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Analysis of Windward Side Hypersonic Boundary

Layer Transition on Blunted Cones at Angle of Attack

Matthew W. Tufts,∗ and Roger L. Kimmel†

Air Force Research Laboratory, Aerospace Systems Directorate, WPAFB, OH 45433-7542

The seven-degree half-angle cone is a canonical geometry for high-speed boundary-layer
transition. This paper presents constant N-Factor transition predictions for the Mack 2nd
Mode along the windward plane for this geometry at differing angles of attack and differing
nose radii in preparation for an upcoming experimental series. The stability analyses are
able to capture the experimental trends seen in previous experiments. Computationally
derived entropy swallowing lengths are shown to largely match the trends derived analyt-
ically in previous studies. These entropy swallowing lengths appear to be applicable as a
figure of merit for transition studies, even at angles of attack. Bluntness appears to delay
the amplification of Mack 2nd mode instabilities along the attachment line, rather than
increasing the critical amplitude leading to transition. As is the case for cones at zero angle
of attack, when transition occurs within the swallowing distance along the attachment line,
it does not appear to be well-correlated with PSE/LST N-Factors.

Nomenclature

Subscripts
c condition at wall, inviscid (Taylor-Maccoll) solution
e condition at boundary layer edge
w condition at wall, viscous
∞ condition in freestream

Conventions
LST Linear Stability Theory
PSE Parabolized Stability Equations

Symbols
Csw swallowing length coefficient
f(ηe) non-dimensional stream function (Levy-Lees/Lees-Dorodnitsyn transformed coordinates) calculated

at B.L. edge at point where entropy layer is swallowed
h0 total enthalpy
Ms Mach number at spherical shoulder, inviscid solution
R specific gas constant
Rn cone nose radius
Re′ freestream unit Reynolds number, u∞ν∞
Xsw entropy swallowing length
XTB blunt cone transition location
XTS sharp cone transition location
y non-dimensional distance to conical shock
α angle of attack
γ specific heat ratio
∗Research Engineer, Ohio Aerospace Institute, Member AIAA
†Senior Research Engineer, Associate Fellow AIAA
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Cleared for Public Release, Case Number: 88ABW-2016-6030
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λ characteristic coefficient of viscosity, µ
T 1/2

θcone cone half-angle
θinc windward included angle

I. Introduction

Akey factor in the design of a hypersonic vehicle is a reasonable method of predicting the boundary layer
transition to turbulence. A PSE-based eN method using a constant N-factor has performed remarkably

well in correlating wind tunnel transition on cones with small bluntness at zero angle of attack.1 However,
the addition of even a small amount of geometrical complexity in the form of AoA creates rather complex
changes in the transition behavior on cones. As a point of reference, consider the windward meridian of a
cone at AoA. This is also a practical consideration, due to the increased heating on the cone attachment
line.

Although, as noted by Stetson,2 the behavior of windward-side transition on cones at AoA in hypersonic
flow can vary widely among different data sets, some general trends are consistent. For sharp cones, as AoA
increases, windward transition moves downstream.2–4 Blunt cones showed a more complex trend. Stetson2

observed windward transition on blunt cones to move downstream for small AoA, up to some maximum
displacement. The angle of attack producing the maximum downstream displacement varied with nose
bluntness. At higher AoAs, transition moved upstream as AoA increased.

Some variations in the behavior of blunt cone windward transition at AoA have been observed. Stetson
and Rushton3 saw only monotonic upstream movement of windward transition for two bluntnesses on an 8◦

cone at M = 5.5. Holden5 saw downstream movement of the windward transition front on a sharp and 6%
blunt cones, but upstream movement for a 21% blunt cone at M = 11 and 13. Tests of the HIFiRE-1 blunt
cone at CUBRC6–8 at M = 6.6 and 7.2 showed little movement of the windward transition front for 1◦ AoA,
and upstream movement at 2◦ and 5◦ AoA. Tests of HIFiRE-1 at NASA LaRC9 showed slight downstream
movement of the windward transition front at AoA = 3◦ and 5◦. Juliano et al.10 showed no movement of
the windward transition front (within transducer resolution) with increasing angle of attack for AoA ≤ 6◦,
and downstream movement for higher AoAs.

