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ABSTRACT 

The research in fracture mechanics of concrete is reviewed in an 
attempt to reconcile the different and sometimes contradictory approach¬ 
es for evaluation of the fracture energy, G^. An improved method to 
measure for beams in three-point bendingis presented. This method 
is expected to provide a more reliable characterization of the fracture 
toughness of concrete. 
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SUMMARY 

The research in fracture mechanics of concrete is reviewed in an 

attempt to reconcile the different and sometimes contradictory approach¬ 

es for evaluation of the fracture energy, G^. An improved method is 

presented to measure for beams in three-point bending using the load 

versus load point deflection plot. In this method, the specimen is load¬ 
ed with the notch on the upper face. By unloading at the point of insta¬ 
bility, the energy spent on process zone formation, slow crack growth, 

and outside the crack zone can be evaluated. Dye application allows for 

determination of the true crack length, a , at that moment. Upon reload¬ 
ing, the energy spent on crack propagatiofi, U, is found as the difference 

between the total area under the curve and the energy previously consumed 
The fracture energy is then defined as: 

G, = U/B(W-a ). 
J P 

The test method compensates for the specimen weight and accounts 

for the inelastic indentation at the loading points. This method is 
expected to provide a more reliable characterization of the fracture 
toughness of concrete. 

This report was generated within work unit YR-23.03.01.009, Fracture 
and Fatigue of Concrete, in the Structural Modeling Project, which is 

part of NAVFAC's 6.1 Basic Research Program Subelement 23, Mechanics, of 

Program Element 61153K, Application of fracture mechanics of concrete 
will impact design of gas turbine engine test cells and waterfront struc¬ 

tures of reinforced and prestressed concrete. This work unit continues 

with measurement of concrete fracture energy using methodology described 
in this report. This work unit should be transitioned to 6.2 in FY89 

for development of design criteria. 
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INTRODUCTION 

The existing approaches for fracture energy evaluation of concrete 

are reviewed. Drawing from this previous work, a more accurate and size 
independent method is developed for measuring the fracture energy of 

concrete, G„, using a three-point bend test specimen. 

Fracture mechanics and Griffith's theory (Ref I) were first applied 

to concrete in the early sixties. Kaplan (Ref 2) first determined the 
crack extension force (or critical strain energy release rate), G , using 

beams in three-and four-point bending. He first observed its dependency 
on specimen size and attributed it to slow crack growth. Romualdi and 

Batson (Ref 3) later performed a series of tension tests and observed an 

increase of G with crack length. Glucklitch (Ref 4) noted the dissipa¬ 

tive effects at the crack tip, charged them to microcracking, and con¬ 

cluded that G was greater than twice the surface energy of concrete. 

Hughes and Chapman (Ref 5) first published in 1966 a complete stress- 

deformation curve for concrete in tension. 

Since 1966 there have been several attempts at characterizing the 
toughness of concrete by measure of the critical strain energy release 

rate. Most of them used single-edge notched beams in three- and four- 

point bending (3PB and APB). An extensive review was presented by 
Mindess (Ref 6), Carpinteri (Ref 7), ACI Committee 224 (Ref 8), and 
Gustafsson (Ref 9). RILEM Technical Committee 50-FKC on fracture me¬ 

chanics of concrete has attempted setting a standard for determination 

of the fracture energy of concrete by 3PB tests (Refs 10, 11). Toward 

this goal, 14 laboratories in 9 countries have been involved and 700 
beams tested (Refs 12, 13, 14). However, the method has not yet been 

fully accepted since its results are size dependent and approximate. 

The fracture energy is overestimated (Refs 15 through 19) and so is the 

corresponding ligament area (Refs 20, 21, 22). 

