDCNS(100)}
UPDATE THF FIRST ROw OF BlINV AFTER CHANGING CTIME

NO 1 I=2,NMMP]

ABITANV(141) = 040

DO 1 J=2,NMMP

BIINV(14+1) = RIINV(1s1) ¢ BULINV(JsI)2CTYIME(INBASE(J=1))

UPDATE VALUE NF THE NBJECTIVE FUNCTION

XB1(1) = BLINV(] NMMP1)

RFTURNI1

END

SURRNUTINE RANTIM (CTIMF+PARMy M)

SURRNUTINE RANTIM GFNERATES M RANDOM TIMES FROM A SPECIFIED
DISTRIBUTION WITH PARAMETERS CONTAINED IN PAPM(60,5) AND RFTURNS
WITH THE RFSULTS IN CTIMF(99).

IMPLICIT REAL*8 (A-HsN=-2Z)

NATA J/0/4+1Y/7194847/,.TP1/6,2831853/
DINENSICN PARM(60,5),CTIME(99)SAVTIM(S9I)
IF (JoNFeD) GO TO 30

THE FOLLOWwING GENERATFS A CHI SQUARE RANPOM DEVIATFE wiTH 3 OFes
TRANSFORMED TN MAKF THE LOWER POINT CORRESPOND TO THF 15=TH
PERCFNTILE AND THE UPPFR POINT CORFRESPOND TO THE A5-TH PFRC.

PARM(3,1) = THE PERCENTILE DIFFERENCE

00 5 I=1,M

PARM(1¢3) = PARM(1,2)~PARM(I,1t)

IF (PARM(1+3)+ENO) CTIME(I) = PARM(1,1)
J = Jet

IF (MOD(J+:2)eFQel) GO TO 20

DO 15 I=1,.M

IF (PARM(I,3)«FQsC )} GO TO 1S5
CTYIME(T) = SAVTIM(I)

CONTINUE

RFTURN

GENFRATE A PAIR OF COMPLFTION TIMES FOR EACH ACTIVITY,

THE ROX~-MULLFR METHOD IS USED TO GFNERATE A PAIR OF

NCRMAL DEVIATES

Ul AND U2 = UNIFDRM RANDCM NUMBERS

WEDSIN(AN) = STANNDARD NORMAL RANDCM VARIARLE

WEDCOS(AN) = STANDARD NURMAL RANOOM VARIAELE

CHI3 = A CHI-SQUARE RANDNM VARIABLF ~= GENERATED USING THF
METHOD 0F WILSON AND HILFFRTY = PROC. NAT. ACADEMY OF
SCIENCE, 1931

C1 AND C2 TRANSSORM THE CHI-SQUARE WITH 3 De.Fo.

NO 302 [=1,4M
If (PARM(143)4E0,0) GO TO 3002
Ty = 1v®€E5519

TF (1Y) 3015.:3716.3016

IV = 1Y ¢ 2147483647 + 1

el oA ney Wi Slte aif:

240
241
242
243"
26447
2453

246

247

zoai_
249

250 | |
251 |

252 7
253
254
255 ; |
256
2s7
258
259
260
261
262
263 |,
264 |
2685 |

i
266 | ||
267 'I
F
r
i

268 | |
269 | |
270 ||
271 ||
272 ||
273 ||
274 |
275!
276 | |
277 | |,
278 |
279 ||!
280 ||
281
282
283
204
285
286 ||
287 |
288 ‘f
289
290

291
202 |
293

294
298
296
297
298
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111
YFt =1lv
Ul = YFL%,4€656]3F~9
1Y = 1Y®€£5539
IF (1Y) 21925,3n26,3026
IY = 1Y « 2147483647 + |
YFL= 1Y
U2 = YFL*,46561 3F-0
W  ==2.,%DLNOG(U?2)
W = DSQART(w)
AN = TPT*xy}
C? = 4,51327/PARM(T1,+3)

Cl = J?7G777-PARM(T,1)%C2

CTIMF(I) = ((+3G2530614%WkDSIN(AN)¢1,335416269)%x3-C1)/C2
SAVTIMITI) = (39253061 4%WEkDCOS(AN)I¢1,3354162€69)%%3-C1)/C2
CONT INYF

RFTURN

END
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