Although a constant N-factor of N = 5.5 worked well to correlate transition for HIFiRE-1 at zero AoA,
it was less successful for correlating windward transition at AoA.1 N-factor calculations using PSE on the
windward centerline of HIFiRE-1 for NASA LaRC test conditions showed N-factors exceeding 8 for AoA
of both 3◦ and 5◦. However, the windward boundary layers remained laminar in the wind tunnel at both
AoAs. This behavior was difficult to reconcile with the good correlation obtained for AoA = 0◦.

For zero AoA conditions Lei and Zhong11 showed that increases in nose bluntness consistently delayed
the onset of second mode instabilities.

For non-zero AoA cases, Alba1 applied an axisymmetric PSE analysis to the windward centerline flowfield
derived from a 3D basic state calculation, since tools accounting for three-dimensionality were unavailable to
him at the time, and this was noted as a source of uncertainty. Several other possible complicating factors
might explain the difficulty in adapting a constant N-factor prediction method to the windward side of cones
at AoA. A partial list of complications includes changes in edge Mach number, edge unit Reynolds number,
dominant instability frequency, dependence of initial amplitude upon frequency, and entropy swallowing
lengths.

Given the very complex behavior of cone attachment line transition at AoA, and the limited success
in correlating it, a systematic investigation is suggested, starting with non-axisymmetric PSE analysis and
attempting to reduce uncertainties cited by Alba et al. moving towards implementing three-dimensional
formulations and analyzing flow away from the windward meridian. Recently, in preparation for a series of
tests on cones at AoA, Jewell and Kimmel12 performed zero-degree AoA, axisymmetric computations using
stability theory to predict the transition on cones with differing nose radii at Stetson’s2 conditions. Jewell
and Kimmel showed that the calculated 2nd mode N-Factor at the observed experimental transition location
decreases rapidly when transition is within the entropy swallowing distance. The current paper continues
this effort by extending the LST/PSE analysis to the windward meridian of cones at AoA. In addition, the
mean flow field on the attachment line is carefully examined in an attempt to provide heuristic explanations
of the windward stability behavior.
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II. Reference Experiment

II.A. Model Geometry

A a 7◦ half-angle, spherically blunted, circular cone with a base radius of 2 inches (50.8 mm) and interchange-
able nose-tip pieces to allow for changing of the nose radius has been fabricated for a planned experiment in
the AFRL High Reynolds Number Facility and AFRL Ludweig Tube. The available values of nose radius
and bluntness ratio are tabulated in Table 1. For a perfectly sharp cone, the geometry would result in a
cone length of 16.3 inches (413.7 mm).

Given the relatively short planned run times, the wall temperature has been assumed to be roughly
ambient (Tw = 300K) and isothermal as the model is not expected to experience significant heating during
course of a run. For the conditions planned, this gives a Tw/Taw = 0.57 and Tw/T0 = 0.49.

Note that this cone, in order to better compare with recent experiments is planned for a 7◦ half-angle
cone, as opposed to the 8◦ half-angle used in the original Stetson2 experimental series. At the time of writing,
the experiment is planned for late November 2016.

Bluntness Nose Radius Total Length
% (mm) (in) (mm) (in)

“sharp” (0.35) 0.18 0.007 413.7 16.3
1.0 0.508 0.02 410.1 16.1
3.0 1.524 0.06 402.8 15.9
5.0 2.54 0.10 395.4 15.6
10.0 5.08 0.20 377.1 14.8
20.0 10.16 0.40 340.5 13.4
30.0 15.24 0.60 303.9 12.0
Table 1. Cone Geometry Parameters

II.B. Freestream Conditions

Flow conditions used for the study model those found in the AFRL High Reynolds Number Facility. The
facility is a blowdown tunnel equipped with a constant-geometry, axisymmetric nozzle having an exit diameter
of 12.3 inches, resulting in a test core with an approximately 10 inch diameter. The nozzle is operated with
nominal stagnation pressures ranging from 700 to 2100 pisa (4.8 MPa - 14.5 MPa), and a nominal stagnation
temperature of 1100◦ R (611 K). These conditions result in unit Reynolds numbers that range from roughly
30× 106/m to 90× 106/m. Full conditions that result from this operating range are listed in Table 2.