EVALUATION OF THE FRACTURE ENERGY, Gf 

Fracture Energy and Critical Strain Energy Release Rate 

For a beam in three-point bending (Figure la) a typical plot of 

load versus load point deflection (LLPD) is shown in Figure lb. The 
area, U, under the LLPD curve represents the energy required to break 

the specimen and the fracture energy, G^, was defined as: 

Gf = U/A 

where A is the uncracked area at the notch (ligament area) 

(Refs 15, 23, 24). 
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The fracture energy, G^, has typically been used as an approxima¬ 
tion to the critical strain energy release rate, G , which is defined as 
the elastic energy per unit crack surface area tha£ is available for 
infinitesimal crack extension (Ref 1). Unfortunately, both notations 
have been used indistinctively (Refs 15 and 25 through 28), creating 
some confusion in the literature. For linear elastic fracture mechanics 
(LEFM), an exact relation between G and Gf for a beam in 3PB is present 
ed by Turner (Ref 29) and Plati andCWilliams (Ref 30). They showed that 

G = rG^. 
c f 

with r varying between 0.6 and 2 for crack length to specimen depth ra¬ 
tios a/W from 0.1 to 0.6, depending on the configuration (r = 1.67 for 
S/W = 8 and a/W = 0.5). This agrees with the simplification of the J 
integral approach formulated by Rice et al (Ref 31) for a/W > = 0.6: 

J = 2U/A 
c 

(Refs 30 and 32 through 37), which is the definition used in ASTM E813 
(Ref 38). In effect. Rice showed for an elastic-plastic material and 
small scale yielding (Ref 39): 

Turner (Ref 2S) and Plati and WTilliams (Ref 30) based their rela¬ 
tion on the formulas derived by Srawley in 1966 (Ref 40), which repre¬ 
sent boundary collocation K-calibrations for single-edge notched plate 
specimens in 3PB. The values they obtained for r, together with Rice’s 
(r = 2 for a/W > = 0.6), are plotted in Figure 2. In 1976, Srawley de¬ 
rived a more general formula (Ref 41) for a/W from 0 to 1 which is now 
used in ASTM E399 (Ref 42), Using Srawley’s formula and Turner's deri¬ 
vation, the corresponding values of r are obtained as follows: 

3(a/W)1/2 [1.99-(a/W)(1-a/W)(2.15-3.93a/W+2.7a2/W2)] 

2(l+2a/W)(l-a/W)3^2 

where S is the span and B the width of the specimen. If the nominal 
bending stress is defined as (Refs 40, 29): 

6K 3PS 

2 = 2 
BW 2BW 
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Where M is the maximum moment for conventional bending theory, 

1 /2 
then: K = Yo a. 

where Y = 
1.99-a/W(l-aW)(2.15-3.93a/W+2.7a2/W2) 

(l+2a/W)(l-a/W)3/2 

and applying Turner's derivation (Ref 29): 

r = 
Y (a/W)(1-a/W) 

/ Y (a/W) d(a/W) + S/18W 

These values of r have also been plotted in Figure 2, It is apparent 
that all approaches give an upper limit for r of approximately 
2 (a/W > 0,5). Go, et al, (Ref 43) proposed other relations for the 
boundary collocation K-calibrations which agree closely for S/W = 4 but 
are somewhat different for S/W = 8. 

Load Versus Load Point Deflection Plot 

As shown in Figure lb, the LLPD plot has three stages of behavior 
(Refs 44, 45, 46). In the first stage, the deflection increases linear¬ 
ly with the load. The crack is opened but does not extend (Ref 45). 
During the second stage, a fracture process zone develops, microcracks 
form, and slow crack growth is observed (Refs 47 through 51). In the 
third stage (called the strain softening zone) rapid crack growth is 
observed that may lead to instability (Refs 52, 53). This instability 
can be avoided by choosing an adequate specimen configuration (Refs 15, 
17, 54, 55), but depends upon the stiffness of the testing apparatus. 
Stability will be achieved if the rate of energy dissipation by the frac¬ 
tured zone and the testing apparatus is greater than the rate of release 
of the energy stored in the whole specimen and the loading frame (Refs 
15, 23, and 56 through 59). Gurney and Hunt simply stated "the stabil¬ 
ity is decreased by the flexibility of the testing machine" (Ref 60). 
RILEM advises a minimum machine stiffness of 10 kN/mm (57 kips/in) for 
tests carried out on its smallest standard specimen (Ref 11). 

During strain softening most of the damage to the specimen is concen¬ 
trated in a narrow zone (Ref 61). This concentration is higher as the 
load carrying capacity decreases (Refs 50, 62). It has been observed 
that energy dissipation occurs through a single major crack (Refs 46, 
63). Strain softening is considered a material characteristic (Refs 64, 
65, 66). Using a power relation to represent the strain softening, the 
exponent of the relation itself has been considered a measure of the 
true toughness (Ref 66). 