P0 Unit Reynolds Number ρ∞ P∞ T∞ U∞ M∞
(psia) (×106/m) (×106/in) (kg/m3) (Pa) (K) (m/s)
700 30.4 0.77 0.154 3388.8 76.75 1036.19 5.90
1400 60.9 1.54 0.308 6777.5 76.75 1036.19 5.90
2100 91.3 2.32 0.461 10166.3 76.75 1036.19 5.90

Table 2. Nominal Flow Parameters - AFRL High Reynolds Number Facility

Available details on the flow parameters in the wind tunnel can be found in Fiore and Law.13 The nozzle
can be assumed to produce conventional (non-quiet) acoustic noise levels, justifying the choice of a relatively
low second mode transition N-factor (N = 4) for analysis.

III. Methods

III.A. Computational Grid

Multi-block topology grids used for the study were created using Pointwise glyph scripts. Computationally,
the model was assumed to be smooth (no modeled surface roughness) with a perfectly spherical tip. The
nose was represented by projecting a square mesh onto the spherical nose tip, similar to the cartoon of
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Figure 1, and subsequently smoothing the projected shape to blend smoothly with a conical grid placed on
the frustum. A symmetry plane was included to reduce computational expense. Wall-normal spacing in
terms of y+ was less than 1 everywhere on the surface, except very near the stagnation point, where the
boundary layer is extremely thin.

(a) Grid Topologies (b) Grid Coordinates

Figure 1. Cartoon of Grid Topology

Due to the changing nose radii, and changing overall cone length, the total number of grid points in each
grid, but the average is approximately 50 million points. The grid topology can be found in Table 3.

Configuration “i” Pnts. “j” Pnts. “k” Pnts. “r” Pnts.
Sharp (0.35% Blunt) 51 67 353 869

1% Blunt 59 77 353 857
3% Blunt 59 77 353 839
5% Blunt 59 77 353 821

5% Blunt (Medium) 47 63 283 643
5% Blunt (Coarse) 39 51 227 515

10% Blunt 59 77 353 773
20% Blunt 59 77 353 673
30% Blunt 87 115 353 643

Table 3. Grid Resolution Figures

III.B. Computational Methods

The US3D14 flow solvera with 2nd-Order Steger-Warming fluxes was used to solve for the basic states. In
keeping with laminar-flow stability studies, no turbulence models were needed, as the base-state flow is
necessarily considered to be laminar everywhere. In general, a balance between taking a time step large
enough to facilitate reasonable convergence while maintaining numerical stability was striven for. A maxi-
mum timestep on the order of 1.0e−8 seconds was used, accordingly in the smallest cells near the nose the
maximum CFL is on the order of 100.

The LASTRAC15,16 stability suite was used to solve the LST/PSE stability equations. An in-house
Fortran script converted the US3D unstructured cell-centered solution to LASTRAC3d17 formatted meanflow
file without interpolation.

Because the meanflow in the vicinity of the windward ray has relatively few rapid changes in the azimuthal
direction, assuming azimuthal homogeneity (i.e. PSE and LST) can be used to compute 2nd mode growth
rates. As seen in Figure 2, because there is zero curvature in the axial direction and small non-parallel effects
due to the high Reynolds numbers, PSE and LST show reasonable agreement for these cases.

aUS3D 1.0-RC22
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It was also found that inclusion of corrections for spanwise non-uniformity as implemented in the LAS-
TRAC3d formulation resulted in minimal changes in stability behavior, even along the shoulder of the cone
where spanwise non-uniformity is stronger than along the windward plane.

Figure 2. Comparison of PSE and LST N-Factors, 5% Bluntness, 5◦ AoA, Re’ = 30 M/m

IV. Flow Features

IV.A. Crossflow Instabilities

As has been noted in literature18,19 the crossflow instability can be seeded even due to grid-to-grid roughness.
This leads to distortion of the base state, and if the instability reaches an amplitude great enough to affect
the stability analyses, may preclude meaningful results in the areas that are affected.

The question arises as to whether or not this is a physical mechanism, or some feature due to the numerics.
If one computes the stationary N-Factors for the configuration using meanflows containing these vortices,
assuming that the distortion arising from the vortices does not totally divorce the computed results from
reality, as seen in Figure 3 the maximum N-Factor reaches above 30. This corresponds to an amplification
ratio above 1 × 1013. It is therefore not surprising that stationary crossflow vortices are present in the
Navier-Stokes calculations.
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Figure 3. Sample Crossflow N-Factors Along 90◦ Ray, 5% Bluntness, 5◦ AoA, Re’ = 60 M/m

This effect can be lessened by careful smoothing of the surface grid, or alternatively by coarsening of the
mesh (and thus increasing the dissipation) as suggested by Dinzl and Candler.19 For this study, it was found
the appearance of these crossflow vortices could be reduced to a level that did not impact the windward
meridian second mode analysis, as discussed in the next section. However, somewhat counter-intuitively but
confirmed in literature, increased grid resolution causes the appearance of these undesired flow distortions
to become higher in wavenumber and higher in amplitude.

(a) Grid Topologies (b) 2nd Mode Windward N Factors

Figure 4. Windward Stability Comparison 5% Bluntness, 5◦ AoA, Re’ = 60 M/m

IV.B. Grid Topology Study

Grid convergence was judged by calculating the desired solution functional, the windward 2nd mode stability
characteristics. To test the effects of the nose-seeded instability waves six different nose configurations were
calculated seen in Figure 4(a). For this portion of the study, the grid configurations were tested using a
bluntness ratio of 5%, Re’ = 60 M/m, and AoA = 5◦. The second mode stability behavior converges well,
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as in Figure 4(b).

IV.C. Grid Resolution Study

Figure 5. 2nd Mode Windward N-Factors 5% Bluntness, 5◦ AoA, Re’ = 30 M/m

Given the number of cases examined, full grid convergence studies were not done for each configuration.
However, a sample case (5% Bluntness, 5◦, Re’ = 30M/m) can be seen in Figure 5. The changes in the
N-Factor for a given frequency were found to be acceptable.

IV.D. Overexpansion

As has been experienced in previous studies20,21 certain combination of flow conditions may result in an
overexpansion of the flow moving around the shoulder of the nose tip onto the frustum. In cases where this
situation occurs on conical geometries, the resulting expansion and compression waves reflect from both the
shock surface and from slip lines in the flow, causing an inflection in the shape of the shock. As the angle of
attack increases, this effect becomes more and more prominent.

V. Entropy Swallowing

The entropy swallowing location for a blunted cone is physically defined according to Stetson22 as the
location where the fluid at the edge of the boundary layer has passed through a nearly conical shock, and
hence the edge conditions are close to those that would be experienced on a perfectly sharp cone. As Stetson
noted, the entropy swallowing length is somewhat ill-defined. However, when a consistent method is applied,
entropy swallowing is a useful metric to describe the extent of the entropy layer effects on a body. Stetson and
others2,3, 22–24 developed methods to estimate entropy swallowing distances at 0 AoA. In order to understand
the behavior of cones at non-zero AoA it is useful to develop an estimation of entropy swallowing distance
on yawed cones.

Zakkay and Krause23 used analytical solutions for conical flows to find the following closed expression
for entropy swallowing distance based on comparing the mass flow rate through the bow shock to the mass
flow rate through the boundary layer on an axisymmetric cone at zero AoA.