Current Approaches 

Several methods of measuring the fracture energy, G^, using the 
LLPD plot have been proposed. Nakayama (Refs 23, 67), Tattersall and 
Tappin (Ref 59), Davidge and Tappin (Ref 24), and Petersson (Ref 15) 
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used the total area under the curve U (Figure 3b). This method was 
the basis for the RILEK recommendation (Refs 10, 11), which includes a 
correction for the beam weight (Ref 62): 

Gf = (Uq + mgd)/A 

where A = ligament area •= B(W-a ) 
B = width 
a = notch depth 
mg = weight of the specimen 
d = load point deflection at fracture 

For elastic-brittle materials like glass. Turner (Ref 29) obtained 
satisfactory results using only the area under the curve, U , (Fig 3a) 
up to peak load or up to the point of instability which is the point 
where the load starts to drop off. Other researchers applied this ap¬ 
proach to hardened cement paste (HOP) and concrete (Refs 22, 68, 69, 
70). Go (Ref 70) introduced a roughness coefficient, C = 1.15, and 
used: a 

Gf - VCaA 

Swartz, et al, (Ref 22) measured the extended crack length, a (this 
is the crack length at the point of instability), and used A=B(V,-a^). 
They also proposed a modified RILEM method using (Refs 19, 71) End a 
correction for the beam weight: 

Gf = (U. + mgd )/A 
f 1 D p 

where d is the midspan deflection at the point of instability. Swartz 
also proposed testing a beam loaded upward (Ref 45) to simplify dye ap¬ 
plication (Ref 72) and the corresponding beam weight correction (Ref 73). 

These test approaches have the following shortcomings: 

1. The energy dissipation outside of the fracture zone cannot be 
neglected (Refs 53, 65, 74, 75) and depends on the specimen size and 
notch depth (Refs 15, 17, 75). This dissipation will be more important 
if the notch size decreases or if the beam size increases. This ex¬ 
plains the choice of specimen dimensions by RILEK (Refs 10, 11) in an 
attempt to minimize this loss. Hillerborg (Refs 26, 64) tried to eval¬ 
uate this effect for the case of a tensile specimen by loading a similar 
but uncracked specimen. This is suspected to be one of the causes of 
the size dependence of (Refs 75, 76). 

2. Slow crack growth precedes fracture (Refs 7, 47, 48, 75, 77) and 
is also suspected to be a cause of size effect on G^. (Refs 2, 51, 78). In 
the first stages of loading, energy is dissipated in creating and extend¬ 
ing a process zone (Refs 64, 79) by debonding aggregates and opening 
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microcracks. This is a direct result of the heterogeneity of concrete 
(Refs 4, 56). Consequently, the real (extended) crack length differs 
from the notch depth used by most researchers. Only a few authors (Refs 
20, 21, 22, 56, 80) report evaluating the extended crack length, gener¬ 
ally using compliance techniques. 

3. Using the whole area under the curve leads to an overestimate 
of Gf, as recognized by Petersson (Ref 15) and others (Refs 16, 44, 65). 

4. Using only the area up to peak load (or instability) assumes 
concrete to be a perfectly elastic-brittle material. Strain softening 
for a purely homogeneous material theoretically leads to an instanta¬ 
neous vanishing of the stress (Refs 52, 81, 82) but this is not the case 
for concrete (Ref 83). For typical laboratory size specimens, LLPD plots 
from References 11, 15, 19, 22, and 56, show that this assumption disre¬ 
gards more than half the total energy spent in breaking the specimen. 
However it does seem to apply to hardened cement paste (Refs 6, 9, 21, 
56, 84, 85, 86) which appears as a quasi-homogeneous material (although 
References 8, 87, and 88 still specify a minimum specimen size). It 
should be recalled that Griffith's fracture criterion was first postu¬ 
lated for glass (Refs 1, 86). Only for very large sizes does concrete 
behave In a brittle fashion. Unfortunately, this would require a beam 
depth of at least 230 mm according to Walsh (Ref 76), or 650 mm according 
to Carpinteri (Ref 89), or 2000 mm according to Modeer (Ref 90) and 
others (Ref 15, 18, and 26). 

PROPOSED TEST METHOD 

From the preceding observations it was concluded that a true 
measure of the toughness of concrete would be obtained with a three- 
point bend beam specimen and the following procedure: 

1. Install the beam with the notch on the top surface. This will 
help in dying the cracked surface (Refs 53, 72). 

2. Load the specimen up to the point of instability (Refs 19, 56, 
71) defined as the point where the load drops to 95 percent of its maxi¬ 
mum value, then remove the load completely. The area enclosed in this 
load-unload loop includes the energy spent on formation of a process 
zone, slow crack growth, and the inelastic energy spent outside of the 
crack zone. 

3. Insert a dye through the notch and allow it to flow into the 
crack. This will highlight the true crack length, a^ (Refs 22, 28, 72). 

4. Reapply the load and obtain the strain softening zone. Unload¬ 
ing and reloading once will not significantly affect the LLPD curve (Refs 
53, 60, 91). Cyclic loading has been routinely performed for compliance 
measurements or damage evaluation (Refs 51, 53, 75). 
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5. Define U as the total area under the LLPD curve minus the area 
in the load-unload loop indicated in the second step (see Figure 3c). 

6. Define as the energy spent on developing one major crack 
divided by the ligament area existing at that moment: 

G, = U/B(W-a ) 
f P 

Brown and Srawley proposed the same formula using the energy as 
defined in Figure 3d, discarding an area similar to the load-unload loop 
of Step 2, which "represents the energy contribution associated with 
stable crack extension during the increase of the crack extension resis¬ 
tance from (at first crack) to G (at peak load)" (Ref 40). 

A similar measure was also attempted for a specimen in tension. 
Petersson recognized that part of the area under the curve to the left 
of the peak load should not be taken into account (Ref 15). Unloading 
at the instability point would eliminate a similar area. Carpinteri 
(Ref 50) and Bazant (Ref 61) similarly measured Gf for a tensile spec¬ 
imen on the strain softening side of the curve. Hillerborg, while pre¬ 
senting the theoretical basis of the RILEM recommendation, discarded the 
energy spent outside the fracture zone for a specimen in tension, but 
did not extend it to the RILEM specimen (Ref 17). 

These corrections also follow the generalized fracture mechanics 
approach developed by Andrew's, et al (Refs 92, 93, 94) where the criti¬ 
cal energy release rate, G (or J ), is only a part of the total energy, 
G (or J ), actually needed to form a unit area of crack: 
o o ^ 

G = zG 
c o 

where z is a loss function. Part of this loss is attributed to inelastic 
behavior. The importance of inelastic behavior for metallic materials 
was recognized as early as 194S by Irwin and Orowan (Refs 29, and 95 
through 97) in what is known as the Irwin-Orowan concept. Although it 
is not as important, inelastic behavior is also present in concrete. 

DETAILS OF EXPERIMENTAL PROCEDURE AND METHODOLOGY 

Fracture Area 

During strain softening, a crack will actually follow a surface 
that is not flat but governed by the aggregate size and relative hard¬ 
ness (Refs 6, 99). A roughness coefficient is not required since the 
roughness will depend on the type of aggregate and will be related to 
toughness and included in its measure (Refs 24, 59), The actual area 
of fracture is actually much larger than the area of a single crack 
even when including a roughness coefficient of 1.15 (Refs 56, 85). 
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Precracking 

Precracking of the specimen (or fatigue cracking) is not necessary 
in the proposed method. Measurement of the energy takes place only after 
a sharp crack has been formed, and does not depend on the initial condi¬ 
tion, whether it is precracked, form notched, or saw notched. 

Rate of Loading 

Mindess reported that both the work of fracture and the strain 
energy release rate only show a small_^ncrease ^{ibout 15 percent) for 
cross^head deflection rates from 5.10 to 5.10 m/sec (2.10 to 
2.10 in/sec) (Ref 100). RILEM recommends reaching peak load gfter 30 
to 60_seconds which corresponds to a rate in the order of 5.10 m/sec 
(2.10 in/sec). 