Xsw

Rn
=

[
3
2

(R/γ)1/2

λ pc

ρ∞
2U∞

2

3Mc +Ms

y4Rn

f2(η) sin2 θcone

]1/3

(1)

Following Rotta24 equation (1) can be rearranged to the form

Xsw = Csw Re
′(1/3) Rn

(4/3) (2)
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where

Csw =
[

3
2
p∞
pc

M∞
3Mc +Ms

y4

f2(η) sin2 θcone

]1/3

(3)

where Csw = Csw(θcone , M∞) is a constant based only on cone angle and freestream Mach number. Note
that Re′, Rn, and Xsw must use consistent units. Stetson22 provides a convenient graphical representation
of the coefficient for a range of cone angles, and a range of freestream Mach numbers. However, as is noted in
Stetson,22 because y used appears as a quartic term in the analytical expression: “The swallowing distance
is a somewhat ambiguous length, since it depends upon the chosen shock shape and definition of the boundary
of the entropy layer, and the choice of boundary layer assumptions. Therefore one should not think of the
swallowing length as a precise dimension.”

Implicit in the development of these equations is the assumption of an axisymmetric flowfield. Commonly
used geometric fits for shock shape e.g. Klaimon,25 Billig26 are also limited to axisymmetric configurations.
However, an approximation for the windward plane can be found by using the above solution, Equation (1)
but replacing the cone half angle (θcone) with the included angle along the windward plane (θinc) where

θinc = θcone + α (4)

Note that this substitution was made in all steps of the calculation (e.g. θinc was used to calculate the
Taylor-Maccoll parameters, shock angle, etc.)

V.A. Swallowing Distance Trend with AoA

Examining Equation (2) it is apparent that the swallowing distance scales by nose radius with a 4/3 power
law, and with Reynolds number by a 1/3 power law. However, less obvious by inspection, the changing terms
in Equation (3) result in a decrease of Csw with increasing θcone for fixed freestream conditions (e.g. Figure
5 in Stetson22). If the usage of θinc holds for cones at angle of attack, accordingly the swallowing distance
along the windward plane decreases for a given cone with increasing α.

V.B. Computational Swallowing Distance

Rather than using analytical solutions, one can use a computational method to calculate entropy swallowing
distances. Two approaches were taken to find the entropy swallowing lengths for cones at AoA. The first
method is based on the same definitions used by Zakkay and Krause to derive their expression. In the second
method, a swallowing criterion is defined and calculated directly.

Finding boundary layer thicknesses in hypersonic flows is often ambiguous in nature since there is often
not an obvious choice for edge conditions. We may define our boundary layer thickness δh defined as the
point farthest away from the wall where∣∣∣∣1− h0(y)− (h0)w

(h0)∞ − (h0)w

∣∣∣∣ > 0.1% (5)

Doing so gives a convenient and consistent measure of boundary layer thickness.
In order to directly follow Zakkay and Krause, one can use a Taylor-Maccoll solution to determine the

Mach number downstream of the sharp conical shock and at the surface. Then finding the point on the
computed shock where the flow behind the shock results in a Mach number 95% of the surface Mach number
when expanded to surface pressure, denotes the start of the “conical shock”. One can then draw an annulus
between this point and the cone surface, and integrate between the two points to find the mass flow rate
through this annulus (bow shock annulus). This mass flow rate represents the mass ingested through the
bow shock. Using Equation (5) to find the BL edge, one can also integrate from the cone surface to the
bl edge. At the farthest upstream location where the mass flow through the boundary layer is equal to or
greater than the mass flow through the bow shock annulus, the entropy layer is considered swallowed.

When applying this algorithm to axisymmetric flow, as done analytically, the choice of azimuthal angle
is inconsequential. Due to the change in flow azimuthally for cones at angle of attack, the choice was made
for the current study to find the conical shock location on the windward plane. The resulting annulus was
drawn in a plane normal to the cone’s axis from the cone surface to the shock at this axial location, despite

DISTRIBUTION STATEMENT A: Approved for public release; 
Distribution is unlimited.