Beam Weight 

Techniques to compensate for specimen weight have been derived fol¬ 
lowing the works of Petersson (Ref 102) and Hilsdorf and Brameshuber 
(Ref 53). Petersson's correction is approximate (Ref 73). On the other 
hand, by supporting half of the beam weight at the ends, Hilsdorf and 
Brameshuber obtained a complete LLPD curve, which actually starts after 
the applied load equals the other half of the weight. The discarded 
area (1/2 weight by midspan deflection at total fracture) corresponds to 
work being transformed into potential energy as the center of gravity of 
the beam is forced up. It should be noted that RILEM guidelines invali¬ 
date tests carried out on large beams where the effect of specimen weight 
is excessive (Refs 101, 102), 

Displacements 

According to RILEM recommendations, the midspan deflection can be 
measured with reference to the loading apparatus as long as the inelas¬ 
tic deformations at the loading points do not exceed 0.01 mm (0.0004 
inch) (Refs 10, 11). For nonstandard specimens with small span/depth 
ratios (e.g,, S/W = 4) the inelastic indentations at the loading points 
are not negligible. They have to be considered (Refs 21, 36, 44, 53) or 
else the deflection has to be measured on the beam itself (Refs 21, 34, 
44). This problem has not always been addressed (Refs 28, 73, 103), 
thereby producing uncertain results. 

The error caused^by inelastic indentation may be quantified as fol¬ 
lows for a 27.65 MN/m (4,000 psi) concrete specimen with dimensions 102 
by 76 by 406 mm (4 by 3 by 16 inch) (depth by width by span), with an 
Initial notch depth a =25 mm (1 inch), and bearing directly on 51 mm 
(2 inches) diameter rollers. A maximum load of approximately 3.12 kN 
(700 pounds) should be expected* The minimum bearing area at the center 
roller is 3.12/0.02765 = 113 mm (0,175 in ) and the minimum bearing 
width is 113/76 = 1.5 mm (0.058 inch). This implies an indentation of 
the flat surface at the center roller only of 0.75 by 0.75/25.5 = 
0.022 mm (about 0.001 inch). In this case the indentation represents 
about 25 percent of the midspan deflection at peak load. 
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Displacements are typically measured with linear variable differ¬ 
ential transformers (LVDT) (Refs 34, 44) and clip gages (Refs 36, 103). 
The clip gage described by ASTM E399 (Ref 42) seems most appropriate, 
and may be manufactured out of high-strength aluminum (7075-T6 or 
7178-T6) (Ref 104) which is more readily available and easier to machine 
than a titanium alloy. These aluminums present a ratio of yield strength 
to modulus of elasticity as high as 0.0069 (for 7178-T6) compared to a 
typical 0.0076 for titanium 13V-llCr-3Al as proposed by ASTM E399 (Ref 42) 
(higher yield strengths may be obtained for titanium alloys). High 
strength aluminum ensures a large range of measurement without permanent 
deformation of the gage. Two clip gages are recommended, one on each 
side of the specimen, to mitigate errors due to asymmetry (Ref 36). 

Point of Instability 

The point of instability has been chosen as the point where the 
load decreases to 95 percent of its peak value, as recommended by Swartz 
and Yap (Ref 73). At this point, a small variation of the load close to 
peak value is accompanied by a small displacement on the LLPD curve. 
However, such a negligible amount of external work causes a significant 
crack advance (Ref 19). This is apparent on typical load-crack mouth 
opening displacement (LCMOD) plots (Refs 45, 73), where the CMOD increas¬ 
es significantly for almost constant maximum load. This instability is 
attributed to a redistribution of the energy inside the specimen, from 
elastic to surface energy. Measurement of the crack length at peak load 
would then yield unreliable values. 

CONCLUSION 

Different approaches for measuring the fracture energy, Gf, for 
beams in three-point bending have been evaluated and a new method pro¬ 
posed. In this method, the specimen is loaded with the notch on the 
upper face. By unloading at the point of instability, the energy spent 
on process zone formation, slow crack growth, and outside of the crack 
zone can be evaluated. Dye application allows for determination of the 
true crack length, a , at that moment. Upon reloading, the energy spent 
on crack propagation? U, is found as the difference between the total 
area under the curve and the energy previously consumed. The fracture 
energy is then defined as: 

G, = U/B(W-a ) 
i P 

The test method compensates for the specimen weight and accounts for the 
inelastic indentation at the loading points. 
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LOAD POINT DEFLECTION 

Figure 1. Three point bend test set up and load - load 
point deflection plot. 
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Figure 2. Ratio for various crack depths. 
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