D
ow

nl
oa

de
d 

by
 A

FR
L

 D
'A

zz
o 

W
ri

gh
t-

Pa
tte

rs
on

 o
n 

Ju
ne

 1
9,

 2
01

7 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/6
.2

01
7-

07
64

 

8



the difference in conditions as azimuthal angle changes. For the cases studied, this method for the most part
closely reproduced the curves given by evaluating the analytical expression, however cases at higher AoA
showed some inconsistent trends. This method also proved to be very sensitive to the definition of boundary
layer thickness, as the mass flux near the edge of the boundary layer is high. In addition as one moves either
farther downstream or farther from the wall, the area included in the annulus increases more rapidly due to
the larger local radius of the annulus.

A more robust and somewhat simpler method is after finding the point on the computed shock where
the expanded flow behind the shock results in a Mach number 95% of the surface Mach number, find the
relative (to the freestream) entropy at this point. One can then march down the cone using Equation (5) to
find the boundary layer edge. At the point where the entropy at this boundary layer edge is ≤ than 95% of
the entropy found in the first step, the entropy layer is considered swallowed. A comparison of the analytical
method and this computational method can be seen in Figure 6. It can be seen that the trends found by
the analytical method and the computational methods largely agree, however the constants (CSW ) differ by
a factor of 2. This is not unexpected, given that the swallowing distance is not easily defined, and is used
only as a figure of merit for extracting trends. Note however, that by examining Figure 6 it appears that at
5◦ AoA, the windward swallowing distance scales somewhat more weakly with RN than at 0◦ AoA.

This method also has the advantage of removing the ambiguity in choosing the angle of the slice chosen to
be the annulus, as well allowing for the acknowledgment that entropy swallowing length varies with meridian
of the cone when the flow is non-axisymmetric. This variation can be seen in Figure 6(b).

(a) Compared with Analytical (Windward Plane) (b) Plotted vs. Meridian Angle, 3% Bluntness

Figure 6. CFD Calculated Swallowing Distance

VI. Stability Results

Once base states have been calculated, these can be used to calculate stability behavior. For this study,
only second mode instabilities along the windward ray are considered.

It was observed by Juliano et al.27 in an examination of HIFiRE-1 wind tunnel data that the effect of
increasing nose bluntness was to decrease the pressure fluctuations observed at a given Reynolds number
and a given station along a cone. Furthermore, Juliano et al. noted that the maximum pressure fluctuation
amplitudes observed were similar for different bluntnesses. These results suggest that the effect of increasing
nose bluntness is to delay amplification of second mode instabilities, rather than to increase the critical
amplitude required for breakdown. The “eN method”, as commonly applied, is based upon the premise that
once a disturbance has reached some critical amplitude, transition to turbulence follows. Because stability
theory predicts only the amplification of disturbances, a critical aspect of the eN method is selecting a
correlating transition N-Factor. Note the choice of transition N-Factor is essentially equivalent to modeling
the receptivity process to the freestream disturbance spectra. Good comparisons between computation and
experiment were obtained for HIFiRE-1 wind tunnel data using a constant N-Factor of 4 for noisy wind
tunnels. Recent work at higher Mach and Reynolds numbers12,28,29 have indicated that a higher N-factor
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may provide better correlations under these conditions and that the correlating N-Factor may depend on
the particular frequency that provokes transition, due to differences in the initial disturbance spectrum.
However, at this time variable N-Factor methods are not yet mature.

Second mode instabilities, are therefore assumed to be equally forced at all frequencies in a conventional
hypersonic wind tunnel (equal initial disturbance amplitudes). At the farthest upstream location which
the second mode envelope reaches the selected N-Factor, the resulting point is denoted as the estimated
transition location. Tests of HIFiRE-1 at zero AoA indicated a correlating N-Factor of about 4 for noisy
wind tunnels. Jewell and Kimmel12 showed correlating N-Factors of about 7-8 for sharp and slightly blunted
cones at zero AoA in the AFRL High Reynolds Number Facility where Stetson’s experiments were carried
out. Therefore, N-Factors of 4 and 7 were chose for the current analysis. The results of this algorithm can
be seen in Figure 7. The quantitative characteristics change with the choice of transition N-Factor, as would
be expected. However, with the notable exception that the transition location crossover starts at a lower
AoA with higher transition N-Factors, there is little qualitative change due to this choice in both the trends
shown and the hypothesized explanations for the observed trends.

(a) N=4 (b) N = 7

Figure 7. Computed 2nd Mode Transition Location (LST) Windward Plane

In general the results of this study are qualitatively similar to the experimental results available from
Stetson2 in that one would expect the windward transition to generally move downstream with angle of
attack for sharp cases, and upstream for blunt cases. As can be seen in Figure 7, the case a 1% bluntness
(a configuration not examined by Stetson) falls somewhere in-between and shows little movement along
the windward plane with AoA changes. A discrepancy with the experimental results of Stetson is the
magnitude of the transition front movement. If a constant N-Factor is used to predict transition location,
the computational results predict larger amounts of movement than the experimental tests actually reported.
In particular, for larger nose radii at low angle of attack the transition front is predicted downstream of the
experimental results.

VI.A. Effects of Entropy Swallowing on Transition

An obvious trend is that the discrepancy between experimental and computational results increases as the
analytical prediction of swallowing distance increases. Additionally, comparison of the experimental results
of Stetson with computational results by Jewell and Kimmel12 suggests that the transition 2nd mode N-
Factor is approximately constant only when experimental transition occurs outside of the entropy swallowing
region. Calculating the swallowing length using the methods employed by Zakkay and Krause, the current
conditions for larger bluntnesses (above 1%) predict transition inside the swallowing region, therefore this
difference is not unexpected.

If one plots the CFD calculated entropy swallowing length along with the N-factors, as seen in Figures
8 and 9 it becomes apparent that the first neutral point for second mode instabilities as calculated using
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stability theory, at both axi-symmetric and at-angle of attack cases, appears to always be near this point for
the cases examined. However, plotting the 1st neutral point location versus nose radius shows that the trend
is closer to linear with nose radius rather than the 4/3 power law that would be suggested if the location of
the 1st neutral point scaled directly with swallowing distance.

By following the envelope (maximum N-Factor at a given axial location) either on the raw plots like the
one in Figure 8 or in the re-plotting given in Figure 10 it can be seen that while increasing bluntness moves
the first neutral point rearward on the cone, the growth rates immediately after this point are also higher
with increasing bluntness. This is supported by findings presented in both Stetson.22 and in Juliano et al.27

stating that the dominant effect is likely delaying the amplification of second mode instabilities rather than
increasing the critical amplitude. It is interesting to note that while the entropy layer thickness near the
nose will increase with nose bluntness, the boundary layer thickness as defined in equation 5 stays largely
the same. This means that, downstream of the swallowing distance, given disturbances amplify similarly,
regardless of nose bluntness. For example the 1000 kHz modes shown in in Figure 9 are quite similar, despite
the change in entropy swallowing.

(a) 0◦ AoA (b) 5◦ AoA

Figure 8. Windward 2nd Mode N-Factors, 1% Bluntness, Re’ = 30 M/m

(a) 1% Bluntness (b) 5% Bluntness

Figure 9. Windward 2nd Mode N-Factors, 5◦ AoA, Re’ = 30 M/m
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(a) 0◦ AoA (b) 5◦ AoA

Figure 10. Windward 2nd Mode N-Factor Envelopes, Re’ = 30 M/m

Some of these effects can be explained heuristically by examining contours of local Reynolds number, as
in Figure 11. It is difficult to compare across angles of attack (e.g. 5% bluntness 0◦ AoA to 5% bluntness
5◦ AoA) since many of the flow properties along the windward plane are changing. However, by comparing
across bluntnesses at the same angle of attack, one can see that at zero angle of attack the effects of
nose-bluntness affects the local Reynolds number. There is a fairly mild overexpansion, and therefore the
accompanying recovery is also mild. The overall effect is therefore largely a reduction in the local Reynolds
number for much of the cone, and a recovery to flow similar to the sharp conditions.

However, for a cone at angle of attack the overexpansion in pressure along the windward plane, and the
accompanying recovery downstream, becomes stronger. The resulting recovery increases the local Reynolds
number to above that of the sharp cone, leading to overall stronger growth once the region of high Reynolds
number is reached. This area starts at approximately the CFD entropy swallowing distance, which provides
some insight into the changes in N-Factor envelopes. However it should be noted again as before that this
measure is problematic because the overexpansion features due to the shock appear to scale linearly with
nose radius in the cases examined, instead of the 4/3 power law with nose radius as would be implied by a
linear scaling with swallowing distance.
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(a) Sharp - 0 AoA

(b) 5% Bluntness - 0 AoA

(c) Sharp - 5 AoA

(d) 5% Bluntness - 5 AoA

Figure 11. Contours of Unit Reynolds Number (Windward Plane)
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By non-dimensionalizing the data using the method of Stetson, one can make a direct comparison of the
current computations to Stetson’s experimental data. Figure 12 non-dimensionalizes transition distance by
the swallowing distance, and angle of attack by cone half angle. Overall, the trends with angle of attack seen
by Stetson are captured using a constant N-Factor method, with the exception of the movement downstream
when going from small angles of attack to zero angle of attack for larger bluntnesses. For N = 7 the non-
dimensionalized transition movement does not match the magnitude, although note that the slope of the
lines appear to be approximately correct, and that Stetson’s data are taken for two different unit Reynolds
number. Because the attachment line boundary layer thins significantly with increasing AoA, the range
of unstable second mode frequencies also increases with AoA. This shift in disturbance frequencies implies
that a differences in initial disturbance amplitudes between frequencies would be reflected in the transition
location. Because of this a variable N-Factor method (better modeling of receptivity) might better recover
changes in the absolute movement of the transition front. N = 4 was also plotted, as this allowed data for
more configurations to be shown as N = 4 was reached more easily. As seen in Figure 13, many of the
predicted N=4 transition locations are well within the swallowing distance. Jewell and Kimmel’s12 analysis
of Stetson’s zero AoA data showed that a that the constant N-factor method was not applicable in this
region, where calculated N-factors at transition were often < 2.

(a) N=4 (b) N=7

Figure 12. Non-Dimensional Transition (Style of Stetson)

Figure 13. Swallowing Distance vs Predicted Transition

Experimentally, there are cases where transition to turbulence occurs well within the entropy-swallowing
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distances. Both first- and second-mode N-Factor levels at these locations are well below what would be
expected to lead to transition from modal growth. It is hoped that frequency and wave angle information
from the upcoming experimental series will help to shed some light onto this issue.

VII. Conclusions

Computational simulations of seven-degree half-angle cones have been completed and analyzed with re-
gards to second mode instabilities. It has been shown that computationally derived entropy swallowing
distances confirm the trends shown by analytical methods, and both are a good figure of merit when con-
sidering bluntness effects on transition. Stability results suggest that the hypothesis that bluntness effects
for the most part delay amplification of instabilities rather than increase the critical amplitude is correct.
When the experimentally observed transition front is within the entropy swallowing distance, stability results
suggest that second mode is not the responsible mode, and some other mechanism is likely causing transition
to turbulence.

VIII. Future Work

At the time of writing, the experiential series after which these computations are modeled is underway as
of January 2017. Comparison with the expected experimental data, in particular the observed frequencies
in the boundary layer, are hoped to clarify what transition phenomena are present on the cone.

Future computational work has been started include characterization of the crossflow instabilities known
to be present on the shoulders of yawed cones. A second area of investigation is the effect of wall-temperature
ratios on the overall transition pattern.
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